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THE MINIMUM PRINCIPLE

FROM A HAMILTONIAN POINT OF VIEW

PETER HEINZNER*

Received: February 24, 1998

Communicated by Thomas Peternell

ABSTRACT. Let G be a complex Lie group and Gy a real form of G. For a
GRr-stable domain of holomorphy X in a complex G-manifold we consider the
question under which conditions the extended domain G - X is a domain of
holomorphy. We give an answer in term of Gg-invariant strictly plurisubhar-
monic functions on X and the associate Marsden-Weinstein reduced space
which is given by the Kaehler form and the moment map associated with the
given strictly plurisubharmonic function. Our main application is a proof of
the so called extended future tube conjecture which asserts that G - X is a
domain of holomorphy in the case where X is the N-fold product of the tube
domain in C* over the positive light cone and G is the connected complex
Lorentz group acting diagonally.

1991 Mathematics Subject Classification: Primary 32M05

Let GRr be a connected real form of a complex Lie group G and X a Ggr-stable domain
in a complex G-manifold Z such that G-X = Z. In this paper we consider the following
question. Under which conditions on X is Z the natural domain of definition of the
Gr-invariant holomorphic functions on X? If Z is an open submanifold of a Stein
manifold, then there is an envelope of holomorphy for Z. Consequently, every Gg-
invariant holomorphic function on X which extends to Z also extends to the envelope
of holomorphy of Z. Thus one also has to ask under which additional requirements
is Z a Stein manifold.

In order that an invariant holomorphic function extends to Z = G - X it is
sufficient that X is orbit connected, i.e., for every z € Z the set {g € G; g-2z € X}
is connected (see [H]). Thus under this condition the main question is whether Z
is a Stein manifold. Now if Z is a domain in a Stein manifold V', then Z itself is
a Stein manifold if one can find a plurisubharmonic function ¥ on Z which goes
to +00 at every boundary point of 0Z C V. There is a natural way to construct

* Supported by a Heisenberg Stipendium of the Deutsche Forschungsgemeinschaft
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2 PETER HEINZNER

G-invariant plurisubharmonic functions out of Gg-invariant functions on X which
was first proposed by Loeb in [L]. In this paper Loeb used an extended version of
Kiselman’s minimum principle ([K]) in order to construct invariant plurisubharmonic
functions. The main idea is the following. Assume that there is a nice quotient
m: Z — Z/G and let ¢ be a smooth Gg-invariant plurisubharmonic function on
X which is a strictly plurisubharmonic exhaustion on each fibre of w|X. Then the
fibre wise minimum of ¢ defines a function ¢ on Z/G which is a candidate for a
plurisubharmonic function on Z/G. This procedure can be described in terms of
Hamiltonian actions as follows.

Assume for simplicity that ¢ is strictly plurisubharmonic. Then w := 2i90¢ de-
fines an invariant Kéaher form on X and p(z)(§) = d¢(J€x) is the associated moment
map g : X — gi. In this situation x~1(0) is the set of fibre wise critical points of ¢
which in good cases are exactly the points such that the restriction of ¢ to the fibre
attains its minimum. Again under some additional assumption, it then follows from
the principle of symplectic reduction that the reduced space p=1(0)/Gg has a sym-
plectic structure which in fact is Kéhlerian and moreover is given by the function %
which is induced on g~ (0)/Gr by ¢|p~1(0). It turns out that in the situation under
consideration the procedures given by symplectic reduction and minimum principle
are compatible. This is well known in the case where Gy is a compact Lie group (see
e.g. [H-H-L], where a much more general result is proved) and we give here precise
conditions such that it also works for a non compact group Gg.

The application of Loeb’s Minimum Principle is limited mainly to the case of free
GRr-actions. For the more general case of proper actions it seems that the Hamiltonian
point of view is much more adequate. Moreover, for applications it is necessary to
consider also domains X of G-spaces Z which do not admit a geometrical quotient
Z/G. A typical example is given by the so called extended future tube which we will
describe next.

Let <, > denote the Lorentz product on R* and also its C-bilinear extension to
C*. The future tube 7 is by definition the tube domain in C* = R* 4 iR* over the
positive light cone C* = {y = (yo, y1,y2,y3) € RY; yo > 0, <y,y >= (y0)? — (y1)? —
(y2)2 — (y3)2 > 0}, ie.,
T={2eC% ImzeC*}.

This domain is invariant under the action of the connected component Gy of the
identity of the homogeneous Lorentz group Og(1, 3). Now consider the N-fold product
TN with the diagonal action of Gg. The extended future tube (7V)C is by definition
the orbit of 77V under the action of the complexified group G of Gg. In other words

(TN =G -T" ={(g-21,...,9-2n); g€ G, z; €T}.

Note that G is the group SO4(C) which is defined by the quadratic form < , >.
Although there is no geometric quotient of Z, we have a quotient 7 : (C*)N —
(C*)N /G which is given by the invariant holomorphic functions on (C*)" and it is a
fundamental fact that the extended tube (7)€ is saturated with respect to 7 ([H-W],
see §3 for additional remarks). In this case it turns out that this invariant theoretical
quotient has sufficiently many good properties in order to apply the main result of
this paper which we formulate now.
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 3

Let V be a Stein G-manifold such that there exists almost a quotient 7 : V' —
V//G. More precisely we will assume that V//G is a complex space, 7 : V — V//G
is a G-invariant surjective holomorphic map and for an analytically Zariski open 7-
saturated subset V0 of V the restriction map 7 : V° — V°//G is a holomorphic fibre
bundle with typical fibre G/H. Thus V°//G = V°/G is a geometric quotient. Let
X be a Gg-stable domain in V such that Z := G - X is saturated with respect to
m: V= V/G.

THEOREM 1. Let ¢ : X — R be a smooth non-negative Gr-invariant plurisubharmonic
function and assume that

(i) The fibres of m restricted to X° := X NV are connected,

(i)  the restriction of ¢° = ¢|X° to the fibres of ® restricted to X° is strictly
plurisubharmonic,

(iii)  ¢° is proper mod Gy along w|Z° where Z° := VN Z and
(iv) ¢ is a weak exhaustion of X over VJ/G,
Then Z = G - X is a Stein manifold.

In the case where G acts properly on X° condition (iii) means that the map ¢° x
7| X% : X% - R x (Z°//G) induces a proper map X°/Gr — R x (Z°//G). By a weak
exhaustion of X over V//G we mean a function which goes to +0o on a sequence if
the corresponding sequence in V//G converges to a boundary point of Z//G in V//G.

In the case where the G-action on Z° is assumed to be free, the theorem can be
proved rather directly by applying Loeb’s minimum principle. For a compact group
it is a consequence of the methods presented in [H-H-K] (see also [H-H-L]).

In the last section we recall some previously known facts proved in [H-W] together
with a more recent result in [Z] about the orbit geometry of the extended future tube
in order to verify that the conditions of Theorem 1 are satisfied in the case of the
extended future tube. This leads to a conceptual proof of the so called extended
future tube conjecture in the last section.

THEOREM 2. The extended future tube is a domain of holomorphy.

This result has conjecturally been known in constructive quantum field theory for
more then thirty years. For its relevance and other publications concerning problems
related to it we refer the reader to the literature ([B-L-T], [H-S], [J], [S-W], [S-V]).

There is a proof of Theorem 2 in [Z] which due to several mistakes and gaps is
difficult to understand.

1. HAMILTONIAN ACTIONS ON KAHLER SPACES.

Let Gy be a real connected Lie group and X a complex Ggr-space, i.e., Ggr acts on X
by holomorphic transformations such that the action Gg x X — X, (g9,2) — ¢ -z,
is real analytic. If w is a smooth Gg-invariant Kahler structure on X, then a Gg-
equivariant smooth map p from X into the dual g of the Lie algebra gr of G is said
to be an equivariant moment map if

dpe = 165w
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4 PETER HEINZNER

holds on every Gg-stable complex submanifold Y of X. Here w denotes the Kéahler
form on Y induced by the K&hlerian structure on X (see [H-H-L]), pe =< p, €& > is
the component of i in the direction of € € gr, £x is the vector field on X induced by
¢ and t¢, w denotes the one form given by contraction, i.e., n = w(&,n).

Ezample. If w is given by a smooth strictly plurisubharmonic Gg-invariant function
¢, i.e., w = 2i00¢ on every smooth part of X, then

pe(x) == dp(JEx) = (i(0 — 0)¢)(€x) = d°p(¢x)

defines an equivariant moment map. This follows from invariance of ¢, since in this
case we have

d,u,g = dlgx dc¢ = —l¢x ddC(b = lex 2285(1) .

Here we use the formula

Lea = 1eda+ digon

for all vector fields £ and differential forms a where £ denotes the Lie derivative in
the direction of &.

Later we will need the following fact about the zero level set of pu.

LEMMA. Assume that X is smooth and that Gg acts properly on X. If the dimension
of the Gr-orbits in u=1(0) is constant, then u=*(0) is a submanifold of X .

Proof. Since the action is assumed to be proper, there is a local normal form for the
moment map (see e.g. [A] or [H-L]). The statement is an easy consequence of this
fact (see e.g. [A]. In [S-L] the argument is given for a compact group Gr). O

Remark 1. It can be shown that the converse of the Lemma also holds. We will not
use this fact here.

Remark 2. The properness assumption is very often satisfied. Since one may assume
that Gr acts effectively, Gr is a Lie subgroup of the group I of isometries of the Rie-
mannian manifold X. The group of isometries acts properly on X and consequently
the Gr-action on X is proper if and only if Gg is a closed subgroup of I. This is the
case if and only if there is a point z € X such that Gg - x is closed and the isotropy
group (Gr)s := {g € Gr; ¢ - © = z} is compact.

Remark 8. If Gr acts such that the isotropy groups are discrete, then p has max-
imal rank. Thus in this case p~!(0) is obviously a submanifold of X. Moreover
T (= 1(0)) = kerdu(x) for all z € p=1(0).

2. HAMILTONIAN ACTIONS ON INVARIANT DOMAINS
Let G be a connected complex Lie group and Z a holomorphic G-space, i.e., the action
G X Z — Z is assumed to be a holomorphic map. Let Gg be a connected real form

of G. By an invariant domain in Z we mean in the following a Gg-stable connected
open subspace X of Z. In the homogeneous case we have the following
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 5

LEMMA 1. Let X be an invariant domain in Z and assume that Z is G-homogeneous.
If the zero level set of p: X — gr is not empty, then p=1(0) is a Lagrangian subman-
ifold of X and each connected component of u=1(0) is a Gg-orbit.

Proof. For zy € X let N be an open convex neighborhood of 0 € gr such that
U :=Gg-expilN - zyp C X. Since G - expilN is a neighborhood of G in G, the set
U is a neighborhood of Gr - 29 in X. The proof of Lemma 1 is a consequence of the
following

Claim. U N p~1(0) = Gr - 2o for zo € u~1(0).

)

In order to proof the claim, let z € U N u~1(0) be given. Then there are h € Gg and
&€ € N such that z = hexpif - 29 € U N pu=1(0). Thus expi€ - 29 € p~1(0) N U and
zt = expit€-zo € U for t € [0,1]. Note that JEx (z) = %|t:0 exp it€ - x is the gradient
flow of pe with respect to the Riemannian metric induced by w. Thus, if 2 is not
constant, then t — pe(z;) is strictly increasing. This contradicts pe(z0) = 0 = pe(z1).
Therefore zg = expité - zp for all t € R. This implies z = h-21 = h- 29 € Gr - 20.

It is a consequence of the claim that every Gr-orbit is closed in X. Therefore
every component of ;~1(0) is a Gg-orbit. It remains to show that these orbits are
Lagrangian. Since u(Gg - z9) = 0 we have

0 = dpe(nx(20)) = w(€x(20), nx (20))

for all £&,7 € gr. This means that Ggr - z9 is an isotropic submanifold of X. In
particular, dimg Gg - 2o < dimc X. In general the tangent space T, (Gr - 20) spans
T,,X over C. Thus dimg GR - 20 > dim¢ G - 2o = dim¢ X. This shows that dimg Gg -
zp = %dimR X. Hence GR - 29 is Lagrangian. (]

Every Lagrangian submanifold of a Ké&hler manifold is totally real. Thus, if Z
is G-homogeneous, then p~1(0) is a totally real submanifold of X. Note that the
Grg-orbits in u~1(0) are closed since they are connected components of the zero fibre
of u. Now if G is such that 0 € g is the only Gr-fixed point, then z € p~1(0) if and
only if the orbit G - x is isotropic. This condition holds for example for a semisimple
Lie group.

It almost never happens that there is a Gg-invariant Kahler form w which is
defined on Z. For example, if Gy is a simple non compact Lie group or more generally
a semisimple Lie group without compact factors, then there does not exist a Gg-
invariant Kéhler form on a non trivial holomorphic G-manifold Z. In order to see
this, recall that since Gr is semisimple there is a moment map p : Z — gi. Now
let gr = € @ p be a Cartan decomposition where £ is the Lie algebra of the maximal
compact subgroup of Gg. Then u = € @ ip is the Lie algebra of the maximal compact
subgroup U of G. For £ € ip the image of the one-parameter group v : t — expté
lies in U and therefore there is a basis of p consisting of ¢’s such that the image of ~
is compact, i.e., isomorphic to S*. But v is the flow of the gradient vector field of
and therefore t — pe(y(¢) - z) is strictly increasing for every z € Z. This implies that
v acts trivially on Z. Since G is semisimple and contains no compact factor, G itself

is the smallest complex subgroup of G which contains exp p. Thus G acts trivially on
Z.
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6 PETER HEINZNER

A geometric interpretation of the zero fibre 1 ~1(0) of an equivariant moment map
X — gp associated to a smooth Ggr-invariant strictly plurisubharmonic function
¢ : X — R (see Section 1, Example) can be given in the case where X is an invariant
domain in Z as follows. For z € X let Q(x) := {g-x; g € G and g-x € X} be the
local G-orbit of G through z in X where (¢,2) — g -« denotes the G-action on Z.
Then by Gr-invariance of ¢ we have

p1(0) = {z € X; x is a critical point of ¢|Q(x)}.

We consider now invariant domains X in G-homogeneous spaces Z such that
there is a moment map associated to ¢ : X — R more closely. In order to do that we
first introduce the notion of an exhaustion mod Gg.

Let F be a complex space with a proper Gg-action and let F'/Ggr be the space of
Gr-orbits endowed with the quotient topology. A Gg-invariant function f : F' — R
is said to be proper mod Gr if the induced map f : F/Gr — R is proper. The map
f is said to be an exhaustion mod Gg if f is an exhaustion, i.e., if for all » € R
the set {q¢ € F/Gg; f(q) < r} is relatively compact in F. Note that a Gg-invariant
continuous function which is bounded from below is proper mod Gy if and only if it
is an exhaustion mod Gg.

LEMMA 2. Let Z be G-homogeneous and assume that the Gg-action on X is proper.
Let ¢ : X — R be a smooth strictly plurisubharmonic Gr-invariant function which is
an exhaustion mod Gr. Then there is a zo € X such that

Gr - 20 = p *(0) = {z € X; ¢(2) is a minimal value of ¢} .

Proof. Since ¢ is plurisubharmonic and an exhaustion mod Gg there is a point zy € X
which is a minimum for ¢. In particular, 4=1(0) is not empty where y denotes the
moment map associated with ¢. We have to prove that p~=!(0) is connected. By
Lemma 1, every connected component of the set M, = p~!(0) of critical points of ¢
is a Gr-orbit. We claim that the Gr-orbits are non degenerate in the sense that the
Hessian of ¢ in normal directions is positive definite. This is seen as follows.

The vector fields J¢x, £ € gr span the normal space at x € My and

(J€x)(JEx (@) = 1exdpe = w(éx, JEx) -

Hence the Hessian at © € My is positive in the normal directions. Since ¢ is proper
mod Gg and the gradient vector field of ¢ with respect to the Ggr-invariant Kéahler
metric given by 2i00¢ is Gg-invariant, Lemma 2 follows from standard arguments in
Morse Theory. O

In the situation of Lemma 2 every critical point of ¢ is a minimum and the set of
these points is a Gg-orbit and coincides with x~1(0).

We will now generalize the results in the homogeneous case to spaces Z which
possess a geometric G-quotient and X is a weakly orbit connected invariant domain
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 7

in Z. Here a Ggr-stable subset X of Z is said to be weakly orbit connected if for every
x € X the local G-orbit Q(z) := {g -z € X; g € G} is connected.

Remark 1. A Gr-invariant set X in Z is said to be orbit connected if for every x € X
the set Q, := {g € G; g-x € X} is connected. This is a stronger concept then weakly
orbit connectedness.

Let Z be a holomorphic G-space such that there is a geometric quotient 7 : Z —
Z/G. By this we mean that the orbit space Z/G is a complex space such that the
quotient map 7 : Z — Z/G is holomorphic. Moreover we assume that the structure
sheaf of Z/G is the sheaf of invariants, i.e., for an open subset Q) of Z/G a function
f: Q@ — C is holomorphic if and only if f o : 771(Q) — C is holomorphic.

Now let X C Z be an invariant domain which lies surjectively over Z/G or
equivalently such that Z = G - X. Assume that Gr acts properly on X and that
X is weakly orbit connected. Let ¢ : X — R be a smooth Gg-invariant strictly
plurisubharmonic function which is an exhaustion mod Gy along 7, i.e., 7~ 1(C)N{x €
X; ¢(x) <r}/Gr C X/Gr is compact for every compact subset C in Z/G and r € R.
We set My = p~1(0) where p1: X — gr denotes the moment map associated with ¢.

PROPOSITION 1. The map 7 : My/Gr — Z/G induced by the inclusion v : My — Z
is a homeomorphism. If X is a manifold, then My is smooth and

T My = ker du(z)
holds for all x € M.

Proof. The map 7 is continuous and by Lemma 2 it is also a bijection. We claim
that 7 is proper. Since the Gr-action on My is proper, My;/Gr is a locally compact
topological space. Thus properness of 7 implies that 7 is a homeomorphism.

Let (gn) be a sequence in My/Gr and z, a point in My which lies over g,.
Assume that (7(z,)) = (?(¢n)) has a limit in Z/G and let zp € My be a point
which lies over lim 7(z,,). If some subsequence of ¢(z,,) goes to infinity, then we may
assume ¢(z,) > ¢(xp) + 1 for all n. Since 7 : Z — Z/G is an open map, there are
gn € G such that lim g, - z,, = ¢ for some subsequence. This is a contradiction since
d(zn) < ¢(gn « ) for all n such that g, -z, € X. Thus, since ¢ is assumed to be an
exhaustion mod Gg along 7, there are h,, € Gg such that a subsequence of (h,, - z,,)
converges to xo. This implies that a subsequence of (g,,) converges in My. So far we
proved that 7 is a homeomorphism.

Assume now that X is smooth. The existence of a geometric quotient implies
that the dimension of the G-orbits in Z is constant and therefore this is also true for
the Gg-orbits in M, (Lemma 1). Thus My is a submanifold of X (Section 1, Lemma).
Since T, M, is a subspace of ker du(x) and ker du(z) = T,,(Gg - ) + T(G - 2)*, the
claim follows from the obvious dimension count as follows. Let d := dimg Gg - x for
x € My. Note that d is the complex dimension of the 7-fibres. Thus dimr My =
dimg My/Gr + d = dimg Z/G + d = dimg T;(G - )+ + dimg Gg - = implies that
ToMy = kerdu(z) for all x € M. O

Remark 2. Without a reference to an embedding into a holomorphic G-space one can
show that 4 =1(0)/Gr is a complex space in a natural way (see [A-H-H] and [A]).
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8 PETER HEINZNER

If Gg does not act properly on X, then let Gg be the closure of Gg in the group
I of isometries of the Kéhler manifold X. Since the Gg-orbits in My = p~1(0) are
closed (Lemma 1), it follows that they coincide with the Gg-orbits. Moreover ¢ is
Gy-invariant and My = i~1(0) =: M, where [ is the moment map associated with
¢. Now if one redefines an exhaustion mod Gg along 7 in terms of sequences in X,
then also in this case My is smooth and T, My = T (G - z) ® T,.(G - ©)*+ = ker du(x)
holds for all z € M.

Proposition 1 can be generalized to the case where ¢ : X — R is only assumed
to be plurisubharmonic and strictly plurisubharmonic on the fibres. More precisely
we have the following consequence which can be thought of as a version of Loeb’s
minimum principle (see [L]).

COROLLARY 1. Let X C Z be a weakly orbit connected invariant domain with n(X) =
Z and ¢ : X — R a smooth Ggr-invariant plurisubharmonic function which is an
exhaustion mod Gr along 7 such that the restriction of ¢ to the local G-orbits in X
is a strictly plurisubharmonic exhaustion mod Gr. If m: Z — Z/G is a holomorphic
bundle, then

(i) My =p"1(0) is smooth where pn: X — gi, pe = dp(JEx),

(ii) To(My) =kerdu(z) for all x € My.

(iil) My/Gg is homeomorphic to Z/G and the function ¢ : Z/G — R which is
induced by ¢| My is a smooth plurisubharmonic function.

Proof. We may assume that Gr acts properly on X and, since the statements are
local over Z/G that Z/G is a Stein manifold. Let p : Z — R be the the pull back
of a strictly plurisubharmonic function on Z/G. Then ¢ + p is Gr-invariant, strictly
plurisubharmonic and an exhaustion mod Gr on the local G-orbits in X. Since
dp(J€x) = 0 for all £ € gr, the moment map associated with ¢ + p is the same as the
moment map associated with ¢. Thus Proposition 1 implies directly (i), (ii) and the
first part of (iii). It remains to show that ¢ : Z/G — R is a smooth plurisubharmonic
function.

For the plurisubharmonicity of ¢ we recall the calculation in [H-H-L], §2. For
z € My we have T, (M) = kerdu(z) = T.(Gg - 2) ® T.(G - 2)*. We may assume
that Z = G/H x A where A is an open neighborhood of 0 in C? = T,,(G - z)*, and
m(z) = 0 where 7 is given by the projection on the second factor. Furthermore there
is a section n : A — My, n(w) = (o(w), w) and therefore we have (w) = ¢(n(w)). A
direct calculation shows that

091(0) = 90 $(n(0)).-

Here one has to use that d¢(z) = 0 and that do(0) = 0. Thus % is plurisubharmonic
and smooth. d

If ¢ is strictly plurisubharmonic, then the proof shows that v is also strictly
plurisubharmonic. For a proper Gg-action the space Z/G is then given by symplectic
reduction My/Ggr and the induced Kéhlerian structure on Z/G is determined by

the function (q) = 1111(f I ¢(x) which is obtained by applying the minimum
xem—(g)N
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 9

principle ([L]). Thus symplectic reduction and the minimum principle are compatible
procedures.

For the remainder of this section we assume now that Z is a holomorphic G-
manifold such that there is almost a quotient Z//G. More precisely we will assume
that Z//G is a complex space, 7 : Z — Z//G is a surjective G-invariant holomorphic
map and there is an analytically Zariski open m-saturated subset Z° of Z such that
m:Z% = Z°)/G is a geometric quotient, i.e., Z°//G = Z°/G. Moreover, for the sake
of simplicity we assume that 7 : Z% — Z°//G is a holomorphic fibre bundle.

Now let X be an invariant domain in Z with 7(X) = Z and assume that X° :=
X NZ° is weakly orbit connected. Let ¢ be a Gg-invariant plurisubharmonic function
such that ¢° := ¢| X0 is smooth, strictly plurisubharmonic on the local G-orbits in
X and an exhaustion mod Gr along 7|Z°. Thus the restriction ¢° := ¢| Mg, Mg :=

Mg N Z° induces a plurisubharmonic function ¢° : Z°)/G — R.

LEMMA 3. There is a unique G-invariant plurisubharmonic function ¥ : Z —
[—00, +00) which extends W0 := Y o 7| Z0.

Proof. The function ¥(z) = iné @(g - z) is upper semi-continuous on Z where 0, :=
geil,

{9€G;g-2€ X} Now U = U on Z° (Lemma 2), and Z \ Z° is a proper analytic
subset of Z. Thus ¥ is plurisubharmonic and by definition G-invariant. (|

Remark 3. If Z//G is smooth and 7 is an open map, then ¢° extends uniquely to a
plurisubharmonic function ¢ on Z//G. Of course in this case we have ¥(q) = in}ﬁ o(z),
xely

where F, := n71(q) N X. If ¢|F, is an exhaustion mod Gg, My intersects every Gg-
stable closed analytic subset of Fj, non trivially. But it might happen that Mg N Fj,
is a union of several Gg-orbits. On the other hand for ¢ € Z°//G the intersection is
exactly one Gr-orbit.

Assume now in addition that Z is an open G-stable subspace of a holomorphic
Stein G-manifold V' which is saturated with respect to 7 : V' — V//G. We say that
¢ : X — R is a weak exhaustion of X over V//G if limsup ¢(z,) = +oo for any
sequence (z,) in X such that (7(z,)) converges to some go in the boundary 9(Z//G)
in VJ/G.

THEOREM. Let Z be a G-stable w-saturated open subspace of V, X an invariant
domain in Z with G- X = Z and ¢ : X — R a Ggr-invariant plurisubharmonic
function. Assume that

(i)  X° is weakly orbit connected,

(i)  the restriction of ¢° := ¢|X° to the local G-orbits is strictly plurisubharmonic,
(iii)  ¢° is an exhaustion mod Gg along w|Z° and

(iv) ¢ is a weak exhaustion of X over V|G,

Then Z = G - X is a Stein manifold.

Proof. Let zg € 0Z and z, € Z be such that zp = limz,. We have to show
limsup ¥(z,) = +oo. Thus assume that ¥(z,) < r for all n and some r € R.
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10 PETER HEINZNER

There are w, € G - Mg = Z9 such that ¥(w,) < r and 29 = limw,. Let w, =
gn * Ty, where g, € G and z,, € Mg. Now ¥(w,) = ¥(z,) = ¢(z,) < r and, since
Z = G- X is saturated, n(z,) = m(w,) — 7(20) € 9(Z//G). This contradicts the
assumption that ¢ is a weak exhaustion. Thus Z is a domain in a Stein manifold with
a plurisubharmonic weak exhaustion function and therefore Stein. (|

Remark 4. Elementary examples show that for a Stein Gr-manifold some conditions
are necessary in order that G- X is a Stein manifold. For example there is an Sla(R)-
invariant domain € of holomorphy in C? such that Sly(C) - Q = C2\ {0}.

Now let G be complex reductive group and assume that the semistable quotient
7w Z — ZJ/G exists (see [H-M-P]). Thus Z//G is a complex space whose structure
sheaf Oz(U) = Oz (71 (U)? is the sheaf of invariants and every point in Z//G has
an open Stein neighborhood such that the inverse image in Z is Stein. For example,
if V is a holomorphic Stein G-manifold, then a semistable quotient V//G alway exists.
Moreover it is shown in [H-M-P] that Z is a Stein space if and only if Z//G is a Stein
space.

Assume that Z is connected and that some orbit of maximal dimension is closed.
Then there exists a proper analytic subset A in Z//G such that Z°//G = Z//G \ A
is a geometric quotient of Z° := 7=1(Z//G \ A). In particular, every fibre of 7|Z°
is G-homogeneous or equivalently the dimension of the G-orbits in Z° is constant.
Every x € Z° has a G-stable neighborhood U which is G-equivariantly biholomorphic
to G xS where H is the isotropy group of G at = and S is a Stein space such that the
connected component HY of the identity of H acts trivially on S. Here G x 5 S denotes
the bundle associated to the H-principal bundle G — G/H. Thus locally Z°//G is
given by S/T" where I := H/Hj is a finite group. Moreover, there is an analytically
Zariski open G-stable subset Z°° of Z which is contained in Z° such that the isotropy
type is constant. This implies that Z°° is a fibre bundle over Z°°//G C Z//G.

3. ORBIT GEOMETRY OF THE FUTURE TUBE.

In the following it will be convenient to introduce a linear coordinate change such
that < 2,2 >= (20)% — (21)? — (22)? — (23)? has the form 2927 — 2223. Thus we set

7. Ty\ [ 20+ 23 21— iz
T \zw/) \z4ize zo— 23
and obtain det Z =< 2,z > and det Im Z =< Im z,Im z > where Im Z := %(Z—Zt).

Let H := {Z € V; ImZ > 0} denote the generalized upper half plane where
V := C?*2. Note that H is just the tube over the positive light cone in the new
coordinates. Moreover H is stable with respect to the action of Gg := SLg(C) which
is given by Ggr x H — H, (9,7) — g * Z := gZg'. This action is not effective. The
ineffectivity consists of I' = {41, —I} and the quotient SL2(C)/I" is the connected
component of the identity of the homogeneous Lorentz group.

Let HY .= Hx ---x H C V x---xV =: VN denote the N-fold product
of H and set G := (Gg)® = SL2(C) x SLy(C) where G is embedded in G via

g — (9,9). The diagonal Gr action on V¥ extends to a holomorphic G action
GxVN VN ((g,h),ZY,...,ZN) = (g,h) x (Z,...,ZN) := (gZ'ht,...,gZ N h?).

DOCUMENTA MATHEMATICA 3 (1998) 1-14



THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 11

THEOREM. The extended future tube (HN)® := G x HY is a domain of holomorphy.

In the proof we will make an axiomatic use of the following statements

FACT 1 (see Streater Wightman [S-W], p. 66). The set H'V is orbit connected in VIV,
ie, {g€G; g+ Zec HV} is connected for every Z € V.

Fact 2. The extended future tube G * HY is saturated with respect to 7 : VN —
VvN/G.

Fact 2 implies that the semistable quotient G * HY //G exists and is an open subset
of V¥ /G. The quotient map is given by restricting 7 : VY — V¥ /G to G« HV.
There does not seem to be a proof in the literature of Fact 2 but there is a detailed
proof for the whole complex orthogonal group in [H-W]. A slight modification of the
proof there can be used for a proof of Fact 2. In order to be complete let us recall
briefly the main steps. First we note that it is sufficient to show the following (see

e.g. [H]).

Claim. If Z € HY, then the unique closed orbit G * W in the closure of G * Z lies in
G« HN.

This can be seen as follows. Let < , > be the complex Lorenz product, i.e., the
symmetric bilinear form on V which is associated to the quadratic form det : V' —
V. Thus V is just the standard representation of G' := O4(C). Note that G has
two connected components and the connected component of the identity is G. The
functions (Z1,...,ZN) —< Z! ZJ >, form a set of generators for the algebra of
the G-invariant polynomials on V. Thus the image of V'~ in the set of symmetric
N x N-matrices of the map # which sends (Z%,...,Z") to the matrix (< Z*,Z7 >)
is an affine variety which is isomorphic to VN //G.

The matrices of rank 3 or 4 correspond to fibres of @ which are closed G’—orbits;
It follows that the G-orbit through every point Z € H such that the rank r of Z
is greater or equal to 3 is already closed. Now assume that r < 2. In this case the

following is shown in [H-W]: There exists an ¢ € G, a; € C and an w € V with
<w,w>=0=<w, W’ > such that

Zj:g*Wj—i—ajw, j=1,...,N.

The proof actually shows that one can choose g € G, i.e., det g = 1. Now an argument
of Hall-Wightman ([H-W], p.21) implies that gxW7 € H for all j, i.e., GxW C GxH".

FACT 3 The funCtiOn ¢ . HN — R, ¢(Zl,,ZN) = ernzl + - 4 m
is Gr-invariant and strictly plurisubharmonic. Moreover, ¢ is a weak exhaustion of
HN.

The simplest way to see that ¢ is strictly plurisubharmonic is to note that Z7 —
m it is given by the Bergmann kernel function on H. Since detIm Z = 0 for
Z € OH, ¢ is a weak exhaustion of HV, ie., ¢(Z;) — +oo if limZ, = Zy €
O(HN) c VN,

Let Kg := {(a,a); a € SU3(C)} be the maximal compact subgroup of Gg. We
set V0 :={Z € V; det Z # 0}. Note that V//G = C and that after this identification
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12 PETER HEINZNER

the quotient map is given by det : V' — C. In particular, V° is saturated with respect
toV = V/JG.

LEMMA 1. Let (W,,) be a sequence in H such that (m(W,,)) converges in VJ/G. Then
there exist hy, € Gg such that a subsequence of (h, x W) converges in V.

Proof. There exist u,, € Kr such that

Tn Zn
X, = u, x W, .(0 yn)
Since (w(Wy,)) = (7(X,,)) converges, it follows that |det X,| = |zpyn| < R for some
R > 0 and all n. Furthermore, X,, € H implies that %|zn|2 <Imz,Jmy, < |z yn| =
|det X,,|. Therefore (2,,) is bounded. Now 0 < |r,y,| < R implies that |r2xz,| =
|72y, | for some ry, > 0. In particular the sequence (r2x,, 7, 2y,) is bounded. Hence
hy, * W, has a convergent subsequence where h,, :=r, - u, € Gr and r,, is identified

with <(”g 2.5 g)> O

Remark 1. Geometrically Lemma 1 asserts that H is relatively compact over VG
mod Gg.

LEMMA 2. Let (Z,,W,,) be a sequence of points in H x H and assume that
(i)  7w(Zn,W,) converges in (V x V)G and

(i) Wy =lUmW,, exists in H.

Then a subsequence of (Z,) converges to a Zy € H.

Proof. Note that V x V° is an open G-stable subset of V x V which is saturated
with respect to V x V. — (V x V)//G and contains H x H. The map V x V% —
V, (Z,W) — ZW 1 is G-equivariant, where G acts on the image V by conjugation
with the first component, i.e. by int(g,h) - X = gXg~!. It is sufficient to show the
following

Claim. A subsequence of (X,,) converges.

Since the image of X, := Z,W, ! in V//int G converges, the trace and the determinant
of X,, and therefore the eigenvalues of X,, are bounded. Let u,, = (an,d,) € Kgr be
such that inta, - X, = (up * Z,)(up * Wy,)~t = (E" Z”) Since Ky is compact, we

0
o)

Let W,, =: (‘;" Z") and Wy =: (‘;g Z‘;). By assumption we have Wy € H. There-
fore Imdy # 0. From

y’l’bcn yndn

may assume that X,, = (

it follows that

1
|Z |2 (Im (xnan + chn)Im (yndn) - Z|xnbn + zndn — gn5n|2) >0
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 13

for z, # 0. Since the eigenvalues x,, y, and a,, by, ¢,, d,, are bounded, dy # 0 implies
that |z,| is bounded. Thus (X,,) has a convergent subsequence. O

Remark 2. The proofs of Lemma 1 and Lemma 2 use arguments which can be found
at least implicitly in [Z] on p. 17.

In the above proof we used that H C V? which is implied by det Im Z < | det Z]|.

COROLLARY 1. If Z, = (Z},...,ZY) € H" are such that (7(Z,)) converges in
VNG and (ZY) converges in H, then (Z,) has a convergent subsequence in 7. o

LEMMA 3. ¢ is a weak exhaustion of X over VJ/G.

Proof. Let (Z,) = ((Z},...,ZN)) be a sequence in HY such that ¢ := lim7(Z,) €
O(GxHN JJG) c VN /G exists. There are h,, € Gg such that a subsequence of (h*Z}Y)
converges to WY € H (Lemma 1). Now, if WV € 0H, then limsup ¢(Z,) = +o0.
Thus assume that WY € H. It follows that (hn * Zy,) has a subsequence which

converges to W € m" (Corollary 1). But W is not in HY, since ¢ = n(W) €
O(G x HN J/G). Thus W € OHY and therefore again limsup ¢(Z,,) = +oo follows. [

LEMMA 4. The function ¢ is an exhaustion mod Ggr along 7.

Proof. For r > 0let Z, € HY, Z, =: (Z},...,ZY), be such that ¢(Z,) < r and
assume that lim7(Z,) exists in G * HY /G. Thus there are h, € Gg such that
(hn * ZY) has a subsequence which converges to some WY ¢ H. If WV ¢ 0H,
then ¢(Z,) goes to infinity. This contradicts ¢(h, * Z,) < r. Thus W» € H and

therefore (h, * Z,) has a subsequence with limit W = Wi ... ,WN) € A", The
same argument as above implies that W7 € H for j =1,..., N. O

Proof of the Theorem. From the invariant theoretical point of view the G = SLy(C) x
SLy(C) action on V¥ is the N-fold product of the standard representation of SO4(C)
on C*. It is well known that for any N = 1,2,... the generic G-orbit in V¥ is closed.
Let (V)% denote the set of points in V¥ which lie in a generic closed orbit, i.e.,
(V)0 is a union of the fibres of the quotient V' — V//G which consist exactly of one
G-orbit. Since the Gg-action on H is proper, Gg acts properly on HV. It follows
from the results in §2 that there is a G-invariant plurisubharmonic function ¥ on
G * HY which is a weak exhaustion. Thus G * HY is a domain of holomorphy. [

COROLLARY 2. The image G x HY /G of HY in VN JJG is an open Stein subspace.
]
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ABSTRACT. Let X be a projective complex 3-fold, quasihomogeneous with
respect to an action of a linear algebraic group. We show that X is a com-
pactification of SLy/T", I a finite subgroup, or that X can be equivariantly
transformed into P3, the quadric Q3, or into certain quasihomogeneous bun-
dles with very simple structure.
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1 INTRODUCTION

Call a variety X quasihomogeneous if there is a connected algebraic group G acting
algebraically on X with an open orbit. A rational map X --» Y is said to be
equivariant if G acts on Y and if the graph is stable under the induced action on
XxY.

The class of varieties having an equivariant birational map to X is generally
much smaller then the full birational equivalence class. The minimal rational surfaces
are good examples: they are all quasihomogeneous with respect to an action of SLo,
but no two have an SLs-equivariant birational map between them. On the other
hand, if X is any rational SLs-surface, then the map to a minimal model is always
equivariant.

Generally, one may ask for a list of (minimal) varieties such that every quasiho-
mogeneous X has an equivariant birational map to a variety in this list.

We give an answer for dim X = 3 and G linear algebraic:

IThe author was supported by scholarships of the Graduiertenkollegs “Geometrie und mathema-
tische Physik” and “Komplexe Mannigfaltigkeiten” of the Deutsche Forschungsgemeinschaft
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16 STEFAN KEBEKUS

THEOREM 1.1. Let X be a 3-dimensional projective complex variety. Let G be a
connected linear algebraic group acting algebraically and almost transitively on X.
Assume that the ineffectivity, i.e. the kernel of the map G — Aut(X), is finite. Then
either G = SLy, and X is a compactification of SLa/T, where T is finite and not
cyclic, or there exists an equivariant birational map X --+¢? Z, where Z is one of the
following:

o P3 or Qg, the 3-dimensional quadric
o o Py-bundle over Py of the form P(O(e) ® O(e) ® O).

e a linear P1-bundle over a smooth quasihomogeneous surface Y, i.e. Z = P(E),
where E is a rank-2 vector bundle over Y. If G is solvable, then E can be chosen
to be split.

If G is not solvable, then the map X --+¢1 Z factors into a sequence X < X — Z,
where the arrows denote sequences of equivariant blow ups with smooth center.

A fine classification of the (relatively) minimal varieties involving SLy will be
given in a forthcoming paper.

The result presented here is contained the author’s thesis. The author would like
to thank his advisor, Prof. Huckleberry, and Prof. Peternell for support and valuable
discussions.

2 EXISTENCE OF EXTREMAL CONTRACTIONS

The main tool we will use is MORI-theory. In order to utilize it, we show that in our
context extremal contractions always exist.

LEMMA 2.1. Let X and G be as in 1.1, but allow for Q-factorial terminal singulari-
ties. Then there exists a MORI-contraction.

Proof. Let : X — X be an equivariant resolution of the singularities of X, let H < G
be a (linear) algebraic subgroup and let v; € Lie(G) be the associated element of the
Lie-algebra. Since X is quasihomogeneous, we can find elements ve, v3 € Lie(G) such
that the associated vector fields

0;(x) = — exp(tv;)z € HY(X,TX)

are linearly independent at generic points of X. In other words,

o = v1 Nv2 A\ g

is a non-trivial holomorphic section of the anticanonical bundle —K 3. Because H is
linear algebraic, the closure of a generic H-orbit is a rational curve, and H has a fixed
point on this curve. Therefore ¥7 has zeros, and the divisor given as the zero-set of o
is not trivial. In effect, we have shown that —K 3 is effective and not trivial.

If r is the index of X, then the line bundle —rKx is effective. We are finished
if we exclude the possibility that —rKx is trivial. Assume that this is the case. The
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section o not vanishing on the smooth points of X implies that X \ Sing(X) is G-
homogeneous. But the terminal singularities are isolated. Thus, by [HO80, thm. 1 on
p. 113], X is a cone over a rational homogeneous surface, a contradiction to —rK x
trivial.

Consequently —rKx is effective and not trivial. So there is always a curve C
intersecting an element of | — rK x| transversally. Hence C.Kx < 0 and there must
be an extremal contraction. o

COROLLARY 2.2. Let X and G be as in theorem 1.1 with the exception that X 1is
allowed to have Q-factorial terminal singularities. Let ¢ : X — Y be an equivariant
morphism with dimY < 3. Then there is a relative contraction over Y.

Proof. If Y is a point, this follows directly from lemma 2.1. Otherwise, if n € Y
generic, we know that the fiber X, is smooth, does not intersect the singular set
and is quasihomogeneous with respect to the isotropy group G,. So there exists a
curve C' C X, with C.Kx, < 0. Note that the adjunction formula holds, since X has
isolated singularities and X, does not intersect the singular set. Hence Kx, = Kx | Xy

and there must be an extremal ray C' C NE(X) such that ¢.(C) = 0. Thus, there
exists a relative contraction. O

Recall that all the steps of the MORI minimal model program (i.e. extremal
contractions and flips) can be performed in an equivariant way. For details, see
[Keb96, chap. 3].

3 EQUIVARIANT RATIONAL FIBRATIONS

In this section we employ group-theoretical considerations in order to find equivariant
rational maps from X to varieties of lower dimension. These will later be used to direct
the minimal model program.

We start with the case that G is solvable.

LEMMA 3.1. Let X and G be as in 1.1. Assume additionally that G is solvable. Then
there exists an equivariant rational map X --+°1Y to a projective surface Y.

Proof. Since G is solvable, there exists a one-dimensional algebraic normal subgroup
N. Let H be the isotropy group of a generic point, so that Q = G/H, and consider
the map

Q>2G/H - G/(N.H)

Recall that N.H is algebraic. Since N is not contained in H (or else G acted
with positive dimensional ineffectivity), the map has one-dimensional fibers. Now
dimG/(N.H) > 0 and G/(N.H) can always be equivariantly compactified to a pro-
jective variety Y. This yields an equivariant rational map X --+¢? Y. o

Now consider the cases where GG is not solvable.

LEMMA 3.2. Let X and G be as above. Assume that G is neither reductive nor
solvable. Then there exists an equivariant rational map X --+°1Y such that either

1. Y =2 P3, and X --»%1Y is birational, or dimY = 2, or
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2. dimY =1, and there exists a normal unipotent group A and a semisimple group
S < G, acting trivially on Y. The unipotent part A acts almost transitively on
generic fibers.

Proof. Let G = U x L be the LEVI decomposition of G, i.e. U is unipotent and L
reductive and define A to be the center of U. Note that A is non-trivial. Since A
is canonically defined, it is normalized by L, hence it is normal in G. Let H be the
isotropy group of a generic point, €2 the open G-orbit, so that Q = G/H, and consider
the map

QO>G/H - G/(A.H)

There are two things to note. The first is that A is not contained in H (or else G acted
with positive dimensional ineffectivity). So dimG/(A.H) < 3. If dimG/(A.H) >
0, it can always be equivariantly compactified G/(A.H) to a variety Y yielding an
equivariant rational map X --» Y. If dimG/(A.H) = 2, we can stop here. If
dim G/(A.H) = 1, then note that A acts transitively on the fiber A H/H. If A.H
does not contain a semi-simple group, we argue as in lemma 3.1 to find a subgroup
H', H < H' < A.H such that dim H'/H = 1. Then dim G/H' = 2, and again we are
finished.

If dimG/(A.H) = 0, then A acts transitively on Q. In this case A = C", and
hence (because the G-action is algebraic) Q 22 C*. The theorem on MosTow fibration
(see e.g. [Hei9l, p. 641]) yields that L has to have a fixed point in . Therefore,
without loss of generality, L < H. As a next step, consider the group B := (UNH)°.
Since both U and H are normalized by L, B is as well. Elements in A commute with
all elements of U, hence A.B normalizes B as well. Then B is a normal subgroup of
UxL = G. Note that A.B =U, because A.B=A.(HNU) = (A.H)NU =GNU =U.
Consequently B acts trivially. Therefore B = {e}.

We are now in a position where we may write G = A X, L, where p is the
action of L on A (L acting by conjugation). Now H = L, hence A = Q = C3
and the L-action on A = ((CB, +) is linear. So G is a subgroup of the affine group
and €2 can be equivariantly compactified to P3, yielding an equivariant rational map
X --»¢1 Pg. O

We study case (1) of the preceding proposition in more detail.

LEMMA 3.3. Let X be as above and assume that G is reductive. Assume furthermore
that G is not semisimple. Then there is an equivariant rational map X --+°1 Z,
where dim Z = 2.

Proof. As a first step, recall that G = T.S, where S is semisimple, T is a torus, and
S and T commute and have only finite intersection. If 5 is a point in the open orbit
and G, the associated isotropy group, then T' ¢ G, or otherwise 7" would not act at
all. For that reason we will be able to find a 1-parameter group 11 < T, T1 ¢ G, and
consider the map

N:=G/G, = G/(T1.Gy).

Since T3 has non-trivial orbits, dim G/(T41.G,) = 2. If we compactify the latter in an
equivariant way to a variety Z, we automatically obtain an equivariant rational map
X --+% Z as claimed. O
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LEMMA 3.4. Suppose G is semisimple. Then one of the following holds:

1. G = SLy and the open orbit Q2 is isomorphic to SLo/T, where T' is finite and
not contained in a BOREL subgroup.

2. X =Py
3. X is isomorphic to F12(3), the full flag variety

4. X is homogeneous and either X = Q3, the 3-dimensional quadric or X is a
direct product involving only P1 and Ps.

5. X admits an equivariant rational map X --+°1Y onto a surface.

Proof. If G =2 SLo, and I' is embeddable into a BOREL group B, then T is in fact
embeddable into a 1-dimensional torus T. Consider the map G/T' — G/T, and we
are finished.

Assume for the rest of this proof that G 2 SLs. Then the claim is already true
in the complex analytic category: see [Win95, p. 3]. One must exclude torus bundles
by the fact that they never allow an algebraic action of a linear algebraic group. O

We summarize a partial result:

COROLLARY 3.5. Let X and G be as above. If there exists an equivariant map
X --+°1 Py and no such map to Ps or to a surface, then G is not solvable and
there exist subgroups S and A as in lemma 3.2.

4 THE CASE THAT Y IS A CURVE

In this section we investigate relatively minimal models over P;. The main proposition
is:

PROPOSITION 4.1. Let X and G be as in 1.1 with the exception that X is allowed
to have Q-factorial terminal singularities. Assume that ¢ : X — Py is an extremal

contraction. Assume additionally that there does not exist an equivariant rational
map X --+¢1Y, where dimY =2 or Y = Ps. Then

X =P(Op, (e) ® Op, (e) ® Op,),
with e > 0. In particular, X is smooth.

Proof. As a first step, we show that the generic fiber X, is isomorphic to P>. As ¢
is a MORI-contraction, X, is a smooth FANO surface. By corollary 3.5, the stabilizer
Gy, < G of X, contains a unipotent group A acting almost transitively on X, and
a semisimple part S. This already rules out all FANO surfaces other than Py. Fur-
thermore, S = SL,. Note that G, stabilizes a unique line L C X,, and that S acts
transitively on L.

Set D' := G.L and remark that D’ intersects the generic ¢-fiber in the unique
Gy-stable line: D' N X, = L. We claim that D’ is CARTIER. The desingularization
D’ has a map to Py, the generic fiber is isomorphic to P; and S acts non-trivially on
all the fibers. Thus, D’ is isomorphic to P; x Py, and S does not have a fixed point
on D'. Consequently, D’ does not intersect the singular set of X and is CARTIER.
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Take D" to be an ample divisor on Y. As ¢ is a MORI-contraction, the line
bundle L associated to D := D' +n¢*(D"), n >> 0, is ample on X. In this setting, a
theorem of FUJITA (cf. [BS95, Prop. 3.2.1]) yields that X is of the form P(F), where
F is a vector bundle on P;.

The transition functions of F must commute with S, but the only matrices
commuting with SLy are Diag(\, A, u), hence E = O(e) @ O(e) ® O(f) and X =
PO(e—f)eO(e— f) @ O). O

For future use, we note

LEMMA 4.2. Let X and G be as in proposition 4.1. Then, by equivariantly blowing up
and down, X --+¢1P(O(e’) & O(e’) & O) where the latter does not contain a G-fized
point.

Proof. The semisimple group S fixes a unique point of each ¢-fiber, so that there
exists a curve C of S-fixed points. Suppose that G has a fixed point f. Then f € C,
and we can perform an elementary transformation X --+¢¢ X’ with center f, i.e. if
X, is the ¢-fiber containing f, then we blow up f and blow down the strict transform
of the X, again obtaining a linear Py-bundle of type P(O(e) @ O(e) & O). This
transformation exists, as has been shown in [Mar73]. Since all the centers of the
blow-up and -down are G-stable, the transformation is equivariant.

We will use this transformation in order to remove G-fixed points. Let g € G be
an element not stabilizing C'. The curves gC' and C meet in f. We know that after
finitely many blow-ups of the intersection points of C' and gC, the curves become
disjoint, so that there no longer exists a G-fixed point! This, however, is exactly what
we do when applying the elementary transformation. O

5 THE CASE THAT Y IS A SURFACE

The cases that G is solvable or not solvable are in many respects quite different. Here
we have to treat them separately.

5.1 THE CASE (G SOLVABLE

We will show that in this situation the open G-orbit can be compactified in a partic-
ularly simple way.

PROPOSITION 5.1. Let X and G be as in theorem 1.1. Assume additionally that G
s solvable and ¢ : X — Y is an equivariant map with connected fibers onto a smooth

surface. Then there exists a splitting rank-2 vector bundle E on'Y and an equivariant
birational map X --+¢1 P(E).

We remark that if y € Y is contained in the open G-orbit, then it’s preimage
is quasihomogeneous with respect to the isotropy group Gy, hence isomorphic to P;.
As a first step in the proof of proposition 5.1, we show the existence of very special
divisors in X.

Notation 5.2. We call a divisor D C X a “rational section” if it intersects the generic
¢-fiber with multiplicity one.

In our context, such divisors always exist:
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LEMMA 5.3. Let ¢ : X — Y be as in lemma 5.1 and assume additionally that there
exists a group H* =2 C* acting trivially on Y. Let D' be the fized point set of the
H*-action. Then D% contains two rational sections as irreducible components.

Proof. Let Dx be the union of those irreducible divisors in D’y which are not preim-
ages of curves or points by ¢. The subvariety Dx intersects every generic ¢-fiber at
least once. Hence Dx # 0.

We claim that the set of branch points

M:={yeY:#(¢ '(yyNDx) =1}

is discrete. Linearization of the H*-action yields that for any point f € Dx \ Sing(X),
there is a unique H*-stable curve intersecting Dx at f. Furthermore, the intersec-
tion is transversal. Assume dim M > 1 and let y be a generic point in M. Then
dim¢~!(y) = 1 and ¢~ !(y) = 1 contains a smooth curve C' as an irreducible compo-
nent intersecting Dy. Now C.Dx = 1 and, because C' "\ Dx was the only intersection
point by assumption, ¢~*(y).Dx = 1. This is contrary to Dx intersecting the generic
¢-fiber twice.
Set
N:={peY|dim(X,NDx) >0} UM U ¢(Sing(X)).

By definition N is finite and Dy is a 2-sheeted cover over Y\ N. Now Y is smooth and
quasihomogeneous with respect to an algebraic action of the linear algebraic group
G. Hence it is rational. This implies that Y \ NV is simply connected. Hence Dx has
two connected components over Y \ N. Now the set Dx N ¢~(V) is just a curve.
Therefore Dx cannot be irreducible. O

LEMMA 5.4. Under the assumptions of lemma 5.1, there exists a G-stable rational
section E1 C X.

Proof. If G is a torus, then there exists a subgroup 73 acting trivially on Y. In this
case we are finished by applying lemma 5.3. Thus we may assume that the unipotent
part U of G is non-trivial. Let n € Y be a generic point and z € X, \ 2, where Q
denotes the open G-orbit in X. If z is unique, then the divisor E; := G.x has the
required properties. Similarly, if U acts almost transitively on Y, then it’s isotropy
at 7 is connected and we may set Fy := U.x.

If neither holds, then necessarily dimU = 1, and we can assume that U acts
non-trivially on Y. Otherwise X, \ {2 consists of a single point and we are finished as
above. Let T; be a 1-dimensional subgroup of a maximal torus such that I := U.T}
acts almost transitively on Y. If n € Y is generic, the isotropy group I, is cyclic:
I,, has two fixed points in X,,. Consequently, there exist at least two I-orbits whose
closures D; are rational sections.

Note that I is normal in G, i.e. all elements of G map I-orbits to I-orbits. If D;
are the only rational sections occurring as closures of I-orbits, they are automatically
G-stable. Otherwise, all I-orbits are mapped injectively to Y, and at least one of
these is G-stable. O

The existence of E; already yields a map to a P;-bundle.

LEMMA 5.5. Under the assumptions of lemma 5.1, there exists a rank-2 vector bundle
E on'Y (not necessarily split) and an equivariant birational map X --+¢1 P(E).
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Proof. Set E := (¢.(Ox(E)))**. Since a reflexive sheaf on a smooth surface is locally
free, E is a vector bundle. If Qy C Y is the open orbit, ¢~ 1(Qy) = P(E|q,)
(cf. [BS95, Prop. 3.2.1)), inducing a birational map ¢ : X --» P(E). Note that
0.(Ox (E)) is torsion free. In particular, ¢.(Ox(E)) is locally free over a G-stable
cofinite set Yy C Y so that, by the universal property of Proj, 1 is regular over Yj.
As 1|y, is proper, it is equivariant. The automorphisms over Yy extend to the whole
of P(E) by the RIEMANN extension theorem. Hence 1 is equivariant as claimed. [

In order to show that F can be chosen to be split we need to find another rational
section. We will frequently deal with the following situation, for which we fix some
notation.

Notation 5.6. Let ¢ : X — Y be as above and assume that there exists a map
m:Y = Z =Py, eg. if Y is isomorphic to a (blown-up) HIRZEBRUCH surface ¥,,.
Then, if F € Z is a generic point, set Fy := 7~ 1(F) and Fx := ¢~ (Fy).

LEMMA 5.7. In the setting of proposition 5.1, there exists a second rational section
E>. If Eq is as constructed in lemma 5.4, then E1 N Es is G-stable.

Proof. If G is a torus, we are finished, as we have seen in the proof of lemma 5.4.
Hence we may assume that dim U > 0, where U is the unipotent part of G.

Suppose that U acts trivially on Y. Then we are able to choose a 2-dimensional
torus 7' < G such that T acts almost transitively on Y. If n € Y is generic, then
the isotropy group 7}, may not be cyclic, but since it has to fix the unique U-fixed
point in X, its image T,, — Aut(X,) is contained in a BOREL group, hence cyclic.
Consequently, T}, fixes another point z, and we may set Ey := T.x.

The other case is that U acts non-trivially on Y. We need to consider a mapping
m:Y - Z=2P;. fY 2%, or a blow-up, there is no problem. If Y = P5, we note
that, by G being solvable and BOREL’s fixed point theorem (see [HO80, p. 32]), there
exists a G-fixed point y € Y. We can always blow up y and X, in order to obtain a
new Pi-bundle over ¥;. If we are able to construct our rational sections here, then
we can simply take their images to be the desired rational sections in the variety we
started with. So let us assume that ¥ 2 Ps.

There exists a 1-dimensional normal unipotent subgroup U; < G. Assume first
that Uy acts non-trivially on Z. Using notation 5.6, Fy is isomorphic to P, Fx to a
HIRZEBRUCH surface ¥,,. Choose a section o C Fx with the property that ¢(c N Ej)
does not meet the open G-orbit in Y. As the stabilizer of Fx in G stabilizes F1, so
that E1 N Fx is either the infinity- or zero-section in Fx = 3, or the diagonal in
Fx = 3, and G stabilizes a section of Y — P;, this can always be accomplished. Set
E1 = Ul.O'.

Secondly, we must consider the case that U; acts trivially on Z. We proceed
similarly to the above. Choose a 1-dimensional group G; < G such that the Gi-orbit
in Z coincides with that of G. Now (1 stabilizes at least one section oy C Y over Z
which is not Uj-stable! Set ox := d)*l(ay) and consider a section o C ox over oy
such that ¢(c N E7) is disjoint from the open G-orbit in Y. Then E; := U;.o is the
divisor we were looking for.

We still have to show that the intersection F1 N Fy is G-stable. Note that by
construction, ¢(F; N E2) does not meet the open G-orbit in Y. This, together with
FE4 being G-stable, yields the claim. O
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We shall use the second rational section in order to transform E into a splitting
bundle.

5.1.1 ELIMINATING VERTICAL CURVES

If S C ¢(E1 N Ey) is an irreducible curve which is a ¢-fiber, then we say that E;
and FEs intersect vertically in S. We know that after blowing up S we obtain a P;-
bundle over the blow-up of Y. Furthermore, the process is equivariant. The proper
transforms of F; and E5 are again rational sections. If they still intersect vertically,
the blow-up procedure can be applied again. So we eventually obtain a sequence of
blow-ups. The strict transforms of the F; and F, are again rational sections in Xj.
We denote them by E? or E%, respectively. By the theorem on embedded resolution,
we have:

LEMMA 5.8. The sequence described above terminates, i.e. there exists a number
i € N such that the strict transforms Ei and E do not intersect vertically.

5.1.2 ELIMINATING HORIZONTAL CURVES

We may now assume that F; and Es do not intersect vertically. Let S C ¢(E1 N Es)
be an irreducible curve. Then S gives rise to an elementary transformation as ensured
by [Mar73]. Again, the transformation is equivariant and the strict transforms of Ey
and F5 are rational sections. If they still intersect over S, we transform as before.
Again one may use the embedded resolution to show (cf. [Keb96, thm. 5.30] for
details):

LEMMA 5.9. The sequence described above terminates after ﬁm’te_ly many transfor-
mations, i.e. there exists a j € N such that for all curves C C EY) N Eéj) it follows
that ¢\9) (C) # S. Furthermore, if E1 and Es do not intersect vertically, then Efz)

and Eg) do not intersect vertically for all i.

5.1.3 THE CONSTRUCTION OF INDEPENDENT SECTIONS

By lemma 5.8 the variety X can be transformed into a P;-bundle such that the
strict transforms of E; and Fs do not intersect in fibers. A second transformation
will rid us of curves in E; N E5 which are not contained in fibers. Since the latter
transformation does not create new curves in the intersection, the strict transforms
of F; and FEs eventually become disjoint. The resulting space is the compactification
of a line bundle.

LEMMA 5.10. If Ey and Es do not intersect, X is the compactification of a line
bundle.

Proof. Since E; and E» are disjoint, neither contains a fiber. Thus they are sections.
O

As a net result, we have shown proposition 5.1.
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5.2 THE CASE G NOT SOLVABLE

As first step, we show that X is again a linear P;-bundle. We do this under an
additional hypothesis which will not impose problems in the course of the proof of
theorem 1.1.

LEMMA 5.11. Let X and G be as in theorem 1.1, with the exception that X is allowed
to have Q-factorial terminal singularities. Let ¢ : X — Y be a MORI-contraction to
a surface and assume additionally that G is not solvable and that there exists an
equivariant morphism 1 : Y — Y’ where Y’ is a smooth surface. Then X andY are
smooth and X is a linear P1-bundle over Y .

Proof. First, we show that all ¢-fibers are of dimension 1. If there exists a fiber X,
which is not 1-dimensional, then dim X, = 2. Take a curve C' C Y so that p € C.
Set D := ¢~1(C \ p). The divisor D intersects an irreducible component of X,. Now
take a curve R C X, intersecting D in finitely many points. We have R.D > 0.
However, all generic g-fibers X,, are homologous to R (up to positive multiples). So
X,.D > 0, contradicting the definition of D.

Secondly, we claim that X is smooth. Assume to the contrary and let x € X be a
singular point, p := ¢(z). Recall that terminal singularities in 3-dimensional varieties
are isolated. Thus, if S is the semisimple part of G, then the fiber X, through z is
pointwise S-fixed. Linearizing the S-action at a generic point y € X,,, the complete
reducibility of the S-representation yields an S-quasihomogeneous divisor D which
intersects X, transversally at y and is CARTIER in a neighborhood of y. The induced
map D — Y’ must be unbranched: Y’ contains an S-fixed point and is therefore
isomorphic to Py; but there is no equivariant cover of this other than the identity. So
D is a rational section which is CARTIER over a neighborhood of . If H € Pic(Y)
is sufficiently ample, then D + ¢*(H) is ample, and [BS95, Prop. 3.2.1] applies,
contradicting the assumption that X is singular.

