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Abstract. Let G be a finite group and 7(G) be the set of prime divisors of the order of G.
For ¢ € m(G) denote by n,(G) the order of a normalizer of #-Sylow subgroup of G and put
n(G) = {n(G) : t € 7(G)}. In this paper, we give an answer to the following problem, for
the groups of Lie type B,, C, and D,: “Let L be a finite non-abelian simple group and G
be a finite group with n(L) = n(G). Is it true that L = G?” In this paper, we find the first
examples of non-abelian finite simple groups which are not isomorphic and they have the
same set of orders of Sylow normalizers and hence, we show that the question above is not
correct always. Let o7 be the set of prime numbers of order 2, 2(n — 1) and 2(n —2) mod
g. The latter condition is necessary if n > 5. Also, we show that D, (g) is determined
uniquely by its order and {n;(D,+1(q)) : t € & U{2}} and if n =2 or g # £1 (mod 8),
then B, (¢) and C,(g) are characterizable by their orders and orders of -Sylow normalizers,
where r € &/ U{2}. If n > 3 and ¢ = £1 (mod 8), then B, (q) and C,(g) are 2-characterizable
by their orders and the orders of #-Sylow normalizers, where 1 € o7 U{2}.
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1. Introduction

For a finite group K, let (K) and n, (K) denote the set of prime divisors of |[K| and the order
of the normalizer of a ¢-Sylow subgroup of K, respectively. Also, let n(K) = {n;(K) : ¢t €
n(K)}. Characterization of finite groups is one of the central themes of research in group
theory. There are various characterizations of finite groups by given properties, such as the
set of orders of maximal abelian subgroup or order components, etc (see [1, 13]). A finite
group G is said to be characterizable by the orders of its Sylow normalizers, if G is uniquely
(up to isomorphism) determined by orders of its Sylow normalizers. A group G is said to be
2-characterizable by the orders of Sylow normalizers, if there is exactly one group H (up to
isomorphism) such that A is not isomorphic to G and n(H) = n(G). Characterization by the
orders of their Sylow normalizers were first given by Bi [2]. Some finite non-abelian simple
groups are characterizable by orders of Sylow normalizers (see [3, 4, 5, 6, 14, 15, 16]).
Assume that n > 3 is a natural number, ¢ is a power of p (¢ = p*) and &7 is a set of prime
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numbers of order 2n, 2(n— 1) and 2(n —2) mod ¢. The latter condition is necessary if n > 5.

The main theorem of this paper is the following:

Theorem 1.1. Let S, 4 € {B.(q),Ci(q),Dns1(q)} and, suppose that |G| = |S, 4| and
{ni(Sng) 1t € ZU{2}} = {m(G) 1t € /' U{2}}.

Then, if Sn.g = Dut1(q) orn=2or q # +1 (mod 8), G = S, 4. Further, if g = £1 (mod 8)
and n > 3, then either G = Sy, 4 or {G,Sn 4} = {Bn(q),Cu(q) }-

Let M, (q) be the group of all (n x n) matrices with coefficients in GF(g). If m is a natural
number and r is prime, then |m|, denotes the r-part of m, in fact |m/|, = r* if ¥ ||m. Also, S;
is the Symmetric group of degree ¢ and (m,n) stands for the greatest common divisor of m
and n. All further unexplained notations are standard and can be found in [8], [12] and [18].

2. On the orders of Sylow normalizers of some simple classical groups

In this section, we calculate the orders of Sylow normalizers of B,(q) and C,(g). First,
let s € m(By(gq)) = ®(Cu(q)). When we say exp,(g) = m, we mean s divides ¢" — 1 and s
doesn’t divide ¢ — 1 for all 0 < h < m. Since |B,(q)| = |C,(q)| = q"2 (@P—1)-- (" —1)/
(2,g—1), we have s € {p} U{r:exp,(q) =i or 2isuch that | <i<n}.

Lemma 2.1. [9] Let n > 2 be a natural number. If p" # 25, then there is a prime factor r of
p" — 1 such that exp,(p) = n. And if p is not a Mersenne prime, then there is a prime factor
r of p* — 1 such that exp,(p) = 2.

