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1 Introduction

Let X be a (possibly singular) curve over a finite field and F be a Z-
constructible sheaf on X . In [3], Deninger defined a dualizing complex G, and
in [2] he proves a duality between the groups Hi

c(Xet,F) and Ext3−i
et (F ,G).

The cohomology groups are finitely generated for i = 0, 1, of cofinite type for
i = 2, 3, and conversely for the extension groups). If X is smooth, Lichtenbaum
[9] proved a duality of finitely generated groups between Weil-etale cohomology
groups with compact support Hi

c(XW ,Z) and Weil-etale cohomology groups
Hi(XW ,Gm).
In this paper, we generalize and unify these results. We define, for any curve X
over a finite field and any Z-constructible sheaf F , Weil-etale Borel-Moore ho-
mology groupsHc

i (Xar,F), and construct a pairing of finitely generated abelian
groups between Weil-etale cohomology with compact supports Hi

c(XW ,F) and
Hc

i (Xar,F). More precisely, for 0 ≤ i ≤ 2, there are pairings of finitely gener-
ated free groups

Hc
i (Xar,F)/tor×Hi

c(XW ,F)/tor→ Z;
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and for 0 ≤ i ≤ 3 there are pairings of finite groups

Hc
i−1(Xar,F)tor ×Hi

c(XW ,F)tor → Q/Z.

All other cohomology and homology groups vanish.
If X is smooth, then the groups Hc

i (Xar,Z) are isomorphic to Weil-etale co-
homology with Gm-coefficients, and we recover Lichtenbaum’s result. In fact,
the author’s original motivation was to understand the asymmetry between the
coefficients Z = Z(0) and Gm = Z(1)[1] in Lichtenbaum’s result: the groups
Hi(XW ,Gm) are finitely generated, but in general Hi(XW ,Z) is not. For this
reason, one also cannot expect duality results for positive weights. The rela-
tionship to Deninger’s result is given by long exact sequences relating etale and
Weil-etale cohomology and extension groups [4], see below.
The strategy of proof of our duality result is to first show finite generation of
the groups involved, and then reduce to the case of torsion coefficients, which
was treated in [6] for arbitrary schemes over finite fields.
We note that for higher dimensional schemes, Weil-etale cohomology groups are
not well-behaved. Instead one has to use the eh-topology, see the discussion
and example in [5]. But in this case, the standard methods to construct the
pairing fail. Moreover, a duality result as the above would for F = Z imply
that CH0(X, i)Q = 0 for i > 0 and X smooth and projective. This is a special
case of Parshin’s conjecture that Ki(X)Q = 0 for i > 0 and X smooth and
projective over a finite field (Parshin’s conjecture is known if X is a curve).
We thank the referee for his careful reading and helpful comments.

2 Arithmetic homology and cohomology

2.1 The dualizing complex

We recall some properties of Bloch’s higher Chow complex [1]. For a scheme X
essentially of finite type over a fixed field k, z0(X, i) is defined as the free abelian
group generated by closed integral subschemes of dimension i on X×k∆

i which
meet all faces properly. If z0(X, ∗) is the (homological) complex of abelian
groups obtained by taking the alternating sum of intersection with face maps
as differentials, then varying X we obtain a complex of sheaves z0(−, ∗) for the
etale topology. By definition, the higher Chow group CH0(X, i) is the homology
in degree i of z0(X, ∗). We define Zc

X = z0(−, ∗) to be the (cohomological)
complex which is the etale sheaf z0(−, i) in degree −i, and omit X if there
is no ambiguity. For a quasi-finite, flat map f : X → Y , there is a pull-
back f∗Zc

Y → Zc
X , and for a proper map f : X → Y there is a push-forward

f∗Z
c
X → Zc

Y . For a closed embedding i : Z → X over k, the isomorphism
Zc
Z
∼= Ri!Zc

X on the Zariski-site is called purity or localization property. It
implies an isomorphism [1] between cohomology and hypercohomology

CH0(X, i) ∼= Hc
i (XZar,Z

c) := H−i(XZar,Z
c). (1)

The following result is proved in [6]:
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Theorem 2.1 a) Over an algebraically closed base field, the complex Zc
X has

etale hypercohomological descent, i.e. if Zc → I · is an injective resolution of
etale sheaves, then Zc(U) → I ·(U) is a quasi-isomorphism for every U → X
etale.
b) If f : X → Y is a proper map over a perfect field k, then there is a functorial
push-forward f∗ : Rf∗Z

c
X → Zc

Y in the derived category of etale sheaves.
c) If i : Z → X is a closed embedding over a perfect field k, then we have a
quasi-isomorphism Zc

Z

∼
−→ Ri!Zc

X of etale sheaves on Z.

