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ABSTRACT. We write out and prove the trace formula for a convolu-
tion operator on the space of cusp forms on GL(2) over the function
field F' of a smooth projective absolutely irreducible curve over a finite
field. The proof — which follows Drinfeld — is complete and all terms
in the formula are explicitly computed. The structure of the homo-
geneous space GL(2, F)\ GL(2,A) is studied in section 2 by means
of locally free sheaves of Ox-modules. Section 3 deals with the reg-
ularization and computation of the geometric terms, over conjugacy
classes. Section 4 develops the theory of intertwining operators and
Eisenstein Series, and the trace formula is proven in section 5.

2010 Mathematics Subject Classification: Primary 11F70, 11F72; Sec-
ondary 22K35, 22E55, 11G20, 11R39, 11R52, 11R58, 14H30, 11S37
Keywords and Phrases: FEisenstein series, intertwining operators,
trace formula, automorphic representations, GL(2), function fields,
orbital integrals

1 INTRODUCTION AND STATEMENT OF THE TRACE FORMULA

1.1 INTRODUCTION

The (non-invariant) trace formula for GL(2) over a number field was stated
and its proof sketched in chapter 15 of the influential book of Jacquet and
Langlands [JL70] of 1970. It was used there for comparison of automorphic
representations of the multiplicative group of a quaternion algebra, with auto-
morphic representations of GL(2).

Drinfeld used the trace formula for GL(2) over a function field F' to prove
Langlands’ conjecture for GL(2, F), and to count in [D81] the number of two
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2 YUuvAL Z. FLICKER

dimensional irreducible representations of the fundamental group of a smooth
projective geometrically irreducible curve X over a finite field. To check the
statement of the trace formula of [JL70] in the function field case, Drinfeld gave
a detailed (but unpublished) proof. It differs from the one sketched in [JL70].
It is this proof of Drinfeld which is given in this paper.

The main reason why this proof is still interesting is the elementary and un-
conventional treatment of Eisenstein series (see subsections 4.7-4.8 below), and
the computation of traces in the spirit of Tate [T68], see subsection 5.2. In
both cases it is based on a “baby model” (see Proposition 4.31, Corollary 4.32,
Lemma 5.11), which cries out for generalization.

Let us describe the contents of this article.

The trace formula itself is stated in subsection 1.2 with a few comments. More
comments, including informal ones, are given in section 3.

Section 2 contains a dictionary between the language of adeles and the lan-
guage of vector bundles on the smooth projective curve X corresponding to
F. In particular, the set of rank n vector bundles on X is identified with
GL(n, F)\ GL(n,A)/ GL(n,Oy4), where Oy C A is the ring of integral adeles.
This dictionary goes back to A. Weil [W38], although in an older language. It
underlies Drinfeld’s Geometric Langlands program [BD].

The terms which appear in the geometric part of the trace formula — orbital in-
tegrals and weighted orbital integrals — are estimated and regularized in section
3.

In section 4 intertwining operators, Eisenstein series, and L-functions are in-
troduced. The rationality of the intertwining operator M (1, u2,t) and the
functional equation M? = 1 are first proven using local computations: nor-
malization of the intertwining operators by L-functions and e-factors, and the
functional equation of the L-functions.

In subsections 4.7-4.8 these facts are proven using an alternative, global ap-
proach. The ideas might go back to Selberg. But technically the exposition is
quite different and more elementary: in the case of function fields the analytic
problems disappear.

The trace formula is proven in section 5. The logarithmic derivative of the
intertwining operator appears as a result of a computation of the trace of some
operator in a power series space, see Lemma 5.11. This computation is probably
related to Tate’s article [T68].

Here are some questions.

1. Could the methods of subsections 4.7-4.8 and section 5 be extended to
prove the functional equation for Eisenstein series, and the trace formula, for
an arbitrary reductive group over a function field?

2. Is there a modification of the technique from subsections 4.7-4.8 that would
work in the case of number fields, e.g., for GL(2,Q)? One could try to replace
the space of formal power series used in subsections 4.7-4.8 by some space of
holomorphic functions.

3. What is the precise relationship between Lemma 5.11 and Tate’s [T68]?
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EISENSTEIN SERIES AND THE TRACE FORMULA . .. 3

4. What is the relationship between the approach to Eisenstein series of subsec-
tions 4.7-4.8, and the classical approaches: that of Selberg-Langlands-Arthur,
and that of scattering theory (see [FP72] or [LP76])?

This author’s initial motivation to write out Drinfeld’s expression and proof of
the trace formula for GL(2) over a function field stems from his search for higher
rank analogues of Drinfeld’s formula [D81]. This led us to count with Deligne
[DF13] the number of rank n (> 2) local systems with principal unipotent
local monodromy at least at two places. There we use the trace formula in the
compact quotient case, and the transfer of automorphic representations from a
compact form to GL(n). This explains the condition: “at least at two places”.
The case of [D81] is rank n = 2, no monodromy. To complete the study
of [D81] and of [DF13] in rank two one has to consider the case of principal
unipotent local monodromy at a single place. This is done in [F], using the
explicit computations of the trace formula for GL(2) over a function field of
the present work. This was our initial motivation to write out this formula.
Drinfeld’s proof in the case of rank two, no ramification, is also given in [F].
Of course there are numerous expositions of the trace formula of [JL70], e.g.
[GJ79], geared to explain the lifting application of [JL70], mainly in the number
field case. But none computes explicitly (and accurately, cf. [D81]) all the terms
which appear in the trace formula. The latter is precisely what is needed for the
counting applications of [D81] and [F]. An attempt at a complete exposition
of the computations for GL(2) in the number field case is at [AFOO].

Of course the trace formula of [JL70] was generalized to the higher rank case
by Arthur, see e.g. [A05], in the number field case, and by Lafforgue, see e.g.
[L{97], in the function field case. But the important applications of these works
did not require explicit evaluation of all the terms which appear in the trace
formula, so our results are not included in those of [L{97], even in the case of
GL(2) considered here.

In the number field case, the Remark on p. 112 of [A05] states: “As a matter
of fact, it is only in the case of GL(2) that the general coefficients have been
evaluated. It would be very interesting to understand them better in other
examples, although this does not seem to be necessary for presently conceived
applications of the trace formula”. Indeed the applications of [D81], [DF13],
[F] — counting rather than comparing — are of different nature than those of
[JL70], [A05], [Lf97], where most terms can be erased a-priori in the comparison
so they need not be computed.

To repeat what is explained above, we also think the approach of subsections
4.7-4.8 and section 5 is original, substantially different from the currently known
methods (which are developed in [A05], [Lf97]), interesting and warrants further
development.

I am deeply grateful to V. Drinfeld for making available to me his unpublished
notes, for teaching me lots of mathematics in the process, and for his per-
mission to publish this paper; to A. Beilinson for telling me at IHES about
Drinfeld’s notes; to the referee for the very careful reading. The author was
a Schonbrunn visiting Professor at the Hebrew University, Jerusalem. Work
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4 YUVAL Z. FLICKER
partially supported by a grant (#267097) from the Simons Foundation.

1.2 STATEMENT OF THE TRACE FORMULA

Let us write the trace formula for GL(2) over a function field F' of a smooth
projective geometrically connected curve X over a finite field Iy, and a test
function f in C2°(GL(2,A)) (subscript ¢ for “compactly supported”, super-
script oo for “locally constant”, A denotes the ring of adeles of F').

Let 79 be the representation of GL(2,A) by right translation on the space
Ap,o of cusp forms on o - GL(2, F)\ GL(2,A), and ro(f) = [ f(g)ro(g)dg
(g9 € GL(2,A)) the convolution operator; dg = ®,dg, is a Haar measure. Here
« is a fixed idele of degree 1, whose components are almost all equal to 1.

A cusp form is a function ¢ : GL(2, F)\ GL(2,A) — E (E is a fixed algebraically
closed subfield of C) which is invariant on the right by some open compact
subgroup of GL(2,A), and fN(F)\N(A) ¢(nz)dn = 0 for all z in GL(2,A). Here
N denotes the unipotent upper triangular subgroup of GL(2). We also write A
for the diagonal subgroup, and A’ = A — Z where Z is the center of GL(2). By
a well known result of G. Harder, when F' is a function field (but not a number
field) a cusp form is compactly supported modulo Z(A).

THEOREM 1.1. For any f € CX(GL(2,A)) we have trro(f) = > ;<5 Si(f)-
The terms are: o

Si(f) = la® - GL(2, F\GL(2,8)] > f(7):

yeEQL-FX

Sa(f) = Sa.m(f),

Som(f) = | Autp |70 > flayz™Y)de.

YEQL(F>—F)

/GL(Q,A)/&Z-F;

Here Fy ranges over the set of isomorphism classes of quadratic extensions of
the field F. For each Fy we fix an embedding Fo — M (2, F') into the ring of
2 X 2 matrices over F'.

S3(f) = f(x ' yz)v(z)da.

’yEO(Z'A'(F) /A(A)\ GL(QvA)

Any x € GL(2,A) can be written in the form ank, a € A(A), k € GL(2,04),

n=(§%),bis determined uniquely by x up to b — ub~+w, u € O, w € O,.

Put v(x) =} log,(max(1, |b,|,))-

i) = X Bus M) Buglt) = 2 (Bus(t) + 00s 7).

v (88) ) " Vda,
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EISENSTEIN SERIES AND THE TRACE FORMULA . .. 5

ht™ : GL(2,A) — Z is defined by ht™ ((§ §) k) = dega — degh (k € GL(2,04);
a,be A% ceA).

_ -1 v won s 1/ B2, 2)
S5(f) = — Z 7{:1’0 I vy, pov, - ’f)im(ul/ug,z) 2zdz.

K112

Here m(u,z) = L(p, 2)/L(p, 2/q). The py, pa range over the set of characters
of AX/F* . a” v,(x) = 2%°8®) Also I(uy,pu2) is the space of right locally
constant functions ¢ on GL(2,A) with

¢((55)2) = la/b]' P (@)p2(b)é(x) (¢ € GL(2,4); a,be A%; c€A).

It is a GL(2,A)-module by right translation, and tr I(pv., pev,—1, f) is the
trace of the indicated convolution operator.

-1
A4

d
SG(f) Z sz|:1 tr[I(,u'le; ,U'QI/zflaf) . R(,u’la H2, Z)_laR(‘Ll,l, H2, Z)]dZ

1,12

Notations are as in S5(f), and R(p1, 2, 2) : I(paVs, pav,—1) — I(pov, -1, u1vs)
is an operator, rational in z, defined as a product @,R({1y, fhov, Zv), 2v =
29e8(v) " The product is well defined as the local operator maps the function in
the source whose restriction to GL(2,0,) is 1 to such function in the target.
Further, R(14, 2y, 2) is defined to be

[L(va/,u%v Z2/QU)/L(N17J/N2M 22)]M(N1va H2v, Z)

The operator M (p1y, 2, 2) = M (l1pVs, pooV.—1) is defined first by an integral

o [o(@) BN D)y i mfu)m )2 < 1

then by analytic continuation, as it is a rational function in z. The operators
Iz, pov,—1, f) and R(p1, po, z) are considered as operators on

To(p1, p2) = {¢ € C7(GL(2,04)); ¢((G5) ) = p1(a)uz(b)p(x);
z € GL(2,04), a,be Of; ce O}

S = el s) S =-3 [ oy J@naet )

Both sums range over all characters i of A*/F* -a?%. The sum of Sg is over
all automorphic one dimensional representations (podet) of a”\ GL(2,A). The
integral there represents the trace of the convolution operator associated with f.

The terms S1(f) and Sa(f) are finite by Proposition 3.5, 3.6, 3.9. The argument
used in the proof of Proposition 3.9 shows that for any v € oZ(A(F) — Z(F))
the function x — f(z~'yx) on A(A)\ GL(2,A) has compact support, hence the
integral in S3(f) converges.
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6 YUuvAL Z. FLICKER

By Proposition 3.11 the function 0, f(t) is rational and may have at t = 1 a
pole of order at most 1, for each a € A*. Hence é,wv(t) is regular at ¢t = 1.
From Proposition 3.5 it follows that the sums in S3(f) and Sy(f) are finite, so
these terms are well defined.
For any f = ®f, in C°(GL(2,A)), the operator I(u1, us, f) is zero unless p;
are unramified at each v where f, is GL(2,0,) biinvariant. This implies that
the sums in S;(f) (5 < i < 8) are finite, for a given f. To see that Ss(f) and
Se(f) are well defined, note that the rational functions m(u,t), R(p1, pe,t),
R(p1, pi2, )1 are regular on |t| = 1 for all characters p, pi1, po of AX/F* . a”.
For m(p,t) this follows from Proposition 4.11, for R and R~! from Corollary
4.28.

/) G

(

The distributions [linear forms on C°(GL(2,A))] f +— trro(f), Si(
1,2,5,7,8) are invariant, namely take the same value at f and f"(x)
f(h=tzh), h € GL(2, ) For i = 3,4,6 we have S;(f") = S;(f) if h
GL(2,0,), but S; is not invariant.

If f e C(GL(2,A)) takes values in Q then trro(f) € Q, since the representa-
tion rg is defined over Q. Fori = 1,2,3,4,8 it is clear that S;(f) € Q. Fori =7
the integrand contains the factor y(ab)|a/b|'/? which involves /7. However the
sum includes with p also pe, e(a) = —1, and so the sum of the terms indexed
by 1 and pe can be written as an integral over the domain where |a/b| is in
2.

To see that S5(f) is rational, we put a(puy, p2) = QLM 3§\t|:1 f(p1, pa, t)dt where

m

d
f(,ula,uQa )*trI(,u'thvlLQVt 17f) lnm(ﬂl/ﬂ% )7

and claim that for any o € Gal(Q/Q) one has o(a(u1, 2)) = a(? 1, p2). Note
that Gal(Q/Q) acts on the group of characters on AX/F* - a? as they are all
Q-valued. Now a(pu1, p2) is the sum of the residues of f(u1, pe,t) at the points
of the unit disc. We have that o(f(p1,p2,t)) = f(Tp1, u2,e(o) - 7t) with
e(o) = o(\/q)//q- However, if f(u1,p2,t) has a pole at t = to and |to| < 1,
then by Proposition 4.11, |o(tp)| < 1 for any ¢ € Gal(Q/Q). Hence S5(f) € Q.
To see that Se(f) € Q one proceeds similarly, using the results of Corollary
4.28 on the poles of R(ju1, 1o, t) and R(uy, 2, t) L.

2 LOCALLY FREE SHEAVES OF (Jx-MODULES

2.1 STABLE BUNDLES

Let X be a smooth geometrically connected projective curve over F, (we take
minimal ¢). Denote by Ox the structure sheaf of X. Denote by Bun,, the set of
isomorphism classes of rank n locally free sheaves of O x-modules. By a (vector)
bundle we mean here simply a locally free sheaf. In particular, Bun; = Pic X.
The Picard group Pic X of invertible, or rank 1, locally free sheaves £ of Ox-
modules, is naturally isomorphic to the group of classes D of (Weil) divisors
D =3, nw (n, € Z, v €|X|). Here |X| is the set of closed points of X,
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EISENSTEIN SERIES AND THE TRACE FORMULA . .. 7

and the divisors D, D’ lie in the same class (are linearly equivalent) if their
difference is the (principal) divisor (f) = >, ord,(f)v where f is a nonzero
rational function on X and ord,(f) is the order of f at v € | X| (ord,(f) > 0 if
v is a zero, ord, (f) < 0 if v is a pole, ord,(f) = 0 otherwise). If £, M € Pic X
correspond to the divisors D, D’ then £ ® M corresponds to D + D’.

There is a degree map deg on Pic X: deg(d_, n,v) = >, n,deg(v) defines
deg(L) = deg(D), where deg(v) = [k, : Fy]. Here k, is the residue field of the
function field F' = Fy(X) of X over F, at v; assume F, is algebraically closed
in F. We write F, for the completion of F' at v, O, for its ring of integers. The
cardinality of the residue field k, = F,, at v is denoted by ¢, thus ¢, = qdes(v)
We also write deg(D) for deg(D), as the degree of a principal divisor is 0; recall
that D denotes the class of D.

Denote by x(£) = dimg, H°(X, £) — dimg, H'(X, £) the Euler-Poincaré char-
acteristic of £ € PicX. Here H'(X, L) are finite dimensional vector spaces
over F,. Then x(Ox) = 1— g where g = dimp, H'(X,Ox) is named the genus
of X. The Riemann-Roch theorem asserts that x(£) — deg(£) = x(Ox) is
independent of £ € Pic X.

Define the degree of a locally free sheaf £ of Ox-modules of rank n to be
deg& = x(€) — nx(Ox). The determinant of € is det& = \" € € PicX. We
have deg & = degdet £. This gives an alternative definition of the degree. A
proof of this equality is as follows. If £ is a line bundle, then there is nothing
to prove. In the general case, use the fact that both deg€& and degdet & are
additive (if £ C £ is a subbundle, then deg £ = deg &' +deg(£/E’) and similarly
for degdet &), and that each vector bundle has a flag, &;, such that &;/&;_1 are
line bundles.

The height of a rank two locally free sheaf £ of Ox-modules is the integer
ht(€) = max,(2deg £ — deg €), L ranges over all invertible subsheaves of €.

PROPOSITION 2.1. We have —2g < ht(€) < oo.

Proof. Let L be an invertible subsheaf of £. From the Riemann-Roch theorem
X(L£) = degL + 1 — g we obtain dimg, H'(X,£) > degL + 1 — g, whence
deg £ < dimg, H°(X, L) 4+ g — 1 < dimp, H*(X,€) + g — 1, so ht(€) is finite.

Let £ be an invertible subsheaf of £ of maximal degree. Let M be an invertible
sheaf with degM = degL + 1. Then Hom(M,E) = 0. Also, by Riemann-
Roch for the rank 2 sheaf &, dimp, Hom(M,€) = dimp, HO(X, M~1E) >
deg(M~LE) +2 — 29 = deg€ — 2deg M + 2 — 29 = degé — 2degL — 29,
so 2deg L —deg& > —2g. O

A rank two locally free sheaf & of Ox-modules is called stable if ht(£) < 0
and semistable if ht(£) < 0. In general, the slope u(E) of a locally free sheaf
& over an algebraic curve is defined to be deg £/ 1k &, and £ is called stable if
w(F) < p(E) for all proper nonzero subbundles F of € (semistable if <). A
locally free sheaf & of rank two is called almost stable if ht(£) < 2¢g — 1, and
very unstable if ht(€) > 29 — 1. If g = 0, every £ is very unstable.
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8 YUuvAL Z. FLICKER

Remark 1. A very unstable vector bundle £ of rank 2 splits into the direct
sum of two line bundles. We give here a relatively elementary treatment. An
extension can be found in the work of Harder and Narasimhan. If & is very
unstable, £ is an invertible subsheaf of £ of maximal degree, and M = £/L,
then M is invertible and Ext(M, £) = H'(X, ML) is 0 since

deg ML =deg £ — degM = 2deg L — deg€& =htE > 29 — 1.

Indeed, by Serre duality H'(X, ML) = H°(X, £L~! Mw) where w denotes the
canonical bundle. But deg L7 *Mw < 2g—2—(2g—1) <0, and H*(X,F) =0
for an invertible sheaf F with negative degree.

PROPOSITION 2.2. The number of isomorphism classes of almost stable rank
two locally free sheaves € of Ox-modules with a fixed degree is finite.

Proof. The height of an almost stable sheaf lies in [—2g,2¢ — 2]. Hence it
suffices to show the finiteness for £ with a fixed degree n and height h. Every
such sheaf lies in an exact sequence 0 — L — & — M — 0, where £ and
M are invertible sheaves and 2deg £ — deg& = h. Then degL = (n+ h)/2,
deg M = (n — h)/2. Since the degrees of £ and M are fixed, there are only
finitely many possibilities for £ and M (set of cardinality of the F,-points on
the abelian variety Pic’(X)). With £ and M fixed there are only finitely many
choices for € as Ext(L, M) is finite. O

The group Pic X acts on Buny : (£ € PicX,€ € Bung) — L E. As
deg(L ® &) = 2deg(L) + deg(&),

the set of almost stable sheaves is invariant under this action. In a Pic X-orbit
we may choose € to have deg(€) in {0,1}. Hence we deduce

COROLLARY 2.3. The number of Pic X -orbits on the set of isomorphism classes
of almost stable rank two locally free sheaves of Ox-modules is finite.

2.2 BUNDLES AND LATTICES

Let £ be a rank n locally free sheaf of Ox-modules. Denote by &, the fiber
(= stalk) of £ over the generic point 1 of X. Let £, be the stalk of £ at the
closed point v € |X|. Let O, be the local ring of X at v. Then &, is an
n-dimensional vector space over I, and &,y is an O(,y-lattice in &, namely a
rank n free O(,y-submodule of &,.

A set M of O,)-lattices M(,) in a finite dimensional vector space V over F, v
ranges over the set | X| of closed points in X, is called adelic if there exists a
basis {e1,...,en} in V such that M) = O(,ye1 + - - - + O(y)e, for almost all v
in |[X|. “Almost all” means “with at most finitely many exceptions”. If M is
adelic then it is adelic with respect to any basis {e1,...,e,} of V.

The set of stalks {E,);v € |X|} of a locally free sheaf £ of Ox-modules is
adelic. Conversely, an adelic set of lattices M = {M,);v € |X|} in a finite
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dimensional vector space V over F' is the set of stalks of the locally free sheaf
& of Ox-modules defined by

HY(U,E) ={scV;YoecU,ssc My}

for any open subset U of X. Obtained is an equivalence of the category of finite
rank locally free sheaves of O x-modules, with the category of finite dimensional
vector spaces over I with adelic sets of O,)-lattices.

Let O, be the completion of O(,). The completion of F' at v is denoted F,.
Let V be a finite dimensional vector space over F'. Put V,, =V ®p F,. There
is a natural bijection between the set of O(,-lattices in V', and O,-lattices in
Ve: an O,-lattice M C V' corresponds to the lattice M R0y, 0, in V,; an
O,-lattice N C V,, corresponds to the O(,)-lattice N NV

The category C whose objects are finite dimensional F-vector spaces V with
adelic sets {M,;v € |X|} of O,-lattices M, in V,, is equivalent to the category
of finite rank locally free sheaves of Ox-modules &, by € — (&,,{E,}), where
&y is the generic fiber of £ and &, is the completion of the stalk of £ at the
closed point v € | X].

