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Abstract. The aim of this paper is to study the properties of planar harmonic
mappings. The main results are as follows. First, by using the subordina-
tion of analytic functions, a sharp coefficient estimate is obtained and several
applications are given. Then two results about Landau-Bloch’s constant are

proved: one for planar harmonic mappings and the other for L(f), where L
represents the linear complex operator L = z% — E% defined on the class of

complex-valued C! functions in the plane and f is an open harmonic mapping.
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1. Preliminaries and main results

One of the long standing open problems in function theory is that of determining
the precise value of the schlicht Landau-Bloch’s constant for holomorphic mappings
of the unit disk D = {z : |2| < 1}. Analogous problem of estimating the Landau-
Bloch’s constant for harmonic mappings has been one of the recent investigations by
a number of authors [1,3,4,6,8,9,11,13,14,18]. One of the main aims of this paper
is to use subordination as a tool to derive a sharp coefficient estimate for harmonic
mappings and as a consequence, we obtain improved estimates for Landau-Bloch’s
constant both for harmonic and biharmonic mappings.

A sense-preserving (planar) harmonic mapping f of D is a solution of the elliptic
differential equation

fz(2) = w(2)f2(2)
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where w, known as the analytic dilatation of f, is an analytic function in D with
w(D) C D. One of the useful representations of sense-preserving harmonic mappings
f in D is that f = h + g, where h and g are analytic functions in . In this case,
w(z) = ¢'(2)/h (z) and the Jacobian

Jp = fP = 1P = WP = 1P = WP = |w]?)

is positive.
For harmonic mappings f of D, we use the following standard notations:

Ap(2) = max [fo(2) +e 2 fo(2)| = | f(2)] + | f2(2)]

0<6<27

and

M(2) = min [fo(2) +e 2 fo(2)] = [ |f(2)] = |fz(2)] |-

0<0<2r
Then Jf = )\fAf if Jf Z 0.
We say that f € Hp (D) if f is harmonic in D and |f(z)] < M for z € D. We use
the canonical decomposition f = h + g with the analytic functions A and ¢ having
the power series

h(z) = Z anz™ and g¢(z) = Z bpz".
n=0 n=1

Theorem 1.1. Suppose f € Hy (D). Then |ag| < M and for each n > 1,

4M
(1'1) ‘anl + |bn| < 7

The estimate (1.1) is sharp for any n > 1. For each n > 1, the extremal function is

M n
fn(z) = 2 WO‘ arg (1—’—2;) , lal=18l=1

or f(z) = M.

We shall prove the theorem in Section 2, and the proof depends on the principle of
subordination. The inequality (1.1) for n = 1 can be obtained as a consequence of the
harmonic version of the Schwarz’s lemma due to Chen, Gauthier and Hengartner [3,
Theorem 1(1)] (see also Heinz [12, Lemma]). In [18, Theorem 4] (see also [9, Lemma
3]) a weaker estimate, namely, |a,| + |by] < 2M for n > 1, was used to obtain
estimates for Bloch constants for planar harmonic mappings. We recall that a four
times continuously differentiable complex-valued mapping F of D is biharmonic if
and only if AF satisfies the biharmonic equation A(AF) = 0, where AF = 4F 3
denotes the Laplacian of F'. It is easy to see that if F' is biharmonic in D then there
exist harmonic functions G and K of D such that F = |2|?G + K (cf. [1,2,4-7])

In view of the sharp estimate from Theorem 1.1, we can obtain two Landau’s the-
orems for planar biharmonic mappings improving the earlier results of Abdulhadi
and Abu Muhanna [1] and Liu [13]. It is worth recalling that neither the normal-
ization f,(0) = 1 nor the normalization J;(0) = 1 gives us a Bloch theorem for
general univalent harmonic mappings. There are examples where no Bloch theorem
is possible for harmonic mappings even with both of these normalizations (cf. [3]).
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Theorem 1.2. Let F = |2|?G + K be a biharmonic mapping of D such that F(0) =
G(0) = K(0) = Jp(0) — 1 =0, |G(2)| < My and |K(z)| < Ms. Then there is a
constant 0 < pa < 1 so that F' is univalent in |z| < pa. In specific ps satisfies
VOB Ce )

(1—=p2)?