If f : X → k is proper over a perfect field, then the trace map agrees on the
stalk Spec k̄ with the map sending a complex to its highest cohomology group,
composed with the degree map,

tr : Rf∗Z
c
X(k̄)

∼
← Zc

X(Xk̄)→ CH0(Xk̄)
degk̄−→ Z.

By a result of Nart [11], Zc
X it is quasi-isomorphic to a shift of Deninger’s

complex G, but we prefer to work with Bloch’s complex, as it yields the correct
dualizing complex in higher dimensions.

2.2 Arithmetic Borel-Moore homology and cohomology

We fix a finite field Fq with Galois group Ĝ = Gal(F̄q/Fq) and let G ⊂ Ĝ be
its Weil group, the free abelian subgroup of rank 1 generated by the Frobenius
endomorphism ϕ. Given a separated scheme of finite type X over Fq, let
X̄ = X ×Fq

F̄q.
For a sheaf F on the small etale site Et∼X of X , we define arithmetic Borel-
Moore homology groups as the cohomology groups of the complex

RHomar(F ,Z
c
X) := RΓGRHomet(F|X̄ ,Zc

X̄
)[1]

so that Hc
i (Xar,F) := Ext−i

ar (F ,Z
c). This generalizes the groups Hc

i (Xar,Z)
considered in [7]. The Leray spectral sequence degenerates to

0→ Ext−i
et (F|X̄ ,Zc

X̄
)G → Hc

i (Xar,F)→ Ext1−i
et (F|X̄ ,Zc

X̄
)G → 0. (2)

Let f : X → Y be a map, F ∈ Et∼Y and G ∈ Et∼X . If f is proper, then the map
Rf∗Z

c
X → Zc

Y induces by adjunction covariant functoriality Hc
i (Xar, f

∗F) →
Hc

i (Yar,F). If f is a closed embedding, then the quasi-isomorphism Rf !Zc
Y
∼=

Zc
X induces by adjunction an isomorphism Hc

i (Xar,G)
∼
−→ Hc

i (Yar, f∗G). If
f is flat and quasi-finite, then the map f∗Zc

Y → Zc
X induces contravariant

functoriality Hc
i (Yar,F)→ Hc

i (Xar, f
∗F). If f is etale, then since f∗Zc

Y
∼= Zc

X

we obtain an isomorphism

Hc
i (Xar,G) = Ext−i

ar (G,Z
c
X) ∼= Ext−i

ar (f!G,Z
c
Y ) = Hc

i (Yar, f!G). (3)

For a closed subscheme i : Z → X with open complement j : U → X and
F ∈ Et∼X , the short exact sequence 0 → j!j

∗F → F → i∗i
∗F → 0 induces a

localization sequence

→ Hc
i+1(Uar,F|U )→ Hc

i (Zar,F|Z)→ Hc
i (Xar,F)→ Hc

i (Uar,F|U )→ . (4)
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Theorem 2.2 For every etale sheaf F ∈ Et∼X , there is a long exact sequence

→ Ext1−i
et (F ,Zc

X)→ Hc
i (Xar,F)→ Ext−i

et (F ,Z
c
X)Q

δ
−→ Ext2−i

et (F ,Zc
X)→,

and the map δ has torsion image. In particular, for any torsion sheaf F ,

Ext1−i
et (F ,Zc

X) ∼= Hc
i (Xar,F).

If F is a sheaf of Q-vector spaces, then the long exact sequence is split by (2),
and we obtain

Hc
i (Xar,F)Q ∼= Ext1−i

et (F ,Zc
X)Q ⊕ Ext−i

et (F ,Z
c
X)Q.