Let R,, be the set of isomorphism classes of pairs (€,7) where £ is a rank n
locally free sheaf of Ox-modules, and ¢ is an isomorphism from the generic
fiber of £ to F™. The pairs (£,i) and (£',i’) are isomorphic if there is an
isomorphism £5&" which induces a commutative diagram when restricted to
the generic fiber with sides 7 and ¢’ and the identity '™ — F™. The group
GL(n, F) acts on R, by g : (§,7) — (£,g014). Then GL(n, F)\R,, = Bun,, is
the set of isomorphism classes of rank n locally free sheaves of O x-modules.
The set R, is the set of adelic collections of O,-lattices M,, C F', v € | X|. The
group GL(n, F,) acts transitively on the set of O,-lattices in F)*. The stabilizer
of the standard lattice O in F* is GL(n,O,). Thus the set of O,-lattices in
E" is GL(n, F,,)/ GL(n,O,), and R, is GL(n,A)/ GL(n,O,), where A is the
ring of adeles in F* and Og = [, ¢ x| Ov. Thus

Bun,, = GL(n, F')\ GL(n,A)/ GL(n, Oy).

The elements of GL(n,A)/ GL(n,Oy) are called matrix divisors, and the ele-
ments of GL(n, F)\ GL(n, A)/ GL(n, Oa) classes of matrix divisors. For n =1,
the identification of GL(n, F)\ GL(n, A)/ GL(n, O,) with Bun,, is the identifi-
cation of classes of divisors with invertible sheaves.

The group GL(n, A) can be identified with the set of triples

(Eyin: &y = F™, (iy 1 Ey = OF)).

Given a rank n locally free sheaf £, an isomorphism i, : &, 5 F™, and for each
closed point v in | X| an isomorphism i, : £, — O of the completion &, of the
stalk £,y at v with Oy, let us define the corresponding g = (g,) in GL(n, A).
Each g, has to be an automorphism F* — F, with ¢,(0?) = O for almost
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all v. Construct g, as the composition i, o i, L

in iy

F'=F'"®pF, <& @p F,=E&p, =& ®o0, Fy, = OI'®0, F, = F.

Note that since £ is locally free, for almost all v the map g, = i, o, I takes
Oy C F'to&, C &®FrF, via i;l, and then to O] via i,,. To show that the map
{(&, 1y, (iv))} — GL(n, A) is bijective one shows that GL(n,A) acts on the set
of triples, simply transitively. Viewing the trivial locally free sheaf as O} (space
of columns), (&, iy, (iy)) is defined to be (g€, iy, (ivog, '), where i, 0g, ' maps
the stalk g,&, of g€ at v to O}. The set of pairs {(£,i,)} then corresponds to
GL(n,A)/ GL(n,Oy), the set of pairs {(&, (iy))} to GL(n, F)\ GL(n,A), and
the set {€} to GL(n, F)\ GL(n,A)/ GL(n,Oy).

To an ideéle a = (w, ™ u,; v € | X|), where m,, denotes a generator of the maximal
ideal in the ring O, of integers in F,, u, € O} and n, € Z, we associate the
divisor D = n,v, and the degree

deg(a) = deg(D) = va deg(v), deg(v) = [Fy : Fl,

where F, is the residue field of F at v, a finite field of ¢, = ¢9°8(*) elements.
For g € GL(2,A) write deg g for degdet g. Recall that Oy = [[, O, (v € |X]).

For t € C* we write
vi(a) =t~ deg(a) _ Ht;nv
v

where ¢, = 198"}, Then v,-1(a) = [[, ¢% = |a| is equal to v(a) = g4°&(®,
Also vy(my) = by, vg-1(my) = [Ty

Let £ and M be invertible sheaves. Fix isomorphisms i, i, of their generic
fibers with F. Each of (£,iz) and (M, ix) defines an element of A* /Oy,
namely a divisor on X. Choose representatives a, b in A*, for example ", n,v
is represented by (w, ). Given an exact sequence 0 — £ — & — M — 0 of
locally free sheaves, choose an isomorphism ¢ between the generic fiber of £ and
F? 5o that the induced exact sequence of generic fibers 0 — F — F? —+ F — 0
is standard (:L' = (5), () — y) The isomorphism ¢ is defined uniquely up
to left multiplication by an automorphism of F? of the form (} 1), t € F.
The pair (£,¢) determines an element of GL(2,A)/ GL(2,0,), of the form
w=(3%)(29), with z in A. Since u is defined up to right multiplication by
an element of GL(2,0), z is uniquely defined up to addition of an element of
20,. Replacing ¢ by (1) with ¢t € F replaces z by z 4 t. Thus we get a
bijection

Ext(M, L) — A/(F + %OA).

This is an isomorphism of F4-vector spaces.

In summary, if the invertible sheaves £ and M correspond to ideles a and
b, then Ext(M, L) ~ A/(F + $0,), and the map Ext(M, £) — Buny which
associates to the exact sequence 0 — L — & — M — 0 its middle term,
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coincides with the map A/(F + £0,) ~ H' (X, M~'L), see [S97], IL. 5. The
isomorphism A/(F + £04) = Ext(M, £) is H (X, M~'£)= Ext(M, L).

2.3 THE SpPACE GL(2, F')\ GL(2,A)

PROPOSITION 2.4. Given a € A*, dega > 2g — 1, then aOy + F = A.

Proof. Tf L is an invertible sheaf on X associated with a, then A/(F +aOy) =
HY(X, L). By Serre duality H(X, £) ~ H°(X, L~ 'w), where w is the canonical
bundle of degree 2g — 2. Then deg(L 'w) < (29 —2) — (29 — 1) = -1 < 0,
hence HY(X, L~ w) = {0}. O

Define a function
ht™:GL(2,A) = Z by  htT((&§)k) =dega — degh

for all a,b € A*, c € A, k € GL(2,0,). It is clearly a well defined function on
B(F)\ GL(2,A). For z € GL(2,A), put

ht(z) = ht™ )
() el (vz)

On GL(2, F)\ GL(2,A) it is well defined.
PROPOSITION 2.5. For any x € GL(2,A) we have —2¢g < ht(x) < oo.

Proof. This follows from Proposition 2.1 as if £ is a rank two locally free sheaf
of Ox-modules associated to the image of « in GL(2, F')\ GL(2,A)/ GL(2, Oy),
then ht(z) = ht(€). O

Put Hp = {x € B(F)\ GL(2,A); ht"(z) > 0} and
H = {z € GL(2, F)\ GL(2, A); ht(z) > 0}.

PROPOSITION 2.6. (1) The restriction p to Hp of the natural projection p’ :
B(F)\ GL(2,A) — GL(2, F)\ GL(2,A) is a homeomorphism Hp — H.

(2) The set {z € GL(2, F)\ GL(2,A); ht(x) < n} is compact modulo the center
Z(A) of GL(2,A) for every integer n.

Proof. (1) The map p is clearly onto. To show that p is injective it suffices to
show for any z in GL(2,A),y € GL(2, F), that ht™(z) > 0 and ht*(y2) > 0
implies v € B(F). This is a typical application of the Harder-Narasimhan
filtration. In simple, explicit terms, this follows from

LEMMA 2.7. If g € GL(2, F) — B(F) then ht™ (z) + ht™(gx) < 0.
0
1

Proof. Write g as giwge with g1,92 in B(F), w = ({}). Put 2’ = gou.
Then ht*(z) = ht*(2’), ht" (gz) = ht*(wz’). Thus we need to show that
ht*(2') + ht*(wa’) < 0. Suppose 2’ = (G 41 ) ki, wa’ = (¢4 ) k2 with
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ki ks € GL(2,04). Put koky! = (:fi). Then (% §2) (3?) —w (%) =

(a01 2 ) Hence byy = a;. Thus dega; < degby (as degy < 0, since v € Op).

But deg asbs = degaiby. Hence degas < degby. Then ht+(:n’) + ht+(w:£’) =
dega; — deg by + degas — degby < 0. O

Now the natural projection p’ : B(F')\ GL(2,A) — GL(2, F)\ GL(2, A) is open
and Hp is an open subset of B(F)\ GL(2,A). Hence the bijection p = p/|Hp :
Hp — H is open. Since it is also continuous, p is a homeomorphism.

(2) The image of the set S = {x € B(F)\GL(2,A); —2g < ht™(2) < n} in
GL(2, F)\ GL(2,A) under p’ contains the set {z € GL(2, F)\ GL(2, A); ht(z) <
n}. So it suffices to show that S is compact mod Z(A). Choose a compact C
in A* with

CF* ={te A*;—2g <degt < n}.

Choose an idele d with degd > 2g — 1. Put

Y:{(})f)(gg)kz; k€ GL(2,04), a,be A*, %ec, cedOA}.

LEMMA 2.8. The map Y — S is surjective.

Proof. Let x € GL(2,A),—2g < ht*(z) < n. We need to show that x can
be written as hy with y € Y and h € B(F). Write z as (3 ) K with k €
GL(2,04),r,t € A*,s € A. Tt remains to show that (§{) can be expressed as
(o) (55)(a9) witha,b e AX, 2 € C, c€dOy, o, € F*, v € F. Thus we
need to show the existence of a, b, ¢, a, 8, such that

(*) aac =71, Bb=t, a,beA*, a,pelF*, $eC,

(**) blac+v) =5, c€dOs, vEF.

By definition of =, degr — degt lies in [—2g, n], so the existence of a,b, a, 3
satisfying (*) follows from the definition of C. The existence of ¢ € dO4 and
v € F satisfying ac+~ = s/b follows from: cOp + F = Aif dege >2g—1. O

Since Y is compact mod Z(A), so is S, and (2) follows. O

In summary, the homogeneous space GL(2, F')\ GL(2,A) is the union of the
compact mod Z(A) set {x € GL(2,F)\ GL(2,A); ht(z) < 0}, and the set
H = {z € GL(2, F')\ GL(2, A); ht(x) > 0}, whose structure is simpler. The set
Hp, hence also the sets H and GL(2, F')\ GL(2, A), are noncompact modulo
Z(A). Indeed the function ht™ takes arbitrary large values.

The image of H in Buny = GL(2, F)\ GL(2,A)/ GL(2,04) is the set of non-
semistable locally free sheaves.

The set GL(2, F')\ GL(2,A)/ GL(2, O,) is analogous to the set

SL(2,Z)\ SL(2,R)/SO(2) = SL(2, Z)\b,

where h = {z € C;Imz > 0}, the upper half plane, is isomorphic to
SL(2,R)/SO(2), by
g g(i) = (at +b)/(ci + d).
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The set B(F)\ GL(2,A)/ GL(2, O,) is analogous to N\ where N is the group
of transformations z — z+n (n € Z) on h. The function ht™ is analogous to the
function z — InIm z on N\h. The statement —2¢g < ht(x) < co corresponds to
the statement that the natural map from the half plane {z € C;Im 2 > /3/2}
to SL(2,Z)\b is onto. The statement that p : Hgp — H is homeomorphism
corresponds to the statement that the map N\{z € C;Imz > 1} — SL(2,Z)\h
is injective, and the compactness of {x € GL(2, F)\ GL(2,A); ht(z) < n}
corresponds to the statement that the complement in SL(2,Z)\h of the image
of the half plane {z € C;Im z > h} is compact.

2.4 /(-GROUPS

An [-space is a Hausdorff topological space such that each of its points has a
fundamental system of open compact neighborhoods.

We shall consider on /-spaces only measures for which every open compact
subset is measurable, and its volume is a rational number. If dz is such a
measure on an f-space Y, and f is a locally constant compactly supported
function on Y with values in a field E of characteristic zero, then [, f(z)dx
reduces to a finite sum, and it is well defined.

On topological groups we consider only left- or right-invariant measures.

An /-group is a topological group with an ¢-space structure.

PROPOSITION 2.9. Let G be an (-group. Then (1) there exists a fundamen-
tal system of meighborhoods of the identity in G consisting of open compact
subgroups;

(2) there exists a left Haar measure on G such that the volume of each open
compact set is a rational number.

Proof. (1) Let U be a neighborhood of the identity in G. We shall show that U
contains an open compact subgroup. Since G is ¢-space, we may assume that U
is open and compact. Put V = {x € G;2U C U}. Then V = NyepUu~1!, hence
it is compact. Now for each v in V' and w in U, by continuity of multiplication
m there exists an open subset W,, containing v, and U, in U containing u, such
that m(W,,,U,) C U. As U is compact and U = U,ecpU,, there are finitely
many ui,...,u, in U with U = Uj<;<,U,,. Then W = Ni<i<, W, is open
in V and it contains v. Thus V is an open neighborhood of the identity, and
V-V =V. Then VNV~ is an open compact subgroup in U.

(2) Fix some left Haar measure on G. Denote the volume of an open compact
subgroup U by |U|. For two such groups, U; and Us we have

Ui _ U4 U] (U1 :UiNUo)
= / = €Q.
|U2| |U1ﬁU2| |U10U2| [U2 ZUlﬂUQ]

Consequently the Haar measure on G can be chosen to assign rational volume
to every open compact subgroup of G. But then the volume of every open
compact subset K in G is rational, since as in (1) for such K there is a compact
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open subgroup U of G with KU C K, and then |K| = [K : U]|U] is rational,
where K is a disjoint union of [K : U] translates of U. O

Fix an ¢-group G and a left Haar measure on G such that the volume of any open
compact set is a rational number. Fix a field E of characteristic zero. The E-
vector space Hg of compactly supported locally constant functions f: G — F
is an algebra under the convolultion (f1 * f2)(g) = [ f1(h) f2(h~*g)dh. For an
open compact subgroup U in G the set of U-biinvariant functions in Hg is a
subalgebra Hg, called the Hecke algebra of (G,U). Although Hg has no unit
(unless G is discrete, when the d-function is in Hg), HS does: it is §p : G — Q,
the characteristic function of U divided by |U].

A representation 7 of the group G on a vector space V is called smooth if
the stabilizer of any vector of V is open, and admissible if it is smooth and
for any open subgroup U of G the space VY of U-fixed vectors in V is finite
dimensional.

If 7 is a smooth representation of an /-group G on a vector space V over E, for
each f € Hg define the operator =(f) : V. — V by n(f)v = [ f(g9)7(g)vdyg.
This integral reduces to a finite sum since m is smooth, and 7(f1 * fa) =
7w(f1) om(f2). Then V is naturally an Hg-module, and for any open compact
subgroup U of G, the space V'V is a unital module over Hg .

PROPOSITION 2.10. (1) A smooth G-module V' # {0} is irreducible iff for
every open compact subgroup U of G either VY = 0 or VY is an irreducible
Hg—module.

(2) Given an open compact subgroup U of G and an irreducible unital Hg—
module M, there exists a smooth irreducible G-module V' such that VYV is iso-
morphic to M as an Hg-module, and V is determined by this property up to
isomorphism.

For a proof see [BZ76], 2.10. See [BZ76], 2.11 for

Schur’s Lemma. Let w be an irreducible admissible representation of G in a
vector space V' over an algebraically closed field E. Then any nonzero G-module
morphism (intertwining operator) V.— V is a scalar.

PROPOSITION 2.11. Let m be an irreducible admissible representation of G in
a vector space V over an algebraically closed field E. For any field extension
E' of B, the representation of G in' V ®@p E' is also irreducible.

Proof. By Proposition 2.10, the statement reduces to a similar statement for
finite dimensional algebras, since 7 is assumed to be admissible. O

Let F be a subfield of C invariant with respect to complex conjugation. A
representation of G on a vector space V over E is unitary if there is a G-
invariant scalar product on V' (thus a bilinear function (-,-) : V x V — E with
(v,w) = (w,v) and (v,v) =0 iff v = 0, and (gv, gw) = (v, w) for all v,w in V
and ¢ in G).
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Note that we do not require V' to be complete with respect to the scalar product,
even in the case £ = C. If F is algebraically closed and the representation of
G in F is irreducible and admissible, then the G-invariant inner product on V'
is unique up to a scalar multiple, if it exists.

PROPOSITION 2.12. Let 7 be an admissible unitary representation of G in the
E-space V. Fix a G-invariant scalar product on V. Let L be an invariant
subspace of V, and L* its orthogonal complement. Then V = L & L*.

Proof. Given x € V|, we need to express it as x1 + xo with 1 € L and x5 €
L+. Since 7 is smooth there exists a compact open subgroup U of G with
z € VY. Since 7 is admissible, dimg V'V is finite. Thus z = z1 + x5 for
some x1 € LU, To € VU, 9 orthogonal to LY. Tt remains to show that zs is
orthogonal to the entire space L. Let 6y be the unit in HS. Then 7(dy) is the
orthogonal projector V + VV. Hence for every y in L, (x2,y) = (7(0p)x2,y) =
(22, m(6r)y) = 0 since w(6y)y € LY. O

It follows that every admissible unitary representation of G is a direct sum
of irreducible representations. This sum is not necessarily finite. However,
given an open compact subgroup U of G, only finitely many summands contain
nonzero U-invariant vectors.

2.5 AUTOMORPHIC FORMS

Let E be an algebraically closed field of characteristic zero. An automorphic
form is a smooth function ¢ : GL(2, F)\ GL(2,A) — E, where by smooth we
mean that there is an open subgroup Uy of GL(2,A) such that ¢(zu) = ¢(x)
for all w € Uy and € GL(2,A). A cusp form is an automorphic form ¢ with
Jayp@((§7)x)dz =0 for all z € GL(2,A).

Since ¢ is right locally constant (= smooth) and A/F is compact, the integral
here is well defined and reduces to a finite sum.

Let AY be the space of cusp forms ¢ : GL(2, F)\ GL(2,A) — E. The group
GL(2,A) acts on AY by right translation: (r(h)¢)(g) = ¢(gh). By a character
of an ¢-group G with values in £ we mean a locally constant homomorphism
X :G — E*. If E C C such x is called a unitary character if |x(g)| = 1 for all
g in G.

Denote by A¥(x) the space of ¢ € AY with ¢(ax) = x(a)d(z),a € A* (identi-
fied with the center of GL(2,A)),x € GL(2, F)\ GL(2,A). The space A (x) is
invariant under the GL(2, A)-action.

Let m be an irreducible representation of GL(2,A) over E. By Schur’s lemma,
there is a character x : A* — E* such that for every a in A, m(a) is multipli-
cation by x(a). This x is called the central character of .

If V.C AF is an irreducible admissible representation m of GL(2,A) and x is
the central character of V, then V' C A¥(x). Since the center of GL(2, F') acts
trivially on AY, y is trivial on F*. Thus every irreducible admissible = C A¥
lies in A¥(x), where x is the central character of 7, which is a character of
A*/F*. The following is known also e.g. for GL(n).
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PROPOSITION 2.13. Fiz an open subgroup U of GL(2,A). There exists a com-
pact mod Z(A) subset K of GL(2,F)\ GL(2,A) such that the support of any
U-invariant cusp form is contained in K.

Proof. We first show that there is an integer n such that given z € A and
x € GL(2,A) with ht™(z) > n, there exist u € U and 8 € F with (} %)z =
(42)m

To see this, fix an effective divisor —D = Zue\X| nyv on X, put d = ()
and let Jp = dOy be the corresponding ideal in Og. The groups I'(D) = {v €
GL(2,04);y = I mod Jp} make a basis of neighborhoods of the identity in
GL(2,A). Thus we may assume in this proof that U = I'(D). In this case
we shall show that n = 29 — 1 — deg(d). Indeed, fix z € A and 2 = (§ )k
with k& € GL(2,04) and ht™(2) = dega — degh > 2g — 1 — deg(d) (note:
deg(d) = —degD = Y n,degv). Then 220, + F = A and z = %4t + 3
for some B € F and t € Op. Put u = k= ({4 )k. Then u € I'(D) and
(b1)e=(28) .

We claim the proposition holds with K = {2 € GL(2, F)\ GL(2,A); ht(z) <
n}. This K is compact modulo Z(A). Let ¢ be a U-invariant cusp form,
x € GL(2,A), ht(z) > n. We shall show that ¢(x) = 0. Replacing z by
v for suitable v € GL(2, F), we assume that ht™(z) > n. By our choice of
n, ¢((§%)x) = ¢(x) for all z in A. Since ¢ is a cusp form, ¢(z) = 0. O

COROLLARY 2.14. The representation of GL(2,A) in AE(x) is admissible.

PROPOSITION 2.15. Let E' be an extension of E, and x : A*/F* — E* a
character. Then AY (x) = A¥ (x) @ E'.

Proof. The space AE(x) @ E' consists of the functions ¢ in A (x) whose
values span a finite dimensional space over E, since ¢ € AF(x) takes finite
number of values times the set I' of values of y. But every ¢ in Aéﬂl(x) has this
property, since the set of its values lies in finitely many cosets of T'. O

Given a representation 7 of GL(2,A) over E and a character w : A — E*|
write wr or Tw or w @ or T ®w for the representation (mw)(z) = w(det x)7(x)
in the space of 7.

PROPOSITION 2.16. For any characters x, w: A* /F* — E*, we have
AF () ®w = AF (xw?).

Proof. We need to construct an invertible linear map L : AF(x) — AF(xw?)
such that for every ¢ € AF(yx) and h € GL(2,A) we have r(h)L(¢) =
w(det h)L(r(h)®), where (r(h)d)(x) = ¢(xh).

Such L is (L) (x) = ¢(x)w(det z). O

PROPOSITION 2.17. Given a character x : A*/F* — E* there exists a char-

acter w : AXJF* — E* such that x(x)w(x)? is a root of unity for every x in
AX/FX.
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Proof. Fix a € A*/F* with dega = 1. Such « exists since in the finite field
extension F/Fy(t), where ¢t € F' is transcendental over Fy, there are always
primes which split completely. Fix ¢ in the algebraically closed field E with
? = x(a). Define w : AX/F* — E* by w(z) = ¢~ %8®) put xi(z) =
x(2)w?(z), put o = {a";n € Z}. Then x; is a character of the profinite
group AX/F* . a” hence the values of x; are roots of 1. O

PRroOPOSITION 2.18. Let E be a subfield of C invariant under complex conjuga-

tion, x an E* -valued unitary character of A*/F*. Then the representation of
GL(2,A) in A¥(x) is unitary.

Proof. The function x + ¢(2)dy(z) on GL(2,F)\ GL(2,A), where ¢1,
2 € AF(x), is invariant under Z(A) and is compactly supported as a
function on PGL(2,F)\PGL(2,A). Let dx be an invariant measure on
PGL(2, F)\PGL(2,A). It exists since PGL(2, F') is a discrete subgroup of
PGL(2,A), a group with a two-sided invariant measure. Then

(61, 62) = / 1 (0)By(x)dz (x € PGL(2, F)\ PGL(2, A))

is an invariant scalar product on A (). O

COROLLARY 2.19. The representation of GL(2,A) in AF(x) is a direct sum of
irreducible subrepresentations.

Note that we may assume that all values of x are roots of unity, and that
E=Q.

The multiplicity one theorem asserts that in A¥(x) any irreducible representa-
tion of GL(2, A) occurs with multiplicity one.

An irreducible representation of GL(2,A) over an algebraically closed field E
is called cuspidal if it is isomorphic to a subrepresentation of AY.

2.6 FACTORIZABILITY

Irreducible admissible representations of GL(2, A) are factorizable, as we pro-
ceed to show. Let E denote an algebraically closed subfield of C. An irre-
ducible representation of GL(2, F,)) in an E-space V' is unramified if V' contains
a nonzero GL(2, O, )-invariant vector.