Since X is smooth, the same theorem shows that in order to prove the lemma
it is sufficient to show that there exists a rational section. If all the simple factors
of S have orbits of dimension < 2, then, after replacing the factors by their BOREL
groups, we obtain a solvable group G’, acting almost transitively as well. In this case
lemma 5.4 applies.

If S’ < S is a simple factor acting with 3-dimensional orbit on X, its action on
Y is almost transitively. In particular, there exists a 2-dimensional group B < S,
isomorphic to a BOREL group in SLs, which also acts almost transitively on Y. As
in the proof of lemma 5.4, B has cyclic isotropy at a generic point of Y and so there
exist two rational sections which are compactifications of B-orbits. O

6 PROOF OF THEOREM 1.1

Prior to proving theorem 1.1, we still need to describe equivariant maps to Ps in more
detail:

LEMMA 6.1. Let X --+¢1 P3 be an equivariant birational map. Then either X has
an equivariant rational fibration with 2-dimensional base variety or X and Ps are
equivariantly linked by a sequence of blowing ups of X followed by a sequence of blow-
downs.
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Proof. If the G-action on P3 has a fixed point, we can blow up this point and obtain
a map from the blown-up P3 to Ps. If there is no such G-fixed point in P, then after
replacing X by an equivariant blow-up, there is a regular equivariant map ¢ : X — Ps.
Recall that such a map factors through an extremal contraction. Since the base does
not contain a fixed point, the classification of extremal contractions of smooth varieties
yields the claim. O

Now we compiled all the results needed to finish the

Proof of theorem 1.1. Given X, we apply lemmata 3.1-3.4. Unless X = Q3, F1 2(3) or
a compactification of SLy /T, " not cyclic, there exists an equivariant map X --+¢?Y,
where Y is smooth and Y = P3, dim(Y") = 2 or, if no other case applies, dim(Y) = 1.

If Y = Ps, then, by lemma 6.1, we may replace P35 by a surface, or else we are
finished.

In the case of a map to Y with dimY < 3, we can blow up X equivariantly to
obtains a morphism X — Y. Recalling that all steps in the minimal model program
(i-e. contractions and flips) are equivariant, we may perform a relative minimal model
program over Y. In this situation corollary 2.2 shows that the program does not stop
unless we encounter a contraction of fiber type X’ — Y’ and dimY’ < 3. Note that
dimY’ > dimY.

In case that Y’ is a surface, X’ is the projectivization of a line bundle or can
be equivariantly transformed into one (cf. lemma 5.5 and 5.11). If G is solvable,
proposition 5.1 allows us to transform X into the projectivization of a splitting bundle
over a surface.

If dimY’ = 1 and there does not exist a map to one of the other cases, X =
P(O(e) @ O(e) ® O) over Py, as was shown in proposition 4.1.

We still have to show that if G is not solvable, the map to one of the models in
our list factors into equivariant monoidal transformations. Recall that it suffices to
show that, after equivariantly blowing up, if necessary, the minimal models do not
have a G-fixed point. We do a case-by-case checking:

P>-BUNDLES OVER P;: By lemma 4.2, these can be chosen not to contain a fixed
point.

P1-BUNDLES OVER A SURFACE Y: If the semisimple part S of G acts trivially on Y,
we can stop. Otherwise, if the S-action on Y has a fixed point f, we blow up
f and the fiber over f and obtain a P;-bundle over X;. Recall that actions of
semisimple groups on ¥, never have fixed points.

P3: This case has already been handled in lemma 6.1.

SLs/T: After desingularizing and blowing up all fixed points, if any, the compacti-
fication of SLs/T" is fixed point free. Otherwise, linearization at a fixed point
yields a contradiction to S acting almost transitively.

OTHER CASES: The remaining cases occur only when X is homogeneous
(cf. lemma 3.4).

O
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ABSTRACT. The main purpose of this paper is the construction in motivic
cohomology of the cyclotomic, or classical polylogarithm on the projective
line minus three points, and the identification of its image under the regula-
tor to absolute (Deligne or l-adic) cohomology. By specialization to roots of
unity, one obtains a compatibility statement on cyclotomic elements in mo-
tivic and absolute cohomology of abelian number fields. As shown in [BIK],
this compatibility completes the proof of the Tamagawa number conjecture
on special values of the Riemann zeta function.

The main constructions and ideas are contained in Beilinson’s and Deligne’s
unpublished preprint “Motivic Polylogarithm and Zagier Conjecture”
([BD1]). We work out the details of the proof, setting up the foundational
material which was missing from the original source: the paper contains
an appendix on absolute Hodge cohomology with coefficients, and its inter-
pretation in terms of Saito’s Hodge modules. The second appendix treats
K-theory and regulators for simplicial schemes.

1991 Mathematics Subject Classification: Primary 19F27; Secondary 11R18,
11R34, 11R42, 14D07, 14F99.

Keywords: Polylogarithm, motivic and absolute cohomology, regulators, cy-
clotomic elements.

INTRODUCTION

The aim of this work is to present the construction of the class of the cyclotomic, or
classical polylogarithm in motivic cohomology. It maps to the elements in Deligne and
[-adic cohomology defined and studied in Beilinson’s “Polylogarithm and cyclotomic
elements” ([B4]). The latter elements can be seen as being represented by a pro—
variation of Hodge structure, or a pro—l—adic sheaf on the projective line minus three
points.
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Our main interest lies in the specialization of these sheaves to roots of unity:
they represent the “cyclotomic” one—extensions of Tate twists already studied by
Soulé ([Soub]), Deligne ([D5]) and Beilinson ([B2]).

Let us be more precise: denote by p9 the set of primitive d-th roots of unity in
Q(pa) = Q[T]/®4(T), d > 2. We get an alternative proof of the following theorem of
Beilinson’s:

COROLLARY 9.6. Assume n > 0, and denote by rp the regulator map

Hj(Spec Q(ua), Q(n + 1)) — @ C/(2ni)" R .
0:Q(pa)—C

There is a map of sets

€nt1: 1y — Hj,(SpecQ(ua), Q(n + 1))

such that
Ppo€nty g — @ C/(2mi)" R
o:Q(pa)—C
maps a root of unity w to (—Liny1(ow)), = (f e>1 %) .
- (e

Now fix a d-th primitive root of unity ¢ in Q. This choice allows to identify
continuous étale cohomology H., ,(Spec Q(ua), Qi(n + 1)) with a Q;—subspace of

Gal(Q(p10,¢)/Q(C))
tim (Qur, O /(Qu=, ) ® ") 2, ©

r>1

Note that there is a distinguished root of unity 7" in Q(p4). As was observed already
in [B4], the study of the cyclotomic polylogarithm gives a proof of [BIK], Conjecture
6.2 (cf. [Soub], Théoreme 1 for the case n = 1; [Gr], Théoreéme IV.2.4 for the local
version if (I,d) = 1):

COROLLARY 9.7. Let €,4+1 be the map constructed in 9.6. Under the above
inclusion, the [-adic regulator

r1+ Hy(Spec Q(ua), Q(n + 1)) — Hepny(Spec Q(ua), Qi(n +1))

maps €,41(7?) to

| X B-ae @)

1" _¢b
al" =¢ r

This result implies in particular that Soulé’s cyclotomic elements in the group
Kont+1(F) ®z Z; (for an abelian number field F and a prime [) are induced by el-
ements in K—theory itself (Corollary 9.8). Furthermore, the case d = 2 of 9.7 forms a
central ingredient of the proof of the Tamagawa number conjecture modulo powers of
2 for odd Tate twists Q(n), n > 2 ([BIK], §6). Finally, as shown in [KNF], Theorem
6.4, the general case of 9.7 implies the modified version of the Lichtenbaum conjecture
for abelian number fields.
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The main ideas necessary for both the construction of the motivic polylogarithm
and the identification of the realization classes, together with a sketch of proof, are
contained in the unpublished preprint “Motivic Polylogarithm and Zagier Conjecture”
([BD1]) and its predecessors [B4], [BD1p]. Our aim in this paper is to work out the
details of the proofs. To do this we have to set up a lot of foundational material, which
was missing from the original sources: K-theory of simplicial schemes, regulators to
absolute (Hodge and I-adic) cohomology of simplicial schemes, and an interpretation
of the latter as Ext groups of Hodge modules and [-adic sheaves respectively. This
material is contained in the two appendices which we regard as our main contribution
to the subject. We hope they prove to be useful in other contexts than that treated
in the main text.

Other parts of [BD1] deal with (the weak version of) the Zagier conjecture. We
do not treat this since a complete proof has been given by de Jeu ([Jeu]), although
by somewhat different means from those used in [BD1].

We see two main groups of papers related to polylogarithms:

The first deals with mixed sheaves, i.e., variations of Hodge structure or [-adic
mixed lisse sheaves. Maybe the nucleus of these papers is Deligne’s observation that
the analytic and topological properties of the dilogarithm Lis, viewed as a multivalued
holomorphic function on P*(C)\{0, 1,00}, can be coded by saying that Lis is an entry
of the period matrix of a certain rank three variation of Q—Tate-Hodge structure on
PEV{0,1, o0}

We refer to [Rm], section 7.6 for a nice survey of the construction of a pro—
variation on P&\ {0,1, 00} containing all Liy. The étale analogue is constructed in
Beilinson’s “Polylogarithm and Cyclotomic elements” ([B4]), where he defined pro—
objects in the categories of [-adic sheaves on P1\{0, 1, 00}. In both settings, the fibres
at roots of unity different from 1 coincide with the cyclotomic extensions mentioned
above.

The hope and indeed, the motivation underlying these papers is that once a
satisfactory formalism of motivic sheaves is developed, the definition of polylogarithms
should basically carry over. We would thus obtain polylogarithmic classes in Ext
groups of motives, these groups being supposedly closely connected to K—theory, of
which everything already defined on the level of realizations would turn out to be the
respective regulator.

Nowhere is this hope documented more manifestly than in Beilinson’s and
Deligne’s “Interprétation motivique de la conjecture de Zagier reliant polylogarithmes
et régulateurs” ([BD2]): if there is such a motivic formalism, then the weak version of
Zagier’s conjecture necessarily holds: not only the values at roots of unity of higher
logarithms, but also appropriate linear combinations of arbitrary values must lie in
the image of the regulator.

For the time being, and in each case separately, honest work is needed to perform
the K—theoretic constructions, and calculate their images under the regulators.

The second class of papers is concerned with precisely that task. In analogy with
the above, one should first mention Bloch’s “Application of the dilogarithm function
in algebraic K—theory and algebraic geometry” ([Bl]).

Beilinson’s “Higher regulators and values of L—functions” ([B2]) provided the
K-theoretic construction of cyclotomic elements, together with the computation of
their images in Deligne cohomology (loc. cit., Theorem 7.1.5, [Neu], [E]).
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As for Zagier’s conjecture, we mention Goncharov’s “Polylogarithms and Motivic
Galois Groups” ([Go]), where Zagier’s conjecture, including the surjectivity statement
is proved for K5 of a number field, and de Jeu’s “Zagier’s Conjecture and Wedge
Complexes in Algebraic K—theory” ([Jeu]), which contains the proof of the weak
version of Zagier’s conjecture, independently of motivic considerations, for K, 1 of
a number field, and arbitrary n > 2.

Typically, the objects of interest in this class of papers are complexes, cocy-
cles, and symbols, i.e., objects which do not constantly afford a geometric, or sheaf-
theoretic interpretation. It is by no means easy to see, say, how a concrete element
in some Deligne cohomology group can be interpreted as an extension of variations
of R-Hodge structure. These and similar difficulties present themselves to the reader
willing to translate from one class to the other.

The authors like to think of the present article as an attempt to bridge the gap
between the two disciplines.

In a sense, the coarse structure of the article follows the above scheme: sections
1-6 are entirely sheaf-theoretic. Anything we say there is therefore a priori restricted
to the level of realizations, i.e., non—motivic. In sections 7-9, K—theory enters. The
appendices provide the foundations necessary to connect the two points of view.

Given that quite a lot has been said about the [—adic and Hodge theoretic incar-
nations of the classical polylogarithm ([B4], [BD2], [WilV]), the reader may wonder
why sheaf theoretic considerations still take up one third of this work.

Indeed, the construction of the motivic polylog could be achieved much more eas-
ily if a satisfactory formalism of mixed motivic sheaves were available. The necessity
to replace a simple geometric situation by a rather complicated one, in order to replace
complicated coefficients like Log by Tate twists, should be seen as the main source of
difficulty in any attempt to the construction of motivic versions of polylogarithms.

We now turn to the description of the finer structure of the main text (sections
1-9):

In section 1, we normalize the sheaf theoretic notations used throughout the
whole article.

Section 2 gives a quick axiomatic description of the logarithmic sheaf Log, and
the (small) polylogarithmic extension pol. The universal property (2.1) is needed
only to connect the general definition of the logarithmic sheaf as a solution of a
representability problem to the somewhat ad hoc, but much more geometric definition
of section 4. A reader prepared to accept the results on the shape of the Hodge
theoretic and l-adic incarnation of the polylogarithm (2.5, 2.6) may therefore take
the constructions in sections 4 and 6 as a definition of both Log and pol, and view
section 2 as an extended introduction providing background material.

In section 3, we establish the geometric situation used thereafter. As section 1,
it is mainly intended for easier reference.

In section 4, we construct a pro-unipotent sheaf G on U = P!\ {0,1,00} as
projective limit of relative cohomology objects of powers of G,, over U relative to
certain singular subschemes. The transition maps are given by the boundary maps in
the relative residue sequence (4.9). The universal property 2.1 then allows to identify
G with the restriction of Log to U (4.11).

Section 5 contains a geometric proof of the splitting principle (5.2): the fibres
of Log at roots of unity have split weight filtration. Since we need a proof which
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translates easily to the motivic situation, we return to Beilinson’s original approach
to the splitting principle ([B4], 4.2) which consists of an analysis of the action of the
multiplication by natural numbers on our absolute cohomology groups.

The main objective of section 6 is the description of pol in terms of geometric
data. The Leray spectral sequence suggests that one—extensions of Q(0) by Log
should be described as elements of the projective limit of cohomology groups with
Tate coefficients of powers of G,, relative to certain subschemes. The main result 6.6
allows to identify pol under this correspondence.

In Section 7 our main tool, the residue sequence is constructed in the setting of
motivic cohomology (Proposition 7.2 and Lemma 7.3). The arguments are very much
parallel to those used for absolute cohomology of realizations in section 4. However,
we have to replace the singular schemes by explicit simplicial schemes with regular
components. This is where the material of Appendix B enters.

Section 8 is the K—-theoretic analogue of section 6. We consider a certain pro-
jective system of motivic cohomology groups. In order to identify its projective limit
(Corollary 8.8) we use bijectivity or at least controlled injectivity of the regulator
to Deligne cohomology, and the results of section 6. We are then able to define the
universal motivic polylog (8.9).

In the final section 9 the motivic version of the splitting principle is shown (9.3).
Again we strongly use the known behaviour of the regulator to show that the action
of multiplication by natural numbers splits into eigenspaces. Applied to the universal
motivic polylogarithm this induces the cyclotomic elements in motivic cohomology. In
the light of section 5 it is clear from their very construction that they induce the right
elements not only in Deligne but also in continuous étale cohomology. We conclude
by drawing the corollaries which are the main results announced at the beginning
(9.6-9.9).

The Appendices can be read independently of the main text and of each other.
They are meant to be used as a reference, but a careful reader might actually want
to read them first. We refer to the respective introductions for an account of their
content.

The reader might find it useful to consult [HW] for an overview of the strategy
of the proof of the main results.

ACKNOWLEDGMENTS: It is a pleasure for us to thank both Beilinson and Deligne
for not only letting us work with their ideas, but explicitly encouraging us to bring
mathematics into a state in which the constructions of [BD1] can be performed.

We thank C. Deninger for suggesting to us that the methods developed and
results obtained in our respective PhD theses ([H1], [Wi]) might form a sound basis
of a successful treatment of this theme.

We are grateful to G. Banaszak, H. Esnault, W. Gajda, T. Geisser, U. Jannsen,
M. Joachim, K. Kiinnemann, F. Lecomte, A.J. Scholl, and J. Schiirmann for useful
discussions. We thank R. de Jeu for his remarks on Appendix B, and C. Soulé for
making [GSol] available and explaining some critical points. We are very grateful to
the referee for her or his helpful and detailed comments on Appendix B.

Part of this work was written up during a stay at the Fields Institute at Toronto
in October 1995. We wish to thank M. Kolster and V. Snaith for the invitation.

Finally, we are obliged to Mrs. Gabi Weckermann for X TEXing part of this paper.

DOCUMENTA MATHEMATICA 3 (1998) 27-133



32 ANNETTE HUBER, JORG WILDESHAUS

CONTENTS
1 MIXED SHEAVES 32
2 THE LOGARITHMIC SHEAF, AND THE POLYLOGARITHMIC EXTENSION 36
3 THE GEOMETRIC SET-UP 42
4 GEOMETRIC ORIGIN OF THE LOGARITHMIC SHEAF 44
5 THE SPLITTING PRINCIPLE REVISITED 55
6 PoryLoGs IN ABSOLUTE COHOMOLOGY THEORIES 60
7 CALCULATIONS IN K-THEORY 66
8 UNIVERSAL MOTIVIC POLYLOGARITHM 72
9 THE CycrLoToMIC CASE 75
A ABSOLUTE HODGE COHOMOLOGY WITH COEFFICIENTS 79
A1 Algebraic Mixed Hodge Modules . . . . . ... .. ... ... .... 80
A.2 Algebraic Mixed Hodge Modules over R . . . . .. ... ... .. ... 87
B K-THEORY OF SIMPLICIAL SCHEMES AND REGULATORS 94
B.1 Generalized Cohomology Theories . . . . ... .. ... .. ...... 95
B.2 K-theory . . . . . . . . . 100
B.3 Cohomology of Abelian Sheaves . . . . . . . ... ... ... ...... 112
B.4 Continuous Etale Cohomology . . . . ... ... ... ... ...... 117
B.5 Absolute Hodge Cohomology . . . . . ... ... . ... ........ 124
B.6 A Combinatorial Lemma . . . . . . . . . . . ... 127

1 MIXED SHEAVES

We start by defining the sheaf categories which will be relevant for us. For our
purposes, it will be necessary to work in the settings of mixed [-adic perverse sheaves
([H2]), and of algebraic mixed Hodge modules over R (A.2). Since the procedures are
entirely analogous, we introduce, for economical reasons, the following rules: whenever
an area of paper is divided by a vertical bar

the text on the left of it will concern the Hodge theoretic setting, while the text on
the right will deal with the [-adic setting. Of course, we hope that before long, there
will be a satisfactory formalism of mixed motivic sheaves providing a third setting to
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which our constructions can be applied. We let

| := a fixed prime number ,
A:=R,

F:=Q A:ZH’
F:=Q

and set B := Spec(A).
For any reduced, separated and flat scheme X of finite type over B, we let

Xiop := X (C) as a topol. space, Xiop =X ®4 Q,

Sh(XtOp) = PerV(XtOP?Q) ) ‘ Sh(Xtop) = PerV(Xtoanl)

the latter categories denoting the respective categories of perverse sheaves on Xiqp
([BBD], 2.2).

Next we define the category Sh(X): in the [-adic setting, we fix a pair (S, L) con-
sisting of a horizontal stratification S of X ([H2], §2) and a collection L = {L(S)| S €
S}, where each L(S) is a set of irreducible lisse l-adic sheaves on S. For all S € S
and F' € L(S), we require that for the inclusion j : § < X all higher direct images
R"j.F are (S, L)—constructible, i.e., have lisse restrictions to all S € S, which are
extensions of objects of L(S). We assume that all F' € L(S) are pure.

We can make this more explicit: in our computations X will always be a lo-
cally closed subscheme of some A™; the stratification is by the number of vanishing
coordinates in A™; L(S) is the set of all Tate sheaves on S.

Following [H2], § 3, we define Dé’&L)(X, Q) as the full subcategory of D%(X, Q)
of complexes with (S, L)—constructible cohomology objects. Note that all objects will
be mixed. By [H2], §3, D?SL)(X, Q) admits a perverse t—structure, whose heart we
denote by Perv(g 1)(X, Q).

Sh(X) := MHMg(X/R) Sh(X) := Perv(s.1,(X, Q) .
(see A.2.4)

Because of the horizontality requirement in the [-adic situation we have the full
formalism of Grothendieck’s functors only on the direct limit D? (x,Q;) of the
D?S’L)(XU,QI), for U open in B, and (S, L) as above (see [H2], §2). However, for a
fixed morphism

m: X —Y,
we have a notion of e.g. m.—admissibility for a pair (S, L): this is the case if
Dis 1,(X, Qi) = D, (4x, Q) == Dy, (Uy, Q)

factors through some D?T, K) (Y,Q;). Our computations will show, at least a posteriori,

that for our choice of (S, L) all functors which appear are admissible. We will not
stress these technical problems and even suppress (S, L) from our notation.
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As in [BBD], we denote by 7, 7*, Hom etc. the respective functors on the cate-
gories

D'Sh(X) := D" MHMg(X/R), | DPSh(X) := Dg (X, Qu),

and H? for the (perverse) cohomology functors.
We refer to objects of Sh(X) as sheaves, and to objects of Sh(Xy,p) as topological
sheaves. Let us denote by
V= Vtop

the forgetful functor from Sh(X) to Sh(X;op). If we use the symbol W., it will always
refer to the weight filtration.
If X is smooth, we let

Sh*(X) := Varg(X/R) C Sh(X) Sh*(X) := Etg"(X) C Sh(X),
(see A.2.1), the category of lisse
Sh*(Xiop) := the category of mixed Q;—sheaves on X,
Q-local systems on Xop. Sh®(Xiop) := the category of
lisse Q;—sheaves on Xiop.

We refer to objects of Sh®(X) as smooth sheaves, and to objects of Sh®(Xiop) as
smooth topological sheaves. Denote by USh®(X) the category of unipotent objects
of Sh*(X), i.e., those smooth sheaves admitting a filtration whose graded parts are
pullbacks of smooth sheaves of Sh®(B) via the structure morphism. Similarly, one
defines USh* (Xiop).

REMARK: Note that in the [-adic situation, the existence of a weight filtration, i.e.,
an ascending filtration W. by subsheaves indexed by the integers, such that Grg is
of weight m, is not incorporated in the definition of Sh® — compare the warnings in
[H2], §3. In the Hodge theoretic setting, the existence of a weight filtration is part of
the data.

REMARK: We have to deal with a shift of the index when viewing e.g. a variation as
a Hodge module, which occurs either in the normalization of the embedding

Varg(X/R) — D® MHMq(X/R)

or in the numbering of cohomology objects of functors induced by morphisms between
schemes of different dimension. In order to conform with the conventions laid down
in appendix A and [Wil], chapter 4, we chose the second possibility: a variation is
a Hodge module, not just a shift of one such. Similarly, a lisse mixed Q;—sheaf is a
perverse mixed sheaf. Therefore, if X is of pure relative dimension d over B, then the
embedding

Etg™(X) — D}, (Ux, Qi)

associates to V the complex concentrated in degree —d, whose only non-trivial coho-
mology object is V.

As a consequence, the numbering of cohomology objects of the direct image (say)
will differ from what the reader might be used to: e.g., the cohomology of a curve
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is concentrated in degrees —1, 0, and 1 instead of 0, 1, and 2. Similarly, one has to
distinguish between the “naive” pullback (7°)* of a smooth sheaf and the pullback
7* on the level of D Sh(X): (7*)* lands in the category of smooth sheaves, while 7*
of a smooth sheaf yields only a smooth sheaf up to a shift.

In the special situation of pullbacks, we allow ourselves one notational inconsis-
tency: if there is no danger of confusion (e.g. in Theorem 2.1), we use the notation
7* also for the naive pullback of smooth sheaves. Similar remarks apply for smooth
topological sheaves.

For a scheme a : X — B, we define
F(n)x :=a*F(n) € D’ Sh(X),

where F(n) is the usual Tate twist on B.
If X is smooth, we also have the naive Tate twist

F(n) € Sh*(X) C Sh(X)

on X. If X is of pure dimension d, then we have the equality

In order to keep our notation transparent, we have the following

DEFINITION 1.1. For any morphism m : X — S of reduced, separated and flat
B-schemes we let
Rs(X, ) :=m. :D”Sh(X) — D"Sh(S) ,
Hi(X, - ) :=H'm, :D°Sh(X) — Sh(S) .
DEFINITION 1.2. For a closed reduced subscheme Z of a separated, reduced, flat B—

scheme X of finite type, with complement j : U — X, and an object M- of D® Sh(X),
define

a‘) RrabS(XvM-) := RHompy Sh(X)(F(O)X7M) )
s(X, M*) := H'RT (X, M),

the absolute complex and absolute cohomology groups of X with coefficients in M.

b) Rrabs(Xa ’I’L) = RrabS(XvF(n)X) )
Hypo(X,n) := Hypo (X, F(n)x) -

c) RTaps(X rel Z,n) := Rl bs(X, i F(n)y)
Hibs(X rel Zv n) = aiubs(X7j!F(n)U) 5

a

the relative absolute complex and relative absolute cohomology with Tate coefficients.
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In the Hodge setting, absolute cohomology with Tate coefficients coincides with
Beilinson’s absolute Hodge cohomology over R (Theorem A.2.7). In the l-adic set-
ting, it yields continuous étale cohomology (see the remark following Definition B.4.2).

REMARK: If X is a scheme over S, then we have the formulae

Rrabs(Xa : ) = Rrabs (Sa RS(X7 : )) )
abs (X, ) = Hpo(S, Rs (X, -)) -

2 THE LOGARITHMIC SHEAF, AND THE POLYLOGARITHMIC EXTENSION

We aim at a sheaf theoretic description of the (small) classical polylogarithm on
P\ {0,1,00}. The first step is an axiomatic definition of the logarithmic pro—sheat.
We need the following result:

THEOREM 2.1. Let X be the complement in a smooth, proper B—scheme of an NC—
divisor relative to B ([SGA1], Exp. XIII, 2.1), all of whose irreducible components
are smooth over B. Let x € X(B), and write a : X — B. The functor

z* : USh*(X) — Sh®(B)
is representable in the following sense:
a) There is a pro—object
Gen, € pro-USh*(X) ,

the generic pro—unipotent sheaf with basepoint x on X, which has a weight
filtration satisfying

Geng /W_,Gen, € USh*(X) for alln.
Note that this implies that the direct system

(R°a.Hom(Gen, /W_,Gen,,V)),

of smooth sheaves on B becomes constant for any V € USh®*(X).

This constant value is denoted by
R%a,Hom(Gen,, V) .
b) There is a section
1 eI (B,z*Geny) .
¢) The natural transformation of functors from USh®*(X) to Sh*(B)

ev : R%a,Hom(Gen,, — ¥,
—

)
¢ 7¢)(1)
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is an isomorphism. Similarly for the transformation of functors from USh® (Xiop)
to Sh®(Biop)

ev: R%a,Hom ((Geng)iop, -) — o,
o — (z')(1).

Consequently, the pairs (Gen,, 1) and ((Geng)iop, 1) are unique up to unique
isomorphism.

d) The natural transformations of functors
HomUShs(X) (genw, - ) — HomShs(B) (F(O), a:*_) and
HomUShS(Xtop) ((genm)top» —) — F(Btop» :L’*_)
from USh®*(X) and USh*(Xyop) respectively are isomorphisms.

Proof. For a)—c), we refer to

[Wil], Remark d) after Theorem 3.6, | [Wil], Theorem 3.5.1),

and loc. cit., Theorem 3.5.ii). Apply the functors Homgy:(gy(F(0), -) and I'(Biop, -)
to the result in c) in order to obtain d). O

REMARK: In the Hodge setting and for the constant base B, Theorem 2.1 is
equivalent to the classification theorem for admissible unipotent variations of Hodge
structure ([HZ], Theorem 1.6). In this case, Gen,, is the canonical variation with base
point z of loc. cit., section 1.

Now let

Gm:=Gmp, U:=P\{0,1,00}5,
7: U= Gy,

p:G,—B, p:=poj:U— B.
We may form the generic pro—unipotent sheaf with basepoint 1 on G,,.
DEFINITION 2.2. Log := Gen; € pro-USh*(G,,) is called the logarithmic pro—sheaf.

As we shall see below, there is an isomorphism
k: GV Log = HF(k) .
k>0

Assuming this for the moment, we now describe the higher direct images
Hi(U, j*Log(1)):

THEOREM 2.3.  a) H%L(U,j*Log(1)) =0 for g # 0.

b) H% (U, *Log(1)) has a weight filtration, and W_1 (H%(U, j*Log(1))) is split.
More precisely, any isomorphism k as above induces an isomorphism

W_i (Y (U, 5" Log(1))) = [ F(k)
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REMARK: By these statements on the higher direct images of the pro—sheaf j*Log(1),
we mean the following:

a) For ¢ # 0, the projective system
HE (U, 5" (Log/W-pnLog) (1)),
is M L—zero.

b) k induces a morphism of projective systems

Hy (U, 5*(Log/W_2mLog)(1)) 51 — (ﬁ F(’f))
k=0 m>1

of sheaves with a weight filtration, such that the weight < —1-parts of the
projective systems of kernels and co-kernels are M L—zero.

Proof. One uses the exact triangle

or rather, Hz (G, -) of it, and the fact that Hz(G,,, Log) is easily computable. For
the details, see [Willl], Theorem 1.3. Or use 4.11 and 6.2, whose proof is independent

A fixed choice of
kGt Log = HF(k)
k>0

induces in particular an isomorphism of Gr'", Log and F(1). The theorem then en-
ables one to define the small polylogarithmic extension as the extension

pol € Extbshs(m) (GrKV2 Log |y, Log(1) |v)
mapping to the natural inclusion F'(1) < [[,-, F(k) under the isomorphism

Extg ) (F(1), Log(1)[u) = Hompespw) (F(1)u, Log(1) v)
= Homps gy (P*F(1), 5" Log(1))

= Homgp(p) | F(1), [] F(k)
k>1

induced by the projective limit of the edge homomorphisms in the Leray spectral
sequence for p, and the isomorphism of 2.3.b). Note that the definition of pol is
independent of the choice of k. For the details, we refer to [Willl], Theorem 1.5 — as
there, we define

Extgyw) (F(1), Log(1) |v) := lim Extgy,w, (F(1), (Log/W_nLog)(1) v) -

n
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A description of Log and pol, in both incarnations, was given by Beilinson and Deligne;
see [B4], 2.1, 3.1 and [BD1], §1 for the Hodge version and [B4], 3.3 for the l-adic
setting. The reader may find it useful to also consult [WilV], chapters 3 and 4,
setting N = 1 in the notation of loc. cit.

We recall the “values” of pol at spectra of cyclotomic fields: let d > 2, and
C := Spec(R), where R := A[1,T] /®4(T), where ®4(T) is the d-th cyclotomic
polynomial.

C is canonically a closed, reduced subscheme of G,,, ® 4 A [é] For any integer b
prime to d, there is an embedding

~ 1
ip: C —> O‘—>Gm®AA|:E:|’
¢ +— Cb.

Since d is invertible on C, the image of i; is actually contained in U, and hence we
may form the pullback of pol via iy,

poly € Extéhs(c) (F(1), Logy(1)) ,

where Log, denotes the pullback of Log.
Now we have the following

THEOREM 2.4 (SPLITTING PRINCIPLE). Logs splits (uniquely) into a direct product

Logy = ] Gr¥%y (Logs)
k>0

and Gr'%,, (Logy) is isomorphic to F (k) for any k > 0.

Proof. [B4], 4, or [BD1], 3.6, or [WiIV], Lemma 3.10. Or use 4.11 and 5.2, whose
proof is independent of 2.4. O

In order to identify pol, with an element of

[ Extn: o) (F(1), F(k))
E>1

we need to fix an isomorphism

w2 GV Logy, — H F(k) .
k>0

By definition, x; is the pullback via 7 of the isomorphism

kG Log = HF(k)
k>0

of pro—sheaves on G, of [WilV], chapters 3 and 4, which we briefly describe now:
By 2.1.d), there is a canonical projection

e: Log — F(0) .
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Furthermore, there is a canonical isomorphism
v : Gr%% Log = p MY (Gm, F(0))”

given by the fact that both sides are equal to p* of the mixed structure on the
(abelianized) fundamental group m1 (G, top, 1) (see [Wil], chapter 2).
Observe that there is an isomorphism

res : H% (G, F(0)) — F(1)
given by the map “residue at 0”.

Finally, both Gr'’ Log and [[,.~, F (k) carry a canonical multiplicative structure:
for Gr%V Log, this is a formal consequence of

[Wil], Corollary 3.4.ii) | [Wil], Corollary 3.2.ii)

(see Remark b) at the end of chapter 3 of loc. cit.).
Our isomorphism
K Gr" Log HF(k)
k>0
is the unique isomorphism compatible with €, (res)¥oy, and the multiplicative struc-
ture of both sides.
Using the framing of Log, given by kp, we may identify pol, with an element of

1 Exténe o) (F(1), F(k))

k>1

or, after twisting and forgetting the component “k = 0”, as an element of

[T Exthue o) (F(0), F(R)) -

k>1

Note that in the Hodge setting we do not lose any information by forgetting the
component “k = 0” as there are no non—trivial extensions in Sh*(C) of F'(0) by itself.
This latter statement fails to hold in the [-adic context. It is however true that the
zero—component of poly is trivial. One way to see this is via [WiIIl], Corollary 2.2,
where it is proved that there is in fact a mixed realization pol;, of which the above
extensions are merely the Hodge and [-adic components. In the category of mixed
realizations, there is a good concept of polarization, which ensures that there are
no non—trivial extensions of pure realizations of the same weight. Alternatively, one
uses Theorem 9.5, where it is proved that our pol, lie in the image of the respective
regulators. The claim then follows from the vanishing of H},(C,0).

THEOREM 2.5 (BEILINSON). Under the isomorphism of A.2.12, we have in the Hodge
setting:

+

poly = (-1)*Lix ("), € [[ | D cC/em)*Q]|

k>1 \weC(C)

where Liy(2) :== >, 5, Z—Z for |z| <1 and z # 1.
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Proof. [B4], 4.1, or [BD1], 3.6.3.i), or [WilV], Theorem 3.11. O

Note that one may identify C(C) with {0 : Q(uqg) — C} by associating to w the
unique embedding mapping T € Q(uq) = Q[T]/P4(T) to w.

In the I-adic situation, choose a geometric point ¢ € C(Q). It allows to identify

C and
Spec (Z {C, %]) ,

and, furthermore, the category of continuous Q;—modules under the Galois group of
Q(¢) that are mixed and unramified outside Id, and the category Sh*(C) = Et(l@:"(C)

Given this, we think of Extéhs(c) (Q:(0), Qu(k)) as sitting inside

H(}ont (Q(C)? Ql (k)) .

Together with the natural map of Lemma B.4.9 we thus have an inclusion of
Extéhs(c) (@Q1(0),Qu(k)) into
Gal(Q(pi,¢)/Q(C))
. " N —
tim (Qu, €/ (@, €)@ ™) @2, @

r>1

THEOREM 2.6 (BEILINSON). Under the above inclusion, we have in the
l-adic setting:

— _q\k—1 = _ d\®(k—1)
pOlb - ( 1) Jk—1 (k — 1)' LTZ b([l Oé] ® (Oé ) )
al’=(¢ rk>1
Proof. [B4], 4.1, or [BD1], 3.6.3.ii), or [WiIV], Theorem 4.5. O

REMARKS: a) Using the defining property of pol, one can show (see [B4], 2.12 or
[BD1], proof of 3.1.1) that it coincides with a specific subquotient of the generic
pro-unipotent sheaf on U. The specializations to spectra of cyclotomic fields of this
subquotient were already studied in [D5], section 16. In particular, Theorems 2.5 and
2.6 are equivalent to the Hodge and l-adic versions of [D5], Théoréme 16.24.

b) One of the main results of this work will be (Theorem 9.5) that the elements in 2.5
and 2.6, for fixed b and d, are the respective regulators of one and the same element
in motivic cohomology. This implies that Soulé’s construction of cyclotomic elements
in the K—theory with Z;—coefficients of an abelian number field ([Sou2], Lemma 1,
[Soub]) actually factors over the image of K—theory proper (Corollary 9.8). As shown
in [BIK], § 6, Theorem 9.5 also implies that the Tamagawa number conjecture modulo
powers of 2 is also true for odd Tate twists (see our Corollary 9.9). Finally, 9.5 is used
in [KNF], Theorem 6.4 to prove the modified version of the Lichtenbaum conjecture
for abelian number fields.

c¢) There are relative versions of 2.1 and 2.3 for schemes over a base scheme S smooth
over B. They allow to directly define the small polylogarithmic extension polg on
U x g S, which however turns out to be the base change to .S of pol.
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REMARK: In our definition of pol, we chose not to follow [BD1], 3.1. The approach via
the universal property of Log and the computation of its cohomology rather imitates
that of Beilinson and Levin in the elliptic case ([BL], 1.2, 1.3). In fact, one of the
predecessors of loc. cit. contains a unified definition of Log and pol for relative curves
of arbitrary genus ([BLp], 1).

3 THE GEOMETRIC SET-UP

For easier reference, we assemble the notation used in the next sections.
As before, we let

[ := a fixed prime number,

A::R7 A:Z[l]
I )

B := Spec(4) ,
Gm =Gnm,p, U:= IP’}B \ {0,1,00}5 .

Furthermore, we let S denote a smooth separated scheme over B of pure relative
dimension d(S),

a,B € Gn(S),

S C S the open subscheme of S where o and 3 are disjoint. We assume S to be dense
in S.

jiS S,
i:S\S— 8,

where S\ S is equipped with the reduced scheme structure.
Z:=a(S)UB(S)

with the reduced scheme structure,

V=Gns\Z.
For n > 0, define
PG s — S,
" V" ané ,
g(n) :Z(n) = G:"n7§\Kn > G:"n7§ s

where Z™ carries the reduced scheme structure. (So QO =1 =idg, and AR 0.)
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The base change of the above objects and morphisms to S is denoted by the same
letters not underlined:

o,B: 5= Gps,
Z:=a(S)IB(S),
V::Gm’s\Z,
p" G s — S,

vV = Gy s

RV ARKEEY
Also, we define partial compactifications of p™:

9" G5 = Ag,
A HMW = AL\ GP, g — AT,

where again H(™ has the reduced structure,

—=Nn

pt AT — S,
V:i=A{\Z,
TV s AR
22" = AR\ V" < AT,
where 7(n) is equipped with the reduced structure. (So 7(1) =7M =7)

REMARKS: a) The underlined objects should remind the reader that the partial com-
pactification comes from the compactification j of the base S. The overlined objects
refer to compactification upstairs, induced from g".
b) For fixed n, we have a natural action of the symmetric group &,, on our geometric
situation.

For the purposes of K-theory in section 7 we will have to replace the singular
scheme Z(") by some smooth simplicial scheme. Put

25" = Z x5 G i M Gps x Z xs G211, LG L x5 Z
Note that Z(()n) is a proper covering of Z("). This is the easiest case of a morphism
of schemes with cohomological descent, meaning that for any reasonable cohomology

theory the cohomology of Z(™ will agree with the cohomology of the smooth simplicial
scheme

ZM = cosko (25" /G2, o)

i.e.,

Z,g") = Z(g") XGp ¢t XGn, Z(g") (k + 1-fold product).
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Put Z_(O) = % (corresponding to the empty scheme). We will also use the simplicial
() which is attached to E(H)

scheme Z sitting in A% in the same way. Finally let

G)/nrfs = Cone(Z_(”) — G”WS)

AL" Cone(?Fn) — AY)

where the cone is taken in the category of pointed simplicial sheaves on the big Zariski
site (cf. the discussion in appendix B.1).

4  GEOMETRIC ORIGIN OF THE LOGARITHMIC SHEAF
In section 2, we defined a pro—sheaf

Log € pro—U Sh*(G,,)
and an element

pol € Extgy)(F (1), Log(1) |v)
= lim Extgy, ) (F(1), (Log/W-,,Log)(1) |v).-

n

The aim of this section is to identify Log |y, or rather, its Noetherian quotients,
as relative cohomology objects with coefficients in Tate twists of certain schemes over
U (Theorem 4.11).

Recall that according to our conventions, we have

and hence we may view pol as an element of

Hom ps i) (F(0)u, Log |u) = Hyp (U, Logv) ,

where we have used the notation introduced in Definition 1.2.
For the schemes of section 3, we have the following

DEFINITION 4.1. Forn > 0,
G = HL (G, g, 0" F(n))™" = Hg+d(§) (G, g, v F(n)yn)™"

where the superscript sgn refers to the sign—eigenspace under the natural action of
the symmetric group &,, on Gy, 5 and V™.
Observe in particular that G(®) = F(0).

The following is an immediate consequence of the Kiinneth formula:

LEMMA 4.2. There is a canonical isomorphism

¢ = Sym" gV .
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We want to compute G, and simultaneously construct, for each n > 1, a
projection

g _, gn=1)

via the “residue at 0”7, whose projective limit over n we shall then identify, for special
a and B, and S = U, with the restriction Log |y of the logarithmic pro—sheaf to U.

Let H™ be the singular part of H(™ and Hr(gg) = HM™\ Hs(:;)g the smooth part.

sing
For any subscheme of A%, the subscript reg will mean the complement of Hs(:;)g We
work with the following geometric arrangement:

Vig NH&S —— Vi, +—— Vn

reg reg
U veg l Vleg l o™ l
(n) SZg) ; n ¢ gr"eg n

Hreg AS,reg m,S

Both squares are cartesian. All maps are either open or closed immersions, and each
line gives in fact a smooth pair of S—schemes.

LEMMA 4.3. For any complex M € D° Sh(A§ ,..) such that (vj,)*M is a shift of a

smooth sheaf on V:;g,

there is an exact triangle

(hl(rgg))* (E?I,reg)! (ﬁ}}[,reg © hl(fgg) M(fl)[—Q] — (Errég)! (ﬁrﬂég)*M
*) [N v
(gitg)« v (v o git,) M

Proof. This is (Er’ég)g applied to the exact triangle obtained from purity for the closed
immersion

Vg VHE) — Vi,

reg

of smooth schemes. O

We apply this lemma to M = F(n)ar

S,re

H (A% g - )8 on the triangle (x). Following 1.2.c), we write everything as relative

cohomology with Tate coefficients:

o and evaluate the cohomological functors

i = (n)
ce H;bs( g’,reg rel Zreg ’

s BN HD vl (Z™ 0 H®), 0 - 1)

abs reg reg

n)%e" — H;bs(GfmS rel 2™, n)%e"

3 = (n) n

HH;;“;( Sreg T€l Zpog ,n)% —

We refer to this as the absolute residue sequence.
Application of the cohomological functors Hfg(Agreg, - )%8" to the same exact

triangle yields a long exact sequence of sheaves on S that we call the relative residue
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sequence:

; sgn ; sgn
. *}%TS' (AS reg?( reg)'F( )Vreg) — %g (Gnm,S?v!nF(n)V") &
sgn
Hl ! ( re?g)7 (UH reg)'F(n - )Vreger(:))

g
sgn
Hz+1 (Asreg,( reg),F( )Vreg) — ...

Note that G(*) = Hg+d(§) ( s Ul F(n)vn)sgn occurs in this sequence.

We are now going to further analyse, and reshape these sequences. The final
form will be achieved in Proposition 4.8 and Theorem 4.9.

First, we need to identify the terms

H-YHD vl (Z7 AH®),n -1, n>1

abs reg reg = 4

1 (B, @8 i F(n — 1) I
reg s \UH reg)! VregﬂHr(:g) ; - L+

The complement of Z(n) N Hr(gg) in Hr(;g is given by

T vog © Vieg N HG — H).

reg reg reg *

Since V... N Hr(gg =ITi_; V™! under the identification

reg
n) _
reg H Gm S

and these components are permuted transitively by &,,, we conclude

LEMMA 4.4.

a) (Eg,reg)!F(n - 1) VregﬂHr(:g) = (H vnl) F(n - 1)]_[::1 yn-1.
k=1 !

b)  HYH® rel (Z™

abs reg

ﬂH(”) ,n—1) GBHZ ! Gnére]Z(” 1) ,n—1),

reg abs

and hence the sign—eigenspace H'y. 1(H(gg) rel (Z( ™ er(Qg)), n—1)%" is isomorphic to

abs

HL N (Gprg rel 207D n—1)%n

abs

where the last sgn refers to the action of &,,_1. The isomorphism is given by projection
onto the components unequal to k, for some choice k € {1,... ,n}. It is independent
of the choice of k.

C) RS( r(eg)7 (EH reg)'F( 1) Vreger(:g)) = @RS (GZ é, 1F(n — l)V'n. 1) .
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sgn
As in b), the sign—eigenspace Hy ' ( 552, (Ut reg I F' (10 1)VregﬁHr<e"g)) is canoni-

cally isomorphic to
sgn

mS’

Gl (o Ry SCR

For i = n + d(S), the latter equals G~ 1),

Proof. The only point that remains to be shown is the independence of the isomor-
phisms in b) and c) of the choice of k. Recall the identity

RFabs (an’s rel Z(n)’ n) - = Rrabs (Sa RS (an,S7 U!nF(n)Vn))sgn .

We are going to prove in 4.6.d) that H(G}, ¢, v'F(n)y«)%®" = 0 for ¢ # n + d(S).
So the associated spectral sequence degenerates and shows that the independence of
the map in b) follows from that of the map in c).

For c¢), we only need to consider (") = H;+d(§)( g VI F(n)yn)®8t. There, our
claim follows from Lemma 4.2, and the gradedfcompatlblhty of the cup product with
boundary morphisms ([GH], Proposition 2.2 and Corollary 2.3). O

REMARK: The arguments of this section would become simpler if we could use an
object RE" in ¢). However, we do not know whether it is possible to make a decom-
position into eigenspaces in our triangulated categories.
By the identification of the lemma, the residue sequences define canonical residue
maps
res : H;bs(((}ﬁ%s rel Z(M n)*® — HI-L(GPd 5 rel Z=D i 1)ysen

abs
sgn

res : Hy (G, g, V] F(n)vn)sgn — HE! (G"m U F(n — 1)y 1)

fitting into the relative and absolute residue sequences. In particular, observe that

we have a residue map
res : g<"> — g<”*1> .

Now we concern ourselves with the identification of the remaining terms

(n) )sgn’n>0’

reg ? =
. sgn
HS ( S,reg?( reg)'F( ) reg) ,m>0

of the residue sequences.
We use the following filtration of A% by open subschemes:

%
abs

(A% S reg Tl Z

FrAS .= {(x1,... ,2z,) € AG|at most k coordinates vanish} .

So we have F,,AS = A§ and FoAg = Gy, 5.
The “graded pieces” of this filtration are

GkAg = FkAg \Fk—lAg

= {(z1,...,zn) € A |precisely k coordinates vanish} .

DOCUMENTA MATHEMATICA 3 (1998) 27-133



48 ANNETTE HUBER, JORG WILDESHAUS

G A% is equipped with the reduced scheme structure. Note that it splits into several
disjoint pieces. For k > 2 and any such piece, there is a transposition of &,, acting
trivially. By using triangles similar to (x) for the inclusions

GkAgv — FkAgv — Fk_lAgv y
g

we conclude inductively that the sign—eigenpart of the cohomology of H,, is trivial:

LEMMA 4.5. The adjunction morphism induces isomorphisms

~

(A% rel Z™ nyn > g (AT rel Z0Y n)en

S,reg reg
=n n _~ [ n sen
HS (AS7U! F(”)Vn)sg — HS’( S,reg)( reg)'F( ) reg) .
By 4.4.b) and 4.5, the absolute residue sequence takes the form
)

H;

a

S HI (A% rel Z™ ) o | (G ¢ el 2 )

& g 1((Gr" ; rel Z(=1 ,m— 1)

abs

—HG(AS rel E(H),n)sg“ = ...

Similarly, the relative residue sequence looks as follows:
 —Hs (AT F(n) )" — H (G 5,0 F(n)ya)™
S U (G d T F = Dy )

—HE (AL D F(n)5n)™" — ...

For the computation of the term
M (AT (n) )"
we use the Kiinneth formula:

LEMMA 4.6. a) Rs (A%, 9"F(n)) = HY (A%, 5"F(n))[0], and the Kiinneth formula
gives an isomorphism

M5 (A5, 7" F(n)) = Hg (A5, 0"F(n))*" — Sym"Hg (A5, 7/ F(1)) .
b) The choice of an ordering of the sections o and (3 gives an isomorphism
Rs (A§, 5] F(1)) = 1 (A F(1)) [0] = F(1)[0] .

Up to sign, it is canonical.
c¢) The isomorphisms of a) and b) induce an isomorphism

WD (AR TP F(n)pn) = HY (AL, T F(n)) = F(n) .

It depends on the choice made in b) only up to the sign (—1)". The group &,, acts
on these objects via the sign character.
d) For i # 0, we have

HE " (G0, g o F(n)yn ) = His (G g, o F(n)) ™ = 0.
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Proof. For b), consider the long exact cohomology sequence associated to the triangle

v F(1) — F(1)

‘We have

s (s r) = { g 12T

and
F(1), i=0
i (a5, 2VF()) = Bro.
0, i #0

The long exact cohomology sequence thus reads
0— Hg' (Ag, 01 F(1)) —>@F 1) = HE (AL, T F(1)) = 0.
If we let {a, B} = {s1, 2}, then we identify the cokernel of
2
1) —@Fru=FQ)
o, i=1

with F(1) by mapping (fs,, fs) € @iy F(1) to fo, = fi.

a) follows from b) since ®" F(1) = Sym" F(1).

c) is a consequence of a) and b).

d) follows from a) and the relative residue sequence by induction on n. O

On the level of absolute cohomology, the isomorphism of 4.6.c) induces an iso-
morphism

abs abs

—(n —(n sgn ~ .
H”"( grelZ( ),n) HHn( @relZ( ),n) — Hjp(S,n) .

This gives the final shape of the absolute residue sequence:

i abs(S n) —> H;ts’ﬂ( rel Z(n) )Sgn
res H;-g-sn I(Gn 1 rel Z(n 1) )Sgn
Gl (S,n) =

By 4.6.d), the relative residue sequence collapses into the short exact sequence
of sheaves on S:

0 — F(n) — ¢ 25 gD 0,

In order to identify the long exact absolute cohomology sequence associated to
this sequence with the absolute residue sequence, we need the following:

DOCUMENTA MATHEMATICA 3 (1998) 27-133



50 ANNETTE HUBER, JORG WILDESHAUS

LEMMA 4.7. Let K € D®Sh(X) be a complex of sheaves on a separated, reduced and
flat B—scheme X. Suppose there is an action of a finite group G on K. Let x be
the character of an absolutely irreducible representation of G over F. For any object
V with a G—action of an F-linear abelian category, denote by V(x) the x—isotypical
component of V, i.e., the image under the projector

1
ex === xlg7) 9.
X #G gezG
Suppose that (H'K)(x) vanishes for all i # 0. Then
Hom s (F, K[i])(x) = Homps (F, (H°K) (x)[i])

Proof. By applying e, and 1 — e,, one checks the statement for a complex of the
special form K = HYK. For the general case, consider the spectral sequence for
Homps (F, - [i]) induced by the truncation functors 7<,,. It degenerates after applying
O

€x-

Now that we know that formation of absolute cohomology commutes with for-
mation of sign eigenspaces, we have:

ProrosITION 4.8. The absolute residue sequence is the long exact sequence in abso-
lute cohomology attached to the short exact sequence

0 — F(n) — ¢ 25 gD 0,
We conclude the computational part of this section by collecting our results:
THEOREM 4.9. a) For n > 0, we have
HE (G, s, v F(n))™" = g™

and M ( ZL’S,U!"F(n))SgH =0 fori #0.
b) The residue at 0, i.e., the boundary map of (), gives an epimorphism

res : G — g(nV

for n > 1.
c¢) The Kiinneth formula gives an isomorphism

HL (AL, D" F(n)) = HY (AL, 5" F(n))*" = ker(res)
for n > 1. A choice of an ordering of the sections a and 8 induces an isomorphism
F(n) — ker(res) ,

which depends on this choice only up to the sign (—1)™.
d) Let G™ = Sym"G(™") be the canonical isomorphism of 4.2, and

(0),

Sym" F(0) — F

Sym" F'(1)
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the isomorphisms given by multiplication. Then the diagrams

gm  —  F(0)
1 T
Sym"G)  —  Sym™F(0)

and

F(n) — G
T $
Sym"F(1) — Sym"gW

commute. Here, the horizontal maps are given by the successive residue maps, and
by c¢) respectively.
e) Let W_o,,_1 g .=,

W_or G™ = Wegp1 G i=ker(¢™ — ¢* V) for 1<k <n,

and Wy G := G("). The choice in c) induces isomorphisms
G g = P F(),
i=0

which by their construction fit into commutative diagrams

GrVgm = @ F(i)
Gr¥res | J can
G gl S @I F(i)

The filtration W. is therefore the weight filtration of G(").

Proof. a), b) and c) follow from the previous results. The commutativity of the first
diagram in d) follows from the definition of the residue map. For the second diagram,
we use the fact that the Kiinneth formula of 4.2 is compatible with the Kiinneth
formula of the proof of 4.6.a). For e), apply induction on n. O

Recall that S is the open subscheme of S where the sections a and 3 of Gy, g
are disjoint. For special S, o and 3, the following is the main step towards the
identification of the projective limit of the G(™ with the restriction Log |u of the
logarithmic sheaf:

LEMMA 4.10. a) There is a unique smooth sheaf G on S extending G(™. It has a
weight filtration.
b) There is a canonical isomorphism

g(n) AN Symng(l) ,

and a unique isomorphism

77(") Nelad Q(") AN F(3),
i=0
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which is compatible with the isomorphism of 4.9.e).
c) The weight filtration of i*G (") js split: there is a canonical isomorphism

i*g™ =5 GV irg) %) P F) .
1=0

Here, i denotes the inclusion of S\ S into S.
d) There is an exact sequence

0 — i.F(1) — HE (G50 F(1)) — GV — 0
of sheaves on S.

Proof. If there is any smooth sheaf as in a), then it will automatically be unique, and
hence b) follows from a), and 4.9.d), e). Also, it will suffice, because of 4.9.d), to show
the lemma for the case n = 1.

There we have the following diagram

0

!

i F(1)

H —— F(1) —— K HO FO) —— 0

where
K =H ' Cone(s : @F(l)g[d(ﬁ)] — 1 F(1) g\ s[d(S)])
a,B

with 0(v1,v2) := v1 —v2 (in terms of constructible sheaves this is just Kerd shifted in
the appropriate degree to define a perverse sheaf). The horizontal sequence is, as in
the proof of 4.6.b), the long exact cohomology sequence on S associated to the short
exact sequence on G, g

(%) 0— gil)F(l) — Q}F(l) — F(1) >0,

where we have set

H = Hii (Gmé,y}F(l)) .
We thus get the equality

Rs (Gm,s,v1 F(1)) = Hg (Gm.s, 01 F(1)) [0] ,
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and an exact sequence of sheaves on S
0— K/A(F(1)) = HS (Gm,s,2/ F(1)) = F(0) =0,
whose restriction to S is isomorphic, via the choice of an ordering of o and S, to
0—F(1)—=6¢W 5 F0)—o0.

Push out of the above via the morphism

K/AFQ) = [ PFQ) | /AFQ),
a,0

whose kernel is i, F(1) (recall again that we use perverse indices), gives the desired
extension Q(l). By construction b) and d) hold. Applying ¢* to the pushout diagram
and taking cohomology, we see that the sheaf i*G)[—1] is the pushout of F(0) via

0— F(1),
and we get c). O

We now specialize our geometric situation: we let

ﬁ:: Gm,B»
a=1:G,p—»B—=>G,p,
é:z id:Gm,p = Gn.B -

So we have S = U and S\ S = 1p, the closed subscheme of G,, g given by the
immersion 1 of B into G, B.

After having made precise which choice of normalization we have and in how far
it affects our identifications, we now fix it: we let

s1:=a=1and s := F=1id in 4.9.c).

We thus get a projective system (g"“)nzo of smooth Tate sheaves on G, p with
G, =P Fa).
i=0

By the universal property of Log (Theorem 2.1.d)), there is a unique morphism

. — T g™
¢ :Log—G:=limG

such that ¢ |;(p) sends 1 € I'(B, Log |1,;) to

o0

1:F(0) = [[FG&) =Gy -

=0
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THEOREM 4.11. ¢ is an isomorphism.

Proof. The claim can be shown on the level of the underlying topological sheaves. The
[-adic statement follows from the statement for the topological spaces of C—valued
points by comparison — recall that we are dealing with locally constant sheaves.
Over C, the fibre at 1 of the pro-local system Log:op equals the completion of the
group ring Q[m] of 1 := 71 (G, (C), 1) = Z with respect to the augmentation ideal a.
The representation of 7 is given by multiplication; compare the general construction
in [Wil], 2.5-2.7. In particular, we have

‘COgtop = (h—m Symn(‘COgtOp,Z—?) )

n

where L0gtop,>—2 1= L0Gtop/ a? is of dimension two. Now in the category of unipotent
local systems on G, (C), the pro—sheaf Logiop has the universal property of Theorem
2.1.d).

We apply this universal property to G fop,>—2 ‘= Q&)D The resulting map factors over
Ptop- Since G, -, is two-dimensional, the representation of Q[m1] is necessarily
trivial on a2, and we get a morphism of local systems

$Ptop,>—2 - Eogt0P72_2 gtop,272

giving rise to a morphism

<li_rn Sym” (¢top,>—2) : LoGrop — gt0p :

n

Again because of the universal property of Logtop, this morphism is identical to @top.
It therefore suffices to show that ¢op,>—2 is bijective, which amounts to saying that
the coinvariants of gtop > 9 under the action of 7 are one-dimensional. But taking
coinvariants under 7, of a unipotent variation V amounts to computing singular

cohomology
Hl (Gm((C) ) 7{Spec (Gm,Rﬂ V) .

Firstly, we claim that

i F(-1), i=0
HSpec(R) (Gm,R X Gm’R,Q}F(l)) { 0 ’( ) ; # 0
e.g., identify the left hand side with

H'™ (Gm(C) X Gm(C), A(Gm(C) U ({1} x Gm(C)), F(1))
2 H'2 (G (C) x Gm(C), (Gm(C) x {1} U ({1} x Gm(C)), F(1)) ,

and apply the Kiinneth formula. From the proof of 4.10, we recall — remember that
we have S = G,,,

Rz (Cmg X G, 0/ F(1)) = He, , (Cmr X Gmr,vi F(1)) [0],

from which we conclude:

ee(s) (Gm,R,H%m’R (G ¥ Gm,R,y}Fu))) _ { OF’(—l) :
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The long exact sequence obtained by applying Rgpec(r) (Gm,r, -) to the exact se-
quence of 4.10.d)

0— LF(1) —He  (Gnr X Gnp,u F(1)) — g —o0

R

then shows that
ngec(R) (Gm,R»Q(l)) = F(i]‘) .
O

REMARK: The geometric situation used in this section is identical to the one of
[BD1], 4.1-4.3 (see in particular loc. cit., 4.1.9). The comparison statement of our
Proposition 4.8 is implicit in loc. cit., 4.3.3. We mention that basically the same
geometric arrangement was used in [Jeu]. More precisely, writing down the iterated
cone construction of loc. cit., one arrives at a simplicial object which is homotopy
equivalent to Beilinson’s and Deligne’s construction used here.

5 THE SPLITTING PRINCIPLE REVISITED

In order to be able to translate easily to the motivic context, we recall Beilinson’s
original proof ([B4], 4) of the splitting of the logarithmic pro-sheaf over spectra of
cyclotomic fields (Theorem 2.4).

First, we return to the general situation considered at the beginning of section
4. For N > 1, we have the morphism of S-schemes

¢ : Gm,S — Gm,S 5

z — N,

and for each n > 0, the induced morphism
9" G — G5
We work under the additional assumption
(A) goa=a, ¢oB=4.
If this is the case, we have (¢")~!(V™) C V", and hence get a morphism
(@")* v F(n) — v'F(n),
and hence a morphism
(@")F - v'F(n) — ¢l F(n),
which after application of p}' and projection onto the sign-eigenpart induces
(¢™)F: g — g

We need to understand the action of (¢™)f on G™ . and on absolute cohomology.
First, we establish in how far (¢™)* is compatible with the residue at 0:
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LEMMA 5.1. a) Under any isomorphism

G g™ = (N F(),
1=0

the map Gr'"V (¢™)! is multiplication by N"~* on F(i).
b) For any n > 1, the diagram

gm @ o)

resy l J{resn

g1 M@ o)

commutes.