Proof. By [4], any complex of Ĝ-modules gives rise to a distinguished
triangle RΓ

Ĝ
C· → RΓGC

· → RΓ
Ĝ
C· ⊗ Q[−1]. We apply this to the

complex of Ĝ-modules RHomet(F|X̄ ,Zc
X̄
), and it suffices to show that

RΓ
Ĝ
RHomet(F|X̄ ,Zc

X̄
) ∼= RHomet(F ,Z

c). But if Zc → I · is an injec-

tive resolution, then HomX̄(F , Ij) is acyclic for (−)Ĝ [10, III Cor. 2.13c)],

hence the claim follows from HomX̄(F ,G)Ĝ ∼= HomX(F ,G) for etale sheaves. ✷

If j : U → X is a compactification of the curve U and F in Et∼U , then Weil-etale
cohomology is defined as Hi(UW ,F) := HiRΓGRΓ(Ūet,F), and Weil-etale
cohomology with compact support as

Hi
c(UW ,F) := HiRΓGRΓc(X̄et, j!F). (5)

Lemma 2.3 Consider a cartesian diagram

Z ′ −−−−→ X ′





y

f





y

Z
i

−−−−→ X.

with i a closed embedding, f finite, and such that f induces an isomorphism of
dense open subsets X ′−Z ′ → X −Z. Then for any etale sheaf F on X, there
is an exact triangle

RΓ(Xet,F)→ RΓ(Zet,F|Z)⊕RΓ(X ′
et,F|X′)→ RΓ(Z ′

et,F|Z′).

Proof. This follows because for finite maps f , the functor f∗ is exact. Con-
cretely, if d is the map Z ′ → X , then Rsf∗F|X′ = Rsd∗F|Z′ for s > 0.
Hence the triangle is induced by the short exact sequence of sheaves on X ,
0→ F → i∗F|Z ⊕ f∗F|X′ → d∗F|Z′ → 0, which is easily checked on stalks. ✷

Proposition 2.4 The complex RΓc(X̄et, j!F), hence definition (5), is inde-
pendent of the choice of the compactification j : U → X.
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Proof. Given two compactifications : U → X and j′ : U ′ → X ′, we consider the
closure C of U in X ×X ′ and by comparing the compactifications p1 : C → X
and p2 : C → X ′, we can assume that there is a finite map f : X ′ → X with
fj′ = j. Then by the Lemma

RΓ(X̄etj!F) = coneRΓ(X̄et, j∗F)→ RΓ(Z̄et, j∗F|Z)

= coneRΓ(X̄et, f∗j
′
∗F)→ RΓ(Z̄et, f

′
∗(j

′
∗F|Z′))

= coneRΓ(X̄ ′
et, j

′
∗F)→ RΓ(Z̄ ′

et, (j
′
∗F)|Z′) = RΓ(X̄ ′

et, j
′
!F)

✷

For a closed subscheme Z of the curve X with open complement U , we obtain
a localization sequence

→ Hi−1
c (ZW ,F|Z)→ Hi

c(UW ,F|U )→ Hi
c(XW ,F)→ Hi

c(ZW ,F|Z)→, (6)

and the Leray spectral sequence degenerates to

0→ Hi−1
c (X̄et,F)G → Hi

c(XW ,F)→ Hi
c(X̄et,F)

G → 0. (7)

The analog of Theorem 2.2 holds, in particular, there is a long exact sequence

→ Hi
c(Xet,F)→ Hi

c(XW ,F)→ Hi−1
c (Xet,F)Q

δ
−→ Hi+1

c (Xet,F)→, (8)

and we have

Hi
c(XW ,F)Q ∼= Hi

c(Xet,F)Q ⊕Hi−1
c (Xet,F)Q. (9)

Remark. The definition (5) given here agrees with the definition in [5] only
for curves. For schemes of higher dimension Proposition 2.4 does not hold, see
[5]. Thus the etale topology has to be replaced by the eh-topology in order to
obtain good properties.

2.3 Finite generation

Lemma 2.5 Let F be a Z-constructible etale sheaf on a zero-dimensional
scheme P .
a) The groups Hc

i (Par,F) are finite for i = −1, finitely generated for i = 0,
finitely generated free for i = 1, and trivial otherwise.
b) The groups Hi

c(PW ,F) are finitely generated for i = 0, 1, and trivial other-
wise.