PROPOSITION 2.20. The space of GL(2, O,)-invariant vectors VGLZ.0v) in an
unramified representation (w, V') of GL(2, F,,) is one dimensional.

Proof. Denote by H, = C.(GL(2,0,)\ GL(2, F},)/ GL(2,0,,)) the Hecke con-
volution algebra of compactly supported GL(2, O, )-biinvariant E-valued func-
tions on GL(2, F,). We claim it is a commutative algebra. Indeed, for any
| € H,, the function * f(x) = f(‘z), where 'z is the transpose of z, is also in H,.
Since (zy) = 'y'z, we have '(f1  fo) =t fax ' f1 for all f1, fo € H,. By Cartan
decomposition every GL(2, O,)-double coset in GL(2, F,,) contains a diagonal
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matrix. Hence ! f = f for all f € H,, and f1* fo = (fi*xf2) = faxlf1 = fox f1
for all fi, fo € H,. If V is unramified, VE“(2:9+) is a nonzero irreducible H,-
module. But H, is commutative, so dimg VGL(2,00) g 1. O

Given an irreducible admissible representation m, of GL(2, F},) in a space V,,
for every closed point v € |X| such that m, is unramified for all v € S, S C |X]|
finite, construct a representation 7 = ®m, of GL(2,A) as follows. For each
v € | X| — S choose a nonzero vector &) € VA9 For any finite set §' O S
of closed points of X put Vor = ®ueg'V,. It S” D 5" O 5, define an inclusion
Vs < Vsn by @ — (Qpesr—5€0) @z, Put V = lim V. It is the span of
S'DS

the vectors ®,¢|x|8v, & = €Y for almost all v, and &, € V, for all v € | X|.
Then V' is a GL(2, A)-module in a natural way; denote by 7 the corresponding
representation of GL(2,A). The vectors £ are determined uniquely up to a
scalar multiple, hence 7 is uniquely determined by the 7, for all v € | X].
Reducing to irreducible finite dimensional representations of tensor products
of algebras, we have

PROPOSITION 2.21. Given an irreducible admissible representation m, of
GL(2, F,) for every v in | X| which is unramified for almost all v, ™ = @y, is
an irreducible admissible representation of GL(2,A). Every irreducible admis-
sible representation © of GL(2,A) equals ®,m, for some irreducible admissible
representations m, of GL(2, F,) which are almost all unramified. The represen-
tations m, are determined by ™ uniquely up to isomorphism.

3 LOOKING FOR A TRACE FORMULA

3.1 TRACE FORMULA IN THE COMPACT CASE

Let X be an f-space. Denote by C°(X) the space of E-valued locally constant
(= smooth) functions on X. Here E is a fixed algebraically closed subfield of C.
Let C¢°(X) be the space of smooth compactly supported E-valued functions on
X. Let r be an admissible representation of an /-group G in an E-space V. Fix
a Haar measure dz on G. Given f € C*(G), define r(f) = [, f(x)r(z)dz, an
endomorphism of V. Since f is C'°°, that is smooth, it is right invariant under
an open subgroup U of G. Then Imr(f) C VU, so Imr(f) is finite dimensional,
and the trace trr(f) is well defined. Let r be now the representation of G' on
C>(T'\G) by right translation, where I is a discrete cocompact subgroup of G.
Since r is admissible, trr(f) is defined.

PROPOSITION 3.1. Let G be an £-group. Let I' be a discrete cocompact sugroup
of G. Then G has a two sided invariant measure and T\G has a G-invariant
measure.

Proof. Since (see [BZ76]) I'\G admits a measure which when translated by x
in G is multiplied by A(z), where A is the modulus of G, we have |I'\G| =
A(z)|T\G|, thus A = 1. O

DOCUMENTA MATHEMATICA 19 (2014) 1-62



EISENSTEIN SERIES AND THE TRACE FORMULA . .. 19

PROPOSITION 3.2. Let X be an (-space, dx a measure on X, Ke C°° (X x X).
Define a linear endomorphism A of C*(X) by (A¢)(y fX (x)dx.
Then the image of A is finite dimensional and tr A = fX (x ac)dac

Proof. We may assume that K (z,y) is of the form p(z)1(y), as such functions
span C2°(X x X). In this case the claim is clear. O

PROPOSITION 3.3. Let G be an £-group, I' a discrete cocompact subgroup, r the
representation of G in C°(I'\G) by right translation, dx o Haar measure on
G,f € CX(G),S a set of representatives of the conjugacy classes in T, Zp(7)

the centralizer of v in I'. Then trr(f) =3 g fG/Zr(v) f(zyz—1)dz.

Proof. We first show that for each v € T the function z — f(zyz~!) on
G/Zr(7) is compactly supported, and that there are at most finitely many
v € S for which z + f(xyx~1) is not identically zero. For this, fix a compact
subset K in G with KT' = G. Given z € G there are k € K,6 € I, with
r = ki. Fix v € . If f(zyz™t) # 0 then kéyd 1k~ lies in suppf, thus
§v6~' € Ky = K-suppf - K. Since Ky is compact Ky NT is finite, and there
are only finite number of possibilities for v6~'. Hence there are only a finite
number of possibilities d1,...,d, for § modulo Zr(y). Then f(xyz—1) # 0
implies that z € K'Zr(v), where K’ = U1<;<, K §; is compact. If f(zyz~t) #
0, the conjugacy class of v in I' intersects the finite set Ky NI'. The number of
such classes is finite. Thus the sum is finite and the integrals converge.

Now given ¢ in C*°(I'\G), for any y in G we have

- / F(@)¢(y)da = / fw)o@de = | Kz, y)é()da
G G

G

where K¢(z,y) = > cp f(y~'y2). Then

trr(f) = o Ky(z,xz)dr = /F\G Z f(z ' yx)da

yel’
:/ Z Z flz= 6 yox) dm*Z/ fz7 o yox)da
M\G €8 sezr(y)\T ~ES 5ezp(7)\r
= Z/ [z ya)dr.
~ES Zr(Y\G
O

3.2 CAaSE OF GL(2), OVERSIMPLIFIED

Let now A denote the space of E-valued cusp forms on GL(2, F)\ GL(2, A).
The right-shifts representation of GL(2,A) on AF is not admissible since the
center Z(A) of GL(2,A) is not compact. Fix a degree-one idele o and put

Z = {a™n € Z}. Tt is a cyclic subgroup of AX, and we view A* as the
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center of GL(2,A). Denote by A{f ., the space of cusp forms in AY invariant
under «, and by 7 the representation of GL(2,A) on A{f o by right translation.
Since A /F*a” is compact and every U-invariant cusp form — where U is an
open subgroup of GL(2,A) — is supported on some compact modulo Z(A) set
K C GL(2, F)\ GL(2, A), the representation g is admissible. Hence trro(f) is
defined for every f € C°(GL(2,A)).

Put A.o = C®(a? - GL(2, F)\ GL(2,A)). Fix f € C>(GL(2,A)). Let r be
the right representation of GL(2,A) on A.,. We proceed to compute trr(f)
as if the space o - GL(2, F)\ GL(2, A) were compact, to see what needs to be
corrected. This space is not compact and r is not admissible, so that in fact
tr(f) makes no sense.

For any rinngeﬁne A(R) = {diag(a,b);a,b € R*}, A/(R) = {diag(a,b);a,b €
R*, a#b}, N(R)={(}9);a € R}. Let Q be the set of quadratic extensions
of the field F'. For each L € Q choose an embedding L — M (2, F'); it exists and
is unique up to an automorphism of M (2, F'); all automorphisms of M (2, F)
are inner. Given v € o? - GL(2, F), denote by Z(v) the centralizer of v in
a? GL(2, F).

ProprosITION 3.4. Every conjugacy class of a” - GL(2, F) intersects precisely
one of : F* -a%; a(§1), a € F*-al; a? - A(F); o - (L* — F*) for some
L € Q. In the first two cases the number of intersection points is 1, in the
3rd case 2, in the 4th case: the number of automorphisms of L over F. The
centralizers Z(v) are o”-GL(2, F), o* F*N(F), o”- A(F), o* L, respectively.

Immitating the trace formula in the compact case, one may expect

trr(f) +ZS2L f)+Ss(f) + Sa(f)
Le@

with
S1(f) = [a” - GL(2, F)\ GL(2,A)],

Sl =aer Y f @ yz)de,
yeal-(LX—FX%) o LX\ GL(2,A)
1

Ss(f) = fa™ ya)dz,

oz Al (F) /aZA(F)\ GL(2,A)

fz™ra(§ 1) x)da.

Sa(f) = /

weozpx P FXN(F)\ GL(2,4)
The left side of this wrong trace formula is divergent. So is S3(f), since the
homogeneous space A(A)/a? - A(F) is not compact. We shall show that S (f)
and 377 o S2,0(f) converge, and although Sy(f) diverges, we shall show in

which way it does.

PROPOSITION 3.5. Given f € C°(GL(2,4A)), the number of conjugacy classes
of v € a% - GL(2, F) with z € GL(2,A) and f(zyz~') # 0 is finite.

DOCUMENTA MATHEMATICA 19 (2014) 1-62



EISENSTEIN SERIES AND THE TRACE FORMULA . .. 21

Proof. The sets K1 = {trh;h € suppf} C A, Ky = {deth;h € suppf} C
A* are compact. It suffices to show that the set {y € o? - GL(2, F);trvy €
Ki,dety € Ky} is a union of finitely many conjugacy classes. Put v = o™z for
some x € GL(2, F). Then 2n = deg~, so n lies in a finite set. Fix n. Then
trz € a"Kq,detx € a2 K,. But the sets FNa Ky, and F* Na 2"K,
are finite. Hence the trace and determinant of x can take only finitely many
values. As the number of conjugacy classes of elements in GL(2, F') with fixed
trace and determinant is at most two, we are done. O

3.3 CENTRAL ELEMENTS
PROPOSITION 3.6. The volume | GL(2, F) - o2\ GL(2, A)| is finite.
Proof. This volume is equal to (below x € o GL(2, F)\ GL(2,A)/ GL(2,04))

>, e GL(2,F) Nz GL(2,04)x~"\2 GL(2, 04)|
= |GL(2,04)| Y, |[aZ GL(2, F) Nz GL(2,04)z~ 1|71

For z in GL(2,A)/ GL(2,04), let £ = 202 be the associated rank 2 locally free
sheaf on X. Then Aut(€) consists of the g € GL(2,A) which map (£ =)z0%
to :cOi and the generic fiber F? to itself, thus Aut & is

GL(2, F) Nz GL(2,04)z™ ' = a? GL(2, F) Nz GL(2,04)z .

We then need to show the convergence of

Z | Aut &7,

£€Buny /J

J being the image of o” under the natural homomorphism A* — Pic X. The
number of J-orbits on the set of stable rank two locally free sheaves on X is
finite, so it remains to show that the sum of | Aut £|~! over the set Buny® of

J-orbits of unstable rank two locally free sheaves on X is convergent.

LEMMA 3.7. (1) A rank two locally free sheaf & on X is very unstable (ht(E) >
2g—1) iff € ~ LB M where L, M are invertible sheaves with deg L —deg M >
2g — 1.

(2) If L, M € Pic X and deg £ — deg M > max(2g — 1,1) then

| Aut(L & M)| = (q — 1)?gdes£-deg Mil=g,

B)IfLe M ~L M with deglL > degM, deg L' > deg M’ then L =~
LM~ M.

Proof. (1) If L is an invertible sheaf of £ of maximal degree and M = £/L,
then M is invertible, and Ext(M, £) = H*(X, M~1L) is 0 (by Serre duality)
as

deg ML = deg £ — deg M = 2deg £ — deg £ = ht(E) > 29 — 1.
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The exact sequence
0 — Hom(M, £) — Aut(£L & M) — Aut L x Aut M — 0

implies (2) since Hom(M, £) = H%(X, M~'L) and H*(X, M~1L) = {0}, so
the Riemann-Roch theorem implies that dim HO(X, M~1L) = deg(M~1L) +
1—g. If the invertible sheaf £ corrsponds to aOy, then Aut £ consists of g € A~
which map the generic fiber F' onto itself (thus g € F*) and map aOa onto
itself (thus g € OF ). Then Aut £ = F* N Of =F* has cardinality ¢ — 1.

For (3), put £ = L& M 5 L' & M. Since deg L > (deg&)/2 > deg M/,
we have Hom(£, M’) = {0}. Hence the image of £ under the isomorphism
LOM S L &M liesin L. Hence L~ L and M ~E/L~E/L ~M'. O

Assume g > 1, so that 2g — 1 > 1 (the case ¢ = 0 is similar). The lemma
implies

S JAutE T = (- D7TPI(X)] Y ¢ <o

£€Buni™ /J n>2g—1

COROLLARY 3.8. If the Haar measure on GL(2,A) is normalized so that
| GL(2,04)| is a rational number, then |o” - GL(2, F)\ GL(2,A)| € Q.

This follows from the proof of the last proposition.

3.4 ELLIPTIC ELEMENTS

PROPOSITION 3.9. Let L be a quadratic extension of F, v € o” - (L* — F*) C
GL(2,A), and f € C>*(GL(2,A)). Then the function x — f(zyz~') on
GL(2,A)/a” - L* has compact support.

Proof. We need to show that the map = — zyz~! on GL(2,A)/a”-L* is proper
(the preimage of a compact is compact). Since (L ®p A)* /a” - L* is compact,
it suffices to show that the map ¢ (z) = zyz~!, ¢ : GL(2,A)/AF — GL(2,A),
is proper (A, = L ®p A is the ring of adeles of L).

LEMMA 3.10. Let F be a local field in this lemma. Suppose v € M(2,F)
is reqular, i.e. the subalgebra E = F[y| generated by v is a field or is F x F.
Then the map v : GL(2, F)/E* — GL(2,F), x — zyx~!, is proper. Moreover,
if v € GL(2,0) and the ring O[y] is integrally closed, then ¢~1(GL(2,0)) =
GL(2,0)/E* NGL(2,0).

Proof. The conjugacy class C' of « is a closed subset of GL(2, F), since ~ is
regular. So it suffices to show that ¢ maps GL(2, F')/E* homeomorphically
onto C'. It is clear that ¢ is continuous, injective and Im ) = C. It remains to
show that the map v’ : GL(2, F) — C, x + xyx~!, is open. For this, it suffices
to show that C' is the set of F-points of a smooth variety C over F, and that v’
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is smooth, that is its differential is everywhere onto. Since C is a homogeneous
space under a connected group G is suffices to show that the tangent map dy’
of 9" at the identity is onto. When verifying these properties of C and ', we
may replace F with an extension, thus we may assume that ~ is of the form
diag(a,b) with @ # b, or (& 1) (if E is nonseparable over F'). To compute the
tangent map di’ : Lie G — T,,(C) of ¢'(z) = zyx~! near the identity z = 1,
let Y be in Lie G, and put = 1+ €Y, where €2 = 0. Then 27! =1 — €Y and
P(@)=1+e¥)y(1—€Y)=1+¢Yy—~Y),s0dy/(Y) =Y~ —~Y is onto
the tangent space T, (C) of C at v, and 1) is proper.

If z € GL(2, F) and zyx~! € GL(2,0), put M = 27 1O?. Then yM C M. In
addition, v € GL(2,0), so yO? C O%. Thus M and O? are O[y]-submodules in
F2. Both modules are of finite type. As F? is a rank one free E = F[y]-module,
and we assume that O[y] is integrally closed, namely it is the ring of integers in
E = F[], both M and O? are rank one torsion free over the discrete valuation
ring O[y] (being rank two over O). Hence there exists a € EX with M = aO?.
Thus zaO? = 0?, that is za € GL(2,0). O

Now for « as in the proposition, for almost all closed points in X the component
of v at vis 1, v € GL(2,0,), and the ring O, [v] is integrally closed. This and
the lemma imply the proposition. 0

3.5 REGULARIZATION OF THE UNIPOTENT TERMS

To study the integral which occurs in Sy(f), we regularize it as

bus() = | flaa™ (4 1)) P,
aZ-FX N(F)\ GL(2,F)

PROPOSITION 3.11. (1) For every f € C°(GL(2,A)) and a € A*, the integral
Oq,7(t) converges as an element of C((t)), and Cr(qg )"0, (t) € Clt,t71],
where Cp(t) = [T, x)(1 —to) 7"ty = 1487

(2) If f is the characteristic function of GL(2,04) in GL(2,A), then

61,7(t) = |GL(2,00)| - (¢ = 1) 1¢* " - | Pic®(X)[Cr (g ').
Proof. (1) It suffices to consider f(z) =[], fo(20v), z = (z,) € GL(2,A), where
fo € C°(GL(2, F,)) for all v € | X| and f, is the characteristic function f0 of
GL(2,0,) at almost all v, since such functions span C°(GL(2,A)). Normalize

the measures on F,* and F, so that |O)| =1 = |O,|. Denote by val,(z,) the
valuation of x, € F), normalized by val,(m,) = 1. Define a function

ht:GL(2,F,) — Z by hi ((8b) k) = val,(a) — val,(c), k€ GL(2,0,).

Then A is well-defined and ht™ (z) = > ve)x| Mt (z0) deg(v). We have

Oas(t) = |A% Ja® - F*| - |A/F| ] ] ba.s, ()
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where
eav’f" (t”) - / fv(avmil ((1) %)x)tht(az)degvdm
FY N(F,)\ GL(2,F,)

and t,, = t4°&(*) To compute it, note that p, , = diag(w?,1) (n € Z) make a
set of representatives of the two sided coset space

FXN(F,)\GL(2, F,)/ GL(2,0,).

Then
gt =0 [ folaw™ (3 1) )da
neZ FJN(Fy)Nprly GL(2,00)pn, v \pn s GL(2,0,)
= Z ty|F) N (Fy) ﬂp;ﬁ, GL(2, Ov)pn,vrl / folaye™ (o1)x)dx
nez Py GL(2,04)

=3 q;”tﬁ/ folawypn.o (§ 1) puby Dy =D 7alfo)a, "7,

nez GL(2,0.) nezZ

where 7,(f,) = fGL(2,OU)f”(a”y (é"ff)y_l)dy is 0if n << 0 and 7,(fy) =
fu(ay) for n >> 0.

If a, € OF and f, is the characteristic function of GL(2,O,), then 7,(f,) =
| GL(2,0,)| for n > 0 and uy, = 0 for n < 0, so

eavafv (t'U) = | GL(27 OU)|(1 - tv/Q'u)_l-
(2) It remains to compute (note that |O; | =1 and |Ox] = 1) :
[AXN(A)/a®F*N(F)| = (|A*/a”F*|/|O])(IA/F|/|Ow)).

The exact sequence 1 — FX — O — A* /o”F* — Pic X /a%(= Pic’(X)) — 1
implies that the first factor on the right is | Pic®(X)|/(¢—1). The exact sequence

0—TF, = Op— A/F—- H'(X,0x) =0

implies that the second factor on the right is ¢9=!. O

4  INTERTWINING OPERATORS AND EISENSTEIN SERIES

4.1 INTERTWINING OPERATORS

Let E be an algebraically closed field of characteristic zero, and v € |X| a
closed point of X. Denote by |a|, the absolute value of ¢ € F) normal-
ized by |m,| = ¢;'. It is an E*-valued character of F*. Fix a square root
Vi =q"*of ¢in E. If E C C we choose ¢'/? > 0. For E-valued characters
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w1, pz of F)X denote by I(p1, p2) both the space of right locally constant func-
tions ¢ : GL(2, F,) — E with ¢((% 2) ) = |a1/az]s/*pa(a1)pa(a2) p(z) (x €
GL(2,F,);a1,a2 € F;b € F,), and the action of the group GL(2, F,,) by right
translation on I(p,p2). The induced representation I(pg,pe) is admissible
by the Iwasawa decomposition G = BK. It is unitarizable when p, pe are

unitary. It is possible to work with I(] - ,1/2;“, | - |,1/2u2), in whose definition

the factor |a1/a2|11,/2u1(a1)u2 (az2) becomes |aq |y, 1 (ar)p2(az), but later we shall
need to multiply back by | - |, /2 The following is a standard basic result.

PROPOSITION 4.1. If puy /2 # | v, | |5, then the representations of GL(2, F,)
in I(p1,p2) and I(pe, p1) are irreducible and isomorphic. If py/pe = |- |y or
||, then I(u1, u2) contains a unique proper invariant subspace I'(py, u2) and
there is a GL(2, Fy,)-isomorphism I' (p1, po) =~ I(pa, 1) /I (p2, p1). If po/p1 =

| - |v, the subspace I' (1| - ;1/27M1| : |11;/2) is one dimensional; v € GL(2, F)

acts on I'(pq] - |;1/2, pl |11,/2) via multiplication by pyi(x). The subspace

I'(pz| - [\/%, pal - | Y2) s denoted by St(uz) = St(pz| - [o/*, p2| - [;1?).

—1/2 —1/2

It is isomorphic to I(pa| -5 /%, 2| - [v/2) /' (2| [/, iz - 10/%)

. It consists of
¢ € I(pa| - 11/% pa| - 1 1?)  with po(det z) ' ¢(x)dz = 0.

GL(2,0.)

If I(pa, pa) ~ Iy, p) then {pn, po} = {ph, pa}, the representations I(pa, pio)
(pa/p2 # | o or |- |;1) and St(uh) are infinite dimensional and inequivalent,

and St(p1) ~ St(ue) implies p = po.
We proceed to describe the operator intertwining I'(u1, u2) and I(ua, p1).
PROPOSITION 4.2. If |ui(my)/pa(my)| < 1 the integral

(o)) = [ o((25) (50 )y

converges for each ¢ € I(u1, pu2) and x € GL(2, F,), and M¢ € I(ua, j1).

Proof. As (931) (3Y) = (ygl _yl) (yll ?), the integrand is

e @)mw) Ml e (5 9) 2),

which is 0 if |y|, is small, and pa(y) 1 (y) ~Hyl, *o(x) if |y|, is big enough. For
sufficiently large n then the part of the integral over |y|, > ¢} is bounded by
o(x) times

[ @ m@I- ol dy = 1051 S s sl ) < o

k>
ylv>qr =n
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It is clear that (M@)((§§)x) = (M@)(z) (c € F,) and (Mp)((¢9)z) equals

1/2
B(52) (05) () )y = mywa(a) |2| - [4] (6)(@).

v

‘ a

b

Fy

We obtained, if |u1(m,)/pa(my)| < 1, a GL(2, F,)-equivariant map

M = M(p1, p2) = I(pa, p2) = I(pa, p).

Let vy be the unramified character of F,* with vi(mw,) = t. Put M (uq, pa,t) =
M (pqve, pove-1). It converges for any pi, o, provided ¢ € C is small enough
in absolute value. To define M (pu1, pu2) as the value at ¢ = 1 of the analytic
continuation of M (u1, ue,t), we need these operators to be defined on the same
space, which we will take to be

Io(p, p2) = {¢ € C(GL(2,0,)); 0((4 2 ) x) = pa(ar) pz(az)é(x),
ai,az € 0F, beO,, € GL(2,0,)}.