4M, p3
b= p)?
and F(D,,) contains a disk Dg,, where
T p p3(4Myps + m\/2(M3 — 1))
2 — .
4M2 7T(1 — pg)

In particular, if we set M; = My = M, we easily obtain the following corollary
which improves the results of Abdulhadi and Abu Muhanna [1, Theorem 1] and
Liu [13, Corollary 2.8].

T
— —2po M
AM, P2

Ry =

Corollary 1.1. Let F = |z]2G + K be a biharmonic mapping of D such that F(0) =
G(0) = K(0) = Jp(0) —1 =0, and G and K are both harmonic in D, and bounded
by M > 1. Then there is a constant 0 < pa < 1 so that F is univalent in |z| < pa.
In specific ps satisfies

4M p? 2(M2 — 1) (2py — p2
T 9pM - Pz ( )(sz ) _
4M 7(1— p2) (1—p2)
and F(D,,) contains a disk Dg,, where
R, — T2 pa(4Mpy + my/2(M? — 1))
9= — — .
4M (1= p2)

Since 7/2 > 1, clearly this corollary is an improvement of Liu [13, Corollary 2.8]
(see Table 1).

Table 1. The left half columns refer to Corollary 1.1 and the right half columns
refer to Corollary 2.8 in [13]

M P2 Ry M 2 o2

1 | 0.288266781 | 0.18355165 1 |0.224701365 | 0.147213046
2 0.04203247 | 0.0117912501 || 2 | 0.041014954 | 0.0115219145
3 10.018310479 | 0.0034036769 || 3 | 0.018119678 | 0.0033698409
4 | 0.010238145 | 0.0014246736 || 4 | 0.010178704 | 0.0014167515
5 1 0.006535294 | 0.0007269224 || 5 | 0.006511112 | 0.0007243414
6 | 0.004532132 | 0.0004199061 || 6 | 0.004520512 | 0.000418872
7 0.003327 0.0002641443 || 7 | 0.003320741 | 0.0002636667

Applying Theorem 1.1 and the proof of Theorem 1.2, we can easily obtain the fol-
lowing version of Landau’s theorem for biharmonic mappings which clearly improves
the recent result of Liu [13, Theorem 2.10] and so we omit its proof.

Theorem 1.3. Let F = |2|>?G + K be a biharmonic mapping of D such that F(0) =
G(0)=K(0)=Ap(0)—1=0, |G(2)| < My and |K(z)| < My inD. Then there is a
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constant 0 < p3 < 1 so that F is univalent in |z| < p3. In specific ps satisfies

4M, p3? 2(M3 — 1) (2p3 — p?
1— 2psM; — 1P327 (M )(53 Ps):()
(1= p3) (1—ps3)

and F(D,,) contains a disk Dr,, where

P2 <4M1p3 + /2002 — 1))
7(1— ps) '
Also, similar discussions show that Theorems 1.1 and 1.2 of [4] can be improved
by applying Theorem 1.1. In addition to these results, in Theorem 3.2, we obtain an

estimate on Bloch’s constant of the linear operator L(f) for open harmonic mappings
f. Here L denotes the complex-operator

o _0

We see that it is linear and satisfies the usual product rule:

L(af +bg) = aL(f) + bL(g) and L(fg)= fL(g) + gL(f),

where a, b are complex constants, f and g are C! functions. In addition, the operator
L possesses a number of interesting properties, e.g. L preserves both harmonicity
and biharmonicity. Many other basic properties are stated for instance in [15] (see
also [2,4]).