Proof. We may assume that P = SpecFqr .
a) Since Zc

P
∼= Z, the group Ext0et(F ,Z

c
P̄
) = HomAb(FP̄ /tor,Z) is free, the

group Ext1et(F ,Z
c
P̄
) = (torFP̄ )

∗ is finite, and the other extension groups vanish.
The Lemma follows with (2).
b) This follows from (7) because Hi

c(P̄et,F) is finitely generated for i = 0, and
trivial for i 6= 0. ✷
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Proposition 2.6 Let F be a Z-constructible etale sheaf on a curve X. Then
the groups Hi

c(XW ,F) and Hc
i (Xar,F) are finitely generated.

Proof. Using (6) and (4) we can (by shrinking X) assume that F is locally
constant. Shrinking X further, we can assume that there is a finite etale
Galois covering f : Y → X with Galois group A such that F|Y is constant.
Since RΓX

∼= RΓARΓY and since group cohomology of finite groups with
finitely generated coefficients is finitely generated, we can assume that F is
constant. Increasing X again we can assume that X is smooth and proper.
The groups Hi(XW ,Z) are finitely generated by [4, Prop.7.4], and the groups
Hc

i (Xar,Z) are finitely generated by [7]. This implies finite generation for
finitely generated constant coefficients. ✷

Lemma 2.7 Let X̄ be a curve over an algebraically closed field and F a sheaf
on X̄. Then the groups Hi(X̄et,F) and Hi

c(X̄et,F) are torsion for i > 1 and
vanish for i > 3..
In particular, for X a curve over a finite field, Hi

c(XW ,F) is torsion for i > 2
and vanishes for i > 4.

Proof. Clearly the result for cohomology implies the result for cohomology
with compact support. Writing F as a colimit of Z-constructible sheaves we
can assume that F is Z-constructible. For a closed embedding i : Z → X
with open complement j : U → X , we have a short exact sequence of sheaves
0 → j!j

∗F → F → i∗i
∗F → 0. Since a zero-dimensional scheme over an alge-

braically closed field has cohomological dimension 0, we can assume that X is
normal and connected, and F = M is locally constant and finitely generated.
Let g : η → X be the embedding of the generic point. Then j∗Mη

∼= M , and
k(η) has cohomological dimension 1. We consider the case M torsion and M
torsion free separately. If M is torsion, then R1g∗Mη is torsion, the higher
derived images vanish, and Hi(k(η)et,Mη) = 0 for i > 0. If M is torsion free,
then R1g∗Mη = 0, R2g∗Mη is torsion, the higher derived image are zero, and
Hi(k(η)et,Mη) = 0 for i > 2. Now the claim follows by analyzing the spectral
sequence Hs(X̄et, R

tg∗Mη)⇒ Hs+t(k(η)et,Mη). ✷

Lemma 2.8 If X̄ is a curve over an algebraically closed field, then the groups
Extiet(F|X̄ ,Zc

X̄
) vanish unless −1 ≤ i ≤ 4. In particular, the groups Hc

i (X̄ar,F)
vanish unless −4 ≤ i ≤ 2.

Proof. The lower bound is obtained by observing that ZX̄ is quasi-isomorphic to
a complex concentrated in degrees −1, 0. By the analog of (4) and Lemma 2.5
for etale extension groups, we can assume that F is locally constant. Consider
the spectral sequence

Hs(X̄, Extt(F|X̄ ,Zc
X̄
))⇒ Exts+t

et (F|X̄ ,Zc
X̄
).
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Since F locally constant, the Extt-sheaf can be calculated at stalks [10, III
1.31], and since Zc

X̄
is concentrated in non-positive degrees, the stalks vanish

for t > 1. On the other hand, we just saw that Hs(X̄et,F) = 0 for s > 3. The
final statement follows from (2). ✷

3 The pairing over an algebraically closed field

Let X be a proper curve over an algebraically closed field k, and F · a bounded
complex of etale sheaves. Choose injective resolutions Zc

X → I ·X , and F →
J ·. We can assume that J · is bounded, because X has strict cohomological
dimension 3. If I =

(

Q → Q/Z
)

is the injective resolution of Z as an abelian
group, we obtain by Theorem 2.1 a map

I ·X(X)
∼
← Zc

X(X)→ Z ∼= I

in the derived category of bounded above complexes of abelian groups. Hence
we obtain a natural transformation of derived functors Db(Et∼X)→ D−(Ab),

τX(F ·) : RHomet(F
·,Zc

X) ∼= Homet(J
·, I ·X)

Γ
−→ HomAb(J

·(X), I ·X(X))

tr
−→ HomAb(Γ(Xet, J

·), I)
∼
−→ RHomAb(RΓ(Xet,F

·),Z).