Proof. Since the morphisms in b) are strict with respect to the weight filtration, it
suffices to check that

Gr% (res, )o GV (¢™)f = N - GV (¢"1)fo Gr' (res,) .

But if we choose the isomorphism of 4.9.e), then eV (resy,) is simply the canonical
projection

@ F(i) — 6_9 F(i),

and therefore b) follows from a). For a), we note first that it suffices to show the
statement for one choice of isomorphism

O a JAOR
=0

This time, we use the isomorphism on graded objects induced by 4.2, thereby reducing
ourselves to the case n = 1. There, we consider the long exact cohomology sequence
associated to the exact sequence

0— 2MF(1) = vl F(1) = F(1) >0,
and the cohomological functors H%(G,y,s, - ). We know the cohomology of G,

. F(l) , t=—1
/H?‘S (Gm,S»F(l)) = F(O) , 1=0
0 , ’L¢ {—1,0}

Of course, we know the cohomology of two points:

Pra , i=o0
N

i, (Gms,zil)F(l)) - )
0 L P40
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We get an exact sequence

0= F(1) 3 P FA) = GY =HE (Gu,s,v F(1)) — F(0) 0.
B

and because of assumption (A), it carries an action of (¢™)f. But this action can be
identified on H% (Gi,s, F (1)) and H (Gm,s, zil)F(l)): it is trivial on the F(1), and
multiplication by N on F(0). O
Certainly (A) is only satisfied in very special situations, namely if « and 3 are
supported in the schemes of (N — 1)-torsion of Gy, g.
Let again d > 2, C := Spec(R), where R := A[%,T]/®4(T) as in section 2. For
b prime to d, consider
’ib :C % C— Gm ’
¢ — .

The pullback Logy of the pro-sheaf Log|y on U via i is identical to the projective
limit of the sheaves gé") obtained by setting

ﬁ::O,
a:=1:C—B<=G,,
é::ib.

Since (A) is satisfied with N = d + 1, we may apply 5.1, and conclude:

COROLLARY 5.2. ggn) splits into a direct sum
™) _ (D@ o
G, = @ r25: Gy -
i=0

Therefore, there is a unique isomorphism

"G s D FG),

i=0

which is compatible with the isomorphism n(™ of 4.10.b).

Proof. F(i) C gé") is the eigenspace of (d + 1)"~% under the morphism (4" )*. O

We conclude with the implications of 5.1 and 5.2 for absolute cohomology with
coefficients. For this, recall the absolute residue sequence for n > 1

o= Hy (Con) — HE MG oon)® S HI GG n — 1) — .

introduced after 4.6, where we have set
i (Gl m)®™ = Hf (G rel 200, n)"

abs abs

thus saving enough space to get the above sequence into a single line.
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COROLLARY 5.3. a) For n > 1, the absolute residue sequence splits into short exact
sequences

0— H,

a

bo(Com) = Hf (Gl m)™" = H T (Gl o n— 1)%" = 0.

abs abs

b) For N = d + 1, the map (¢™)* acts on the short exact sequences of a): there is a
commutative diagram

H(Con) = H M (Glo,n)*" = H NG gt n— 1)

abs abs
id | ()" | (d+1)- (6" )|
Hyp(Com) = H Gy n)® = HEr (GG n— 1)

abs abs

Proof. By 4.8, the absolute residue sequence is the absolute cohomology sequence for
the exact sequence of sheaves on C'

0— F(n) = g™ ¥ gi" 0.

Therefore, a) follows from 5.2, while b) follows from 5.1.b) and the fact that under
the identification of 4.9.a)

Hips(C,6™) = H {1 (Gl m) ™
the map induced by
(@) 6" = 6"
is the map (¢™)* of the absolute cohomology groups. O

It follows that the eigenvalues of (¢™)* on H, ;’Jsl(GX{?C, n)%e" are

1,d+1,...,(d 4+ 1)". The eigenspace decomposition yields

ny”  HIE (Gyren)™™ = HEE (Gl o rel 20, n) =5 (B H,l(Cli)
=0

which in sheaf theoretic terms corresponds to the decomposition
ny"” : Exty o) (F(0),G5") > @ Extdy o) (F(0), F(0))
i=0

given by Corollary 5.2.
The pullback pol; of the small polylogarithmic extension pol on U is an element
of

lim Extd, o) (F(0), G5 = lim HT (G}, ¢ rel 2, n)=

n>1 n>1
R n+1 vn sgn
= lim H | (Gm,c,n) .
n>1
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We have shown that, using the eigenspace decomposition for the action of the (¢™)F,
these groups are isomorphic to

[ Exténe) (F(0), (k) = ] Haus(C, %) -

k>0 k>0

2.5 and 2.6 describe pol; as an element in this group.
Actually, in order to relate the above decomposition to the one used for 2.5 and
2.6, we shall need to compare the isomorphism

n.f(h—mn : Gr. Q—)HF(k)
n>1 k>0

of 4.10.b) to the isomorphism

kG G =G Log = HF(k)
k>0

of section 2.
A priori, we know that the isomorphisms

Nk , ki—ok : Gr%, G = F(k)
satisfy an identity of the type
N—2k = q—2k - K2k

for a constant q_s, € F™*.

We remark that in order to prove the main results announced in the introduction,
all one needs to know is that ¢_o; is a rational number, which is independent of
whether we work in the Hodge or the [-adic setting.

In order to exhibit the precise relation of the motivic analogue of pol (see section
8) to the cyclotomic elements in K—theory (see Corollary 9.6.b)), we need to identify

q—2k-

PropPoOSITION 5.4. We have the equality
N_okr = k! K_ok .
Proof. Because of the compatibility of ko with the canonical projection
e:Gg— F(0),
we have 19 = Kkg. In order to show 75 = k_2 we compare the classes of Q(l) in
Extdye,,, (F(0), F(1))
induced by n—_2 and k_o respectively. Let

K :=C, | K :=Q,
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and choose any K—valued point ¢ of U. Of course, the value of g_5 can still be detected
from the extensions of

mixed Q-Hodge structures | Galois modules

given by the pullback t*G M) of g M) via t. In both settings, there is a natural morphism
of K* ®z F into the respective Ext' (F(0), F(1)) (see e.g.

[WilV], Theorem 3.7). | [WilV], Theorem 4.6).
By
[WilV], Proposition 3.13.a), | [WilV], Proposition 4.7.a),

the class of t*g(l), calculated in the framing given by k_o, equals the image of t € K*
under this morphism. By [Sch], 2.7, the same holds for the framing given by n_o —
note that here it is vital to choose the ordering of the sections a and g in the way we
did before 4.11. For k > 2, let B

(p(()k) :gW =5 gym*P g
be the isomorphism of 4.10.b). By 4.9.d), the diagram

g®  —  F0)

pe) L0 IR
Sym*g —  Sym*F(0)

commutes. By [WilV], Theorem 3.12.a), the commutativity of this diagram char-
acterizes cp(()k)

diagram

uniquely. From loc. cit., Theorem 3.12.b) and c¢), we know that the

(=

F(k) wr g®

12 4ol

SymP k1

Sym* F (1) — Sym*g)
commutes. So our identity
N_or = k! K_op

follows from 4.9.d). O

6 PoLYyLOGS IN ABSOLUTE COHOMOLOGY THEORIES

In section 4, we showed that the logarithmic pro—sheaf is the projective limit of
relative cohomology objects with coefficients in Tate twists of certain schemes over
U. The Leray spectral sequence suggests that is should be possible to recover pol as
a projective limit of elements in absolute cohomology with Tate coefficients of these
schemes, and indeed this is what we do in Theorem 6.6. That the coefficients are Tate
is of course the central point: it allows us, in section 7, to imitate the construction
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of this section, and thus to define a motivic version of pol. This detour is necessary
because we know, up to date, of no satisfactory formalism of mixed motivic sheaves,
whose absolute cohomology with Tate coefficients would give back motivic cohomology
defined via K-theory.

We return to the geometric situation set up before 4.11, and start by computing
the higher direct images of the restriction of Log to U:

LEMMA 6.1. a) The inclusion F(1) — GV and the projection
GW — F(0) induce natural isomorphisms

F)s = Hz' (GmgY) |
Hy (Gm 6M) = Hy (G, FIO))
and the latter group is isomorphic to F(—1)p via the map “residue at 0”.
b) The inclusion F(n) < G'™ and the projection G™ — F(0) induce natural identi-
fications

i F(n)B ’ i=-1
H (G, G™) =§ F(-1)p, i=0
0, i¢{-1,0}

Proof. The statements need only be checked on the level of local systems. Part a)
is shown in the proof of 4.11. From there, we also recall that we have to compute
the invariants and coinvariants under the action of the group 7 := 71(G,,(C), 1), or
equivalently, of a generator of m1. Using 4.10.b), we may deduce b) from a). O

COROLLARY 6.2.

o) ={

For i = 0, the sheaf H% (U,G™) is the direct sum of @ F(k — 1) and an object
k=1
which is an extension of F(—1)p by itself.

Proof. By [Wil], Theorem 4.3, there is a weight filtration on H¢, (U, g<">). Now use
the exact triangle

L1 — idg,
[~ e
JxJ*
purity, and 4.10.c). O

REMARK: In the setting of Hodge modules, where a concept of polarization is avail-
able, any extension of pure objects of the same weight is necessarily split.

The map HY (U, g (")) — F(0) of the corollary yields in particular a map “residue
at 1”7, forn > 1,

a abs

ves : H3,u(U,G) = HY,, (B, Ri(U,G™)) = HE,(B,0)
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DEFINITION 6.3. Let n > 1. The map

res : Hng(U, g<")) = H:;gl(an’U rel Z("),n)sg” — HaObS(B, 0)
is called the total residue map.
For later reference, we note
COROLLARY 6.4. HY, (G  rel Z(),1) =0.
Proof. We have
Ho(Gy, el Z,1) = Hy (U, GW)
which because of 6.2 equals HY, (B, F(1)) = 0. O

Next we have

LEMMA 6.5. i) The transition morphism
res: G — g(n=1
satisfies

HEI(U,I‘GS) =0: F(")B — F(n_ l)B ,
H (U, ves) : HE (U, G1) = HE(U,G)

is surjective with kernel F(n — 1)p.
In particular, the total residue for n > 2 factors over the total residue for n — 1:
there is a commutative diagram

res
HY =

abs(B’ 0) He(l)bs (U7 g(n))

resN\_ J res
Hg, (UG D)

ii) The Leray spectral sequences, for n > 0, give exact sequences

0 — H}o(B,n) - HY(U,6™) X% HY, (B,0) — 0.

a

The map
d: Halbs(B7n) - Hgbs(Ua g(n))

is the composition of HY ,(B,n) — HY, (U,n) = HY (U, F(n)) and the map induced
by the inclusion of F(n) into G™), in other words, the same noted map of the residue
sequence.

The projective limit of the above sequences identifies

Hgbs(Ua Log |v) = <h_m Haobs([[},g(n))

and HY

abs

(B,0).
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iii) There are unique splittings
HaObS(Bﬂ 0) abs([U g n))

of the sequences in ii), for any n > 0, such that for any n > 1 we have a commutative
diagram

Habs(B 0) —> Habs(Uﬂg(n))
PN L res
abs( g(n 1))

Proof. i) The first statement is clear. For the second, either go through the construc-
tion or observe that the direct image of the morphism Ui, — Biop has cohomological
dimension one, hence H% (U, - ) is right exact on smooth sheaves.

ii) We have the Leray spectral sequence

E§7 q _ HP

e (B HB(U,6)) = HEL(U,60)
whose low-term sequence reads

(n)
0— Halubs(B7n) - Hgbs(U?g(n)) - Hobs(B O) Habs(B7n) .

By i), the Mittag-Leffler condition is satisfied for the projective system
(HL,.(B,n))n>0, and therefore,

abs

(U, Logly) = lim ker(d(" )= HY

abs

(B,0)

abs

since the projective system (im(dén)))nzo C (H%,,(B,n))n>0 is M L-zero.

But then any of the
abs(U g n)) — H, bs(B O)

must be surjective as well.

iii) Apply ii). O
Denote by pol(™ the image of the small polylogarithmic extension pol under
His (U, Log ) = Hapy(U,G™) .

THEOREM 6.6. a) Under the isomorphism
Hy,,(U, Log [u) — Hyy(B,0)

of 6.5 ii), the small polylogarithmic extension pol is mapped to 1.
b) For each n > 0, the map
Sn H bs(B O) - Hobs(Ua g(n))

a

maps 1 to pol(™).
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Proof. This is the definition of pol and the s,,. O

Recall (4.9.a)) that we may identify

Hgbs(Uvg(n)) = Haobs( %UW!HF(”))Sgn
= HLN G g, v F(n)yn )™
= H;:gl( m.u Tel Z("),n)sg“.

In section 8, we are going to prove a motivic analogue of 6.5.ii), and then define
pol as the element in

lim HY G,y rel 2 n)sen

n

mapping to 1 under the isomorphism to HY,(B,0).
In order to prove a motivic version of 6.5.ii), we shall frequently use injectivity
of the Beilinson regulator on certain motivic cohomology groups, and two technical

results on H, ., that will occupy the rest of this section.

While this may appear artificial at first sight, we remind the reader that in the motivic
setting, we cannot make use of any sheaf theoretic means like Leray spectral sequences.

An important means will be the localization sequence associated to the geometric
situation

{0,1}p = Ay < U.
It is the result of the degeneration of the Leray spectral sequence and reads

: %Hahubs(A}Bap) - Ha:bs(U?p) — Ha.ugsl({ov l}Bap - 1)
—H Y AL p) — ...

abs
LEMMA 6.7. a) The structure morphism is an isomorphism
. ~ . 1
Habs(Bﬂp) — Habs(AB’p) .
b) The boundary map is trivial, i.e., we have short exact sequences

1
0— Hébs(va) - Hébs(va) - @Hégsl(Bapf 1) —0.
i=0

Proof. For a), note that Rp (A}B, F(?)A}g) = F(p)p[0].
b) follows from the fact that there are B-valued points of U. (|

In particular, for p = 1, we have the exact sequence

0— H!

abs(B71) — Halbs(Ua 1) i> @HO (B,O) — 0.

1
abs
=0

The last map equals the map of Ext groups
8 : Extgy,py (F(0), F(1)) — Homgy(p) (F(0), H3 (U, F(1)))
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obtained from the Leray spectral sequence; observe that the residues at Op and 1p
provide an isomorphism

1

HY (U, F(1)) = P F(

i=0

We have a natural map

O(U)* = Hape(U, 1) .
Its composition with

8 : Hal —> @ abs
associates to a function on U its orders at 0 and 1 respectively.
We need to understand the composition
resod : Hy (U, 1) = Extgy, ) (F(0), F(1))
— HomSh(B) (F(O), HOB (U, Q(l))) .

Observe that due to 6.2, the last group is equal to H, aObS(B ,0). Furthermore, we recall

from the proof of 6.2 and the definition of res that the composition
@F =% (U, F(1)) — H, (U,60) £ F(0)
is given by projection onto the “1”—component of @3:0 F(0). We have thus proved:

LEMMA 6.8. Consider the non—vanishing functions t and 1 —t on U. We have
reso0(t) =0, resod(l1—t)=1.
In particular, the map

d: H;bs(U’ 1) abs( g(l ) zbs (G717’L,U rel Z(l)’ 1)

does not map 1 —t € O(U)* to zero.
Proof. Observe that reso 0 factorizes through 6. (]

REMARK: The main technical result of this section, 6.5.ii) corresponds to [BD1],
3.1.6.i1). Observe that pol and the polylogarithmic class II, of loc. cit. do not quite
agree: in our notation,

g € Hgbs (Uv EOg(l)lU) )
while pol € HY (U,Log|y). The connection is as follows: there is a canonical
monomorphism

t: Log(l) — Log

(identifying Log(1) with W_oLog), and pol is the push out of Iy via ¢. The present
definition of the polylog seems more natural since it is an element of an HY, (B, 0)-
module of rank one, which is canonically trivialized. By contrast, HY. (U, Log(1)|y)
is of rank two.
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7 CALCULATIONS IN K-THEORY

The next step is to do the constructions of section 4 with K-groups, or more precisely,
with relative K-cohomology as introduced in appendix B.2. For technical reasons we
will have to use simplicial schemes to replace the singular schemes that appeared be-
fore. All constructions will be compatible with the regulator maps to absolute Hodge
cohomology (appendix A and B.5.8) and to continuous étale cohomology (appendix
B.4.6).

A priori these regulators have values in absolute cohomology groups for the same
simplicial object (cf. B.4.2 and B.5.2). Using B.4.5 and B.5.7 these absolute cohomol-
ogy groups are then identified with (relative) cohomology of singular schemes. This
identification is made tacitly.

Let B = Spec(Z) and S a smooth affine B-scheme. We will work in the category
of smooth S-schemes. K-cohomology is taken on the Zariski site over B.

Before returning to the geometric situation introduced in section 3, we have to
check a technical lemma. Let us consider the following general construction: Let X
be a smooth quasi-projective S-scheme and Y a closed subscheme of X which is itself
also smooth over S. Put

YW =V xg X" T X xgV x X" 211, . IIX" ' xgY .
Note that YO(") is a proper covering of the singular scheme
Yy = X" (X \Y)".

This is the easiest case of a morphism of schemes with cohomological descent, meaning
that for any reasonable cohomology theory the cohomology of Y (") will agree with
the cohomology of the smooth simplicial scheme

Y™ = cosko (Y™ /XM,
i.e.,

Yk(”) = y;)(”) X xn +o+ Xxn Y;)(") (k + 1-fold product).

For étale cohomology and absolute Hodge cohomology, the corresponding results are
B.4.5 and B.5.6 respectively.

We will work in the setting of spaces, i.e., pointed simplicial sheaves of sets
on the Zariski site of smooth B-schemes. We refer to appendix B.1 for details and
terminology. We use the notation

XY™ = Cone(Y™ — X7

for the space that computes relative cohomology for the closed embedding (cf. B.1.5).
The space Y (™) does not become degenerate above any simplicial degree. How-
ever, we have:

LEMMA 7.1. a) Y(") is isomorphic in HosT to a simplicial scheme which is degen-
erate above degree n — 1.
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b) In particular,. Y ") and X" are K-coherent.

c) XY™ is a space constructed from schemes in a finite diagram over X™ in the sense
of B.2.13.

d) If T is another closed subscheme of X which is smooth over S and disjoint of Y,
then the inclusions

T xg X" — X7
are tor-independent of all morphisms in the diagram in c).

Proof. By definition
y;)(”) — Y, II---11Y,

where Y; is the reduced closed subscheme of X™ of those points, whose i-th coordinate
lies in Y. This induces a decomposition of Yk(n) into disjoint subschemes of the form
Yi, Xxn -+ Xxn Y;, . Actually this subscheme is canonically isomorphic to

Yiin---nY, ={(z1,...,2,) € X" |2, €Y for 1 <j <k}
We get the following more familiar form of the simplicial scheme
N 3

Ie{l,...,n}k i€l

Let A(n) be the simplicial set with
A(?’L)k :{(io,...,ik) | 1 Si() S S Zk Sn}
We define the simplicial scheme YA(") by
A(n
v = I N
TEA(n)y €T

It is degenerate above the simplicial degree n—1 and from our previous considerations
we see that it is a natural subspace of Y(”). We consider these simplicial schemes as
spaces in the sense of appendix B.1 by adding a disjoint base point *.

For a scheme U in the big Zariski site over B we consider the morphism of simplicial
sets

YAM(U) — YM(U) .

By the combinatorial Lemma B.6.2 it induces an isomorphism of homotopy sets.
Hence the inclusion is a weak homotopy equivalence of spaces.

b) is an immediate consequence of a) and B.2.3.b). Recall that Y and X were assumed
smooth over B. We already have seen that all components of X V" are disjoint unions
of X™-schemes of the form Y;, N---NY;, and a disjoint base point. All morphisms
between the scheme components are given by the natural closed immersions between
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them. The condition on the tor-dimension required in B.2.13 follows because are
schemes are regular. 7', Y and X are all flat over S, hence the maps in the diagram

XXSY

!

TxsgX —— X xgX

are easily seen to be tor-independent. The inclusions of T" and Y into X are trivially
tor-independent because this is a local condition. O

Basically this lemma tells us that all conditions hold that are needed to apply
the machinery of appendix B.2. We have a well-behaved relative motivic cohomology
theory (cf. B.2.11 ).

Now we return to the geometric situation set up in section 3. We consider

zm Gp s

| !

7" —— an

where Z = Z = o(S) I1 B(S) with disjoint S-rational points a and 3 of G, 5. There
is a simplicial operation of G™ on the situation which induces an operation on relative
K-cohomology and on motivic cohomology.

PROPOSITION 7.2. There is a natural residue map

Hi(Gp, g rel ZIM, )% 22 H NGRS rel Z71, 5 — 1)

where sgn means the sign eigen-space under the operation of the respective symmetric

group.
Moreover, there is a long exact sequence

e I (G rel 20— 1) s Hy (A% rel 27, e
— Hy(Gy, 5 rel 20, )"
— Hi (G rel 2071 - 1) —

Under the regulators, the long exact sequences are compatible with the ones in abso-
lute cohomology (after 4.5).

REMARK: Recall that Z(® = x and hence H}(GY, 4 rel Z(©),j) = H%((S,j) by
definition.

Proof. We filter A% by the open subschemes FA% defined just before Lemma 4.5.
In particular, FoAS = G, ¢. Again GRAY = FiAg \ Fr_1A. We use the notation
F,AV"™ and G A" for the induced open respectively locally closed subspaces of AV™.
Note that the situation is still symmetric under permutation of coordinates. Hence
there is a compatible operation of the symmetric group on the space constructed from
schemes Fj,AY".
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The closed immersion G AY" — F,AV™ satisfies the first condition in (TC) in B.2.13.
The maps we have to consider for the rest of (T'C) are locally of the form considered
in 7.1.d). Hence B.2.19 applies, i.e., we can use the localization sequences for motivic
cohomology induced by the triples Fj,_1AY™ — FAV™ < GLAY". We get

oo — Hi(GLAY™ §) — HY2(FAY™ j+ 1) — Hid2(Feo1 AV j + 1)
— HFH(GRAY™, §) — ...

The sequence remains exact when we take sign—eigenspaces. Now let us compute one
of the groups involved.

Hiy(GLAY™, j) = &y Hig(AY™ X pn Gon.s(ar, - .., ar), §)
{1<ai<az<---<ar<n}
where
Gm,s(at,...,ar) ={(z1,...,2n) | z; =0 if i = a; for some j; z; # 0 else } .

The decomposition corresponds to the decomposition of G A™ into its connected
components. The notation AY™ x gn Gy, g(aq, ..., ar) means the open subspace lying
over the locally closed scheme. Now consider the operation of the symmetric group.
If £ > 1, then there is for each component some transposition which acts trivially,
namely one that interchanges two vanishing coordinates. Hence the sign—eigenspace
vanishes altogether. For k = 1, the decomposition has the form

Hj (GiAY",§) = @ Hi(AY" xan (G5 x {0} x G8), 4) -

a=1,-,n

The operation of the symmetric group permutes the factors transitively. The stabilizer
of one summand is the symmetric group &"~ 1. We get

Hia (G )™ = Hi(©)15™ )™

where the sign eigenspace on the right hand side is taken with respect to the smaller
symmetric group &"~!. We have a choice of isomorphism here and use the one that
identifies Gg}‘é with G"m_é x {0}. Putting these results in the long exact sequences
we get iteratively

o

Hiy (A" rel Z™, j)%n = Hi (F, AV, )50 55 . Hi (FL AV, )0

So the above sequence, for k = 1, gives the desired residue sequence. We can do the
same construction for absolute cohomology (Hodge or l-adic) considered as general-
ized cohomology theories. By B.4.6, B.5.8 and B.3.7, the long exact sequences for
motivic cohomology will be compatible via the regulator with the ones in generalized
cohomology. The next step is to pass from generalized cohomology to cohomology of
abelian sheaves. By B.4.5 and B.5.7 this can be done. In fact we get precisely the
residue sequence for absolute cohomology constructed in section 4. O
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REMARK: a) By B.2.19, we have the same maps and long exact sequences for the
K-cohomology groups themselves. However, note that there is a Riemann-Roch hid-
den in the compatibility of the localization sequence in K-cohomology and absolute
cohomology.

b) We shall show injectivity of the Beilinson regulator on

H N (GR, g rel 2 n)sen
in Proposition 8.7. Together with Lemma 4.4.b), it shows that the residue map on
Hi((GP, g vel Z( j)ysen

does not depend on the choice of embedding of G”mfé in

U Gisx{0} =G

a=1,---,n

of the above proof, if (¢,j) = (n + 1,n). Since we are only interested in these special
indices, we chose to exclude from the statement of 7.2 the dependence of res,, in the
general case from the above choice.

LEMMA 7.3. Let 2j > k. Then
HY (A% rel 27 ) = HE™(S,5)

where the isomorphism is induced by a choice of ordering of the sections o and (3. It
is compatible with the identification in 4.6 under the regulator map. &,, operates by
sign on the left hand side.

REMARK: Here and in the sequel we put H%,(S,7) = 0 if j < 2i. This makes sense
as S is regular and the corresponding K—group vanishes (see B.2.3).

Proof. Fix j. We consider the skeletal spectral sequence B.2.12. We have
EP = Hi, (Ag")p: ) -
We will show that the only non-trivial E>-terms are concentrated in one vertical line
E3?=H{,(S,5) .

This means that the spectral sequence converges in the strongest possible way. This
yields isomorphisms as stated. Before we can check this we need some preparation.
If X, is a space constructed from schemes, we denote by Cp(X ) the simplicial set of
its connected components. C’p(??n)) has the same singular cohomology as C’p(?_A(n))
(cf. proof of 7.1) which is the simplicial set attached to a CW-complex dual to the

boundary of the n-dimensional hypercube (note that Z has two disjoint components).

This means that Cp(?_A(n)) has a 1-vertex for every (n — 1)-cell of the cube etc. In
particular we see that it has the homotopy type of an (n — 1)-sphere. Cp(A%) is of
course contractible. It follows that Cp(AY™) has singular cohomology concentrated
in degree n where it is one-dimensional.
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Let us make this more explicit:
In order to compute the cohomology of a cosimplicial group it suffices to consider
. . . —A(n), .
the sub-complex corresponding to nondegenerate simplices. Cp(Z " ) is completely
degenerate from cosimplicial degree n on. In degree n — 1, there is one nondegenerate

simplex for each vertex of the hypercube. They are indexed by {«, 5}". Hence any
element of H"Cp(AV™) = H”_I(Cp(ié(n))) is represented by an element of

K '= P Q.

{a,ﬁ}'ﬂ

Let g be a generator of the cohomology group. Cp(??n)) does not become degenerate.
The nondegenerate part in degree n—1 is given by one copy of {a, }" for each possible
permutation of the numbers 0,...,n — 1. Tt is easy to see that ((—1)%"(?)g), is in

the kernel of the differential. It represents the generator of cohomology of Cp(??n)).
We see that &,, operates by the sign of the permutation.
We choose the generator g of cohomology given by the tuple

(—1)s el € Qi i,

where i € {a,0} and s(a) = 1, s(8) = 0. This choice of generator amounts to
picking the ordering a <  and extending it by the Kiinneth-formula. Now let us
analyze our Ej-term: For fixed ¢ we have the complex attached to the cosimplicial
abelian group H},((A%")p, j)pen,- All connected components of AY™ are isomorphic
to a copy of some power of AY. By the homotopy property of K-theory we have

H.;I\/l((AS);;/naj)pGNo = H;I\/[(Saj) ®Q CVn

where CV™ is the cosimplicial vector space computing singular cohomology of
Cp(AY™). By the previous considerations we already know its cohomology. It also
follows that the operation of &,, on our motivic cohomology is by the sign.

Now compare our isomorphism to the one constructed in the realization. We have the
same spectral sequence there (attached to the weight filtration). The identification of
the Es-term also uses Kiinneth-formula and choice of an ordering of the sections. [

Using this identification we obtain the motivic residue sequence:
= HY(S, §) — Hy (G, 5)%8 — Hy NGt 5 — 1)
— H (S, ) — .
for 25 > k. By construction, we have the following:

THEOREM 7.4. Under the regulator, the motivic residue sequence maps to the abso-
lute residue sequence of section 4.

Note that the residue sequences for all indices k and n organize into a spectral
sequence connecting the relative motivic cohomology of A7 and the relative motivic
cohomology of GY’. In particular for each n there is the converging cohomological
spectral sequence

EY = HYF7™(S, p) = HY (Gl n) = HY I(GR, g rel Z™ n) .
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This is the motivic version of the weight spectral sequence in absolute cohomology.
We refer to it as the motivic residue spectral sequence.
REMARK: As in section 6, the residue sequence, or equivalently, the residue spectral
sequence turns out to be the central technical tool in the construction of the motivic
polylog (see Definition 8.9). The spectral sequence is identical to the one constructed
in [BD1], 4.2.6. The definition and basic properties of motivic cohomology of simplicial
schemes (B.1, B.2) allow to justify the construction.

At this point, we should stress that the proof of the innocent looking Theorem
7.4 requires the whole of the theory covered in the appendices.

8 UNIVERSAL MOTIVIC POLYLOGARITHM

We now return to the special situation used in section 6. Let B = Spec(Z). We
consider now the case S =U. Let o = 1, and 3 the diagonal section of U x g G, p.

First we compute the motivic cohomology of U. We use the embedding of U into
Al to do so. The long exact localization sequence B.2.18 reads

oo —HEP0(B) LL(B), j — 1) — Hjy (A, j) — H3(U, j)
—HN(0B)IIL(B),j—1) — ...
By the homotopy property of K-theory we get

. —HY(B,j) — Hy(U,j) — HyY(B,j— 1) @ Hy ' (B,j — 1)
—H Y (B, j) — ...
The Gysin map for the inclusion of a point in the affine line vanishes by [Q2] Thm
8 ii. Hence we are actually dealing with a system of short exact sequences. As all
motivic cohomology groups of B vanish for n > 1 this sequence only gives non-trivial
cohomology of U for n =0, 1, 2.

LEMMA 8.1. For B = Spec(Z) we have

. Q ifi=0,
H%(U’Z) B {0 else
0 for j < 1,

Hy(U,j) =4 QaQ forj =1,
H3,(B,j) forj>1,

H/2\/I(U7.7) = Hjl\/l(Bv] - 1) EBH./I\A(B>.7 - 1) )
HY(U,j) =0ifn > 2.

Proof. Clear from the above using B.2.20 O
By Borel’s Theorem (B.5.9) the Beilinson regulator
Hj(X, j) @g R — Hp (Xi/R, j)

is injective for X = Spec(Z), even an isomorphism but in the one case Hj,(B,1)
where the codimension is one. (We call Beilinson regulator what strictly speaking is

DOCUMENTA MATHEMATICA 3 (1998) 27-133



CLASSICAL MOTIVIC POLYLOGARITHM 73

its tensor product with R.) This implies that it is also an isomorphism for H’,(U, k)
with the exception of the indices (1,1) and (2,2) where the codimension is 1 resp. 2.
This means that many of the residue maps are actually isomorphisms. The
following computations are carried out in the case B = Spec(Z). With a little more
effort they generalize to the case of the ring of integers of a number field.
Consider the residue sequence for n =7 =1and S =T.

0=H3(U,1) — H,(G)ly, 1) — HR,(U,0)
— H(U,1) 2 H3,(GYly,1) — H3(U,0)=0.

The Beilinson regulator induces a map between the above sequence and the residue
sequence in section 4. On HY,(U,0) ® R, the regulator is an isomorphism, and on
H}\/{ (U,1) ® R it is injective of codimension one. By 6.4, the absolute Hodge coho-
mology group HE,(GYl, /R, 1) vanishes. Hence the map from the first to the second

m,Ugr
line is injective and the regulator is injective of codimension one on H3, (GT\Q’U, 1).
Furthermore, this last group is one dimensional.
The image of § under the Beilinson regulator is the map occurring in 6.8 for
n=1.

DEFINITION 8.2. Let s; be the composition of the maps
Q = HW(B0 = @HUBO) = HuU1L) = Hy(Gly1)
i=0,1
where i1 is the inclusion of the 1-summand and § is the map of the residue sequence.

LEMMA 8.3. s; is an isomorphism.

Proof. Because of dimension reasons we only have to check that é does not vanish on
the image of ;. This follows from 6.8. (]

DEFINITION 8.4. Let res; be the inverse of s;. We define the total residue map
res : Hﬁl(Gx:U,n)sg“ —Q .
by composition of the residue maps in our long exact sequence 7.2 with res;.

We now have to check that the total residue map deserves its name. By definition
and 6.5.1) it suffices to consider res;.

LEMMA 8.5. The regulators map the motivic res; to res; in absolute cohomology.
Proof. Let us consider the situation of 6.8. The morphism

o) — H}JP(UR/R, 1)
factors through H},(U,1) = K1(U)g. There is a commutative diagram

H}OP(UR/R, 1) —— 1:6091 HI(){;,;; (Br/R,0)

I ] ,

o) —— Hy(U,1) —— @ H(B,0)
i=0,1
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hence the functions ¢ and 1 —¢ on U correspond to the canonical generators of the two
summands. We consider the commutative diagram for absolute Hodge cohomology

HL,(Uz/R,1) —2 H2,(GYl, /R,1) % HY (Bz/R,0)

m,Ug

I &

&
_S?lH/Ow(BaO) ——  H(Glp 1)

By 6.8 the composition from the bottom left to the top right corner is given by the
projection to the 1-component tensored by R. It follows that (resgor) ® R is an
isomorphism. In turn § vanishes on the 0-component and is an isomorphism on the
1-component. But then by definition res; od is also the projection to the 1-summand.
As ¢ is surjective, this suffices. The same argument works in the étale situation. O

LEMMA 8.6. There is a short exact sequence
0 — Hj(B,2) — H3((G2y,2)®" = Q — 0
and the Beilinson regulator is an isomorphism on the middle term.

Proof. This is nothing but the residue sequence using our computation of
H3, (GT\Q’U, 1). The zeroes on both sides come from vanishing cohomology groups.
Comparison with the short exact sequence 6.5.ii) shows that the regulator is an
isomorphism. O

ProroSITION 8.7. There are short exact sequences

0 — Hi((B,n) 2 HUPY(GYy,n)®" 25 Q — 0.
The Beilinson regulator is injective on all Hyj " (G m)™". It is even an isomorphism
forn > 1.

Proof. The n =1 and n = 2 cases are the previous lemmas. By induction, one checks
that all H}, (G, "y, n)%" vanish for n > 1. Hence the residue sequence reads

0 — Hy,(B,n) LN H Gy n)*® = Hy (G n — 1)%"— H3,(U,n).

By the five lemma and inductive hypothesis we see that the regulator is an isomor-
phism on the middle term for n. We need the previous lemma to get started.

Now consider the sequences of the proposition. All maps are well-defined. It follows
from 6.5.ii) that the sequence is exact. |

COROLLARY 8.8. There are canonical splittings s, : Q — H}fjl(GTVnTU,n)sg” such
that the diagram

HQ(B,0) %  HY UGy, )=
Sn—1"\¢ Jres
Hy (Gyrgt n — 1)

commutes. They are compatible with the ones in 6.5.iii). Furthermore, the group
Jim Hj\’jl(GTvn’?U, n)*8" is canonically isomorphic to Q.
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Proof. Im(resy) is isomorphic to Q by the total residue on Hﬁ'l(((})/n%, n)®e". This
induces the same splitting as in 6.5. (]

DEFINITION 8.9. For n € N the system pol, = s,(1) defines the universal motivic
polylogarithm.

By construction pol,, is mapped to the polylogarithmic system in absolute Hodge
cohomology and continuous étale cohomology.
REMARK: The main result of this section, 8.7 is identical to [BD1], 4.3.4. Although
part of the argument involves only constructions within K-theory, the proof of 8.7
relies heavily on a detailed analysis of the behaviour of the regulator between the
motivic and absolute residue sequences.

9 THE CycrLoToMIiC CASE

Let d > 2. As before let R = A[1/d,T]/®4(T) the ring of d-integers of the cyclotomic
field of d-th roots of unity. Put C' = Spec R. Let { be a primitive d-th root of unity
in Q, and b an integer prime to d. We work in the situation S = C, a = 1 € G,,,(C),
and 8 =i € G, (C) as in section 5.

LEMMA 9.1. a) Forn >0 we have
Hyy(Gyl'o,n)" = Hyy (G, o rel ZM™ n)®" =Q .
The Beilinson and the Il-adic regulators are isomorphisms.

b) For n > 1, the residue sequence induces short exact sequences
0 — H)(C,n) — Hf NGl o,n)®" — Hiy (G n—1)%" — 0 .
The Il-adic regulator is injective on the group Hﬂ'l(GX{?C, n)%€" for n > 1.

Proof. For n = 0 we have H} (G, ,0) = H},(C,0), which is canonically isomorphic
to Q by B.2.20. In particular both regulator are isomorphisms.

Hj, (GXLO’C, 0) and its counterpart in absolute cohomology vanish.

Consider the following bit of the residue sequence for n > 1:

HyH (Goldhn+ 175 — Hy(Gylo,n)™® = Hjy(Con +1)

m

The first map is injective since HY,(C,n + 1) = 0. The l-adic regulator is always
injective on the last term by B.4.8. By inductive hypothesis it is an isomorphism on
the middle term. By Cor. 5.3, the last map vanishes in absolute cohomology. This
implies a) for n + 1. In the next bit of the long exact sequence

Hy(Con) — Hu NG on)™ — HY(G'ghn — 1 — (x)

the first map is injective by a). For n > 2 we have (x) = H3,(C,n) = 0, while for
n =1 the term

H3(G,'ctn—1) = Hj,(C,0)

vanishes. Hence in any case we end up with the short exact sequence in b). The
regulator maps it to the short exact sequence 5.3. By induction and B.4.8 we can
control the injectivity of the [-adic regulator. O
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REMARK: The Beilinson regulator is not injective on H},(C, 1) because d is inverted
in C.

Consider the morphism ¢ : G,,,c = Gy, ¢ that raises points to the d+1-th power.
As in section 5 it induces a morphism of spaces ¢™ : AZ™ — AY™. By contravariance
it induces an operation on motivic cohomology.

LEMMA 9.2 ([BD1], REMARK (II) ON PAGE 78).
(¢™)* operates on the short exact sequence of the previous lemma as follows:

Hi(Cn) —— H3HGY,n)®" —— Hy(G)l'ch n— 1)%n

idl <¢"'>*l l(dﬂ)(qﬁ”*)*.

Hi(C,n) —— HyHGYo,n)®" —— Hy(G)'ch n— 1)%n

Proof. This description follows immediately from the injectivity of the l-adic regulator
and Cor. 5.3.b). O

REMARK: The operation (¢")* on Hjx(C,n) is given by the operation on
H}wl(Aé”,n). It is easy to check that it is trivial by considering the operation
on the starting terms of the degenerating skeletal spectral sequence. To understand
the compatibility with the residue map in terms of K-theory is a lot harder. The
factor d+1 is induced by a push-forward from a non-reduced scheme to its reduction.
The theory in Appendix B is not even set up to handle such schemes.

As in the case of absolute cohomology it follows that the eigenvalues of (¢™)* on
HU (G o rel Z0 nyse are 1,d + 1,...,(d+ 1)" L.

LEMMA 9.3. The eigenspace decomposition yields a splitting

my  HU (Clom)® 5 @ HU(C),
1<i<n

which is compatible with the splitting né”) after Cor. 5.3. There is a canonical
isomorphism

Mo < im H (G, m) ™ = [ [ Ha(Ci) -

i>1

Proof. The first assertion is clear by construction. The second follows because the
eigenspace decomposition is compatible with the residue map. O

DEFINITION 9.4. Let iy : C' — U be as before. Let pol, be the pullback of the univer-
sal polylogarithm system pol defined in 8.9 to the inverse limit lim H}fjl (G;jﬁc, n)%e" =

@H}fjl((@%,c rel Z(™) n)%". Via the isomorphism n, of 9.3, we have constructed
an element in H@l H},(C,1).

THEOREM 9.5. Under the regulators, the element

poly € lim Hy (Gl n)™" = H H},(C, 1)

i>1
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is mapped to the elements

poly, € ].(1_H”Jr1 (Gy'eyn)*" = HHabS (C,1)

abs
i>1
constructed at the end of section 5.

Proof. This follows from the construction. O

We list the consequences of this result: denote by u the set of primitive d-th roots

of unity in Q(pq).
Firstly, the description of the regulator to absolute Hodge cohomology yields an
alternative proof of the following:

COROLLARY 9.6. Assume n > 0.

a) ([B2], 7.1.5, [Neu], IL.1.1, [E], 3.9.)
There is a map of sets
€nt1: 1y — Hy(Com+ 1)
(= H},(Spec Q(ua),n + 1) forn > 1)

such that

rpo€ntt : py — Hip(Spec Q(pq)r/R,n + 1)
+

= @ c/ermRr

A.2.12
o:Q(pa)—C

maps a root of unity w to (—Liny1(ow)),. For n > 1, this property characterizes the
map €,4+1 uniquely.
b) For a root of unity T® € Q(uq) = Q[T]/®4(T), the element

ent1(T?) € Hy(Cyn +1)

is given by

1
(n+1)!

ens1(T?) == (=1)"- - ( (n 4 1)—component of poly) .

Proof. Note that a) really is Beilinson’s formulation of the result: his normalization
of the isomorphism

+
H{,(Spec Q(pa)r/R,n + 1) (@ C/(2mi) ”HR)

differs from ours by the factor —1. The unicity assertion is a direct consequence of
the injectivity of the regulator. So our claim follows from 2.5, and from 5.4. O
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In [B2], the above compatibility statement is used to prove Gross’s conjecture
about special values of Dirichlet L-functions. An alternative proof of this conjecture,
using an entirely different geometric construction, is given in section 3 of [Den].

Recall that the [-adic regulator r; factorizes as follows:

Kont1(C) ®2Q = Hy,(Cyn+ 1) — Hy(Cpy,n+ 1)
< H}\nt(Cay,n+ 1)
= Heont(Spec Q(ua),n + 1)
where we let C(;) := C ®z Z[}].

For the rest of this section, we fix ( € C'(Q). As was observed already in [B4],
the study of the cyclotomic polylog yields a proof of the following result:

COROLLARY 9.7. Assume n > 0.
a) ([Sou5], Théoreme 1 for the case n = 1; [Gr], Théoréme IV.2.4 for the local version
if (I,d)=1.)
Let d and €,41 be as in 9.6. Let | be a prime. Under the embedding of 2.6, the l-adic
regulator

s Hp(Cym o+ 1) — Hpy(Spec Qpa),m + 1)

maps €,11(T%) to

o | X el @)

al”=¢b

b) Conjecture 6.2 of [BIK] holds.

T

Proof. a) is 2.6 and 5.4. As for b), it remains to check the comparison statement of
[BIK], Conjecture 6.2 for the root of unity 1. For this, observe the relations

27l
ent1(l) = ﬁcnﬂ(*l) ;
(1) = T srensna(-1)
Cn+41,2 =1_om Cn+41,2
in the notation of loc. cit., if n > 1 ([D5], Proposition 3.13.1.1)). O

Soulé has constructed maps
o1 ¢ pg = Kony1(Cpy) @z 7

for any prime ! (see end of Appendix B.4 for more details).
The [—adic regulator

Ty Ropyp1 (U 7 1 — i, (dpecP(fa), 1 rop. B.4.
Kony1(Cuy) @z Q1 — H},,,,(Spec Q(pua), n + 1) (Prop. B.4.10)

takes ¢;(T®) to the cyclotomic element in continuous Galois cohomology

> [1- oo ()

1™ — b
al"=¢ r

defined by Soulé and Deligne (cf. [Sou2], page 384, [D5], 3.1, 3.3).
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COROLLARY 9.8. For each d and n, there is a unique map

@ : g — Kopni1(Spec Q(pa))

such that for each prime number [, the map

o1 : pg = Kony1(Cy) @z 7
< Kan+1(Spec Q(ua)) ®z Z

equals the composition of ¢ and the natural map

Kon11(Spec Q(ua)) — Kant1(Spec Q(ua)) ®z Zi -

Furthermore, the map ¢ ®z Q agrees with

€nt1 : Ha = Hi(SpecQ(ua),n +1)
given by d" - n! - €,41.

Proof. The uniqueness assertion is a formal consequence of the finite generation of
Ko, 11(SpecQ(paq)): to give an element in a finitely generated abelian group M is the
same as giving elements in M ®z Q and all M ®z Z;, which coincide in M ®z Q;. By
9.7, the maps 70, and 7y0€;,; agree for all I. From Theorem B.4.8, we conclude
that ¢; and €%+1 agree as maps to Ka,41 ®z Q. O

As shown by Bloch and Kato, Corollary 9.7 implies the validity of the following
also for even n:

COROLLARY 9.9. Let n > 1.
Then the Tamagawa number conjecture ([BIK], Conjecture 5.15) is true modulo a
power of 2 for the motif Q(n + 1).

Proof. [BIK], Theorem 6.1.1) gives the complete proof for odd n, which is independent
of anything said in the present article. In loc.cit., Theorem 6.1.ii), it is shown that
the conjecture holds for even n if [BIK], 6.2 holds. But the latter is the content of
9.7. O

Finally, the compatibility statement of 9.7 forms a central ingredient in the
proof of the modified version of the Lichtenbaum conjecture for abelian number fields
([KNF], Theorem 6.4).

A ABSOLUTE HODGE COHOMOLOGY WITH COEFFICIENTS

The aim of this appendix is to provide a natural interpretation of absolute Hodge
cohomology as extension groups in the category of algebraic Hodge modules over R
(A.2.7). That such a sheaf-theoretic interpretation should be possible was already
anticipated by Beilinson ([B1], 0.3), long before Hodge modules were defined.

The appendix is divided into two subsections. The first (A.1) starts with a

summary of those parts of Saito’s theory relevant to us. The central result is A.1.8,
where we prove that for a smooth scheme a : U — Spec(C), the polarizable Hodge
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complex RIL'(U, F') of [D3], (8.1.12) and [B1], §4 is a representative for a.F(0)y, the
object in the derived category of polarizable F'~Hodge structures defined via Saito’s
formalism ([S2], 4.3). As a consequence, we are able (A.1.10) to identify absolute
Hodge cohomology of a smooth scheme U over C, as defined in [B1], §5: it equals
the Ext groups of Tate twists in the category of algebraic Hodge modules on U. The
compatibility between the approaches of Deligne—Beilinson and of Saito will come as
no surprise to the experts (see e.g. [S3], (2.8)). However, we were unable to find a
quotable reference.

In A.2, we turn to the variant of the theory we really need: algebraic Hodge
modules over R. These live on the complexification of separated, reduced schemes of
finite type over R, and are basically the objects fixed by the natural involution on
the category of mixed Hodge modules given by complex conjugation. The compari-
son statement for absolute Hodge cohomology over R (Theorem A.2.7) then follows
formally from A.1.10.

A.1 ALGEBRAIC MIXED HODGE MODULES

In [S2], §4, the category MHM 4 (X)) of algebraic mixed A—Hodge modules is defined,
where A is a field contained in R, and X a separated reduced scheme of finite type
over C.

Saito’s construction admits the full formalism of Grothendieck’s functors m, 7',
7%, 7., Hom, ®, D on the level of bounded derived categories D* MHM 4 ([S2], 4.3,
4.4) and a forgetful functor

rat : MHM4(X) — Perva(X)

to the category of perverse sheaves on the topological space X underlying X (C), which
have algebraic stratifications such that the restrictions of their cohomology sheaves
to the strata are local systems. By the definition of MHM 4, which we shall partly
sketch in a moment, rat is faithful and exact. The functor rat on the level of derived
categories is compatible with Grothendieck’s functors ([S2], 4.3, 4.4).

For smooth X, one constructs MHM 4 (X) as an abelian subcategory ([S1], Propo-
sition 5.1.14) of the category MF,W(Dx, A), whose objects are

((M7 F.7W)7 (K7W)7a) )

where (M, F") is an object of the category MF(Dx), i.e., a regular holonomic alge-

braic Dx—module M together with a good filtration ", and K € Pervs(X). W. is a
locally finite ascending filtration, and « is an isomorphism

DR(M) =5 K @4 C

respecting W.. Here, DR denotes the de Rham functor from the category of Dx—
modules to the category of perverse sheaves.

We note that by definition, the weight graded objects of all algebraic Hodge
modules satisfy a certain polarizability condition (see [S1], 5.2.10).

Call an algebraic Hodge module on a smooth variety smooth if the underlying
perverse sheaf is a local system up to a shift.
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THEOREM A.1l.1 (SAITO). Let X be smooth and separated. Then there is an equiv-
alence

Vara(X) — MHM4(X)?®

between the category of admissible variations of mixed A—Hodge structure ([Ks]) and
the category of smooth algebraic A—Hodge modules on X .

Proof. This is the remark following [S2], Theorem 3.27. O

In particular, we see that MHM 4 (Spec(C)) is the category MHS4 of polarizable
mixed A-Hodge structures.

If V is a variation on X with underlying local system For(V), then the perverse
sheaf underlying the Hodge module V under the correspondence of A.1.1 is

For(V)[d]

if X is of pure dimension d.
It turns out that the definition of Tate twists in MHM 4 (X)) is compatible with
the above equivalence only up to shift:

DEFINITION A.1.2 ([S2], (4.5.5)). Let n € Z, and A(n) € MHS4 the usual Tate
twist. For a separated reduced scheme a : X — Spec(C), define

A(n)x = a*A(n) € D"MHM4(X) .

If X is smooth and of pure dimension d, then A(n)x[d] is the variation of Hodge
structure, which one denotes A(n).

For arbitrary X, the complex A(n)x will not even be the shift of a Hodge module,
but a proper element of D® MHM 4(X ), whose cohomology objects HP A(n)x are a
priori trivial only for p > dim X ([S2], (4.5.6)).

We note again that we follow Saito’s convention and write e.g. 7, for the functor
on derived categories

DY MHM 4(X) — D" MHM4(Y)

induced by a morphism 7: X — Y.
In order to compare the Hodge structures on Betti cohomology given by Saito’s
and Deligne’s constructions, we need to go into the details of [S2]:

THEOREM A.1.3 (SA1TO). Let j : U < X be an open immersion of smooth sepa-
rated schemes over C, with Y := X \ U a divisor with normal crossings. If X is of
pure dimension d, then

7+ A0)y[d] = HYj, A(0)y € MHM4(X) € MF,W(Dx, A)
equals the object
(wX(*Y)> (jtop)*AU [d]v a) )

where wx (xY') denotes the Dx-module Q% (logY'), and (jiop)« the direct image for
the derived category of perverse sheaves.
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The de Rham complex with logarithmic singularities is quasi-isomorphic to
wx (xY) épx Ox|[—d] = DR(wx (xY"))[—d], hence
DR(wx (+Y)) = Qx (log Y)]d]
(compare [Bo3], VIII, 13.1), and
a: Qx(log Y)[d] = (jiop)C|d]
is the usual quasi-isomorphism
Qx (l0gY) = (jrop) Q2 ¢ (jtop)«C

(compare [D2], 3.1), shifted by d.

The Hodge filtration F" on wx (xY) is induced from the stupid filtration, while
the weight filtrations W. on wx (*Y) and (jiop)«C[d] are those induced from the
canonical filtration on (jiop)+Qu, shifted by d.

Proof. The equation j.A(0)y[d] = H?j.A(0)y follows from the faithfulness of rat
and the fact that the corresponding statement for (jiop)« is true since j is affine. In
our geometric situation, the explicit construction of j, of any admissible variation of
A-Hodge structure is carried out in the proof of [S2], Theorem 3.27. For A(0)y, it
specializes to our claim. O

In [B1], 3.9, Beilinson extends Deligne’s notion of Hodge complexes ([D3], 8.1)
to the polarizable situation:

DEFINITION A.1.4 (BEILINSON). A mixed A-Hodge complex
K= (K¢, F',W),(K,W.), )

is called polarizable if the cohomology objects of the weight n Hodge complexes
GrY (K) are polarizable A-Hodge structures.

n

REMARK: The weight filtration W. of a mixed Hodge complex K induces mixed
Hodge structures on its cohomology. Observe however that Gr!/ (H'K) is of weight
n+ 1.

As in the non—polarizable situation, Beilinson proves:

THEOREM A.1.5 ([B1l], LEMMA 3.11). There is an equivalence of categories be-
tween D® MHS, and the derived category of polarizable A~Hodge complexes.

Let X be smooth and separated over C. Forgetting part of the structure of a
Hodge module yields a functor

For : C®* MHM4(X) — T(X) .
Here, T'(X) is the category of triples

M = ((M,F,W),(K,W),OL) s
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where (M, F~,W) is a class in the filtered derived category D*W (MF;(Dx)) of
MF;,(Dx), and (K',W.) a class in the filtered derived category of sheaves of A-
vector spaces on X (C), denoted by D*W (X (C), A). Furthermore, the map ' is an
isomorphism

DR(M') =5 K" ®4C
respecting W' .

Recall that in order to obtain a class in DPW (X (C), A) from a complex of perverse
sheaves, one applies the realization functor of [BBD], 3.1.9.

The global section functor T' can be derived on D*W (X (C), A). By [S1], 2.3, we
have a functor RT on D*W (MF},(Dx)) if X is proper, and the two constructions are
compatible with the comparison isomorphism «" of any object in T'(X) ([S1], 2.3.7).
We end up with an object

RTM = (RU(M',F",W’), RT(K",W.), Rla)
of T'(Spec(C)). The functor
BRI := RToFor : C® MHM 4(X) — T(Spec(C))

factorizes through D® MHM 4 (X).
Our second comparison result is the following:

THEOREM A.1.6. Let a : X — Spec(C) be smooth and proper, and M an object of
DY MHM4(X). Write

ForM = (M ,F",W),(K',W),a’) € T(X) .
a)
RTM = (RU(M ,F",W),RT'(K",W.), RT«’)
is a mixed polarizable A—Hodge complex.

b) The class of RI'M in the derived category of polarizable Hodge complexes is
canonically isomorphic, under the identification of A.1.5, to

a.M € D°MHS, .

c) Let f:Y — X be a (proper) morphism of smooth and proper schemes over C,
and let b denote the structure morphism of Y, such that

b:aof.

For any N° € D*MHM4(Y) together with a morphism n : M" — f.N' in
DY MHM 4(X), the morphism

asn :a M = RCM — RLCN =b.N = a.f«eN
equals, under the isomorphism of a), the morphism
(RT'n, RT'n, RT'n)

of A-Hodge complexes.
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Proof. a) We may assume that M is pure of some weight. Using [S2], (4.5.4), we are
reduced to the case where M = M is a Hodge module of weight n, and we have to
show that RI'M is a polarizable Hodge complex of the same weight. Axiom (CH1)
of [D3], (8.1.1) follows from [S2], Proposition 2.16, in particular (2.16.5), applied to
pr* M, where

pI’:XXCA(IC—>X.

Furthermore, by the remark following [S2], (4.2.9), and by loc. cit., 2.15, we have
isomorphisms in MF,W (Dgpec(c), A)

RTM = (R'T(M,F,W.[i]), RT(K,W.[i]), R"Ta) — H'a, M .

Since the right hand side is a polarizable Hodge structure of weight i+n ([S2], (4.5.2)),
we have (CH 2), and in addition, polarizability.
b) In the proof of a), we constructed a functor

al = RT : D" MHM4(X) — D*MHS, ,
such that
HiaT = Hla, : MHM 4(X) < D* MHM 4(X) — MHS,

for all 4. Composition with 7, : D* MHM 4 (U) — D® MHM 4(X) for open immersions
7 : U — X defines

(acj)T := aloj, : D" MHM4(U) — D® MHS, .
But for affine U, (acj)+ is the left derived functor of
HO(aog). : MHM 4 (U) — MHS,4

([S2], proof of Theorem 4.3.). If U is affine, then so is j : U < X, and hence j,. is
exact. Therefore,

o 0
HO(a0j)s = HOaroj, : MHM 4 (U) 2 MHM4(X) ™% MHS4

coincides with H%(acj)y, and we get a natural transformation
(U,oj)* — (aoj): s

which is an isomorphism, since this is true on the level of cohomology objects, as
one checks on the level of vector spaces. Observe that this natural transformation is
compatible with restriction to smaller affine subschemes of X. Now recall ([S2], proof
of 4.3) that the functor a, is constructed using the Cech complex associated to an
affine covering of X (for details, see [B3], 3.4). In the same way, the functor a} is
recoverable from the (aoj);. We end up with an isomorphism of a, and a}’, which is
independent of the covering.

¢) In the proof of b), we constructed a natural isomorphism

~

K:a, — ay
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of functors from D® MHM 4(X) to D®* MHSs. For f = id, our claim is therefore
proved. For the general situation, we use the same techniques as in the proof of b) to
first construct a natural isomorphism

b* ;) a:of*
of functors from D® MHM 4 (Y) to DY MHS,, and then to see that the triangle
b* — Q4 of*
N s
a:of*
commutes. O

COROLLARY A.1.7 (CF. [S3], (2.8)). Let j : U — X be a smooth compactification
of a smooth and separated scheme a : U — Spec(C), such that Y := X \U is a divisor
with normal crossings.

a) a,A(0)y € D*MHS, is isomorphic, under the identification of A.1.5, to the
class of the mixed polarizable A—Hodge complex

RL(U, A) := RL(DR™'Qx (log V'), (jeop )+ Av, @)
of [D3], (8.1.12) and [B1], § 4 (with the same notation).

b) If f : X — X' is a morphism of compactifications j : U — X and j' : U — X'
of U as in a), then f induces an isomorphism

RL(DR™ ', (logY"), (jiop)« Av) — RL(DR™'Qx (logY'), (jieop)« Av)
([D3], remark preceding (8.1.17)), so RT'(U, A) depends only on U.
The isomorphism in a) also depends only on U.
¢) In particular, the Hodge structures on
rat(H"a.A(n)v) = Hg(U(C), (2mi)" A)
given by Deligne’s and Saito’s constructions coincide.

Proof. a) Combine A.1.3 and A.1.6.b).
b) Use A.1.6.c).
c) follows from a) and b). O

Actually, the statement A.1.6.c) implies the functoriality property we were after:
we have two functors

(Sm/C)° — D*MHS, ,
where (Sm/C) denotes the category of smooth separated schemes over C:

RI(_,A): U+ RI'(U,A),
«(A) : (a: U — Spec(C)) — a. (A(0)y) .
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COROLLARY A.1.8. The isomorphism of A.1.7.a) is functorial in U € Sm/C. In
other words, there is a natural isomorphism

«(A) = RL(-, A)

of functors from (Sm/C)° to D® MHS4.

Proof. Let
v 4o xt
s
v oL ox

be a commutative diagram of smooth and separated schemes over C, where X’ and
X are proper, and Y/ := X'\ U’ and Y := X \ U are divisors with normal crossings.
We have a morphism

(*) JxA0)y — fe(3.A0)r7) -
Application of (ax)« gives the morphism
(aU)*A(O)U — (aU’)*A(O)U/

belonging to the functoriality requirement for .(A). Our claim follows from A.1.6.c),
applied to a shift of the morphism (). O

DEFINITION A.1.9. Let X/C be separated, reduced and of finite type, and M an
object of D MHM 4 (X).

a) The absolute Hodge complex of X with coefficients in M is

RTgp (X, M) := RHomps pum 4 (x) (A(0) x, M)

b) Its cohomology groups
H%p(X,M') = H'RT (X, M")
are called absolute Hodge cohomology groups of X with coefficients in M.
c) We denote absolute Hodge cohomology with coefficients in Tate twists by

Hi,(X,n) = Hsp (X, A(n)x) .

d) For a closed reduced subscheme Z of X with complement j : U — X, we define
relative absolute Hodge cohomology with coefficients in Tate twists as

H%p(X rel Z,n) := Heo (X, 1A(n)v) .
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Note that if X is smooth and of pure dimension d, and if
M =M e MHM4(X) ,
then the right hand side of A.1.9.b), being equal to
Hom py vaw 4 (x) (A(0) x [d], M[d + 4]) ,

admits an interpretation as the group of (d+ i)—extensions of Hodge modules modulo
Yoneda equivalence.

COROLLARY A.1.10. If X is smooth and separated over C, and n € Z, then

Rl4»(X,n) = RUgp(X,A(n)x) and Hg,(X,n) = Hgp(X, A(n)x)
coincide functorially with the same noted objects of [B1], § 5.
Proof. This follows from A.1.8 and the adjunction formula

RHompe v, (x)(A(0)x, M') = RHomps s, (A(0),a.M") .
o
REMARK: The Leray spectral sequence for a : X — Spec(C) yields exact sequences
0 — Extygg, (A(0), H™') — HE, (X, A(n)x) — Homyms, (A(0), H') — 0

(with H* := H%(X(C), (2mi)™A)) since MHS4 has cohomological dimension one ([B1],
Corollary 1.10). Comparing them with the analogous sequences for Hi, we see that

Hiy (X, A(n)x) = Hi(X, A(n)x)

(in the notation of [B1], §5) if Hj *(X(C), (2mi)"A) has weights smaller than zero,
which is the case if i <n (i <2n if X is proper).