Ry = p3 —

2. Proofs of Theorems 1.1 and 1.2

In many cases, the subordination family associated with an individual function or
a family plays a significant role. For two analytic functions f, g defined on D, we
say that f is subordinate to g, denoted by f < g, or f(z) < g(z), if there exists a
function w € By such that f(z) = g(w(z)) in D. Here By denotes the class of Schwarz
functions, i.e. analytic maps ¢ of D into itself with the normalization ¥(0) = 0.
When g is univalent in D, f < g if and ouly if f(0) = g(0) and f(D) C g(D).

Proof of Theorem 1.1. Without loss of generality, we assume f(z) = h(z)+g(z) and
|f(2)| < 1. For 6 € [0,27), let

vp(2) = Im (¢ f(2))
and observe that
vg(2) = Im ("h(2) + e=g(2)) = Im (e h(z) — e P g(2)).
Because |vg(z)| < 1, it follows that

. ) 2 1

ewh(z) — e_wg(z) < K(z)=X+ —log ( * zf) ,
T 1-2

where £ = eI and ) = eh(0) — e~*g(0). The superordinate function K (z)

maps I onto a convex domain with K(0) = A and K'(0) = 2(1 + &), and therefore,

by a theorem of Rogosinski [17, Theorem 2.3] (see also [10, Theorem 6.4]), it follows

that 5 A
lan — e 2Pb, | < Z1+¢ <= forn=12,...
T ™
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and the desired inequality (1.1) is a consequence of the arbitrariness of 6 in [0, 27).
For the proof of sharpness part, consider the functions

2M o 14 8z"
n ——Im (1o ) =18l =1,
Ful2) = (108 52 Tl =18
whose values are confined to a diametral segment of the disk Dy = {z: 2] < M}.
Also,

2Ma [ 1 -
fnlz) = =7 (I;Qk ) ;% (52" 1)’
which gives
an] +[ba] = 2
The proof of the theorem is complete. |

Proof of Theorem 1.2. Suppose that F' = |z|?G + K is biharmonic with F(0) =
G0)=K(0)=Jr(0)—1=0, |G(2)| < M, |K(2)| < M3, where

Gz)=g+792 —Zanz”—I—Zb z"

n=0
K(2) =k + kg = chz" + Z%E"
n=1 n=1
are harmonic in . Now, for fixed 0 < p < 1, choose 21, 29 with 21 # 29, |21]| < p and

|z2| < p. Tt follows from the standard arguments (eg. see the proof of [1, Theorem
1]) that

and

oo

[F(21) = F(22) = [21 — 2] {/\K(O) —2pM; = p* Y nllan] + [bal)p

n=1
=Y nllen| + Idnl)p”‘1}~

n=2
We observe that J(0) = |c1]? — |d1|*> = Jr(0) = 1 and therefore, we have
1 1
Ak (0) =

Ax(0) ~ lea] +[da]’
which, by Theorem 1.1, is bigger than or equal to 7w/(4M5). In view of Theorem 1.1
and [6, Theorem 1.5], we have

4My

lan| +[bn| < (n>1)

and

len] + |dn| < \/2(M3 —1) (n>2),
respectively. Using these inequalities, as in the proof of [1, Theorem 1], we see that
|F(21) — F(22)] > 01if 0 < p < pa, where ps is the root of the following equation:

s 4M1 p2 1
—— — 20M; — —— 2AMZ —1)[————1]=0
g 2 e VR ) ()
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and the univalency of the biharmonic function F' follows.
For |z| = pa, it follows that

F(2)] 2 Jerz+ dizl = p5 D (lan] + bal)ps = D (lenl + |dnl)ph
n=1 n=2
m AM,  p3 p3
> — —4/2(M2 —1)—=— = R,.
_4M2P2 T 1—po (M3 )1_/)2 2
The proof of the theorem is complete. |

3. Bloch’s constant for planar harmonic mappings
In [14], Liu proved the following Lemma.

Lemma 3.1. ( [13, Lemma 2.4] and [14, Lemma 2.1]) Suppose that f is a harmonic

mapping of D with f(0) = Af(0) —1=0. If Ay <A for z € D, then

A% -1
nA

Above estimates are sharp for alln =2,3,..., with the extremal functions

(A% —-A)d

lan| + |bn| < ,n=2.3,....