For an arbitrary separated curve X over k, we choose a compactification j :
X → X ′ of X , and define

τX(F) : RHomet(j!F
·,Zc

X′)
τX′(j!F)
−−−−−→

RHomAb(RΓ(X ′
et, j!F

·),Z) ∼= RHomAb(RΓc(Xet,F
·),Z). (10)

By compatibility of the trace map with proper push-forward, the usual argu-
ment comparing compactifications shows that this is independent of the com-
pactification.
Let RTm = RHomZ(Z/m,−) be the right derived functor of the m-torsion
functor. Then for every bounded complex F ·, there is a distinguished triangle

RTmF
· → F · ×m

−−→ F · → RTmF
·[1]. (11)

Proposition 3.1 Let F · be a bounded complex of Z-constructible sheaves on
a curve X over an algebraically closed field k. Then the map induced by (10),

fi : Ext
−i
et (F

·,Zc
X)→ RHom−i

Ab(RΓc(Xet,F
·),Z)

has divisible kernel, torsion free cokernel, and coker fi/m ∼= m ker fi−1.

Proof. If G· is a bounded below complex of constructible sheaves, then τX(G·)
is a quasi-isomorphism by the main theorem of [6]. In particular, τX(RTmF

·) is
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a quasi-isomorphism for every m and F ·. We apply the map τX to the triangle
(11) and obtain a map of long exact sequences

Ext−i−1
X (RTmF

·,Zc
X)

∼
−−−−→ RHom−i−1

Ab (RΓc(Xet, RTmF
·),Z)





y





y

Ext−i
X (F ·,Zc

X)
fi

−−−−→ RHom−i
Ab(RΓc(Xet,F

·),Z)

×m





y

×m





y

Ext−i
X (F ·,Zc

X)
fi

−−−−→ RHom−i
Ab(RΓc(Xet,F

·),Z)




y





y

Ext−i
X (RTmF

·,Zc
X)

∼
−−−−→ RHom−i

Ab(RΓc(Xet, RT ·
m),Z)

By the previous discussion, the upper and lower map are isomorphisms. If Ki

and Ci are the kernel and cokernel of fi, respectively, then a diagram chase
shows that we get, for every integer m, an exact sequence

0→ Ci
×m
−−→ Ci → Ki−1

×m
−−→ Ki−1 → 0.

This implies that Ci is torsion free, Ki−1 is divisible, and mKi−1 = Ci/m. ✷

4 The main Theorem

We are going to descend the pairing τX(F) to a pairing of arithmetic cohomol-
ogy groups.

Lemma 4.1 If M · is complex of Z[G]-modules and N · a complex of abelian
groups (viewed as a complex of trivial Z[G]-modules), then there is a quasi-
isomorphism

RΓGRHomAb(M
·, N ·) = RHomG(M

·, N ·) ∼= RHomAb(RΓGM
·, N ·)[−1].

Proof. For any Z[G]-module M and abelian group N we have
HomAb(MG, N) ∼= HomG(M,N). Since the total left derived functor
L(−)G of the coinvariant functor agrees with the shift of the total right
derived functor R(−)G[−1] of the invariant functor, we get the adjunction
RHomAb(RΓGM,N) ∼= RHomG(M,N [1]). The lemma follows. ✷

Restricting the action of the Galois group Ĝ on the source and target of τX(F)
to the Weil group G, and applying RΓG, we get by Lemma 4.1 the duality
homomorphism

δX(F) : RHomar(F ,Z
c) = RΓGRHomet(F ,Z

c|X̄)[1]
RΓGτX(F)
−−−−−−−→

RΓGRHomAb(RΓc(X̄et,F),Z)[1] ∼=

RHomAb(RΓGRΓc(X̄et,F),Z) = RHomAb(RΓc(XW ,F),Z). (12)
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Theorem 4.2 Let F · be a bounded complex of Z-constructible sheaves on the
curve X over Fq. Then the pairing (12) induces a quasi-ismorphism

RHomar(F ,Z
c)

∼
−→ RHomAb(RΓc(XW ,F),Z).