By the Iwasawa decomposition G = BK, the restriction map I(u1vy, povs—1)
— Io(u1, p2) is bijective for any t. Identifying these spaces, the operator

M (1, p2,t) becomes a map Io(p1, p2) — To(pe, pt1)-
Write L(u,t) for (1 — pu(m,)t)~ ! if p is unramified, and L(p,t) = 1 if p is a
ramified character of F*.

PROPOSITION 4.3. The operator valued function M (u1, 2, t) is rational in t €
C*. In fact the function t — L(p1/pa,t?) = (M (p1, p2,t)9)(x) is a polynomial
int for all ¢ € Inp(p1,p2), © € GL(2,0,). If u1,us2 are unramified and the
restrictions of ¢ € I(pyve, pavi—1) and ¥ € I(pavi—1, pave) to GL(2,0,) are 1,

2
then M (p1, p2,t)p = %w'

Proof. Put ¢y = M(u1, p2,t)¢ and a1 = f\y\vgl qS((?;l)m)dy where z €
GL(2,0,). Then

¢e() = +/ p2(y)ia (y) "yl tve(y) 20 ((yl ?) I) dy.

‘y‘v>1

We shall show that this is the Taylor series of a rational function.
If n is large enough, ¢ ((yll ?) x) = ¢(z) for |yl, > ¢7. Then ¢(z) =
a1 + az(t) + as(t) with

et = [ mm) bl ) e (5 ) 2) b

as (t)

o) [ (o) ko) 2y
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Clearly ax(t) is a polynomial in ¢ (since v(m,')~! = t) and as(t) =
ct?" L/ pa, t%).

If p11, p1o are unramified and « € GL(2,0,), a; = 1 and the expression for ¢;(z)
is

Pr(x) =1 + / >1m(y)ul(y)‘llyIJll/t(y)‘Qdy

= 1-(1=q,") Y (m(m)/palm,)) >

k>1
-4 4 —ay ) (mo) /pa(mo))t?  L(pa/pea, t°) .
1= (pa(my)/pa(my))t? L(p1/p2, qv 't2)

O

The operator M (u1, po,t) + I(pive, pove-1) — I(pave-1, uavy) intertwines the
GL(2, F,,)-modules for every ¢t where it is defined. It can be regarded as
a rational function of ¢ (in fact, of t?) with values in the set of operators
Io(pe1, p2) — Io(p2, p1). Indeed,

M (p1, pa,t) = M(pave, pove-—1) = M(p1ve, p2).

Define
L(p1/p2, g, 't?)
R(lu’la,u'Qat): L(Ml/ﬂ2at2)

COROLLARY 4.4. Suppose py and p2 are unramified and ¢ € I(pave, pavi—1),
¥ € I(puavi-1, uavy) are the functions whose restrictions to GL(2,0,) are one,

then R(Nhﬂ%ﬂ@ =1. U

M(ﬂl,ﬂg,t).

Given characters py, po of A*, write I(u1,pe) for the space of right locally
constant functions ¢ on GL(2, A) which satisfy

¢ ((4 o) @) = pmi(ar)pa(az)lar /az|?d(x).  Put v(a) = ¢4

Then I(uq, p2) is the restricted tensor product of the spaces I(p14, f2,) Where
iy is the component of p; at v (the restriction of p; to FS — AX); it is
spanned by ®,¢, with ¢, € I(u1y,12,) for all v and ¢,| GL(2,0,) = 1 for
almost all v, where p;,|O) =1, i.e. p are unramified. Define the character
vy of AX by vi(a) = 8@, Then the restriction of v; to F)X is v4,, the
unramified character of F* with vy, (m,) = t,(= t4°8")). As in the local case,
we identify the spaces I(p1vs, pavy—1) with Io(py, p2) for all ¢. The operator
R(p, pa,t) from I(pave, povi-1) to I(pevi—1, pivy) defined by R(u1, po,t) =
®yR (110, f2v, ty) is rational in t. On any element in I(ujvy, povy—1) at most
finitely many components R(p1y, ftoy, ty) do not act as the identity. Also write

m(p,t) for Lp,t)/L(p.t/q).
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4.2 EISENSTEIN SERIES
Write A, = C®(a? - GL(2, F)\ GL(2,4)),

Ao = C(a” - GL(2,F)\GL(2,A)), Y = A(F)N(A)\ GL(2,A)
and Y, = Y/a?. Normalize the Haar measure on N (A) ~ A by [N(A)/N(F)| =
|A/F| = 1. The Haar measure on N (A) is invariant with respect to conjugation
by the elements of A(F) by the product formula. So it extends to a two-sided
invariant measure on the space a” - A(F)N(A). This, and the two-sided Haar
measure on GL(2,A) induce an invariant measure on Yy,.
Let ¢ and ¢ be locally constant functions on Yy, at least one of which is com-
pactly supported. Put (¢,v) = fYa () (x)dz. On o?-GL(2, F)\ GL(2,A) a
scalar product is similarly defined. Define the map E* : A, — C®(Yy) by

¢ o, on(x) = / é(nz)dn, =€ GL(2,A).
N(F)\N(A)

Note that N(F)\N(A) is compact, so the integral converges. Note that ker E*
is the space Ag o of cusp forms invariant under «. For any f € C°(Y,) define
a function Ef on o - GL(2, F)\ GL(2,A) by

(Ef)(z) = > f(vz), x€CGL(2,A).

~EA(F)N(F)\ GL(2,F)

PROPOSITION 4.5. The sum defining (Ef)(x) converges. For f € C(Yy) and
¢ € Ay we have (Ef,¢) = (f,E*®).

Proof. Consider the diagram
Y, & a? - A(F)N(F)\ GL(2,A) % o - GL(2, F)\ GL(2, A).

Since N(F)\N(A) is compact, the map r is proper. Hence the natural embed-
ding r* maps C°(Y,,) to C°(a? - A(F)N(F)\ GL(2,A)). Given

) € CX(a"A(F)N(F)\ GL(2, 4)),
define a function s, on o GL(2, F)\ GL(2,A) by

(s:9)(x) = Z Y(yx), x € GL(2,A).
~EA(F)N(F)\ GL(2,F)
The sum is finite since 9 is compactly supported, and
5.0 € C°(a? GL(2, F)\ GL(2,A)).

The sum which defines (Ef)(x) converges since E = s,7*.
Now define E* = r,s*, where s* is the natural embedding, and

e 1 C®(@”A(F)N(F)\ GL(2,A)) — C>=(Y,)
is defined by (r.h)(x) = fN(F)\N(A) h(nz)dn, © € GL(2,A). Since (r*,r.) and

(84, 8%) are adjoint pairs, so is (E = s,r*, E* = r.s*). O
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The image Ag o of the Fisenstein map E = s,r* : C°(Yy) — A o is called the
FEisenstein part of Acq. The maps E and E* intertwine the GL(2, A)-action;
AE o is an invariant subspace of A 4.

PROPOSITION 4.6. The space A o is an orthogonal direct sum of the space Ag o
of cusp forms and of Ag 4.

Proof. Cusp forms are compactly supported. Since Ay, = ker E* and Ap o =
im E, we have Ag o L Apo. Given a compact open subgroup U in GL(2, A),
put AY for the space of U-invariant functions in A, and

AV = A, an AU, AY = Agan AU, AU = Ap.nAY.

It remains to show that Af +A%’a = AU, If not there exists a nonzero lincar
form ¢ : AV, — C which is zero on Af +AU . There exists f € AY such that
L(p) = (@, f) for every ¢ € Ag For any U- 1nvar1ant function ¢ € C°(Y,) we
have (v, E*f) = (EvY, f) = £(EvY) = 0. Hence E*f = 0, thus [ € AO,a' This
however is impossible since f is orthogonal to the space AO o Of U-invariant
cusp forms. O

Given ¢ € C(Ya) and @ € GL(2,A), put (M@)(z) = [y, ¢( (9 3h) na)dn.
The integral converges, by

PROPOSITION 4.7. The map N(A) — Yo, n — o A(F)N(A) (9 ') nx, is
proper.

Proof. Tt suffices to consider the case of x = 1. The function
htt Y, — Z, (&¢) k> dega — degb,

is continuous. Thus it suffices to show that the map ¢(a) =ht™((9 ') (§9)),

10
¢ : A — Z, is proper. But (97') (§ %) is in GL(2,0,) if |ay |y < 1; otherwise
it is = (“g ;Ul) <a—1 1) If a = (ay), then ¢(a) = =23 max(0,log, |ay|),
as log, |a,|, = — val,(a,) deg(v). Hence ¢ is proper. O

By definition, x +— (M ¢)(x) is invariant under left translation by N(A), and
also by a” - A(F). Indeed,

Mo)(59)a) = [ o2 n (gD dy—\b\/N(Z o((§2) (7 5) na)dn

and |a/b| = q3°8(¢/). Thus M maps C°(Y,) to C®(Y,).

PROPOSITION 4.8. Denote by I the natural embedding of C2°(Yy,) in C(Yy,).
Then
E*E=1+ M.
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Proof. By the Bruhat decomposition, an element of GL(2, F') which is not in
A(F)N(F) has a unique decomposition nia (9 ') ns with n; € N(F), a €
A(F). Thus, for any ¢ € C°(Y,), € GL(2,A), we have

(E¢)(z) = > dlyr) =)+ Y o((9 ") va).

YEA(F)N(F)\ GL(2,F) vEN(F)

Hence

(E"E¢)()

NN + [ PR SR (T

vEN(F)

ox) + /N LT i = 6@+ (o))

O

PROPOSITION 4.9. Let p1, o be characters of A* /F*. Ift is sufficiently small,
for all ¢ € I(,ulyt,,ugut 1) and x € GL(2,A), the integral (M (u1, p2,t)p)(x) =
fN ( ) nx)dn converges and defines a function in I(povi—1, u1vt).
Moreover M(ul,ug,t) = ¢ 7Im(p1/pa, t?)R(pa, pa, t).

Proof. Recall that |a| = ¢%°&@ and that I(u;,pus) consists of the ¢ in
C*(GL(2,A)) with

o((%4 ) ) = |ar/az|"2py(ar) pa(az) d(x),

while v4(a) = ti€e. We put t, = t4°8"), We may assume that ¢(z) =
[, ¢v(@y) with ¢y € I(p1ot4,, povvy-1). For almost all v, the restriction
of ¢, to GL(2,0,) is 1. We may replace ¢, p;,t by their complex ab-
solute values to assume t > 0 and ¢,,pu; take real nonnegative values.
Then (M (p1,p2,t)9)(x) = c[], 7o, with 7o = [y )d)v(( o) nay)dn =
Jr, &u( (Y 7!) zy)dz. The measure dn, on N(F,) is normalized by IN(O,)| =1,
and ¢ = |N( )/N(F)| in the measure ®,dn, on N(A).

We saw that for small enough ¢ the integral which defines 7, converges for all v.
For almost all v we have 7, = L(p1y/ 20, t2)/ L1110/ 120, g, 1t2), so the product
[ I, 7o converges for small t. Now M (ju1, pi2,t) = c[[, M (10, pt20, ty). Each fac-

L2, 2
tor here is %R(Mw, Hous ty). Put R(py, pa,t) = @uR(p10, flo, ty),
and m(p,t) = L(];(—ul’?#)v where L(p,t) = [[,L(ttv,ty). Note that ¢ is
|O] =¢'79, using 0 = F, - O = A/F — H*(X,0x) — 0. 0

It follows (since L(u,t) is a rational function of ¢) that after identifying the
spaces I (v, povy—1) for all ¢, the operator

M (puy, pro, t) = I(pave, pove—) — I(pave—1, pavy)

(defined for small ¢) depends on ¢ rationally. Hence M (1, po, t) is defined for
almost all ¢, and it commutes with the action of GL(2, A).
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4.3 L-FUNCTIONS

Let us review the theory of L-functions for GL(2). Let E be an algebraically
closed field of characteristic zero. The valuation val,(a) of a € F,* is the largest
integer n with a € w}}O,. For any character ¢ : F,, — E*, ¢ # 1, let r(3)
be the largest n such that ¢ (w,;"0O,) = 1. Normalize the Haar measure on
F, by |0y = 1. The conductor of a character x : F) — E* isn = 0 if
x(0X) =1, i.e., x is unramified; otherwise it is the smallest n > 1 such that
x(1+x70,) = 1. Given x, put L(t,x) = (1 — x(mw,)t)~! if y is unramified,
L(t,x) =1 is y is ramified. Given 1 # 1, put

L(x,,t) = /FX x(x) "ty (x)t™ valo (@) gy op 2 F, — EX.

This I'(x, v, t) is a formal power series in ¢ which contains positive and negative
powers of t. Tate’s thesis (see [Lg94], VII, section 3-4) establishes

PROPOSITION 4.10. The formal series T'(x, 1, t) has finitely many positive pow-
ers of t. It is a rational function of t, namely a Laurent series of a ratio-

nal function of t at t = oco. Put e(x, ¢, t) = % It has the form

c(x, )"V If r(p) = 0 then n(x, 1) is the conductor of x. If in addi-
tion x is unramified then e(x,¥,t) is 1. If a € F), ¢q.(x) = ¥(ax), then

e(Xs Ya, t) = x(a)(gut)"* De(x, 1, t).

Note that L and € are usually considered, in the case where E = C, as functions
of s, where ¢t = ¢, °, rather than of ¢. The Haar measure on F, is usually
normalized by |O,| = qv "(¥)/2 " as this measure is self-dual with respect to the
pairing F, x F,, — E*, (z,y) — ¥ (xy). This choice of measure is not convenient
if £ # C since E has no distinguished square root of ¢.

Given a character x of A*, denote its restriction to F,* by x,. The restriction
to F, of a character ¥ of A is denoted v,. For a closed point v of X, we write
deg(v) for the dimension of the residue field at v over Fy, and ¢, = qdes(v)
Given a character x : A*/F* — E*, put L(x,t) = [[, L(Xv,tv), where t, =
tde&(v); the product converges in E[[t]]. Let ¢ : A/F — E* be a character # 1.
Then e(x,t) = ¢* 79[, e(Xov, v, tv) converges as almost all factors are 1, and
g(x,t) is independent of ¢ by Proposition 4.10.

PROPOSITION 4.11. For any character x : A*/F* — E* the formal series
L(x,t) is rational in t, and L(x,t) = e(x,t)L(x~ ', ¢ 1t~ 1). If the restriction
of x to the group of x € A*/F* with deg(x) = 0 is nontrivial, then L(x,t)
is a polynomial. If the restriction is trivial, x is given by x(z) = udes(®) and
then L(x,t) has precisely two poles: t = u=1 and t = ¢~ tu~!, both poles are
simple. If x : A*/F* — C* is a unitary character (|x(z)| =1 for all x) then

the zeroes of L(x,t) lie in the doughnut {t € C;q~* < |t| < 1}.

The proof of this is also in [Lg94], Chapter VII, sections 7-8. The following is
due to [W45].

DOCUMENTA MATHEMATICA 19 (2014) 1-62



32 YUuvAL Z. FLICKER

THEOREM 4.12. (A. Weil). For any unitary character x : A*/F* — C*, all
zeroes of L(x,t) lie on the circle |t| = ¢~ /2.

Given a character ¥ : A/F — E* ¢ # 1, let W () be the space of locally
constant functions ¢ : GL(2,F,) — E with ¢(({)z) = ¥(2)¢(x) for all
z € Fy, x € GL(2, F,,). The group GL(2, F,,) acts on W () by right translation.
Fix a Haar measure d*z on F,*. For any ¢ € W (¢) put

250 = [ ol D@ @aa. Roft) = [6((41) a0 e

Both Ay (t) and A, (t) are formal power series in ¢, containing positive and
negative powers of t.

Let m be an irreducible admissible representation of GL(2, F;,) over E. Then
7((¢9)) is the operator of multiplication by a scalar n(a) € E*. The character
n: F)} — E* is called the central character of m.

PROPOSITION 4.13. Let w be an irreducible admissible infinite dimensional rep-
resentation over E of GL(2, F,,). Letn be the central character of w. (1) There
exists a unique GL(2, Fy,)-invariant subspace W (m, ) of W () equivalent to
. (2) If € W(m, ) then Ay(t) is the Laurent series att = 0 of a rational
function, and /~X¢(t) is the Laurent series at t = oo of a rational function. (3)
There exists a nonzero polynomial P € Et] such that for any ¢ € W(m, 1) we
have P(t)Ay(t) € E[t,t71]. There exists ¢ € W (1) with Ay(t) #0. (4) The
quotient Ag(t)/Ag(t) of rational functions in t does not depend on the choice of
¢ in W(m, ) with Ag(t) # 0. (5) The lowest degree polynomial P € E[t] which
satisfies (3) and P(0) = 1 is independent of ¢b. (6) Put T'(m, v, t) = Ag(t)/Ay(t)

and e(m,,t) = % where L(m,t) = P(t)~! with P of (5). Then

e(m,4,t) has the form c(m, P))t" ™) c(m,4) in E* and n(m, ) in Z. (7) If
VYa(z) is (ax) for a € FX, then e(m,vq,t) = n(a)(qut)? V™ @De(m b, t).

This is [JL70], Theorem 2.18. Our L and ¢ relate to those Ly, €, of Jacquet-
Langlands by L (m,s) = L(m,ty), ty = q, °, esn(m, 0, s) = e(m, ¢, t,). Note
that the proof of [JL70], which claims that A,(¢) is a Laurent series of a mero-
morphic function in C — {0}, shows that A,(¢) is rational. In general, the
meromorpic functions of s over p-adic and global function fields are rational
functions of ¢°. Every smooth finite dimensional irreducible representation of
GL(2, F,) is one dimensional, of the form = — x(det z), where x : F, — E*
is a character ([JL70], Proposition 2.7).

PROPOSITION 4.14. Let w, 7' be irreducible admissible infinite dimensional
representations of GL(2, F,,) with equal central characters. If there is a char-
acter ¢ @ F, — E* such that for every character w : F) — E* we have
D(rw,,t) =T (7w, 1, t), then m ~ 7.

For a proof see [JL70], Corollary 2.19.
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The conductor of an irreducible admissible infinite dimensional representation
7w of GL(2, F,) is the integer n(m, 1), with ¢ normalized by r(¢) = 0. It is
well defined, as from (7) above, the integer n(m, ) of (6) is not changed if v is
replaced by ¢, : & — ¢ (ax).

ProproSITION 4.15. The conductor of w is the least integer n such that the
representation space of m contains a nonzero vector invariant under the group
H, ={(2%) € GL(2,0,); c € ®10,, d € 1 + 71O, }. For this n, dimgm" =
1.

For a proof see Casselman, Math. Ann. 201 (1973), 301-314.

PROPOSITION 4.16. Let w be an iwrreducible admissible infinite dimensional rep-
resentation, with central character n, of GL(2, F,). Let ¢ : F,, — E* be a non-
trivial character. Then there exists an integer my such that if x : F)X — E* is
any character with conductor > my, then L(mwx,t) =1 and

e(mx, ¥, 1) = e(x, ¥, D)e(xn, ¥, qut)a, ™.

For a proof see [JL70], Proposition 3.8. See [JL70], Proposition 3.5, 3.6, for a
proof of:

PROPOSITION 4.17. Let p1, po be characters of F,*, and ¥ # 1 a character of
Fy. If pn/pa # |- 15" then L(I(p1, p2),t) = L(pa, t) Lpa, t) and

e(I (1, p2), ¥, 1) = e(ua, 9, t)e(pz, v, t)g, "W).
If pa/p = | -|o, then

L(St(ua| - 12, ] - /%), 8) = Ll - 13/2,8),

- Lpy't! .
(St - [, Y2, | - 1V/2),0,t) = %E(m,w,tk(ml oy, t)gy "W).

If m is a cuspidal representation of GL(2, F,) then L(m,t) is 1.
Recall that an irreducible admissible infinite dimensional representation m of
GL(2,F,) on a vector space V is called unramified if its space VE of K =

GL(2, 0, )-fixed vectors is nonzero. In this case VX is one dimensional, and
7 = I(u1, ) with unramified g1, po and py/pe # | - |£1.

COROLLARY 4.18. Let m be an unramified irreducible admissible infinite di-
mensional representation of GL(2,F,) and v # 1 with r(¢)) = 0. Then

e(m,,t) = 1.

Proof. Here m = I(u1, po) with unramified gy, ps, so the claim follows from the
last proposition and Tate’s Thesis. O

DOCUMENTA MATHEMATICA 19 (2014) 1-62



34 YUuvAL Z. FLICKER

Let 7 be an admissible irreducible representation of GL(2, A) whose local com-
ponents are all infinite dimensional. Put L(m,t) = [[, L7y, ty), t, = tdee);
the infinite product converges in E|[[t]]. For any character ¢ : A/F — E* 1) #
1, put e(m,,t) = [[,e(m0, ¥y, ty); almost all factors here are 1. From (7)
it follows that if the central character of 7 is trivial on F*, then &(m,,t) is
independent of the choice of ¢ : A/F — E*. We denote it in this case by
e(m,t).

Theorems 11.1, 11.3 of [JL70] assert:

THEOREM 4.19. Let 7 be an irreducible admissible representation of GL(2,A)
over E. Denote by n: A* — E* its central character. Then m is cuspidal iff
(1) n is trivial on F*; (2) all local components of w are infinite dimensional; (3)
for any character w : A*/F* — E* | the formal series L(ww,t) is a polynomial
int, and (4) L(nw,t) = e(nw, t)L(mn~tw™t ¢ 2t71).

Note that (4) makes sense due to (3). In [JL70], (3) is formulated as stating
that the product [], L(mywy,t,) converges absolutely for sufficiently small ¢,
and its value has an analytic continuation to a holomorphic function in C—{0}.
But the argument of [JL70] can be modified to lead to (3) in our case of E which
is not C, over a function field F'. Note that (4) is not [[, I'(mywa, 0, ty) = 13
indeed the product here does not converge.