Observe that this is the same range of indices where Deligne cohomology coincides
with HE (X, R(n)x) ([N], (7.1)): we have natural morphisms

Hip(X,R(n)x) — HE(X,R(n)x) — Hp(X,R(n)x),

both of which are isomorphisms if i <n (i < 2n if X is proper).

A.2 ALGEBRAIC MIXED HODGE MODULES OVER R

Algebraic Hodge modules over R are defined as the category of Hodge modules fixed
under a certain involution given by complex conjugation. We start by constructing
this involution:

Let X/C be smooth, and let “X denote the complex conjugate scheme. We have
an equivalence

t*: Vara("X) — Vara(X)
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of the categories of admissible variations, induced by complex conjugation
t: X(C) — X(C),

and defined as follows:

The local system and the weight filtration on X (C) are the pullbacks via ¢ of the
local system and the weight filtration on “X(C), and the Hodge filtration on X (C) is
the pullback of the conjugate of the Hodge filtration on ‘X (C).

t* preserves admissibility, and behaves, in an obvious sense, involutively.

In particular, if X is defined over R, we get an involution +* on Var4 (X ®g C).

DEFINITION A.2.1. Let X/R be smooth and separated.

a) The category Var} (X /R) consists of pairs (V, F.,), where V is an object of
Var4 (X ®g C), and Fw is an isomorphism

V5 v

of variations such that t*F,, = F_".

In the category Var)(X/R), we may define Tate twists A(n): Fy acts via

n

multiplication by (—1)™.

b) Vara(X/R), the category of admissible variations of mixed A—Hodge structure
over R, is the full subcategory of Var; (X /R) of pairs (V, F,) which are graded—
polarizable: for n € Z, there is a morphism

GrY(V, Fyo) @4 GtV (V, F) — A(—n)
in Var; (X/R), such that the induced morphism
CrVV @y GV — A(—n)
is a polarization in the usual sense.

REMARK: We note that implicit in our definition is a descent datum over R of the
bifiltered flat vector bundle on X ®r C underlying any admissible variation (V, Fi)
of mixed A-Hodge structure over R:

For this claim to make sense, recall first ([D1], II, Théoreéme 5.9) that any flat
analytic vector bundle on X (C) carries a canonical algebraic structure. If the vector
bundle underlies an admissible variation, then the Hodge filtration is a filtration by
algebraic subbundles ([Ks|, Proposition 1.11.3).

Now the descent datum is given by the anti-linear isomorphism

cpR = Faift(Foo)oCoo = CocoFuift(Feo) : Fait(V) — Faigr(L*V)

of the C*°—bundles underlying V and +*V. Here, c., denotes the anti-linear involutions
given by complex conjugation of coefficients, and Fg;g is the forgetful functor to C'>°—
bundles.

LEMMA A.2.2. The category Vara(Spec(R)/R) equals the category MHS] of mixed
polarizable A—Hodge structures over R ([B1], § 7).
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Proof. Straightforward. O

Our aim is to generalize our definition of sheaves over R to algebraic Hodge
modules.

For smooth and separated X/C, recall that MHM 4 (X)) is an abelian subcategory
of MF,W(Dx, A). Objects of the latter are

(M, F', W), (K, W),

)

a)
where (M, F") is an object of the category MF(Dx) of regular holonomic algebraic
Dx—modules with a good filtration, and K € Perv4(X). W. is a locally finite ascend-
ing filtration, and « is an isomorphism

DR(M) =5 K @4 C

respecting W.
The equivalence

A MFhW('Dux, A) L> MFhW(Dx, A)

is constructed componentwise:

The perverse sheaf and the weight filtration on X (C) are the pullbacks via ¢ :
X(C) — “X(C) of the perverse sheaf and the weight filtration on “X (C).

The equivalence

¢* : Modp,,, — Modp, ,

which by construction will respect holonomicity, comes about as follows:

Given a D.x—module N, we may form the inverse image (in the sense of sheaves
of abelian groups) :~'N, which is a :~!D.x—module. All we therefore need is an
isomorphism co, : ¢t7!D.y — Dx of sheaves of rings extending the isomorphism
Coo : 1710.x — Ox given by complex conjugation of coefficients — we then define

N :=1"'N®, 1p, Dx.

Of course, the map ¢, is itself given by conjugation of coefficients: in local coordinates
T1,...,Tn, we have

Coo (Z fa8§‘> =) (cooofact) .

[e3%

Altogether, we get
A MFhW(DLX, A) L> MFhW(Dx, A) y

which again behaves involutively.
Going through the definition, one checks that ¢* induces

v MHM 4 (X)) < MHM4(X) .

Using local embeddings as in [S2], 2.1, we can define ¢* for any scheme X, which is
separated, reduced and of finite type over C. Furthermore, if X is defined over R, we
get an involution ¢* on MHM 4 (X ®g C).
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THEOREM A.2.3. Let X and Y be separated and reduced schemes of finite type over
C.

a) 1* is compatible with Hom, ®, and D: e.g., for M',N* € D* MHM4(‘X), we
have

Hom (¢*M " ,t*N') = *Hom.yx (M",N") .

b) If 7 : X — Y is a morphism, then * is compatible with m, @', 7%, 7,: e.g., for
M- € D MHM 4(*X), we have

()M = . (M) € DPMHMA(Y).

Proof. This follows from the definitions. O

DEFINITION A.2.4. a) Let a : X — Spec(R) be smooth and separated. The
category MHM7 (X/R) consists of pairs (M, Fy), where M is an object of
MHM 4(X ®gr C), and F, is an isomorphism

M = M
such that .*Fo, = F1.
By A.2.3.b), we have a'A(n) € MHM, (X/R).
b) Let a : X — Spec(R) be smooth and separated. MHM 4(X/R), the category
of algebraic mixed A—Hodge modules over R on X, is the full subcategory of

MHM7 (X/R) of pairs (M, F,) which are graded—polarizable: for any n € Z,
there is a morphism

CGrY (M, Fy) @4 Gr¥W (M, Fy,) — a' A(—n)
in MHM7 (X/R), such that the induced morphism
Cr M @4 Gr' M — a'A(—n)

is a polarization in the sense of [S1], 5.2.10.

As in A.1.1, we identify the category of smooth objects in MHM 4 (X /R) with
Var4(X/R).

c¢) For an arbitrary separated and reduced scheme X of finite type over R, one
defines the category MHM 4 (X /R) using local embeddings as in [S2], 2.1.

REMARK: a) As in the case of variations over R, we get a descent datum over R for
the bifiltered Dxg,c—module underlying any Hodge module over R on a smooth and
separated scheme X over R.

b) As in [S2], (4.2.7), the category MHM 4(Z/R), for any closed reduced subscheme
Z of X, is equivalent to the category of Hodge modules over R on X with support in
Z.
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THEOREM A.2.5. There is a formalism of Grothendieck’s functors m, ©*, 7*, .,
Hom, ®, D on D® MHM 4(-/R). It is compatible with the forgetful functor

DY MHM 4(-/R) — D* MHM 4 (- ®g C) .
Proof. By A.2.3, we may e.g. define
m(M,F) = (mM ,mF,) .
O

DEFINITION A.2.6. Let X/R be separated, reduced and of finite type, and M an
object of D®* MHM 4 (X/R).

a) The absolute Hodge complex of X /R with coefficients in M~ is

er_)p(X/R,M) = RHOme MHMA(X/R)(A(O)X’M) .

b) Its cohomology groups
Hi,(X/R, M) :== H'RT o (X /R, M)
are called absolute Hodge cohomology groups of X/R with coefficients in M.
c) We denote absolute Hodge cohomology with coefficients in Tate twists by

Hi,(X/R,n) := Hip (X/R, A(n)x) -

d) For a closed reduced subscheme Z of X with complement j : U — X, we define
relative absolute Hodge cohomology with coefficients in Tate twists as

HE, (X rel Z/R,n) := Hgpo (X/R, jiA(n)y) .

Again, if X is smooth and of pure dimension d, and M = M € MHM 4(X), we have
Hg, (X/R, M) = EXt§A+I{iMA(X/R)(A(O)X[d]a M) .

We have statements analogous to A.1.1-A.1.10 for the situation over R. For
reference, we note explicitly:

THEOREM A.2.7. If X is smooth and separated over R, and n € 7Z, then
Rl4»(X/R,n) and Hg,(X/R,n)

coincide functorially with the absolute Hodge complex and cohomology groups of [B1],
§7.

Next, we have
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LEMMA A.2.8. Let X/R be separated, reduced and of finite type, and M an object
of D MHM 4(X/R). Then the forgetful functor

DY MHM 4 (X/R) — D’ MHM 4(X ®g C)
induces functorial isomorphisms

RF_@p(X/R,M') = Rng(X QR (C,M')J'_ ,

Hyp(X/R,M) — Hep(X®@rC, M)
Here, the superscript + denotes the fixed part of the action of the involution ¢* on
RHompo v 4 (x@x0) (A(0) x@pe, M)

In particular, the category MHS] has cohomological dimension one since this is
true for MHS,4. Furthermore, observe that the above action of Z/27Z on RI'gr(X Qg
C, A(n)xggc) is precisely that of [B1], §7.

COROLLARY A.2.9. Let X/R be separated, reduced and of finite type. The forgetful
functor

rat : MHM 4 (X/R) — Perv4 (X ®g C)
is faithful and exact.
REMARK: Again we have
Hg, (X/R, A(n)x) = H (X/R, A(n)x)
if i <n (i <2nif X is proper). We have natural morphisms
Hip(X/R,R(n)x) — HE(X/R,R(n)x) — Hp(X/R,R(n)x),
which are isomorphisms in the same range of indices.

We conclude with an explicit formula for Ext' in MHM 4(X/R) of a finite scheme
X/R.

THEOREM A.2.10. For any H € MHSX, there is a canonical isomorphism

(WoHe/(WoHa + WoF°He)) " =5 Extyps: (A(0), H)

— H2,(Spec(R)/R, H),
where the superscript + on the left hand side denotes the fixed part of the de Rham—
conjugation
W()H(c/(W()HA + WoFOHC) cﬁ) W()H(C/(WQHA + WOFOH(C)
= Wot*Hc/(Wo t"Ha + WoF°*He)

L WoHe /(WoHa + WoFOHe) .
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The isomorphism is given by sending the class of h € Wy Hc to the extension described

by the matrix
1 0
—h idyg )

This means that we equip C® Hc with the diagonal weight and Hodge filtrations, and
the A-rational structure extending the A-rational structure Hy of Hc by the vector

1-heCo® Hc,

thereby obtaining an extension E of A(0) by H in the category MHSy.
The conjugate extension t*E € Extyyg, (A(0),.*H) is given, with the same

notation, by the matrix
1 0
—Fo(h) idyg )

and the extension of Fi, to an isomorphism
Fo:E = *E
sends 1 — h to 1 — F(h). Thus
(Fo)c =id®(Fo)c : CH Hc — C @ " Hc .

Proof. Using [B1], §1 or [Jn3], Lemma 9.2 and Remark 9.3.a), we see that there is
an isomorphism

WoHc/(WoHa + WoF°He) = Extyys, (A(0), H).

Note that our normalization follows that of Jannsen, and therefore differs from that
of Beilinson by the factor —1.

In general, if h € Wy H¢ corresponds to an extension E in MHSy, then cooch € Wyi* He
corresponds to ¢*F, and its pullback via

Fo:U"H— H,

is described by Fiocooh. The action of the involution on Extyyg, (A(0), H) therefore
corresponds to Fiocoo On the left hand side of the above isomorphism. O

COROLLARY A.2.11. Let X/R be finite and reduced, and M € MHM 4(X/R). Then
there is a canonical isomorphism
+

@ WOMm,(C/(WOMm,A + WOFOMz,C)
zeX(C)

Hi,(X/R, M) .
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Proof. The last isomorphism is given by the observation that we have

MHM4(X) = € MHS, .
z€X(C)

COROLLARY A.2.12. For X/R finite and reduced, and n > 1, we have

+

@ C/@2mi)"A | — Ethl\/IHMA(X/]R) (A(0)x, A(n)x)
z€X (C)

= H{,(X/R,n).

Here, the superscript + denotes the fixed part with respect to the conjugation on both
X (C) and C/(27i)"A, and the isomorphism associates to (zz),ex(c) the extension,
whose stalk at x € X(C) is given by the matrix

< I 0>'
@ 1)

if eg and e, are the base vectors 1 € F C C and (2mi)"™ € (2mi)"A C C, then the
Hodge structure is specified by

FO .= (eo)c s, W_2,®aC = (en)c,

and the A-rational structure is generated by e, and

eO—W'zmen.

Proof. This is A.2.11 and A.2.10, using the basis (ey) of A(n). O

B K-THEORY OF SIMPLICIAL SCHEMES AND REGULATORS

We start with a presentation of K-theory (B.2.1) for simplicial schemes in terms
of generalized cohomology. Applied to a regular scheme, we get back its K-groups
(cf. B.2.3.a)). Next we define A-operations on K-cohomology (cf. B.2.10). Motivic
cohomology of simplicial schemes, in particular relative motivic cohomology (B.2.11)
is introduced as graded pieces of the ~y-filtration with respect to these A-operations.
This discussion is based on the extremely useful (unfortunately unpublished) paper
[GSo1] by Gillet and Soulé. More often than not the results in B.1 and B.2 will be due
to them. The wish for a complete published reference made us go over the material
again. Meanwhile an alternative approach to K-theory of simplicial schemes and A-
operations was also worked out by Levine [Le]. De Jeu was the first to use the setting
of [GSol] to define motivic cohomology of simplicial objects. In his article [Jeu] he
proves Riemann-Roch in this setting. We give a more general version in B.2.18.

We then construct regulators (i.e., Chern classes) from K-cohomology to con-
tinuous étale cohomology (B.4) and to absolute Hodge cohomology (B.5) in this sit-
uation. Our main interest is the construction of a long exact sequence for relative
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K-cohomology of simplicial schemes as well as for their motivic cohomology which is
mapped to the corresponding long exact sequences in sheaf cohomology (B.3.8).

We would like to thank the referee for her or his competent and detailed comments
and corrections.

B.1 GENERALIZED COHOMOLOGY THEORIES

We need a framework which is general enough to treat K-theory and the usual coho-
mology theories in parallel. It turns out such a framework is given by homotopical
algebra as axiomatized by Quillen in [Q1].

We define cohomology of spaces (=simplicial sheaves of sets) with coefficients in
another space (B.1.4). We then construct a long exact sequence for relative cohomol-
ogy in this context (B.1.6). Finally we deduce the spectral sequence relating general-
ized cohomology of a space to generalized cohomology of its components (B.1.7).

A systematic investigation of generalized cohomology for Grothendieck topologies
was carried out by Jardine, in particular [Jr2]. We recapitulate the definitions for the
convenience of the reader. A first introduction to the necessary simplicial methods is

We fix a regular affine irreducible base scheme B of finite Krull dimension. In
our applications B is either a field or an open subscheme of the ring of integers of
a number field. We fix a small category of noetherian finite dimensional B—schemes
which is closed under finite disjoint unions and contains all open subschemes of all
its objects. We turn it into a site using the Zariski topology. Typically this will be a
subcategory of all smooth schemes over the base B.

Let T be the topos of sheaves of sets on our Zariski site over B. Let sT be

the category of pointed simplicial T-objects. Its objects will be called spaces in the
sequel. We denote the final and initial object of sT by .
REMARK: A space is given by a simplicial sheaf of sets X, and a simplicial map ¢ from
* (the constant simplicial sheaf all of whose components are given by the constant
sheaf % attached to the set with one element) to X .. Equivalently we can consider it
as a simplicial object in the category of sheaves pointed by *.

Let X be a scheme. We can also see it as an object of T. The corresponding
constant simplicial object pointed by a disjoint base point,

U +— Morp(U, X) U {x} for connected U € T,

will also be denoted X.

DEFINITION B.1.1. A space is said to be constructed from schemes if all components
are representable by a scheme in the site plus a disjoint base point.

Note that any simplicial scheme (whose components are schemes in the site)
gives rise to a space constructed from schemes but there are many spaces constructed
from schemes which do not come from simplicial schemes. The main example is the
mapping cone of a map of schemes taken in sT (cf. B.1.5 below).

If P is a property of schemes and if the space X is constructed from schemes, we
say X has P if the scheme parts of the components have P.

The easiest way to define the homotopy sets 7, (X, ) of a simplicial set X with
basepoint x € Xj is to take the homotopy sets of its geometric realization. 7, (X, x)
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is a group for n > 1, even abelian for n > 2. If X is a space and K a finite simplicial
set (i.e., all K, are finite), then we define the space X ® K componentwise as the sum
of pointed sheaves

n— \/ X .
ceK,

DEFINITION B.1.2 (BROWN, GERSTEN, GILLET, SOULE). Let X be a space and f :
X — Y be a map of spaces.

a) f is called a weak equivalence if all stalks fp : Xp — Yp are weak equivalences of
simplicial sets, i.e., if fp induces an isomorphism on all homotopy sets for all
choices of base point.

b) f is called a cofibration if for all schemes U in T the induced map f(U) : X(U) —
Y (U) is injective.

c¢) f is called a fibration if it has the following lifting property: given a commutative
diagram

A— X

b

B —— Y

where i is a cofibration and a weak equivalence, there exists a map B — X that
makes the diagram commute.

d) For two spaces X and Y, let Hom (X,Y’) be the pointed simplicial set
n — Homyr (X @ A(n),Y)
where A(n) is the standard simplicial n-simplex (e.g. [M] 5.4) pointed by zero.

This is the pointed version of the global theory discussed in [Jr2] §2.

Quillen’s notion of a closed model category axiomatizes the properties which
are needed in order to pass to a homotopy category which behaves similar to the
homotopy category of CW-spaces.

PROPOSITION B.1.3 (BROWN, GERSTEN, JOYAL). sT is a pointed closed simplicial
model category in the sense of Quillen [Q1].

Proof. For a model category we need fibrations, cofibrations and weak equivalences
satisfying a set of axioms ([Q1l] I Def. 1). This is [GSol] Theorem 1. Gillet and
Soulé attribute this theorem to Joyal (letter to Grothendieck). For simplicial sheaves
a published proof of all properties can be found in [Jr2] Cor. 2.7. It is an abstract
non-sense fact that with the category of simplicial sheaves the category of pointed
simplicial sheaves is also a model category. It is pointed by . The simplicial structure
([Q1] II Def. 1) is given by B.1.2.d). O

DOCUMENTA MATHEMATICA 3 (1998) 27-133



CLASSICAL MOTIVIC POLYLOGARITHM 97

TECHNICAL REMARK: Note that the unique map x — X is always a cofibration,
i.e., all spaces are cofibrant. A space will be called fibrant if the unique map X — %
is a fibration. If a space is fibrant, than its sections X (U) over a scheme U form
a simplicial set satisfying Kan’s extension condition (cf. [M] 1.3). However, this
property does not suffice to make X fibrant. Part of the proof of the proposition is
the existence of fibrant resolutions. In fact, the construction in [Jr2] Lemma 2.5 is
even functorial.

Let Ho(sT) be the homotopy category associated to the model category sT by
localizing at the class of weak equivalences. As usual we will write [X,Y] for the
morphisms from X to Y in the homotopy category. If Y is fibrant, then this set is
given by the set of morphisms from X to Y in sT up to simplicial homotopy. For
general Y, we compute [X,Y] by [X,Y] where Y is a fibrant resolution of Y.
REMARK: The category of pointed presheaves with the same notions as in B.1.2 is
also a pointed model category. By [Jr2], Lemma 2.6 the map from a presheaf to its
sheafification is a weak equivalence and we get the same homotopy category from
presheaves or sheaves.

If X is a space, then its suspension SX is given by X ® A(1)/ ~ where ~ is
the usual equivalence relation generated by (z,0) ~ (z,1). By [Q1l] Ch. I 2, the loop
space functor Q is right adjoint to S on the homotopy category.

There are two natural ways of thinking about Ho(sT). From the point of view of
algebraic topology it corresponds to the category of CW-complexes with morphisms
up to homotopy. From the point of view of homology theory it corresponds to the
category of homological complexes which are concentrated in positive degrees with
morphisms up to homotopy. S and €2 shift the complexes. This second point of view
is not quite precise - note that in general morphisms in Ho(sT) form pointed sets
rather than groups.

DEFINITION B.1.4. For any space A we define cohomology of spaces with coefficients
in A by setting

HL'(X,A)=[S"X,A] form=>0 .
This is a pointed set for m = 0, a group for m > 0 and even an abelian group for
m > 1. If A belongs to an infinite loop spectrum, i.e., if there are spaces A; for i > 0

with Ay = A and weak equivalences A; — QA;,1, then we also define cohomology
groups with positive indices by setting

Hy:™(X,A)=[S"X,A,] formn>0 .

Note that the set only depends on n — m because the suspension S and the loop
functor 2 are adjoint.

DEFINITION B.1.5. Let f : X — Y be a map of spaces. Then the mapping cone of f
is the space

C(f) = X @ A ITY/ ~

where ~ is the usual equivalence relation of the mapping cone (ie., (z,1) ~ f(z),
(z,0) ~ %). For any map of spaces f : X — Y, we define relative cohomology by

HL"(Y rel X,A) = H_1"(C(f),A)
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C(f) is the standard construction of the homotopy cofibre of a map.

PrOPOSITION B.1.6. For any morphism f : X — Y of spaces there is a long exact
cohomology sequence:

— H (Y, A) — H (X, A) — H Y rel X, A) — H (Y, A) .

Proof. By [Q1] Ch. I 3 we have the above long exact sequence attached to the triple
of spaces

X5Y Y Vx*

if i is a cofibration. The mapping cylinder of f is defined as X®A(1)VxY . It is weakly
equivalent to Y, and the induced mapping X — X ® A(1) Vx Y is a cofibration. The
mapping cone of f is nothing but the cofibre of this inclusion. Hence the long exact
sequence of the lemma is a special case of Quillen’s with Y = X ® A(1)vx Y. O

If A is only a space, then the sequence will end at the index zero. There is no
reason for the last arrow to be right exact. The HYp are only pointed sets. The
HSTI} are groups, all others are even abelian groups. However, if A is an infinite loop
spectrum, then all cohomology groups will be abelian groups and the sequence is
unbounded in both directions.

We will consider a couple of spectral sequences which are constructed by means
of homotopical algebra. Their differentials are

. P:q p+r,q+r—1
dr : EP? — EF

We refer to this behaviour as homological spectral sequence as opposed to a cohomo-
logical spectral sequences with differentials

. P4 p—r,q—r+1
d : EP? — EP

In the same way as with the long exact sequences which involve pointed sets we
also have to be careful about our spectral sequences. They will be constructed by the
method of Bousfield-Kan (cf. [BouK] Ch. IX §§4-5). We refer to them as spectral
sequences of Bousfield-Kan type. We give an overview over their properties. They
look like this:

EPi=L"" q=zp=>0,r2>1
with homological differentials.

are abelian groups if g —p > 2;
L™P EP9 = ¢ are groups ifg—p=1;
are pointed sets ifg—p=0.

We have EPY, = KerdP?/imdP~"9""+1 (Treat non-existing E?¢ as zero for this
formation.) By [BouK] IX 4.2.iv) this makes also sense for p = ¢. Let

ER =lim, BP9 = (| BP9

T>p
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There is a descending cofiltration @, on the limit term L™ (i.e., Q;L™ is a quotient of
L™). Let

eld = Ker (QpLI™" — Qp_1L77P) .

In general, there will be an injection e2:? — EP>9. Convergence is a more complicated
question. The spectral sequence stabilizes if all projective systems (EP'?),,, become
eventually stable. Then we have complete convergence ([BouK] IX 5.3). Hence the
cofiltration on the limit term is exhaustive (imQ,L" = L"), and we have isomor-
phisms

eld = EP9  for p—q > 0.

Note that even then the case p = ¢ has to be discussed separately. We refer to this
problem and more generally the fact that pointed sets rather then groups appear as
the fringe effect.

PROPOSITION B.1.7. a) Let X and A be spaces. The filtration of X by its skeletons
$q-,X induces a spectral sequence of Bousfield-Kan type for its A-cohomology

By = Hft(Xp, A) = Hyg' (X, 4) - forg=p>0.

It converges completely if X is degenerate above some degree (i.e., if there is N
such that for n > N, X,, is covered by the image of the degeneracy maps.).

b) If A is an infinite loop spectrum and X as in a), then we have a converging
homological spectral sequence

B = HAl(X,, A) = Ha" (X, 4)  forp>0.

Proof. This is the hypercohomology spectral sequence of [GSol] 1.2.3. We sketch
their proof: We can assume A to be fibrant. We can construct a weak equivalence
X' — X such that sk, X'/sk,_1X' = SPX,. The Hom, (sk,X’, A) form a tower of
fibrations of simplicial sets converging to Hom (X, A). The attached Bousfield-Kan
spectral sequence ([BouK] §4 -85) has starting terms

Ef’q = Tg—n Hom_(skpX,/Skp—lX,7 A)
=Tq—p HOID,(Spo» A) = H;T?(Xp’ A) !

This finishes the construction of the spectral sequence. In order to discuss convergence
we consider the same spectral sequence attached to X itself. It stabilizes by the
assumption on degeneracy (see [BouK] §5). Both spectral sequences agree from r = 2
on.

For b) we consider the spectral sequence in a) for each space in the spectrum. By
shifting ¢ accordingly we get a direct system of spectral sequences whose limit is the
one we are interested in. o

REMARK: It would be much nicer to work with spectra and their homotopy category
throughout. It would be a triangulated category. It would help to get rid of the fringe
effects. However, the question of convergence of the spectral sequences does not get
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easier, the reason behind this being that all these spectral sequences are constructed
for some kind of homotopy limit, and projective limits are not exact. However, the
literature we want to use is in the setting of spaces. The reason is that we want to
use the A-ring structure in order to define motivic cohomology and the A-operators
do not deloop.

B.2 K-THEORY

We now introduce higher algebraic K—theory of spaces as a generalized cohomology
theory. It gives back usual K-theory in the case of regular schemes (B.2.3). We then
define A-operators on these K-cohomology groups (B.2.10). This allows definition of
motivic cohomology of spaces as graded parts of the ~-filtration (B.2.11). We then
prove a Grothendieck-Riemann-Roch type theorem (B.2.18). As a consequence we
get a long exact localization sequence for motivic cohomology (B.2.19).

Recall that all schemes in the site underlying T are assumed to be noetherian
and finite dimensional.

Let K be the space Z X Zoo BGl where Z.,BGl is the simplicial sheaf associated
to the simplicial presheaf U — ZoBGI(U) = limZsBGl,(U). K is pointed by
0 x lim BGl,(Ey). It is in fact part of an infinite loop spectrum. We also need the
“unstable” spaces K~ = Z x ZooBGly. There are natural transition maps KN —
KVt — K. As K-groups commute with direct limits, the stalk of K in a point P
on U € T is weakly equivalent to

Kp 2~ 7 x Zoo BGI(Op) .

where Op is the stalk of the structural sheaf.

REMARK: Even though it is well-known that K-theory is defined by a spectrum, it
is not completely trivial to define it as a functor from schemes to spectra (rather
than just a functor up to homotopy). We refer to [GSo02], 5.1.2 for the details of this
construction. For a different account of K-theory as a presheaf and its properties
(including the product structure) we also refer to Jardine’s book [Jr4].

DEFINITION B.2.1 (GILLET, SOULE). For any space X in sT we define its K-
cohomology

HM(X,K)=[S"X,K] formeZ

and the unstable K-groups H 1" (X,K") form > 0. Following [GSo1] we call a space
K -coherent ifligHs_Tm(X, K") — H_"(X,K) for m > 0 is an isomorphism.

PROPOSITION B.2.2 (BROWN). Let K, be the sheafification of the presheaf ¥ —
H_£(Y,K). Let X be a scheme in T. There is a homological spectral sequence

B} = H " P(X,K)
with
By = Hyyr(X,Kq)

It converges completely.
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Proof. For ¢ — p > 0 this is the spectral sequence [GSol] Prop. 2. The basic version
for the small Zariski site was constructed in [BrG] Theorem 3. Our generalization
follows from the proof of [Jr2] 3.4 and 3.5, which deals with the étale topology. The
key is to construct a Postnikov-tower for K. This is done as in in the proof of [BrG]
Thm 3. We then have to check that the homotopy sheaves of K are isomorphic to
the homotopy sheaves of the limit of its Postnikov-tower. It suffices to check this
for the small Zariski site Zar /Y for all schemes Y in T. Hence we are reduced to
the situation considered in loc. cit. Note that Y was assumed to be noetherian and
finite dimensional. We extend to arbitrary p,q using the full K-theory spectrum.
Convergence follows because X has finite cohomological dimension. O

REMARK: We could generalize the spectral sequence to arbitrary spaces X.
H} , r(X,K,) would have to be understood as in B.3. Convergence would not be
guaranteed anymore.

The most important application of this proposition is that it allows to transport
properties which are well-known for cohomology with coefficients in an abelian sheaf
to cohomology with coefficients in a space. One such property is the comparison
between different Zariski sites.

PROPOSITION B.2.3 (GILLET, SOULE, DE JEU). a) Let X be a noetherian regular
finite dimensional scheme in the site. Then one has the equality H "(X,K) =
K., (X), where the right hand side means Quillen K-theory of the scheme X.
In particular, H " (X,K) = 0 for m < 0.

b) Let X be a space constructed from schemes. Assume that all components are
regular Noetherian finite dimensional schemes and that X is degenerate above
some simplicial degree. Then X is K-coherent.

Proof. The constant case is proved in [GSol] 2.2.2 Prop. 5. We sketch a slightly
different argument: We use the converging Brown spectral sequence and comparison
theorems for sheaf cohomology to show that it suffices to prove the proposition in
the case of T = Zar /X. (Note that the existence of the whole spectrum means we
do not have to worry about fringe effects.) In this case we have a Mayer-Vietoris se-
quence for K-theory ([Q2] Rem. 3.5) and hence the presheaf defining K-cohomology
is pseudo-flasque in the sense of Brown and Gersten ([BrG| p. 285). By loc. cit.
Thm. 4 this implies a) for the site Zar /X.

The vanishing follows because the K-theory spectrum is connective. The general-
ization to spaces constructed from schemes using the skeletal spectral sequence was
carried out in [Jeu] 2.1 (1) and Lemma 2.1. O

COROLLARY B.2.4. If X is a space meeting the conditions of part b) of the proposi-
tion, then its K-cohomology does not depend on the category of schemes underlying
the topos.

Proof. If X is constant, then we always get its K-theory. For more general X we

have to use the converging skeletal spectral sequence. There are no fringe problems
because K is an infinite loop spectrum. O
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The direct sum of matrices (cf. [Lo] 1.2.4) together with addition on Z induces
a compatible system of maps

KVYxKY S5K.

Our aim is to show that its direct limit defines an H-group structure on K. It will
be used to define addition on K-cohomology.

LEMMA B.2.5. Let G,G’ be algebraic groups over Z, E a subgroup of G with E =
[E,E]. Let f1,fa : G — G be homomorphisms which differ by conjugation by a
global section of E. Then the induced maps

Z..BG 1 7 BaG

agree in the homotopy category of spaces.

Proof. The construction in [Lo] A.3. is functorial. Hence it yields a free homotopy 7
between B f; and Bfs. By construction we get a commutative diagram

77|A(1)><*
I

A1) x % Z-BE

| al
A1) x ZooBG' —'— 7Z..BG .

The composition of n with d : ZBG — C(i) is a homotopy between df; and dfa.
Now it suffices to show that d is a weak equivalence, i.e., that Z., BF is contractible.
This can be checked on stalks. As homotopy groups commute with direct limits it is
enough to show that Z., BE(U) is contractible for all affine schemes U. We consider
the diagram

BEU) —%— BE®U)*

! !

Z.BE(U) =9, 7. BEWU)* .

By definition of Quillen’s +-construction (see [Lo] ch. 1.1) ¢ induces an isomorphism
on homology. Hence Z(¢) is a weak equivalence ([BIK] Ch. I, 5.5). BE(U)™ is con-
tractible because [E(U), E(U)] = E(U) ([Lo] Proposition 1.1.7). Hence Z.,BE(U)"
is also contractible. (|

The standard application of this lemma is with G’ = Gl,,, G = Gl and FE the
subgroup generated by elementary matrices (which contains all even permutation
matrices), see [Lo] 1.1.10.

ProPOSITION B.2.6. The direct sum of matrices induces an H-group structure on
K.

Proof. The same proof as in [Lo] Theorem 1.2.6 allows to check the identities of an
H-space. On finite level, they hold up to conjugation with a permutation matrix.
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By the previous lemma this implies that they hold in the homotopy category. We
use that the transition maps KV — KN*1 are cofibrations in order to show that the
maps on finite level define one on K. For the existence of a homotopy inverse we
argue differently. An H-space is an H-group if and only if the shear map

KxK—-KxK ,(kl,kQ)H(kl,k1+k2)

is a weak equivalence. This can be checked on stalks. But the stalks of K are the
simplicial sets computing K-theory of local rings. They are H-groups with the same
addition by the affine case [Lo] 1.2.6. O

REMARK: We now have two H-group structures on K: the explicit one we just have
constructed and one because K is a loop space as part of a spectrum. We expect
them to be equal but have not been able to prove it. They certainly induce the same
addition on higher K-cohomology groups. On H2.(X,K) they agree at least if X is
represented by a scheme because they do for K-theory of schemes. This is enough for
our needs. In the sequel the addition on K-cohomology is the one of the proposition.

The next aim is the definition of a multiplicative structure on K. We start with
the operation of Z on K. The H-group structure on K allows to define a map of
spaces

pz ZLxK—-K .

It vanishes on Z x % V x x K and hence factors over Z A K.

The construction of the Loday product [Lo] 2.1.5
Zoo BGIx (U) A Zoo BGIn(U) — Ziog BGL(U)

is functorial in U. Together with the product pz on the factor Z it defines a system
of maps

p KV AKY 5 K
(compatible up to homotopy), which defines a product
v, K] x [V, K] - [V K]

for all K—coherent spaces Y. It turns all H_{'(Y,K) for n > 0 into a ring, possibly
without unity.

REMARK: Note that this product on [V, K] is zero on H_{'(Y,K) for n > 0 (cf. [Kr]
Ex. 1 p. 243). The same map ug of spaces also induces a non-trivial product

[S™Y, K] x [S™Y,K] — [S"t™Y, K] .

This is the one which is usually called Loday product. We do not need it in the sequel.

Let S° be the simplicial version of the 0-sphere, i.e., the constant simplicial sheaf
associated to {0,1} pointed by 0. We will use the notation Ko(sT) for Hop (5% K).
It is a ring with unity where the ring structure is induced by the ring structure on Z.
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LEMMA B.2.7. If the site underlying T has a final object X, then
Ko(X) = Ko(sT) .
Proof. If X is the final object of the site, then the space we denote by X is equal to
SO. O
The following lemma generalizes an operation of Ky(X) which was explained to
us by de Jeu in the case where Y is constructed from X—schemes.

LEMMA B.2.8. LetY be aspacein sT. Then the ring Ko(sT) operates on H_1' (Y, K)
for n > 0 and makes it into an K(sT)-algebra.

Proof. If Y is a space in sT, then there is canonical isomorphism Y =2 S® AY. The
product a € Ko(sT) with 8 € H_1(Y,K) is defined by the composition

Y 5 SOAY M KAK MK

O
LEMMA B.2.9 (GILLET, SOULE). Let G be a group over Z. Let Rz(G) be the
Grothendieck group of representations of G on free Z—modules of finite type.

a) Let A be an N-dimensional representation of G. There is a canonical class in
[Z x ZowBG, K] which depends only on the equivalence class of A. The direct
sum of representations is mapped to the sum of classes.

b) The map in a) induces an algebra homomorphism
r: Rz(G) = [Z X Zoo BG,K] .

Proof. We follow [GSol] 3.2 or the affine case [Kr| 3. By choice of a basis of an
N-dimensional representation A induces a map of sheaves

A:G— Gly
and hence by functoriality a map
7 (A) : Zoo BG = {N} x Zoo BGly — KV .
For different choices of basis the maps differ by conjugation with an element of o €
Gly. The matrix <g a91> is in the perfect subgroup E = [Gl, GI] hence by Lemma

B.2.5 the image of 7'(A) in [Zo, BG,K?"] does not depend on the choice of matrix.
Viewed as map to K, this r’'(A) extends to the factor Z using the above product pgz.
The last statement of a) follows by definition of the H-group structure on K.

For b) we have to check that the relations of the Grothendieck-group are mapped to
zero and that the multiplicative structure is well-behaved. We first prove the analogue
of [Kr] Theorem 3.1: The canonical maps

7 0\ +— 77
al ) Sall?)

induce weak equivalences of simplicial sheaves after applying Z.,B. This can be
checked on stalks and is hence reduced to the affine case. From now, the proof works
precisely as in the affine case, see [Kr| Cor. 3.2. O
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Ky(sT) is a A-ring, i.e., the axioms in [Kr] Def. 4.1 are satisfied. If R is a
Koy(sT)-algebra, then it is called a Ko(sT)-\—algebra if it is equipped with operators
X¢ for 4 > 1 such that Ko(sT) @ R is a A-ring (cf. [Kr] 5.). Note that A\° has to have
the constant value 1. If R itself does not have a unity, then it cannot be a A-ring.

THEOREM B.2.10 (GILLET, SOULE). Let Y be a K—coherent space. For k > 1 and
m > 0 there are maps

Ao H (V,K) — H(V,K)
They turn H_1" (Y, K) into a Ko(sT)-A-algebra.

Proof. This is essentially [GSol] Prop. 8. Put G = Gl,, in the previous lemma. Let
7" = [Z%) — [n- 1] € Ry(Gl,) where Z?, is the canonical representation of Gl,, on
Z" and 1 is the trivial representation. We define A\¥ = r(\*¥(Z")). By composition it
induces a map A% : H(Y,K") — H_1"(Y,K). These form a projective system and
hence define an operation on K—cohomology of a K—coherent space. Well-definedness
and all properties of a A-ring are checked on the universal level (i.e., on K" for varying

n) and hence as in the affine case [Kr] Thm 5.1. For example, we want to show

k

Ne(z+y)=> N@)N(y) .

=0

Assume that z,y are represented by elements in [Y,K"]. On Rz(Gl, x Gl,,) we have
the A\-ring identity

k
A%@:ZM’@AJ‘.
1=0

We evaluate this identity in Z" and get an equality of elements in Rz (Gl,, x Gl,,).
By the previous lemma it induces the same equality of elements in [K™ x K" K].
Composed with (z,y) this is the required equality. O

REMARK: A more conceptual proof was suggested to us by Soulé and the referee.
One should use the integral completion functor constructed by Goerss and Jardine
[GoelJr]. It has a universal property similar to the one of the +-construction and
hence allows to copy directly Kratzer’s arguments.

TECHNICAL REMARK: When we try to define A° in the same way, then we still get a
map

A\ ZoBGly — 7 x Zoo BGI .

It does not extend to the factor Z because X\° : Z — Z does not respect the base
point - in fact it maps 0 to 1. This reflects the fact that the ring Ko(Y) does not
have a unity for a general space Y. The most striking example is Y = C(i) where
i : Z — X is a morphism between regular schemes (cf. [Soud] 4.3). Then Ko(Y) =
Ker (Ko(X) — Ko(Z)) does not contain 1.

Gillet and Soulé ([GSol] Prop. 8) consider the structure as a Hop (Y, K)-A-algebra.
This only makes sense if HSOT (Y, K) happens to have a unity. However, we can check
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in general that the operation of HOp(Y,K) on H_{"(Y,K) is compatible with the
Ky(sT)-A-algebra structure of both groups.

Note that the A-structure is compatible with the contravariant functoriality of
K-cohomology. This means that the long exact sequences for relative K-theory are
compatible with the A-operation where it is defined.

Once we have A-operations we get as usual a y-filtration and Adams-operators
on the A-module H.(Y,K) for n < 0. If the v-filtration is locally finite, then we
have in particular the Chern character

ch: Hip(Y,K)g — @D Grf Hip(Y,K)g for n <0,
J€No
which is an isomorphism. For a quick survey cf. [T] pp. 117-123.

DEFINITION B.2.11. Let Y be a K-coherent space. Suppose that the y-filtration is
locally finite and hence that rationally K-cohomology splits into Adams-eigenspaces.
Then we put for j > n/2

Hy(Y,j) = Gl Hiz” (Y, K)qg ,

the motivic cohomology of the space Y. If 1 : X — Y is a morphism of spaces then
we define relative motivic cohomology by

HyY (Y rel X, j) = H}(Cone(i), j) .

REMARK: We restrict to this range of indices because we did not define Adams-
eigenspaces for K-cohomology with positive indices (=K-theory with negative in-
dices). However, if these K-groups vanish we can simply define the corresponding
motivic cohomology groups to be zero. This is the case if X is a regular scheme.
The long exact sequence for relative cohomology (B.1.6) together with the above
remarks on the A-operation give a long exact sequence for relative motivic cohomology

— Hy"(Y,A) — Hy"(X, A) — Hy""H(Y rel X, A) — Hy" (Y, A) .

LEMMA B.2.12. Let X be a space degenerate above some simplicial degree. We
assume the conditions of the previous definition. Fix an integer j. There is a coho-
mological spectral sequence with starting terms

Es,t — Hj\/l(Xsa]) for s Z 07 2.7 Z t7
! 0 else.

It converges to Hy*(X, j) for 2j > s + .

Proof. Consider the skeletal spectral sequence B.1.7.a) with coefficients in the space
K. It reads

EP? = HA (X, K) = Hyf" 7 (X,K)

for p > 0. By carefully checking the construction of the spectral sequence, we see that
all differentials d?? are induced by functoriality in the first argument. Hence they
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are morphisms of A-modules. For ¢ — p > 0 the limit terms are also A-modules and
by construction the morphisms e2:? — EP>? are compatible with this structure. They
are isomorphisms for ¢ > p. Note, however, that we do not get enough information
on the limit terms on the p = g-line. Convergence only implies that eZ? injects into
EP:P. We want to show that it is even a bijection. In order to see this we consider the
skeletal spectral sequence with coefficients in the spectrum K. The spectral sequences
agree where the first is defined, in particular convergence of the second spectral se-
quence implies our isomorphism. (There is an issue here with the H-group structure.
A priori the two spectral sequences use different group laws. But on all initial terms
they give the same addition and hence also on all higher terms.)

Now we take Adams-eigenspaces. By re-indexing s = p,t = —q + 2j we get a coho-
mological spectral sequence as stated. Note that we use the terms below the p = ¢-
diagonal to compute the terms on it but we do not consider their limit terms. O

The same spectral sequence also shows that the conditions in the definition of
motivic cohomology hold if X is a space constructed from schemes and degenerate
above some degree.

The next thing we need is pushout at least for certain closed immersions and a
Riemann-Roch theorem. Over a field push-forward was defined by de Jeu in [Jeu] 2.2.
We adapt his method to more general bases and formalize the geometric situation.

DEFINITION B.2.13. Let S be a regular irreducible Noetherian affine scheme. Let X
be smooth and quasi-projective over S. A finite diagram Dx over X is a category
of finitely many smooth quasi-projective S-schemes with final object X such that all
Morp, (Y,Y”) are finite sets and such that all morphisms in Dx are of finite Tor-
dimension.

By the small Zariski site Zarp, we mean the category of all finite disjoint unions of
open subschemes of objects in Dx with the induced morphisms between them. It is
equipped with the Zariski-topology. The corresponding topos will be denoted T x .

An easy case of such a diagram is a single morphism ¥ — X that meets the
conditions.

We consider the following situation: Let i : Z — X be a closed immersion of
smooth quasi-projective S-schemes and Dx a finite diagram over X. We assume the
following conditions, corresponding to the ones formulated by de Jeu in [Jeu] 2.2:

(TC) For all X’ in Dy, the pullback X' xx Z is S—smooth. If f : X; — X5 is a
morphism in Dy, then in the cartesian diagram

Z1=X1xxZ —— Xa

x| I

Zy=Xoxx 7 —— X,
the maps f and i are tor-independent, i.e.,

mlg)XZ (0z,,0x,) =0

for & > 0. (mk denotes the sheaf of tor-groups.)
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LEMMA B.2.14. The pullback Dz of Dx by Z satisfies the conditions for a finite
diagram over Z.

Proof. Finite Tor-dimension in Dz follows from Tor-independence and the same prop-
erty in Dx. O

Let Y. be a space in sTx. Let j: U — X be the open complement of Z in X.
Let Y. x x U be the pointed version of j15*Y, i.e., the sheaf associated to the presheaf

Vs Y(V) #V ->UcCX,
0 else.

It is a space in sTx. Let Y. xx Z =i~1Y, a space in sTz. If Y. is constructed from
schemes, then so are Y, xx U and Y, xx Z. The scheme components are given by
the base change with U or Z respectively. Note that i ~1(Y. x x U) is empty, i.e., only
consists of the base point.

PRrOPOSITION B.2.15 (DE JEU). Let i : Z — X be a closed immersion with open
complement U. Let Dx be a finite diagram over X such that (TC) holds with respect
toi. Then for Y € sT:

a) There is a natural pushout map

Hir, (Y. xx Z,K) — Hip (Y. K).

b) Let Y. be a space in sTx which is constructed from schemes. We assume that it
is degenerate above some simplicial degree. Then

Y xXZ:C(Y. XxUCY) Xx 4
and the pushout
HfTZ(Y. xx Z,K) — HSkTX (Y. rel Y. xx U,K)
is an isomorphism.

Proof. For an object V of the site Zarp, let M (V) be the category of all coherent
sheaves on V. In it let P(V,Dx) be the subcategory of those sheaves F satisfying

Tor),, (Ov, F) =0

for all j > 0 and all V' — V in Dx. Note that there are only finitely many conditions
as our diagram is finite. The nice thing about P(V,Dx) is that it is contravariantly
functorial. Hence Quillen’s QBQP( -, Dx) (loop space of the classifying space of the
Q-construction) defines a presheaf of simplicial sets on the site by [Q2] §7 2.5. It is
here where we use the fact that all schemes are quasi-projective. Let QBQP% be the
space in sTx defined by its sheafification. By Quillen’s Resolution Theorem ([Q2]
Thm 3, Cor 3, p. 27) there is a weak equivalence of spaces QBQP% — Kx. (Basically
this is the fact that K’-theory and K-theory agree for regular schemes.)

We also have the space QBQ P/, in sTz. For the closed immersioni: VxxZ — V
the pushout i, is exact on the category of coherent sheaves. Because of (T'C'), it maps
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the the subcategory P(V x Z,Dyz) to P(V,Dx). In fact we get a morphism of spaces
in sTx

i.(QBQPy) “» QBQPY .
Using the weak equivalences to K- this defines a map in the homotopy category
i(Kz) 5 Ky .
If Y, is a space in sTx, then we get the map in a) as
Hip (7Y, Kyz) — Hip (i.i7'Y,i.Kz) — Hip (V. Kx) .
In the special case of a scheme Y part b) is nothing but Quillen’s pushout isomorphism
K.(i7'Y) — K,(Y rel Y xx U)

for regular schemes [Q2] §7 Prop. 3.2 (recall that all schemes in the site are regular).
This generalizes to the case of spaces constructed from schemes by the skeletal spectral
sequence. O

LEMMA B.2.16. Consider a cartesian diagram of smooth quasi-projective S-schemes

-/
2

7 . x
le fxl
zZ — X

where i is a closed immersion. Let Dx be a finite diagram on X. Assume that the
pullback Dx: defines a finite diagram over X' and that both i and i’ satisfy (TC).
We also assume that for all V in Dx the maps

Vxx X —V
and
VXXZ—>V

are tor-independent.
Then for all spaces Y, in sTx there is a commutative diagram

HEp (f37Y,K) —— Hp (f3Y.,K)
f%T Tf}
HY (Y, K) —“—  Hby (V,K)

Proof. We have to refine the categories P(V, D7) used in the proof of B.2.15 further.
Let P"(V,Dz) be the subcategory of P'(V, D) of those coherent sheaves F satisfying

Torl, (Oz,F)=0.
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The induced space QBQ P}, is again weakly equivalent to Kz. By [Q2] §7 2.11 there
is a commutative diagram of spaces in sT x

i fx QBQPy, —— fx.QP%,

I I

i.QBQP; —— QBQP%
This proves the lemma. O

We also need the following lemma from algebraic geometry.

LEMMA B.2.17. Suppose we are given a cartesian diagram

v
7

z —— X'

Lol

of smooth S-schemes where i is a closed embedding, then the blow-up of X' in Z' is
the base change by f of the blow-up of X in Z provided i and f are tor-independent.

Proof. In order to see this, note that by [EGAII] 3.5.3 we have to check that f*(Z") =
1" ®o, Ox is isomorphic to J" where 7 is the sheaf of ideals of Z in X and J the
one of Z' in X’. This follows from tor-independence in the case n = 1. Note that in
general we have a surjection f*Z" — J™. Let K, be the kernel. Pull-back by f* is
right exact, i.e., we have an exact sequence

= J— ff(Z/1*) = 0.

Together with the above surjectivity this implies f*(Z/Z?%) = J/J?%. As X respec-
tively X’ are regular and Z respectively Z’ are locally given by regular sequences, the
structural theorem [Ha| II Theorem 8.21A e) implies

f*(In/In+1) o~ jn/jn+1 .

By the snake lemma K, ;1 — K, is surjective and hence f*(Z"/I"tF) = gn/gntk
for all k. But then

O

Push-forward is not a A-ring morphism but it does respect the ~y-filtration up to a
shift, at least under good conditions. This is made precise in the following Riemann-
Roch Theorem, which is a slight generalization of de Jeu’s in [Jeu] 2.3. He considers
a special type of diagram and restricts to a base field. De Jeu imitates the proof in
[T] Theorem 1.1, which is over a field. However, his arguments work for our base as
well. Indeed, the original article [Soud] Thm 3 treated the more general case.
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THEOREM B.2.18 (GROTHENDIECK-RIEMANN-ROCH). Let S be a regular irre-
ducible Noetherian affine scheme S. Let i : Z — X be a closed immersion of
constant codimension d of quasi-projective smooth S-schemes. For 7 = X,Z let
td(?) € G} Ko(?)q be the usual Todd classes (e.g. [T] p. 135). Let a finite diagram
Dx be given that satisfies the conditions (TC) with respect to i. Finally let Y. be a
space constructed from schemes in sTx.

a) The homomorphism i, : K,(i"'Y.)g — K, (Y.)g has degree —d with respect to
the v-filtration, i.e.,

FIE,(i7'Y)g = FIm1 K, (Y)g

b) The following diagram commutes:

K (i71Y))g 2% Gt K, (i71Y))g

K,(Y)g N arl K, (V)

REMARK: td(?) is a unit with augmentation 1. Hence the horizontal maps in b) are
isomorphisms.

Proof. We essentially have to prove classical Riemann-Roch for the inclusion Z — X.
The conditions on our situation are chosen in a way that the diagrams we drag along do
not make any difficulties. Note also that we can replace Y. by the cone of Y. xU — Y,
i.e., we can assume that all pushout maps are isomorphisms. Having observed this
we can follow de Jeu’s arguments in [Jeu] 2.3.

The first step is to prove the analogue of [T] Theorem 1.2 or [Jeu] Proposition
2.5 (“Riemann-Roch without denominators”). We only sketch the idea: Because
of functoriality B.2.16 and the homotopy property of K’-theory we can make the
transformation to the normal cone. Hence we can assume without loss of generality
that 7 is a section of a projective bundle over Z. The existence of the projection
p which is a left-inverse of ¢ allows to make explicit calculations. All details of the
argument can be found in [Jeu] 2.5 when replacing Ko(Yy) (= Ko(Xo) there) by
Ko(X) = Ko(sTx). The necessary compatibility of blow-up and base change is
guaranteed by the previous lemma.

We then show that up to multiplication with the appropriate Todd class i, has
the required behaviour with respect to Adams eigenspaces. The argument is the same
as in [Jeu] Proposition 2.3 or [T] Lemma 2.2. Now the theorem follows by the same
formal manipulations as in the proof of [T] Lemma 2.3. (|

COROLLARY B.2.19. Let i : Z — X (closed immersion of constant codimension d)
and Y. be as in the theorem. Let U = X ~\ Z. Then there is a natural localization
sequence

. — K (ZxxY)g — Knn(Y.)o — K (U xx YY)
— Knm-1(ZxxY)g — ...
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or in terms of motivic cohomology
o — HiPMZ xx Y., j—d) — Hi(Y.,§) — Hi(U x Y., j)
— HP" N Z xx Y, j—d) — ...

Proof. Part b) of Theorem B.2.18 implies that

iv: @ Gl K(Y. 1l Y. x U) — P Gl Kp(Y. x 2)
j€Ng IS\

is an isomorphism, i.e., Hy, (Y. rel Y, x U, j) = Hj\fd(Z xx Y., j—d).

We consider the long exact sequence of relative K-cohomology or relative motivic
cohomology for the open embedding U x Y, C Y.. We can use i, to identify the
relative cohomology with cohomology of the closed complement. O

Only a few K-groups are known. However, the ranks of the K-groups of number
fields are understood.

THEOREM B.2.20 (BOREL). Let K be a number field with ring of S-integers og
where S is a finite set of primes of K. Let B = Spec 0g. As usual ry is the number of
real places of K and ry the number of complex places. Then the motivic cohomology
has the following ranks:

HY,(B,0) 1

H.}\A(B,l) #S+T1 +1ryg—1

H3,(B,n) ro n > 1, even ;
H3,(B,n) r1+ 7o n>1, odd;
H',(B,j) 0 else .

Proof. The computation of K(B) and K;(B) is classical ([Ba] Ch. IX, Prop. 3.2 and
Ch. X, Cor. 3.6). The higher K-groups for the ring of integers o were calculated by
Borel ([Bol], Prop 12.2). It follows from Quillen’s computation of the K-groups of
finite fields that the ranks are not changed by localizing at finite primes. O

B.3 COHOMOLOGY OF ABELIAN SHEAVES

We now show how the usual cohomology theories fit in the set-up of generalized
cohomology. This is well documented in the literature [BrG|, [G], [Jeu]. In the
case of a cohomology theory defined by a pseudo-flasque complex of presheaves F,
we compare the different possible points of view. These are Zariski-cohomology of
the associated complex of sheaves, generalized cohomology of the associated space or
simply cohomology of the sections. We always get the same cohomology groups (B.3.2
and B.3.4). If the complex of presheaves F is part of a twisted duality theory (B.3.7),
we define Chern classes from K—cohomology of spaces to cohomology with coefficients
in F. Finally we check compatibility of the localization sequence in K—cohomology
with the one for cohomology of spaces with coefficients in F (B.3.8).

By a complex we always mean a cohomological complex. Of course it can also
be considered as a homological complex by inverting the signs of the indices.

The Dold-Puppe functor [M] Thm 22.4 attaches to a complex of abelian groups G
which is concentrated in non-positive degrees a simplicial abelian group K (G) pointed
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by 0 whose homotopy groups m;(K (G),0) agree with the cohomology groups h~%(G).
It induces an equivalence between the homotopy category of simplicial abelian groups
and the homotopy category of complexes of abelian groups concentrated in non-
positive degrees. By construction of the functor K there is a natural weak equivalence
of spaces

Cone(K(G) — %) — K(Cone(G — 0)) = K(G[1])

and hence a natural map QK(G[1]) — K(G) in the homotopy category of pointed
simplicial sets, which is a homotopy equivalence. If G is an arbitrary complex of
abelian groups, let 7< G be the canonical sub-complex in degrees less or equal to N.
We put

K(G)n = K(r<nG[N]) .
The natural map 7< ny_1G[N] = 7< yG[N] induces
K(G)N,1 = QK(TSNflG[N]) — QK(G)N s

which is a weak equivalence. This means the K(G)x form an infinite loop spectrum
whose homotopy groups reflect all cohomology groups of the complex.

DEeFINITION B.3.1. Let G be a cohomological complex of sheaves of abelian groups
on the big Zariski site. The sheafified version of the above construction yields an
infinite loop spectrum of spaces K (G) with

h™'(9) = m,(K(9),0)
where the right hand side is the sheafification of the presheaf
Uw— m(K(G)(U),0) .

As a spectrum K (G) defines generalized cohomology groups with indices in Z for
any space X.

ProrosiTION B.3.2. Let G be a bounded below complex of sheaves on the big Zariski
site. Let X be a scheme. Then

(X, K(G)) = Hyzp(X,G) .

Proof. As G is bounded below it has a bounded below resolution by flasque sheaves.
Now the proof proceeds as in [BrG| Prop. 2. The main ingredient is that K(Z) is a
fibrant space if Z is a flasque sheaf. O

DEFINITION B.3.3.  a) Following [BrG], Sect. 2 a complex F of abelian presheaves
on the big Zariski site is called pseudo-flasque if it has the Mayer-Vietoris prop-
erty, i.e., for open subschemes U and V' of some scheme X, we have a long exact
sequence of abelian groups

. — R (FUUV)) — k' (FU)a F(V)) — B (FUNV))
— T (FUUV)) — ...
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More precisely, the square

is homotopically cartesian.

b) Let F be a complex of abelian presheaves. For the object x 11U in T where U
is a scheme, we put

FIU)=F{U).
Let X be a space constructed from schemes. Then we put
F(X) = Tot; F(X;) .
the total complex of the cosimplicial complex F(X;)ien, -

Taking the total complex of a bicomplex as in b) of course involves a choice of
signs which we fix once and for all. Different choices of signs differ by a canonical
isomorphism of the total complex.

LEMMA B.3.4. Let F be a bounded below pseudo-flasque complex of abelian
presheaves. Let F be its sheafification. Then

(X, K(F)) = 1 (F(X))
for all spaces X constructed from schemes.

Proof. Let Z be a (bounded below) flasque resolution of F. This is in particular a
pseudo-flasque complex of presheaves that is quasi-isomorphic to F as a complex of
presheaves because both compute Zariski-cohomology of F. As in the proof of [BrG]
Theorem 4, the simplicial sheaf K (Z) is a fibrant resolution of K (F). Hence we can
assume without loss of generality that F itself is a complex of flasque sheaves.

For the case of a scheme X the lemma is the reformulation of [BrG] Theorem 4 in the
easier case of simplicial presheaves that come from a complex of abelian presheaves.

In the general case

Hip(X, K(F)) = m_; Hom, (X, K(F))
= m_; Hom_ (hocolim X, K (F))
= 7_; holim Hom, (X;, K (F)) [BouK] XII Prop. 4.1
= h'(Tot F(X;)) = h'(F(X)) .

O

This means if we define a cohomology theory by a pseudo-flasque complex of
presheaves on the big Zariski site we can freely change from the point of view of
generalized cohomology to ordinary Zariski-cohomology or cohomology of the sections
of the presheaf.
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If X — Y is a morphism of schemes, we consider as usual its Cech-nerve
coskg(X/Y), i.e., the simplicial Y-scheme given by

cosko(X/Y), = (X Xy -+ - xy X) n + 1-fold product
with the natural boundary and degeneracy morphisms.

DEFINITION B.3.5. We say that a morphism X — Y of schemes has cohomological
descent for the cohomology theory given by the complex of abelian Zariski-sheaves G
if the natural morphisms

(Y, K(G)) — Hyp(cosko(X/Y), K(G))
are isomorphisms for all i € Z.
This is of course a very special case of the general notion of cohomological descent.

LEMMA B.3.6. Let j : U — X be an open immersion with closed complement Y.
Let F be a pseudo-flasque complex of presheaves on ZAR x with sheafification F.

a) There are natural isomorphisms
Hip(X 1el YK (F)) — Hjpp(X, 515" F)) -

b) If Y — Y is a morphism with cohomological descent for F , then we get a natural
isomorphism

Hip(X rel cosko(¥ /Y), K(F)) = Hiun(X.55°F)

Proof. By B.3.4 the left-hand side of a) is canonically isomorphic to the cohomology
of

F(CY 5 X)) = Cone (]-‘(X) ), ]-'(Y)) (1]

where the right hand side is the cone in the category of cohomological complexes. We
assume without loss of generality that F is a flasque complex. The key point is the
short exact sequence of complexes of sheaves on X

0 — jij*'F — F — i,i* F — 0 .
It induces a canonical quasi-isomorphism of complexes
§17*F — Cone (.73 — z*z*]}) 1] .

We now take RI'z, (X, -) of the right-hand side. Because F was assumed to be
pseudo-flasque the morphism

Cone (F(X) — F(Y)) —s Cone (ﬁ(X) - fr(y)) .

is a quasi-isomorphism. This last fact follows from B.3.4 and B.3.2. (Of course it can
also be proved, even more easily, in terms of complexes of abelian groups rather than
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simplicial abelian groups.) In the case of a morphism Y — Y with cohomological
descent the left hand side of the statement is by B.3.4 given by the cohomology of

Cone (]-'(X) - f(cosko(if/y)) 1] .