Proof. We apply δ to the triangle (11) note that the map δX(RTmF) ∼=
RΓGτX(RTmF) is a quasi-isomorphism for every m by the main theo-
rem of [6]. If Ki and Ci are the kernel and cokernel of Hc

i (Xar,F) →
RHom−i

Ab(RΓc(Xar,F),Z), respectively, then the argument of Proposition 3.1
gives, for every integer m, an exact sequence

0→ Ci+1
×m
−−→ Ci+1 → Ki

×m
−−→ Ki → 0.

Since Ki is divisible, finite generation implies that Ki is trivial, and then Ci+1

is divisible hence trivial. ✷

Corollary 4.3 We have perfect pairings of finitely generated groups

Hc
i (Xar,F)/tor×Hi

c(XW ,F)/tor→ Z; (13)

torH
c
i−1(Xar,F)× torH

i
c(XW ,F)→ Q/Z. (14)

The torsion free groups vanish unless 0 ≤ i ≤ 2, and the torsion groups vanish
unless 0 ≤ i ≤ 3.

Proof. Taking the map induced on −ith cohomology groups by δX(F), we get
an isomorphism

Hc
i (Xar,F) ∼= H−iRHomAb(RΓc(XW ,F),Z).

The Leray spectral sequence degenerates into

0→ Ext1Ab(H
i+1
c (XW ,F),Z)→ H−iRHomAb(RΓc(XW ,F),Z)

→ HomAb(H
i
c(XW ,F),Z)→ 0.

For a finitely generated abelian group M , the surjection HomAb(M,Q/Z) →
Ext1Ab(M,Z) induces an isomorphism HomAb(torM,Q/Z) ∼= Ext1Ab(M,Z).
Since this is torsion and HomAb(−,Z) is torsion free, we have

H−iRHomAb(RΓc(XW ,F))/tor = HomAb(H
i
c(XW ,F),Z)

and

torH
−iRHomAb(RΓc(XW ,F)) = Ext1Ab(H

i+1
c (XW ,F),Z)

= HomAb(torH
i+1
c (XW ,F),Q/Z).

The vanishing follows by Lemma’s 2.7 and 2.8. ✷

Documenta Mathematica 17 (2012) 989–1002



998 Thomas Geisser

Corollary 4.4 The pairing

δX(F) : RHomar(F ,Z
c)→ RHomAb(RΓc(XW ,F),Z)

is a quasi-isomorphism for every sheaf F ∈ Et∼X .

Proof. Given F on Et∼X , we can write F as the filtered colimit of Z-constructible
sheaves, F = colimFi. Since the etale site is noetherian, RΓ(Xet,−) commutes
with colimits, the duality pairing can be identified with

RHomar(F ,Z
c
X) RHomar(colimFi,Z

c
X)





y





y

RHomAb(RΓc(XW ,F),Z) RHomAb(colimRΓc(XW ,Fi),Z)

The right hand map induces a map between the spectral sequences of [12,
Theorem 1]

Es,t
2 = lims Exttar(Fi,Z

c
X) ⇒ Exts+t

ar (colimFi,Z
c)





y





y

Es,t
2 = lims ExttAb(RΓc(XW ,Fi),Z) ⇒ Exts+t

Ab (colimRΓc(XW ,Fi),Z).

The map on E2-terms is an isomorphism, and the spectral sequences converge,
by Lemma’s 2.7 and 2.8. Hence we get an isomorphism on the abutment. ✷

5 Constant coefficients

In this section we connect our results to the result of Lichtenbaum [9]. Recall
that if X is smooth, then Zc

X
∼= Gm[1], hence Hc

i (Xar,Z) ∼= H2−i(XW ,Gm).
For an abelian group A, let A∗ = Hom(A,Q/Z).

Proposition 5.1 (Lichtenbaum [9, Thm.6.1c,d]) Let U be the complement of
s > 0 points of a connected smooth and proper curve X. Then

Hi
c(UW ,Z) =



















0 i = 0;

Zs/Z i = 1;

Hom(Γ(U,OU )
×,Z)⊕ Pic(U)∗ i = 2;

Γ(X,O×

X)∗ i = 3.