PROPOSITION 4.20. If w, " are cuspidal representations of GL(2,A) and m, ~
7l for almost all v, then m ~ 7’

Proof. Let S be a finite set of closed points of X with m, ~ 7, at v € S.
Let n, " be the central characters of m, 7/, and 7,, 7, their components at
v (restrictions to F). By our assumption, n, = 7, for all v ¢ S. But the
groups FX, v &€ S, generate a dense subgroup of A*/F*. Hence ' = 7. By
the Theorem 4.19, of [JL70], above, fixing a character ¢ : A/F — E* ¢ # 1,
for any character w : A* /F* — E* one has

HL(vamtv) = HE(Wuwmwv,tu)L(WM;lw;l7qy_Qt;l),
v v

HL(Tr;jw’lMt’U) = Hg(ﬂ-:jw’lnw’l))tU)L(ﬂ-’i)n;J_lw'leaq;2t;1)'
v v

Since 7, ~ 7, at all v € S, we conclude

(Moo, Yy, to)L(meny twit, g 2t !
H F(ﬂ"uw'mw'mtv) = H ( — Z)('/T(an; ) 1 UU )
veS ves Y

_ Hs(m’jwy,wy,tW)L(w;nL‘lw;%q;2t;1):Hr(ﬂ,w borty)

L(mhwy, ty)

vES veES

Since n = 7/, it follows from Proposition 4.16 that for each v € S there exists
m, > 0 such that if y : [, — E* is any character whose conductor is > m,,,
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then T'(myx, ¥w,t) = T(7)x, ¥y, t). Fix v € S and a character x of F*. By
Proposition 4.14, it suffices to show I'(m,x, ¥, t) = (7 x, ¥y, t). For this, it
suffices to choose a character w : A*/F* — E* in the last displayed equation
with w, = x and such that for each u € S — {v}, the conductor of w, is
bigger than m,. But the group H = F}[],cq_ (v} O maps isomorphically
and homeomorphically onto its image in A*/F*. Hence any character of H
extends to a character of A*/F*. O

PROPOSITION 4.21. Let n be a character of A*/F*, S a finite set of closed
points of X,1b # 1 a character of AJF with r(v,,) = 0 for all u in S. Suppose
that for any closed point v € |X|— S, m, is an irreducible admissible infinite
dimensional representation of GL(2, F,) with central character 0, such that al-
most all 7, are unramified, there is no pair p1, p2 of characters of A* JF* with
Ty = (10, f2v) for almost allv € | X|— S, and for any character w of A* /F*

which is unramified at all points of S, the formal series Hues L(mywy, ty) and

Hves L(myn, tw; b t,) are polynomials, and there exists a number ¢ € E* and

integers n, > 0 (u € S) such that

H L(ﬂ-ﬂwﬂ) tﬂ) =cC H (w(/’ru)tu)nu H E(ﬂ-’vwlh wv; tﬂ)L(ﬂ-'Unﬂ_lwﬂ_l7 q7j_2t771)'

vgS uesS vgS

Then there exists a cuspidal representation ™ of GL(2, A) with central character
n such that for every v € | X| — S the local component of © at v is .

A proof is in [JL70], Theorem 11, Corollary 11.6, proof of Theorem 12.2.
The representation 7 is unique by Proposition 4.20.

4.4 INTERTWINING AGAIN

We can now return to the study of the intertwining operators.

PROPOSITION 4.22. Let p11, po be characters of FX. Let ¢ # 1 be a character
of F,. Then

R(N17M27t)R(M27M17t_1) =€ (%71#7(];1752) 3 (%awaqglt_Q) .
2 1

Proof. By the transformation formula for the e-factors, the right hand side
does not depend on 1. We then choose ¢ with ker+ D O, and kerv) % w,1O,.
We can rewrite the asserted equality as

M (pi1, pa, )M (2, p1,t~") =T <& ,q;1t2> r <&,w,qy_1t‘2) :
%1 Ha
The restriction map I(p1, u2) — I(u1/pe), where
_ o'} . a b _
1) = {f € C=SL@ F))i £ ((§ 1) ) = m(@)laluf ()},
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is an isomorphism (u : F — E* is a character). The group SL(2, F},) acts
transitively on F2 — {(0,0)} on the right. The stabilizer of the vector (0,1) is
N(F,). Then N(F,)\ SL(2, F,,) can be identified with FZ—{(0,0)} by (¢4)
(¢,d) € F? —{(0,0)}. Using this we identify I(u) with

V(u) = {f € C=(F; = {(0,0)});
flaz) = p(a)~Mal; ' f(2),a € Ff x € FY —{(0,0)}},

so I(p1,p2) with V(,ul/,ug) The operator M (p1, pi2,t) corresponds to the
operator M (pu1/pa,t?) where

M(p,s) 2 V(pvs) = V(g™ '), (M(M,S)f)(x)Z/{ . 1}f(y)dy-

Here A denotes the symplectic form (a,b) A (¢, d) = ad—bc on F?2. The measure
on the line ¢, = {y € F2;x Ay = 1} is transferred from the Haar measure on
F, via the map F, — ¢, given by a — yg + ax where yq is a fixed point on /.
So we need to show:

M(M,S)M(M_I,S_l):F(/J/,’lb,qy_l ) ( awa - _1)

For sufficiently small s € C* define operators As : C°(F2?) — V(uvs) and
By : CX(F?) — V(u~tvs) by

= / flax)p(a)vs(a)da, (Bsf)(xz) = / flaz)p(a) tvs(a)da.
F, F,
Restriction defines an isomorphism V (uvs) — Vo(p), where

Vo(p) = {f € C=(07 - {(0,0)});
flaz) = p(a)™' f(z), z € OF = {(0,0)}, a € O},

so we can identify the spaces V(uv;) as s varies.

The operators As and By, defined above for small s, depend rationally on s.
Hence they can be extended to all s.

Consider the Fourier transform

F: CX(F?) = C®(F?), / f(@)(z A y)de

LEMMA 4.23. We have M (p,s)As = T (=4, ¢ s ™) By F,
M(p", s ) Ber = T(, 9, ¢, 's) A F.
Proof. Given f € C°(F2), z € F? — {(0,0)}, we first show
D(p™h 4, ¢ s™)(Be Ff) () = (M(p, 5)As f) ().
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The operators F, Ay, By commute with the action of SL(2, F,,). This action is
transitive on F2 — {(0,0)}, so we may assume z = (0,1). We compute

(Bslef)((Ov 1))

/F (FL)(0.a))(a) " vyor (a)da,

(Ff)((0,a)) = [y, 2)¥(ya)dydz = $(—a)

ba) = / oW(—ya)dy, o) = [ fly.2)dz.

Tate’s functional equation (see [L], VII, section 3-4) is

dy
lyl’

(Formally this can be deduced from the definition of the I'-function and the
inversion formula ¢(y) = [ @(a)i(ay)da. However the left side converges for
large |s|, while the right for small |s|, so one has to show both sides are rational
in s).

We conclude that the left side of the equation to be shown is

T g ts™) / B(a)i (@)ve-r (a)da = / o)) (v)

/ o) —y)ws ()]~ dy = / / Flys Yl—y)vs(y)y]~ dyd=

while the right side is (recall: = (0,1), so (0,1) A (y, 2) = —y)

Jenera= [ [ fvum

The proof of the second identity of the lemma is similar. O

The inverse Fourier transform coincides with F' since the form (z,y) — z Ay
in the definition of F' is skew-symmetric. Hence F? = 1, and it follows from
the Lemma that

M(p, )M (p ", s )Byr =T(p, 00, ¢, ' s)D(p ', gy 's ™) By

However, the operator B,-1 is onto for those s where it is defined (even its
restriction to C2°(F2 —{(0,0)}) is onto), as V (uvs) is irreducible, so the propo-
sition follows. O

PROPOSITION 4.24. For any characters jy, po of A*/F* we have

M(MlaﬂQat)M(M2aulat71) =1

Proof. From Proposition 4.21, M (j1, pra, t) M (p12, pia, 1) is equal to
q2_2gm(ul//~l/25 t2)m(,u2/,u1, t_Q)R(Mh H2, t)R(MQa M1, t_l)a
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while Proposition 4.22 implies, for any character ¢» # 1 of A/F, that

R(,uflv 12, t)R(N% M1, til)
is

H[E(Mlv/u%u l/fm qglti)g(ﬂQv/ulm l/fm q;1t772)]

v
= 9 e(pa/pa, g e (pa/pa, g~ ).
As e(x,t) = ¢"79T], e(xv, Yo, to) satisfies the functional equation L(x,t) =
e(x,t)L(x~t, ¢ 't1), we have that
1,2 —1,-2 2 —2
e(ur/p2, gt )e(pa/pa, gt ") m(pa / pa, 2 )mlpa/ pa, t77),

which is equal to

e(p1/p, ¢ ") L(pa /g1, %) e(pa/pa, a2 L(pa /2, t?)
L(pa/p2,q71t%) L(pz/p1,q7172)

is equal to 1. O

4.5 M? =1 viA MELLIN TRANSFORM

We shall next study the relationship between M : C°(Y,) — C*(Y,) and
M (p1, poyt) = I(pavt, puev=") — I(pov =t uivt), and conclude that M? = 1.
Both are defined by the same integral formula. Here uq, ps are characters of
AX/F* . a%. Put

1((§9)) = mla)uz(d)la/o]vila/b), n: AA)JA(F)-a® — EX.

It is a character. Recall that Y, = oZN(A)A(F)\ GL(2,A) and (M f)(z) =
fN(A)f((?_Ol)mc)dn. Suppose that f € C*(Y,), and t € E*. Define a
function T'(f, p1, po, t) : GL(2,A) — C by

Ot = [ S

Then T(f, p1, po,t) € I(p1v, pov—y) is called the Mellin transform of f. The
notation 7' can be used also when f € C*°(Y,) is not compactly supported,
whenever the integral converges.

PROPOSITION 4.25. For ¢ € O(Y,), characters jui,pa : AX/F* - o —
E* and large enough t € C*, the integral defining T converges, and
T(M(pa/-l/la/-‘%t) = M(M%Mlvt_l)T((pa,uQa/J/lat_l)'

Proof. By definition,
(T(f, pa, p2, 1)) () = //f((% 01 &) (@) pa(b)|a/b] v (a/b)d” ad”b.
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Put f = Mg, so f((gg)_lx) = |b/a|fN(A)¢((8g)_1 ((1) Bl)nﬂf)dn. Hence
(T(f, p1, p2,t))(x) equals

/ / / P59 (05) n) s (a)pa (b) b/ al Y 2ve(a/b)d* ad” bn

/N(A)(T(%Mzwhtl))((? b)) na)dn

= (M(,U'Qa,uflat_l)T(SDvN%Nlat_l))(:c)'

If ¢ is large enough, the integral which defines M (yuz, j11,t~ 1) converges, and so
is the integral which defines T'(f, u1, pt2,t), which justifies the computation. O

PROPOSITION 4.26. If ¢ € C°(Yy) then My € C®(Y,). If My € CX(Yy)
then M?p = .

Proof. Put f = My and h = M f = M?p (h is defined if f € C2°(Y,)). By
Proposition 4.25,

T(haula,u'%t) = M(MQ?Nlatil)T(fa ,uf%ulatil)a
T(fa ,u/27/j/15t71) = M(,U/l,ﬂ2,t)T(§0;,U/1,,U/2,t)-

The first equation holds only for large enough ¢, and the second only for small
enough ¢. However, both sides of the second equality depend rationally on ¢ (for
the left side, this is true since f = My is compactly supported), hence it holds
for all ¢ in C*. Hence for large enough ¢, by Proposition 4.24 T'(h, ju1, 2, t) =
T(p, 1, p2,t) for all py, po. This implies h = ¢. O

4.6 POLES, ZEROES AND VALUES OF R AND M

Recall that v;(z) = t1°8(*) is a character of AX /F* with vy (m,) = t,, (= t38()),
and locally we write v for the unramified character of F* with v (m,) = t.
Let p1, pa be characters of F*. Recall:

L(p1/p2, q; 112)
L(p1/ p2, t2)

PROPOSITION 4.27. (1) The function R(u1, us2,t) is reqular at t = 0.

It has a pole at 7 € C* iff povy—1 /vy = v (with v(m,) = g, *). This pole has
order 1.

The function R(p1,pa,t)~t has a pole at 7 € C* iff pyvy /pugv,—1 = v. This
pole has order 1.

(2) Suppose R(u1,p2,t)~' has a pole at 7 € C*. Then the function
R(uy, pa,t) is reqular at t = 7. Put L = limy_.(t — 7)R(p1, 2, 1)t and
Q = R(Mlau%’r)' The opemtors Q : I(HIVT;,LLQVT*1) - I(IU’QVT*U,U'IVT) and
L : I(pov,—1,puavr) — I(pve, povy—1) intertwine the GL(2, F,)-action. The
representations of GL(2, Fy,) in the spaces ker ), coker Q, im L are isomorphic

R(/J/la:u%t): M(:U/la:u%t)'

1
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to the square integrable St(uiv,, puovy—1). The representations of GL(2, F,)
in the spaces ker L, coker L, im @ are isomorphic to the one dimensional
7> (@) ws-1)(2) = (@) ().

(3) The statement (2) remains true with R(u1, pe,t) replaced by Ry, pa,t) .

Proof. From the first part of the proof of Proposition 4.3 it follows that

M (pa, pg, t)/L(pa/p2, 1) = R(pa, p2, )/ L(pa /2, g, ')

is regular. So R(p1, pia,t) could have a pole at t € C* only if L(u1/uz,q, 1t?)
is oo, that is pov,—1/piv, = v (recall: v(z) = |z|), and the order of the pole is
at most 1.

A similar statement holds for R(u1, pi2,t) ™" = c(pu1, pa )t #1#2) R( g, g, t1).
(The last equality follows from Proposition 4.22. In fact n(ui,pu2) = 0,
but we do not need this.) Namely R(ju1,u2,t)"! has a pole at 7 € C* iff
p1vy [ pov—1 = v. This pole has order 1.

Suppose 1y /pav,—1 = v. Then pgv,—1 /v, # v so that R(uq, pz,t)~1 is
regular at t = 7. With L, @ defined as in the proposition, it is clear they
commute with the GL(2, F,)-action. If L = 0 then @ = R(u1,u2,7) has no
pole, in fact it is an isomorphism. If ) = 0 then L would be an isomorphism,
as the operator lim;_,, R(p1, 2,t)/(t — 7) would be the inverse of L. However,
the representations of GL(2, Fy,) in I(u1vy, pov,—1) and I(pav, -1, uiv,) are
not equivalent, hence L # 0, Q # 0. As L # 0, the function R(u1,puz2,t)™"
does have a pole at t = 7. From the description of the invariant subspaces
of I(urvr, povy—1) and I(uovy—1, u1vy) the claims in the proposition on the
description of the action of GL(2, F,) follow. The regularity of R(u1, po,t) at
t = 0 follows from that of L(u1/p2,qy 't2) "L R(p1, 2, t). O

In conclusion, the representation of GL(2, F},) in I(uivy, pove—1) is reducible
iff R(u1,p2,t) or R(u1,pe,t)~! has a pole at t = 7. These last operators are
regular at t € C* if puy /o is ramified. If py /pio is unramified and (g /p2)(m,) =
a, then the poles of R(u1, uz,t) are at 4=+/q,/a, and those of R(u1, pu2,t)~! are
at £+/a/qy.

COROLLARY 4.28. Let uy, po be characters of AXJF* -a”. If R(u1, ji2,t) has
a pole at t =7 € C*, then |t| = \/q. If R(p1, po,t)~" has a pole at t = 7 € C*
then |1| = ¢~ /2.

Indeed, a character of A*/F* which takes the value 1 at « is unitary, thus
la| = 1.

PROPOSITION 4.29. Let ju1, ps be characters of AX/F* - o and 7 € C*,
|7| < 1. If M(p1, po,t) has a pole at t = 7 then py = po and T = +q~ /2,
If i1 = po is denoted p and T = ¢~ /% then M(p, p,t) has an order 1 pole
at 7. The image of the operator C = limy_,,(t — 7)M (u, 1, t) in this case is
one dimensional and is spanned by the function f(x) = p(detx)v,(detzx) in
I(pv,—1, pvy). Further, M(u1, po,t) is reqular at t = 0.

DOCUMENTA MATHEMATICA 19 (2014) 1-62



EISENSTEIN SERIES AND THE TRACE FORMULA . .. 41

Proof. Recall that M (pu1, p2,t) = ¢~ 9m(p1/ pa, °) R(p1, pi2, t) where m(p, t) =
L(p,t)/L(p,t/q). Let 7 € C*, |r] < 1. By Corollary 4.28, the function
R(p1, pa,t) is regular at 7. By Proposition 4.11, the function m(uy/pa,t?)
is not regular at 7 only if y1 = po and 7 = ¢~ /2. In these cases it has a
simple pole. Hence M (i1, 2, t) is regular at ¢t = 7 (0 < |7 < 1) unless p1 = po
and 7 = £¢~'/? where the order of the pole is at most 1. When pu; = pp = 1
and 7 = ¢~ /2, the operator C' = limy_,(t — 7)M (p, j1,t) is a scalar multiple
of R(p, pi,t) = @y Ry, fh, 7)), Tp = T98W),

From (1) in Proposition 4.27, the function R(fiy, ftv, 7o)~ has a pole at t = 7
(ty, = 7p). Its statement (2) implies that the image of R(gy, iy, 7 ) is one dimen-
sional and GL(2, F,) acts on it via the character x — p,(det z)v, (det z)de8?.
This implies the proposition, except the final claim, which follows from the
regularily of R(u1, p2,t) at t = 0, and that of m(u1/ps2,t?) at t = 0. O

Let w1, po be characters of A*/F*. The operator M (u1,pue,t) maps
I(pve, pavs—1) into the space I(uavs—1, pu1vy), which in general is different from
I(pyve, puovs—1). However, when g = po = p and ¢ = +1, then M (uq, po,t)
maps I(uyv, povs—1) to itself; M (p, p, t) is regular at ¢ = £1. The representa-
tion of GL(2,A) in I(uv,, pv,-1), 7 = %1, is irreducible, and hence M (u, i, T)
is a scalar operator. Moreover, from Proposition 4.26, M (i, u,7)> = 1 at
T ==+l

ProOPOSITION 4.30. If p is a character of A*/F* and T = =1, then
M(I‘L7/’[/’T) =-1

Proof. In view of the relation between M and R, it suffices to verify that

L(1,t
%gri L(](.,ié/()]) = ¢! and R(p, p,7) = 1.
In fact, for any character w of F, R(w,w,7) is 1 at 7 = 1. Indeed, sup-
pose first w is unramified. Then there exists a function f in I(wv,,wr,) whose
restriction to GL(2,0,) is 1. By the normalization of the intertwining op-
erator (Proposition 4.3(2)), R(w,w,7)f = f. However, the representation of
GL(2, F,) on I(wv,,wv,) is irreducible, so R(w,w,7) = 1 if w is unramified.
The general case reduces to the case where w is unramified, or even w = 1, by

the commutativity of the diagram
I(wrr wry) flewm)

N
I(vr,vr)®@w

I(wrr wry)

AL I(vr,vr)Qw

To compute the limit of the ratio of L-functions, we use the functional equation
L(1,t/q) = e(1,t/q)L(1,t~1). Then

. o —1 7 —1
lim L(L,1)/L(1,t/g) = £(1,1/)~" lim L(1,1)/L(L, ).
By the definition of the global e-function and its properties (Proposition 6.1,

6.3), e(1,1/q) = ¢'=9. Since L(1,t) has a pole of order one at t = 1, by
L’Hopital rule lim; 1 L(1,¢)/L(1,¢t71) is —1. O
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4.7 GLOBAL EISENSTEIN APPROACH

These proofs of M? = 1 and rationality of M (u1,u2,t) are based on local
computations (normalization of the intertwining operators by L-functions and
e-factors), and the functional equation of the L-function. The following alter-
native proof of these results is based on properties of the Eisenstein map.
The alternative approach of this subsection, the following subsection 4.8, and
the computation of traces in subsection 5.2 are motivated by Tate [T68]. They
are the newest part of this paper, which — as noted in the introduction — cries
out for generalization from our context of GL(2), and for further study.

We shall use the maps ht* : Y, — Z and ht : o” GL(2, F)\ GL(2,A) — Z.
Both maps are proper. However, ht™ is onto while the image of ht con-
tains the positive integers but only finitely many negatives. So in some sense
Y, is less compact than o GL(2, F)\ GL(2,A), so the map E : C®(Y,) —
C>®(a? GL(2, F)\ GL(2,A)) should have a big kernel. For ¢ in ker E' we have
(1+ M)p = E*E¢ = 0. Hence M?p = ¢. Unlike M, the operator M? com-
mutes with the action of A(A) on C°(Y,) by left translation. Hence M?2p = ¢
not only for ¢ € ker E but also for ¢ in the span of A(A)-translates of ¢ in
ker EF. The number of such linear combinations is already sufficiently large to
imply M? = 1. We now turn to rigorous proofs.

PROPOSITION 4.31. Let M : Clz,z7 1" — C((2))" be a C-linear map with
M (zu) = 27 M(u) for all u € Clz,27Y"™. Let I denote the natural embedding
Clz, 271" — C((2))*. Put B = I + M. Suppose there is some k € Z for
which the vector space (Im B)/B(z*C[z~1]") is finite dimensional. Then there
is some

P(z) € GL(n,C(z)) C GL(n,C((2)))
with P(271) = P(2)7! and (Mu)(z) = P(2)u(z~1) for all u(z) € C[z,z~1]".

Proof. Denote by e; the column in C"® with nonzero entry only at the ith
row, where it is 1. From M(}2,(32; cijz?)e) = 32,30, cijz~7)Mei, we see
that (Mu)(z) = P(2)u(z7!) where P(z) is the n x n matrix with columns
Mey, ..., Me, whose entries are in C((z)). If w is in the kernel of B = I+ M,
then P(2)u(z71) = —u(z). Since ImB = U,;,>1B(2™C[27!]") and there is
some k > 0 such that B(z*C[27!]") has finite codimension in Im B, there is
some ¢ with B(2*C[z7!]") = Im B. Then ker B + 2‘C[z~!]" = C[z, 2~!]". For
each i (1 <i < n), 2/Tle; € ker B + 2°C[z~!|". Hence there is a matrix W €
M (n, C[z, 2~']) whose columnes are in ker B and W —2/T11d € 2/ M (n, C[z71]),
where Id is the identity matrix. But then W € GL(n,C(z)), and since the
columns of W are in ker B, we have P(z)W(2~1) = —W(z). Then P(z) =
W)W (EH™ and P(z7Y) = -W(E"HW(z)~t = P(2)~ L. O

COROLLARY 4.32. A C-linear map M : C[z,271] — Clz,27] which satisfies
the conditions of Proposition 4.31 has M? = Id.
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Recall that Y, = o A(F)N(A)\ GL(2,A). Write C$°(Y,) for the space of the
B-valued functions f on Y, with (1) f(z) = 0 if ht ™ (z) is large enough, and (2)
f is invariant under right translation by some open subgroup U of GL(2, A).
Note that C°(Yy) C CF(Yy) C C(Yy).

PROPOSITION 4.33. The image of C(Yy) under M lies in C°(Ya).