For a given number n, we define
{2n, if n is odd,
™(n) = L
n, ifniseven,
and
(n) = n, %fn %s odd,
n/2, ifniseven.
Lemma 2.2. If exp,(q) = m such that s # 2, then
n5(Bn(9))| = |ns(Ca(q))]
= |Spag (@) (2(m) (g% ™)+ (=1)") ™ (@ NIy (n(Syr) 2 (m) (g7 ™) + (=1)").
(g™ + (= 1)) ) (@i ) /(2,9 = 1),
where t € NU{0}, s't(m) < 2n < s'T'17(m) and
2n=ap+a;t(m)+ayst(m)+ - +a 15 t(m).
Proof. Frattini’s argument and [19] complete the proof. 1
Corollary 2.1. If exp,(q) = 2n, then
n5(Ba(q))| = Ins(Ca(q))| = 2n(q" +1)/(2,4 = 1),
and ifexp,(q) =2(n— 1), then
Ins(Ba(@)| = Ins(Cal@)| = 2q(n = 1)(¢> = 1)(¢" " +1)/(2.¢ — 1).
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Using the orders of Cartan subgroups of B,(q) and C,(g), we can prove the following
lemma.

Lemma 2.3. If P € Syl ,(Cy(q)) and P" € Syl,(B,(q)), then |Ng, () (P)| = |Ng, (o) (P))| =
¢ (g=1)"/(2.q=1).
Corollary 2.2. If p # 2, then n,(B,(q)) = n,(Cn(q)) for every odd prime t.

Again using Frattini’s argument and [19], we can reach to the following results:

Lemma 2.4. Ifexp,(q) = 2n, then [Np ., () (R)| = 2(¢" +1)(g+ 1)n/(q"" —1,4), where
R € Syl,(Du11(q))-

Lemma 2.5. Letexp, (q) =2(n—1) and Ry € Syl, (Du11(q)). Ifn>4, then [Np, (o) (R1)|
=2¢(¢* = 1)(¢"" + 1)(n—1)/(4,¢""" = 1). Also, |Np, () (R1)| = 8(¢*> +1)*/(4,4" — 1).

4"
Corollary 2.3. Ifn > 3. If r, r| € 7t(Sy4) such that exp,(q) = 2n and exp, (q) =2(n—1),
then ri{ ny(Snq) and r{ ny, (Snq).

Proof. We claim that r{n,, (S,4). If not, r | n, (Sn4). Since exp,(¢) =2n, we have 2n | r—1.
Moreover, by Lemma 2.2 and Lemma 2.5, we have r | n — 1. Thus 2n < n, a contradiction.
Similar to the previous procedure, by Corollary 2.1 and Lemma 2.4, r| { n,(Sn4), which
completes the proof.

Lemma 2.6. [17, Corollary after Theorem 3]. Let n > 3 and p # 2. Then ny(By(q)) =
|Bn(q)|2- If g = £3 (mod 8), then ny(Cy(q)) = 3'|Cn(q)|2, where the number t can be found
Sfrom the 2-adic expansion 2n =25 +--- + 2% 51 > --- > s5,. Unless, ny(C,(q)) = |Cn(q)|2-

Corollary 2.4. Let n > 3 and q be any prime power. Then n(By,(q)) = n(Cy(q)), unless
g = +3 (mod 8).

3. Main theorem

Lemma 3.1. Let G be a finite non-abelian simple group and |G|, = p*. If p’/* < |G| <
P33, then G is isomorphic to one of the following groups: Ly,(q) (for 2 < n <5 and

(n,q) # (5,11)); Ua(q) (for 3 <n <5, (n,q) # (3,2), (n,q) # (4,3) and (n,q) # (5,4));
By(q) (for n=2and (n,q) # (2,3)); *Ba(q); *F;(2).

Proof. [6, Lemma 2] and the orders of all finite simple groups of Lie type in characteristic
p complete the proof. 1

Remark 3.1. Let G be a finite non-abelian simple group and |G|, = p¢. If |G| < p’*/3,
then G is isomorphic to a simple group of Lie type in characteristic p. Moreover G is not
isomorphic to any of the groups stated in Lemma 3.1.