Hc
i (Uar,Z) =











0 i = 0;

Pic(U)⊕ ker(Zs → Z) i = 1;

Γ(U,O×

U ) i = 2.
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Proof. For cohomology, this follows from the long exact sequence (6) com-
paring the cohomology and homology of U to its compactification X . For
homology we have H2(Xar,Z) = H0(XW ,Gm) = H0(Xet,Gm) by (7),
and the long exact sequence (4) gives the other two groups. Note that
Γ(U,O×

U )
∼= Γ(X,O×

X)⊕ ker(Z⊕s → Z). ✷

The dual graph of a proper curveX is defined as follows. Let X ′ be the normal-
ization of X , S be the set of singular points of X and S′ = S×X X ′. Then the
dual graph is a bipartite graph with vertices the points of S′ and the connected
components of X ′, and an edge for each point in S′ connecting its image in S
with the component it is contained it. If X is connected, then Γ is connected,
hence H0(Γ,Z) = Z and H1(Γ,Z) is free of rank |π0(S)| − |π0(S

′)|+ |π0(X
′)|.

The following proposition generalizes Lichtenbaum [9, Thm.6.1a,b], since for
smooth and proper curves, CH0(X) ∼= Pic(X), CH0(X, 1) = Γ(X,O×

X) and
H1(Γ,Z) = 0.

Proposition 5.2 Let X be a connected proper curve with normalization X ′ =
∐

iXi and dual graph Γ. Then the non-vanishing cohomology and homology
groups are

Hi
c(XW ,Z) =



















H0(Γ,Z) i = 0;

H0(Γ,Z)⊕H1(Γ,Z) i = 1;

H1(Γ,Z)⊕
∐

Pic0(Xi)
∗ i = 2;

∐

Γ(Xi,O
×

Xi
)∗ i = 3.

Hc
i (Xar,Z) =











H0(Γ,Z) i = 0;

CH0(X)⊕H1(Γ,Z) i = 1;

CH0(X, 1) i = 2.

Proof. In the smooth, proper case, the result for cohomology follows from (7)
and Hi(XW ,Z) ∼= Hi−1(Xet,Q/Z) for i ≥ 2. The calculation for homology can
also be found in [7]. In the general case, one uses the long exact sequences (4)
and (6) arising from the cartesian square

S′ −−−−→
∐

Xi




y





y

S −−−−→ X.

✷

6 Comparison to Deninger’s results

By Nart [11], Deninger’s [3] dualizing complex G is quasi-isomorphic to the
shift Zc

X [−1]. According to Deninger [2], if X is smooth and proper, then the
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groups Hi(Xet,F) and Extiet(F ,G) = Exti−1
et (F ,Zc

X) are finitely generated for
i = 0, 1 and of cofinite type for i = 2, 3. We are going to recover and improve
Deninger’s result in this section. Let

r = rankH0
c (XW ,F)

s = rankH2
c (XW ,F).

Lemma 6.1 Let X be a separated curve over a finite field.
a) The groups Hi

c(Xet,F) and Exti−1
et (F ,Zc) are torsion for i 6= 0, 1.

b) We have

rankH1
c (XW ,F) = r + s

rankH0
c (Xet,F) = r

rankH1
c (Xet,F) = s.

Proof. a) The first statement is Lemma 2.7. By Theorem 2.2, we have
Exti−1

et (F ,Zc)Q ⊆ Hc
2−i(Xar,F)Q as well as Exti−1

et (F ,Zc)Q ⊆ Hc
1−i(Xar,F)Q

and we can conclude with Corollary 4.3
b) This follows from a) and (9). ✷

Now consider the long exact sequence (8)

0→ H1
c (Xet,F)→ H1

c (XW ,F)
α
−→ H0

c (Xet,F)Q
δ0→ H2

c (Xet,F)→

H2
c (XW ,F)→ H1

c (Xet,F)Q
δ1→ H3

c (Xet,F)→ H3
c (XW ,F)→ 0.