The natural morphism F(Y) — F(cosko(Y /Y)) is a quasi-isomorphism by definition
and Lemma B.3.4. O

THEOREM B.3.7 (GILLET, DE JEU). Let F = @,., F(i) be a pseudo-flasque com-
plex of abelian presheaves on the big Zariski site. Assume that F defines a twisted
duality theory, i.e., the extra data of [G] Def. 1.1 exist and all conditions of loc. cit.
Def. 1.2 are fulfilled. Then:

e There are Chern class maps of spaces

¢ K— K(F(7)[27]) -
They induce morphisms
¢j : Hip (Y, K) — Hg" (Y, K(F(5)))
for all spaces Y in sT.

e If Y is a K-coherent space, then the total Chern class cr is a morphism of
A-algebras on K—cohomology of Y.

o Leti:Z — X a closed immersion of smooth S—schemes with open complement
U. The map i : i.F(r) |z— F(r + d) |x [2d] required in [G] Def. 1.2. induces
push-forward on generalized cohomology. IfY, is a space over X as in B.2.18,
then the diagram

G Ko (Y. xx Z)g ~ —2— Gl K, (Yo

l lw
HAT(Y. xx Z,K(F(j)g —— HE Y, K(F(j +d))e
is commutative.

Proof. The construction of the Chern classes is [G] Thm 2.2. Gillet’s formulation is
for schemes but he constructs in fact a morphism of spaces (loc. cit. p. 225) so the
results hold for more general spaces (see also [GSo1] 4.1). The assertion on the A-ring
structure is [GSol] Thm. 7. We sketch the idea: Everything is defined on the level
of coefficients, so it does not depend on Y. Compatibility with multiplication is [G]
2.3.2. Compatibility with y-operators can be checked on the level of universal Chern
classes, i.e., for elements C; y € H2:(BGl,,F(i)). Now use the splitting principle
([G] 2.4).

The last part of the proposition is a generalization of Gillet’s Riemann-Roch Theorem
[G] 4.1 to spaces of our special type. The proof carries over by the same method as in
the proof of Riemann-Roch for K-cohomology B.2.18. Mutis mutanda the statement
can be found in [Jeu] Lemma 2.13. O
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REMARK: This will allow to define regulator maps from K-cohomology to the coho-
mology theories we are interested in.

COROLLARY B.3.8. Let X, Z, d, Y. and F be as in the theorem. In addition assume
that F is pseudo-flasque. Let U be the complement of Y in X. We abbreviate

Yo=Y xxU,Y; =Y xx Z and F; = K(F(j)). Then there is a natural morphism
of long exact sequences

Hi ' (Yu,j) —— Hi*(Yz,j—d) —— Hiy(Y.,j) —— Hi,(Yu,))

| l | !

Hy' (Yo, Fy) —— Hz*(Yz,Fj—q) —— Hig(Y, F})—— Hix(Yv, F})

WF () (Yo ) s W 2UF (f = d) (V)= WF()(Y.) —— hiF () (Vo)

Proof. We start with the long exact sequences for relative cohomology (B.1.7) with
coefficients in the spectrum K and in the spectrum K (f ). Their compatibility is
nothing but functoriality. Relative cohomology is replaced by cohomology of Y. x x Z
using B.3.7. Finally we pass to graded pieces of the «-filtration. Note that the indices
in the definition of motivic cohomology are chosen in a way that they agree with the
indices of other cohomology theories under Chern class maps. Equality of the last

two lines is B.3.4 O

Note that the last line has nothing to do with generalized cohomology or spaces.

B.4 ConTINUOUS ETALE COHOMOLOGY

There are different ways of defining continuous étale cohomology. We will see that
they all give the same thing.

Fix a number field K and a prime [. Let B be an open subscheme of Spec ox[1/]]
where 0 is the ring of integers of K.

PROPOSITION B.4.1 (DELIGNE, EKEDAHL). Let f : Y — X be a morphism of B-
schemes of finite type. Then there are triangulated categories D%(X —7;) and D (Y —
Z,) admitting the following: there is a t-structure whose heart are the constructible
l-adic systems. There are functors

fio o DAY = Ta) — DX — )
and

F 1 DUAX = Zh) — DY — Zy)
having all the usual properties of Grothendieck functors.

Proof. This is [Ek] Thm 6.3. In the case B = Spec ok [1/l] the category was already
constructed in [D4], 1.1.2. O
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REMARK: D%(X — Z;) should be thought of as the bounded derived categories of
constructible l-adic sheaves on X.;. By Ekedahl’s construction D%(X — Z;) is a sub-
category of a localization of a subcategory of the derived category of the abelian
category (Xc:)" — Z;. By this notation Ekedahl means the category of projective sys-
tems of étale sheaves on X ringed by the projective system Z/I™. The four functors
are defined on the level of this last derived category. Ekedahl then shows that they
induce well-defined functors on D%(X — Z;). In the case B open in Specox[1/1], we
get away with Deligne’s more straightforward construction.

DEFINITION B.4.2 (1. VERSION). a) For k € Z let Z;(k) be the constructible l-adic
sheaf on B given by the projective system ,u?;,k.

b) We define continuous étale cohomology of s : X — B by

H .o (X, k) = Hompy x 7,y (s*Z1(0), s Zu (K) [d]) -
c) If j: U — X is an open Immersion with complement Y we define relative contin-
uous étale cohomology by
Hi

cont(X rel Y7 k) = HomDZ(X*Zz)(S*Zl(O)aj!(S o])*Zl(k)[l])

d) More generally, let M be an object of D%(X — Z;). We define continuous étale
cohomology of X with coeflicients in M as

Hi

cont

(X, M) = Hompy(x_z,)(s"Zi(0), M[i]) .

This definition allows to derive all the usual spectral sequences from the calculus
of the Grothendieck functors.
REMARK: As checked in [H2] §4 this definition coincides with Jannsen’s original one
in [Jnl] sect. 3. In our case continuous étale cohomology with coefficients in a
constructible l-adic sheaf (F,), is nothing but the naive lim H, (X, Fy.) because all
H?\(X,F,) are finite.

Let us now define continuous étale cohomology in a way that fits in with the
setting of the previous section.

DEFINITION B.4.3 (2. VERSION). Consider the projective system of sheaves
(u%k)neN on the big étale site over B. Let I be an injective resolution in the
category of projective systems. It is given by a projective system Z,, of injective res-
olutions of ,uf%k on the big étale site with split surjective transition morphisms ([Jnl]
1.1). By taking sections we get a projective system of complexes of Zariski-presheaves
RT (,u?;k )n ey The functor R@l turns it into a complex F;(k) of Zariski-presheaves.
For any space X put

Hi

cont

(X, k) = Hip (X, K(Fi(K))) -
In particular if 1 : Y — X is a morphism of spaces, then we put

Hi

cont

(X rel Y, k) = Hip(C(0), K(Fi(k)))
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LEMMA B.4.4. If X is a B-scheme, then both versions of the definition of continuous
étale cohomology agree canonically. If Z — X is a closed immersion, then the same
is true for both definitions of relative continuous étale cohomology.

Proof. Fi(X) is nothing but an explicit version of the derived functor Rlim RI'(X, -)
from the derived category of projective systems of étale sheaves to the derived category
of abelian groups. Hence the complex F;(X) computes the first version of continuous
étale cohomology. In particular it has the Mayer-Vietoris property. Hence we can
apply the lemmas of the previous section (B.3.4) and get

Hip(X,K(F1) = h'(F (X)) .

To extend the result to relative étale cohomology we use essentially the same
argument as in B.3.6.b). O

REMARK: When we say that the isomorphism is canonical, we think in particular of
the following situation: The cartesian diagram of schemes

- ./

UI J X’ v Y’

U J X i y

(f, j open, g, i closed complements) induces a map

(X rel Y,n) AN 2

%
H cont

cont

(X' rel Y')n)

which is compatible with the identification. If all schemes are smooth and X" inter-
sects Y transversally, then we also get the same long exact sequence

e HS2(X rel Y 0 —d) — H

cont cont

— HH24 X" rel Y in—d) — - -

cont

(X rel Y,n) — H

cont

(X' rel Y/, n)

using either definition of relative cohomology.

LEMMA B.4.5. If Y — Y is a proper covering (i.e., a proper and surjective map),
then it has cohomological descent for continuous étale cohomology. In particular if
Y — X is a closed embedding and Y a proper covering of Y, then there is a natural
isomorphism

Hi

cont

(X relY,j) — H:

i (X rel cosko(Y/Y), )
where the right hand side is taken in the sense of spaces.

Proof. Cohomological descent is a consequence of the same descent for étale coho-
mology with torsion coefficients prime to the characteristic of the schemes ([SGA4,I1],
Exp. Vbis, 4.1.6). By B.3.6.b) the second part follows. O
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PROPOSITION B.4.6. On the Zariski site of smooth schemes over B, the presheaf
JFi has the properties of a twisted duality theory. There are regulator maps from
K -cohomology to continuous étale cohomology

H.}VI(K]) — Hgont(yhj)

for all K—coherent spaces Y. They are compatible with pullback, i.e., if f : Y — Y’
is a map of K—coherent spaces, we get commutative diagrams

i . fr i .
HM(Yla.]) — HM(Y7])

Hipo(Y',5) —— Hio(Y,5)

cont

Ifi: Z — X is a closed immersion of smooth schemes (constant codimension d) with
open complement U and Y. a space constructed form schemes over X as in B.2.18,
then the regulator is compatible with pushout, i.e., the diagram

HYP2 Y, xx Z,5 —d) 25 Hy (Y., )

cj,.{ l

HY2HY xx Z,5 —d) 2 HY (Y., §)

is commutative.

Proof. We restrict to smooth schemes for simplicity. We have to define the extra-
structure from [G] 1.1 and 1.2. We put

Hi(X,j) = H24 (X, d - j)

cont

for a d-dimensional smooth connected scheme. Pull-back on cohomology and pushout
on homology are induced from the functors on sheaves on the étale site. We do not
work out the details. For a single étale sheaf u;» this is actually one of Gillet’s
examples 1.4 (iii). O

There is really only one case when this regulator is understood.

LEMMA B.4.7. Let K be a number field, ok be its ring of integers and | a prime.
Assume 2i — k > 2, then Soulé’s l-adic regulator

Kai—k(ox[1/1)) ® Zy — Hy,,,(Spec ok (1/1],1)
agrees with the one obtained from Prop. B.4.6.

Proof. Put A = 0k[1/l]. Soulé’s definition in [Sou2] is the composition

lime;
Koi—i(A) — lim Ka; (A, Z/1") =% lim HY (A, 7,/1" (i))
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where G j, is as in [Soul] II.2.3. There is a natural map of presheaves Fi(i) —
RI'(-,Z/1"(i)). Hence in Gillet’s definition of Chern classes, we get a commutative
diagram

Ko x(A) =5 HE  (SpecA,i)

pY
HE (Spec A, Z/1¥ (7)) .

Hence we only have to consider finite coefficients. Furthermore in this simple case of
a regular commutative ring, we do not really need to consider the sheafified versions
and generalized cohomology. Gillet’s construction boils down to a composition of the
Hurewicz-map with universal Chern classes.

For 2i — k > 2, the map ¢; ; is defined by the same type of composition ([Sou2] II
2.3.) with the same universal Chern classes.

By the definition of K-theory with coefficients, we have a commutative diagram (loc.
cit. 11.2.2) with X = Z.,BGI(A):

—— m(X) 2 (X)) —— (X2 ——
+| +| [
—— Ho(X,2) 25 H,(X,Z) —— H,(X,Z/q) ——
For the prime 2 compare also [We]. O

THEOREM B.4.8 (SOULE). Let K be a number field, o be its ring of integers and [
any prime. Let S’ be a finite set of prime ideals of o and S = S" U {l}. Let og be
the localization of o at S. The regulator map

¢ Hj\,t(Spec 0s,7) ®g Q — Héont(Spec 0s,j)o

is always injective and an isomorphism for ¢ = 1 and j > 1. We have the following
behaviour for pairs of indices (i, 7):

0,5) jez isomorphism
(1,7) j<1| mot. coh. vanishes, l-adic does not in general
(1,1) injective of finite codimension
(1,5) 7>1 isomorphism
(2,7) j < 1| conjectured to be isom., i.e., etale coh. to vanish
(2,1) injective of finite codimension
(2,7) j>1 isomorphism, i.e., both vanish
(i,j) else both vanish
Proof. We have
Heopni(Specos, j)o = H'(Gs, Qu(5))

where Gg is the Galois group of the maximal extension of K that is unramified
outside of S. We first check that these groups vanish for i > 2: By [Mi] I Cor. 4.15
all H(Gs, ul@?ﬂ ) are finite. This means that the projective systems for varying n are
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Artin-Rees. We do not get a @1 L_contribution to continuous cohomology. Moreover,

by loc. cit. 1. 4.10.c) the H*(Gg, ul@?lj) for 4 > 3 are 2-torsion. This implies that their
projective limit is 2-torsion. In total we have vanishing cohomology H*(Gg,Qi(j))
for i > 3.

The case i = 0 is trivial. H*(Gs,Q;(1)) = Es ® Q; where Es are the S-units, while
Hj},(Specogr, 1) = 0%, ®Q;. For H?(Gg,Qi(1)) (the S-Brauer-group) the codimension
is the same as in the (1,1)-case by Euler-Poincaré duality (cf. the discussion in
[Jn2] Lemma 2 and Cor. 1.). In the remaining cases, neither motivic (B.2.20) nor
continuous étale cohomology ([Jn3] Lemma 4) is changed by the inversion of S’, at
least up to torsion. We assume S’ = (). For odd [, the cases (1,j) and (2,j) for
j > 1 are Soulé’s result in [Sou2] Theorem 1. Note that we are in the range where
the previous lemma applies.

For | = 2, we have to refine the argument. On the level of Qs-coefficients we may, by
Galois descent, assume that K contains v/—1 — note that the only prime which could
possibly ramify in this quadratic extension has been inverted, and hence we get an
étale extension of rings. By [DwF], Theorem 8.7 and the succeeding remark, we have
surjectivity even for [ = 2.

To conclude, we need to show that the Qs-vector spaces have the right dimension.
Let j > 1. By [Jn2], proof of Lemma 1, the dimension of

Héont(spec UK[1/2]7.7)Q

equals the corank of
Hioni(Spec ok [1/2], Q2 /Zs(j)) -

By [Sou3], 1.2 and Proposition 2, this corank, for ¢ = 1, equals the rank of the
K—group if and only if

HZ, i (Spec o [1/2], Q2/Z(5))

is torsion. This in turn follows from [We], Theorem 7.3. O

Finally we want to discuss Soulé’s elements in K-theory with coefficients. Every-
thing is in the setting of simplicial sets and spectra in the usual sense. Generalized
cohomology does not enter. Let 3 be the sphere spectrum and [” a prime power. By
definition of the Moore spectrum there is a cofibration sequence

DILES JRLNS VAL 8
Recall that for the ring of integers in a number field A
Kn(A, Zy) = im Ky (A, Z)17) = limmp (KA My )
The Moore spectrum has a unique product for [ > 2. For [ = 2,7 > 2 there are two
projective systems of regular product structures on M;- ([O], Theorem 2 (a), (b)

and Lemma 5). Together with the product structure on K this defines a product on
K. (A7) for I > 2.
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For d > 2, we define R = Z(ugq,1/dl). Recall ([Sou2], Lemma 1, [Sou5|, 4.1-4.3)
Soulé’s construction of maps

¢y : primitive elements of pg — Kant1(R,Z;) = Kon+1(R) ®2z Z; .

The original statement is for odd primes [, but using the above 2-adic product the
construction works without any changes for [ = 2. For a primitive d-th root of unity
w, choose some (o );>1 € lim pigrr satisfying al = w. Let (B,)r>1 € lim K (R, Z/1")
be the projective system of Bott elements with jar(3,) = a, € Ki(R). Using the
formalism of norm compatible units developed in [Sou2], one lets ¢;(w) denote the
projective system

(N,((1 = ) U (BH™), € lim Koot (R, Z/UZ)
REMARK: It is not clear to the authors whether the 2-adic Soulé elements depend on
the choice of product on the Moore spectrum. By [O] pp. 263-264, the difference
between the two regular products p and u’ on Mo- is given by

. . 2 .
Mayr A Myr 22209270 G908 S5 1 50 227 M,

LEMMA B.4.9. Let ¢ be a root of unity and n > 0. The restriction map from

Hclont (Q(C)) Ql(n + 1)) into

H(}ont (Q(le ’ C)) Ql (Tl + 1))Ga1(Q(/’”°° QIR
Gal(Q(p0,6)/Q(<))

= <ll_IIl (Hclomg (Q(Hl‘x’ ) C)v FLZT) ® ui@;n) ®z, Q

r>1
Gal(Q(ur0,¢)/Q(¢))

= | lm (@(ulw,o*/(@(uzw,@*)" ® ,uf?") Rz, Q

r>1
is injective.

Proof. Note that the argument given in the discussion preceding [WilV], Theorem
4.5 is incorrect since the transition maps

Hl (@, O 12D ) Bl (@i, ), 1Y)
are in general not injective. The kernel of the restriction map is given by
Hiont (Qu,€)/Q(C), Qu(n + 1)) -
Since [Q(u1,¢) : Q(¢)] is prime to I, we have to show that

Hclont (Q(#ZM,C)/Q(M» C)v Zl(n + 1))

is torsion. But the Galois group G of Q(uye,¢)/Q(ui, ) is isomorphic to Z;, and
hence its first cohomology equals the functor of coinvariants. Our claim follows since
n > 0. O
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ProprosiTION B.4.10. Let ¢ be a fixed d-th root of unity. The l-adic regulator

Ty K27l+1(R) z Ql — Héont(@(“d%@l(n + 1))

takes ¢;(¢®) to the cyclotomic element in continuous Galois cohomology

Y [I—al® ()"

" _rb
al”=¢ r

(in the description of the last lemma) defined by Soulé and Deligne (cf. [Sou2], page
384, [D5], 3.1, 3.3).

Proof. If | is odd, then this is [Soul], Théorémes 1 and 2. For | = 2 the same is true
using the properties of the 2-adic regulator (see [We]). O

B.5 ABSOLUTE HODGE COHOMOLOGY

Let B = SpecC or B = SpecR in this section.

In A.1.9 a definition of absolute Hodge cohomology and relative cohomology for
general varieties over C was given. The variant over R was A.2.6.

By A.1.10 resp. A.2.7 absolute Hodge cohomology of smooth varieties is given
functorially by Beilinson’s complexes R g»( - /B, n).

LEMMA B.5.1. These form a pseudo-flasque complex of presheaves on the Zariski site
of smooth B-schemes.

Proof. By construction [B1] they form a presheaf on pairs (U, U) where U is a com-
pactification with complement an NC-divisor. (For more details cf. [H1] Prop. 8.3.3.)
Taking the limit over all choices of U we get the desired presheaf. To say it is pseudo-
flasque means that absolute Hodge cohomology has the Mayer-Vietoris property. In
the context of A.1.9 and A.2.6 it is a formal consequence of the existence of triangles
(i41',id, j.j*) for open immersions j with closed complement i. In the context of [B1]
it follows from the Mayer-Vietoris property of De Rham-cohomology and singular
cohomology. O

We now consider the corresponding generalized cohomology.

DEFINITION B.5.2 (2. VERSION). If X is a space over B, then we define absolute
Hodge cohomology by

Hyyp(X/B,n) = Hip (X, K(RTss (- /B,n)) .
If f: Z — X is a morphism of spaces, then we define relative cohomology
Hi,(X rel Z/B,n) = Hip(Cone(f), K(RUgs( - /B,n)) .

LEMMA B.5.3. There is a functorial isomorphism between both definitions of absolute
Hodge cohomology for a smooth variety X. If Y — X is a closed immersion of smooth
schemes, then the same is true for relative cohomology.
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Proof. Lemma B.3.4 and Lemma B.3.6.a). (|

In order to get the same equalities at least for some singular varieties we have
to check a descent property for Hodge modules. For this we need functoriality of
142" with values in complexes of Hodge modules rather than objects in the derived
category.

LEMMA B.5.4. Let X/C be smooth and i : Y — X a closed reduced subscheme of
pure codimension 1. Let Y = J; ,Y;. For I C {0,...,n} and M € MHMp(X) let
i Y=Y — X
i€l
jroUr=X~J% — X
i€l
My :jI!j;M S MHMF(X) .

All Y7 are equipped with the reduced structure. Then ir.ijM defines a functor
{subsets of {0,...,n}} — C°*(MHMf (X)) .

Proof. As jr is affine both j7 and j; map Hodge modules to such. Note that locally
each Y; is given by a function f; on X. The functor 47,4} has an explicit description
for closed subschemes of the type Y7 given in the proof of [S2] Prop. 2.19. In fact

iniiM=...— @ My— @ Mp—M
I'CI;|T"|=2 I'CI;|I’|=1

where the complex sits in degrees less or equal to zero. O

PROPOSITION B.5.5. Let X/C be smooth and i : Y — X a closed subscheme as in
the lemma. Let Y =Yy Il ---11Y,, and

Y. =cosko(Y/Y) > Y,
ie.,

YV, =Y Xy -+ xy Y (k + 1 factors) .

Then the functor s.s* defined by the total complex of the cosimplicial complex
(8nx8% )neN, 1S isomorphic to i.i*.
Proof. Note that
= ][ W
1€{0,...,n}k+1

where Y7 = Y{;, . i,} in the notation of the previous lemma. Let M be in MHMFg(X).
By the previous lemma we get indeed a cosimplicial complex hence s.s*M is a well-
defined complex of Hodge modules. Let Y= be the simplicial subscheme given by

<
VS = 11 Vi 5 Y.

I=(i0<i1 <+ <ig)
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By the Hodge module version of the combinatorial Lemma B.6.2, the morphism
5.5 M — s£s=*M is a quasi-isomorphism. By definition ([S2] 2.19)

i*i*M = M{O,...,n} — M,

and this complex is canonically quasi-isomorphic to the total complex of the constant
cosimplicial complex i,i* M. It is easy to see that the natural morphism

Tot i,i* M — s=s<*M
is a quasi-isomorphism. O

COROLLARY B.5.6. Let X/B be smooth. Suppose Y — X is an NC-divisor over B
all of whose irreducible components are smooth over B. Then the group H}DP(Y/B, 7)
as defined in A.1.9 resp. A.2.6 is isomorphic to the generalized cohomology group
H)%p(f’_/B,j) and to the same noted group in [B1].

Proof. The condition on Y ensures that Y, is indeed a smooth simplicial scheme. It
gives rise to a space over B. Cohomological descent for the coefficients as in B.5.5
implies cohomological descent for their global sections in the sense of B.3.5. We can
use Y. as the smooth proper hyper-covering needed in Beilinson’s definition. Equality
to the generalized cohomology version is again B.3.4. o

This is of course cohomological descent for a closed Cech-covering. We have
restricted to this case which is built into the very definition of Hodge modules for
simplicity. There is no reason why there should not be cohomological descent in the
same generality as for constructible sheaves.

LeEMMA B.5.7. Let X/B be smooth, and Z C X a closed immersion of an NC-
divisor all of whose irreducible components are smooth over B. Let Z  be the smooth
simplicial scheme of B.5.5, then there is a canonical isomorphism

Hi,(X rel Z/B,n) = H§,(X rel Z./B,n)
where we use the original definition on the left and the second on the right.
Proof. This follows by the general method of B.3.6.b) from the descent property that
we have just established. O
REMARK: If we had checked cohomological descent in general, then we would get
B.5.6 for arbitrary varieties and B.5.7 for arbitrary closed immersions.

THEOREM B.5.8. On the site of smooth schemes over B, the presheaves
RT'go( - /B,n) have the properties of a twisted duality theory. There are regu-
lator maps from K-cohomology to absolute Hodge cohomology

Hjy(Y,j) — Hg: (Y/B, j)

for all K—coherent spaces Y. They are compatible with pullback, i.e., if f: Y — Y’
is a map of K—coherent spaces, we get commutative diagrams

i . £ i .
Hj(Y',j) —— Hj(Y,))

Hi,(Y'/B,j) —— Hi,(Y/B,j)
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Ifi: Z — X is a closed immersion of smooth schemes (constant codimension d) with
open complement U and Y, a space constructed form schemes over X as in B.2.18,
then the regulator is compatible with pushout, i.e., the diagram

HY Y. xx Z,j—d) —=—  H(Y.,))

Cj,dl J{CJ‘
H22(Y, xx Z/B,j —d) —— HZ,(Y./B,j)

is commutative.

Proof. We use Gillet’s method B.3.7. All axioms of a twisted duality theory hold e.g.
[H1] Ch. 15. Granted this the proof proceeds as in the l-adic case (B.4.6). O

REMARK: Recall ([N], (7.1)) that there is a natural transformation from absolute
Hodge to Deligne cohomology. The composition of the above regulator with this
transformation was already constructed in [Jeu], 2.5.

THEOREM B.5.9 (BOREL). Let K be a number field with r; real and re pairs of
complex embeddings into C. We consider the ring of integers 0 as a scheme over Z.
Then the Beilinson regulator

H}'\,I(Spec 0K,j) @R — H%p ((Specok)r/R,7)

is an isomorphism for all pairs (i,7) # (0,0),(1,1). It is injective of codimension
r1+re—1 for (i,5) = (0,0), and injective of codimension one in the case (i,5) = (1,1).

Proof. Note that the cohomological dimension of the category of Hodge structures is
1. The case ¢ = 0 is trivial, and the case (1,1) is Dirichlet’s classical result. In [Bo2],
the claim (and much more) is proved for the Borel regulator instead of the Beilinson
regulator. By [Rp|, Corollary 4.2, the two regulators coincide up to a non—vanishing
rational factor. O

B.6 A COMBINATORIAL LEMMA

This section gives a purely combinatorial proof why two conceivable definitions of the
Cech-nerve of a covering are homotopically equivalent. This is well-known at least
for open coverings and Cech-cohomology (and probably in general). But for lack of
finding an appropriate reference we work out the combinatorics here.

Let C(n) be the following simplicial set:

O(n)k = {17 cey n}k+1

with the obvious face and degeneracy maps. Let C(n)< be the simplicial subset of
simplices whose entries are ordered by <. In fact this is the simplicial version of the
n-simplex.

Suppose we are given a covariant functor from the category of subsets of
{1,...,n} to the category of sets. We get simplicial sets by setting

A(n)k = U

< _
Aln)y = UIEC(n)kSAI

IeC(n)g
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where A7 is the value of our functor on the set I = {ig,...,i;}. Note that the elements
of C(n)y are ordered tuples but the value of A; does not depend on the ordering.

LEMMA B.6.1. If the functor has constant value A, then both simplicial sets have
the homotopy

A ifi=0
7 (A(n)", ) = ’
Z( ()., ) {0 else.
Proof. Obviously it is enough to consider the case A = %, i.e., of the simplicial sets
C(n)S — C(n) themselves. Both simplicial sets satisfy the extension condition [M]
1.3 rather trivially. Hence we can use the combinatorial computation of the homotopy
groups given in [M] Def. 3.6. We immediately get the result. O

PROPOSITION B.6.2. For a general functor A the injection A(n)S — A(n) of simpli-
cial sets is a weak homotopy equivalence.

Proof. We filter the simplicial sets C(n)” by the simplicial subsets F*C(n)’ of sim-
plices in which at most i different integers occur. This induces a filtration of the simpli-
cial sets A(n)’. Let G*A(n)” be the cofibre of the cofibration Fi=!A(n)’ C FiA(n)’.
It consists of simplices in which precisely ¢ different integers occur. We argue by
induction on i for all functors A at the same time. There is a long exact homotopy
sequence attached to the cofibration sequence

Fi7rA(n)! — FIA(n)" — G'A(n)" .

By induction it suffices to show that all cofibres G* A(n)/(G*A(n)<) are weakly equiv-
alent to the final object x. The cofibre decomposes into a union of simplicial sets
corresponding to a different choice of ¢ elements in {1,...,n} each. If suffices to
prove acyclicity for one choice e.g for the subset {1,...,i}. Hence we only have to
consider G*A(7)/G*A(i)S. But this last cofibre is isomorphic to G*B(i)/G'B(i)<
where B is the functor with constant value Ay ;1. For i > 1 it is easy to see that
oG B(i)/G'B(i)S = . By B.6.1 the quotients B(n)/B(n)< are acyclic for all n. Us-
ing the same cofibration sequence as for A and the inductive hypothesis this implies
that all G*B(i)/G'B(i)< are acyclic. O

Note that A could also be a functor to the category of abelian groups or to the
dual of the category of abelian groups.
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ABSTRACT. We give an alternative proof of the Hasse principle for principal
homogeneous spaces defined over fields of virtual cohomological dimension at
most one which is based on a special decomposition of elements in Chevalley
groups.
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1. INTRODUCTION

Let Y be a smooth irreducible projective curve defined over the real number field
R and k = R(Y) be the field of R-rational functions on Y. For a point P € Y (R) we
denote the completion of k at the point P by kp. The present paper is devoted to the
Hasse principle for the existence of a rational point on principal homogeneous spaces
of a connected linear algebraic group G defined over k. It was Colliot-Thélene who
conjectured ([CT], Conjecture 2.9) that for any such space X the Hasse principle
holds relative to all local fields kp, P € Y (R), i.e. X(k) # 0 iff X(kp) # 0 for
each P € Y(R). Since principal homogeneous spaces of G are in natural one-to-one
correspondence with elements of the set H'(k, Q) the latter statement is equivalent
to the following: the natural map of pointed sets

(1) H'(k,G)— ][] H'(kr,G)
PeY (R)
has trivial kernel ([S]).
In [CT] Colliot-Thélene proved the Hasse principle for algebraic k-tori and re-
duced the general case to that of a simple simply connected algebraic group G. The
case of an arbitrary connected k-group G has been studied by Scheiderer ([Schl]).

IThe author gratefully acknowledges the support of the Alexander von Humboldt-Stiftung and
SFB 343 “Diskrete Strukturen in der Mathematik” and the hospitality of the University of Bielefeld.
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To prove the Hasse principle he first made an important observation (which eventu-
ally turned out to be crucial ) that local objects kp can be replaced by real closures
ke of k, & € Qy, where {2, denotes the set of all orderings of k. Indeed, using the
description of orderings of k£ and the so-called Artin-Lang homomorphism theorem
([Srl], Theorem 3.1) it is easy to show that the condition X (kp) # () for each real
point P on Y implies X (k¢) # 0 for each ordering & of k and hence the triviality of
the kernel of (1) follows immediately from the triviality of the kernel of

(2) 0: H'(k,G) — [] H'(ke,G)
€
The question whether 6 is injective makes sense not only for the function fields
of curves but also for an arbitrary field k£ and it turned out that 6 is indeed injective
if k has virtual cohomological dimension (ved) at most 1 (recall that function fields
in one variable over R are such). We have even more.

THEOREM 1. (Scheiderer, [Schl]) Let K be any field of virtual cohomological dimen-
sion < 1. Then the Hasse principle holds for any homogeneous K-space X of a
connected linear algebraic K-group G.

Scheiderer’s proof can be divided into two parts. In the first one it is proved
that for X as in the theorem (here G may even be not connected) there exists a
principal homogeneous space Z which is everywhere locally trivial and dominates X.
The strategy of the proof in this part going back to Springer ([S],[Sp]) consists of
replacing X by a homogeneous space which dominates X and has a smaller stabilizer.
It is worth mentioning that in this part most arguments do not use specific properties
of K and so most of them are valid over an arbitrary perfect field.

The second part of Scheiderer’s proof is devoted to the case of a principal ho-
mogeneous space. To treat such a space Scheiderer first constructs a locally constant
sheaf of sets H!(G) on Qf whose stalks are just the sets H! (K¢, G). Then he shows
that there exists a natural bijection between the set of global sections of H!(G) and
HY(K,G). As a whole the proof in this part is quite complicated. It is based on using
étale machinery and, in particular, strongly relies on results of the book [Sch2].

The aim of this paper is to provide a simpler and shorter self-contained proof
which is based only on the Bruhat decomposition in semisimple algebraic groups and
the so-called strong approximation property (SAP) of fields (see §3). We show that
in fact the Hasse principle follows immediately modulo two facts. Informally speaking
one of them says that the kernel of the natural map H'(K,T) — H'(K,G), where
G is an (absolutely) simple simply connected linear K-group and T is a K-torus
splitting over K (y/—1), can be parametrized by “good” rational functions (see §2)
and the other says that any field of virtual cohomological dimension < 1 is an SAP
field.

Acknowledgment. The author is grateful to J.-P. Serre and the referee for
remarks that helped to improve the initial exposition.

2. ALGEBRAIC GROUPS SPLITTING OVER QUADRATIC EXTENSIONS

Throughout the section K denotes an arbitrary field of characteristic 0. Let G
be an (absolutely) simple simply connected algebraic group of rank n defined over K
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and splitting over quadratic extension L = K (v/d). Let

O =Gal(L/K)= (t|m*=1).
Consider a Borel L-subgroup B such that 7' = B N 7(B) is a maximal torus which
will be assumed for simplicity to be K-anisotropic. Since T is splitting over L, one

has
T~ R (Gp) X ... x R (Gr).

To prove the Hasse principle we need to describe Ker [H!(0,T(L)) —
H'(©,G(L))]. This description can be easily extracted from [Ch]. However this
paper is written in Russian and the translation made by the AMS is unreadable and
contains a lot of misprints. So for the sake of expository completeness and the reader’s
convenience we include here details.

First recall some basic facts about the structure of the group G(L) (for details
see [Stl]). Let ¥ = R(T,G) be the root system of G relative to T. The Borel
subgroup B determines an ordering on the set ¥ and hence a system of simple roots
0= {ai,... ,an}. If a=> n;a; € T, then the number ht(a) = > n; is called the
height of a. If {X,, 0 € ¥;Hy,, ..., H,, } is a Chevalley basis of the Lie algebra of G,
then G(L) is generated by the corresponding root subgroups G, = (z1.(t) |t € L),
where

To(t) =Y t"X7 /nl
n=0

and the torus T is generated by T, = T N Gy = (ha(t)), where ho(t) =
Wa (H)wa (1)7! and we (t) = 20 ()T _o(—t 7 )xa(t).

Furthermore, since G is simply connected the following relations hold in G (cf.
[St1], Lemma 28 b), Lemma 20 ¢), Lemma 15):

A) T = (hy, (t1)) X -+ X (hq, (t,)) and for a € ¥ we have

(3) ha(t) = [[ ha.(®)™,  where Ho = niHa,;

=1 i=1

B) For a, X let (8,a) =2(0,a)/(a, ). Then we have

(4) ha(t)zs(u)ha(t) ™ = 25t w)

C) For all u,v € L such that 1 4+ uv # 0 we have

(5) T (U)Ta(v) = 2o (v(1 +uv)  Hhe (1 +uv) tz_q(u(l +uv)™h)

D) Forall a,8 € X, 8 # —a, we have

(6) za()2sWza(v) " zsw) " = [ wiarsslegvid)

4,j>0
where the product on the right hand side is taken over all roots of the form i + j3
and the ¢; ; are integers which depend on «, 8 and on the chosen ordering of the roots
but do not depend on v and w.
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Since T is K-defined, T acts on the root system Y. More exactly, for any a €
Y the character o + 7(a) is K-defined and hence is zero, i.e. 7(a) = —q, since,
by assumption, T is K-anisotropic. It follows that there exists ¢, € L* such that
T(Xa) = caX_q; in particular, the subgroup G, is K-defined.

The constants ¢, actually lie in K and c¢_,, = ¢, !. Indeed, for rank one groups,
i.e. of the form SL (1, D), where D is a quaternion K-algebra, this fact can be verified
directly. The general case easily reduces to the rank one case since G, is a simple
simply connected K-group of rank 1. Thus, we have

LEMMA 1. There ezists constant co € K* such that for any u € L one has 7(zq(u)) =
T_a(caT(u)). Moreover, G, ~ SL(1,D), where D is a quaternion algebra over K of
the form D = (d, cy).

PrOOF: Straightforward computations. O

LEMMA 2. The positive roots X = {B1,...,Bm} can be ordered in such a way that
the following two properties hold:

1) for any pair of roots B;, B, for which i < j and 3; + B; = B € X, the root By is
between (; and B;, i.e. 1 <k <j;

2) if X is a root system of type either As,_1 or D, or Eg and o is the outer au-
tomorphism of ¥ induced by the non-trivial automorphism of order 2 (resp. 3) of
the corresponding Dynkin diagram, then for any root 3; € 1 the roots 8; and o(3;)

(resp. Bi, o(8;), 02(Bi)) are neighbours.

PROOF. a) Let ¥ = {e; —¢; | 1 <14 # j < 2n} be a root system of type As,_1. Let
Q] = E€1—€9,... ,Qap_1 = E9p_1—E2, be a basis of ¥ and X7 be the subsystem generated
by the roots as, . .. , g, 2. By induction, we can pick an ordering ¥ = {f1,... , 5}
with the required properties. Let v = a3+ - -+a9,—1. We number the remaining roots
ST\{ST U~} = {Bri1,--- ,Bm_1} in the order of decreasing height. If 3; denotes
the last root among {fBk+1,. .. ,Bm-1} such that ht (3;) > n, then the ordering

2+ = {51»"' 75]67 ﬂk+17~" 7/81'7 v, ﬂi+17~" 7ﬂm71}

is as required.

b) ¥ is a root system of type Aap, Bn, Cr, Dy, E7. It follows from the description
of root systems of these types that there exists a subsystem ¥; generated by n — 1
simple roots, say ai,... ,a,_1, such that any root 3 € £+ \ X1 can be written as a
sum S =mioay+- - +mp_10n-1+a,. If ¥ is of type D, and |o| = 2, we may assume
in addition that the set {a1,...,a,_1} is stable under o. The root system ¥; has
rank n — 1 and so by induction, there exists an ordering of the required type on the
set X = {B1,...,Bx}. We number the remaining roots ¥ \ £ = {Brs1,--- , Om}
in the order of decreasing height. Then the ordering {81, ... ,8m} is as required.

c) ¥ is a root system of type Eg, Fs, Fy, G2. Here one can argue as in case a).
Namely, there exists a subsystem X1 generated by simple roots as, . .. , a,—1 such that
any root 8 € X1\ Ef is of the form 8 = mia1 + -+ mp_10,_1 + o, except for the
maximal root & and @ is of the form & = mia1+- - +mp_10,—1+20,. Let b = ht (&).
Again, applying induction we can find an ordering ¥ = {31, ... , B} with the desired
properties and then we number the roots 37 \ {7 Ua} = {Bk+1,..- ,Bm—1} in the
order of decreasing height. If 3 has type Fg, we may assume in addition that g and
o(B) are neighbours for all 3 € £ 7. Let 3; be the last root among {Bx+1,.-.,B8m_1}

DOCUMENTA MATHEMATICA 3 (1998) 135-148



HASSE PRINCIPLE FOR PRINCIPAL HOMOGENEOUS SPACES 139

such that ht (5;) > b/2. We claim that the ordering

E+ = {ﬂla' .. ngka ﬂk+1»~ .. 751'7 da ﬂi+1»~ .. 7ﬂm71}

has the desired properties. Indeed, if 8; = 8s+ 0, where s < tand j € {k+1,... ,m—
1}, then clearly 85 belongs to Ef. It follows that (; lies between B and (3, since
ht (8;) > ht (Bs), bt (B¢). Now let & = Bs + B¢, s <t,. Thens,t e {k+1,... ,m—1}
and ht (85) > b/2, ht (8;) < b/2 (we use the fact that ht(&) is odd), implying & is
also between 3, and ;.

d) ¥ has type Dy and |o| = 3. Let a1,...,as be simple roots such that o
permutes a1, as, ag. Then the required ordering is as follows: first we place as, then
all roots of the height 2, then the maximal root and then the roots of heights 3, 4, 1
respectively. O

COROLLARY 1. Let 3;, B;, 3 < i, be any two positive roots. Then for any positive root
B of the form By = rB; —18;, r,1 > 0, one has k < j. Analogously, for any negative
root of the form —f, =rB; —15;, r,1 > 0, one has k > 1.

PROOF. We distinguish three cases.

a) (Bi,Bj)o N X has type As. Then r = =1 and hence if 8, = 3; — (; is a
positive root then 8 + 8; = §;, implying k < j < i. Analogously, if 8; — 8; = — 0%
then we have j < i < k.

b) (Bi,Bj)o N X has type By. Then either r=l=1orr=1andl=2orr =2
and ! = 1. The case r =1 = 1 was already handled in part a). Now let 8, = §; — 2.
Then §; — B; = B is also a positive root implying s < j. Futhermore, 8y = Bs — 5;
and s < j < 7. So again we have k < s < j. The remaining cases can be handled in a
similar way.

c) (B, Bi)oN X has type G2. Here the proof is similar to that of case b) and we
omit it. O

PROPOSITION 1. Fiz an order in X1 as in Lemma 2. Then the reqular map

w: G x K*™ — G, (t1ye e sty Uty e ey Uy Uty v, Upy) —

n
ha,(ti) -, (u1)z, (V1) - - - T3, (Um)25,, (Vm)

i=1

is birational over L.

REMARK 1. This statement is also true in positive characteristic. There is the only
place which require additional work: one need additionally to check that w is a sepa-
rable map.

PROOF. Both sides have the same dimension and hence it suffices to prove the injec-
tivity of w on some Zariski open subset, since char K = 0.

First we show that for any integer ¢ and any parameters uy, ... ,u; and v1,... ,v;
from some Zariski open subset the element

Ai = x_p, (u1)zp, (v1) - - 2, (wi)zg, (vi)

of the group G can be written in the form

m

A = T ) TT 28, () TT 5, (59 2, 00,

k=1
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where fi, 7, s; are rational functions depending on w1, ... ,u;, v1,... ,Vi—1.
If 4 = 1 there is nothing to prove. By induction, we may write A;_; in the form
n m 1—2
H hay. (fr) H T—pg; (rj) H Zg; (Sj) g, (vi-1).
k=1 j=1 j=1

To write A; = A;—1z_p,(u;) g, (v;) in the same form we have to transpose x_g, (u;)
with each factor in the product H;;Zl xg,(sj) xs,_, (vi—1). By (6) and by Corollary 1,
every time doing so we obtain additional factors zg, () or z_g, (), where s < i—1in the
first case and s > ¢ in the second case. Collecting together all these factors correspond-
. . ) i-2 .

ing to negative roots we can write the element [[;_ @g,(s;) 25, _, (vi—1) z—p, (u;) in

the form
m 1—1

n
H haz(fk) H T—p; (7:]) H L; (gj)
k=1 j=1 j=1
and so our claim follows.
Now we are ready to prove the injectivity of w. Suppose that

(7) w(tla"' 7tn7 ULy« oy Umy V.- 7vm):w(£1»"' 7tn7 ﬁla"' 7’5m)

From the above argument and the Bruhat decomposition we get immediately v, =
Om. To show that u,, = i, we use (4), (5). Namely, it follows from (4), (5) that the
left hand side of (7) may be written in the form

n

LT hai (i) [z, (s1) @, (11)] -+ (23, (Sm-1) =y (r)]

=1

26, [Vm (1 + tmvm)] 2, [tm (1 + wmvm) '],
where f1,...,fn, S1,--+,8m—1, T1,--- ,"m—1 are rational functions. Rewriting the
right hand side of (7) in the same form we conclude that

U (14 Um Vi) ™" = U (1 + D) ™,
hence up, = Upy,. After cancelling the factor xz_g,, (um) xa,, (vn) in (7) the same
argument shows that v,,—1 = Uyp—1, Um—1 = Um—1 and so on. O
Now we are in position to formulate the main result of the section.

THEOREM 2. Let g € G(L) be such that g*=7 € T(L). Then there exist quaternion
algebras D1, ..., Dy, over K and elements wy, ... ,w,, € K which are reduced norm
of D1,..., D, respectively and elements ti,... ,t, € L such that

9" 7 =[] Pas a7 (@) [ ] o (wi)
i=1 i=1
Proor. If g!=™ € T(L), then for any z € G(K) one has ¢!~ = (gx)'~7. Since
G(K) is Zariski dense in G, we may always assume that our element g is in “generic”

position by which we mean point in some Zariski open subset U C G which can be
easily specified from the argument. So let

g= H ha, (t:) T—p, (w1)zp, (V1) - - T3, (Um)Zg,, (Vm)
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n

where t;, u;, v; € L. Denote t = [[,_; ha,(t;) and g; = v_g, (ui)zg, (vi), i =1,... ,m.
Let also ¢’ = ¢'~7, so that

(8) togregm=1t-7(t)-7(g1) - 7(gm)

By Lemma 1, we have 7(g;) € Gg,. Then applying Proposition 1 we conclude that
gm and 7(g,) coincide modulo Tp,, (L) = T(L) N Gg,, and so the element g7~! is
of the form hg,, (wy,) for some parameter w,,. We claim that w,, € K and it is a
reduced norm of the quaternion K-algebra D,, = (d,dg,, ), where dg,, = cga,,. Indeed,
by construction the cocycle (¢g71) € Z1(0,Tjs,,(L)) is trivial in Z*(0,Gp,,(L)) and
by Lemma 1, G, ~ SL(1,D,,), hence our claim follows.

Substituting 7(gm) = hg,, (wm) - g in (8) and cancelling g, we have then

togrgm-r =t 7(t) g, (W) - [hg,, (wm) T T(g1)hg,, (W) -+
“ [, (W) T T(gm-1)hg,,, (Win)]
Applying again Proposition 1 and arguing analogously we have

[h6.., (wm)ilT(gmfl)hﬂm (wm)] = b, (Wm—1) * gm—1

for some parameter w,,_1, which is again a reduced norm of the quaternion K-algebra
Dy,_1 = (d,dg,,_,), where

gy = gy im0
To see it, let §im—1 = hg,, (Wm) *7(gm—1)hg,, (Wm). Using (4) we have
Gm—1 = g, 1 (c5, w0 PP () - 2, (eg, w7 (0m)).

It follows that (hg, ,(Wm—1)) = (Gm-1-g,,~,) can be viewed as a trivial cocycle in
an K-group of rank 1 whose K-structure, i.e. action of 7, is given by the constant
dg,,_,. This fact combined with Lemma 1 implies wy,—; is a reduced norm of D,,_,
as claimed, and so on. Theorem 2 is proved. o

In §4 we will also deal with a simple simply connected algebraic K-group G which
is quasi-split over a quadratic extension L/K and for such a group we also need to
describe elements of the form g' =7 € T'(L), where g € G(L).

Clearly, K-groups of type 2As,, split over a quadratic extension of K. Since this
case has been already handled, we may assume that G is an outer form of type not
Aszp. As above, let B be an L-Borel subgroup B of G such that T'= BN 7(B) is a
maximal K-anisotropic torus.

Let F// K be the minimal extension over which G is an inner form and let E = F-L.
Let 7 and o be non-trivial automorphisms of E/K such that 7|p = 1 and 0| =1
respectively. In the case 39D, by ¢ we denote any automorphism of order 3.

Clearly, o induces an outer automorphism of the root system ¥ = R (T, G) which
will be denoted by the same letter. Let A = {y1,...,7s} C X7 (resp. A’) be a set
of representatives of all orbits of o in X1 (resp. in IT). We divide A into two parts:
A ={vieA]|o(y) =} and Ay = A\ Ay. Let also A; = A'NA;, i =1,2. For
vi € A1 (resp. A2) we denote by H; the subgroup in G generated by G, (resp.
G»ﬁ, Gg(%.) and GO-Z(,yi), if |O’| = 3)

LEMMA 3. H; is a simple simply connected K-group of type Ay (resp. A1 X Ay or
A1 x Ay X Ay ) if vi € Ay (resp. v € Ay and |o| =2 or |o| =3 ).
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PrOOF. It suffices to note that 7 acts on X as either —1, if ¥ has type D, or —¢
otherwise, since it permutes positive and negative roots. Moreover, the combination
Bi + 0(B;) is not a root, hence G, and G,(,,) commute. O

THEOREM 3. Let g € G(L) be such that g*=7 € T(L). Then there exist quaternion
algebras D1, ..., Dy and elements w1, ... ,ws which are reduced norm of D1,...,D;

respectively and elements ti,... ,t, such that:
1) If  is not of type >°Dy, then

977 = ]I hatirt) I] hai(tir(ti)ho(anlo(t)(r 0 o)(t)]-

a; €N o AL
II 2veCw) TT b (i) by, (o(ws))
Yi€EA1 Yi€A2

2) If ¥ is of type 39Dy, then
9T = I he:(tim(t2)ho(an[o(t) (T 0 0) (t)]ho2 (a,) [07 (E:) (7 0 02) (£:)]-

o €AL

TT et (@) TT P TT o (@il (00 o (0 (w0))
o €AY Yi€AL vi €Ag
Here D; is over K (resp. over F' ) and w; € K (resp. F), if v; € Ay (resp. v; € Aa ),
and t; € L (resp. E), if a; € A} (resp. a; € A}).

PROOF. As in the L-split case first we may assume that g is in “generic” position
and so by property 2 in Lemma 2 and by Proposition 1, it can be written in the
form g =tg1---gs, wheret € T, g; € H;, i = 1,...,s. Then the rest of the proof
works exactly as in the L-split case, since by Lemma 3 all subgroups H; are of the
form Ry /x(SL(1, D)), where D is a quaternion algebra over K’ and K’ is either F'
or K. O

3. SOME COHOMOLOGICAL COMPUTATIONS

From now on we assume that ved (K) < 1 and we let L = K(y/—1). We also
assume that the set Qk of all orderings on K is non-empty; this means, in particular,
that char K’ = 0. Recall ([Srl]) that there is a canonical topology on Qg under which
Qg is compact and totally disconnected.

REMARK 2. If Qg = 0, then —1 is a sum of squares in K and so cd(K) =
cd (K (v/-1)) <1 ([S], Ch. 2, Prop. 10"). Therefore, if Qx = (), then by Steinberg’s
theorem ([St2]) one has H'(K,G) = 1 for any connected linear algebraic K-group
G.

To reduce the proof of the Hasse principle to the case of simply connected
semisimple groups we need two auxiliary cohomological statements (Propositions 2
and 4 below) which are very particular cases of the general Theorem 12.13 in [Sch2].
Since we do not need to consider such a generality as in [Sch2] we include here the
straightforward proofs of these statements.

Let A be a discrete I-module, where I' = Gal (K /K), and let

oo HI(K, )~ ] H(Ke, A)
£eQk
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be the canonical map induced by resg,. We want to describe Kerp;, i > 2, and
Imp;. To do so first remind that there is not a canonical way of choosing a real
closure of K at ¢ € Q. If K¢ and Ké are two real closures of K at &, then by the
theorem of Artin-Schreier ([Srl] Ch. 3, Theorem 2.1) there is a unique K-isomorphism
K¢ ~ Ké, hence there is an element g € I' such that greg™! = Té, where 7¢ (resp.
7¢) is the involution (= element of order 2) in I' corresponding to K¢ (resp. K{) (in
other words, there is a natural one-to-one correspondence between points of the set
Qk and conjugacy classes of involutions in T).

The element g induces a natural map \;, : H'(K¢, A) — H'(K{, A) and obvi-
ously we have resg; = \; 4 oresg,. It follows that the question on whether ¢; is
injective does not depend on a choice of real closures K¢, £ € Q.

Clearly, any cocycle from Z'(K¢, A) is determined by the single element a € A
such that ar¢(a) = 1. We will say that an element {a¢}teca, € [lecq, HY(K¢, A) is
locally constant if there are a decomposition Qx = U; U... U U; into disjoint clopen
(= open and closed) sets and elements {a1,...,a;} of A for which the following
condition holds: for any ¢ € U; there are a cocycle c¢ representing a¢ and g¢ € I' such
that the cocycle A; g4, (c¢) is determined by a;. Analogously, for any i > 1 one defines
the subset of elements in [[..q, H (K¢, A) which are locally constant. We denote

) le )
this subset by (ngﬂx HZ(Kg,A)) . Since for any ¢ € H*(K, A) the element ¢;(¢)
is locally constant we denote by the same letter the canonical map

le

oo H(EA) — | [ HEeA) | ] Bk A)
ek £eQk

PROPOSITION 2. If A is a finite discrete I'-module, then the maps p; are injective for
all integers i > 2.

PROOF. Since HY(L,A) = 1,4 > 2, the “res-cores” argument shows that H*(K, A)
has exponent 2. So replacing A, if necessary, by its 2-Sylow subgroup we may assume
that A is a 2-group. First examine the case A = Z/27Z.

LEMMA 4. Let A=17/27Z. Then ¢; is surjective if i > 1 and injective if i > 2.

PRrROOF. Recall ([L], §17) that a field F is said to be an SAP field (strong approxima-
tion property) if for any two disjoint closed subsets A, B C Qp there exists an element
f € F such that f is positive at all orderings in A, but negative at all orderings in B.
We need

PROPOSITION 3. ([L], Theorem 17.9) If ved (K) < 1, then K is a SAP field.

Surjectivity of @i, i > 1. In view of the periodicity of H'(K¢,7Z/27) it suffices to
consider the cases i = 1,2. If i = 1 then H'(K,Z/2Z) = K*/K*?, hence the sur-
jectivity of ¢; follows immediately from Proposition 3. Furthermore, any element
from H?(K,Z7/27) splits over L and so can be represented by a quaternion algebra
having L as a maximal subfield. Then clearly, the surjectivity of ¢, again follows
from Proposition 3.

Injectivity of ¢;, i > 2. The proof is similar to that of [B-P], Lemma 2.3. Namely,
by Arason’s theorem ([A1], Satz 3), local triviality of ¢ € H*(K,Z/27) implies that
¢ U (=1)" = 0 for some integer r, where U denotes the cup product. On the other
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hand from the exact sequence
Hi(L,7)27) <% Hi(K,7,/27) "2 Bi+\(K,7/27) ™ HIVV(L,7,/27)
([A2], Corollary 4.6 ) and from the equalities
HY(L,Z/27) = HY(L,72/2Z) =1, i>2

we conclude that the product U(—1) is an isomorphism. Therefore, { = 1, as required.
Lemma 4 is proved. O

We come back to an arbitrary finite 2-primary module A. Let I'y be a Sylow
2-subgroup of I'. Since the restriction map H*(K, A) — H*(I's, A) is injective, after
replacing I by I's we may assume that I' is a pro-2-group. But for such a group any
irreducible module is isomorphic to Z/2Z ([S], §4, Proposition 20). Therefore there
exists a submodule A’ C A such that A/A" = Z/27Z. It induces the commutative
diagram

Hi(K,7,/27) — HitY(K,A) —
Jo 2

lc lc
( 11 H%Kg,Z/ZZ)) — ( 11 HH‘I(K&,A’)> —

£EQK §€QK

H+Y(K, A) — H+Y(K,7.,/27)
[ [os

le le
[1 H* (K A) — | II H™"'(K¢,Z/22)
£eQx £EQK

By what has been proved above, 61 (resp. ) is surjective (resp. injective) and by
induction, 3 is injective. It follows that 63 is injective as well. Proposition 2 is
proved. O

PROPOSITION 4. If A is a finite discrete I'-module, then 1 is surjective.

PROOF. Since ¢;, ¢ > 2, are injective, one can easily verify that if the statement
holds both for a submodule A’ C A and the quotient A/A’, then it also holds for A.
So we may assume, if necessary, that A is irreducible. It suffices to prove that for a
given £ € Qk and an element a € A for which a7¢(a) = 1 there exist a small clopen
neighbourhood U C Q of ¢ and a cocycle ¢ € Z!(K, A) such that for a proper real
closure K¢ of K at ' the cocycle resg,, (¢) is determined by the element a if {’ € U,
and is trivial otherwise.
We need the following simple property of orderings of K (see [Srl]):

if F/K is an extension of odd degree then for any ordering & € Qi there is an exten-
sion of € to F'; moreover, the restriction map ¢ : Qp — Qi is a local homeomorphism.

Let E be a finite Galois extension of K over which A is a trivial module and let
F C FE be the subfield corresponding to a Sylow 2-subgroup of Gal (E/K). Denote
A = Gal(K/F). Let ¢~ (&) = {&1,...,&} C Qp, where, as above, ¢ : Qp — Qx is
the restriction map.
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By construction, ¢(&;) = £. So we can pick a small clopen neighbourhood U C Qk
of £ and disjoint small clopen neighbourhoods U; C QF of &, ¢ =1,...,t, such that
the restriction map ¢|y, : U; — U is a homeomorphism and ¢=*(U) = U U...UU;.
Taking smaller neighbourhoods, if necessary, one can additionally assume that for
any &' € Uy there is an involution 7¢ € A corresponding to £ for which the following
property holds:

if g € T'\A be such that 7/ = g7e g~! € A then the point of Qp
9) corresponding to the involution 7¢ does not lie in Us.

Indeed, let In C A be a subset of involutions and 7 € Ix be an involution
which corresponds to ;. Assume the contrary. Since Ia, I' are compact and totally
disconnected there exist then in A a sequence of involutions (71, 72, ... ) converging to
7 and a converging sequence of elements (g1, go, ... ) in I\ A such that g; 7; g; * € A.
Letting ¢ = limg;, one has g € I'\A and 7" = g7¢g~! € A. But by assumption,
the point & of Qp corresponding to 7/ lies in Uy and ¢(¢') = €. This means that
& = &, hence there is § € A such that 7/ = §7~!, implying g~ ' § lies in the
centralizer Cr (7). But every involution in I' is self-centralizing, i.e. Cr(7) = (), a
contradiction.

The map ¢; is clearly surjective for the field F, since A can be viewed
as Gal(E/F)-module and Gal(E/F) is a 2-group, implying that any irreducible
Gal (E/F)-module is of the form Z/2Z. Therefore, we can pick ¢’ € Z!(F, A) such
that for proper real closures the cocycle res Fe/ (') is determined by the element a if
¢ € Uy and is trivial otherwise. We claim that the cocycle ¢ = cor £ (') has the
same property. To verify it we need

PROPOSITION 5. ([Br], Ch. III, Proposition 9.5) Let A be a I'-module and © C A C
I’ be subgroups. If [I' : A] < oo and z € H*(A, A) then we have

—1
res g o corhy (2) = Zcor gmgAg,l o res%ﬁggAg,l (g(2)),

geA
where A is a set of representatives of double cosets © g A and
Gg: H*(AA) — H*(gAg™ 1, A)
is the natural map induced by pair (int(g~1), g).
To prove our claim first take n € U. Let & = ¢~!(n) NU; and let 7/ € A be

an involution corresponding to £’ and satisfying (9). Then applying Proposition 5 we
have

resk,, (¢) = ZreSéf,gg;qu (G(¢)) =D res e, grall) =resd, ()

where ©¢ = (7¢/), hence resg,, (¢) is defined by a. Analogously, one shows that
resk, (¢) is trivial if ¢ U. Proposition 4 is proved. O

COROLLARY 2. Let A be a commutative connected linear algebraic K-group. Then
P2 1S injective.

PROOF. One has HY(L,A) = 1,7 > 1. So H'(K, A) has exponent 2 and hence the
map H(K, 2A) — HY(K,A) is surjective, where A consists of all elements of A
killed by 2. By Proposition 4, it gives the surjectivity of 1 for A. Then the result
follows from the injectivity of @9 for 5 A. O
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COROLLARY 3. The Hasse principle holds for algebraic K -tori.

PRrOOF. Let T be a K-torus. There exists K-quasi-split torus S and its connected
K-subtorus H such that T'= S/H. Then the commutative diagram

HY(K,S)=1  —  H“K,T) —  HK H)
o i b
H Hl(Kg,S):]_ — H Hl KE’T) — H H2(K§»H)
£eQK 13519759 £eQk

shows that the injectivity of #5 follows from that of 3. O

4. THE HASSE PRINCIPLE FOR PRINCIPAL HOMOGENEOUS SPACES

Let us keep the notations of §3. In particular, we assume that K is a field with
ved(K) <1, L = K(v/—1) and Qi # (. Let also 7 be the non-trivial element of
Gal (L/K). Using the results of the previous sections we may produce a simple proof
of the triviality of the kernel of (2).

a) Let G’ be a connected linear algebraic K-group, Z < G’ be a finite central
K-subgroup and let G = G'/Z.

LEMMA 5. If the Hasse principle holds for G' then it also holds for G.
PrOOF. Consider the commutative diagram
HYK,Z) —  HY(K,G') —  HYK,G) 2%
[ [t [

[1 H'(Ke,2) — [] H'(K,G) — I H(K.,G) 22
£eQK £eQk £eQx

- H H? (K57 Z)

£€eQK
By assumption and by Proposition 2, the maps 65, 64 are injective. Then from the
above diagram and from Proposition 4 we have Kerf3 = 1. O

b) Reduction to semisimple groups. Since unipotent K-groups have trivial co-
homology we may assume without loss of generality that G is reductive. Then
G = T - H is an almost direct product of the central torus 7' and the semisimple
group H = [G,G]. Let G’ = T x H. Clearly, the kernel of the natural morphism
G’ — @ is finite and by induction and by Corollary 3, the Hasse principle holds for
H and T'. So by Lemma 5, it holds for G as well.