Lemma 3.2. [3] Let G be a finite group, N <\G and R € Syl,(G). If r | |G/N| and r{ |N| (r
is prime and r # p), and if, in addition, p® || [N| and p' || |Cn(R)|, then r | p*~' — 1.

In Lemma 3.3 and Lemma 3.4, let G be a finite group such that n,(G) | n,(S, ), for
every t € 71(G). Also, assume that r, r1 € 7(Sy,4) such that exp,(p) = 2nk and exp,, (p) =
2(n—1)k. For every prime number ¢ and a natural number m, if exp,(p) = mk, then it is
obvious that exp,(g) = m. Thus we can use the results of Section 2, when exp, (p) = mk.
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Lemma 3.3. Let S, , € {B,(q),Ca(q)}, NG, r, ry € ©(G) and |N|, = p'. If r, r1 & 7(N),
R € Syl,(G) and Ry € Syl (G), then |CN(R)|, = |Cn(R1)|p = p' or |CN(R)|, = p* and
pRa=Vk p|2(n— 1) such that p* € {1,2}, a € N and t = 2nka + u.

Proof. Let |Cn(R)|p = p* and [Cy(R1)|, = p". If t —u = 0, we claim that t —v = 0. If not,
then Lemma 3.2 allows us to assume that

3.1) 2(n—1) |t —v,

because exp,, (¢) = 2(n— 1). Recall that n,(G) | 2n(¢" + 1) and n,, (G) | 2(n — Dq(q® -
1)(¢"'+1), considering Corollary 2.1. Since u =t, n,(G) | 2n(q" +1) and |C6(R)| | n,(G),
we have p’ | 2n. Hence ¢ < loglz,” <log3" < 2n/2 < n. Thus (3.1) implies that 2(n — 1) < n,
which is impossible. Similarly, we can see that if t —v = 0, then r —u = 0. In addition,
(t —u,t —v) = (0,0) or there are a, b € N such that t —u = 2nka and t —v = 2(n — 1)kb.
If (t —u,t —v) # (0,0), then we can consider similar to the previous argument that v > u,
a=>b and v = 2ka+ u. So, Corollary 2.1 completes the proof. 1

Lemma 3.4. Let S, ,=D,11(q), n>3, NG, r, ri € n(G) and |N|, = p'. If r, r1 ¢ m(N),
R € Syl,(G) and R, € Sy, (G), then |Cy(R)|, = |[Cn(R1)|p = P or [Cn(R)|, = p* € {1,2}
and pPe=2k p*12(n—1) witha € N and t = 2nka+u oru="2,t =18 and S, ; = Ds(2).

Proof. By long and easy calculation, similar to the procedure of the proof of Lemma 3.3,
this lemma can be proved. 1
Proof of Theorem 1.1. We note that B;(q) = C»(q) and D3(q) = Ly(q). Also, L(q), Ca(q)
and L,(g) have been characterized in [2, 3, 4]. Thus we may and do, assume that n > 3.
Let 1 = Gy < Gy <--- < Gy = G be a chief series of G. Let r, | and r» be prime numbers
such that exp, (¢) = 2n, exp,, (¢) = 2(n— 1) and exp,, (¢) = 2(n—2). Let R € Syl,(G) and
Ry € Syl,, (G). We have the following cases:

(D Let S, g # Dyt1(q) or n > 5. If (n,q) # (3,2), (4,2), (5,2), then by Lemma 2.1,
7(G) contains prime numbers r, 7 and ry. Let jo = Max{1 <i < f:r € n(G;/G;—1)} and,
fix H := Gj,—1 and K := G},,. By Frattini’s argument, |G/K| = n,(G) /n,(K). According to
Corollary 2.3, r; 1n,(G) and hence, r| € ©(G/K). We can repeat the same argument to show
that ry € ©(K/H) and if n > 4, then r» € n(G/K) and r» € n(K/H). Since |G|, = [Snqlp =
p¢ and |G| = [S,,4|, we have |G| < p’¢/3, considering Lemma 3.1. Thus, there is 1 < j < f
such that |G;/G,_1|, = p > pand |G;/G,_1| < p’®/3. We claim that there exists 1 </ <
f such thatr or ry (or o, where n > 4) is an element of ©(G/Gp—1), |Gr/Gp—1]p = p > p
and |G, /Gp—1| < poen/2_1f not, then r &n(Gj/Gj—1)and r € ©(G;/Gj—1) (moreover ry &
n(Gj/Gj-1), for n > 4). Also, by Frattini’s argument, |G/K| = n.(G)/n,(K) and |G/K| =
n,,(G)/ny, (K). This implies that |G/K| | (n,(G),n, (G)) and hence, |G/K| | (2¢%,2n). If
there exist ji,---, jx > jo such that |G;,/Gj,_1|, = p“i > pand |G},/Gj—1| < ¢’“i"3 then
Pt <2g2 and TG /G| > pt o). Henee, |GI/(TTE, |G,/ Gji1]) <
plek3=2 e ey ) o pSlek=lejttei))/2 pecause ej, +---+ej, <2k+1. Thus we may
assume that j < jo and we continue the proof in the fbllowing subcases:

M) If ptnand |Cg /6, ,(RGj-1/Gj-1)lp =|Cq;/6; , (R1Gj-1/Gj-1)|p = p*I, then p®/ |
n,(G), because
Co/6;1(XGj-1/Gj1) <Ng,/g; ,(XGj1/Gj-1)

3.2
G-2) < Nojg,., (XGjo1/Gj1) = No(X) Ng,_, (X).
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for every x € m(G) and X € Syl,(G). Note that n.(G) | 2n(¢" +1)(g + 1), using Corollary
2.1 and Lemma 2.4. So, p% | 2n and hence, p/ | 2 which is a contradiction, because e¢; > 1.

(i) If ptn,|Cq,/6, ,(RGj-1/Gj-1)lp #|Cq,/G,_, (R1Gj-1/Gj-1)|p and Sy q # Dn+1(q),
then applying Lemma 3.3 to G/G,;—1 and G;/G;_ implies that ¢; = 2nka +u with a € N,
Cs,/6,.,(RGj-1/Gj-1)|p = p* €{1,2} and ¢~V p*|2(n—1). Since p'>*~ Dk p“[2(n—1)
and p 1 n, we can consider that p | n— 1. Let (n,q) # (4,3). Also, (n,q) € {(3,2), (5,2)}.
Therefore, p | n— 1 shows that n > 6 or n =5 and k > 2. On the other hand, Lemma
3.2 allows us to assume that r; | p*=¢ — 1, where p¢ | |Cg, /g, ,(RG;-1/Gi-1)|. Repeating
the argument used for (3.2), we obtain that ¢ = ¢; or p° | |n,,(G)|, = [2¢*|, (using the
results appearing in [19]). In addition, we conclude that 2(n — 2)k | 4ka — ¢ + u, because
exp,, (p) = 2(n—2)k and e; = 2nka + u. Hence

(3.3) 2(n—-2)k<dka—c+u or 4ka—c+u=0.

But p?at4 | 2pF(n —1). Hence, if p is even, then n— 1 is even and if p is odd, then
patu| pk(n—1). Thus

2ka+u<logi" < (n—1)/24k+1.

So, we can consider that 2ka+u < (n— 1) /2 +k, because p**¢*# | 2p*(n—1). We claim that
4ka — c+u = 0. If not, then (3.3) implies that 2(n — 2)k < 4ka — ¢ + u and hence, n < 3+
2/(2k—1). Thus n <4 orn =15 and k = 1, which is a contradiction. This shows that 4ka —
c+u=0.But p° | 2¢* and hence a = 1. Since n > 5, e; = 2nk +u and G;/G,_, is a direct
product of some simple groups of Lie type (by Lemma 3.1), we observe that |G;/G;_| >
p*i and it is easy to see that there exists 1 <i < jo such that i # j, |Gi/Gi_1|, = p > p
and |G;/G;_1| < p>¢/?. Again, repeating the argument used for (3.2), we can see that that

s f
(34 I1/C6,/6, ,(R2Gr=1/Gi-1)lp | [ ] ING, (R2)I/IN6,_, (R2)| = n, (G),

. k=1
where R € $y1,(G) and hence using Coroltary 2.1, T, 1Cq, /6, , (R2Gi1/Gi1) |
2¢%|. S0, [Cg,/6, , (R2Gi—1/Gi1)]p € {1,2}, because it had been considered that
|CG,‘/G,_1 (R2Gj—1/Gj-1)|p = pkatu

