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Abstract

An introduction to generalized interpolation problems is given.
Nehari’s theorem and Sarason’s commutation theorem are ob-
tained. The proofs are simple and they are obtained using a
generalization of the cosine of an angle.
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Resumen

Se da una introduccién a problemas de interpolacién genera-
lizada. Se obtienen el teorema de Nehari y el teorema de conmu-
tacién de Sarason. Las pruebas son simples y se obtienen usando
una generalizacion del coseno del angulo.
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1 Introduction

Several classical questions concerning moment problems, Toeplitz and Han-
kel operators, weighted inequalities for the Hilbert transform and prediction
theory are closely related. And the theory of analytic functions in the circle
gives the natural environment for these problems.

In this paper the coefficient of a matricial measure is introduced, as a
generalization of the cosine of an angle. This coefficient is used to give a char-
acterization of the bounded Hankel operators, and to compute the distance
of a function f in L*° to H*>°. As a consequence a representation theorem of
operators commuting with special contractions is obtained.

Much function theory in the circle T = [0, 27] is considered to depend on
group properties of the circle and its dual Z. The results given in this note
can be extended: T can be replaced by the bidimensional torus and the usual
order in Z can be replaced by the lexicographic order (although some changes
must be done). Details will be given in [4].

2 The coefficient of a matricial measure

Let dz be the Lebesgue measure in T. For 1 < p < oo let LP(T) be the
Lebesgue space and let |[|. ||, be the norm in LP(T).
For n € Z set e,(x) = ¢ and for f € L'(T) consider the Fourier

coefficients: f(n). The trigonometric polynomials are functions f : T — C,
such that suppf is finite and

F(@) =" f(n) eala).
neZz

Let P be the space of trigonometric polynomials.
Consider the following sets:

Pl:{fEP:supp]?Q{”EZ:nZO}}’

732:{fEP:suppfg{nEZ:n<O}}.

If f = (Hap)a,z=1,2 15 @ 2 x 2 matrix of complex finite Borel measures
defined on T, then it is said that u is a complez finite Borel matricial measure
on T.

In this paper all the matricial measures considered are hermitian complex
finite Borel on T, and they will simply be called matricial measures.
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Let p be a matricial measure on T. We shall say that g € D if u is her-
mitian, g1 = peo and pq7 is absolutely continuous with respect to Lebesgue
measure.

Definition 1. The coefficient of a matricial measure u € D is

p(p) =sup | [ fifedpz |,
/

where the supremum is taken over all fi € P1, fo € Py such that || fi||lw, =
lf2llwy, = 1 and dugi(z) = duse(x) = wir(x)de (|| ||w, is the norm in
L?(T, w1 dx)).

Observe that if p17 = p12 then p(u) is the cosine of the angle between Py
and Py in L?(T, puy1dz).

Let C(T) be the Banach space of complex continuous functions on T with
the || . ||co norm.

Let v € D and consider the following form B,;:

2 —_—
Bufinf) = Y [ faTodson

a,f=1 T

for f1, f2 € C(T).

Let HP be the set of functions f € LP(T) such that f(n) = 0 for all n < 0
(1 < p < o0). These are the usual Hardy spaces HP.

An easy calculation establishes the following result:

Proposition 1. Let i and v be two matricial measures on T. Then B, (f1, f2)
= B, (f1, f2) for every (fi, f2) € P1 x Pa if and only if there is h € H* such
that V11 = M11, V22 = U22 and Vi = M12 + hdzx.

If r € (0,1], h € H' and p is a matricial measure on T, define pu(r, h) as
the matricial measure given by p(r, h)11 = ru11, p(r, h)oe = rpes, p(r,h)12 =

w12 + hdz and p(r, h)a1 = po1 + hdz.

Proposition 2. Let r € (0,1] and p € D. Then:
B,r0)(f1, f2) > 0 for every (f1, f2) € P1 X Py if and only if p(u) <.

The proof follows from a simple calculation.

Definition 2. A matricial measure p is said to be positive when for every
Borel set A on T the numerical matriz jo(A) = (tag(A))a,z=1,2 is definite
positive.
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Proposition 3. Let u be a matricial measure on T. Then the following con-
ditions are equivalent:
(a) p is a positive matricial measure.

(b) Bu(f1, f2) >0 for every f1, fo € C(T).
(¢) Bu(f1, f2) >0 for every f1, fo € P.