Some easy considerations together with the fact that Weil-etale cohomology is
finitely generated, and that H2

c (Xet,F) and H3
c (Xet,F) are torsion, gives

Theorem 6.2 Let X be a separated curve over a finite field.
a) The groups H0

c (Xet,F), H1
c (Xet,F) are finitely generated, the groups

H2
c (Xet,F), H

3
c (Xet,F) are cofinitely generated of corank r and s, respectively,

and all other groups vanish.
b) We have a decomposition into finite and cofree groups

torH
1
c (Xet,F) ∼= torH

1
c (XW ,F);

H2
c (Xet,F) ∼= torH

2
c (XW ,F)⊕

(

H1
c (XW ,F)/H1

c (Xet,F)
)

⊗ Q/Z;

H3
c (Xet,F) ∼= H3

c (XW ,F)⊕H2
c (XW ,F)⊗Q/Z.

For example, the image of δ0 is H0
c (Xet,F) ⊗ Q/Z because it is torsion and

H1
c (XW ,F)/tor is a finitely generated abelian group. By the Lemma, Theorem

2.6 and (8), Hi
c(Xet,F) ∼= Hi

c(XW ,F) = 0 for i > 3.
By Lemma 6.1a), the exact sequence from Theorem 2.2 becomes

0→ Ext0et(F ,Z
c
X)→ Hc

1(Xar,F)
β
−→ Ext−1

et (F ,Z
c
X)Q → Ext1et(F ,Z

c
X)→

Hc
0(Xar,F)→ Ext0et(F ,Z

c
X)Q → Ext2et(F ,Z

c
X)→ Hc

−1(Xar,F)→ 0
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together with an isomorphism Ext−1
et (F ,Z

c) = Hc
2(Xar,F). A similar argument

as above gives

Theorem 6.3 Let X be a separated curve over a finite field.
a) Then the groups Ext−1

et (F ,Z
c
X) and Ext0et(F ,Z

c
X) are finitely generated of

rank s and r, respectively, the groups Ext1et(F ,Z
c
X) and Ext2et(F ,Z

c
X) are

cofinitely generated of corank s and r, respectively, and all other groups vanish.
b) We have a decomposition into finite and cofree groups

tor Ext
0
et(F ,Z

c
X) ∼= torH1(Xar,F),

Ext1et(F ,Z
c
X) ∼= torH

c
0(Xar,F)⊕

(

Hc
1(Xar,F)/Ext

0
et(F ,Z

c
X)

)

⊗Q/Z,

Ext2et(F ,Z
c
X) ∼= Hc

−1(Xar,F)⊕H0(Xar,F)⊗Q/Z.

Corollary 6.4 (Deninger) There are isomorphisms of discrete torsion groups
of cofinite type:

Ext−1
et (F ,Z

c
X)∗ ∼=H3

c (Xet,F);

H0
c (Xet,F)

∗ ∼=Ext2et(F ,Z
c
X)

tor Ext
0
et(F ,Z

c)∗ ∼=cotorH
2
c (Xet,F)

torH
1
c (Xet,F)

∗ ∼=cotor Ext
1
et(F ,Z

c)

Proof. This follows by splicing together the torsion and cotorsion part of Corol-
lary 4.3. For example,

Ext−1
et (F ,Zc)∗ ∼= (torH2(Xar,F))

∗ ⊕ (H2(Xar,F)/tor)
∗.

The first term is H3
c (XW ,F), and the second term is

Hom(Hom(H2
c (XW ,F)/tor,Z),Q/Z) ∼= H2

c (XW ,F)⊗Q/Z

because H2
c (XW ,F) is a finitely generated abelian group. The last two isomor-

phisms are

tor Ext
0
et(F ,Z

c)∗ = torH
c
1(Xar,F)

∗ = torH
2
c (XW ,F) = cotorH

2
c (Xet,F),

and

torH
1
c (Xet,F)

∗ = torH
1
c (XW ,F)∗ = torH

c
0(Xar,F) = cotor Ext

1
et(F ,Z

c).

✷

We leave it as an open problem to derive the remaining isomorphisms

(Ext0et(F ,Z
c)/tor)∗ ∼=H2

c (Xet,F)/cotor

(H1
c (Xet,F)/tor)

∗ ∼=Ext1et(F ,Z
c)/cotor

from our results.
In higher dimension, the etale cohomology and extension groups will be mixed
in the sense that they contain both a finitely generated free subgroup as well
as a cofinitely generated torsion divisible subgroup.
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