The same argument as the case G;/G;_| guarantees that

IC6,/6,_, (RGi-1/Gi-1)|p = |Cq,/6,_, (R1Gi-1/Gi-1)lp
which is impossible, considering (i). If (n,q) = (4,3), then 7,13,41]| |G|. Moreover,
n(n7(G)) = {2,3,7}, n(n13(G)) = {2,3,13} and ©(n4;(G)) = {2,41}. Hence, we can
see that G;/Gj_ is a k3-simple group and hence, G;/G_; is isomorphic to one of the
following groups (see [11]):

As, As, La(7), L2(8), L2(17), L3(3), Us(3), Us(2),

which contradicts Remark 3.1.
(i) If ptn, |Cg, /6, ,(RGj-1/Gj-1)|p #|C6;/6,_, (R1Gj-1/Gj-1)|p and Syq = Dut1(q),
then by Lemma 3.4, ¢; = 2nka+u (a €N), |Cg,/6, | (RGj-1/Gj-1)|p = p" € {1,2} and
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¢%*=2 p*|2(n—1). But n > 5. Thus applying the results of [19] and the argument of pre-
vious case, we can see that r, | p%~¢ — 1, where p¢ | |n.,(G)|, and |n,,(G)|, | 2¢°(n —2).
Since e; = 2nka +u and exp,, (p) = 2(n — 2)k, we have 2(n—2)k | 4ka+u — c. So,

(3.5) 2(n—2)k<4dka—c+u or 4dka—c+u=0.

Also, g% p" | 2¢*(n— 1) and hence, we observe that 2ka+u < (n—1)/2+2k. If 2(n —2)k <
4ka — c+u, we conclude that 2(n —2)k < (n— 1) +4k. Hencen—1 <3+43/(2k—1). Thus
n <7. We claim that a = 1. If not, then ¢*> | 2(n—1). So, (n,q,a) = (7,2,2), because
(n,q) # (5,2) and 5 < n < 7. Therefore, 2(n—2)k = 10 | 4ka+u—c = 8 + u — c. It follows
that u > 2 which is a contradiction, because p" | 2. In addition, we conclude that

(3.6) 4ka—c+u=0 or a=1 and 2(n—2)k<4k+u-—-c.

On the other hand, the results of [19] imply that |, (G)|, | 2¢*(n — 1) and |n,,(G)], |
2q6(n —2), and hence, repeating the argument used for (3.4), we observe that

f
3.7) H 1C6,/6,, (R1Gy—1/Gy—1)p | 2¢°(n—1), where R; € Syl (G),
y=1
f 6
(3.8) [11C6,/6,  (RaGy—1/Gy-1)|, | 24°(n—2), where R, € Syl,, (G).
y=1

We have two following subcases:

(@ If p|n—1, then ptn—2. We claim that 4ka +u — ¢ = 0. If not, then (3.6) im-
plies that 2(n — 2)k < 4k+u — ¢ and so, n < 4, which is a contradiction, as required.
Hence, 4ka + u — ¢ = 0. Under our assumption, p { n — 2 and by (3.8), p4k“+” =p‘ =
C6,/6,-, (RGj-1/Gj-1)|p | 24°(n—2). These imply that a = 1. Set

(3.9) M= {1<i<jo:|Gi/Gi1lp=p > p, |Gi/Gia| < p™/?}.
With the same reasoning in the previous sub-case and using (3.8), we can see that IT = {j}.

On the other hand,
|G|/‘G1/Gj_1 | < ps[(”("+l)*2ﬂ)k7u]/2

and |G|,/|G;/Gj-1|p = |G|,/ p**+2u = pllntr+1)=4mk=2u] " These imply that there exists
x € {1,..,jo}, where x # j, |Gy/Gr_1], = p* > p and |Gy/Gy_1| < p>*/2. Therefore,
similar to the argument given for I(i), we observe that x € IT— {j}, which is a contradiction.