Proof. For f € C2°(Y,,) there exists an integer m such that f(x) = 0ifht™ (z) <
—m. We shall show that for such f, (M f)(z) = fN(A) (973 na) da is zero

if ht ™ (z) > m. It suffices to show then that for x € GL(2, A) with ht™ (z) > m,
and any n € N(A), we have ht™ ((? _01) n:n) < —m. But by Lemma 2.7 we
have

ht (2) + ht™ (9 3) ne) =ht™ (n2) +ht™ ((9 ) na) <.
|

PROPOSITION 4.34. Let U be an open subgroup of GL(2,0). For every integer
m > 1 define

W ={p € CX(Ya)"; p(x) =0 if ht'(z) <m},
YV = {p e CF” GL(2, F)\ GL(2,A)Y; ¢(z) =0 if ht*(z) < m}.
Then E(WY) =YY for large enough m.
Proof. Put
ZV ={p e C®(a” - A(F)N(F)\ GL(2, A)Y; o(x) =0 if ht*(z) < m}.
Recall that

E=s.0%, s.2) =Y v(yz),  v€AF)N(F)\GLEZ,F).

It is clear that s.(ZY) = Y,U. It suffices to show that »*(WY) = ZU for
sufficiently large m. In fact, we showed, as the first claim in the proof of
Proposition 2.13, that for an open subgroup U of GL(2,A), that there is an
integer m with the property that if z € A, z € GL(2,A), ht*(z) > m, then
thereisu € U, B € F, with (} 7))z = (éf)xu In other words, if x € GL(2, A)
and ht™ (z) is large enough, then N(A)z ¢ N(F)zU. O

We shall now give a different proof of Proposition 4.26.

PROPOSITION 4.35. If o € C°(Y,,) and My € C°(Y,,) then M?*p = .
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Proof. Let us introduce a structure of C[z, 27 1]-module on C*°(Y,,) by

1 0 .
(Zf)(I) = ﬁf((o l)x)v fec (Ya)7 UAES GL(QvA)

From

it follows that M (zf) = 2~ M (f); recall that |a| = ¢, and f is invariant under
a. This is the reason for introducing the factor \/q. Let U be an open subgroup
of GL(2,0). Put

wl=cx2w,)Y, w!=crw.)Y.

Both are C[z, 2~ ]-submodules in C*°(Y,). Denote by WY the set of functions
f € C=(Y,)Y such that f(z) = 0 if htT(x) # 0. Then the natural map
WY ®@c Clz,27Y — WU is an isomorphism. In the same way we have a
canonical isomorphism W @c C((2)) — WY. The operator

M :W.=Cx(Yy) = Wi =CF(Ya)
maps WY into WY. Hence it defines a map
M WY @c Clz, 27 = W @c C((2))

satisfying the first condition of Proposition 4.31.

It remains to check the second condition of that Proposition. The space WY
can be identified with WV ®@c 2~™C[27!], and then the operator B = I +
M is just E*E. Thus it suffices to show that for some m € Z, the space
E*EWY)/E*E(WVY) is finite dimensional. Since E(WY) = YU for large m,
and {z € GL(2,F)\ GL(2,A); ht(x) < m} is compact mod Z(A), it follows
that the subspace

EWY) c C*(a? GL(2, F)\ GL(2, A))Y

has finite codimension. Thus M satisfies both conditions of Proposition 4.31,
and our claim follows from Corollary 4.32. O

To use Proposition 4.31 to give another proof of the rationality of M (u1, us,t),
we take a different view of the Mellin transform and the relationship between
the operators M and M (u1, po,t). Let I.(u1v,—1, pov,) be the space of locally
constant functions f : GL(2,A) — Clz, 21| with

FU§5)2) = pa(@)ua(b)v=(b/a)la/b]' 2 f ().
Let I (p1v,—1, povs,) be

Ic(l-l/lyzfl s MQVZ) ®(C[z,z*1] (C((Z))
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The group o” C GL(2,A) acts trivially on these I. and I,. We put

I. = @IC(MIVz_la,LLQVZ)ﬂ I+ - @IJr(Mle_la,u’QVZ)a
where the sums range over all characters i1, po of AX/F* - a”.

PROPOSITION 4.36. There exists an isomorphism of C((z))-modules I, —
C°(Ya) which is GL(2, A)-equivariant and maps I. to C°(Yy).

Proof. Define a map F : I, — C°(Y,) by mapping
Y = {(P;u,pu} € I+a Py e € Ic(ﬂlyz*%MQVz)a

to

(Fp)(x) = constant term of the formal series Z Oy e () € C((2)),
K1, 2

for any € GL(2,A). The map F is well defined, commutes with the actions
of C((2)) and GL(2,A). The inverse of F' exists, as follows. If ) € CF(Yy)

then F~1(¢) = {@u, o} With 0y o € L4 (uiv.—1, pov,) given by
Pun(@) = [ w(h ) (h)dh,
A(A)/aZ-A(F)

where
n:AA) = C((2))*,  n(diag(a,b)) = p1(a)uz(b)v:(a/b).

The last integral converges in the field C((z)). A base of the topology is given
by z"C|[z]], n > 0. The map F maps I, to C°(Yy,). O

Put Iy = &, o Lo(p1, 12), with
To(pa, p2) = {f € CF(GL(2,0)); f((55)x) = pa(a)uz(b) f ()}

Denote by M (z) the map Iy — Iy which takes Io(p1,p2) to Io(us, 1) via
M (p1, p2, 2). We use the isomorphism F' to identify the spaces I; and C3°(Y,),
as well as I, and C2°(Y,). The natural isomorphism

Ic(ulyzfla,ual/z) :) IO(;“'I; ,U'Q) Qc (C[Zv Zﬁl]

and
I+ (lu‘ll/z*1 ) ,LLQVZ) = IO(HI, ,LLQ) ®c (C((Z))

permit us to identify I. and Iy ®c C[z,27 1] as well as Iy and Iy ®c C((2)).
Thus the map M : C°(Y,) — C7°(Y,) induces an operator

My : Iy ¢ (C[Z, 271] — Ip Q¢ (C((Z))
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PROPOSITION 4.37. Regard the elements of Iy ®c Clz, 27| as functions of z
with values in Iy and the elements of Iy ®c C((2)) as formal series in z with
coefficients in Iy. Then for any u € Iy @c Clz,27'] one has (Mou)(z) =
M (2)u(z71), M(z) is viewed as a formal series in z.

Proof. Write ¢ for the automorphism of C[z, z7!] which maps z to 2~!. Given
a function f : GL(2,A) — C((z)), denote by fo the function GL(2,A) — C
such that fo(x) is the constant term of f(x).

Define an operator

M" : Iy ®c Clz, 271 — Iy ®c C((2)) by  (M"u)(z) = M(2)u(z71).

We claim that My = M”. Consider M as a map I. — I,. We have to
show that for every f € I., we have FM"f = MFf, for the isomorphism
F:I. 5 CP(Y,). As I is the sum over py, po of Io(piv,-1, pars), it suffices
to consider f in one of these summands.

For z € GL(2,A), we have (M" f)(z) = fN(A) of ((973) nx) dn. Then

(FM" f)(x) = (M" o) = /N ,, Fo (03 ma)dn

MED@ = [ PG [ (35 ne) dn

N(A)

are equal, as required. O
4.8 A SECOND PROOF OF THE RATIONALITY OF M (i1, ji2,t) AND OF THE
FUNCTIONAL EQUATION M (ju1, pio, t)M (pg, p1,t71) =1

Let U, WY, A be as in the proof of Proposition 4.35. Then WU =

Dy o W[LJMQ, where ng,m is the space of functions f € WY with

S x) = pa(a) pa(b) " f(x)

whenever deg(a) = deg(b) = 0. The natural maps Io(ua, 1) = W[{l,m permit
one to identify WY and the space I¥. The map

M WY @cClz,z7 ] = WY @c C((2))
is induced by the operator
My : Iy ®c¢ (C[Z, Z_l] e e (C((Z))

The proof of Proposition 4.35 implies that the operator M satisfies the con-
ditions of Proposition 4.31. Then M is given by a formula of the form
(Mu)(z) = P(2)u(z7!), where P(z) is an automorphism of V which depends
on z rationally, and P(z71) = P(z)~!'. From Proposition 4.37 it follows that
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P(z) is just the restriction of M(2) to I ®cC|z,27!]. The group U may be ar-
bitrarily small. Hence M(z) is a rational function of z, and M (z)M (271) = 1.
Hence for any characters p1, u2, of o - F*\AX, the operator M (1, 2, 2)
depends rationally on z, and

M(M17M27 Z)M(Nh/m, 271) =L

The same is true for any characters u1, uo of A*/F* which are not necessarily
trivial at «. To see this, it suffices to use the identities M (uqvy, povy,z) =
M (pa, pa, z) and M (pavy, provy-1, 2) = M (p, pa, t2). O

5 PROOF OF THE TRACE FORMULA

5.1 THE GEOMETRIC PART

Our aim is to compute the trace trro(f), where f € C°(GL(2,A)) and rg is
the representation of GL(2,A) by right translation on the space Ag , of cusp
forms invariant under a.. Recall that the space A. , of a-invariant automorphic
forms is equal to the direct sum of Ay o and Ap o =Im(E : C°(Y,) = Aca)-
The corresponding representations of GL(2, A) are denoted by r and rg. Had
r been admissible, we would have had trro(f) = trr(f) — trrg(f), and the
computation of trrg(f) would have reduced to that of trr(f) and trrg(f).
But r and rg are not admissible, so trr(f) and trrg(f) make no sense.
Suppose f is right invariant under the open subgroup U of GL(2,0). Denote
by AY, AV, A% the spaces of U-invariant vectors in Ag o, Ac,ay AE,o. Since
Imro(f) € AY, we have trro(f) = trry (f), where r§ (f) is the restriction of
ro(f) to AY.

Denote by x,, the characteristic function of the set

{z € o” - GL(2, F)\ GL(2,A); ht(z) < m}, m > 0.
Denote by 6,,, the operator of multiplication by x,, on A¢ .

PROPOSITION 5.1. (1) For any m > 0, dim6,,(AY) < co.
(2) If m >> 1 then (a) 0., acts as the identity on AY, and (b) 0,,(AY) C AY,.

Proof. (1) The support of x,, is compact mod Z(A), the quotient by the open U
is then finite. (2a) AY is finite dimensional, consisting of compactly supported
forms. (2b) By (2a), (1—6,,)AY = (1 —0,,)AY. This lies in AY, as U-invariant
cusp forms are uniformly compactly supported. Hence 6,,(A%) C AY. O

Denote by 7V (f) and r¥(f) the restrictions of 7(f) to AY and AY. For m such
that 6,,(A%) C AY, denote the restriction of 6,, to AY again by 6,,,. Then for
m>>1,

trro(f) = trrg (f) = tr(@mr? (f)) = tr(O@mrg(f)) = tr(Bmr(f)) — tr(Omrp(f))-

We then proceed to compute tr(6,,r(f)) and tr(6,,7%(f)).
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PROPOSITION 5.2. There exist cy € E and oy, € F with limy,_,o oy = 0, and

wbnr(£) = 30 S+ eslm— 5) + o

1<i<4

Proof. The map 0,7(f) : Ac.a — Aca is an integral operator with kernel
Xm (Y) K ¢ (2,y), where K¢(2,y) =3 coz.gri,r f(2717y). Then

tr(0mr(f))

/ Xm () K¢ (z, z)dx.
a?.GL(2,F)\ GL(2,A)

LEMMA 5.3. There exists my > 0 such that if z € GL(2,A), v € o GL(2, F),
ht* () > my, f(z~'yz) #0, then v € aZA(F)N(F).

Proof. We have yx = xy, y in supp(f). Since ht*(z) + ht™(dz) < 0 for § €
CL(2, F) — B(F), we have that ht " (x) > 0. If in addition we had ht™ (zy) > 0,
we would conclude that v € a”B(F). The number m; = —min{ht*(2); 2 €
GL(2,0) - supp(f)} then has the property that ht™(z) > myg, y € supp(f),
implies ht* (zy) = ht*(x) + ht* (ky) > 0, where x = bk and ky = b'k’ so that
xy =bb'k (b, V' € B(A); k, k' € GL(2,4A)). O

Denote by &,, the characteristic function of the set {z € GL(2,A); ht™ (z) >
m}, by A'(F) the set of nonscalar diagonal matrices, and by Ell the set of
elliptic matrices in GL(2, F'), namely those whose eigenvalues are not in F.
Put w=(9}).

LEMMA 5.4. If m is big enough, then xm(y)Ks(x,x) is the sum of

Ty m(z) = Xm () Z fOn), Tam(z) = Z fla™tya),

yEQL-FX yEaZ-Ell
Tym)=3 Y Ha o 0w) - (1 6(6w) — G (wda)),
NEal AN (F) S€A(F)\ GL(2,F)
Lim(e)= Y S AT (58)60) (1 o)),

a€al-FX §€F* N(F)\ GL(2,F)

Proof. T1 ,(z) is the contribution of the elements v € aZ-F* in x, (z)K ¢ (2, z).
We claim that the contribution of the elements vy € o - Ell in x,(z)K ¢ (, 7)
is To (7). To show this, we need to see that if z € GL(2,A), v € o - Ell
and ®(z~'yz) # 0, then ht*(z) < m. Indeed, if ht(z) > m then there is
some 0 € GL(2, F) with ht™(z) > m. Lemma 5.3 then implies that 6vd~! €
aZA(F)N(F), contradicting v € oZ - ElL

Denote by T3 ,,(x) the contribution into xm(z)Ky(z,z) of the elements v of
the form o’v, j € Z, v € GL(2, F) with distinct eigenvalues in F. By T}, ()
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we denote the contribution of the elements o+, j € Z, v € GL(2, F), v ¢ F*
but the eigenvalues of v are equal. We have

T3m(7) = %xm(x) > > flalé o).

yEar A/(F) 6€ A(F)\ GL(2,F)

The factor % appears since diag(b,a) is conjugate to diag(a,b). To show that

T4 (x) = T3, () it suffices to show that when f(z~'6~'vdx) # 0,

Xm(T) =1 =& (62) — §n(wix),

namely if ht(z) > m then either ht*(dz) > m or ht™(wdz) > m. So if
ht(z) > m, then there is some 7 € GL(2, F) with ht™(nz) > m. By Lemma
5.3, nd~1yén~t € oZA(F)N(F), but this implies that né~! € A(F)N(F)
or o 'w € A(F)N(F). Correspondingly, ht*(6z) = htT(nz) > m or
ht ™ (wdz) = ht™ (nz) > m, but both inequalities cannot hold simultaneously if
m > 0.

Now

T () = Xm(x) Y > fl@™to71 (58) ba).

a€aZ-FX §€ FX N(F)\ GL(2,F)
To show that this equals T4 ,,, () we need to check that when
flamt671(§3)dz) #0

and ht(z) > m, then ht™(6x) > m. Suppose then that ht™(nz) > m for
n € GL(2, F). Then by Lemma 5.3 we have

nd~t(§6)on~" € aPA(F)N(F).
Hence nd~' € A(F)N(F), so that ht™(6z) = ht™ (nz) > m. O

We conclude that tr0,,7(f) = 321 ;<4 ti,m With

tiym = / T (x)d.
a?-GL(2,F)\ GL(2,A)

To prove the proposition it suffices to show that ¢; , = S;(f)+c;(2m —1)+ B,
for all i (1 < <4), where ¢; does not depend on m and lim 3, = 0. It is clear
that t1,, — S1(f) as m — oo. As T5 ,,(2) is independent of m, ta , = Sa(f).
Now

1 _
tn=z > | ™ 32)(1 = & (@) — & (wa))da
ot an(m) AP\ GL(2,4)

:% 3 /A Fla " ya)s(x)dz

ot () ) AR\ GL(2.4)
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where
d@:/ 1= e (y2) — Em(wya)ldy
aZA(F)\A(A)

= vol{y € o A(F)\A(A); ht*(yz) < n, ht* (wyz) < n}.

Note that for y € A(A), ht " (yz) = ht " (y)+ht " () and ht " (wyz) = ht* (wz) —
ht* (). Hence

s(z) = [{y € A(A)/a” - A(F); ht™ (wz) —m < ht(y) < m —ht*(z)}].

This is the number of integers between ht*(waz) —m and m — ht*(z). So
s(z) = 2m — 1 —ht*(2) — ht ™ (wz).

LEMMA 5.5. We have ht" (z) 4+ ht" (wz) = —2r(z), where if x = a (}Y)k,
a€ A(A), k€ GL(2,0) and y € A, we put r(x) = max(0,log, |yu]v)-

Proof. Note that y is determined up to a change y — by +¢, b € O*, ¢ € O,
so r(x) is well defined. The asserted relation does not change if = is replaced
by azk, a € A(A), k € GL(2,0), so we may assume = (%) € N(A).

Then ht™(z) = 0, and (94)(JY) = (_% 1) (% ?) implies that ht*(wz) =

01 0y
—2r(z).

O

Lemma 5.5 implies that

ta.m = S5(F) + (m — )

yealZ-A'(F)

/ fz™tya)de.
A(A)\ GL(2,4)

Next

Fa™(§8)2) (1= &u(x))da

t4,m =

a€al.-Fx

- ¥

a€al.-FX*

/<xZFXN(F)\GL(2,A)

/ e (%)) dr.
{z€aF*N(F)\ GL(2,A); htt(z)<m}

Recall that oa,f(t) = faZFX N(F)\ GL(2,A) f (xil (8 Z)l‘) tht+(z)d1' is a Laurent
series at t = 0 of a rational function of ¢ with (p(q~'¢)710, ¢(t) € C[t, ¢t 1.
Suppose Oq, ¢ (t) = Y, ur(a)t®. Then tam = Y cozpx Dopem u_k(a). Since
Cr(g't) has a simple pole at t = 1, we have that 0, f(t) = % +04,7(t), with

04, ¢(t) without poles on 0 < |t| < 1. Then
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= i [ (o) = (o~ )p(a)l
k<m
Then
_ 1
lam = Z 9a7f(1)+(m*§)p(a)+ﬂm, Bm — 0 as m — oo,
acal-F*
and Sy(f) = > ,caz.px 0a.7(1). Proposition 5.2 follows. O

Note that 3,, is 0 for sufficiently large m, as will be seen below.

5.2 THE EISENSTEIN CONTRIBUTION

Next we turn to computing tr(6,,r%(f)) for large m. Put WY = C=(Y,)Y,
Wl =1+ MmwY.

PROPOSITION 5.6. The operator E* maps A% isomorphically onto Wzlvjf

Proof. As AY = E(WY) and E*E = 1+ M, it suffices to show that ker E*E =
ker E. For ¢ € ker E*E we have (Eyp, E¢) = (E*Ep, ) = 0, hence Fo =
0. O

DEFINITION 1. Denote by WY the space of f in WY with f(x) = 0if ht™ (z) <
m. Denote by &, also the operator Wn[{ — Wf,{ of multiplication by the
characteristic function of the set {z € Y,; ht™(z) > m}. [If m > 0 then &, is
a left inverse to the operator 1+ M : WY — W[} Indeed, if f is in WY, then
(M f)(z) = 0 already when ht™* (x) > —m since ht " (wnz)+ht T (nz) < 0 implies
ht* (wnx) < m and so f(wnz) = 0.] Hence 7™ = (1 + M), : WY — WY
satisfies 7" 7™ = 7« for m > 0. Put m,,, = 1 — 7.

PROPOSITION 5.7. For sufficiently large m, E* intertwines 0,, with m,,, thus
TmE* = E*0,,, namely the diagram

AY 2wy

Omd ITm

AY Eowy
18 commutative.

Proof. Suppose f € AY and (1 —6,,)f = 0. Then f(x) = 0 for z with ht(x) >
m. As &,(x) # 0 only on x with ht™(z) > m, we have 0 = (1 + M)&,, E* f =
(1 — ) E* f, the last equality as 1 — m,, = 7™ = (1 + M)&,,. For such f we
have E*0,,f = E*f and m, E* f = E*f.

If f € AY and 0,,f = 0, then by Proposition 4.34 there is ¢ € WY with
f = FEp. Then

T B [ =T E*Ep = 1 (1 + M) = 7 (1 + M) = ™o = 0,

hence E*0,, f = mp E* f for such f.
Any f € AY can be written as f = f1 + fo, fi = (1 = 0)f, fo = Opf, thus
emfl =0 and (1 - em)fg =0. O
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DEFINITION 2. Recall that Y,, = o2 A(F)N(A)\ GL(2,A). Denote by o., o,
o the representations of GL(2,A) in the spaces

We=0C2(Ya), Wy =0CFa), Wy =(1+M)0CE(Ya).
Consider o.(f), o4 (f), oa(f) as operators in the spaces WY, Wf, wy.
COROLLARY 5.8. We have tr(0p, - 7%(f)) = tr(mp - on(f)).

Proof. The operator E* yields an isomorphism of AY = E(WY) with W
intertwining 6,, with 7,,. O

In the proof of Proposition 4.35 we introduced a structure of C[z, z~!]-module
on WY and WY, as well as isomorphisms WY ~ W{ ®¢ C[z,27!] and WY ~
WY @c C((2)), where WY = {f € WY; f(x) =0 if ht"(z) # 0}. Under these
isomorphisms, the operator M : WY — W_E corresponds to the operator

M WY @cClz, 27 = W @c C((2)),
which satisfies the conditions of Proposition 4.31, hence has the form
(Mu)(z) = P(2)u(z") for ue WY ®c Clz, 27!

which is viewed as a function of z with values in W{/. Here P(z) is a rational
function in z with values in Aut WY, and P(z71) = P(2)" L.

Now o.(f) is an endomorphism of WY as a C[z, z~!]-module. The correspond-
ing endomorphism of the module WY @¢ C|z, 27!] is determined by a function
B(z) in End(WY) ®c C[z,271]. The endomorphism of W @¢ C((z)) corre-
sponding to the operator o (f) is determined by the same function B(z). The
relation

Moo (f) =04 ()M becomes P(2)B(z Yu(z™) = B(2)P(2)u(z 1)
for any u € W ®@c Clz,271], thus B(z71) = P(2) "' B(2) P(2).

DEFINITION 3. Under the isomorphism WY ~ WV ®¢ C((2)), the subspace
WY = (1+ M)WY is mapped onto the subspace L consisting of all rational
functions of the form u(z) + P(2)u(z~1), with u € WY ®¢ C[z, z71]. Put

L = L0 (W ®@c 27™TIC][2])).
Denote by L™ the set of rational functions of the form
w(z) + P(2)u(z1) with ue€ WY ®@c 2 ™C[z71).

For sufficiently large m we have L = L, ® L™. Under the isomorphism W =
L, the operator 7, : W}, — WY corresponds to the idempotent operator
L — L with kernel L™ and image L,,. This projection will also be denoted
by 7. Thus tr(mmon (f)) = tr(m,B), where B : L — L is the operator of
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multiplication by B(z). On the left, 7, is an operator on W}, on the right,
on L.

Fix Q1, Q2 € M(k,C[z,271]), k > 1, such that det Q; # 0. Suppose the func-
tion Q2(2) Q1 (2) is regular at z = oo, thus Q1(2) € Qa2(2)M (k, C[[z71]]), and
the function Q1(2) " 'Qa(2) is regular at z = 0, thus Q2(2) € Q1(2)M (k, C[[2]])-
Put R = C[z,z71]¥. For m > 1, put

R = RN 27"Qu(2)Cl2))" N 2" Q2(2)Cll= )"

Also put

Then dim R,, is finite.