¢) Reduction to simple simply connected groups. One can again apply Lemma 5
to a simply connected covering G’ of G.

d) Let G be an (absolutely) simple simply connected K-group. By Stein-
berg’s theorem ([St2]), G has a Borel subgroup B over L. We may assume
that T = B N 7(B) is a maximal K-torus of G. Since H'(L,G) = 1, the
map HY(L/K,G(L)) — HY(K,Q) is surjective. By Lemma 6.28 [PL-R], the map
HY(L/K,T(L)) — H'Y(L/K,G(L)) is surjective as well, hence any class [(] €
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H'(K,G) can be represented by a cocycle ¢! € Z'(L/K,T(L)). Let S be a max-
imal K-split subtorus of T'.

First let S # 1. Then Cg(S) is a proper connected subgroup of G. Since Cg(S)
is a reductive part of some parabolic K-subgroup, one has Ker (H!(E,Cg(S)) —
HY(E,G)) = 1 for any extension E/K ([Pr-R], Lemma 5.1). So if in addition
¢ € Ker0, then for each £ € Qg the element resk, (¢’) is trivial as an element of
H'(K¢,C(S)), hence the claim follows by induction.

e) S =1,i.e T isaK-anisotropic torus. By Steinberg’s theorem, G is either split
or quasi-split over L. We examine the L-splitting case only, since the L-quasi-splitting
case can be handled analogously. Identify Z!(0,T(L)) with (K*)™. Arguing as in d)
we get that any element from Ker 6 can be represented by a cocycle ¢ € Z1(0,T(L)).
We claim that there exist a maximal K-torus 7" C G isomorphic to T over K and a
cocycle ¢! € Z1(©,T'(L)) equivalent to ¢ in Z*(©,G(L)) such that ¢’ is everywhere
locally positive. By Corollary 3, the last would mean that ¢’ is trivial as an element
of H(©,T’(L)), hence ( is trivial in H'(©,G(L)) as well.

To show it, we proceed as in Theorem 2. Namely, we construct inductively
quaternion algebras Dq,...,D,, over K and elements g; € Gpg, (L) such that for
g = g1 gm the element g'~7 € T(L) and the components of the cocycles (g'~7)
and ¢ everywhere locally have the same signs.

As in Theorem 2, we begin with D,, = (—1,dg,,), where dg,, = cgs,,. For { € Qg
let g¢ € G(K¢) be such that ¢ = (gg_T) (note that T is still anisotropic over K¢ ).
We may assume that g¢ is in “generic” position and so we may write g¢ as a product
ge =te ge 1 Gem, Where te €T, gey € G, i =1,...,m.

We have already known that 7(g¢m) = hg,, (We,m) ge,m for some parameter
we,m € K¢ By virtue of the facts that our field K has the property SAP and
the Hasse principle holds for groups of type A; ([B-P], [Schl]) we can pick w,, € K,
which has everywhere locally the same sign as we,, and gm € Gg,, (L) such that
g, (W) = gp, 7

Next consider the quaternion K-algebra D,,_1 = (—1,dg,, ,), where

dﬁmfl = Cﬂmflwngﬁmihﬁm> .

Let we,m—1 € K¢ be such that hg,, , (wem—1) hg,, (We,m) = (9e,m—1ge,m)' " Again
we can pick wy,,—1 € K such that for all £ € Qg the elements w,,_; and wg ,—1 have
the same sign. By construction, the equation hg,, ,(wm—1)hg,, (Wm) = (T gm)' ™,
where © € Gg,,_, (L), has solution everywhere locally, so it has solution g,,_1 globally,
and so on.

Thus, there exists g € G(L) such that the components of both cocycles (g7(g71))
and ¢ have the same signs in K, for each £ € Qg. To complete the proof of the
theorem it remains to notice that the cocycle ¢! = 7(g)~*(g is equivalent to ¢ in
ZY(©,G(L)), takes values in the K-defined and L-splitting torus 77 = 7(g) " *T'7(g)

and (' is everywhere locally positive. O

REMARK 3. The same argument shows that 6 is still injective if we replace Qg by a
dense set of orderings.
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INTRODUCTION

In 1930 Ramsey published his paper On a problem in formal logic [12]. He established
a result, nowadays known as Ramsey’s Theorem:

Let k and r be positive integers. Then for every r-coloring of the k-element
subsets of w there exists an infinite subset S C w such that all k-element
subsets of S are colored the same.

Already in 1927 van der Waerden published his theorem on arithmetic progressions
[15]. He proved that for every coloring of the natural numbers with finitely many
colors there exists a monochromatic arithmetic progression of given length. Van der
Waerden’s result can be seen in the context of Schur’s investigations [14] on the
distribution of quadratic residues and nonresidues. Schur knew about the existence
of monochromatic solutions of x + y = z. He worked on such problems in order to
resolve Fermat’s conjecture, which was proved by Wiles in 1994.

The above mentioned work of Ramsey [12] and van der Waerden [15] gave rise to
the part of discrete mathematics, known as Ramsey Theory or Partition Theory. An
important contribution was made by Rado [10] in 1933. Working on his dissertation,
supervised by Schur, he was able to prove a common generalization of Schur’s and
van der Waerden’s results by introducing the concept of reqularity: A system of linear
equations A% = 0 is called regular over a ring R if it has monochromatic solutions
for every coloring of R with finitely many colors. In his Studien zur Kombinatorik
(1933) [10] Rado gave a complete characterization of all regular systems of linear
equations over the rational numbers. The property Rado used in order to describe
regular systems of linear equations is an syntactical property of the matrix. It is

1For this work, the author has been awarded with the Richard-Rado-Preis 1998, which is granted
every two years for outstanding dissertations in discrete mathematics by the Fachgruppe Diskrete
Mathematik of the Deutsche Mathematiker-Vereinigung.
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characterized by certain linear dependences of the columns of the matrix A and is
called column property.

It is possible to generalize the concept of regularity to systems of linear inequalities.
We call a system of linear inequalities A% < 0 partition regular if for every coloring of
the natural numbers with finitely many colors there exists a monochromatic solution
of AZ < 0. Rado considered systems of linear inequalities only incidentally. He stated
the following proposition which is easy to prove:

Let the system 2?21 aijz; = 0, 1 <13 < m be partition regular and
assume that the following system of inequalities has a solution in the
natural numbers:

n
=0 for 1<1¢<my,
(+) Zla”xj{ >0 for my <i<m.
‘7:
Then also (x) is partition regular.

Of course this observation is far away from being a characterization of partition regular
systems of inequalities but it can be taken as a starting point for our investigations.

The characterization of all partition regular systems of linear inequalities is a central
goal of this paper. In the first chapter we define a generalized column property called
cpi, which can be used to characterize partition regular systems of linear inequalities.
It is an interesting feature of Rado’s proof that the linear system Ax = 0 is already
regular if there exists a monochromatic solution with respect to one (number theoretic)
type of coloring. Systems of inequalities let things tend to be more difficult.

Several years after finishing his Studien zur Kombinatorik, Rado [11] considered
systems of linear equations with coefficients in R and he also extended the set of
partitioned numbers to the field of real numbers. It turned out that it is possible
to carry over the previous results from the natural numbers to the reals. We will
show in chapter 1 that our arguments can also be used if we consider real systems of
inequalities partitioning the set of reals.

As well as for homogeneous systems the column property can be used to describe
partition regularity of inhomogeneous systems of inequalities. We will give a com-
plete characterization of those systems which are partition regular, over the natural
numbers, over the set of integers and over the rationals.

The column property for systems of inequalities as well as the column property in the
sense of Rado is a syntactical property of the matrix and does not explicitly refer to the
set of solutions of the system. In 1973 Deuber [1] gave a semantical characterization
of partition regular systems of equations. The approach is by a description of the
arithmetic structure of the sets of solutions of regular linear systems AZ = 0. The
central notion is the one of (m, p, c)—sets. He proved the following theorem:

A system AZ = 0 is partition regular if and only if there exist positive
integers m, p, ¢ such that every (m, p, ¢)—set contains a solution of AZ = 0.
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In chapter two we will show that (m,p,c)—sets can also be used to characterize
solution spaces of partition regular systems of linear inequalities.

Starting with results of Erdés and Rado [4] another part of partition theory was
developed, which is nowadays known as Canonical Ramsey Theory. In Canonical
Ramsey Theory one considers colorings with no restriction on the number of colors.
The first result is a canonical version of Ramsey’s theorem. Later Erdés and Graham
[3] proved a generalization of van der Waerden’s theorem:

For every coloring A of the natural numbers with arbitrary many colors
there exists an arithmetic progression, which is colored monochromatic or
injective with respect to A.

A canonical analogue of the Rado-Deuber-Theorem on regular systems of equations
and (m, p, ¢)-sets was proved by Lefman [7]. His result states:

Let AZ = 0 be a partition regular system of linear equations. For every
coloring A of the natural numbers with arbitrary many colors there exists
a solution of the system AZ = 0 such that A restricted to this solution is
either monochromatic, injective or a block-coloring.

The third case is related to the partitioning of the columns of A into blocks, corre-
sponding to the column property and to the rows of the (m,p, c)-sets. In chapter 3.
we prove a canonical partition theorem for systems of inequalities.

ACKNOWLEDGMENT: I would like to thank Prof. Dr. Walter Deuber for his encour-
agement and guidance and Dr. Wolfgang Thumser for helpful discussions.

1. SYSTEMS OF HOMOGENEOUS, LINEAR INEQUALITIES

NotaTions By N = {1,2,3,...} we denote the set of positive integers; [n] =
{1,2,...,n} is the set of the natural numbers less or equal than n. A matrix A
with m rows and n columns is denoted by A = (asj)1<i<m,1<j<n, Where a;; is the en-
try of A which belongs to the ith row and jth column. For i, j < n the jth column of
a matrix A is denoted by a9) the ith row by a;). For a matrix A = (a;;)1<i<m,1<j<n
the system

n
Zaijacjgo, 1§’L§m
7j=1

is abbreviated as AZ < 0. For a given matrix A = (ai;)1<i<m,1<j<n, k <n and e >0

by A¥(e) = (ak;(€))1<i<m,1<j<n We denote the following matrix:

a1 ... Q@lk—1 @1k —€ Q1kg41 ... Qln

m1 --. Omk—1 Omk — € amk4+1 --- GOmn

obtained from A by subtracting € in column .
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For k,l € [n], k <l and € > 0 the matrix

air ... Glk-1 aip —€  QAikg4+1 ... Q111 aij4+1 ... Qin

aml -+ Omk—1 OGmk — € amk4+1 .-+ OGml—-1 QAmi+1  --- Amn
obtained by deleting column [ in A*(¢), is denoted by AF(e) and the matrix

aixz ... Glk-1 a1 +ay —€ alk+1  --- A11—-1  A141  --. Qlin

Aml -+ Omk—1 Qmk+ Gm] —€ Amk+1  --- Ami—1 Gmi41 .- Omn

obtained from A* () by adding the kth and the Ith column, is denoted by A®)+(1) (¢).

Rado considered systems of linear equations over Q. In his paper, published in 1933
[10], Rado gives a characterization of all systems of linear homogeneous equations
which have for every coloring of the natural numbers with finitely many colors a
solution in one color class. Rado called those systems regular. The central definition
in this context is the following:

DEFINITION 1.1. Let A = (aij)1<i<m,1<j<n De a matriz with m rows an n columns
and with entries a;; € Z. A has the column property if there exists | € N and a
partition [n] = IpU I U...I; of the column indices such that

1. for all 1 <i < m we have Zjelo ai; =0 and

2. for all k < 1,5 € Us<p1s there exist ci,cr; € N such that for all 1 <7 < m we

have
Z Cik0i; + Ck Z ajj = 0.

JEUs<k s J€Ik+1

Rado proved the following theorem:

THEOREM 1.1. (RADO 1933) A system of homogeneous linear equations AT = 0 is
reqular if and only if A has the column property.

In the following we will consider systems of linear inequalities rather than systems of
linear equations. First we define partition regularity for systems of inequalities.

DEFINITION 1.2. Let A = (aij)i<i<mi<j<n be a rational matriz and let b =
(b1,...,bm) € Q™. The system

n
(*) Zaija:j S bi, 1 S ) S m
Jj=1
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is called partition regular over N if for every ¢ € N and every c-coloring of the natural
numbers A : N — [c] there exists a solution & = (x1,...x,) € N" of (%) such that
A |{zl,...,mn} = const.

In the following section we will give a characterization of all systems of homogeneous
linear inequalities which are partition regular over N. It turns out that a natural
generalization of Rado’s column property can be used to describe these systems.

DEFINITION 1.3. Let A = (aij)1<i<m,1<j<n be a rational matriz. A has the column
property for systems of inequalities (abbreviated as cpi ) over N if there exists | € N
and a partition [n] = IpU I ...UI; such that

1. for all 1 < i < m we have Zjelo ai; <0 and
2. for all k < 1,5 € Us<p1s there exist ci,cji € N such that for all 1 <7 < m we

have
Z CkjQij + ck Z Qi S 0.

JEUs<iIs J€IK41

If a matrix A has the column property (in the sense of Rado) [10] the system AZ < 0
obviously is partition regular. But there are many other systems of inequalities which
are partition regular without A having Rado’s column property. For example the

matrix
-1 0 0
-1 0 0
has ¢pi but not the column property.

THEOREM 1.2. Let A = (aij)1<i<m,1<j<n be a rational matriz. The system of
inequalities (x) AZ < 0 is partition reqular over N if and only if A has cpi over N.

Both implications stated in theorem 1.5. are not completely trivial to prove. We
start by showing that cpi implies partition regularity. This part of the proof proceeds
along the general lines of the corresponding proof for systems of equations [10]. The
following lemma combines arithmetic progressions and partition regular systems of
linear inequalities:

LEMMA 1.1. Let A = (aij)i<i<m,i<j<n be @ rational matriz, AT < 0a partition
reqular system of inequalities and let p € N. Then for every ¢ € N and every c-
coloring A : N — [c] there exists T = (z1,...,%,) € N" and d € N such that

1. A7 <0 and

2. for alli,j <n, for all k,1 < p we have A(z; + ld) = A(z; + kd).
PROOF OF LEMMA 1.1.: AZ < 0 is partition regular. Thus by compactness [6] for
every ¢ € N there exists N* = N*(c) € N such that for every c-coloring A : [N*] — [¢]

there exists a monochromatic solution & = (z1...x,) of A¥ < 0 such that for all
1 <¢<n we have z; < N*.
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Let A : N — [c] be an arbitrary c-coloring. Define the following coloring
A*: N — [rN'] by

By van der Waerden’s theorem [15] there exists a “long” arithmetic progression which
is monochromatic with respect to A*, i. e. there exist a’,d’ € N such that for all
1 <pN*""" we have A*(a’ + ld') =const.
Define A** : N — [¢] by

A (z) = A(d'z).

By the choice of N* there exists a solution «/ = (z/,...,z.) € [N*]" of AZ < 0 which
is monochromatic for A*. For all ¢ < n let x; = x}a’. By homogeneity & = (z1,...2z,)
is a solution of AZ < 0 and because of the definition of A** for all i,j < n we have
A(za’) = Azjd’).

Let d =d'2) ... 2],. Then for i < n and I < p we have:

) / ! !,/ / / /
ria' +1d = zi(a" +1d'z) ... 2;_ 2, ... .2)).

Hence by the definition of a’,d’ and A* for all I < p we have A(x}a’ + Id) =const.
Uiemma  1.6.

PROOF OF THEOREM 1.2. (FIRST PART): First we show that if A has cpi over N
then (x) is partition regular. We know by assumption that there is some [ € N and a
partition [n] = I UI; U...U I; such that

1. for all 1 < i < m we have Zjelo a;; <0 and

2. forall k < I, for all j € Us<y I, there exist cij,cp € N, such that foralll <i <m

we have
Z CrjQij + Ck Z a;; < 0.

JEUs<kIs J€IK41

To prove that (x) is partition regular we will use a double induction. We proceed
by main induction on the number of colors ¢ and by subsidiary induction on 1, the
number of column classes.

Let Ay = (aij)lgigm,jeusgkls be the submatrix of A which only consists of the
columns belonging to block 1 up to k. We will show by induction that for all & <[
Ay, is partition regular.

For k = 0 there is nothing to show because every singleton forms a solution of the
system AgT < 0. Assume that A,% < 0 is partition regular for some k£ > 0 (which will
be kept fix by now), i. e. (by compactness) for every ¢ € N there exists R(c, Ax) € N
such that for every c-coloring A : [R(c, Ax)] — [c] there exists a monochromatic
solution (x;)jeu,., 1., such that A7 < 0 and for all j € Us<kls we have z; <
R(c, Ay). We will show that Ay, is partition regular, i. e. for all ¢ € N there exists
R(c,Ak+1) €N
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First we observe that x; = c;j, for j € Us<xIs and z; = ¢, for j € 41 form a solution
of the system Ap17 < 0. So we are done if only one color is used for the coloring, i.
e. there exists R(1, Ax+1). Now assume that R(c, Axy1) exists for some (fixed) ¢ > 1.
We will show that R(c+ 1, A1) exists.

Let A : N — [c + 1] be an arbitrary (c+1)-coloring. Use lemma 1.6. for the (by
assumption) partition regular system AxZ < 0 with
p = R(c, Akt1) - (mazjeu, ., 1.{ck;}). Hence there exists (y;);jcu,<,1., such that for

all 1 <i <m we have
> aiyy; <0

JEUs<kls

and there exists d € N such that for all j € Us<;Is and ¢t < p we have
A(y; + td) = const.

for all 1 <i <m and t € [R(c, Ag41)] it follows

Z (yj + ijtd)aij + Z thdaij

JE€EUs<kIs J€IK41
= E yjaij =+ td( E ijaij + ¢k E aij) S 0.
JE€EUs<kIs JEUs<kIs J€IK41

Further for all j € Us<i s and ¢t < p we have
A(yj + cgjtd) = const.
Say A(y; + cxjtd) = c+ 1.

We distinguish the following cases:

1. There exist t € [R(c, Ag+1)] such that A(cxtd) = ¢+ 1. Then we are done.

2. For all t € [R(c, Ar+1)] the relation A(citd) € [c¢] holds. Then consider the
c-coloring: A’ : [R(¢, Ak+1)] — [c] which is defined by

A'(z) = Alegxd).

By definition of R(c, Agy1) there exists a solution (t;);jeu,., 1, of the system
A1 @ < 0 which is monochromatic for A’. Hence (detj)jeUS§k+ljs forms a
solution of Ap 117 < 0 which is monochromatic with respect to A.

Utheorem 1.2.(first part)

In order to demonstrate the structure of the proof of the second part of theorem 1.5.
we will give a short overview. For his characterization of regular systems of linear
equations Rado [10] had to prove that for each systems AZ = 0, which is regular, A
has the column property. It is an interesting feature of Rado’s proof that a system
AZ =0is regular if there exists a monochromatic solution with respect to one type of
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coloring. For systems of linear inequalities AZ < 0 with A having only two columns
there also exists a certain type of coloring such that Az < 0 is partition regular if it
has a monochromatic solution with respect to this type of coloring. In lemma 1.12.
we will show, that a system (x) a < L < b, where a,b € Q and 1 < a <b, is not
partition regular. It is easy to see that essentially each system AZ < 0 with A having
only two columns can be transformed into a system (x) for suitable a and b. If such
a system is partition regular this means that one of the following cases holds:

1.a<0and b>0or
2. a<landbd>1.

It is not difficult to see that these conditions exactly lead to cpi. If we visualize a
partition regular system
() { a1121 + ajpxe <0
a21%1 + asexe < 0
geometrically then obviously the solutions are bounded by two straight lines. Three
typical cases occur, i.e. one of the axes is a limiting line or the diagonal is contained
in the solution space:

X2 X2

N

X1

X1
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We will prove theorem 1.5. by induction on the number of columns of A. In order to
start the induction we described the situation for n = 2. Let us consider a rational
matrix A with n columns. Assume that the system

AT <0G (% %)
is partition regular. Under certain assumptions we can transform the system AZ < 0
for each choice of k,l with 1 < k <[ < n into the following system:
n n
s Gy T _ Tk au a7
j=tarLk Ak

sk Ask T] xy Qi

=1L,k
for all s with azx < 0 and for all ¢ with a;;, > 0. Thus we have a similar situation
as in (x) except that the fraction I* is not bounded by constant terms a and b but
by terms which depend on z1...2g_1,Zg_2,...T,. Thus we cannot directly apply
lemma 1.12. Consider this situation for fixed k£ and I. Assume that there are colorings
of the natural numbers with finitely many colors such that for each monochromatic
solution 1, ...x, of the system (* * %) either

1. there exists ¢ > 0 and r € N such that 1 +¢; < :;—’; <7 or
2. there exists €3 > 0 and €3 > 0 such that e; < fv—’l“ <1-—es.

Then again by lemma 1.12. (xx*%) cannot be partition regular. To avoid such situations
the terms — 2at — Z?:Lj#,k o ‘;—; and —Zu — Z?le#lyk o 2% have to fulfill certain
conditions for every coloring. This is what is shown in lemma 1.13. With this kind of
arguments it is possible to show that for every choice of k and I with 1 <k <l <n
either for all € > 0 the system AF(e) is partition regular or for all € > 0 the system
Aéc (¢) is partition regular, if the system AZ < 0 is partition regular. By induction we
can conclude that either for all € > 0 the matrix AF(e) has cpi or for all € > 0 the
matrix Al (€) has cpi. Therefore we define:

DEFINITION 1.4. Let A = (aij)1<i<m,1<j<n be a rational matriz. A has the e-property
if the following conditions are satisfied:

1. The system Az < 0 has a solution in the natural numbers and
2. For all1 <k <1<mn one of the following conditions is satisfied:

(a) For all € > 0 the matriz A*(€) has cpi over N,
(b) for all € > 0 the matriz Al(e) has cpi over N,

i.e. for at most one r with 1 < r < n there is an €y > 0 such that A" (eg) has
not cps.

Note that if the matrix A (e) has cpi for some ¢y > 0 then for all € > ¢y A*(¢) has
cpt.

REMARK 1.1. Let A = (aij)1<i<m,i<j<n be a rational matriz, such that Az < 0 has
a solution in N. Let 1 <k <l <n.
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1. If the matriz AF(e) has cpi then A¥(e) has cpi.

AF has cpi. Let Io, ..., I, be the corresponding partition of the column indices.
Define I,41 = {l}. Then Iy,...,I.+1 is a partition of [n] which proves cpi for
Ak (e).

2. If the matriz A®)TO (¢) has cpi then the matrices A*(¢) and Al(€) have cpi.
Let the blocks for AF)TD(e) be I}, ... , 1y and assume that the column

aip +ay —€

/ agk +ag — €
a®)(e) =

Qmk + Qmi — €

belongs to the block I),. Then A*(e) and A'(e) have cpi with the corresponding
blocks being I, = I, for r # p and I, = I, — {k'} U{k,l}.

Up to now we did not succeed in proving that A has cpi, but we know that if we
transform A only a little then the transformed matrix has ¢pi and it is possible to do
this transformations in nearly each column. What we will show in lemma 1.9. is that
the property cpi is continuous in a certain manner.

LEMMA 1.2. If A = (a;j)i<i<m,i<j<n @ a rational matric, which satisfies the e-
property, then A has cpi.

In order to prove lemma 1.9. we need the following lemma:

LEMMA 1.3. Let A = (aij)1<i<m,1<j<n De a rational matriz such that for all 1 <i <
m the entries of row i sum up to zero, i.e. 2?21 a;; =0. Let s1,...,8m € Q. For all
€ >0 let A'(e) = (aj;(€))1<i<m,1<j<n+1, be the matriz with entries a;;(e) = a;; for
1<i<m,1<j<nand ajpt1 = s; — € for 1 <i < m. Further let A’ = A’(0).

If for all € > 0 the system A’(€)Z < 0 has a solution in N, then the system A'Z < 0
has a solution in N.

PROOF OF LEMMA 1.3.: Let A, A’(¢) and A’ be as in the assumptions of lemma
1.10. Assume that for all 1 < i < m we have 22:1 ai; = 0. Thus the system AZ <0
can be transformed into the following system

n—1
(*) > aylz;—w.) <0, 1<i<m,
=1

which will be abbreviated in the following as A*y < 0, where A* =
(aij)lgigrmlgjgn_l, and Y =Tj — Tn for 1 S j S n—1.

The system AZ < 0 (resp. AZ < 0) has a solution in N if and only if (%) (resp.
A*§ < 0) has a solution in Z.

In the following we will consider A* instead of A. (The entries of A* will be denoted
without *.) Assume that the set of rows of A* is linear independent over Q. Then
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there exists 4 = (y1,...Yn_1) € Q" ! such that A*§ < 0. Multiplication with the least
common multiple of the denominators of y; yields a solution ¢’ = (y1...y,_1) € z 1!

of the system A*§ < 0. Thus the system AZ < 0 has a solution in N and therefore
A’Z <0 has a solution in N. Hence we are done in this case.

Next we consider the case where the set of rows of A* is not linear independent.
Assume that A* consists of the rows a(y),...aw),bk41)s---,b(m) for some k& > 0,
where a(y),...,a) are linear independent and for all k + 1 <4 < m we have by;) =

Zle ciasy for suitable ¢ € Q.

We will prove the lemma by induction on k. If ¥ = 0 then A* is the zero-matrix.
Hence A is the zero-matrix and therefore the system A’(¢)Z < 0 has a solution in N
if and only if for all 1 < ¢ < m we have s; — ¢ < 0. This is true for all ¢ > 0 by
assumption and therefore for all 1 < i < m we have s; < 0.
If k =1 for all 2 < i < m we have b;) = c’ia(i) for suitable ¢! € Q. We distinguish
the following cases:

1. for all 2 < i < m we have ¢t > 0.

If a(1yy < 0 holds then for all 2 < i < m we have b;)§ < 0. Because a;) is not

the zero-vector there exists a solution € Z" such that A*§ < 0 and hence we
are done in this case.

2. There exists i such that ci = 0.

In this case we have by = 0 and the system A’(e)Z < 0 has a solution only
if s; — e < 0. Because this is true for every ¢ > 0, we have s; < 0. Hence
(besys:)T < 0 is true for every choice of & where 1 > 0. Therefore the matrix
keeps its properties if we omit the row by;).

3. There exists i such that ¢f < 0.

Let i be arbitrary with ¢{ < 0. By assumption we know that for every e > 0
the system A’(e)Z < 0 has a solution. Let Z(€) = (x1(€),...,zn(€)), z(€) be one
specific solution of the system A’(e)Z <0, i. e.

amyZ(e) + (s1 — €)z(e) <0,

which is equivalent to
n
> ayw(e) < —(s1 — )a(e)
j=1

and correspondingly we have

which is equivalent to
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Dividing by ¢} > 0 we obtain

S; — €

n
> ayjwie) > — ——a(e).
j=1 1

Hence a solution z1(¢), ..., z,(€) exists if and only if

S; — €

- ' Sslfea
ct
1

which means
s; < —cis; + (¢ — Le.

This is true for all € > 0 and hence
5; < —cisy
holds.
Thus the statement is true for k = 1.
Assume that our statement is true for some (fixed) k > 1. Let A* cousist of the rows

A(1)s -5 A(kt1) O(k42), - - - D(m), Where a;y are linear independent and for k+1 <1 <

m let
k+1

by = chags)
s=1
for suitable i € Q. Further assume that for every e > 0 the system A’(e)Z < 0 has a

solution in N. We distinguish the following cases:

1. There exists 1 < s < k + 1 such that for all £ +2 <7 < m we have cé > 0.

Let ¢ = mazpi1<icm,1<i<k,is|Ci|. acy,- - -, a(p+1) are linearly independent by
assumption. Hence there exists ¥ = (y1,...,yn) such that for all 1 < i < k we
have a(;¥ < 0 and

ming1<i<mlci(a@ )| > ¢+ (mazi<iciizslaq ) (k —1).

Then y1,...yn_1 form a solution for the whole system A*§ < 0 and hence
A’Z < 0 has a solution.

2. There exists s such that for all £k +1 < i < m we have ci > (0 and ci = ( for at

least one i.

Without loss of generality let s = 1 and ¢} > 0 for k+1 < i < [ and
czi = 0 for !l < i < m. Then the matrix which consists of the rows
(1) -+ -5 A(kt1), O(ks2), - - -, by 1 dealt within case 1. But the rows b41) up
to b(,,) only depend on the k — 1 generators a(z) up to a(x1).- Hence by induc-
tion we obtain a solution y1, ..., y, for the rows a(z), ..., ak11), bky2), - -+ b(m)
which are independent of a(;). Thus we also obtain a solution for the whole
system.
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3. For a <1 < k+ 1 we define

o — 1 for j=1
771 0 for j#i.

Then it remains to consider the case where there exist 1 < iq,i5 < m and there
exists 1 < s <k + 1 such that ¢} > 0 and ¢ < 0.

Without loss of generality let s = 1. Further we can divide the entries of each
row ¢ by |c|, if |¢i]| # 0, such that we may assume that |c¢}| = 1 for each 4,
where |¢}] # 0.

For every € > 0 the system A*(e)Z < 0 has a solution. Let & =

(y$, ..., ¥5_1), z¢ be such a solution, i. e.

k+1

ZC a) )+ (si —€)x* <0 fork+2<i<m
and

a(i)?f < —(s;—€)z¢ for1<i<k+1.

Thus we have
k+1

> c(a ) + (si — )z < —claq)i

Dividing by —c! leads to

k+1 k+1
ch(a(s)f) +(sr —€)z° <amyy* < — Z (a@s)¥°) — (s — €)x*
s=2 s=2

for all r with ¢f = —1 and j with c{ = 1. Further we know that a(y <

—(s1 — €)z¢. Hence we additionally obtain:

k+1

Zc as)§) < —(s1 —€)x°

for all i satisfying ¢ = —1 and

k+1

Zc s)y (Sl - e)xe

for all 4 satisfying c¢i = 0. Transforming these inequalities we get the following
system of inequalities:

a(z)y +(si —e)zc <0 2<i<k+1
(ZISH; ci(a 7)) + (si—€)a <0 for all 7 with
c;=0
(¢ %) (leﬁ; ci(aJ®)) + (si+s1—2€)zf <0 for all 7 with
ci =-1
(Ziié (ch + ch)(ad)) + (si + 55 — 2€)x° <0 for all 4, j with
c=-1,cd=1
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By assumption we know that for all € > 0 the system A*(e)'Z < 0 has a solution.
Hence the system (x * %) has a solution for every € > 0. In system (x * %) only
k row vectors are linear independent, namely a(), . .., a(+1). Thus we can use
induction to show that the system (x * %) has a solution for ¢ = 0. Thus the
system A'T < 0 has a solution in N.

Dlemma 1.2.

CLAmM 1.1. Let A = (aij)i<i<m,1<j<n be @ rational matriz which has cpi with the
first block being I = {1,...k} and Z?Zl ai; = 0. Let

bin b2 ... bin
ba1 ba2 ... b2,
B =
biu bz ... b
A

such that for all 1 < i <1 the relation 2521 bij < 0 holds. Then B has cpi.

PROOF OF CLAIM 1.1.: Obviously IP = {1,...,k} satisfies the first condition of
cpi. Let I54,...,I;}4 be the partition of columns of A and for 1 < r < v,j €
Us<rIs let ct et € N be the corresponding coefficients . Let the parameters

rjsr

b(r),8,B(r),c(r) 1<r <wv be “big enough”, in particular we define:

b(r) = mazi<i<i{ Z bij, }

j€If‘+1

k
5 = mafﬂlgigl{zbij} (<0),

Jj=1
B(r) = mam<i<{ Y, |bsl},
JEUw< I
e(ry = maa:jeuwgrfg{cfj,cf}.

and let a(r) € N be minimal such that
a(r)d < —(c(r)B(r) + ¢-b(r)).

Such an a=a(r) exists because 0 is negative. Let c,{Bj = c;‘lj +aif j <k and c,{Bj = Crj
otherwise. For 1 <r <wvlet ¢Z = ¢ and I” = IX. Then for all 1 < i < we have:

k
Z(a + er)bij + Z erbij +cr Z bij

Jj=1 JEUw< I8 5>k Jerd

k k
= aZbij + Zcrjbij + Z crjbij + cr Z bij
=1 =1

JEUw<r I ,5>k JeIA
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< ad +c(r)B(r) + ¢b(r) <0.
Further for all 1 < ¢ <[ we have:

k k k
D (atcijay = erjaig) +ad_ay)
j=1 j=1 j=1
k
S
j=1
Hence B has cpi. Uelaim 1.1

PROOF OF LEMMA 1.2.: Let A = (@ij)1<i<m,1<j<n b€ a rational matrix which has
the e-property, i. e. for all 1 < k < [ < n either A*(¢) or Al(e) has cpi for every
€ > 0. We will prove that A has cpi. If the matrix A*(e) has cpi for some k < n, let
Ik, .1 lli be a partition of columns of A (¢), which certifies cpi. We can assume that
the partition of [n] into blocks does not depend on e because there are only finitely
many possibilities of partitioning [n] into blocks. By the pigeonhole principle at least
one partition has to occur for arbitrary small € > 0. But if a matrix A*(ey) has cpi
with blocks I§(eo), ... I (€o) then for all € > €y the matrix A*(e) has cpi with the
same blocks.

We will prove lemma 1.3. by a downward induction on the size of the block I} which
is maximal for k < n, for which the matrix A¥(€) has cpi for all € > 0. To illustrate
the main idea of the proof we first show the theorem for matrices with one and two
columns.

n=1:

am1

The system AZ < 0 has a solution z € N. Therefore we have a;; < 0 and thus A has
cpi with I = {1}.

n=2:
a1 a12
a21 a2
A=
am1 Am?2

There are only three (finitely many) possibilities to arrange the columns of A into
blocks. Hence we can assume that there is an ¢y > 0 such that for all € < €y the
partition of the columns of A*(e) into blocks is the same.
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1. I} = {1} or IZ = {2} resp.

For all 1 <i<m and all € > 0 we have a;;1 — e < 0. Hence for all 1 < i < m the
relation a;; < 0 holds. So the first condition of ¢pi is satisfied with Iy = {1}.

Further by the definition of the e-property the system AZ < 0 has a solution
in N, Let 27, 25 be such a solution. Then the second condition is fulfilled with
c11 =7 and ¢; =3, 1. e. for all 1 <7 < m we have c11a;1 + c1a;2 < 0. Hence
A has cpi.

2. I} ={1,2}

In this case for all 1 <47 < m and for all € > 0 we have a;1 + a;o — € < 0. Hence
for all 1 <4 < m we have a;; + a;2 < 0. Therefore A has cpi with Iy = {1,2}.

Now we will prove the lemma for matrices of arbitrary size.

ail @12 A1n

a1 @22 a2n
A= .

am1 Am2 Amn

Let 1 < k <1 <n. We know by assumption that for all € > 0 either A*(e) or Al(e)
has cpi. As mentioned above we can assume that the partition of [n] into blocks does
not depend on €. In order to start the induction we consider the case where we can
find some 1 < k < n such that A*(¢) has cpi for every € > 0 and |I¥|=n, i. e. the
sum over all columns of A% (¢) is less of equal to zero. In this case for all 1 <i < m
and every € > 0 we have

ai1+ai2+...+am—e§0.
Hence for all 1 <7 < m we have
ai1+ai2+...+am§0

and therefore A has cpi with Iy = [n].
Next we consider the case where we can find some k, 1 < k < n such that A* (€) has
cpi for every € > 0 and |I}| = n — 1. First assume that k € I}. Then forall 1 <i <m

and all € > 0 we have:
(Z aij) — € S 0.

; k
JEI()

In this case for all 1 < ¢ < m we obtain

Zaij SO

jerk
If k ¢ I(’f for all 1 <7 < m we also have
Z aij S 0.

jerk
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Thus in both cases the first condition of cpi is satisfied choosing Iy = IF.

Let I; = [n] — Iy. Note that |[;| = 1 and assume p € I;. We know that the system
AZ < 0 has a solution in N. Let x7,...x) be such a solution. Then for all 1 <7 <m
we have

E c1ja;j + c1aip <0,
j€lo

if we choose c1; = 1:;‘ for j € Iy and ¢; = :1:;.
Assume inductively that the following is true for some (fixed) k <n — 1: Let A be a

rational matrix with m rows and n columns which has the e- property. If there exists
a column s, such that for all € > 0 A%(e) has cpi and |I§| > k, then A has cpi.

In the following we will show that if A is a rational matrix which has the e-property
and there exists a column s, such that for all ¢ > 0 A%(e) has cpi and |I§| = k — 1,
then A has cpi. Without loss of generality we can assume that I§ = {1,...k — 1}
for some (fixed) s. For k — 1 < n — 2, we have |[n] — I§| > 2. A has the e- property,
therefore either A*(e) or A¥+1(e€) has cpi for all € > 0. Without loss of generality we
can assume that A*(¢) has cpi. We will consider several cases:

LI} I3,

In this case for all e > 0 and all 1 < i < m we have

k—1
(Z aij) — € S 0
j=1
and therefore
k—1
Zaij < 0.
j=1

Further for all 1 <3 < m we have

Z Qi S 0.
jel§

We distinguish the following cases:

(@) IENIs=0

Then we have

Z Qi S 0.

JEIFUIS

Let Iy = I(’f Ul§ and I; = Il’C — I§. Because of the definition of Il’C for alle > 0
and for all j € Us<;I¥ there exists cfj (€) and cf(e) such that for all 1 < i <m

we have
o di(eaf(e+cfle) Y af(e) <0

JEUs< i IF JEIf,,
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and therefore

Yo ci@aio+ D ah@+ Y (+cf(e)al(o+

JEUs<i Ik JjeUs—1F, 1) JeIgnIk,

Z cl(e)afj (e) <0.

je(Ilk+1_I(§)

Hence we conclude that we can choose Iy = I U I§ to prove cpi and |Ip| >
|I5] = k — 1. So we are done by induction.

(b) 15N 15 # 0

Without loss of generality we can assume that I¥ N I§ = {1,...,1}. Consider
the matrix
2(111 20,12 e 20,1[ alj+1 e QA1n
B= : : o : s = (bij)1<i<ma<j<n.
204m1 2Gm2 ... 2aml Qmitl  --- Gmn

We claim that B has the e-property. This is true because

(i) the system A'Z < 0 has a solution in N for if zy,...,z, is ~a solution of
AT < O then z1,..., 2,241, ..., 22, forms a solution of BZ < 0.

(ii) Let 1 < p < n such that AP (e) has cpi for every e > 0 with blocks If, IV, .. ..
Let Iép =IF U I3. Then for all 1 < i < m the following is true:

0> Z ai'cj(f) + Z a;;(e) = Z bfj(e)

jeIk JeI JEIP

Let I’ = I | — (IF U I§). AP(e) has cpi for every ¢ > 0. Hence there exist

cﬂlJ =cb_ ( ), = cP_,(e) such that for all 1 <i < m we have
Y. e-yalie) e ) al
J€Ug<r—11§ jeIr

Hence we have

bej(e) + Z 2 ij(e) + Z Cr— lj%p( )+
(1

Jj=1 JEIP—{1,...,1} JEUg<r—1 IENIEUIS)
E CT_1j2b:fj (6) + E Cr— 12b E Cr— 12b
J€Uq<r—11)—(I§UIF) JEIFNIFUIS) jen?

<0.
Hence BP(¢) has cpi if AP(e) has cpi. Therefore B has the e-property and

|I7| > k. Hence B has cpi by induction.
We claim that if B has ¢pi then A has cpi.
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Let the partition into blocks for B be IB, IB ... IB. Let Iy = {1,...,k — 1}.

We know that .
-1
Zaij S 0.
j=1

Let Il = (IéCUIg)—{l,,k—l}, let cop = ... =Cy = 2700l+1 = ... =Cok—-1 = 1
and ¢g = 1. Then for all 1 <7 < m we have

Z cjoaij + co Z a;; <0.

j€lo jel

Let I, = IB , — (I¥ U I5). We know that there exist cfﬁQj,cf_Q such that we
have

Z Caibij + ¢y Z bij <0

jeuw§r73I£ jeI§72

and thus

!
Z 2a;; + Z aij + Z Crgjaij+
=1

JEUIFUIG)—{1,....1} F€(Uw<rslB)—(I5UIS)

B B B
E CrogjQij + Cr_g E aij + ¢y E Qij
FE€Uw<r—sIE)NUFUIE) JELE ,NUIFUIE) i€l
<0.

Hence A has cpi.
CIFC Iy ={aW,. . oD}
(If I§ C Ik, we would have |I¥| > k and we were done by induction.)

Without loss of generality we can assume that I = I§, because otherwise it is
possible to choose I} as the first block for the matrix A®(e). We distinguish the
following cases:

(a) k¢ If
In this case there exist c¢1; € N, c¢; € N such that for all 1 <7 < m we have

E c1jai5 + €1 E Qij <0.
JETf JEIf

Consider the following matrix B = (bjj)i<i<m,1<j<n, Where for all
1 < ¢ < m by; is defined by

C1jaij fOI’ 1 S j S k -1
bij = C1Q45 for j e I{c
a;j otherwise.

We claim that B has the e-property.
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(i) The system BZ < 0 has a solution, for if zy,...z, is a solution of

—

the system AZ < 0, then define a solution of the system By < 0, § =
(y1,---,Yyn) by
Gy if 1<j<k-1
Y = éxj if jelIf
T otherwise.

If we multiply ¢ by the least common multiple of ¢;;, ¢c; we obtain a solution
of the system BZ < 0 in N.

(ii) Let 1 < p < n be given such that for every e > 0 AP(e) has cpi and
let I§, ..., I be the blocks and cy;(€), cP(e) the corresponding coefficients,
such that for all 1 <7 < m we have

and

S @@+ Y dilo <o,

J€Uuw<r I JEI?,

Now we will show that BP(e) has cpi for all € > 0. Let I;? = I} U IF and
I” = 1P | — I}P. Then for all 1 < i < m we have

> by <0
JEIP

and

JEUw<r—115 JEI?

It follows that

PR AGE: > d_@ali()+ D le)ali(e)+

JeI® FE(Uuw<r—1IH)NIEP) JEL_ NI
p D p
> d_;(e)ali(e) + D cBle)al(e) < 0.
je(Uwgpllﬁ)—I&” jer®

Hence B has the e-property. Thus B has cpi by induction. Let the cor-
responding partition of blocks be I, ..., I and let cfj, cB be the corre-
sponding coefficients. We claim that A has cpi.

Let Ip = I}, I, = I¥, I, = IB , — (I¥ U IF). Obviously for all 1 <i < m we

have
Z Qi < 0.
j€lo

For 2 <r <1l—1, forall 1 <i<m we have

S b el Y by) <0.

JEUw<r—oIB jeIB |
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Thus for all 1 < ¢ < m the following is true

doai+ Y ay+ > Cra;bij

JEI¥ JEIF JE(Uw<r—2IBN(IEUIE))
B B B
+ Z Cr_obij + Z Cr5bij + ¢ Z bij)
jeIB n(Ikurk) JEUw<r—2IB—(IFUIF) J€Irpa

<0.
Hence A has cpi.
kel
Without loss of generality we can assume that I¥ = {k,...,r}. For all

1 <7 < m we know that 25;11 a;; < 0. It is no restriction to assume that
k .
Za" =0 for 1< <my
_1” <0 for mi<i<m
=

for some m; < m. In claim 1.11. we have shown that it is enough to
consider the first m; rows of A. Let

B=(aW,...,a*Y)
be the matrix which consists of the first £k — 1 columns of A. Let
ail e A1k—1 (Z;:k alj - 6)
B'(e) = : : :
Wyt ee Gmyk—1 Qg Gmyj — €)

Obviously adding up the columns of B we get the zero vector. Further for
all € > 0 the system B'(e)Z < 0 has a solution. Hence we can apply lemma
1.10. to show that the system B’(0)Z < 0 has a solution in N. Assume
that c¢11,...,c1x_1,c1 is such a solution, hence for all 1 <7 < m we have

k—1 T
E Qa;C1j +c1 E Qjj S 0.
j=1 k

Then we consider the matrix B = (bi;)1<i<m,1<j<n

C1jaij fOI’ 1 S j S k; -1
bi; = C1ai; for k<j<r
aij otherwise.

As in case a) it is now possible to show that B has the e-property. Then
by induction B has cpi which again implies as in case a) that A has cpi.

Dlemma 1.3.

LEMMA 1.4. Let a,b € Q and let the following system of inequalities be given:

Let

T1
< — <.
(%) a_xz_b
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1. 1<a<bor

2.0<a<b<l.

Then (x) is not partition reqular over N.

PROOF OF LEMMA 1.4.:
1. Assume that 1 < a <b.

Let n € N be minimal such that a” > b. Consider the following coloring:
A%b : N — [n + 1] which is defined by
(xx)  A%b(2) = (|loge(z)|mod(n + 1)) + 1.

In the following we will show that (%) has no monochromatic solution for A%?.

Assume on the contrary that x1,zs form a solution of (x) which is monochro-
matic with respect to A%, Let logy(x1) = e, and log,(z2) = piz,. Then we
have

Uy = tz,mod(n +1).
Say piz, = kg (n+1) 47 and py, = kyy(n+1) + 7 for some 0 < r < n. Because
x1, o forms a solution of (x) we have

T
a< =2 <o
X2
and thus o
Hazx
a < ﬂ < L = a(kw1_kw2)(n+1)+1.
) aM=2

Therefore we have
(kzy —kzy)(n+1)+1>1

and hence
kg, — kzy > 0.

On the other hand we have:

N P

_ g(ker—kag)(n1)—1
- )
o — atetl

which implies
(kgy —kzy)(n+1)—1<n

and hence
kyy —kzy < 1.

which is in contradiction to (xx).
2. Assume that 0 < a < b < 1. Consider the following system of inequalities which
is equivalent to (*):

X
>2 >
T

ISHN
S| =

Then we have 1 < % < % and we can follow the arguments of case 1.

|:Jlen’zma 1.4.
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LEMMA 1.5. Let z € N be given. Let n > 2 and let fi(za,...,2z,) : R — R,
gi(za,...,z,) : R 5 R for 1 <i < z be given. Consider the following system of
inequalities:

IN
IN
N
—
3
[\v)
K
3
~
—
*
~—

fi(a:2, e ,iEn)

Let (%) satisfy the following conditions:

1. Ji1,1 <y < 2,3€1,0 < €1 < 1,3e1 € N and IA! : N — [c1] such that (x) has
no solution 1, . .., %, which is monochromatic with respect to A' and

fil (xg, .. .,.Z’n) S €1.

2. Jig, 1 <ip < 2,3e€2,€3,0 < €9,€e3 < 1,3co € N and IA? : N — [c] such that (*)
has no solution x1,...,x, which is monochromatic with respect to A? and

fi2($2»'-'7xn) S 1+€2

or there is no solution x1,...,x, which is monochromatic with respect to A?
and
i (X1, .0y Tn) > €3.

3. 3k € N,3ez € N and 3A3 : N — [c3] such that (*) has no solution x1,...,Tn
which is monochromatic with respect to A3 and

Then there exists ¢* € N and a coloring A* : N — [¢*], such that (x) has no solution
which is monochromatic for A*.

PROOF OF LEMMA 1.5.: Let €1, €9, €3, k, 1, ca, ¢35 and Al, A% A3 be defined as in the
assumptions of lemma 1.13. Consider colorings of the form A®® which are defined as
in the proof of lemma 1.11. (%) with appropriate a and b, namely:

A*= AT N 5 [ed],

where ¢4 € N is minimal such that ﬁ(crl) > i and

A% = Atk N S (o),

where c5 € N is minimal such that (1 + e)(¢s= > k.
Then define A* as follows:

5
A*:N = []le],
j=1

A*(z) = (Al(z), A%(z), A% (2), A% (), A°(2)).
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We claim that (%) has no solution which is monochromatic for A*.
Assume on the contrary that x1,...,z, is a solution of (x) which is monochromatic
with respect to A*. Because x1, ..., T, is monochromatic for A* it is monochromatic
for Al. Hence we have

fil (:EQ, N ,iEn) Z €1,
which implies

x1
— > €. 1
oy (1)

Besides 1, ..., z, is monochromatic for A2. Hence we have
fi2($2" o 7'Tn) Z 1 + €2

or
Gir (T2, ..., 2n) <1 —e3,
which implies
e )

T2
or .
1
— <1 —es. 3
o = s (3)
Finally x4, ..., x, is monochromatic for Az and therefore we have:
i1
=<k 4
Lok @

If we put together (1) and (3) and (2) and (4) respectively, we obtain:

a<Z<i-e ()

T2
or .
l+e<—=<k (6
X2
By lemma 1.12. (5) has no monochromatic solution for A* and
(6) has no monochromatic solution for A®. Hence zi,...,z, is not
monochromatic for A*. That is in contradiction to our assumption.

Dlemmu 1.13.

Now we are able to prove the second part of theorem 1.5.;i.e. A has cpi if the system
AZ < 0 is partition regular.

PROOF OF THEOREM 1.3. (SECOND PART): We will prove the theorem by induction
on the number of columns of A. Note that a system, which is partition regular,

necessarily has a solution.
n=1:

am1
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The system (a;121 < 0)1<i<m is partition regular. Hence it has a solution in N,
therefore for all 1 < i < m we have a;; < 0 and thus A has cpi with Iy = {1}.

In order to demonstrate the idea of the proof we additionally consider the case
n=2:

a11 ai2

a21 a2
A= .

am1 Am?2

We distinguish the following cases:

1. For each row I 1 < i < m the first entry is less or equal zero, i.e. a;; < 0.

Let Iy = {1} and I; = {2}. Assume that y;,y2 € N form a solution of the
system AZ < 0. Then for all 1 < ¢ < m we have

E cijaij + ¢ E aij = €11041 + c1a;2 < 0
j€lo Jje€l
if we choose ¢11 = ¥ and ¢; = ysa.

2. For each row i 1 <14 < m the first entry is greater or equal zero, i.e. a;; > 0.
In this case for all 1 < i < 0 we have a;5 <0
Then A has cpi with blocks Iy = {2} and I; = {1}.

3. There exist s,t € [m] such that as; < 0 and a; > 0.

Then the system AZ < 0 can be transformed as follows:

a2

T a
7_§_1§7 s2

at1 x2 As1

for all ¢t with a;; < 0 and for all s with as; > 0 and
aprs <0 for all t with a;; = 0.
By lemma 1.12. we know that one of the following cases holds:

(a) fZ—:f < 0 for all ¢ with a;; < 0 and fZ—zf > 0 for all s with as; > 0 and
(obviously) a2 < 0 for all ¢ with a;; = 0. In this case for all 1 <i < m we
obtain

atz < 0.
Thus A has c¢pi with blocks Iy = {2} and I; = {1}.
(b) fZ—tf < 1 for all ¢ with a;; < 0 and f“sf > 1 for all s with as; > 0 and

as
hentce for all 1 <t < m with a;; # 0 we have

ai1 + a2 <0
and obviously for all 1 <t < m with a;; = 0 we have

a2 <0
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and hence
a1 + ato S 0.

Thus A has ¢pi with Iy = {1,2} in this case.
Hence we are done in the case n = 2.

Let us assume that the theorem is true for all matrices A with less than n columns
for some (fixed) n > 2. Let

ail ai12 . QAin

a1 ao9 . A9on
A =

an1 Aap2 cee Qpm

To prove the theorem we distinguish the following cases:

1. There exists 1 < j* < n such that for all 1 < i < m the j*th entry satisfies
Qi < 0.
In this case let Iy = {j*} and I} = [n] — {j*} and choose

. . =1,5£5* lais| _
C1j+ > Mazi<i<m{ == ‘;ij*‘ bea=1.

2. There exists 1 < j* < n such that for all 1 < i < m the j*th entry satisfies
Qg+ < 0.

Without loss of generality assume j* = 1 and a;; < 0 for 1 < ¢ < my and
a;1 = 0 for mq < i < m for some m; < m. Then we have:

a;; <0
: *
- A1m,; < 0
A= 0
: Al
0

Hence A is partition regular if and only if A’ is partition regular. By induction
A" has cpi. Let the corresponding blocks be I}, ... I for a suitable r € N and
for 1 <k <r and for j € Us<i s let the coefficients be cjcj,c%. Then A has cpi
with blocks Iy = {1}, I, = I._; for 1 < s < r and coeflicients

. / .. / ..
maxi<i<m, {Zjeusgklé Cj Qig +c Zje[l’c+l aw}

Min1 <i<m, |a1i

Cr1 =

for 2 <k <r and
MAT1<i<my Y jeq; Gij

C11 = -
Min1<i<m, |a1il

c1 =1 and cg; :C;c—lj forall j Al andall 1 <k <.
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3. There exists j* such that for all 1 <7 < m we have a;j~ > 0.

In this case obviously A’ = A — {aU")}, the matrix which we obtain from A by
omitting the column j*, is partition regular and has ¢pi by induction. Let the
blocks of A’ be Ij),... I and define for all 1 < s < r I, = I and I,11 = {j*}.

Further let yi, ...,y € N be a solution of the system AZ < 0. Then A has cpi
with coeflicients ¢,; = y; for j # j*, and ¢, = y;~.

4. Each column has both positive and negative entries.

Let 1 < k <l < n be given. Then the system AZ < 0 can be transformed as
follows:

n n

BT L 1!

Asl . X As] Tk Tk Q] . X Qs Tk
J=1,5¢{k,1} j=1j¢{k,1}
()4 for all s,t with ag < 0 and ay > 0,

" s <0

Zj:l,j;él AijTj =

for all 4 with a; = 0.

By lemma 1.13. we know that one of the following cases holds:

(a) For all € > 0 the following system of inequalities is partition regular:

n

a Agi Tj
_Gsk _ Z 2129 < ¢ for all s with ag <0
7] . - sl T
J=Lj¢{k,1}
a n Qtqi T
_ Stk Z Y >0 for all t with ay >0
at = gl Tk
i=Lj¢{k,1}
and
n
Z ajjz; <0 for all ¢ with a; = 0.
J=1.5#L

That means that for every ¢ > 0 the system
A7 <0

is partition regular and has cpi by induction. Hence by remark 1.8. A% (¢)
has ¢pi for all € > 0.

(b) For all r > 0 and each coloring of the natural numbers with finitely many
colors the system (*) has a monochromatic solution z1,...,x, such that

which is equivalent to
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We transform the system AZ < 0 as in (*) exchanging k and 1. Then we

obtain:
a 2 Asi T T a 2 ai; T
_ st > e Rt el N e 2323
Ask . - Qs X| x| Atk . - Atk X1
J=1,j¢{k,1} J=1,j¢{k,1}

for all s,t with asr < 0 and ay, > 0 and

i Qi T4 S 0

j=1.5#k

for all ¢ with a;; = 0. Therefore the following system is partition regular
for each r > 0 :

o n Qs Tj 1
ot T X jmld k) am o S 7
forall 1 < s <m with ag, <0
_au _ N\ a5 Tj

attk Zj:l,jéz{k,l} at; wi >0
for all 1 <t <m with a; > 0 and
Do,k 0ijTj <0
for all 1 <i < m with a;; = 0.

Hence the system Aﬁc(%) is partition regular for every r > 0 and has cpi

by induction. Therefore by remark 1.8. the system Al(%) has cpi for every
r > 0.

(c) For all € > 0 the following system is partition regular:

n

Gk oy B
asy _~ asy T
J=1,j¢{k,1}
foralll1 <s<m withag <0
n
Qi Z Q¢j Tj
- = — = >1—¢

(+) W g ey TR

for all 1 <t <m with a;; >0

n
Z Qij T4 S 0
j=1,j#1
for all 1 <17 <m with a;; = 0.

Then for every e > 0 the system AR+ g < 0 is partition regular and has
cpi by induction, therefore by remark 1.8. Al(e) and A*(e) have cpi.

The system AZ < 0 has a solution in N because otherwise it could not be
partition regular and hence A has the e-property. Therefore by lemma 1.9. A
has cpi.

Utheorem 1.5
In the following we will generalize the set of partitioned numbers. We will first state

results over Z and QQ and finally we will consider real matrices and generalize the set
of partitioned numbers to the reals.
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DEFINITION 1.5. Let K C R — {0} be a set. Let A = (aij)1<i<m,1<j<n be a matric
with entries in R. A has the column property for systems of inequalities (cpi) over
K if there exists | € N and a partition [n] = Iy UL U...UT; of the column indices
such that

1. There exists c € K such that for all 1 < i < m we have CZjeIo a;; <0 and

2. for all k < 1,7 € Us<i Iy there exist ci,cr; € K such that for all 1 <i < m we

have
Z CikQij + Ck Z a;; < 0.

JEUs<ils J€IK41

And correspondingly we define:

DEFINITION 1.6. Let K C R — {0} be a set. Let A = (aij)i<i<m,1<j<n e a real
matriz. Letb = (b1,...,bn) € R™. The system AT < b is called partition regular over
K, if for every ¢ € N and every c-coloring of K A : K — [c] there exists a solution
Z1,...2n € K of AT < b such that A |{m1m$n} = const.

LEMMA 1.6. Let K C R — {0} and K = K1 U Ky such that K1 N Ko = (). Let
A = (aij)1<i<m,1<j<n be a real matriz. Then the following statements are equivalent:

1. The system AZ < 0 is partition reqular over K.

2. The system AZ < 0 is partition regular over Ky or the system is partition regular
over K.

PROOF OF LEMMA 1.6.: If the system AZ < 0 is partition regular over K7 or over
K, then it is clearly partition regular over K. For the opposite direction assume
that the system AZ < 0 is neither partition regular over K nor over Ko, i. e. there
exists ¢; € N and a coloring Ay : K1 — [c¢1] and there exists ¢; € N and a coloring
Ay : Ko — [cs], such that AZ < 0 has no monochromatic solution in Kj for A; and
no monochromatic solution in Ky with respect to A,. Define the following coloring:
A K — [max{ci,ca}] X [2] by

{ (Ay(z),1) if zeK;
(AQ(ZE),Q) if ze€ Ks.

Obviously the system AZ < 0 has no monochromatic solution with re-
spect to the coloring A which is a contradiction to the partition regularity.

Dlemma 1.6.

If we use lemma 1.16. together with theorem 1.5. we obtain the following theorem:

THEOREM 1.4. Let A = (aij)1<i<m,1<j<n e a rational matriz. The system AZ < 0
is partition regular over 7. — {0} if and only if A has cpi either over Z* — {0} or over
7z~ —{0}.
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PROOF OF THEOREM 1.4.: By lemma 1.16. we know that the system AZ < 0 is
partition regular over Z — {0} iff it is either partition regular over Z* — {0} or over
Z~ — {0}. The first case is equivalent to A having cpi over N by theorem 1.5. In
the second case consider (¥) —AZ < 0 where —A = (—a;)1<i<m.1<j<n. AZ < 0
is partition regular over Z~ — {0} iff —AZ < 0 is partition regular over N. This is
equivalent to — A having cpi over N, which is equivalent to A having cpi over Z~ —{0}.

Utheorem 1.4.

THEOREM 1.5. Let A = (asj)1<i<m,1<j<n be a rational matriz. Then the following
statements are equivalent:

1. The system AZ < 0 is partition regular over Q — {0}.
2. A has cpi over QT — {0} or over Q7 — {0}.

3. A has cpi over Z — {0} or over Z~ — {0}.

PROOF OF THEOREM 1.5.

1. implies 2.:

It is enough to show that if AZ < 0 is partition regular over QT — {0} then it has cpi
over Q7 — {0}. This can be shown following the arguments of the second part of the
proof of theorem 1.5. using Q™ — {0} instead of N.

2. implies 3.:

Assume that A has cpi over Q7 — {0}, i. e. there exists a partition of the columns of
A into blocks [n] = Iy U... U I; such that

1. There exists ¢ € Q" — {0} such that for all 1 < i < m we have a2 jer, @ij <0,
i. e. ZjEIo aij S 0.

2. For k <1,j € Us<yIs there exist cxj,c, € Q" — {0} such that for all 1 <i < m

we have
Z CkjQij + ¢k Z Qi < 0.

JEUs<kls J€lp41

By multiplying the above inequality with the common divisor of ¢y, ¢, we obtain
positive integer coeflicients.

3. implies 1.:

If A has cpi over ZT — {0} or over Z~ — {0} then by theorem 1.17. the system

AZ < 0 is partition regular over Z — {0}. Hence it is partition regular over Q — {0}.
Utheorem 1.5.