(b) Let ptn— 1. If ptn— 2, then Subcase (a) completes the proof. If p | n — 2, then by
the same argument as used for Subcase (a), we can see that there exists x € [T= {1 <i <
jo:1Gi/Gi-1lp = p% > p, |Gi/Gi-1| < p>¢i/*}. According to (3.7),

C6;/6,_, (R1Gj-1/Gj-1)1p-|Ca, /6, (R1Ga—1/Gx—1) | | 24"

But Lemma 3.3 and previous argument imply that |Cg, /G, | (RiGj-1/Gj-1)|, = p
and hence, |Cg, /g, ,(R1Gx—1/Gx-1)|p < p. Thus Lemma 3.3 allows us to assume that
IC6,/6, ,(R1Gx-1/Gx-1)|p=|Cq, /6, ,(RGx—1/Gx1)|p, which is a contradiction using Sub-
case (i).

(iv)If p |nand S, 4 # Dy+1(q), then by Lemma 3.3,

(3.10) C6,/6,.,(RGj-1/Gj-1)|p = |Cq,;/6;_, (R1Gj-1/Gj-1)|p = P

2ak-+u
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and

(3.11) pi=1,plak =2,

If p, k, u satisty (3.11), then (p,k,u) = (2,1,0). Hence |Cg, /6, , (R1Gj-1/Gj-1)|p =4. On
the other hand, with the same reasoning as in Subcase (ii), H§:1 1Cq,/6, | (R1Gy-1/Gy-1)lp |
4. Thus Lemma 3.3 implies that IT= {1 <i < jo : |G;/Gi-1|, = p“ > p, |Gi/Gi—1] <
p>il2} = {j}. Since ¢ =2, p | n and (n,q) # (4,2), we have n > 6. Also, e; = 2n and
1Snq| < 61”2(c12 —1)- (g —1) < ¢" "™V, Thus n(n+1) —2n < 4(n*> —2n)/3, be-
cause 1 > 6. It follows that |G| /|G;/G-1| < (|G|,/|G;/G-1],)"/? and hence, there exists
x € IT—{j}, which is a contradiction. Therefore ¢; satisfies (3.10). We conclude that p°/ |
(n,(G),n,,(G)) and thus p® | 2p*. We can consider similar to the previous procedure that
for every i € I1, ¢; satisfies (3.10) and n(n+ 1)k < 4[n’k —k —1]/3. Since |C6(Ry)|, < 2pF,
by continuation of this procedure, we can find x € ITsuch that |Cg, /6, | (R1Gx—1/Gy-1)|p =

1, which is a contradiction.
(W) If p|nandS,,; = Dyyi1(g), then by Lemma 3.4,

(3.12) 1C6,/6;_1 (RGj-1/Gj-1)|p =Cq,/6,_, (R1Gj-1/Gj-1)|p = P
or
(3.13) p'|2,a=1.

Since |Cg,/,_,(RiGj-1/Gj-1)lp = 4°P", [, |C6,/6, , (RiG—1/Gi-1)lp | ICo(R1)| and
ICc(R1)|, | 247 p*, similar to the previous procedure, we can get a contradiction.

Therefore, we conclude that there is 1 < & < f such that r or ry (or rp, for n > 5) is an
element of ©(G;/Gp—1), |Gn/Gp-1|p = p > p and |G, /G—1| < pen/2. Hence G,/Gp-1
is a direct product of isomorphic simple groups of Lie type in characteristic p. But r; €
7(Gp/Gp—1), for some i € {0,1,2} such that ro = r (if n > 5, then i can be equal to 2).
Hence G;,/Gj,—; is a simple group of Lie type in characteristic p. We claim that & = jj.
If not, then we conclude by checking the orders of all finite simple groups of Lie type in
characteristic p that r ¢ n(K/H) or r| ¢ n(K/H) (or r ¢ n(K/H), where n > 5) which is
a contradiction. Thus & = jy. Therefore K/H is a simple group of Lie type in characteristic
p- Tt follows that for all 1 <i < f (i # jo), r, r1 € ®(G;/Gi—1) (moreover, r, & ©(G;/Gi_1),
where n > 5). Hence, r{ |H|. Let |H|, = p" and |G|, = p°. Lemma 3.2 allows us to assume
that r | p'~* — 1, where |Cy(R)|, = p* and hence, we may consider that 2nk | t —x. This
implies that either |H /K|, < ¢°~*" ort = x. But