Proof. We first show that (a) implies (b). Let p be a positive matricial mea-
sure. Given fi, fo € C(T), there are two sequences of simple functions {g1, }n
and {g1, }n such that for o = 1,2:

fa (t) = limnﬁoogom (t)

For each n let {A,;}; and {Bu}r be the sets which occur in the canonical
representations of {gip }n and {gon }n. Let App and Byg be the sets where g1,
and ga,, are zero. Then the sets {A,,;}, obtained by taking all the intersections
Ani N By form a finite disjoint collection of measurable sets, and for o = 1,2
we may write

Ny,
Jan = Z fa(mnj)lAnj .
Jj=1

Thus,

2 —_—
Bulfty = > [ faTodas

a,B8=1 T

2 No
= Z l’Lmn_u)o/Zfa(xn])fﬁ(xng)lAmdﬂ'aﬁ
T =1

a,=1
N, 2
= limn—woz Z fa(xnj)fﬁ(xnj)ﬂaﬂ(Anj) > 0.
j=1«,5=1

That (b) implies (c) is immediate.

Suppose (c¢) holds. Given a Borel set A C T and A\, As € C let’s consider
the functions hy, ho € L'(T) given by hy = A11a, ha = Aala. We have that
hy1 and ho can be approximated by continuous functions and these can be
approximated by trigonometric polynomials. Therefore

2
Z )‘aml‘aﬁ(A) = By(hi1,h2) > 0.
a,B=1



A Proof of Nehari’s Theorem through the Coefficient of . .. 127

Theorem 1. Let r € (0,1] and u € D. Then the following conditions are
equivalent:

(a) p(p) <.
(b) pi12 is absolutely continuous with respect to the Lebesgue measure and there

exists h € H' such that
| wiz(2) + h(z) |[< rwn(z) ae.,
where dag(x) = wag(z)dx, for o, =1,2.

Proof. If p(u) <7, then By 0)(f1, f2) > 0 for every (f1, f2) € P1 x P2. From
the lifting property (see [3]), there exists h € H! such that Byr,ny(f1, f2) >0
for every f1, fo € P. Then u(r, h) is positive. Therefore

| a@) + [ ho)dz < run (2.
A

If | A|= 0 then p11(A) = 0, thus p12(A) = 0. Soif we set dpas(z) = wop(x)de
for a,, 3 = 1,2 then

| wig(z) + h(z) |< rwig(z) ae.

3 The theorem of Nehari

The shift is the operator S in L?(T) given by (Sf)(z) = e f(x) for all
f e L3(T).

Let H?~ be the set of functions f € L?(T) such that f(n) = 0 for all
n >0 and let P~ be the orthogonal projection in L?(T) with range H?~.

Definition 3. A linear operator T' : H> — H?~ such that P~ ST =TS |y is
called a Hankel operator.

Proposition 4. Let I' : H?> — H?™ be a bounded linear operator. Then the
following conditions are equivalent:

(a) T is a Hankel operator.

(b) There is a sequence {Ay}nez such that (Teg,e_;) = Agy; for every
k>0, >0.
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Proof. Suppose that (a) holds. Given k > 0, j > 0, consider n = j — 1. Then
n >0 and

(Teg,e—j) = (Teg,e—n_1)=(Tex, S "e_1) = (S"Tex,e_1)
= (P~ S"Teg,e_1) = T'S"ep,e_1) = (Tegin,e—_1)
= (Peptj-1,€6-1).

Define A4,, = (T'ej,—1,e_1).
Suppose on the other hand that (b) holds. For £ > 0 and j > 0 we have

(P™STep,e_j) = (STep,e_;) = (Tex, S te_;) = (Tep,e_j_1)
= Apyjrr = (Tepqr,e—j) = (DSex,ej).
Thus P~ST =TS |52 O

If v € L*(T) let M, be the multiplication operator given by M., f = v f
for all f € L*(T).

Proposition 5. Let I': H?> — H?~ be a bounded Hankel operator.
Then there exists o € L*(T) such that T' = P~ M., .

Proof. Let o = I'eg. Then 7y € L?(T) and
P Mye, =P 8"y =P S"Teg =T'S"eq =T'eyp.
Therefore I' = P~ M., . O

Proposition 6. Fory € L*(T) let ' : H> — H?~ be defined by I = P~ M,
Then T' is a Hankel operator. Even more (Ueg,e_;) = 7(—k — j), for every
k>0 andj>0.