As applications of Lemma 3.1, several estimates on Bloch’s constant were obtained
in [14], which are generalizations of the corresponding results in [3,11], respectively.
For example, the following was proved, which is an improvement of [3, Theorem 1].

Let Har(DD, D) denote the class of all harmonic mappings of D satisfying f(0) =0
and f(D) C D. Using the principle of subordination of analytic functions, we know
that for any f € Har(D,D),

4
A <
18 = TR
which is an improved version of Schwarz’s lemma for harmonic mappings [3,12,18].

Moreover, the inequality (3.1) coincides with the result of Colonna [8] who proved
that

(3.1) for z € D,

sup(1 — |2]*)As(2) <
zeD

CHIS

By applying (3.1), we can improve [14, Theorem 2.3] as follows.

Theorem 3.1. Let f € Hy (D) with f(0) = fz(0) = f,(0) —1 = 0. Then f is
univalent in the disk Dy, with ro = ¢(M,) and f(D,,) contains a univalent disk of
radius at least

(3.2) Ry := max ¥(M,),

where
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and M
M, =
(1 —1r?)
Proof. If we set
(33 F(s =172
then F'is a harmonic mapping of I, and Ar(0) = 1. Therefore by (3.1), we have
aM
— < = .
Ap =Af(2r) < Y M,

Thus, by [14, Theorem 2.2], we obtain that F' is univalent in the disk |z < 2,
ro = ¢(M,), and F({z: |z| < Z2}) contains a univalent disk |w| < 22, Ry = (M, ).
Hence f is univalent in the disk D,, and f(ID,,) contains a univalent disk Dg,. The
existence of (3.2) follows from the fact that

i, V0M) = i o(0L) =

The proof is complete. 1
Let r = ? in (3.3). Then f is univalent in the disk D,, with ro = ¢(8 M /7) and

f(Dy,) contains a univalent disk Dg, with Ry := (8 M/m), where
x 1
— and Y(z) = —
V2(22+z-1) Vi)

e (P)m(5)

Liu [14, Theorem 2.3] obtained the above result with rq and Rg by using ry =
#(4.55M) and oy = (4.55M), respectively (see Table 2). We remark that ro in
Theorem 3.1 is positive only when M > T3 ~ 0.242701. Tt is worth pointing
out that ro in [14, Theorem 2.3] is positive for M > % ~ (0.135832. By the
normalization fz(0) = f,(0) — 1 = 0, we easily observe that the corresponding
bound M in each of [14, Theorem 2.3], [3, Theorem 3] and Theorem 3.1 satisfies
the condition M > Z. Thus, as demonstrated for example in Table 2, Theorem
3.1 improves result of Liu [14, Theorem 2.3] and hence, the result of Chen et al. [3,
Theorem 3].

'S

Table 2. The left half columns refer to Theorem 3.1 and the right half columns
refer to Theorem 2.3 in [14]

M [ ro = ¢(8M/m) | Ry = ¢(8M/x) || M | 2 = ¢(4.55M) | o3 = ¢(4.55M)
1 0.22421 0.12629 1 0.13266 0.07092
2 0.11992 0.06367 2 0.07078 0.03663
3 0.08311 0.04328 3 0.04851 0.02483

It is well-known that f is an open map (i.e. it maps every open subset of D to
an open set in C) which is locally one-to-one in I except possibly at isolated points
where it behaves locally like analytic functions near zeros of derivatives. To consider
an open harmonic mapping f, we call f univalent or locally univalent in D if it is
one-to-one or locally one-to-one in D, respectively.
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Liu [14, Theorem 2.6] proved that for open harmonic mappings f of D normalized
by f.(0) = 1 and fz(0) = 0, f(ID) contains a univalent disk of radius at least
R =~ 0.027735 which is an improvement of earlier known results [3, Theorem 7]
and [11, Theorem 2.5]. Next we aim to obtain a similar result but for L(f) defined
by (1.2).