(3.14) Cu (R)||K/H] | (INk (R)|n(K))/INu (R)],

using Frattini’s argument. According to [19], |n.(G)|, < |2n|, < p". Therefore, if r = x,
then |H/K|, > p®*~". In addition, we conclude that |H /K|, < ¢°~*" or |[K/H|, > p®~".
Als0, [K/H] [ 1], €xp, () € Max{exp,(p) : s € 7(S,q)} and exp,, (p) € Max{exp,(p) -
s € 7(Sp,q) and expg(p) # exp,(p)} (moreover for n > 4, exp,, (p) € Max{exp,(p) : s €
7(Snq) and exp(p) # exp,(p),exp,, (p)}). It follows that by checking the orders of all
finite simple groups of Lie type, if S, , = D,41(q), then K/H = D, (q) and if S, 4 #
Dy1(q), then K/H = B, (q) or K/H = C,(q). So, |G| = |S,4| = |K/H|. Therefore G = K
and H = 1. In addition, by Lemma 2.6, we conclude that G = S, if and only if g #
+1 (mod 8) orn <3 or S, 4 =D,t1(q). Unless, S, 4 = B,(q) or Spq = Cy(q).
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(ID) If (n,q) = (3,2), then similar to the above argument, there is 1 < j < f such that
|Gj/Gj-1|, = p > p and |G;/G;_1| < p’®/3. Since |G;/G;_1|| |Su,| and by remark
(3.1), we can consider that G;/G_1 =S, 4. Thus G = S,, ;, and the proof is complete.

(II) If (n,q) = (4,2), then r = 17. Let jo = Max{1 <i< f:17 € n(G;/Gi-1)}, H:=
Gj,—1 and K:= G;,. We claim that jy € II. If not, then there is i € IT such that jy # i. We
can see that by the orders of Sylow normalizers of G, i < jo and ©(G;/G;_1) = {2,3,5}.
Hence G;/G;_; is isomorphic to one of the following groups (see [11]):

A57 A67 U4(2)

which is a contradiction to remark 3.1. Hence jo € IT and we conclude that by remark 3.1,
K/H = 8, 4. Therefore, G = S, ;, and the proof is complete. The same argument applies if
(nvq) = (572) and (an) = (374)

V) Let g #2, Spq = Ds(q) and r, 11, r2 € TT(Sy4) such that exp,(p) = 8k, exp,, (p) = 6k
and exp,, (p) = Sk. We can consider that by Corollary 2.1,

n,(G) =8(q+1)(¢" +1)/(¢* — 1,4);

nn (G) =64°(¢" = 1)(¢’ +1)/(¢° — 1,4);

n,(G)=5(¢’ = 1)/(¢" — 1,4),
which easily, we can complete the proof. Also, if g #2 and S, , = Dy4(q), then we assume
that r, r; € m(Sn4) such that exp,(p) = 6k and exp, (p) = 4k. We can consider that by
Corollary 2.1,n,(G) =6(q+1)(¢*+1)/(¢*—1,4) and n,,(G)=8(¢*+1)*/(¢*—1,4),
which easily, we can complete the proof. 1

Corollary 3.1. Let S, 4 € {By(q),Cu(q),Dn+1(q)} and suppose that n(S,4) = n(G). If
Sng = Dns1(q) orn =2 or q# %1 (mod 8), then G = S, 4. Further, if n > 3 and q = +1
(mod 8), then either G = S, 4 or {G,S, 4} = {Bu(q),Cn(q)}.

Using the results about the characterization of finite groups by the orders of Sylow nor-
malizers, we can put forward the following conjecture:

Conjecture 3.1. If S is a non-abelian finite simple group, then either S is characterizable
by the orders of Sylow normalizers or S € {B,(q),Cy(q)}, where n >3 and g = £1 (mod 8),
and in the latter case, S is 2-characterizable.

Acknowledgement. The authors would like to thank the referees for the valuable com-
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