THEOREM 1.6. Let A = (aij)i<i<m,1<j<n be a Teal matriz. Then the following
statements are equivalent:

1. The system AZ < 0 is partition regular over R — {0}.

2. A has cpi over R — {0} or over R~ — {0}.
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PROOF OF THEOREM 1.6.

1. implies 2.:

It is enough to show that if the system AZ < 0 is partition regular over R* — {0} then
A has cpi over RT — {0}. This can be shown following the arguments of the second
part of the proof of theorem 1.5. using RT — {0} instead of N.

2. implies 1. :

Again it is enough to show that if A has cpi over RT — {0} then the system AZ < 0 is
partition regular over RT — {0}. To prove this we employ a generalized environment
lemma using the multidimensional version of van der Waerden’s Theorem which is
due independently to Gallai (see [10]) and Witt [16] instead of van der Waerden’s
Theorem [15]:

LEMMA 1.7. Let A = (aij)1<i<m,1<j<n be a real matric such that the system AZ < 0
is partition reqular over Rt — {0}. Lett € N and W C R, W = {wy,...w} be
given. Let ¢ € N. Then for every c-coloring A : RT — {0} — [c] there exists & =
(zo,...,zn) € (RT —{0})™ and there exists r € RT — {0} such that

1. AZ<0 and

2. For all j,k with1 <j<n,1<k<t we have A(x; + rwy) = const.

PROOF OF LEMMA 1.7.: Assume that A is partition regular. Hence by compactness
[6] there exists a finite set V = V(A,¢) € RT — {0} such that for every c-coloring
of V there exists a monochromatic solution of the system AZ < 0 in V. Let V =
{vl» cee 7vt}‘
Let A : RT—{0} — [c] be an arbitrary coloring. Define a coloring A* : RT —{0} — [c!]
by

A*(z) = (A(zvi))1<i<t-

Define a finite set W = {w|w = []_, v;,,js € [t|}. By Gallai-Witt’s Theorem there
exists a homothetic copy of the set W which is monochromatic with respect to A*, say
W' =d + "W = {d’ +r"w|jw € W}. Consider another coloring A** :V— [¢] which is
defined by A**(z) = A(a’z). By definition of V' there exists a monochromatic solution
of the system AZ < 0 in V with respect to A**, say «/,...,2,. Then (z}d, ...,z a')

yfn-
is a solution and for all 1 < 7 < n we have A(méa') = const.
Let r = 'z ... x},. Then we have:
zia' +rv; = xj(a +rivial - ooxl_qal - al)
and by the definition of W

1) eW.

/ / /
(Vo] oo T Ty T,

Hence for all 1 <i <n,1 <j <t we finally have
A(zja’) = A(zha’ + rvj).
|:Jlen’zma 1.7.

Now we are able to prove the second part of theorem 1.19.:
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Let A be a real matrix which has cpi over Rt — {0}. Let [n] = Io U...U I; be the
corresponding partition. We prove theorem 1.19. by main induction over the number
of colors and by subsidiary induction over the number of blocks. In both cases the
start of the induction is easy to obtain: The system AZ < 0 has a solution (just take
the coefficients cj;—1,¢;). If only one color is used every solution is monochromatic.
If I = 0 every singleton provides a solution.

Let Ay = (aY)|j € Uj<xI1,) be the submatrix of A which only consists of the columns
belonging to the first k blocks. Assume that Ay is partition regular over R™ — {0}
for some k > 0 and assume that for every coloring with ¢ — 1 colors the system ()
A1 < 0 has a monochromatic solution, i. e. by compactness there exists a finite
set Vo_1 € RT — {0} such that for every (¢ — 1)-coloring (%) has a monochromatic
solution in V,_;.

Let A : Rt — {0} — [¢] be an arbitrary coloring. We define W, a finite subset of R,
by W ={w =vulv € V,u € {¢ji,cx|l <j<n,1<k<Ii}}. Weapply lemma 1.20.
to Ay and W. Thus there exists a solution (y;)icu,.,1, of the system A,y < 0 and
r € RT — {0} such that for all i € Us<; ], and all w € W we have A(y; +rw) = const.
Combining cpi and the fact that the y; form a solution for every v € V' we obtain:

Z aij(yj + ijm}) + Z QijCETV <0.

JE€EUs<iIs J€IK+1

Without loss of generality we may assume that A(y; + reg;v) = ¢ for all i+ € Ug<p I
andv e V.

If now one of the numbers ¢cirv is also colored in ¢ we have found a monochromatic
solution of the system Ay 17 < 0. Otherwise the coloring

A*:V = c—1]
defined by

A*(x) = A(zreg)
is  well defined. Therefore by induction on the number of col-
ors and the definition of V  there exists a monochromatic solu-
tion of Agi1Z < 0 with respect to A*, say (x;‘)ieusskﬂjs. Then

(xfrek)ieu, <ni11, forms a solution which is monochromatic with respect to A.

Utheorem 1.6.
In his dissertation [10] Rado also considered systems of inhomogeneous equations.
As well as for homogeneous systems the columns property plays an important role
for the characterization of partition regular systems of inhomogeneous inequalities.
We are able to give a complete characterization of those systems which are par-
tition regular over the natural numbers, over the set of integers and over the rationals.

THEOREM 1.7. Let A = (ai;)1<i<m,1<j<n be arational matrix, let b= (b1,...,bm) €

Q™. The system of inequalities AZ C 0 is partition regular over N if and only if one
of the following conditions is satisfied:
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1. There exists a € N such that A | : < 3)

a

2. A has cpi and there exists @ = (r1,...,2,) € N" and there exists I C [m],
n <0 for €l
such that j; ;% { <0 for iclm]—I
and there exists a € Z such that for all ¢ € [m] — I we have ) a;;a < b;
j=1

The proof of theorem 1.21 is a little bit tricky and in its main parts very technical.
The interested reader can find the complete proof in [17].

THEOREM 1.8. Set A = (aij)1<i<m,1<j<n b€ arational matrix and b= (byy...,bm) €
Q™. The system A¥ < b is partition regular over Q — {0} if and only if AZ € b is
partition regular over N or the system —A7 < b with —A = (—aij)i<i<m,i<j<n 1S
partition regular over N.

If we partition the set Q — {0} the situation is different:

THEOREM 1.9. Let A = (a;j)1<i<m,1<j<n be a rational matrix, let b= (b1,...,bp) €

Q". The system (2)AZ < b is partition regular over Q if and only if one of the
following cases is valid:

1. There exists a* € Q such that for all 1 < ¢ < m we have > a;ja* < b
j=1
2. There exists I C [m] such that b; > 0 for ¢ € I,b; > 0 for ¢ € [m]J — I and the
matrix Ar = (aij)ier,1<j<n has cpi over Qt — {0}.

3. A has cpi over Q© — {0} and there exists I C [m] and there exists
Z(z1 — 2,) € (QT — {0}™ such that

ia--:z:- <0 for el

I <0 for i€ m] -1

and there exists a® € QT —{0} such that for all i € [m]—1I we have 3" a;;a* < b;.
j=1

4. —A = (—aij)i<i<m,1<j<n fulfills condition 1, 2, or 3.

2. (m,p,c)-SETS

In 1973 Deuber [1] gave a semantical characterization of partition regular system
of linear equations. The nature of this characterization is somewhat different form
Rado’s approach. Deuber described the arithmetic structure of the sets of solutions
of partition regular linear systems Ax = 0. The central definition is that of (m,p,c,)-
sets, which are m-fold arithmetic progressions together with c-fold differences:
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DEFINITION 2.1. Let m,p,c € N. A set D C N is an (m,p,c)-set if there exist
do,...,dm € N such that D = Dy, (dy .. .dwm) consists of all numbers of the following
list:

Cdo + lldl + l2d2 + + lmdm,
cdy + lady + ... 4+ lpdp,,

Cd2 + + lmdm7

cpm,

where l; € [—p,pl, i. e.

Dpe(do, ... dm) = {edi+ Y Lid;|i <m,l; € [-p,p]}.
j=i+1

In particular a (1, k, ¢)-set is a (2k + 1)-term arithmetic progressions together with its
differences. Deuber proved the following theorem [1]:

THEOREM 2.1. (DEUBER 1973) A linear system AZ = 0 is partition regular if and
only if there exist positive integers m,p,c such that every (m,p,c)—set D contains a
solution of AZ = 0.

(m, p, c)-sets not only describe the arithmetic structure of sets of solutions of partition
regular systems of linear equations but they can also be used to characterize sets of
solutions of systems of linear inequalities.

THEOREM 2.2. Let A = (a;5)i<i<i,i<j<n be a rational matriz. Let AT < 0 be a
partition regular system of linear inequalities. Then there exist m,p,c € N such that
every (m, p, c)-set contains a solution of the system AZ < 0.

PrOOF OF THEOREM 2.2.: By theorem 1.5. we know that A has c¢pi, i. e. there
exists m € N and a partition Iy U...U I, = [n] such that
1. for all 1 <7 <[ we have ZjeIo a;; <0 and

2. for k < m and j € Us< I, there exist cij, cx € N such that for every k < m and
for all 1 <4 <[ we have

Z CkjQij + Ck Z a;; <0.

JEUs<k s J€Ik+1

Let ¢ be the least common multiple of {cx|l < k < m}. Multiply each inequality by
é such that for all 1 <7 <[ we have

Z cjcjaij +c Z Qi S 0.

JEUs<iIs J€IK41

DOCUMENTA MATHEMATICA 3 (1998) 149-187



PARTITION REGULAR SYSTEMS OF LINEAR INEQUALITIES 183

Further let p = maz1§i§1,1§k<m|c§€j|. We claim that these m, p, c have the desired
properties. Let Ax = (aij)1<i<m,jeu,<,1, be the submatrix of A which only consists
of the columns of A belonging to the blocks one up to k. We will prove the claim by
induction on m.

Let m = 0. Hence A = Ap, i. e. for all 1 < ¢ < [ we have Z?Zl a;; < 0. Thus
every singleton forms a solution of the system AZ < 0 and Dp.(do) = {cdo} #
(). Assume that the statement is true for some k > 0. Consider a (k + 1, p, c)-set
D = D, (do,...,dk+1). By induction we know that the (k,p, c)-set Dp .(do,...,dx)
contains a solution of the system A;Z < 0. Let (Yi)icu,<, 1, be such a solution, i. e.
Yi € Dpo(do, ..., dr) and for all 1 <4 <[ we have N

E ai;y; <0,
JEUs<kIs

which implies

Z a;jy; + dit1( Z CrjQij + ¢ Z a;;) <0.

JEUs<kls JEUs<kls J€IK41

<0 <0

Hence for all 1 <7 <[ we have

> aii(ys +drsick) + Y cdryrag < 0.

JEUs<iIs J€IK41
For y; € Dp.c(do,...,dr) and |cg;| < p we have
Yi + crjdi1 € Dp,c(d(), ..ydiy1) and

Cdk+1 S Dp7c(d(), . dk+1)-

Hence we found a solution of the system A1 < 0 in the arbitrary chosen (k+1,p,c)-
set Dp,c(dO» ey dk+1). UTheorem 2.2.

THEOREM 2.3. Let A = (aij)1<i<m,1<j<n be a rational matriz. If there exist m,p,c €
N such that every (m,p,c)—set contains a solution of the system AZ < 0 then the
system AZ < 0 is partition regular.

PROOF OF THEOREM 2.3.: Let m,p,c € N be given such that every (m,p,c)—set
contains a solution of the system AZ < 0. By Deuber’s theorem [1] we
know that for every coloring A of the natural numbers with finitely many col-
ors there exist dy...d, such that the (m,p,c)-set D = D,.(do,-..,dm) is
monochromatic with respect to A. For every (m,p,c)-set contains a solution
of the system AZ < 0, so does D and hence AZ < 0 is partition regular.

Utheorem 3.4.

Deuber [1] also proved a partition theorem for (m,p, c)—sets in order to resolve the
following conjecture Rado stated 1933 [10].
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Call a subset S C N partition regular if every partition regular system of linear
equations can be solved in S. Rado conjectured that coloring a partition regular set
S there is one color class which is again partition regular.

THEOREM 2.4. (DEUBER 1973) Let m,p,c and r be positive integers. Then there
exist positive integers n,q,d such that for every (n,q,d)-set D C N and every r-
coloring A — [r] there exists a monochromatic (m,p,c)—set D' C D.

We can enlarge the definition of a partition regular set [1] to systems of linear in-
equalities:

DEFINITION 2.2. Call a subset S C N partition reqular for systems of inequalities
(pri) if every partition regular system of inequalities AZ < 0 can be solved in S.

Note that for matrices A and B having cpi over N also the direct sum
A 0
0 B

THEOREM 2.5. For every coloring of a pri set with finitely many colors at least one
of the color classes again is partition regular for inequalities.

has cpi over N.

PrROOF OF THEOREM 2.5.: Assume that the statement is false, i. e. there exists a
set S C N which is pri and there exists » € N and a coloring A : § — [r] such that no
color class of A is pri. Thus for each color class ¢ there exists a matrix A; such that
the system A;# < 0 is partition regular but has no solution in A~1(i). Consider the
system

A, 0 0 ... 0
0 A, 0 ... 0
(*) <0
0 ... 0
0 ... 0 A,

(%) is partition regular therefore there exist m,p,c € N such that every (m,p, c)—set
contains a solution of (). By Deuber’s theorem [1] there exist n,q,d € N such
that each coloring of an arbitrary (n,q,d)—set with finitely many colors contains a
monochromatic (m,p, c)—set. For S is pri, it contains a (n,q,d)—set. Hence there
is some (m,p, ¢)—set in S which is monochromatic with respect to A and thus there
exists a monochromatic solution of () in S which contradicts the definition of ().

Utheorem 2.5.

3. CANONICAL RESULTS

In this chapter we want to extend our considerations to colorings with an unlimited
number of colors. Call a coloring A of a set S canonical if A is either
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1. monochromatic, i. e. for all s,¢ € S it holds A(s) = A(t) or
2. distinct, i.e. for all s,¢ € S with s # ¢ it holds A(s) # A(¢).

In 1950 Erdos and Rado [4] proved a canonical version of Ramsey’s theorem:

THEOREM 3.1. (ERDOS, RADO 1950) If an infinite set S is colored then some infinite
subset T' is canonically colored. For all k € N if |S| > (k—1)?>+1 and S colored there
exists a subset T C S, |T'| = k which is canonically colored.

Later Erdés and Graham [3] proved a canonical version of van der Waerden’s theorem,
i. e. for every k € N and every coloring of the positive integers there exists a
canonically colored k-term arithmetic progression. In 1986 Lefmann [7] extended the
Erdos-Graham canonical theorem for arithmetic progressions to a canonical partition
theorem for (m,p, ¢c)—sets and partition regular systems of linear equations.

Let D = Dy (do,...,dm) = {cdi + X711 ljdili < m,l; € [—p,p]}. Say that the
elements of the form cd; +1;11d;+1+. . . +lmTm belong to the ith row of the (m,p, c)—set
D, c(do,...,dm). Let us further say that A : D, .(dp,...,dn) — w is a row-coloring
provided that any two numbers a,b € D, .(do,...,d) are colored the same if and
only if they belong to the same row of Dy, (do, ..., dmn).

Lefmann proved the following theorem [7]:

THEOREM 3.2. (LEFMANN 1986) Let m,p,c € N. Then there exists a least positive
integer L(m, p, c) with the following property: For every coloring A : [L(m,p,c)] — w
there exists a (m,p,c)-set Dy o(do,...,dn) C [L(m,p,c)] such that A |Dp,c(do,...,dm)
either is a canonical coloring or a row-coloring.

As a corollary Lefmann [7] proved a canonical version of Rado’s theorem:

COROLLARY 3.1. (LEFMANN) Let A = (a;5)1<i<i,i<j<n be an integer valued matric
having the column property, i. e. the system of linear equations Ax = 0 is partition
reqular. Let InU ... U I, = [n] be the corresponding partition of the columns of A
into blocks. Then there exists a positive integer N € N such that for every coloring
A : [N] = w there exists a solution T = (x1...x,) such that one of the following
cases holds:

1. A }{wl,---,zn} is a canonical coloring.

2. Each two elements z;,x; of {x1,...,x,} are colored the same if and only if
{4,7} C I, for some k < m.

In the following we will prove a canonical theorem for systems of linear inequalities,
which is similar to the above canonical version of Rado’s theorem.

THEOREM 3.3. Let A = (aij)i<i<ii<j<n be a rational matriz and let the system
AZ < 0 be partition regular, i. e. A has cpi. Let IpU...UI,, = [n] be the corresponding
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partition of the columns of A into blocks. Then for every coloring A : N — w of the
natural numbers there exists a solution & = (x1...,2,) € N such that one of the
following cases is valid:

1. A }{wl,---,zn} is a canonical coloring

2. A(x;) = A(zj) for some i,j € [n] if and only if there exists some k < m such
that i, € I,.

PROOF OF THEOREM 3.3.: The system AZ < 0 is partition regular. Thus by the-
orem 3.3. there exist positive integers m,p, ¢ such that every (m, p,c)—set contains
a solution of the system AZ < 0. In the proof of lemma 3.3. in chapter 3 we saw
that a solution of AZ < 0 in an arbitrary (m,p,c)—set D can be constructed in such
a way that for i € I; x; comes from the Ith row of D. Let A : N — w be given.
Theorem 4.2. gives us a (m,p,c)—set Dy c(do,...,dm) such that A |Dp,c(do,...,dm) ei-
ther is a canonical or a row-coloring. Let ¢ = (y1 ...yn) be a solution of the system
A# < 0 such that for all 1 < i < n we have Yi € Dy c(do,...,dy) and for i € I y;
belongs to the kth row of D, .(do,...,dn). If Dy c(do,...,dn) is canonically colored
then A }{yl,...,yn} is a canonical coloring and if A }Dp,c(d()y--wdm) is a row coloring then
A(y;) = A(y;) if and only if y; and y; belong to the same row of Dy .(do,...,dm),

i. e. if and only if 4 and j belong to the same block I for some £ < m.
Utheorem  3.3.
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ABSTRACT. Let F be a field of characteristic # 2. We define certain prop-
erties D(n), n € {2,4,8,14}, of F as follows: F has property D(14) if each
quadratic form ¢ € I3F of dimension 14 is similar to the difference of the
pure parts of two 3-fold Pfister forms; F' has property D(8) if each form
¢ € I?F of dimension 8 whose Clifford invariant can be represented by a
biquaternion algebra is isometric to the orthogonal sum of two forms similar
to 2-fold Pfister forms; F' has property D(4) if any two 4-dimensional forms
over F' of the same determinant which become isometric over some quadratic
extension always have (up to similarity) a common binary subform; F' has
property D(2) if for any two binary forms over F' and for any quadratic
extension E/F we have that if the two binary forms represent over E a
common nonzero element, then they represent over £ a common nonzero
element in F'. Property D(2) has been studied earlier by Leep, Shapiro,
Wadsworth and the second author. In particular, fields where D(2) does not
hold have been known to exist.

In this article, we investigate how these properties D(n) relate to each other
and we show how one can construct fields which fail to have property D(n),
n > 2, by starting with a field which fails to have property D(2) and then
passing to transcendental field extensions. Particular emphasis is devoted to
the situation where K is a field with a discrete valuation with residue field k
of characteristic # 2. Here, we study how the properties D(n) behave when
one passes from K to k or vice versa. We conclude with some applications
and an explicit and detailed example involving rational function fields of
transcendence degree at most four over the rationals.
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1 INTRODUCTION

After Pfister [P] proved his structure results on quadratic forms of even dimension
< 12 and of trivial signed discriminant and Clifford invariant (cf. Theorem 2.1(i)—(iv)
in this paper) over a field F' of characteristic # 2, there have been various attempts
to extend and generalize his results. Merkurjev’s theorem [Me 1] implies that even-
dimensional forms of trivial signed discriminant and Clifford invariant are exactly the
forms whose Witt classes lie in I3F, the third power of the fundamental ideal IF of
even-dimensional forms in the Witt ring W F of F. But there have been no further
results concerning the explicit characterization of such forms of a given dimension
> 14 until Rost [R] gave a description of 14-dimensional forms with trivial invariants
as being transfers of scalar multiples of pure parts of 3-fold Pfister forms defined over
a quadratic extension of the base field (cf. Theorem 2.1(v) in this paper). It remained
open whether such 14-dimensional forms can always be written up to similarity as
the difference of the pure parts of two 3-fold Pfister forms over F. It turns out that
this question is related to the question whether 8-dimensional forms in I2F whose
Clifford invariant is given by the class of a biquaternion algebra are always isometric
to a sum of scalar multiples of two 2-fold Pfister forms.

Izhboldin suggested a method to construct counterexamples to the second ques-
tion which then leads to counterexamples to the first one (after a ground field exten-
sion). One crucial step to make his approach work depended on the construction of
examples of two quaternion algebras over a suitable field F' such that there exists a
quadratic extension F/F over which these two quaternion algebras have a common
slot, but no such common slot over ' can be chosen to be an element in F'. In this
paper, we reduce this existence problem to the existence of quadratic field extensions
which do not have a certain property C'V(2,2) defined by Leep [Le| (see also [SL]).
This property has been studied in [STW], where it is shown that generally quadratic
extensions do not have this property CV(2,2). As a consequence, both questions
above concerning 14-dimensional forms in I?F and 8-dimensional forms in I?F have
negative answers in general.

It should be noted that the examples in [ST'W] of quadratic extensions not having
CV(2,2) are all in characteristic 0. Independently, Izhboldin and Karpenko [IK 2]
found a method to construct counterexamples to the common slot problem above
which is of a very general nature and works in all characteristics, thus also leading
to counterexamples to the above questions on quadratic forms and incidentally also
providing counterexamples to CV (2, 2) for quadratic extensions. Needless to say that
they employ machinery quite different from what is used in [STW].

In the next section, we will recall the known results on forms in I?F and prove
certain others which are crucial in the understanding of 14-dimensional forms in I*F.
In section 3 we will then investigate the relations between the questions raised above.
We will state these results in terms of certain properties D(n) of the ground field F'
which describe the behaviour of certain forms of dimension n € {2,4, 8,14} over F.
In section 4, we consider the situation of a discrete valuation ring R with residue field
k of characteristic not 2 and quotient field K. The purpose is to determine how the
properties D(n) for k and K relate to each other. These results can then be used
to show that starting with a field F' which does not have property D(2), one obtains
fields which do not have property D(n), n € {4,8,14}, by passing to rational field
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extensions. In section 5, we exhibit the properties D(n) for fields with finite Hasse
number and for their power series extensions. Finally, in section 6, we derive some
further consequences and exhibit in all detail an example, starting over Q(z), which
will then lead (after going up to rational field extensions over Q(z)) to the explicit
construction of counterexamples to all the problems touched upon in this article.

The standard references for those results in the theory of quadratic forms and
division algebras which we will need in this paper are Lam’s book [L 1] and Scharlau’s
book [S]. Most of the notations we will use are also borrowed from these two sources.

Fields are always assumed to be of characteristic # 2, and we only consider
nondegenerate finite dimensional quadratic forms. Let ¢ and ¥ be two quadratic
forms over a field F. We write ¢ ~ 9 (resp. ¢ ~ 1) to denote that the two forms
are isometric (resp. equivalent in the Witt ring WF'). The forms ¢ and 1 are said to
be similar if there exists some a € F'* such that ¢ ~ ay. We call ¢ a subform of ¢,
and write ¢ C ¢, if ¢ is isometric to an orthogonal summand of ¢. The hyperbolic
plane (1, —1) is denoted by H. We write d () for the signed discriminant of a form
¢, and ¢(¢p) for its Clifford invariant. For a field extension E/F, we write Dg(y) to
denote the set of elements in £ represented by ¢p, the form obtained from ¢ by
scalar extension to E.

We use the convention {(a1, -, an)) to denote the n-fold Pfister form (1, —a;) ®

-+ ® (1, —ay) over F'. By P,F (resp. GP,F) we denote the set of all forms over F

which are isometric (resp. similar) to n-fold Pfister forms.

Forms of dimension 6 with trivial signed discriminant are called Albert forms, in
reference to the following theorem of Albert:

The biquaternion algebra (a1, a2)r ® (as,aq)r is a division algebra if and
only if the quadratic form (—a1, —as9, ajas, as, as, —asa4) is anisotropic.

For a proof, see [A, Th. 3] or [P, p. 123].

2 PFISTER'S AND ROST’S RESULTS AND SOME CONSEQUENCES

We begin by stating the results of Pfister and Rost on even-dimensional forms with
trivial signed discriminant and Clifford invariant. Pfister proved the results on forms
of dimension < 12 in [P, Satz 14, Zusatz] (our statement of the 12-dimensional case
is a little different but can easily be deduced from Pfister’s original proof). The
14-dimensional case is due to Rost [R].

THEOREM 2.1 Let ¢ be an even-dimensional form over F with dry = 1 and
c(p) =1.

(i) If dim ¢ < 8 then ¢ is hyperbolic.
i) Ifdimp = 8 then ¢ € GPsF.
(iil) Ifdim¢ = 10 then ¢ ~« L H with 7 € GP3F.

) Ifdimp =12 then ¢ ~ a®f for some Albert form « and some binary form

B or, equivalently, there exist r,s,t,u,v,w € F* such that ¢ ~ r({(s,t,u) —
{(s,v,w)) in WF.
(v) Ifdime = 14 and @ is anisotropic, then there exists a quadratic extension

L = F(V/d) and some © € PsL such that ¢ is the trace of \/dr', where 7'
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denotes the pure part of w. (Here, “trace” means the transfer defined via the
trace map.)

Part (i) of the following corollary can also easily be deduced from the classifica-
tions given in [H2, Th. 4.1, Th.5.1]. We will give a self-contained proof. Part (ii) is
an observation due to Karpenko [K, Cor.1.3].

COROLLARY 2.2 Let ¢ be a form over F.

(i) Ifdimp = 10 and there exists o € PyF such that ¢ = o (mod I3F), then
there exist r € F* and m € GP3F such that o ~ 7+ ro.

(i) If dimy = 14 and ¢ € I*F then there exists an Albert form o such that
a C p.

Proof. (i) Let s € F* such that ¢ ~ (s) L ¢, and let ¢’ be the pure part of o. Let
Y= (¢’ L —80")an. Note that dimy < 12. We have

v=pl -soc=0l-s0=0 (mod I’F).

If dim ¢ < 10 then by Th. 2.1 there exists 7 € GPsF (possibly hyperbolic) such that
Y ~min WF. Thus, o ~ ¢ + so ~ 7+ so in WF and we put r = s.

So suppose that dimty = 12. Then, by Th. 2.1(iv), there exists a quadratic
extension E = F(v/d) such that 15 is hyperbolic, i.e. ¢y ~ soi, and comparing
dimensions yields that iy (¢’s) > 3. In particular, there exist x,y,z € F* such that
¢ ~(1,—d) ® (z,y,2z) L ¢ with dim¢” = 3 (cf. [S, Ch.2, Lemma 5.1]). Consider
m = (1,-d) ® (z,y,2z,2yz) € GPsF and o := —zyz(l,—d) L ¢” L (s). Then
¢ —m~ain WF and thus a =0 (mod I*F). Note that « is an Albert form with
c(a) = c(o). It follows from Jacobson’s theorem (see, e.g., [MaS]) that there exists
r € F* such that a ~ ro and therefore ¢ ~ 7+ ro in WF.

(ii) Any isotropic form of dimension > 7 contains some Albert form as a subform
as can readily be verified. Thus, if ¢ is isotropic, it contains some Albert form (which
also follows from Th. 2.1(iv)). So assume that ¢ is anisotropic. By Th. 2.1(v), there
exists a quadratic extension F = F(v/d) and some form ((u, v, w)) € PsE such that ¢ ~
tr(vVd({u,v,w)). Let a = tr(vd(—u, —v,uv)). Clearly, (—u, —v,uv) C (u,v,w)
and thus a C ¢. Furthermore, dima = 6, and we have by [S, Ch. 2, Th.5.12| that,
in F*/F*2, deta = d*Np/p(det(Vd(—u, —v,w))) = d*Ng/p(Vd) = —d* = 1.
Therefore o € I?F. Hence, « is an Albert subform of ¢. ]

PROPOSITION 2.3 Let ¢ be a form over F with dim ¢ = 14 and ¢ € I3F. Then there
exist forms m; € GP3F, 1 = 1,2,3, such that ¢ ~ w1 + me + w3 in WF. Furthermore,
the following statements are equivalent :
(i) There exist 71,72 € PsF and s1,82 € F* such that o ~ s171 + sam2 in WF.
(if) There exist 71,72 € P3F and s € F* such that ¢ ~ s(t{ L —73), where 7|
and 74 are the pure parts of 71 resp. To.
(ili) There exists 0 € GPoF such that o C .

Proof. Let ¢ be a 14-dimensional form if I*F. By Cor. 2.2(ii), we can write p ~ o 1 1
with an Albert form o and some ¢ € I?F, dim = 8. After scaling, we may assume
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that a ~ 01 — 09 in WF with 01,00 € PyF. Let © € F* such that ¢ ~ (—z) L ¢/
and consider the 10-dimensional form ¢’ L xo]. We then have

Y Lao, =y +201 =90 —a+xo =09 — 0y +x01 =09 (mod I°F).

By Cor. 2.2(i), there exists y € F* and n3 € GP;F such that ¢ 1L zo] ~ ¢ + xo1 ~
73 + yog in WF. Let now 71 := {(x)) ® 01 € PsF and m2 := (y)) ® 02 € PsF. One
checks readily that we have ¢ ~ m — 79 + w3 in WF.

As for the equivalences, (ii) trivially implies (i), and the converse follows readily
after comparing dimensions of ¢ and s;7; L sa7», implying that the latter form is
isotropic, and then using the multiplicativity of the Pfister forms 7y, 7o.

(ii) implies (iii) since 71 as well as 7% clearly contain subforms in GP,F.

Finally, let ¢ € I*F with dim ¢ = 14 and suppose there exists 0 € GP,F with
¢ ~ o L 9. Then dimv¢ = 10 and ¢ = —o (mod I*F). By Cor. 2.2, there exist
m € GP3F and x € F* such that ¢ ~ 7 —xo in WF. Let mo := ((z)) ® 0 € GP3F.
We then have ¢ ~ ) + 0 = 71 + 72 in WF, which implies (i). o

The fact that each 14-dimensional form in I3F is Witt equivalent to the sum
of three forms in GP3F has been noticed independently by Izhboldin. A somewhat
different proof of the equivalence of the three statements above is given in [IK 2,
Prop. 17.2].

Let us now turn our attention to 8-dimensional I2-forms over a field F'. It is well-
known that if ¢ is such a form, then the Clifford invariant ¢(¢) can be represented
as the class of Q1 ® Q2 ® Q3 for suitable quaternion algebras ;. In particular, its
index is 1, 2, 4, or 8. Which of these cases occurs can be determined in terms of the
splitting behaviour of ¢ over (multi)quadratic extensions of F. To this end, we will
need results on the Scharlau transfer of certain quadratic forms.

LEMMA 2.4 (i) (See also [S, Ch.2, Lemma 14.8].) Let E = F(v/d) and 7 € GPE.
Then there exist a1, as € F*, by, ba,c € E*, such that in WE, one has ct ~ {{a1,b1)) —
((az, b2).

(ii) Let ¢ € I?F be anisotropic, dimyp = 8, and suppose that indc(p) = 4.
Then there exists a quadratic extension E = F(v/d) and some 7 € GPyE such that
¢ ~ tr(7), where “tr” denotes the transfer defined via the trace map (cf. also Theo-
rem 2.1(iv) ).

Proof. (i) After scaling, we may assume that 7 ~ ((z1,x2) with x1, zo € E*. If
x1 or xg lies in F, then obviously we are done. So let us assume that z1,20 ¢ F.
Since F is 2-dimensional over F', the elements 1, 1, z2 are not linearly independent
over F, hence we may find a1, as € F'* such that a;x1 + asxs = 0 or 1. The form
{(a121, azxs)) is then hyperbolic. Multiplying by (a1, —ajaszs) both sides of

(1, —a1m1> ~ <a1, —a1$1> + <17 —a1>

we get
(z1,a272)) ~ (a1, azza)).

Substituting (1, —asx2) ~ (a2, —asx2) + (1, —as2) in the left side, we obtain

az((1,z2)) ~ (a1, azz2)) — (az,r1)).

DOCUMENTA MATHEMATICA 3 (1998) 189-214



194 D.W. HorrFMANN, J.-P. TiGNOL

We may thus choose b; = asx2 and by = x7.
Part (ii) is due to Izhboldin and Karpenko [IK 2, Th. 16.10], and its proof (which
we will omit) is based on Rost’s result on 14-dimensional I*-forms. o

PROPOSITION 2.5 Let ¢ be an 8-dimensional form in I?F. Then indc(p) €
{1,2,4,8} and there exists a multiquadratic extension L/F of degree 1, 2, 4 or 8
such that p; ~ 0. Moreover, for i = 0, 1, 2, 3, we have indc(p) < 2¢ if and only
if there exists a multiquadratic extension L/F of degree < 2° such that ¢; € GP3L.
Fori =1, 2, 3, this condition is also equivalent to the existence of a multiquadratic
extension L' | F of degree < 2 such that ¢y, ~ 0.

Proof. Write ¢ >~ 31 L Bo L B3 L B4, where the §; are binary forms with dig; =
d; € F*/F*2. Then dy = didads as ¢ € I?’F, and for L = F(y/dy,/da,\/d3), we
obviously have (8;)r ~ 0 and thus ¢; ~ 0. Hence, we also have that ¢(p;) = 0 in
BrL. Thus, ¢(¢)r, is split and it follows readily that ind ¢(p) € {1, 2,4, 8}. (Of course,
this also follows from the fact mentioned above that ¢(p) can be represented as the
class of some triquaternion algebra.)

As for the remaining statements, the case i = 0 follows from Theorem 2.1(ii).

If ¢; € GPsL for some quadratic extension L/F, then ¢(p;) = 0 in BrL. We
then have ind ¢(¢) < 2, hence ¢(p) = [Q] for some quaternion algebra @ over F. It
is well-known that in this case @ is divisible by some binary form 3 (see for example
[H2, Th.4.1)). Withd = d+3 and L' = F(V/d), we get ¢;, ~ 0. Finally, if ¢, ~ 0 for
some quadratic extension L'/ F, then ¢;, € GPsL’, as it is isometric to the hyperbolic
3-fold Pfister form over L’.

Similarly as above, the existence of a biquadratic extension L’/ F such that ¢, ~
0 trivially implies the existence of a biquadratic extension L/F with ¢; € GPL,
which in turn implies that inde(yp) < 4. It remains to show that indec(p) < 4
implies the existence of L’ as above. We may assume by (ii) that ind ¢(¢) = 4. By
Lemma 2.4(ii), there exists a quadratic extension E = F(v/d) and a form 7 € GP,FE
such that ¢ ~ tr(7). By Lemma 2.4(i), there exist aj,as € F* and binary forms g,
B2 over E such that 7 ~ ((a1)) ® B1 + ((a2)) ® B2 in WE. By [S, Ch. 2, Th.5.6], we get

¢~ tr(7) ~ {ar)) @ tr(61) + (az)) @ tr(B2) -

Let L' = F(y/a1,+/az2). Then ((a;));, ~ 0 and hence ¢, ~ 0. O

REMARK 2.6 Using Rost’s description of 14-dimensional I3-forms as certain transfers,
one can prove, similarly as in part (iii) of the previous proposition, that every 14-
dimensional I3-form becomes hyperbolic over some multiquadratic extension of degree
< 4. Another way of proving this is as follows. Let ¢ € I*F, dim ¢ = 14. By Cor. 2.2,
we can write @ ~ ¢ | « for some Albert form «. Let a € F* such that ¥ 1 aa is
isotropic. Note that the anisotropic part of ¥ 1 aa has dimension < 12, and it is
again in I3F. By Theorem 2.1, there exists b € F'* such that this anisotropic part is
divisible by ((b). Thus, for E = F(y/a,Vb) we get

ep~ W La)g~ W Laa)p ~0.
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3 FORMS OF DIMENSION 14 IN I3, OF DIMENSION 8 IN I?, AND THE PROPERTY
CcV(2,2)

Let E/F be a field extension. Then E/F is said to have the common value property
for pairs of forms of dimension n and m, property CV (n,m) for short, if for any pair
of forms ¢ and i over F' with dim ¢ = n and dimy = m we have that if ¢ and ¥g
represent a common element over F, then they already represent a common element
of F* over E, i.e., if Dr(p) N Dg(¢) # 0, then Dg(p) N Dg(y) N F* # (. This
definition is originally due to Leep [Le]. Trivially, the property CV(1,n) holds for all
n and all extensions E/F. We are interested in the case where E/F is a quadratic
extension. The following was shown in [STW, Lemma 2.7].

LEMMA 3.1 Let E/F be a quadratic extension. Then E/F has property CV (2,2) iff
E/F has property CV (n,m) for all pairs of positive integers n,m.

We now define certain properties of a field F' pertaining to quadratic forms and
quaternion algebras and we will investigate the relationships among them.

Property D(14): Every 14-dimensional form in I3F is similar to the difference of
two forms in PsF' or, equivalently by Prop. 2.3, contains a subform in GPF'.

Property D(8):  Every 8-dimensional form ¢ € I?F whose Clifford invariant c(y)
can be represented by a biquaternion algebra contains a subform in GPF.

Property D(4):  Suppose ¢, and ¢, are 4-dimensional forms over F' with dyp; =
dyp,. If there is a quadratic extension E/F such that (¢;)r =~ (p5)E, then
there is a binary form 8 over F' which is similar to a subform of both ¢; and ¢,.

Property CS: Suppose @1 and Q2 are quaternion algebras over F and E/F is a
quadratic extension. If (Q1)g and (Q2)g have a common slot over E, then such
a slot can be chosen in F, i.e., if there exist u,v,w € E* such that (Q1)r ~
(u,v)g and (Q2)g ~ (u,w)g, then there exists v’ € F*, v',w’ € E* such that
(@Q)e ~ (W, v)p and (Q2)p ~ (v, w')p.

Property D(2):  Every quadratic extension E/F has property CV(2,2).

(The notation D(n) alludes to the fact that the thus-labelled property describes a
certain behaviour of certain forms of dimension n over the field in question.)

REMARK 3.2 (i) As for property D(8), if there exist a biquaternion algebra B over
F and an 8-dimensional form ¢ € I2F such that c(¢) = [B] in BrF and such that ¢
does not contain a subform in GPs, then B is necessarily a division algebra and ¢ is
anisotropic.

For if ¢ were isotropic, one could readily find 4-dimensional subforms of deter-
minant 1 as ¢ would contain the universal form H as a subform. Furthermore, if
B were not a division algebra, then there would exist a quaternion algebra @ such
that ¢(¢) = [B] = [@]. By Prop. 2.5, ¢ would become hyperbolic over some quadratic
extension F(v/d) and would therefore be divisible by ((d)). The existence of a subform
in GP,F would follow immediately.

(ii) As for property D(4), if there exist forms ¢; and ¢, over F' with dim ¢, =
dim ¢, = 4 and dyp; = dip, = d and a quadratic extension E/F such that (p;)g ~
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(¢5)E, but there does not exist a binary form § over F' such that (3 is similar to a
subform of both ¢, and s, then the quadratic extension cannot be given by F(v/d).

In fact, Wadsworth [W] showed that if two 4-dimensional forms over F' of the
same determinant d become similar over the extension F(v/d), then they are already
similar over F'. In view of this result, it is even more remarkable that there are fields
where property D(4) fails.

Furthermore, if the two forms ¢; and ¢, are as above, then necessarily d ¢ F*2,
ie. 1,5 ¢ GP,F. In fact, suppose that ¢; ~ r{a,b) and ¢, ~ s{{u,v)), and
let a >~ (—a, —b,ab,u,v, —uv). If there exists a quadratic extension F = F(y/e)/F,
e € F*\F*2, such that (p1)g ~ (p2)E, then it follows readily that (a, b)) 5 ~ (u,v)) 5
and hence that ag is hyperbolic. Suppose that « is anisotropic over F'. Then there
exists a 3-dimensional form v over F' such that « ~ ((e)) ® v and therefore dya = e,
a contradiction. Hence, « is isotropic and there exists x € F* such that —zx is
represented by (—a,—b,ab) and (—u,—v,uv). In particular, there exist y,z € F*
such that ((a, b)) ~ (z,y)) and {(u,v)) ~ {z, z)). It follows that 8 := ((x)) is similar to
a subform of both ¢; and ¢,.

The following observation provides a useful criterion as for when an 8-dimen-
sional I%-form whose Clifford invariant can be represented by a biquaternion algebra
contains a subform in GP>F. We will use it in various proofs involving property D(8)
(see also [IK 2, Prop. 16.4] ).

LEMMA 3.3 Let ¢ be an 8-dimensional form in I?F such that c(p) = [A] for some
biquaternion algebra A over F with associated Albert form a. The following are
equivalent :

(i) ¢ contains a subform in GP2F.

(ii) There exists a quadratic extension L = F(\/d) such that ¢, is isotropic and
Ayp is not a division algebra.

(iii) There exists a quadratic extension L = F(\/d) such that ¢; and ar are both
1sotropic.

(iv) There exists a binary form over F which is similar to a subform of both ¢
and o.

Proof. The equivalence of (ii) and (iii) is clear by Albert’s theorem, and the equiva-
lence of (iii) and (iv) is also rather obvious. In view of Remark 3.2(i), we may assume
that ¢ is anisotropic and that A is a division algebra, i.e. « is anisotropic. It remains
to show (i) <= (ii).

Suppose that (i) holds. Then ¢ ~ v, L 1 with ¢; € GP,F. Let L = F(\/d) be
any quadratic extension such that s becomes isotropic and hence hyperbolic over L.
Then we have ¢(¢;) = ¢((¢1)r) = [AL]. Since ¢; € GP2F, there exists a quaternion
algebra @ over F' such that c¢(¢1) = [Q]. Hence, [@Q1] = [AL], which implies that Ay,
cannot be a division algebra.

Conversely, suppose that there exists a quadratic extension L = F (\/E) with
¢ isotropic and Ay not division. Since ¢; is isotropic and in I?L, there exists a
6-dimensional form ¢ € I?L with ¢, ~ 1, in particular, c¢(v)) = ¢(p;) = [AL]. By
Albert’s theorem, ¥ must be isotropic, hence the Witt index of ¢ over L is > 2. Thus,
there exists a binary form [ over F' such that (d)) ® 8 C ¢ (cf. [S, Ch.2, Lemma
5.1]). (i) now follows as (d)) ® 5 € GP,F. o
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THEOREM 3.4
D(2) = CS < D(4) and D(8) = D(14).

Proof. D(2) = CS: It is well-known that (a,b)p ~ (a’,b')p iff (—a,—b,ab) ~
(—d',=b,a'b’). Suppose that F does not have property CS, and let (a,b)r and
(u,v)F be quaternion algebras over F' and let E/F be a quadratic extension such
that the quaternion algebras have a common slot over E but such that no common
slot over E can be given by an element in F'. By the remark above, the fact that they
have a common slot over E translates into Dg({—a, —b, ab)) N Dg({—u, —v,uv)) # 0,
and the fact that such a common slot cannot be chosen in F' translates into
Dg((—a,—b,ab)) N Dg({—u,—v,uv)) N F* = (). We conclude that E/F does not
have property CV(3,3), which, by Lemma 3.1, yields that F' does not have property
D(2).

CS <= D(4): Suppose F does not have property C'S and let (a,b)r and (u,v)p
be quaternion algebras over F' such that they have a common slot over L = F (\/&),
but no such common slot can be chosen in F. Let

¢1 = <d7 —a, 7b? ab> and w2 = <d’ U, *’l),u’l)> :

We first show that there does not exist a binary form @ such that (§ is similar to
a subform of ¥; and 3. Then we show that there exists a quadratic extension
E = F(y/e) and some x € F* such that (¢1)g =~ (z¢2)g. This then implies that
property D(4) fails.

Suppose there exists a binary form § with, say, d+0 = s such that § is similar to
a subform of ¢1 and . Then the forms (¢1)r =~ {(a,b)); and (¢2)r =~ {(u,v)), are,
over L(4/s), isotropic and hence hyperbolic, or, equivalently, the quaternion algebras
(a,b)r, and (u,v)r are split over L(y/s). Hence, there exist t,w € L* such that
(a,b)r, ~ (s,t)r and (u,v)r ~ (s,w)r, which yields the common slot s € F*, a
contradiction.

Let now r € F* and consider ¢; L —riyo € I?F. We then have in WF

Y1 L =1y ~ (d, ) (—a,—b,ab) — r{—u, —v,uv)
(—=1,7r,d,—rd) + (1, —a, —=b,ab) — r{1 — u, —v, uv)
~ (ab) = rfu,v) — (d,r) |

which yields ¢(¢p1 L —ry2) = [(a,b)r(u,v)r(d,7)r]. Now (a,b)r and (u,v)r have
a common slot over L = F(v/d), i.e. (a,b)p(u,v)r is not a division algebra over L
and thus there exist z,y,z € F* such that (a,b)r(u,v)r ~ (d,z)r(y,2)F, by [LLT,
Prop. 5.2]. The above computation then shows that c(¢; L —a13) = [(y, 2) r]. Hence,
Y1 L —x1)y is an 8-dimensional form in I2F whose Clifford invariant is given by the
class of a quaternion algebra, thus there exists a quadratic extension E = F( /e)/F
such that (¢4 L —xp2) g is hyperbolic (cf. also Rem. 3.2(i)), i.e. (¢1)p =~ (z92)E.

As for the converse, suppose that F' does not have property D(4) and let ¢, and
vy be two 4-dimensional forms such that dip; = dip, = d and that there exists a
quadratic extension E/F such that (p;)g =~ (¢5) g, but there does not exist 5 € P, F
similar to a subform of both ¢, and ¢,. After scaling, we may assume that there
exist a, b, u,v,x € F* such that

~

v ~ (d,—a,—b,ab) and ¢, ~ x(d, —u, —v,uv) .
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Similar to above, we have that ¢; L —p, € I?F and that c(p; L —¢,) =
[(a,b)p(u,v)r(d,z)r]. On the other hand, ¢; L —¢, is hyperbolic over the quadratic
extension E of F'. Hence, the index of the Clifford algebra of ¢; L —¢, can be at most
2, which implies that the Clifford invariant can be represented by a quaternion algebra,
say, c(p1 L —¢y) =[(y, 2)F], y, 2 € F*. In particular, (a,b)r(u,v)r ~ (d,2)r(y, 2)F,
and it follows that (a,b)r(u,v) is not a division algebra over L = F(v/d), i.e. (a,b)r,
and (u,v)r have a common slot. To show that property CS fails, it suffices to show
that this common slot cannot be in F'.

Suppose there exist r € F* and s,t € L™ such that (a,b)r, ~ (r,$)r and (u,v) ~
(r,t)r. Let K = F(y/r). Since (r,s);, and (r,t)r, split over L(/r) = K(/d), one sees
easily that (¢1)r (g and (¢2)g( g are hyperbolic. On the other hand, dip, =
d+yy = d, and it is well-known and easy to show that an anisotropic 4-dimensional
form stays anisotropic over the field obtained by adjoining the square root of the
determinant of the form. Hence, (¢;)k and (p5)k are both isotropic, which yields
that both ¢, and ¢, contain subforms similar to (1, —r), a contradiction.

D(8) = D(14): If F does not have property D(14), there exists a form ¢ € I3F
with dim ¢ = 14 such that ¢ does not contain a subform in GPF. By Cor. 2.2, we
can write ¢ ~ « | 1 with an Albert form « and some 8-dimensional form v € I*F.
Clearly ¥y = o (mod I*F) and therefore c(1)) = c(a). Since « is an Albert form,
there exists a biquaternion algebra B over F' such that c¢(«) = ¢(v) = [B] in BrF.
Furthermore, ¥ does not contain a subform in GP>,F as ¢ does not contain such a
subform, hence F' does not have property D(8). m

We do not know whether D(4) implies D(8) or not.

4 THE PROPERTIES D(n) OVER FIELDS WITH A DISCRETE VALUATION

Let R be a discrete valuation ring with residue class field £ and quotient field K.
Suppose that chark # 2, and let 7 be a uniformizing element of R. For each form
@ over K, there exist forms ¢; and ¢, which have diagonalizations containing only
units in R* such that ¢ ~ ¢; L mp,. The residue forms @; and @5 are called the
first and second residue forms respectively; they are uniquely determined by ¢ (see
[S, Ch.6, Def.2.5]). If p; and P, are both anisotropic, then ¢ is anisotropic. The
converse holds if R is 2-henselian, by Springer’s theorem [S, Ch. 6, Cor. 2.6]. A typical
example of such a discrete valuation ring in the equal characteristic case is R = k[[t]],
the power series ring in one variable ¢.

Our aim is to investigate how the properties D(n), n € {2,4, 8,14}, behave after
going down from K to k or going up from k to K (under the extra hypothesis that
R is 2-henselian).

We first go down from K to k, assuming that the residue map R — k has a
section, hence that k can be viewed as a subfield of K. (For instance, K may be an
intermediate field between the field of rational fractions k(t) and the power series field
E((t)), and R the t-adic valuation ring.)

THEOREM 4.1 Suppose the residue map R — k has a section, and view k as a subfield
of R.

(i) If K has property D(4), then k has property D(2) (hence also D(4)).
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(ii) If K has property D(8), then k has properties D(4) and D(8).
(iii) If K has property D(14), then k has property D(8) (hence also D(14)).

Proof. (i) Suppose that k does not have property D(2). It will suffice to show that K
does not have property C'S, since Theorem 3.4 shows that C'S and D(4) are equivalent.
Let a,b,c € k* and let E = k(/e)/k be a quadratic extension such that Dg ({1, —a))N
Dg((b,—bc)) # 0 but Dg({1,—a)) N Dg({b,—bc)) Nk* = 0. Let L = K(y/e). Then
Dy ({(—a,—m,am)) N Dr({(—¢, —bm,ber)) # O as these 3-dimensional subforms contain
—m(l,—a); and —m(b, —bc),, respectively. We will show that Dy ({—a,—m,am)) N
Dr({—c, —bm,ber)) N K* = (), which, by the remark at the beginning of the proof of
D(2) = CS in Theorem 3.4, implies that (a,7)x and (¢, br)x have a common slot
over L, but no such common slot can be chosen in K, which then shows that property
CS fails for K.

In order to do this, we may replace K by its 2-henselization (or by its comple-
tion) for the discrete valuation. Then L is 2-henselian with residue field F, and it
follows from Springer’s theorem (cf. [S, Ch.6, Cor.2.6]) that if Dy ((—a,—m,am)) N
Dr({(—c,=bm,ber)) N KX # (), then Dg({(—a)) N Dg((—c)) N k* # O, which actu-
ally implies that ac € E*2, or Dg({1,—a)) N Dr({b,—bc)) N k* # 0. The latter
can be ruled out by our choice of a,b,c € kX. Suppose that ac € E*2. Then
(1,—a)p ~ (1, —c) . Since Dg((1,—a)) N Dg((b, —bc)) # 0, there exists r € E* such
that (1, —a)p ~ (1, —a) and (b, —bc), ~ r(1, —c). These facts together yield

(b,=bcyp ~r(l,—c)p ~r(l,—a)p ~ (1,—a); .

In particular, 1 € Dg({1,—a)) N Dg({b, —bc)) N k*, a contradiction.

(ii) Suppose k does not have property D(4). Let ¢, and ¢, be 4-dimensional
forms over k such that there exists a quadratic extension E = k(v/e)/k with (¢,)g =~
(¢5)E but such that there does not exist a binary form 3 over k which is similar to a
subform of both ¢; and ¢,. Let ¢ := ¢; L —mp, € I?K. Then ¢ becomes hyperbolic
over the biquadratic extension K (1/e, /7). This shows that the index of the Clifford
algebra of ¢ can be at most 4 and hence there exists a biquaternion algebra B such
that ¢(¢) = [B].

In order to prove that K does not have property D(8), it remains to show that ¢
does not contain a subform in GP, K. For this, we may replace K by its 2-henselization
for the discrete valuation. Suppose 0 € GP» K is such that ¢ C ¢. We may decompose
0 ~ 01 1 —moy, where o1 and o9 are even-dimensional forms which have a diago-
nalization containing only units in R*. By Springer’s theorem, the residue forms &7
and o3 satisfy o1 C ¢, and 52 C ¢,y. If dimo; = 0 or dimos = 0, then ¢, or ¢
lies in GP>F, which is not possible (cf. Rem. 3.2). Therefore, dimo; = dimos = 2.
Since dro = 1, there exists s € k™ such that 73 ~ so7, in which case 77 C ¢; and
501 C 4, a contradiction to the choice of ¢; and ¢,. We conclude that ¢ does not
contain a subform in GP, K.

If k£ does not have property D(8), there exists an 8-dimensional form ) € Ik such
that ind ¢(1)) < 4 which does not contain any subform in GP2k. As in the preceding
argument, we may use residues and Springer’s theorem to show that, viewed over
K, the form 1 does not contain any subform in GP» K. Therefore, K does not have
property D(8).

(iii) Suppose k does not have property D(8), i.e. there exist an 8-dimensional form
¢ € I’k and a biquaternion algebra B over k such that c(¥) = [B], and such that
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¥ does not contain a subform in GPk. Let a be an Albert form with ¢(a) = [B].
By Remark 3.2, ¢ and « are both anisotropic (in the case of « this follows after
invoking Albert’s theorem because B is a division algebra). In particular, « also does
not contain a subform in GPk. Consider the form ¢ := a L mp over K. Obviously,
c(¢) = c(a)c(y)) = 1 in BrK and thus ¢ € I3K and dim ¢ = 14. We will show that
¢ does not contain a subform in GP, K which then implies that property D(14) fails
for K. For this, we may replace K by its 2-henselization for the discrete valuation.
Suppose there exists o € GP,K such that o C . As in the proof of (ii) above,
we decompose o ~ o1 1 mwos and obtain by Springer’s theorem o7 C a and o3 C .
If dimoy = 0 or dimoy = 0, it follows that ¢ or a contains a subform in GPxk,
a contradiction. Therefore, dimo; = dimos = 2 and, since dro = 1, we have
d4+01 = d+03. Let d € k* be a representative of d+o7 and E = k(\/&) Then ag and
g are isotropic and it follows from Lemma 3.3 that ¢ contains a subform in GPk,
a contradiction. m]

COROLLARY 4.2 Let k be a field and let K;, 1 <1 < 3, be any field with k(t1,---,t;) C
K; C E(t1))---((t:)), where t1,ta,t3 are independent variables over k. If k does not
have property D(2), then K1 does not have property D(4), Ko does not have property
D(8), and K3 does not have property D(14).

A more precise statement is in Corollary 6.2 below.

REMARK 4.3 The hypothesis that the residue map has a section is used in the
proof of Theorem 4.1 to find suitable lifts for quadratic forms over k. If the
valuation is 2-henselian, this hypothesis is not needed. Indeed, in the proof
of part (i) we may choose any lifts o', V', ¢/, ¢ € R of a, b, ¢, e, and set
L = K(Ve'). Since Dg((1,—a)) N Dg((b,~bc)) # @, the 2-henselian hypoth-
esis ensures that Dr((1,—a’)) N Dy((t',=b'c')) # 0, hence Dp({—a',—m,a'7)) N
Dr({(—c,=b'm,b'c/m)) # 0. The rest of the proof holds without change.

Similarly, in the proof of part (ii), we may choose for ¢ the quadratic form over
K whose first and second residues are ¢; and ¢, respectively, and use the henselian
hypothesis to see that ¢ becomes hyperbolic over the biquadratic extension L(y/7),
where L is the quadratic extension of K with residue field FE.

For the proof of (iii), choose for ¢ the quadratic form over K whose first and
second residues are a and 1) respectively, and use Witt’s theorem on the structure of
BrK (which is a Brauer-group analogue of Springer’s theorem) (see [Se, Ch. XII, §3])
to see that c(p) = 1.

Our next goal is to lift properties D(n) from k to K, assuming that the valuation
is 2-henselian.

THEOREM 4.4 Suppose the valuation ring R is 2-henselian.
(i) If k has property D(2), then K has property D(2) (hence also D(4)).
(ii) If k has properties D(4) and D(8), then K has property D(8).
(i) If k has property D(8), then K has property D(14).

Proof. (i) If k has property D(2), then property D(2) for K follows from [STW,
Th. 3.10].
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(ii) Assume that k has properties D(4) and D(8). Let ¢ € I?K, dimp = 8,
such that ¢(¢) can be represented by a biquaternion algebra. We want to show
that ¢ contains a subform in GP,K. By Remark 3.2(i), we may assume that ¢ is
anisotropic. There exists an Albert form « over K such that ¢ = o (mod I*K).
(Note that scaling ¢ resp. a does not affect this congruence.) With decompositions
o~ L mp, and a ~ a; L may as above, and using the fact that ¢, a € I’K, we
obtain for the first and second residue forms, respectively, that @;,o; € Ik, i = 1,2,
and that d1@; = d+ P, and diay = d+an in kX /k*2. Furthermore, (p; L —aq) L
m(py L —ag) € I’K, hence p; | —a; € I’k, i = 1,2, and thus in fact d+pp; =
d1 9y =dioy = diros.

If dim ¢; = 0 then @5 is an 8-dimensional form in 12k whose Clifford invariant can
obviously be represented by some biquaternion algebra over k. Since k has property
D(8), P contains some form in GPk as a subform. This subform can be lifted to a
form in GP» K which will be a subform of ¢, and thus similar to a subform of ¢. The
case dim ¢, = 0 is treated in an analogous way. Thus, we may assume after scaling
¢ that (dim ¢, dim ¢,) € {(2,6), (4,4)}.

If dima; = 0 or dimay = 0, then @; € I?k which, by the above discriminant
comparison, yields that @7, ®5 € I?k. In the case dimp,; = 2, this forces p; ~ H
which in turn implies that ¢ is isotropic, contrary to our assumption. If dim¢; =4,
we have p; € GPk, and thus we even have ¢, € GP,K. Hence, we may assume after
scaling a that dimay = 2, dimas = 4, and that oy L —¢; is isotropic.

If dim ¢, = 2, then the isotropy of oy L —¢, together with d.p; = diag = d
for some d € R* implies that ®; ~ @7 which in turn is similar to (1, —d). Thus, over
¢ = k(Vd), we get (a2)¢ = (B3)¢ (mod I3¢) and (@3)e, (P3)e € I2(. In particular,
(®2)¢ is an Albert form, (az)¢ € GP2{, and ¢((P5)¢) = c((@2)¢)- Since c¢((@z)¢) can be
represented by a single quaternion algebra, this implies that the Albert form (@3)e is
isotropic, and @, contains therefore a subform similar to (1, —d) over k. After lifting,
we see that there exist z,y € R* such that ¢; ~ (1, —d) and y(1, —d) C ¢,. Hence,
¢ contains (z,ym) @ (1, —d) € GP,K as a subform.

Finally, suppose that dim ¢; = 4. The fact that ¢, is anisotropic of dimension 4,
dima; = 2 and a; L —¢, is isotropic imply that ¢¥; = (@7 L. —%7)an is not hyperbolic
and of dimension < 4. Since d+P; = dia7, we also have ¥, € I?k. All this together
yields ¢, € GPyk. Lifting ¢ to a form ¢ € GP, K, we get by Springer’s theorem

—1 +7(py L —a2) ~ (9 L —a1) +7(py L —az) € IPK

thus
Y1 =7(py L —an) =@y L —as  (mod ISK) ,

which obviously implies 9, = @y L —az (mod I*k). Since §; | —ay is an 8-
dimensional I?k-form whose Clifford invariant is the same as that of 1, € GPsk, i.e.,
it can be represented by a single quaternion algebra, there exists e € R* such that
P, L —ag becomes hyperbolic over k(v/€) (see also Remark 3.2(i)), i.e., §5 and ap
are 4-dimensional forms which become isometric over the quadratic extension k(v/e).
Since k has property D(4), there exists b € R* such that (1, —b) is similar to a subform
of both @, and @z. After lifting, this shows that (1, —b) is similar to a subform of
both ¢ and a. It follows from Lemma 3.3 that ¢ contains a subform in GP2 K.

(iii) Suppose that k has property D(8) and let ¢ be a 14-dimensional I3-form
over K, which we write as ¢ ~ ¢; L mp, with first resp. second residue form p;
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resp. P, over k. To establish property D(14), it suffices by Prop. 2.3 to show that ¢
contains a subform in GP, K. This is obvious if ¢ is isotropic, so that we may assume
that ¢ and hence @y and p; are anisotropic. We have that Py, 7, € I%k as ¢ € I’°K,
and after scaling we may assume that dim @, € {0,2,4,6}.

If dim @, = 0, then ¢ ~ ¢; and we have in fact p; € I*k. Since k has property
D(8), it has property D(14) by Theorem 3.4, and by Prop. 2.3, %] contains a subform
in GPyk which can be lifted to a subform of ¢ in GPK.

If dimp, = 2, then p, € I*k implies that P, is isotropic, contrary to our as-
sumption.

If dimp, = 4, then P, € I’k implies that P, € GP:k, and after lifting we find
again a subform of ¢ which is in GP K.