R™ = 27"Q1(2)C[z7 1) R = 2™Qo(2)Clz]".

PROPOSITION 5.9. We have R = R™ & R, © R,
R, @ RT = RN 2'"™Q4(2)C[2])"
and
Ry ® R™ = RN ="' Qu(2)Cll= ],

Proof. The natural map ¢ : R™ — X_ = C((2))%/21"™Q1(2)C][[2]]* is an
isomorphism (note that C((z))/2'~™C[[z]] ~ 2~™C[z~!] and Q(z) is invertible
in GL(k,C((z))). The natural map

Y RY = Xo=C((z7)" /2" Qa(x)Cll27 )"

is then too. The natural map f: R/R,, — X_ @® X, is injective (by definition
of R,, as the intersection of R and the denominators of X_, X) and the
composition of the natural map RY* @ R™ — R/R,, with f is ¢ ® 1. O

DEFINITION 4. (1) Denote by pr,, : R — R the projection with kernel R7®R™
and image R,,. (2) If A(z) is a matrix in M (k, C[z,z7!]), denote by A[z] also
the corresponding automorphism of R = C[z, 2~ !]*. Denote by Ay the constant
term of A(z).

PROPOSITION 5.10. The trace tr(pr,, -A[z]) is equal to
(2m—1)tr Ag—res.—o tr A(2)Q) (2)Q1(2) " tdz—res.—oo tr A(2)Q5(2)Qa(2) dz.

Proof. Define a projection pr’’ : R — R with image R and kernel R™ + R,,,
and a projection pr”* : R — R with image R and kernel R'" + R,,. Analo-
gously to the decomposition R = R™ & R,,, ® R"", consider the decomposition

R=2""Clz ¥ @ (2! 7™C[2]* n 2™~ IC[~]¥) @ 2™C[2]*,

namely the case where Q1 = 1 = Q5. Denote the associated projections by p™,
Pm. P Since the space z~™C[z]*/R™ N z~™C[z']* is finite dimensional,
the operator pr’!’ —p’!' has finite rank, and the operator pr” —p™ has finite
rank since 2™ C[z]* /R N 2™C[2]" is finite dimensional.
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LEMMA 5.11. We have

tr(pr™ -Alz] — p™ - Al2]) =res.—o tr A(2)Q} (2)Q1(2) dz,
as well as

tr(pr’ -Alz] — p' - Alz]) = res.—oo tr A(2)Q5(2)Q2(2) " 'dz.
Proof. Denote by Pr™ : C((2))* — (C((z))k the projection with image
z‘le( )C[z~1* and kernel z!~™Q;(2)C][[z]]*. Denote by P™ : (C((z))k —
C((2))* the projection with image 2~™C[2~!]¥ and kernel 2!~ m(C[[ 1]k (thus

the case of Q1 = 1). Denote by A((z)) the endomorphism of C((2))* which is
defined by multiplication by A(z). Then Pr™ = Q1((2)) - P™-Q1((z))~*. Now

Im(Pr™ - A((2)) — P™ - A((2))) C Clz, 27 F,
and the restriction of the operator
Pr™ - A((2)) = P A((2))  to Clz27'* (S C((2)M)
is equal to pr™ -A[z] — p™ - A[z]. Hence
tr(pr”™ - Afz] — p™ - Alz]) = tr(Pr™ - A((2)) — P - A((2)))
= tr(Q1((2)) - P - Ql((z )7HA((2) = P A((2)))

)
= tr(@Q1((2)) - PI"- C((2)) — (2)) - C((2),  C(z) = Qi(2)""A(2).

Q1 (
As tr A(2)Q1(2)Q1(2) " = tr C( )Q1 (%), to prove the first claim of the lemma
it suffices to show that

tr(Q1((2)) - P - C((2)) = P - Q1((2))C((2))) = resz—o tr C(2)Q) (2)dz

for any Q1(z) € M(k,C[z,271]), C(z) € M(k,C((2))). By linearity, it suffices
to show this when the matrices Q1(z) and C(z) have a single nonzero entry.
Thus we may assume k = 1, and that Q1(z ) 2?. Thus we need to verify that
for any formal power series c( =3, caz in (C((z) we have

tr[(((z")) - P = P ((2°)))e((2))] = be—s,

where the operations here are in C((z)). The left side is equal to

tr[(((2") - P ((z77) = P™) - ((z"))e((2))] = e[ (P77 — P™) - ((2"))e((2))]

C—p C—bt1 --- C—1
C—p—-1 C—p ... C-2
= tr . . . = bC_b
01;25 02;25 C;b
The second claim of the lemma is similarly proven. O
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As pry,, —pm = (1 —pr —pr’t) — (1 = p™ — pl') = (p™ — pr™) + (p' — prTt),
Lemma 5.11 implies that tr(pr,, -Alz] — pm - Alz])
= —res,—o tr[A(2) Q1 (2)Q1(2) 1dz] — res,—oo tr[A(2)Q5(2) Az(2) " dz].

Since tr(pm - A[z]) = (2m — 1) tr Ao, the proposition follows.

O

PROPOSITION 5.12. Let ¢ : Clz, 27 1% — Clz,271]* be the involution (1u)(z) =
u(z~Y). For sufficiently large m we have 2tr(v-pr,, -A[2]) = tr A(1) +tr A(—1).

Proof. Write A(z) = Y., Apz®, A € M(k,C). Then tr(c - py - Alz]) =
>_jij<m tr A2i. If m is big enough the right side here is equal to L(tr A(1) +
tr A(—1)). It remains to show that tr(c - pr,, -A[z]) = tr(¢- pm - A[z]) for large
enough m. As pr,, —pm = pT" — pr'p’ +(p™ — pr™), it suffices to show that for
large enough m

tr(e- (plf —prl') - Alz]) =0 = tr(e- (p — pr™) - Alz]).

Note that pr7 = [z™]prf [z~™] and p7* = [z™]pY [z7™], where as usual [z™]
here means the operator of multiplication by 2. The operators pr’l" and p’’
were defined only for m > 0, but the definition extends to m = 0 so that the
two relations above hold. Now

tr(e- (pf —prf) - Al]) = te(e- [ (05 —pr§) 27" - Al2)
= tr([e7™e- (0% —prd) [T - Al2]) = (e () — prf) [T AL [TM)
= tr(e- (p§ — pr§) [z - Alz)).
Recall that dim V' is finite, where V = 1m[L(p+ — pr(i)]. If m is big enough then
[272™] - A[2]V C 27 'Clz71F N 271 Qa(2)C [z Y]F C kerpf Nkerprt .

Hence tr(c- (pY — pr%)[z72™] - A[2]) is zero. Hence tr(c(p7" — pr'’7*) A[z]) is zero.
The proof of tr(c(p™ — pr™)A[z]) = 0 for large m is analogous. O

DEeFINITION 5. Fix P € GL(k,C(z)) such that P(z) is regular at z = 0 and
P(z)~!is regular at z = co. Put S = C[z, 27 % + P - C[z, 2~ 1]¥,

S = SN 2C2]F N2 P - Cll2]), S§™ = 2z~™mC[z7 )" 4 2™P - C[z)*.

Fix B in M (k,C[z,z7']) such that P~*BP lies in M (k,C[z,2z7']). Then BS C
S. We denote by [B] or B[z] the operator S — S of multiplication by B(z).

PROPOSITION 5.13. We have S = S, ® S™. Denote by ps,, : S — S the
projection with image Sy, and kernel S™. Then

tr(ps,, -[B]) = (2m — 1) tr By
— res.—o tr[B(2) P'(2) P(2) ']dz + tr([B]; S/Clz,27']").

Here By is the constant term of B = B(2), and tr([B]; S/C[z, 2~ 1]*) denotes the
trace of the endomorphism of S/C[z, 2~ induced by multiplication by B(z).
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Proof. The space S is a k-dimensional free C[z, z~1]-submodule of C(2)*. Hence
there exists a matrix D in GL(k, C(2)) such that S = D-C|z, 2~ !]*. Since S con-
tains C[z, z71]%, D! lies in M (k,C[z,271]). Since S contains P-Cl[z, 2~ !]* we
deduce that D='P € M (k,Clz,271]). Put Q1 = D~!, Q2 = D' P. The func-
tion Q1(2)71Q2(2) = P(z) is regular at z = 0. The function Q2(2)~'Q1(2) is
regular at z = oo. Under the isomorphism S=C[z, z71|*, u — D~ 1u, the sub-
spaces S, and S™ correspond to the subspaces R,, and R™ of Proposition 5.9.
The multiplication [B] : S — S corresponds to [A] : Clz,2z71]F — C[z, z71]*,
A = D7 'BD. Then Proposition 5.10 implies the first part of the proposition,
as well as the equality

tr(ps,, -Blz]) = (2m — 1) tr Ag — res.—o tr A(2)Q} (2)Q1(2) 'dz

—reS,—o0 tr A(2)Q5(2)Q2(2) dz.
Here Ag is the constant term of A(z). We have

tr(AQ, Q") = —tr(D7'BD’) = —tr(BD'D™1),

tr(AQYQ5; ") = —tr(D™'BP'P™'D - D7 'BD’') = tr(BP'P~1) —tr(BD'D™1).
As A= D7'BD, we have tr A = tr B, and tr Ay = tr By. Hence

tr(ps,, -B[z]) = (2m — 1) tr By — res,—o tr B(2)P'(2)P(2) 'dz
+res,—o tr B(2)D'(2)D(2) " 'dz + res,—oo tr B(2)D'(2)D(2) dz
+(2m — 1) tr By — res,—oo tr B(2)P'(2)P(2) dz
- Z res,—¢ tr B(z)D'(2)D(z) " 'dz.
(eCx

LEMMA 5.14. Suppose T € GL(k,C((z2))), C € M(k,C[[z]]) and T'CT €
M (k,CJ[[z]]). Thenres.—otr C(2)T"(2)T(z)~! = a—b, where a denotes the trace
of the operator multiplication by C in the space (C[[2]]* + TC[[z]]¥)/TC[[z]]¥,
while b denotes the trace of multiplication by C' in the space

(ClIN* + TCll]1*) /Tl

Proof. Both sides of the asserted equality do not change if (7', C') is replaced
by (UTV,UCU~') where U, V € GL(k,C[[z]]). We may then assume that
T is a diagonal matrix, hence that k = 1. When k£ = 1 both sides of the
asserted relation are simply mC'(0), where m is the multiplicity of zero of T'(z)
at z =0. O

It follows from the lemma that —res,—¢ tr(B(2)D'(z)D(z)"1)dz is just the
trace of the operator of multiplication by B(z) on the ¢ component of the
module S/C[z, z~1]*. This, and the equality just before the lemma, implies the
proposition. U
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Suppose we have P(271) = P(z)~!. Replace the assumption P(z)"!1B(2)P(z)
€ M(k,C[z,271]) in Proposition 5.13 with the stronger assumption

P(2)"'B(2)P(z) = B(z™1).

Recall that L is the space of all rational functions of the form u(z)+ P(z)u(z~1)
with v € Clz, z71]™. In view of the stronger assumption, L is invariant under
multiplication by B.

DEFINITION 6. Denote by By, the operator of multiplication by B on L. Put
L, = LN z'~™C[[z]]*. Denote by L™ the set of rational functions of the form
u(2) + P(2)u(271) with u(z) € 2~™C[z71]*.

ProrosiTiON 5.15. The space L., s finite dimensional, and L = L,, & L™.
Denote by m,, : L — L the projection with image L, and kernel L™. Suppose
the function P(z) is reqular at z = +1. Then for large enough m we have that
tr(mm Br) equals

(m — l) tr By — 1 res,—oo tr(B(2)P'(2)P(2) " Ydz

2 2
vy i[tf(B(l)P(l)) +tr(B(~1)P(~1))].

Here By is the constant term of B(z), and c is the trace of the operator of
multiplication by B(z) in the space (C[z,2z71|* + P(2)Clz, 27 1]¥)/Clz, 2 ]*.

Proof. Let S, S, S™, ps,,, B be as in Proposition 5.13. From P(z7!) =
P(2)71 it follows that if u € S then @, given by a(z) = P(2)u(z71), is also in
S. Define 7 : S — S by 7(u) = @& Then 72 = 1, L = {u € S; 7(u) = u},
Ly,=5,NL, L™ =5"NL,and

tr(mmBr) = %tr(psm -Bl[z]) + % tr(7 - ps,, -Bl#])-

The finite dimensionality of S,,, and Proposition 5.13 then imply that the space
L, is finite dimensional, and L = L,,, & L™. To deduce the last claim of the
proposition from Proposition 5.13, it remains to show that

tr(7 - ps,, |[B]) = %(tr(B(l)P(l)) +tr(B(=1)P(-1)))

for large enough m.

Let D, @1, Q2 be as in Proposition 5.13. Then under the isomorphism
S=Clz,27Y*, u ~ D~'u, the operator ps,, : S — S translates into the
operator pr,, (of Proposition 5.9), and multiplication by B : .S — S translates
into multiplication by

A=D"'BD, Clz, 27 % = Clz, 271,
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The map 7: S — S translates into
[Cle: Clz, 271 = Clz, 27 Y%, (w)(2) =u(z71), C(z) = D(2)"'P(2)D(z71).
Hence
tI’(T *PSy, B[Z]) = tI’(C[Z]L s Pry, A[Z]) = tI'(L Py, A[Z]C[Z])a
which — by Proposition 5.9 —
%(trA(l)C(l) +tr A(—1)C(=1)) = %tr(B(l)P(l) +tr B(=1)P(=1));
note that D(z) is regular at z = £1, since so is P(z). O

If F € M(k,C) and Y C C* is an F-invariant subspace, write tr(F,Y’) for the
trace of F'on Y.

PROPOSITION 5.16. Fiz P(z) € GL(k,C(2)) with P(z7') = P(z)~!. Suppose
that the function P(z) is reqular on |z| = 1 and at z = 0, and that it has order
1 at all its poles (1, ... ,(s inside {z € C; 0 < |z| < 1}. Denote by Y; the image
of the operator lim,_¢,(z — (;)P(2) acting on C*. Fiz B(z) € M(k,C[z,271])
and suppose Bi(z) = P(z)"'B(2)P(z) € M(k,C[z,271]). Then

tr(ps,, -[B]) = (2m — 1) tr By + 2L7TZ e tr B(z)P'(z)P(z)_le

+ Z tI‘ Cl +BI(C )7Yi)a

1<i<s

with By being the constant term of B(z).
If in addition By(z) = B(271) then

tI‘(TrmBL) (mf %)tI‘B0+ 4L7TZ ‘ ‘_ltI‘B(z)P'(z)P(z)_le
+ Z (B i[tr(B(l)P(l)) +tr(B(=1)P(=1))].

Note that the subspace Y; of C* is invariant under B((;) and By (¢ ).
Proof. In view of Propositions 5.13 and 5.15 it suffices to verify that

= tr B(z)P'(2)P(2) " 'dz+ Y tx(B(G) + Bi(¢ ), Yh)

21 _
|z|=1 1<i<s

= tr([B], S/C[z, 27 1) — res.—oo tr B(2)P'(2) P(2) dz,

where
S =Clz,z7 1% + P(2)Clz, 2~ 1}¥.
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For any ¢ # 0 in C denote by M, and N the (-components of the C[z, z7']-
modules S/C[z, 27 1]* and S/P(z)C[z, 27 1]*, respectively. From Cauchy’s for-
mula and Lemma 5.14, it follows that

ﬁ 3 tr B(z)P'(2)P(2) 'dz= Y tr([B], Mc)
#=1 1<[¢| <00

— > tx([B],Ne) = res:—o0 tr(B(2) P’ (2) P(2) ") dz.

1<[¢|<o0

On the other hand, tr([B], S/C[z, z~1*) = > cecx tr([B], M¢). Hence the re-
quired identity follows from

> (Bl M) =} (B(G), Vi),

0<|¢|<1 1<i<s

S u(BLN) = Y w(B(G), Vo).

1<|¢]<o0 1<i<s

If P(z) is regular at ¢ then M, = 0. At each (;, P(z) has a pole of order
one. Hence there exists isomorphisms M, —Y; which translate the operator
[B] : M¢, — M, to the operator of multiplication by B({;) on Y;. This implies
the first identity.

For the second identity, for any ¢ € C*, denote by NC the (-component
of the module (C[z,27 1% +P(2)71C[z, 27 1¥)/Clz, 2~ 1]¥. Multiplication by
P(2)~! induces an isomorphism Ng%ﬁg. Under this isomorphism, multiplica-
tion by B : N — N¢ translates into multiplication by Bj : NC — Ng, hence
tr([B], N¢) = tr([Bi1], N¢). From P(z)~! = P(z7!) we deduce that N = 0 if
P(z) is regular at z = ¢!, and that tr([Bl],NC_—l) = tr(By(¢ 1), Y:). This
implies the second identity, hence the proposition? O

5.3 SPECTRAL TERMS

To deduce the trace formula from Proposition 5.16, we use properties of the
function M (pu1, po, t).

Recall that we have the projection 7, : L — L with kernel L™ and image L.,
and By, denotes the operator of multiplication by B(z) on L. The operator P(z)
is the restriction to the subspace of U-invariant vectors of the operator M on
the space In = @Io(u1, p2) (1, 2 range over the characters of A /F* - o),
which maps Io(p1, pr2) to Io(pe, pa) via M (p1, p2, ).

PROPOSITION 5.17. There exists ay € C such that for sufficiently large m,

trmn By) = (m — 3)ag — > Si(f).

5<i<8
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Proof. By Proposition 4.29 the function P(z) has two poles in the domain
|z| < 1, namely at z = +¢~ /2, each of order 1. We have P(z~1) = P(z)~! and
P(2)7'B(2)P(z) = B(z!). Hence the final claim of Proposition 5.16 applies
and implies that for large enough m,

tr(mm[B]) = (m—%)trBo—i—% jlf |=1trB(z)P’(Z)P(z)—ldz+tr(B(q—1/2)7Y+)

+tr(B(—q~Y?),Y.) + i[tr(B(l)P(l)) + tr(B(—1)P(-1))].

Here By is the constant term of B(z) and the image of the operator
lim,_, 4 ,-1/2 (zFq~'/?)P(2) is denoted by Y. The proposition follows once we
show that

7§ B tr B(=)P'(2)P(2)"'dz = —4i(Ss(f) + Se(f)), (1)
tr(B(q~ /%), Yy) + tr(B(—q~ /%), Y_) = —Ss(f), (2)
tr(B(1)P(1)) + tr(B(-1)P(—1)) = —457(f). (3)

Denote by r(z) the representation of GL(2,A) by right translation in I(z) =
®@purpnl (17,1, pov). Here 1, po are characters of A /F*.aZ. Let r(z, f) be
the convolution operator defined by 7(z) and the compactly supported function
fin C(GL(2,A)). Identify, as usual, I(z) to the space Iy, and consider r(z, f)
as an operator in Iy. From Proposition 4.36, B(z) coincides with the restriction
of 7(z, f) to I. Also, P(z) coincides with the restriction of M (z) to IY. Hence
the integral on the left of (1) equals

% - tre(z, )M/ (2)M(2) " tdz

= Z trI(,U'QVZ*laﬂll/zaf)M/(NlalLQaz)M(Nla,U'Qaz)ildz
p e 12151
= Z f trM(Nh/LQvZ)_lj(,u'QI/z*laﬂll/z;f)Ml(NhN%Z)dZ
1,2 lz]=1
= Z f tr[(:ulyza/-112sz17f)M(M17M27Z)ilM/(Mla:UQaZ)dZ'
|z|=1
K142

Then (1) follows from Proposition 4.9.

For (2), it follows from Proposition 4.29 that Y, = LY, with L = ®L,, L, C
I(p, ;1) being generated by the function = +— p(x). The operator (¢~ /2, f)
acts in L, as the operator of multiplication by fGL(2,A) f(z)u(det z)dz. Hence

(Bl ). V) = (el D = Y [ o, @Gt
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where 1 ranges over the set of characters of AX/F* - o%. Similarly

tr(Blg~?),Y2) = tr(r(—¢ /%, f), L)

= Z/ p(det 2)v_q (det x)dz.
GL(2 A)

27 Z

Every character of A* which is trivial on F'* - o** is either trivial on F'* - «
or its product with v_; is, so (2) follows.

For (3) note that

tr B(1)P(1) = trr(1, /)M Ztr[,u oy )M (g 1, 1 Ztr[,u wy f)

by Proposition 4.30. Similarly tr B(—1)P(—1) = — 3 trI(uv—1,pv—y, f). O

This completes the proof of the trace formula.
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ABSTRACT. As a first step to deriving effective dynamics and ray op-
tics, we prove that the perturbed periodic Maxwell operator in d = 3
can be seen as a pseudodifferential operator. This necessitates a better
understanding of the periodic Maxwell operator M. In particular,
we characterize the behavior of My and the physical initial states at
small crystal momenta k and small frequencies. Among other things,
we prove that generically the band spectrum is symmetric with re-
spect to inversions at k£ = 0 and that there are exactly 4 ground state
bands with approximately linear dispersion near k = 0.
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1 INTRODUCTION

Photonic crystals are to the transport of light (electromagnetic waves) what
crystalline solids are to the transport of electrons [JJTWMOS|. Progress
in the manufacturing techniques have allowed physicists to engineer pho-
tonic crystals with specific properties — which in turn has stimulated even
more theoretical studies. Omne topic which has seen relatively little at-
tention, though, is the derivation of effective dynamics in perturbed pho-
tonic crystals for states from a narrow range of intermediate frequencies

(e. g. [OMNO6, [RHOS| [APR12, [EG13]). Mathematically rigorous results are

even more scarce: apart from concerning only the unperturbed case, the
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only rigorous work covering second-order perturbations is by Allaire, Palom-
baro and Rauch [APRI2]. Hence, the correct form of the subleading-order
terms has not yet been established — rigorously or non-rigorously.

This paucity of results motivated the two authors to apply a perturbation
scheme developed by Panati, Spohn and Teufel [PST03a], space-
adiabatic perturbation theory, to derive effective dynamics and ray optics equa-
tions for adiabatically perturbed Maxwell operators. Among other things, we
settle the important question about the correct form of the next-to-leading
order terms in the ray optics equations; these terms are necessary to explain
topological effects in photonic crystals. The current paper is a preliminary, but
necessary step to implement space-adiabatic perturbation theory [DLI13]: we
establish that the Maxwell operator can be seen as a semiclassical pseudodiffer-
ential operator (¥DO) with band structure defined over the cotangent bundle
over the Brillouin torus.

This is not just the content of an innocent lemma, it turns out there are quite a
few technical and conceptual hurdles to overcome. To mention but one, we need
a better understanding of the band structure of the periodic Maxwell operator.
Despite the body of work on periodic Maxwell operators (see e. g. [KucO1] for
a review), proofs of rather fundamental results are either scattered throughout
the literature or, in some cases, seem to have not been published at all.