In our next result, we determine an estimate for the Bloch constant of L(f)
when f runs on the class of open harmonic mappings. It is worth pointing out that
(see [2, Corollary 1(3)]) the operator L(f) for biharmonic functions behaves much
like zf’ for analytic functions, for example in the sense that for f univalent and
biharmonic, f is starlike in D if and only if Re (L(f)(2)/f(z)) > 0 in D.

Theorem 3.2. Let f be an open harmonic mapping of D normalized by f,(0) = 1
and fz(0) = 0. Then L(f)(D) contains a univalent disk of radius at least

(3.4) R = max o(r)
where
R Al vs T 2(1 +7)
o(r) = \ﬁ = M, =
1+

1 __ 1 1—7r
4+My— 5~

Moreover, L(f)(D) contains a univalent disk of radius at least R ~ 0.0143328.
Proof. It is known that for any r € (0,1), f is K,-quasiregular on D, (cf. [16]),
where K, = }f: This implies that
Ay AR+ 1t
Y VA e i e
Let G(z) = r~1f(rz) for z € D. Then there exists a point 29 € D such that for
zeD,

(1= 12)Ac(2) < (1 = |20]*)Aa(z0) = M,
where M > 1.
Let ¢ be a Mébius transformation of D onto itself with ¢(0) = zy. Define F' by
F(€) = G(6(€)/M for € € D.

Then, we see that

(1 - () = L PEODAIE)
which gives Ar(0) = 1 and for £ € D,
(1= 1EPAr(€) < 1.

Let P(w) = v2F(w/v/2) for w € D. Then P is also K,-quasiregular. Moreover,
Ap(0) = Ap(0) =1 and for w € D,

Ap(w) < K p(w) = Kodp(w/V2) < 2K, = M,.

Finally, we let

T(¢) = P(¢) — P(0) :ZanCn-FanZn for ¢ e D.

n=1 n=1
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Using Lemma 3.1, we have

M? -1
an] + lbn] < 2=, n=2,3,....

Now, to prove the univalence of L(T'), we adopt the standard procedure. For ¢; # (s
inD, (0 < p<1), by Lemma 3.1, we have

[L(T)(¢1) = L(T)(C2)| =

/ L(T) dC + L(T)z dC
[¢1,¢2]

>

/ T¢(0) d¢ — T¢(0) dC
[C1,¢2]

/ (Tec(¢) dC — CTe(C) dC
[¢1,¢2]
- /[C (B0 = T0) d (70~ T(0)
M2 -1 &
> ¢ (|{1 ~ pt
e 78 nZ::Q

2 S

r n=2

_Mf—l P M?—-1

M, 1- p M, (1 - p)2

> 1[G — G2l [1

Elementary calculations show that

1
pi(r)y=1- |1— ————
\/ 1+ M, — -

is the unique root of the equation

M?—-1 p M2-1 —0

1
M, 1-p M, (1-p)?

and hence, L(T)) is univalent in D, (.
Since for any ¢ with |¢| = p1(r),

IL(T)(Q)] = [CT; — (T
> [CT¢(0) = CTE(0)] = [¢(Te = T (0) = C(Tg — T&(0))]

> pi(r) (1 =Y nllan| + [ba])pr (r)" !

=2

M} =1 pi(r) >
M, 1—pi(r)

3

> () (1-
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1—- /1— —1L
14+ My — 31

1 )
RV A v e

we see that the existence of R in (3.4) follows from L(7")(0) = 0 and

1 1
I r 1=\/1= 1+M,— 5 . T == 1+M,— 5 0
m — = lim — =0.
D N I A Aa2S By R —
- T M,

We see that R = maxg<,<1 p(r) = ¢(rg) ~ 0.0143328, where rq ~ 0.41796 (see
Figure 1). 1

0.014
0.012
0.010
0.008
0.006
0.004

0.002

0.2 0.4 0.6 0.8 1.0

Figure 1. Graph of ¢(r) on (0,1)
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