Finally, if dimp,; = 6, then P, is an Albert form over k with associated biquater-
nion algebra A over k. Furthermore, 37 is an 8-dimensional I?-form over k and one
has that p; = @5 (mod I3k), so that c(p;) = [A]. Since k has property D(8), it
follows from Lemma 3.3 that there is a binary form 3 over k which is similar to both
a subform of @y and of @y. Lifting 3 to a binary form 3 over K, we see that ¢, and
¢, each contain a subform similar to (3, say, u8 C ¢; and v8 C 7p,, u,v € K*.
Hence, ¢ contains (u,v) ® § € GP,K as a subform. O

Combining Remark 4.3 and Theorem 4.4, we obtain:

COROLLARY 4.5 (i) k has property D(2) iff K has property D(2) iff K has property
D(4).

(ii) k has properties D(4) and D(8) iff K has property D(8).

(iii) k has property D(8) iff K has property D(14).

Note that for n € {4, 8,14} it is generally not true that if D(n) holds over k then
D(n) also holds over K, cf. Ex. 5.4 below.

Recall that a field F' is called linked if the quaternion algebras over F' form a
subgroup in BrF', in particular, any two quaternion algebras over F' have a common
slot and there are therefore no biquaternion division algebras. This readily implies
that a linked field F' always has properties D(n), n € {4,8,14}. We will encounter
typical examples, like finite, local or global fields, etc., also in Cor. 5.1 below. But
first, let us state the following immediate consequences of Theorem 4.4.

COROLLARY 4.6 Let Ko, K1, Ky, -+ be fields of characteristic # 2 such that K;41 is
the quotient field of a 2-henselian discrete valuation ring R;+1 with residue field K;,
i > 0. If Ko has property D(2), then K; has property D(2) for all i > 0.

(1) If Ko has property D(2) and D(8), then K; has property D(n) for alli > 0
and all n € {2,4,8,14}.

(ii) If K¢ is linked, then Ko has property D(n) for n € {4,8,14}, K1 has proper-
ties D(8) and D(14), and Ky has property D(14).

Proof. (i) follows by induction from Theorems 3.4 and 4.4, and (ii) is a consequence
of the preceding remarks together with Theorem 4.4. m]
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5 FIELDS WITH FINITE HASSE NUMBER

For a field F, the Hasse number 4 (F') is defined to be the supremum of the dimensions
of anisotropic totally indefinite quadratic forms over F', where totally indefinite means
indefinite with respect to each ordering on F. If F' is not formally real, i.e., if F' does
not possess any orderings, then @(F) is nothing but the supremum of the dimensions
of anisotropic forms over F' and coincides with the u-invariant u(F'), the supremum
of the dimensions of anisotropic torsion forms. In the sequel, we investigate the
properties D(n), n € {2,4, 8,14}, over fields with finite Hasse number and of power
series extensions of such fields.

For basic properties of fields with finite Hasse number, we refer the reader to
[ELP]. Let us just mention that one always has @(F) # 3,5,7, and that F is a
so-called SAP field if @(F) < oco. Furthermore, using Merkurjev’s index reduction
formulas [Me 2], one can construct fields F' with @4(F') = 2n for any integer n > 0, see
for example [L2], [Hol]. It is also well-known that fields of transcendence degree < 1
over a real closed field have 4 < 2 (cf. [ELP, Th.I]), finite fields have @ = 2, and local
and global fields have @ = 4 (for global fields, this is Meyer’s theorem). Furthermore,
if W(F) <4, then F is linked. Conversely, if F' is linked, then @(F') € {0,1,2,4,8} (cf.
[EL], [E, Th.4.7]).

COROLLARY 5.1 Let Fy be a field with u(Fy) < 2, or let Fy be a local or global field.
Let F; = F((t1)) - - - (t:)) be the iterated power series field in i variables over Fy. Then
F; has property D(n) for all i > 0 and all n € {2,4,8,14}.

Proof. By Cor. 4.6, it suffices to verify that Fy has properties D(2) and D(8). For
property D(2), this follows from [STW, Ths. 3.6, 3.7]. Property D(8) is a consequence
of the fact that in each case, Fp is a linked field (cf. [EL, §1]). m

In the sequel, X denotes the space of orderings on F', and sgnp(¢) denotes the
signature of the form ¢ at the ordering P € Xp.

LEMMA 5.2 (i) Let ¢ be an anisotropic form over F. Then
dim ¢ < sup{a(F), [sgnp(¢); P € Xr} .

(ii) Let a(F) < r and let ¢,, @y be forms over F of dimension > 3 such that
dim¢; + dimyy > r 4+ 3. Then there exists a binary form B which is similar to a
subform of both @, and p,.

Proof. (i) If dimy > sup{|sgnp(p)|; P € Xr}, then ¢ is totally indefinite, hence
dim ¢ < @(F).

(ii) Since F'is SAP, there exist a1, az € F'* such that sgnp(aip;),senp(azps) >0
for all P € Xp. Hence, |sgnp(aip; L —azp,)| < dim ¢, +dim e, — 3 for all P € Xp,
and since dim ¢, +dim ¢, —3 > 4(F), it follows from (i) that dim(a1¢; L —a2p5)an <
dim ¢, +dim ¢, — 3, which in turn yields for the Witt index that iw (a1p; L —aaps) >
2. This shows that a;¢; and azp, have a common binary subform. ]

We have seen above that iterated power series fields over fields with u < 2 always
have the properties D(n), n € {2,4,8,14}. We now ask what happens if the base
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field has u > 4. Note that if 4 < 4, then F is linked as already mentioned above.
(One can see this also by applying Lemma 5.2(ii), which shows that two 4-dimensional
forms over F' have always up to similarity a common binary subform, which, applied
to 2-fold Pfister forms, implies linkage.) Of particular interest is the case @ = 4 as
will be illustrated by Ex. 5.4 below. For this reason, we state explicitly the following
special case of Cor. 4.6(ii).

COROLLARY 5.3 Let F; = F((t1))--- ((t;) be the iterated power series field in i vari-
ables over a field Fy with u(Fy) = 4.

(i) Fo has property D(n) for n € {4,8,14};
(ii) Fy has property D(n) for n € {8,14};
(i) Fy has property D(14).

EXAMPLE 5.4 Let F = C(z,y), the rational function field in two variables z,y over
the complex numbers C. It is well-known that w(F) = a(F) = 4. F does not
have property D(2) (cf. [STW, Remarks 4.18, 5.10]). But it has property D(n),
n € {4,8,14} by Cor. 5.3. It also shows that linked fields generally do not have
property D(2).

By Theorem 4.1, F; = F((t1)) does not have property D(4), but it has property
D(n) for n € {8,14} by Cor. 5.3. Similarly, we see that Fy = F((¢1))((t2)) does not
have property D(8), but that it does have property D(14).

All this shows that generally, the statements regarding the properties D(n) in
Cor. 5.3 cannot be strengthened. It shows furthermore for n,m € {2,4, 8,14}, m > n,
that generally D(m) # D(n), so that the implications in Theorem 3.4 cannot be
reversed without any further assumptions on the field in question.

For values of 4 possibly bigger than 4, let us note the following.

COROLLARY 5.5 (i) If a(F) < 12, then F has properties D(8), D(14), and F((t)) has
property D(14).
(ii) If a(F) < 14, then F has property D(14).

Proof. (i) Let ¢ be an 8-dimensional I2-form over F such that c(p) can be represented
by a biquaternion algebra A with associated Albert form «. To establish property
D(8), it suffices by Lemma 3.3 to show that ¢ and o have a common binary subform.
Since 4(F') < 12, this is an easy consequence of Lemma 5.2(ii). Property D(14) for
F((t)) follows from Theorem 4.4.

(ii) Let ¢ € I*F, dimp = 14. If F is not formally real, then %(F) < 14 implies
that ¢ is isotropic and D(14) follows easily. If F' is formally real, then we first note
that for each P € Xr we have sgnp(p) = 0 (mod 8) because ¢ € I3F. Hence,
sgnp(p) € {0,4+8} as dim ¢ = 14. By Lemma 5.2(i), dim ¢,, < 14. Thus, again we
have that ¢ is isotropic and we are done. m]

EXAMPLE 5.6 It is again interesting in this context to consider the example from
above based on C(z,y). As was shown there, the field F; = C(z,y)((¢1)) has property
D(8), but not D(4), and Fy = Fi((t2)) has property D(14), but not D(8). F5 = F»((t3))
does not even have property D(14). One has 4(F;) = u(F;) = 8, which shows that in
part (i) of the above corollary, one cannot always expect that property D(8) carries
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over to a power series extension. Also, F5 is a field for which D(8) fails, and we have
(Fz) = u(F3) = 16, which is still a little higher than the bound given in part (i)
above which assures that D(8) holds. This naturally raises the question whether the
bound given there is the best possible.

We note furthermore that @(F3) = u(F5) = 32. For F3, we know that D(14)
fails, but its Hasse number is considerably higher than the bound in part (ii) of the
above corollary, and therefore this example does not give an indication on how good
this bound really is.

Knowing that D(4) always holds if @4(F) < 4 (see Corollaries 5.1 and 5.3) and
that it can fail if 4(F") > 8 (see Examples 5.4 and 5.6), it would be interesting to know
if there exist fields F' with 4(F') = 6 for which D(4) fails. We do know by Corollary
5.5 that D(8) holds whenever 4(F) < 12, so it holds in particular for all fields with
@(F) < 6. In the following proposition, we establish property D(8) for another class
of fields which also contains all fields F' with a(F) < 6.

In the sequel, IJ'F = I" "W, F, where W} F' denotes the torsion part of the Witt
ring. If F'is not formally real, then W F = W, F, otherwise W, F' consists of the classes
of forms which have total signature zero (Pfister’s local-global principle).

PROPOSITION 5.7 Suppose that I3F = 0 and that F is SAP. Then F has property
D(8) (and hence also D(14)), and F((t)) has property D(14).

Proof. In view of Theorems 3.4 and 4.4, it suffices to establish property D(8) for F.

Let ¢ € I’F, dimp = 8 and ¢(¢) = c¢(a) with « an Albert form. We have to
show that ¢ contains a subform in G F.

Suppose first that F' is not formally real. By Merkurjev’s theorem, we have
¢ —a € I3F = I})F = 0, hence ¢ ~ «a, and comparing dimensions yields that ¢ is
isotropic and therefore contains a subform in GP>F (see Remark 3.2(1)).

Hence, we may assume that F is formally real. Since ¢, a € I?F, we have
for all orderings P € Xp that sgnp(¢), sgnp(a) = 0 (mod 4). Since dima = 6
and dimg = 8, and since F' is SAP, we may assume after scaling that sgnp(p) €
{0,4,8} and sgnp(a) € {0,4}. On the other hand, we have ¢ — a € I®F and thus
sgnp(p L —a) =0 (mod 8). Thus, we always have sgnp(¢ L —a) € {0,8}. Now
if m € P3F, then sgnp(m) € {0,8}, and since F' is SAP, there exists m € P3F' such
that sgnp(m) = sgnp(e L —a) for all P € Xp. Hence, sgnp(p L —a L —m) =0 for
all P e Xp,ie. o L —al —1€ BFNW,F =1I}F =0. Thus, ¢ L —7 ~ a, and
comparing dimensions yields that the Witt index of ¢ | —m is > 5. In particular, ¢
contains a 5-dimensional Pfister neighbor of 7 as a subform. It is well-known that 5-
dimensional Pfister neighbors always contain a subform in GP,F'. Hence, ¢ contains
a subform in GP,F. O

REMARK 5.8 (i) Note that the two classes of fields for which we established property
D(8), fields with % < 12 and SAP-fields with I3 F = 0, respectively, are such that one
class is not contained in the other. Indeed, using constructions similar to those in
[L 2], [Ho], it is not difficult to construct fields F with @(F) = 8 or 10 and I} F # 0.
On the other hand, to any positive integer n, there exist fields with @(F) = 2n and
I}F = 0 (cf. [Ho]). Since their Hasse number is finite, they are SAP-fields. Thus,
there are SAP-fields with I} F = 0 for which @ > 12.
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(i) We do not know whether I} F = 0 alone already suffices for property D(8) (or
maybe even D(4)) to hold, or whether we can replace SAP by some weaker property
which together with I?F = 0 would imply property D(8). Consider, for example,
the field F = R((t1))--- ((t;) with i > 2. We have I} F = 0 (in fact, we even have
WiF = 0), and it is well-known that F' is not SAP. However, F' does have property
D(n), n € {2,4,8,14} by Corollary 5.1. Note also that I} F = 0 alone does not imply
property D(2) in general, as exemplified by the field C(z,y) (see Example 5.4).

(iii) It is well-known that a field F satisfies I?F = 0 and SAP if and only if
w(F) < 2 (cf. [ELP, Theorems E, F]). In this case, F' and its iterated power series
extensions have property D(n), n € {2,4,8,14} by Corollary 5.1.

6 SOME FURTHER CONSEQUENCES AND EXAMPLES

A field extension K/F is said to be excellent if for every quadratic form ¢ over F
there exists a form @ over F' such that (¢g)an =~ ¥k, i.e. the anisotropic part of
¢ over K is defined over F. Izhboldin and Karpenko [IK 1, Part II] considered the
question of excellence of extensions K/F where K is the function field of a Severi-
Brauer variety SB(A) of a central simple algebra A over F. One of the crucial cases
in their investigations was the case where A was an algebra of exponent 2. In this
situation, if the algebra is of index < 2, then K/F is excellent as was shown by Arason
in [ELW, App. II]. If the index is 8, then K/F' is never excellent as was shown in [IK 1,
Part II, Th. 3.10]. If the index is equal to 4, i.e. A is a biquaternion division algebra,
examples are given in [IK 1] which show that both excellence and nonexcellence are
possible for such an extension. Izhboldin himself noticed that if a field F' does not
have property D(8), then one can readily find examples of biquaternion algebras A
over F such that F/(SB(A))/F is nonexcellent.

In [Ma], Mammone gave counterexamples to a question raised by Knus concerning
the product of a biquaternion algebra B and a quaternion algebra ) over F', both
assumed to be division algebras: If B @ p @ is not a division algebra, does it follow
that there exists a quadratic extension L/F over which both @ and B are not division
(i.e. @ and B have a quadratic extension of F' as a common subfield) ? Again, if F'
does not have property D(8) then a pair B, @ can be readily found which provides a
counterexample.

The previous two implications for a field where property D(8) fails are summa-
rized in the following proposition.

PROPOSITION 6.1 Let F be a field where property D(8) fails. Then the following
holds:

(i) (Izhboldin) There ezists a biquaternion division algebra A over F' such that
F(SB(A))/F is nonexcellent.

(ii) There exist a biquaternion division algebra B over F and a quaternion di-
viston algebra QQ over F' which have the following properties:

(a) B®r Q is not a division algebra, and yet

(b) there does not exist a quadratic extension L/F which is a common
subfield of B and Q.
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Proof. Since F does not have property D(8), there exist a biquaternion division
algebra A over F and a form ¢ € I?F, dim ¢ = 8 such that ¢(p) = [A] and such that
¢ does not contain a subform in GP>F. After scaling, we may assume that 1 € D(¢p).

(i) Let K = F(SB(A)). By Rem. 3.2(i), ¢ is anisotropic and thus ¢ is also
anisotropic (cf. [La, Th. 4]). In particular, ¢ is an anisotropic form in I3 K represent-
ing 1. Hence, @) € PsK. Let ¢ ~ (1,—a,—b,---), a,b € F*. It follows readily that
there exists ¢ € K™ such that ¢ >~ (a,b, ¢)) . Suppose that K/F is excellent. Then,
by [ELW, Prop. 2.11], we may assume that ¢ € F* and we put 7 := {(a,b,c)) € PsF.

Let ¢ := (¢ L —7)an. We have ¢ € I?’F, c(¢)) = c(¢) = [4], and dim < 10.
If dim < 6 then ¢ and 7 have at least a 5-dimensional subform in common, i.e., ¢
contains a Pfister neighbor of 7. Now each 5-dimensional Pfister neighbor contains a
subform in GP,F, thus ¢ contains a subform in GP>F, a contradiction.

If dimvy = 8, then it follows again from [La, Th.4| that ¢k is anisotropic, a
contradiction because we have by construction that g is hyperbolic.

Finally, suppose that dim ¢ = 10. Let E = F(¢)). Then dim(¢g)an = 8 or 6 (cf.
[H1, Cor.1]). If dim(¢g)an = 8, then, since c¢(¢g) = [Ag] in BrE, we have again that
(¥E)an stays anisotropic over E(SB(Ag)), obviously a contradiction to 3 becoming
hyperbolic over K = F(SB(A)). Hence, dim()g)an = 6, and by [H2, Lemma 3.3] it
follows that there exist a 6-dimensional form 8 and an anisotropic 7 € GP,F such
that ¢ L 8 ~ 7. On the other hand, ¥ and thus 7 contain a 5-dimensional subform
of —m € GP3F. Hence, T becomes hyperbolic over F (7). Using the multiplicativity
of Pfister forms and the fact that 7 € W(F(w)/F) is anisotropic, we conclude readily
that there exists x € F'* such that 7 ~ —7 L zw. In the Witt ring, we thus get

Y+B~p—T+ B~ —mtarm

and hence zm — ¢ ~ (. Comparing dimensions yields that ¢ and zm have a 5-
dimensional subform in common, i.e., ¢ contains a Pfister neighbor of 7 and we get
a contradiction as before.

(ii) After scaling, we may assume that ¢ ~ (—z, —y, zy) L ¢’ for suitable z,y €
F* and some form ¢’ over F with dim¢’ = 5 and dety’ = 1. Now ¢’ does not
represent 1 = det ¢’ as ¢’ does not contain a subform in GPF. In particular, the
Albert form 8 := ¢’ L (—1) is anisotropic, and therefore the biquaternion algebra
B with ¢(8) = [B] is a division algebra by Albert’s theorem. Since (—z, —y,zy) is
anisotropic, we also have that the quaternion algebra Q = (z,y)r is a division algebra.
Furthermore, ¢ ~ ((z,y)) + 8 in WF and therefore

[A] = c(p) = e((@,y) L B) = c({z,9))c(B) = [QI[B]

and it follows that @Q ®r B is not a division algebra.

Suppose there exists a quadratic extension L = F(v/d)/F such that Q7 and By,
are both not division. Then ((z,y)), is hyperbolic and f, is isotropic. It follows that
¢y, is isotropic and Ay, is not division. By Lemma 3.3, this implies that ¢ contains a
subform in GP,F, a contradiction. ]

For an element a € F*, let Np(a) denote the norm group Dp((1, —a)). Let now
a,b,c € F* and let E = F(/c). Consider the following factor group:

F* ﬂNE(a)NE(b)
(F* N Ng(a))(F* N Ng(b))

Nl(a’7bac) =
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COROLLARY 6.2 Let F be a field such that there exist a,b,c € F* with N1(a,b,c) # 1.
Let E = F(y/c) andletd € F*NNg(a)Ng(b)\(F*NNg(a))(F*NNg(b)). Letty,ta,ts
be independent variables over F and F; = F(t1,---,t;) (or F; = F((t1))---(¢:))),
i=1,2,3, and let E; = F;(\/c).

(i) (1,—a) and d(1,—b) represent a common element over E = F(y/c), but there
does not exist an element in F* which is represented by (1, —a) and d{1, —b)
over E = F(y/c).

(ii)  The two quaternion algebras (a,t1)r, and (b, t1d)F, have a common slot over
Eq, but such a common slot cannot be chosen in Fy.

(iil) Let t1 = (¢, —a, —t1,t1a) and Y9 := {c,—b, —t1d,t1db). Then there exist
u,v € F}* such that for L = Fy(y/u) one has (1)1 ~ v(v2)L, but there does
not exist a binary form over Fy which is similar to a subform of both ¥ and
Pa.

(iv)  The Clifford invariant of the form 1 = 1 L —taps € I*Fy can be rep-
resented by a biquaternion algebra A over Fs, but v does mot contain any
subform in GPyF5.

(v) Let « be the Albert form over Fa associated to A, and let ¢ := a L t31).
Then ¢ € I3F3, dimp = 14, but ¢ is not similar to the difference of the
pure parts of two forms in P3Fs.

Proof. Let d = rs, where r € Ng(a) and s € Ng(b). By multiplicativity of the norm
form, we have s~ € Ng(b), and the equality r = ds~! shows that r € Dg((1, —a))
is represented by d(1, —b). Suppose Dg ({1, —a)) N Dg(d(1, —b)) contains an element
x € FX;then x € F*NNg(a) and x = dy for some y € Ng(b). Since y =d 1z € F*,
we have y € F* N Ng(b). It follows that d € (F* N Ng(a))(F* N Ng(b)) since
d = xy~!. This proves (i) (see also [STW, p. 69]). The remaining statements follow
from Theorem 4.1 and its proof. ]

Part (i) shows that property D(2) fails for F' if there exist a,b,c € F* with
Ni(a,b,c) # 1. Actually, tracing back through the proof, it is easily seen that property
D(2) is equivalent to the vanishing of the group Ni(a,b,c) for all a,b,c € F* (see
[STW, Cor. 2.14)).

The group Ni(a, b, ¢) occurs in [STW] as the homology group of a certain complex
associated with the multiquadratic extension M = F(y/a, v/b,/c). A more symmetric
description of this group is given in [G, Prop. 3|:

_ Nr(a) 0 Np(b) 0 Nr (o)
Ni(a, b, c) ~ FFX2N]\5/F(MX)F

As mentioned in the introduction, there exist fields F' such that D(2) fails, i.e.,
there exist a,b,c € F* with Ny(a,b,c¢) # 1. In [STW, Cor.5.6 and 5.7], it is for ex-
ample shown that D(2) fails for finitely generated extensions of transcendence degree
> 2 (resp. > 1) over any field of characteristic 0 (resp. over Q).

Examples where N1(a, b, ¢) # 1 arise in various contexts: in [LW], they are related
to transfer ideals: for an arbitrary finite extension K/F, let Tx,r denote the image
of the Witt ring WK in W F under the Scharlau transfer map associated with any
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nonzero linear form s: K — F. Leep and Wadsworth show in [LW, Prop. 2.4] that if
Ni(a,b,c) # 1, then for M = F(y/a, /b, \/c) we have

Tur # Tr(vay e O Teimy e O Tr(ve) /F

The group Ni(a,b,c) is also related to problems in Galois cohomology and to the
rationality problem for group varieties: over the field L = F((t1))((¢2))((t3)), consider
the division algebra D = (a,t1)r ® (b, t2)r ® (¢, t3)r and the 8-dimensional quadratic
form g € I*>L such that

g~ (a;t1)) = (b, t2)) — a{(c, t3)).

Using the alternative description of Ni(a,b,c) above, it is shown in [KLST, p. 283]
and [Me 3, p. 329] that if Ni(a,b,c) # 1, then

L**Nrd(D*) # {z € L™ | () U (D) =0 in H3(L, u2)},

where Nrd is the reduced norm, (D) € H?(L,usz) is the Galois cohomology class
corresponding to D under the canonical isomorphism mapping H?(L, uz) to the 2-
torsion part of the Brauer group of L, and (z) € H*(L, us) corresponds to z € L*
under the canonical isomorphism H'(L, u2) ~ L*/L*?. On the other hand, under
the same hypothesis, Gille shows in [G] that the adjoint group PSO(q) over L is not
R-trivial, hence not stably L-rational.

To conclude, we illustrate Corollary 6.2 by an explicit example over Q(z) which
is derived from the example given in [STW, Remark 5.4].

EXAMPLE 6.3 Let F' = Q(z) be the rational function field in one variable over the
rationals. Then it follows from [STW, Remark 5.4] that Nij(x + 4,2 + 1,2) # 1
and that the two binary forms (1, —(z + 4)) and 2(1, —(x + 1)) represent a common
element over E = F(y/x), but no element in F* is represented by both these forms
over E.
In fact, we have
<17 *(1’ + 4)> L 72<17 *(1’ + 1)> = <27 -1, *(l’ + 4)7 2(‘T + 1)>
~ (=1l,z,2(x+2)(x +4),2z(x+ 1)(x + 2)) ,

which shows that the difference of these two binary forms becomes isotropic over
E = F(y/x), i.e., the two forms represent a common element over F. Indeed, we can
compute such an element directly. We have that

(Ve +2)?—(x4+4) = 4yze€Dp({l,—(z+
2(Vz+1)2-2(z+1) = 4yz€Dp(2(1,—(x+

and therefore v/z € Dg({1,—(z +4))) N Dg(2(1, —(z + 1))).
Over Fy = F(t1) = Q(z,t1), we now define the two 4-dimensional forms

}_l\_/
N
gt
~

1/)1 <.’E,*(ZL’+4)> 1 7t1<1,7(1’+4)>
’lﬂg = <$, —(CE + 1)> 1 —2t1<1, —(a: + 1)>
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and the two quaternion algebras

Q1 = (z+4,t)p
Q2 = (z+1,2t1)p

over Fy. By our construction, we know that )1 and )2 have a common slot over
E, = F1(y/z), but that no such common slot can be chosen in F;. A common slot
over E is given by /zt;.

Consider now the biquaternion algebra B = Q1 ® Q2 with associated Albert form

B~{(x+1,—(z+4)) Lt1(1,—z,—2(x + 2)(z + 4),2z(x + 1)(x + 2)) ~ 1 L —1)o .
We then get

z(x+4)8 =~ (—z,—ti(z+4),t1z(z+4))
1L {z(z+1)(z+4), 2t1z(x +2),2t1(z + 1)(z + 2)(x + 4))

from which we conclude that
B=(z,ti(x+4)p @ (z(x+ 1)(z+4), 2t12(x + 2))F, -

As in the proof of CS <= D(4) in Theorem 3.4, we get for u € F* that c¢(¢p; L
—utps) = [B® (u,z)r, |, and by putting u = t1(z + 4), we obtain

e L —ti(z +4)¢2) = [(x(z + 1)(2 + 4), —2tz(z + 2))r ] -
Now with (z, —(z + 1)) ~ (—1,z(z + 1)), we obtain

1 L —ti(z+ 4y =~ (x,—(z+4),2(x+4),-2(z+1)(x+4))
L (o1, (@ 4), (2 + 4), (e + (a1 1) -

Also, (—1,z + 4,7 +4) ~ (x, —x(x + 4), z + 4) represents zx?+(x+4)r? = 22%(x+2).
Hence,
(m,2t12%(x +2)) ~ x(1,2t12(x + 2))
Cc Y1 L —tl(ib + 4)w2 .

Let L = Fi(y/—2tiz(x 4+ 2)). The above shows that 11 L —t1(x + 4)12 becomes
isotropic over L. On the other hand, [(z(x + 1)(z + 4), —2t12(z + 2))r] = 0, and it
follows that (1 L —t1(x+4)1)2)L is an isotropic 8-dimensional form in I3L and hence
hyperbolic. Thus, (¢1)r, ~ (t1(z + 4)¢2)r,. However, by construction there does not
exist a binary form over F; which is similar to a subform of both ; and 5.

Let us now consider v := 1y L —tatpy over Fy = Q(x,t1,t2). Then ¢ € I?Fy is
of dimension 8, by construction it does not contain a subform in GP,F5, and for its
Clifford invariant we get

c(¥) = [B® (b2, 2)r,] = [(z, trta(z + 4))p, ® (z(x + 1)(z +4), 202(z + 2)) 5] -
Consider the biquaternion algebra

A= (z,tita(z +4)p, @ (2(z + 1)(2 +4), -2h2(z + 2)) R, ,
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which by our construction is necessarily a division algebra, and an associated Albert
form

a =~ (—xz,—tite(x +4), t1tox(x +4))
1 (x(x+1)(z+4),2t1(z+ 1)(z+ 2)(x + 4), —2t12(z + 2)) .

Then, over F3 = Q(x,t1,t2,t3), the form ¢ := a L t31 is a 14-dimensional form in
I3 F3 which is not similar to the difference of the pure parts of two forms in P3F3.
We summarize the above results.

e The two forms (1, —(z +4)) and 2(1,—(z + 1)) over Q(z) both represent /x
over Q(z)(1/z), but there is no element in Q(x)* which is represented by both
forms over Q(z)(y/z). In particular, Q(z) does not have property D(2).

e The two quaternion algebras (r +4,t1)r, and (z + 1,2t1)p, over Fy = Q(z,t1)
have a common slot over Q(z, t1)(y/z), for example t;+/z, but no such common
slot can be chosen in Q(z,t1). In particular, Q(z,t;) does not have property

Cs.

e The two forms ¢1 = (z,—(z +4)) L —t1(1, —(z +4)) and ¢ = (z,—(x + 1)) L
—2t1(1, —(z + 1)) over Q(z, t1) do not simultaneously become isotropic over any
quadratic extension of Q(z,t1), i.e., there is no binary form over Q(z, ¢1) which
is similar to a subform of both 17 and 2. However, the forms ¢; and ¢ (z+4))
become isometric over Q(z,t1)(y/—2t1z(x +2)). In particular, Q(x,t;) does
not have property D(4).

e The Clifford invariant of the 8-dimensional form 1) = vy L —t21)o € I?F», where
Fy = Q(z,t1,t2), is represented by the biquaternion algebra
A= (z,t1ita(z+4))p, @ (z(x + 1)(z +4), —2t12(x + 2))F, -

However, ¢ does not contain a subform in GP,F,. In particular, Q(x,t1,t2)
does not have property D(8).

e The extension F»(SB(A))/F; is not excellent (cf. Prop. 6.1(i) ).

e With
Y o~ (—(x+4),—t, t1(x+4),x, —tox, t2)
— t2<1, 7(([ + 1), 72t1, 2t1($ + 1)>

as above, and with

C(<7(1’ + 4)» 7t17t1(1’ + 4)»137 7t21’,t2>) - [(:L’ + 4»t1)F2 ® (-T,t2)F2]
C(<1,—($+1),—2t1,2t1($+1)>) = [(:E+1,2t1)p2] s

we have that (z +4,t1)r, ® (z,t2)r, ® (x + 1,2t1)F, is not a division algebra,
but (z+4,t1)r, ® (z,t2)F, and (z+1,2t1)F, have no proper common quadratic
subextension of Fy = Q(x,t1,t2) (cf. Prop. 6.1(ii) ).

e With o an Albert form associated to A, the form « L ¢3v of dimension 14 over
F3 = Q(z,t1,t2,t3) is in I3F3, but it is not similar to the difference of the pure
parts of two forms in P3F3. In particular, Q(z, t1,t2, t3) does not have property
D(14).
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ABSTRACT. Let a compact Lie group act ergodically on a unital C*-algebra A.
We consider several ways of using this structure to define metrics on the state
space of A. These ways involve length functions, norms on the Lie algebra, and
Dirac operators. The main thrust is to verify that the corresponding metric
topologies on the state space agree with the weak-* topology.

Primary 46L87; Secondary 58B30, 60B10

Connes [C1, C2, C3] has shown us that Riemannian metrics on non-commutative
spaces (C*-algebras) can be specified by generalized Dirac operators. Although in
this setting there is no underlying manifold on which one then obtains an ordinary
metric, Connes has shown that one does obtain in a simple way an ordinary metric
on the state space of the C*-algebra, generalizing the Monge-Kantorovich metric on
probability measures [Ra] (called the “Hutchinson metric” in the theory of fractals
[Bal]).

But an aspect of this matter which has not received much attention so far [P] is the
question of when the metric topology (that is, the topology from the metric coming
from a Dirac operator) agrees with the underlying weak-* topology on the state space.
Note that for locally compact spaces their topology agrees with the weak-* topology
coming from viewing points as linear functionals (by evaluation) on the algebra of
continuous functions vanishing at infinity.

In this paper we will consider metrics arising from actions of compact groups on
C*-algebras. For simplicity of exposition we will only deal with “compact” non-
commutative spaces, that is, we will always assume that our C*-algebras have an
identity element. We will explain later what we mean by Dirac operators in this
setting (section 4). In terms of this, a brief version of our main theorem is:

1The research reported here was supported in part by National Science Foundation Grant DMS—
96-13833.
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THEOREM 4.2. Let a be an ergodic action of a compact Lie group G on a unital
C*-algebra A, and let D be a corresponding Dirac operator. Then the metric topology
on the state space of A defined by the metric from D agrees with the weak-x topology.

An important case to which this theorem applies consists of the non-commutative
tori [Rf], since they carry ergodic actions of ordinary tori [OPT]. The metric geometry
of non-commutative tori has recently become of interest in connection with string
theory [CDS, RS, S].

We begin by showing in the first section of this paper that the mechanism for
defining a metric on states can be formulated in a very rudimentary Banach space
setting (with no algebras, groups, or Dirac operators). In this setting the discussion of
agreement between the metric topology and the weak-* topology takes a particularly
simple form.

Then in the second section we will see how length functions on a compact group
directly give (without Dirac operators) metrics on the state spaces of C*-algebras on
which the group acts ergodically. We then prove the analogue in this setting of the
main theorem stated above.

In the third section we consider compact Lie groups, and show how norms on the
Lie algebra directly give metrics on the state space. We again prove the corresponding
analogue of our main theorem.

Finally, in section 4 we use the results of the previous sections to prove our main
theorem, stated above, for the metrics which come from Dirac operators.

It is natural to ask about actions of non-compact groups. Examination of [Wv4]
suggests that there may be very interesting phenomena there. The considerations of
the present paper also make one wonder whether there is an appropriate analogue of
length functions for compact quantum groups which might determine a metric on the
state spaces of C*- algebras on which a quantum group acts ergodically [Bo, Wn].
This would be especially interesting since for non-commutative compact groups there
is only a sparse collection of known examples of ergodic actions [Ws], whereas in [Wn]
a rich collection of ergodic actions of compact quantum groups is constructed. Closely
related is the setting of ergodic coactions of discrete groups [N, Q]. But I have not
explored any of these possibilities.

I developed a substantial part of the material discussed in the present paper during
a visit of several weeks in the Spring of 1995 at the Fields Institute. I am appreciative
of the hospitality of the Fields Institute, and of George Elliott’s leadership there. But
it took trying to present this material in a course which I was teaching this Spring, as
well as benefit from [P, Wv1, Wv2, Wv3, Wv4], for me to find the simple development
given here.

1. METRICS ON STATES

Let A be a unital C*-algebra. Connes has shown [C1, C2, C3] that an appropriate
way to specify a Riemannian metric in this non-commutative situation is by means of
a spectral triple. This consists of a representation of A on a Hilbert space H, together
with an unbounded self-adjoint operator D on H (the generalized Dirac operator),
satisfying certain conditions. The set L£(A) of Lipschitz elements of A consists of
those a € A such that the commutator [D,a] is a bounded operator. It is required
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that £(A) be dense in A. The Lipschitz semi-norm, L, is defined on £(A) just by the
operator norm L(a) = ||[D, d]||.
Given states p and v of A, Connes defines the distance between them, p(u, v), by

(1.1) plp,v) = sup{|p(a) — v(a)| : a € L(A), L(a) < 1}.

(In the absence of further hypotheses it can easily happen that p(u,v) = +oo. For
one interesting situation where this sometimes happens see the end of the discussion
of the second example following axiom 4’ of [C3].)

The semi-norm L is an example of a general Lipschitz semi-norm, that is [BC, Cu,
P, Wvl, Wv2], a semi-norm L on a dense subalgebra £ of A satisfying the Leibniz

property:
(1.2) L(ab) < L(a)|[b]| + [la|[L(b) -

Lipschitz norms carry some information about differentiable structure [BC, Cul, but
not nearly as much as do spectral triples. But it is clear that just in terms of a given
Lipschitz norm one can still define a metric on states by formula (1.1).

However, for the purpose of understanding the relationship between the metric
topology and the weak-* topology, we do not need the Leibniz property (1.2), nor
even that A be an algebra. The natural setting for these considerations seems to be
the following very rudimentary one. The data is:

(1.3a) A normed space A, with norm || ||, over either C or R.
(1.3b) A subspace L of A, not necessarily closed.
(1.3c) A semi-norm L on L.

A continuous (for || ||) linear functional, , on X = {a € £: L(a) = 0}

1.3d
(1.3d) with [|n]| = 1. (Thus, in particular, we require K # {0} .)

Let A’ denote the Banach-space dual of A, and set
S={peA :p=nonk, and ||| =1}.

Thus S is a norm-closed, bounded, convex subset of A’, and so is weak-* compact.
In general S can be quite small; when A is a Hilbert space S will contain only one
element. But in the applications we have in mind A will be a unital C*-algebra,
will be the one-dimensional subspace spanned by the identity element, and n will be
the functional on K taking value 1 on the identity element. Thus S will be the full
state-space of A. (That K will consist only of the scalar multiples of the identity
element in our examples will follow from our ergodicity hypothesis. We treat the case
of general K here because this clarifies slightly some issues, and it might possibly be
of eventual use, for example in non-ergodic situations.)
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We do not assume that £ is dense in A. But to avoid trivialities we do make one
more assumption about our set-up, namely:

(1.3e) L separates the points of S.

This means that given y,v € S there is an a € £ such that u(a) # v(a). (Note that
for p € S there exists a € L with p(a) # 0, since we can just take an a € I such that
n(a) #0.)

With notation as above, let £ = L/K. Then L drops to an actual norm on L,
which we denote by L. But on £ we also have the quotient norm from || || on L,
which we denote by || ||”. The image in £ of a € £ will be denoted by a.

We remark that when £ is a unital algebra (perhaps dense in a C*-algebra), and
when K is the span of the identity element, then the space of universal 1-forms Q! over
L is commonly identified [BC, Br, C2, Cu] with £® £, and the differential d : £ — Q'
is given by da = 1 ® @ Thus in this setting our L is a norm on the space of universal
1-coboundaries of £. The definition of L which we will use in the examples of section
3 is also closely related to this view.

On S we can still define a metric, p, by formula (1.1), with £(A) replaced by L.
The symmetry of p is evident, and the triangle inequality is easily verified. Since we
assume that £ separates the points of S, so will p. But p can still take the value +oo.
We will refer to the topology on S defined by p as the “p-topology”, or the “metric
topology” when p is understood.

It will often be convenient to consider elements of A as (weak-* continuous) func-
tions on S. At times this will be done tacitly, but when it is useful to do this explicitly
we will write & for the corresponding function, so that a(u) = p(a) for p € S.

Without further hypotheses we have the following fact. It is closely related to
proposition 3.1a of [P], where metrics are defined in terms of linear operators from
an algebra into a Banach space.

1.4 PROPOSITION. The p-topology on S is finer than the weak-x topology.

Proof. Let {u} be a sequence in S which converges to p € S for the metric p. Then
it is clear from the definition of p that {ur(a)} converges to u(a) for any a € £ with
L(a) <1, and hence for all a € L.

This says that a(ux) converges to a(u) for all a € £. But £ is a linear space of
weak-* continuous functions on S which separates the points of S by assumption (and
which contains the constant functions, since they come from any a € K on which 7
is not 0). A simple compactness argument shows then that L determines the weak-*
topology of S. Thus {u} converges to p in the weak-* topology, as desired. O

There will be some situations in which we want to obtain information about (£, L)
from information about S. It is clear that to do this S must “see” all of £. The
convenient formulation of this for our purposes is as follows. Let || || denote the
supremum norm on functions on S. Let it also denote the corresponding semi-norm
on L defined by ||al|cc = ||é||co. Clearly ||d|oo < ||a|| for a € L.
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1.5 CONDITION. The semi-norm || || on £ is a norm, and it is equivalent to the
norm || ||, so that there is a constant k with

la|| < Ellafec for ac L.

This condition clearly holds when A is a C*-algebra, £ is dense in A, and S
is the state space of A, so that we are dealing with the usual Kadison functional
representation [KR]. But we remark that even in this case the constant k above
cannot always be taken to be 1 (bottom of page 263 of [KR]). This suggests that in
using formula (1.1) one might want to restrict to using just the self-adjoint elements
of L, since there the function representation is isometric. But more experience with
examples is needed.

We return to the general case. If we are to have the p-topology on S agree with
the weak-* topology, then S must at least have finite p-diameter, that is, p must be
bounded. The following proposition is closely related to theorem 6.2 of [P].

1.6 PROPOSITION. Suppose there is a constant, r, such that
(1.7) [ <rL.

Then p is bounded (by 2r).
Conversely, suppose that Condition 1.5 holds. If p is bounded, (say by d), then
there is a constant r such that (1.7) holds (namely r = kd where k is as in 1.5).

Proof. Suppose that (1.7) holds. If @ € £ and L(a) < 1, then L(a) < 1 and so
lla||” < 7. This means that, given & > 0, there is a b € K such that ||a —b|| < r +¢.
Then for any u,v € S, we have, because p and v agree on IC,

lu(a) = v(a)| = [p(a = b) —v(a =b)| < [[p—v| [la = bl <2(r +¢) .

Since ¢ is arbitrarily small, it follows that |u(a) — v(a)| < 2r. Consequently p(u,v) <
2r.

Assume conversely that p is bounded by d. Fix v € S, and choose b € K such that
n(b) = 1. Then for any p € S and any a € £ with L(a) < 1 we have

d > p(p,v) = [wla) = v(a)| = |p(a = v(a)d)| .

Suppose now that Condition 1.5 holds. We apply it to a — v(a)b. Thus, since S is
compact, we can find p such that

lla —v(a)bl| < klu(a —v(a)d)| .

Consequently |la—v(a)b|| < kd, so that ||@||” < kd. All this was under the assumption
that L(a) < 1. It follows that for general a € £ we have ||a@||” < kdL(a), as desired.
]

We now turn to the question of when the p-topology and the weak-* topology on
S agree. The following theorem is closely related to theorem 6.3 of [P].
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1.8 THEOREM. Let the data be as in (1.3a—e), and let L, = {a € L : L(a) < 1}. If
the image of L1 in L is totally bounded for || ||”, then the p-topology on S agrees
with the weak-x topology.

Conversely, if Condition 1.5 holds and if the p-topology on S agrees with the weak-*
topology, then the image of Ly in L is totally bounded for || |~ .

Proof. We begin with the converse, so that we see why the total-boundedness as-
sumption is natural. If the p-topology gives the weak-* t opology on S, then p must
be bounded since S is compact. Thus by Proposition 1.6 there is a constant, r,, such
that || |~ < ro,L", since we assume here that Condition 1.5 holds. Choose 7 > 7,.
Then |ja|” < r if a € £1. Consequently, if we let

B, ={a€L:L(a) <1and |a]| <r},

then the image of B, in £~ is the same as the image of £;. Thus it suffices to show
that B, is totally bounded.
Let a € B, and let p,v € S. Then

|a(p) — a(v)| = |p(a) —v(a)| < p(u,v) -

Thus (B,) " can be viewed as a bounded family of functions on S which is equi-
continuous for the weak-* topology, since p gives the weak-* topology of S. It follows
from Ascoli’s theorem [Ru] that (B,) "is totally bounded for || ||s. By Condition 1.5

this means that B, is totally bounded for || || as a subset of A, as desired.
For the other direction we do not need Condition 1.5. We suppose now that the
image of £; in L is totally bounded for || ||”. Let 4 € S and € > 0 be given, and

let B(u,e) be the p-ball of radius € about p in S. In view of Proposition 1.4 it
suffices to show that B(u,e) contains a weak-+ neighborhood of u. Now by the total
boundedness of the image of £; we can find a1,...,a, € £; such that the || |~ -balls
of radius /3 about the a,’s cover the image of £1. We now show that the weak-*
neighborhood

O = O {a;},e/3) = (v € S : |(u—v)(a)| < /3, 1< j <n}

is contained in B(u,€). Consider any a € £1. There is a j and a b € K, depending
on a, such that
la—a; — bl <e/3.

Hence for any v € O we have
lu(a) —v(a)| < |u(a) — pla; +b)| + |u(a; +b) —v(a; +b)| + [v(a; +b) — v(a)|
< g/3+4|plaj) —v(aj)| +¢/3 < €.
Thus p(u,v) < e. Consequently O C B(pu,¢) as desired. O
Examination of the proof of the above theorem suggests a reformulation which
provides a convenient subdivision of the problem of showing for specific examples

that the p-topology agrees with the weak-* topology. We will use this reformulation
in the next sections.
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1.9 THEOREM. Let the data be as in (1.3a—e). Then the p-topology on S will agree
with the weak-x topology if the following three hypotheses are satisfied:
i) Condition 1.5 holds.
i) p is bounded.
iii) The set By ={a € L:L(a) <1 and |a| <1} is totally bounded in A for || ||.
Conversely, if Condition 1.5 holds and if the p-topology agrees with the weak-+ topol-
ogy, then the above three conditions are satisfied.

Proof. If conditions i) and ii) are satisfied, then, just as in the first part of the proof
of Theorem 1.8, there is a constant r such that the image of B, in £ contains the
image of £1. But B, C rB;. Thus if B; is totally bounded then so is B,., as is then
the image of £1. Then we can apply Theorem 1.8 to conclude that the p-topology
agrees with the weak-* topology.

Conversely, if the p-topology and the weak-* topology agree, then condition ii)
holds by Proposition 1.6. But by the first part of the proof of Theorem 1.8 there
is then a constant r such that B, is totally bounded. By scaling we see that B is
also. O

We remark that if we take any 1-dimensional subspace K of an infinite-dimensional
normed space 4, set £ = A, and let L be the pull-back to A of || || “on A/K, we obtain
an example where p is bounded but the image of £; in L™ is not totally bounded,
nor is B; totally bounded in A.

In the next sections we will find very useful the following:

1.10 COMPARISON LEMMA. Let the data be as in (1.3a—e). Suppose we have a
subspace M of L which contains K and separates the points of S, and a semi-norm
M on M which takes value O exactly on K. Let pr, and ppr denote the corresponding
metrics on S (possibly taking value +00). Assume that

M > L on M,
in the sense that M (a) > L(a) for all a € M. Then

pM < pL

in the sense that par(u,v) < pr(u,v) for all p,v € S. Thus

i) If pr is finite then so is pys.

i) If pr is bounded then so is ppr.

iii) If the pr-topology on S agrees with the weak-x topology then so does the py-

topology.

Proof. If a € M and M(a) <1 then L(a) < 1. Thus the supremum defining pys is
taken over a smaller set than that for pr,, and so pys < pr,. Conclusions i) and ii) are

then obvious. Conclusion iii) follows from the fact that a continuous bijection from a
compact space to a Hausdorff space is a homeomorphism. O

For later use we record the following easily verified fact.

1.11 PROPOSITION. Let data be as above. Lett be a strictly positive real number. Set
M =tL on L. Then pyr =t 1pr. Thus properties for pr, of finiteness, boundedness,
and agreement of the pr-topology with the weak-x topology carry over to pps.
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2. METRICS FROM ACTIONS AND LENGTH FUNCTIONS

Let G be a compact group (with identity element denoted by e). We normalize
Haar measure to give G mass 1. We recall that a length function on a group G is a
continuous non-negative real-valued function, ¢, on G such that

(2.1a) U(zy) < l(z) +L(y) for z,y€G,
(2.1b) Lzt = L(2),
(2.1c) l(x) =0 exactlyif z=e.

Length functions arise in a number of ways. For example, if 7 is a faithful unitary
representation of G on a finite-dimensional Hilbert space, then we can set {(z) =
|7 — 7e||. We will see another way in the next section. We will assume for the rest
of this section that a length function has been chosen for G.

Let A be a unital C*-algebra, and let a be an action (strongly continuous) of G by
automorphisms of A. We let £ denote the set of Lipschitz elements of A for a (and
¢), with corresponding Lipschitz semi-norm L. That is [Rol, Ro2], for a € A we set

L(a) = sup{||ax(a) — a||/l(z) : x # e} ,
which may have value +o00, and we set
L={a€A:L(a) <0} .

It is easily verified that L is a *x-subalgebra of A, and that L satisfies the Leibniz
property 1.2. (More generally, for 0 < r < 1 we could define L™ by

L'(a) = sup{|az(a) — a||/(¢(x))" : z # e}

along the lines considered in [Rol, Ro2]. For actions on the non-commutative torus
this has been studied in [Wv2], but we will not pursue this here.)

It is not so clear whether L is carried into itself by «, but we do not need this fact
here. (For Lie groups see theorem 4.1 of [Rol] or the comments after theorem 6.1 of
[Ro2].) Let us consider, however, the a-invariance of L. We find that

L(az(a)) = sup{|az(a.-1,-(a) — a)[|/l(z) : z # e}
= sup{ |l (a) — al|/€(zxz71) 1 x # e}.

Thus if £(zxz71) = {(z) for all 2,z € G, then L is a-invariant, and £ is carried into
itself by a. The metric p on S defined by L will then be a-invariant for the evident
action on S. But we will not discuss this matter further here.
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2.2 PROPOSITION. The *x-algebra L is dense in A.

Proof. For f € L*(G) we define ay as usual by a¢(a) = [ f(x)as(a) dz. It is standard
[BR] that as f runs through an “approximate delta-function”, af(a) converges to a.
Thus the set of elements of form ay(a) is dense in A. Let A denote the action of
G by left translation of functions on G. A quick standard calculation shows that

az(ag(a)) = ay, (s (a). Thus
low(af(a)) = ap(a)ll = lap, r-p (@l < [Aaf = fllilel;

where || |1 denotes the usual L'-norm. Thus we see that as(a) € L if f € Lip}, the
space of Lipschitz functions in L'(G) for A (and ¢).

Consequently it suffices to show that Lip} is dense in L*(G). We first note that it
contains a non-trivial element, namely ¢ itself. For if z,y € G, then

(Al (y) — L)l = [(z"y) — L(y)| < L),

where the inequality follows from 2.1a and 2.1b above. We momentarily switch at-
tention to C(G) with || ||, and the action A of G on it. Of course £ € C(G). The
above inequality then says that ¢ € Lip$°, the space of Lipschitz functions in C(G)
for A. But as mentioned earlier, Lip$® is easily seen to be a *-subalgebra of C(G) for
the pointwise product, and it contains the constant functions. Furthermore, a simple
calculation shows that Lip$° is carried into itself by right translation. Since L¢p{°
contains ¢, which separates e from any other point, it follows that Lip$® separates
the points of G. Thus Lip$° is dense in C(G) by the Stone-Weierstrass theorem.
Since || ||s dominates || ||1 for compact G, it follows that Lip} is dense in L*(G) as
needed. O

For simplicity of exposition we will deal only with the case in which we obtain
metrics on the entire state space of the C*-algebra A. For this purpose we want the
subspace where L takes the value 0 to be one-dimensional. It is evident that L takes
value 0 on exactly those elements of A which are a-invariant, and in particular on the
scalar multiples of the identity element of A. Thus we need to assume that the action
« is ergodic, in the sense that the only a-invariant elements are the scalar multiples
of the identity.

The main theorem of this section is:

2.3 THEOREM. Let o be an ergodic action of a compact group G on a unital C*-
algebra A. Let £ be a length function on G, and define L and L as above. Let p be
the corresponding metric on the state space S of A. Then the p-topology on S agrees
with the weak-x topology.

Proof. Because L is dense by Proposition 2.2, it separates the points of S. Conse-
quently the conditions 1.3a—e are fulfilled (for the evident n). Thus L indeed defines
a metric, p, on S (perhaps taking value +00).

Since G is compact, we can average a over GG to obtain a conditional expectation
from A onto its fixed-point subalgebra. Because we assume that « is ergodic, this
conditional expectation can be viewed as a state on A. By abuse of notation we will
denote it again by 7, since it extends the evident state 7 on the fixed-point algebra.
Thus

@) = [ asfa) do
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for a € A, interpreted as a complex number when convenient.

We will follow the approach suggested by Theorem 1.9. Now hypothesis (i) of
that theorem is satisfied in the present setting, as discussed right after Condition 1.5
above. We now check hypothesis (ii), that is:

2.4 LEMMA. p is bounded.

Proof. Let y € S. Then for any a € £ we have

n(a) = n(@) =| [ a)de ([ as(@)dn)| = | [ (o~ aula)de| < L) [ elo)ds

G
It follows that p(p,n) < [¢(x)dz. Thus for any u,v € S we have

plu,v) <2 / U(a)dz

G
which is finite since ¢ is bounded. O

We now begin the verification of hypothesis (iii) of Theorem 1.9. For this we
need the unobvious fact [HLS, Bo] that because G is compact and « is ergodic, each
irreducible representation of G occurs with at most finite multiplicity in A. (In [HLS]
it is also shown that 1 is a trace, but we do not need this fact here.) The following
lemma is undoubtedly well-known, but I do not know a reference for it.

2.5 LEMMA. Let a be a (strongly continuous) action of a compact group G on a
Banach space A. Suppose that each irreducible representation of G occurs in A with
at most finite multiplicity. Then for any f € L*(G) the operator ay defined by

as@) = [ f@ou(a)da
is compact.

Proof. If f is a coordinate function for an irreducible representation 7 of G, then it is
not hard to see (ch. IX of [FD]) that oy will have range in the 7-isotypic component
of A, which we are assuming is finite-dimensional. Thus oy is of finite rank in this
case. But by the Peter-Weyl theorem [FD] the linear span of the coordinate functions
for all irreducible representations is dense in L!(G). So any af can be approximated
by finite rank operators. O

Proof of Theorem 2.3. We show now that Bi, as in (iii) of Theorem 1.9, is totally
bounded. Let € > 0 be given. Since ¢(e) = 0 and £ is continuous at e, we can find
f € LYG) such that f > 0, [, f(z)de = 1, and [, f(z)l(z)dz < /2. By the
previous lemma o is compact. Since B; is bounded, it follows that a;(B) is totally
bounded. Thus it can be covered by a finite number of balls of radius /2. But for
any a € B; we have

la—az(@)] = a / f(z)dz - / f (@) (a)da| < / (@)l - as(a)lldz
< L(a) / F@)i(z)dz < /2 .

Thus B; itself can be covered by a finite number of balls of radius ¢. O
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3. METRICS FROM ACTIONS OF LIE GROUPS

We suppose now that G is a connected Lie group (compact). We let g denote the Lie
algebra of G. Fix a norm || || on g. For any action a of G on a Banach space A we
let A! denote the space of a-differentiable elements of A. Thus [BR] if a € A! then
for each X € g there is a dxa € A such that

}E%(aexp(tX) (a) - a)/t = an y

and X — dxa is a linear map from g into A, which we denote by da. Since g and A
both have norms, the operator norm, ||dal|, of da is defined (and finite). A standard
smoothing argument [BR] shows that Al is dense in A.

Suppose now that A is a C*-algebra and that « is an action by automorphisms of
A. We can set £L = A' and L(a) = ||da||. It is easily verified that £ is a *-subalgebra
of A and that L satisfies the Leibniz property 1.2, though we do not need these facts
here. Because G is connected, L(a) = 0 exactly if a is a-invariant.

3.1 THEOREM. Let G be a compact connected Lie group, and fiz a norm on g. Let
a be an ergodic action of G on a unital C*-algebra A. Let L= A' and L(a) = ||dal,
and let p denote the corresponding metric on the state space S. Then the p-topology
on S agrees with the weak-+ topology.

Proof. Choose an inner-product on g. Its corresponding norm is equivalent to the
given norm, and so by the Comparison Lemma 1.10 it suffices to deal with the norm
from the inner-p roduct. We can left-translate this inner-product over G to obtain
a left-invariant Riemannian metric on G, and then a corresponding left-invariant
ordinary metric on G. We let £(z) denote the corresponding distance from z to e.
Then ¢ is a continuous length function on G satisfying conditions 2.1 [G, Ro2].

Then the elements of £ = Al are Lipschitz for £. This essentially just involves the
following standard argument |G, Ro2|, which we include for the reader’s convenience.
Let a € A' and let ¢ be a smooth path in G from e to a point 2 € G. Then ¢, defined
by ¢(t) = ac)(a), is differentiable, and so we have

lae(@) —afl = | / ¢ (t)dt]| < / e (der a) | dt < ||da] / I @)dt

But the last integral is just the length of ¢. Thus from the definition of the ordinary
metric on G, with its length function ¢, we obtain

ez (a) = al| < ||dal|é(z) -

(Actually, the above argument works for any norm on g.) Then if we let £y and Lg be
defined just in terms of £ as in the previous section, we see that £ C Ly and Ly < L.
Thus we are exactly in position to apply the Comparison Lemma 1.10 to obtain the
desired conclusion. O

We remark that Weaver (theorem 24 of [Wv1]) in effect proved for this setting the
total boundedness of B; for the particular case of non-commutative 2-tori, by different
methods.
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4. METRICS FROM DIRAC OPERATORS

Suppose again that G is a compact connected Lie group, and that « is an ergodic
action of G on a unital C*-algebra A. Let g denote the Lie algebra of G, and let g’
denote its vector-space dual. Fix any inner-product on g’. We will denote it by g, or
by ()4, to distinguish it from the Hilbert space inner-products which will arise.

With this data we can define a spectral triple [C1, C2, C3] for A. For simplicity of
exposition we will not include gradings and real structure, and we will oversimplify
our treatment of spinors, since the details are not essential for our purposes. But
with more care they can be included. (See, e.g. [V, VB].) We proceed as follows. Let
C = Clif(g’, —g) be the complex Clifford C*-algebra over g’ for —g. Thus each w € g’
determines a skew-adjoint element of C such that

w? = —(w,w), 1o .

Depending on whether g is even or odd dimensional, C' will be a full matrix algebra,
or the direct sum of two such. We let S be the Hilbert space of a finite-dimensional
faithful representation of C' (the “spinors”).

Let A* denote the space of smooth elements of A. (We could just as well use the
A of the previous section. We use A> here for variety. It is still a dense *-subalgebra
[BR].) Let W = A* ® S, viewed as a free right A*°-module. From the Hilbert-space
inner-product on § we obtain an A°°-valued inner-product on W. Let n be as in the
previous section, viewed as a faithful state on A. Combined with the A-valued inner
product on W it gives an ordinary inner-product on W. We will denote the Hilbert
space completion by L2(W,n).

Now A% and C have evident commuting left actions on W. These are easily
seen to give x-representations of A and C' on L?(W,n), which we denote by A and ¢
respectively.

We define the Dirac operator, D, on L?(W,n) in the usual way. Its domain will be
W, and it is defined as the composition of operators

Wby oW -5CoW W .

Here d is the operator which takes b € A to db € g’ ® A, defined by db(X) = dx (b),
which we then extend to W so that it takes b® s to db® s. The operator i just comes
from the canonical inclusion of g’ into C. The operator ¢ just comes from applying
the representation of C' on S, and so on W.

It is easily seen that D is a symmetric operator on L?(W, 7). It will not be impor-
tant for us to verify that D is essentially self-adjoint, and that its closure has compact
resolvant.

Let {e;} denote an orthonormal basis for ¢’, and let {E,} denote the dual basis
for g. Then in terms of these bases we have

Db®s) = Z ag; (b) ® cej)s .
When we use this to compute [D, A,] for a € A%, a straightforward calculation shows

that we obtain
(D, Aa)(b@s) = (am,(a) @c(e)(b@s) .
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That is,
(4.1) D, =Y ag (@)@,

acting on L?(W,n) through the representations A and c. It is clear from (4.1) that
[D, \,] is bounded for the operator norm from L?(W,n).
We can now set £ = A, and

L(a) = [|[D; Aa]|l -

It is clear that L(14) = 0. To proceed further we compare L with the semi-norm of
the last section. If we view g’ as contained in the C*-algebra C, we have e? = —1land

e; = —e; for each j. In particular, |[e;|| = 1. From (4.1) it is then easy to see that

there is a constant, K, such that
L(a) < K||dal|

for all a € L, where ||da|| is as in the previous section, for the inner-product dual to
that on g’. However, what we need is an inequality in the reverse direction so that
we will be able to apply the Comparison Lemma 1.10.

For this purpose, consider any element ¢ = ) b; ® e; in A ® C, with the e; as
above. Let f; = ie;, so that [ = fj, ff =1, and fjfx = —fuf; for j # k. Let
pj = (1+ f;)/2 and ¢; = 1 —p; = (1 — f;)/2, both being self-adjoint projections.
Then p; fi = frg; for j # k. Consequently p; frp; = 0 = g; frg; for j # k. Thus

(1®@p)t(1 @ p;) = b; @ pje;p; = bj @ ip;
and
(1®g)t(l®q;) = —b; ®ig; .

Since at least one of p; and g; must be non-zero, it becomes clear that ||t|| > ||b;|| for
each j. When we apply this to (4.1) we see that

L(a) = [lag; (a)
for each j. Consequently, for a suitable constant k we have
L(a) = k|da] ,
where again ||dal| is as in the previous section. On applying Proposition 1.11, Theorem

3.1, and the Comparison Lemma 1.10, we obtain the proof of:

4.2 THEOREM. Let o be an ergodic action of the compact connected Lie group G
with Lie algebra g on the unital C*-algebra A. Pick any inner-product on the dual, g’,
of g. Let D denote the corresponding Dirac operator, as defined above. Let L = A,
and let L be defined by

L(a) = D, d]]

for a € A. Let p be the corresponding metric on S. Then the p-topology on S agrees
with the weak-x topology.
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