Proof. Let k>0,5>0

(P~ STey,e_;) = (STey,e_;) = (Tex, S te_;) = (Ter,e_j_1)
= (PTyer e—j1) = {yer, e—j-1) = (e17ex, e—j)
= (Myepyr,e—j) = (P™Myepii,ej) = (Tepyr,ej)
= (I'Sex,e_;)
Thus P~ ST =TS |g2. And
(Teg,e—;) = (P"Myeg,e_j) = (Myex,e_;) = (Spy,e—;)

= (7, 5-ke—j) = (V,e—p—j) =7(—k —j).
The proof is complete. O
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Remark. For v € L>(T) we can consider I' : H?> — H?~ as the operator
defined by I' = P~ M,,. Then
Tl = 1P~ My || < [My ]| = {17/l oo-
Nehari’s theorem (see [5], [1]) says that:

Theorem 2. Let ' : H?> — H?~ be a Hankel operator. If T is bounded then
there exists v € L>(T) such that
(a) ¥(—k — j) = (Teg,e—;) for every k >0, j >0
(b) T =P~ M,
(c) [T = inf{ll7 — €l : € € HZ} = 7).
Proof. (a) If ' = 0 the result is obvious. By homogeneity we may assume
that |T|| = 1.

Let v =T'eg then I' = P~ M.

Consider the matricial measures p17 = 22 = dz and g2 = liz1 = —Yodz.
Then p(y2) = ||

From Theorem 1 it follows that there exists h € H' such that

| v0(z) + h(z) <1 ae.

Define v = 79 + h. Thus v € L*°(T) and then ¥(—n) = 4p(—n) for every
n > 0. Therefore for every k > 0, j > 0:

V(=k —j) = Y0(=k = j) = (Tep, e—j).
It is clear that I' = P~ M,, = P~ M,y = P~ M, and
nf{lly =€l : £ € H} < [[V]loo = [ln0 + Al <1 =|T].
On the other hand if £ € H* then
[T} = ([P~ My [| = [[P7 My |l < 1My —¢]l = |7 = €lloo-

Therefore
IT < inf{lly — &l : € € H*}.
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4 Generalized interpolation in H>

For every closed subspace K of H? let Px be the orthogonal projection in
L?(T) with range K.

Definition 4. v is said to be an inner function if ¢p € H*® and | ¢ |=1 a. e.
Let & stand for orthogonal difference.

Proposition 7. Let ¢ be a non constant inner function and let K be the
closed manifold of H? given by K = H?> S+ H?. Given ¢ € H® we define the
operator X = PxMy. Then X commutes with Pk S |k.

The converse of the last proposition is given by the celebrated interpola-
tion theorem of Sarason (see [6], [1], [2]), which says that:

Theorem 3. Given a nonconstant inner function ¢ let K be the closed sub-
space of H? given by K = H?> © YvH?. If X is a bounded linear operator on
K such that X commutes with Px S |k then there is a function ¢ € H™ such
that X = Px My and || X|| = [¢]lco -

Proof. Let f € L?(T). First we prove that P f = %P~ ¢ f. In order to do
that, let h € K. Since K = H? @ yH? C (yH?)* = ¢H?", we have that
h € yH?~. Thus 1h € H?>~. Using this we obtain that

(h,y P~ f) = (h, P=0f) = (Yh, 0 f) = (h, [).

So Pxf = ¢P~4f. Let I : H> — H?™ be the operator defined by I' =
Y X Px. Then

T = [| X Pkl = | X].
Let f € H?; since YPxf = P79 f and X commutes with PxS |x it follows
that

ISf=9yXPxSf=9yPxSXPxf=P SXPxf=P S)XPxf=P STf.

Thus P~ST =T'S |g2. From Nehari’s theorem it follows that there exists
v € L>®(T) such that:
(a) ¥(—k — j) = (Tex,e—;) for every k > 0,5 >0

(b) T' = P~ M,
) IT = inf{llv — &l : £ € H*} = ||l co-
Since

P~y = P" M) =T = pX Prp = PXYP Yp = pXpP~ |9 |*=0
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we have that yip € H*®. Set ¢ = . From || X|| = ||T]] and ||7]|cc = [|[7%]lc0 =
|9lloo it is clear that || X|| = ||¢||cc- Let g € K. Then

Xg = XPgg=19ylg=9%P M,g=¢P vg=9P vy
= Pgyyg = Prxog = PxMyg.
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