Before we expound on this point in more detail, let us recall the L2-theory of
electromagnetism first established in [BS87]. The two dynamical equations

OE =+ 'V, x H, OH = —p 1V, x E, (1)
can be recast as a time-dependent Schrodinger equation
i0y ¥ = M,V (2)

where U = (E, H) consists of the electric field E = (Ey, Fa, E5) and the mag-
netic field H = (Hy, Ho, H3), and

. 0 +ie 1V
Mw i (iﬂl V; 0 ) (3)

is the Mazwell operator. Here we used V) as shorthand for the curl (cf. Ap-
pendix [A]). The second set of Maxwell equation which imposes the absence of
sources,

Vs, -eE=0, V. -pH =0, (4)
enter as a constraint on the initial conditions for equation (2] or, equivalently,

one can restrict the domain to the physical states of M, (see Section 21]). We
shall always make the following assumptions on the material weights w = (g, p):
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ASSUMPTION 1.1 (MATERIAL WEICHTS) Assumee,p € L™ (R?, Matc(3)) are
hermitian-matriz-valued functions which are bounded away from 0 and o0,
1. e. 0 < cidgs < e,u < Clidgs for some 0 < ¢ < C < 0. We say the material
weights (e, 1) are real iff their entries are all real-valued functions.

These assumptions are rather natural in the setting we are interested in: First
of all, asking for boundedness of € and p only instead of continuity is necessary
to include the most common cases, because many photonic crystals are made
by alternating two different materials, e. g. a dielectric and air, in a periodic
fashion. The selfadjointness of the multiplication operator defined by the elec-
tric permittivity tensor €* = ¢ and the magnetic permeability tensor p* = p
ensure that the medium neither absorbs nor amplifies electromagnetic waves.
The positivity of € and p excludes the case of metamaterials with negative re-
fraction indices (see e. g. [SPVF00]); moreover, combined with the boundedness
away from 0 and 400, it implies that ¢! and ;! exist as bounded operators
which again satisfy Assumption [[LJl Lastly, our assumptions also include the
interesting case of gyrotropic photonic crystals where the offdiagonal entries of
e =¢* and u = p* are complex-valued functions.

Under these assumptions, we can proceed with a rigorous definition of the
Maxwell operator ([B]): it can be conveniently factored into

M,, = W Rot . (5)

where the first term is the bounded operator involving the weights
e~ 1(2) 0 )
Wi(z) = RN 6
@=("o" ©)

and the free Maxwell operator

o 0 +HVIE\ 0 +icurl
Rot := (in 0 ) N (icurl 0 ) ' (™)

Rot equipped with the domain ® := D(Rot) C L?(R?,C%) is selfadjoint (see
Appendix [Al for a precise characterization of ). For reasons that will be clear
in the following, we refer to (B as the physical representation of the Maxwell
operator. From the representation (Bl) one gets two immediate consequences:
first, ®(M,,) = D since W is bounded and second, M,, is not self-adjoint
on L*(R3,C°). In order to cure the lack of selfadjointness one introduces the
weighted scalar product

<\I/, ®>w = <\II,W*1¢>>L2(]R37CG) = <W*1\I/, @>L2(R37C6). (8)
on the Banach space L?(R3, C%), and we will denote this Hilbert space with $,,.
Then, one can show that the Maxwell operator M,, is self-adjoint on ® C $,,

(cf. Theorem 21). Only with respect to the correctly weighted scalar product,
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the evolutionary semigroup e *™w is unitary — which physically corresponds

to conservation of field energy & (E(t), H(t)) = £(E, H),

E(E,H) = %/R& dzE(x) - e(2)E(z) + %/ deH(z) - p(z)H(z)

R3

1 2
= m).

Periodic Mazwell operators describe photonic crystals; here, the material
weights € and p are periodic with respect to some lattice I'. As the analog
of periodic Schrodinger operators, one can use Bloch-Floquet theory to ana-
lyze the properties of M,, (cf. Section [B)). Hence, many properties of photonic
crystals mimic those of crystalline solids (both physically and mathematically).
However, the rapidly increasing interest for photonic crystals resides in the fact
that, as they are artificially created by patterning several materials, they can
be engineered to have certain desired properties. To name one example, one of
the early successes was to design a photonic semiconductor with a band gap in
the frequency spectrum [1JO0, [JTWMOS|. Such a “semiconductor for light” is
of great interest to the quantum optics community (e. g. [Yab93]).

Since perfectly periodic media are only a mathematical abstraction, one is led to
study more realistic models of photonic crystals. One well-explored possibility
is to include effects of disorder by interpreting ¢ and p as random variables
and leads to the “Anderson localization of light” (see e. g. [Joh91l
[FK97] and references therein). We will concern ourselves with another class
of perturbations where the perfectly periodic weights € and p are modulated
slowly,

ex(@) = % , pa() == D (9)

The perturbation parameter A < 1 quantifies the separation of spatial scales

on which (e, ) and the scalar modulation functions (7.,7,) vary. The latter
are assumed to verify the following

ASSUMPTION 1.2 (MODULATION FUNCTIONS) Suppose 7.,7, € C(R3) are
bounded away from 0 and 400 as well as 7.(0) = 1 and 7,(0) = 1.

To shorten the notation, we define M := M., ,,) and ) := H(c, u,)-

As mentioned in the very beginning our goal is to rigorously derive both, the
effective “quantum-like” and “semiclassical” dynamics for perturbed Maxwell
operators M) in the adiabatic limit A < 1 [DLI3]. Apart from ray optics, we
will derive effective light dynamics e #Met which approximate the full light
dynamics e M for initial states supported in a narrow range of frequencies,

H (efitM* - efitMeff) HA‘

L =O00™). (10)
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II, is the projection on the superadiabatic subspace associated with a nar-
row range of frequencies and, up to a unitary transformation, the effective
operator Meg can be constructed order-by-order in A as the Weyl quantization
Op, (Meg) of a semiclassical symbol; in case additional assumptions are placed
on the frequency bands, the leading-order terms are given by

Men(r,k) = 7(r) 1 (r) wn (k) [xn) {xal + O(N)

nezl

Here, the w,, are the Bloch frequency band functions and y, denotes a fixed
orthonormal basis in the reference space [DL13l Theorem 3.1]. As usual one
can also prove that the subleading-order terms of Meg(r, k) contain geometric
quantities such as the Berry connection.

Similarly, the superadiabatic projection II is also constructed on the level of
symbols in terms of My, the symbol of the Maxwell operator, and hence, prov-
ing that the Maxwell operator is a DO associated to a semiclassical symbol
is the first order of business.

THEOREM 1.3 Suppose Assumptions[31l on the material weights (¢, 1) and[l2
on the modulation functions (7.,7,) are satisfied. Then the Mazwell operator
(in Zak representation) MZ = Op,(M,) is the pseudodifferential operator
associated to

M, ) = (TE &

where

. <€1)(g) u‘9(ﬁ)> <+(—1V2 + k)~ 7(7ng " k)x>

is the periodic Mazwell operator acting on the fiber at k defined in terms of
the weight operator W and the free Maxwell operator Rot(k). The function
M, e ASieq (B(O, L2(T3, (CG))) is an equivariant semiclassical operator-valued
symbol in the sense of Definition 1]

For the precise definitions and the proof, we refer to Section [

Despite the similarities to the case of the Bloch electron [PST03al, applying
space-adiabatic perturbation theory to photonic crystals required us to solve
numerous technical and conceptual problems. In addition to defining pseudo-
differential operators on weighted L2-spaces, one other major difficulty is to
make O(A") estimates in norm, because the norm also depends on A (see
e. g. equation (I0))). Such estimates are crucial when one wants to make sense
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of perturbation expansions of operators. This conceptual problem is solved by
introducing a A-independent auxiliary representation (cf. Section 2.2)).
However, the biggest obstacle to control the symbol M} is to gain a better
understanding of the periodic Maxwell operator Mg (k) and its band structure.
In particular, pseudodifferential theory requires us to understand the pointwise
behavior of Mg (k) and associated objects. Even though k — Mj(k) is linear
and defined on a k-independent domain, and thus trivially analytic, the split-
ting of the fiber Hilbert space ho = Jo(k)@® 1 Go(k) into physical and unphysical
states is not even continuous at k = 0. Here, b is defined as the Banach space
L2(T3,C%) equipped with a scalar product analogous to (8], and elements of
Jo(k) satisfy the source-free condition on the fiber space. We characterize how
this discontinuity enters into the band structure of Mg (k), and show that it is
connected to the ground state bands, i. e. those frequency bands which go to 0
linearly as k — 0. The precise band structure of MZ = fB@ dk My(k) is studied
in great detail in Section where the following result is proven:

THEOREM 1.4 (THE BAND PICTURE OF ME) Suppose € and u satisfy As-
sumption [T

(i) For each n € Z, the band functions R® > k + w, (k) are continuous,
analytic away from band crossings and I'*-periodic.

(i1) If the weights (e, ) are real, then for all n € 7, there exists j € Z such
that wy, (k) = —w;(—k) holds for all k € R3.

(iii) ME has 4 ground state bands indexed by the set Iys which are character-
ized as follows:

(1) wyp(k) =0 < n €Ly and k = 0.

(2) wy(k) = Len(k) | k| + o(|k|) holds for n € Lys where the ¢, (k) are the

positive eigenvalues of the matriz [BGl) for the unit vector k := ﬁ

The content of Theorem [[4] is sketched in Figure [l Among other things,
we prove that the ground state bands of the Maxwell operator always have a
doubly degenerate conical intersection at k = 0 and w = 0.

The remainder of the paper is dedicated to explaining and proving Theorem [[3]
and Theorem L4 In Section[2] we give some basic facts on the Maxwell opera-
tor. Section[Blis devoted to the study of the properties of the periodic operator
MZ with a particular attention to the analysis of the band picture. Finally, in
Section [] where discuss pseudodifferential theory on weighted Hilbert spaces
and finish the proof of Theorem For the benefit of the reader, we have
included some auxiliary results in Appendix [Al

Before we proceed, let us collect some conventions and introduce notation used
throughout the remainder of the paper.
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Figure 1: A sketch of a typical band spectrum of Mo(k)| s, (k). The 2+2 ground
state bands with linear dispersion around k = 0 are blue. Positive frequency
bands are drawn using solid lines while the lines for the symmetrically-related
negative frequency bands are in the same color, but dashed.

1.1 NOTATION AND REMARKS

The Maxwell operator is naturally defined on weighted L?-spaces §),, where
the scalar product is weighted by the tensors w = (e, ) according to the
prescription (§). We will use capital greek letters such as ¥ and ® to denote
elements of $,, and small greek letters with the appropriate index to indicate
they are the electric (first three) or the magnetic (last three) component® | for
instance U = (¥ ) and ® = (¢¥, ¢"). Componentwise the scalar product

@) reads

(W.8),,:= [ do6P@) @)+ [ Ao @) w0 @) (12)

R3

Let us point out that with this convention the complex conjugation is implicit

in the scalar product like a-b := Z;VZI @; b;j on CV. Equation (I2)) leads to the
natural (orthogonal) splitting

Hw = LZ(R?,C°) @1 L%(R?,C),

INote that even though physical electromagnetic fields are real-valued, we assume ¥ € §),,
takes values in the complex vector space CY, and hence our distinction in notation to the
physical fields (E, H). It turns out to be crucial in the analysis of photonic crystals to admit
complex solutions.

DOCUMENTA MATHEMATICA 19 (2014) 63-101



70 GIUSEPPE DE NITTIS AND MAX LEIN

where L2(R3,C3) is the Banach space L?(R® C?) with the scalar product
twisted by the tensor ¢ and similarly for pu.

Even though the Hilbert space structure of §),, depends crucially on the weights
w = (e, u), the Assumption [Tl implies the equivalence of the norm |-, with
the usual L*(R3,C%)-norm |-||. This means that ., agrees with the usual
L?(R3,C%) as Banach spaces. For many arguments in this paper, only the
Banach space structure of §,, is important, and thus, whenever convenient, we
will use the canonical identification of $,, ~ L?(R3,C%). In particular, any
closed operator T on $),, can also be seen as a closed operator on L?(R3, C5)
which we denote with the same symbol. We will use the same notation for
weighted L?-spaces over T®: for instance, the Hilbert space

ho := L2(T*,C%) @ L},(T? C°)

is defined as the Banach space L?(T?, C%) equipped with a scalar product anal-
ogous to equation ([I2).

Let us turn to conventions regarding operators: Suppose A : Do(A) C B, —
B is a possibly unbounded linear operator between the Banach spaces 8, and
By defined on the dense domain Dy(A). The operator A is called closable if
and only if for every {¢,,} C Do(A) such that ¢, — 0, then also A, — 0. The
closure of the operator A (still denoted with the same symbol) is the extension

of AtoD(A):= ”DO(A)”.HA with respect to the graph norm

[y = /I, + 14913, (13)

When ©¢(A) = D(A), the operator A is said to be closed. A core € of a closed
operator is any subset of ©(A) which is dense with respect to [|-||,. Given
any closed operator A : By — By between Banach spaces, the kernel (or null
space) and range of A are defined as
ker A := {”(/J eB | Ay = 0} CD(A) C By,
rang A := {4y | € D(A)} C By

While ker A is automatically a closed subspace of 931, in general rang A is not.

For this reason, we need to introduce its closure ran A := rang A”'”%.

Other properties, most notably selfadjointness, crucially depend on the scalar
product. Whenever the Hilbert structure of §,, is important, we will make this
explicit either in the text or in notation. To give one example, we distinguish
between the direct sum J@® G and the orthogonal sum J @ G of vector spaces.
We found it convenient to use the shorthand v*1) := v x @ to associate the
antisymmetric matrix

0 —v3  +Ug
vi=|4v3 0 —u (14)
—v2  +U 0

to any vectorial quantity v = (v, ve, v3).
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2 THE PERTURBED MAXWELL OPERATOR

We will use this section to recall standard facts on the Maxwell operator [BS8T,
[KucOI] and introduce the main definitions and notions. This initial part is
completed by a compendium of classical results in vector field analysis sketched
in Appendix [Al

2.1 GENERAL PROPERTIES OF THE MAXWELL OPERATOR

In order to identify the domain ®(M,,) explicitly we start with the free case
M,,—(1,1) = Rot which is reviewed in detail in Appendix [A5l Assumption [[T]
on w = (g, ) implies that $,, ~ L?(R3, CY) agree as Banach spaces and that
W defines a bounded operator with bounded inverse. Moreover, Rot|cs is a
densely defined operators on £),, and Rot is its unique closed extension defined
on the domain ® := D(Rot) (cf. eq. (J)). Since, the graph norms |||y, and
|-[|rot are equivalent, this immediately implies

D(M,) =D = (ker Divn H'(R? C°)) & ran Grad, (15)

because My, |cee = W Rot|ce is closable and its unique closure is the product
of the bounded operator W and (Rot,®).

The weighted scalar products (8) also implies M,, is not only closed but also
symmetric, and thus, selfadjoint: for all ¥, ® € ®, we have

(¥,M,,®) = (¥,W ' WRot®)
= (W 'WRot ¥, D)

)= (Rot W,¢>L2(R3,CG)
(M, ¥, ®) .

L2(R3,C6
L2(R3,C6)

The weights in the scalar products imply that the Helmholtz-Hodge-Weyl-Leray
decomposition of the domain ([IH]) is no longer orthogonal with respect to (-, -),, .
However, Theorem [A. ] readily generalizes to the case with weights and yields
an orthogonal splitting

Hw :J'w D1 G (16)
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where we identify the physical (or transversal) subspace
Jo=ker(DiviW ') ={¥ ef, | DiviW ') =0} =WJ (17
and the unphysical (or longitudinal) subspace

G =ranGrad = {U = Grady € H,, | ¢ € L},.(R*,C*)} = kerRot. (18)

loc

We also call G the space of zero modes, because G = ker Rot coincides with
ker M, as W has a bounded inverse. From the first equation of (§) we conclude
that J,, = G*v is the (-, ), -orthogonal complement to G. We will denote the
orthogonal projections onto J,, and G with P,, and Q.. For later reference,
we summarize these facts into a

THEOREM 2.1 ([BS87]) Suppose Assumption[I1 on € and p is satisfied.
(i) The Mazwell operator M, equipped with the (e, p)-independent domain

D = (DN H' (R C%) @ ranGrad = (ker Divn H'(R?,C%)) & G

defines a selfadjoint operator on $),,, and H*(R3,C%) and C2°(R3,C") are
cores.

(i1) The Mazwell operator My, = Myls,, ©1 0| is block diagonal with respect
to the (g, u)-dependent orthogonal decomposition of $H, = J &1 G. In
this decomposition, the domain splits into

D=(®nJ,) &L G.

(iii) The restrictions of My, to J,, or G again define selfadjoint operators,
and thus, the dynamics e ™ leave J,, and G invariant.

With the exception of the explicit computation of the domain, all of this is
contained in [BS87, Lemma 2.2].

We have mentioned the significance of admitting complex vector fields in the
introduction (cf. Footnote[Il), and the question arises whether we can construct
solutions by evolving ¥ € §,, in time and then taking real and imaginary
part of U(t) = e #™Mw W, This question will be crucial as to why usually one
needs to consider “counter-propagating waves” whose frequencies +w differ by
a sign. So let (CW)(x) := ¥(z), ¥ € L2(R3,C"), be component-wise complex
conjugation; for simplicity, we shall always use the same symbol independently
of N € N. If ¢ and p are real, then the weights commute with C, and

(CM,,C0)7 = C(+ie 1 (#) V) CpH = —ie71(3) V, x ¢
as well as an analogous computation for the other component of M, ¥ imply
cM, C=-M,. (19)

Consequently, the spectra for Maxwell operators with real weights are symmet-
ric with respect to reflections at 0; the same holds for all spectral components.
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THEOREM 2.2 Suppose Assumption [ on the weights € and p is satisfied,
and assume in addition that they are real. Then equation [{9) holds and thus
the spectra o(M,,) = —o(M,,) and o3(M,,) = —o3(M,,), § = pp, ac, sc, are
symmetric with respect to reflections about the origin 0 € R.

In case ¢ and p have non-trivial complex offdiagonal entries, the weights no
longer commute with complex conjugation, and ([I3) as well as the above the-
orem do not hold.

REMARK 2.3 Symmetries of type (I9), i. e. anti-unitary operators which map
M,, onto —M,,, are known in the physics literature as particle-hole symmetries
or PH symmetries for short [AZ97, [SRFLOS]. However, as many physicists and
mathematicians consider the second-order equation 07¥ = —M?2W¥ because
it is block-diagonal, the PH symmetry for M,, is replaced by a time-reversal
symmetry for the second-order equation. Ordinary Schrédinger operators H =
—A,; + V on the other hand possess time-reversal symmetry, C HC = H.
Discrete symmetries which square to +id have been classified systematically
for topological insulators (cf. Table II in [SRFLO0S]); the presence of the PH
symmetry means that M, is in symmetry class D (provided there are no other
symmetries). According to general results on the topological classification of
band insulators (aka periodic operators), one expects that D-type operators in
dimension d = 2 admit protected states parametrized by Z-valued topological
invariants (cf. Table I in [SRFL0S]). This suggests there is an analog of the
quantum Hall effect in 2-dimensional photonic crystals [RHOS]. In contrast,
for topological invariants to exist in d = 3, additional symmetries appear to
be necessary (e. g. € = p or £ and p have a common center of inversion); the
presence of PH symmetry alone seems to prevent the formation of topologically
protected states. Certainly, a direct proof for the Maxwell operator establishing
the existence (d = 2) or absence (d = 3) of topological invariants would be an
interesting avenue to explore.

2.2  SLOW MODULATION OF THE MAXWELL OPERATOR

One of the key differences between Maxwell and Schrédinger operators is that
perturbations are multiplicative rather than additive. Given material weights &
and p (which verify Assumption [[L1]), we define their slow modulations (g, i)
to be of the form ([@). Assumption[[2]for the modulation functions (7., 7,) en-
sures that also (ey, ) satisfy Assumption [[.J]because they are again bounded
away from 0 and 4oc0.

We denote the A-dependence of the weights with w(\) = (ex, pa) and define
shorthand notation for the A-dependent family of Hilbert spaces, projections
and Maxwell operators by setting

=N Ix=Jun (spaces)
My :=My,p), Pa=Py,0), Qrx=Qun  (operators).

Similarly, we will denote the scalar product and norm of § by (-,-), and ||-||.
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To compare these operators for different values of A\, we will represent them on
a common, A-independent Hilbert space: the scaling operator

S(AZ) : Hx — Ho,  S(AE) = <Telém THI(SMS)> ; (20)

is a unitary since it is surjective and preserves scalar products. The Maxwell
operator in this new representation can be calculated explicitly: for instance,
the upper-right matrix element of M transforms to

o AE) (—T2(A2) e (@) (—iVe) ) Tu(AE) =
= —r.(A&) 7, (\B) (5*1(@) (—iVa)* + Ae ! (&) (-iV, 1nm)x(m)) :

and if we introduce the functions 7(Ax) := 7.(A\z) 7, (Az) and

_ 0 +i(VelnT,) ()
1) := <1(vz Inr.)*(A\z) 0 ) ’

we can write the Maxwell operator as

My := S(\2) My S(\z) ™ = My + A\ M,
=7(A\2) Mo + A7(A\Z) W T(A\). (21)

As a product of bounded multiplication operators, M is an element of B($o).
The regularity of 7. and 7, also ensures the domain is preserved.

LEMMA 2.4 S(AZ) maps D bijectively onto itself.

This means all of the operators, Mg, M and M), have the same A-independent
domain ® and cores (e. g. H*(R?, C®)) - even though the splitting of the domain
into physical and unphysical subspaces depends on A. We denote the invariant
subspaces

J)\ = S()\.f).])\, G)\ = S()\.f)G

of M, with regular letters instead of bold letters, and in the same vein, the
corresponding projections are

Py = S(\&)PyS(\2) !, Qx = S(A\2)QrS(\2) .

For A = 0, the A-independent representation coincides with the physical rep-
resentation since S(AZ)[y—g = idg, reduces to the identity by Assumption [[2]
and we have Jy = Jp and Gg = G for the subspaces, as well as Py = Py and
Qo = Qg for the corresponding projections.

The unitarity of S(A%) and Theorem 2Ilimply $9 = Jy &1 G, is a A\-dependent
decomposition of §)¢ into (-, -),-orthogonal subspaces which are invariant under
the dynamics e #Mx
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3 PROPERTIES OF THE PERIODIC MAXWELL OPERATOR

Photonic crystals are materials where the unperturbed material weights (g, u)
are periodic with respect to a lattice

= SpanZ{ela €2, 63} = 23 )
and henceforth, we shall always make the following

AssuMPTION 3.1 (PHOTONIC CRYSTAL) Suppose that € and p are T-periodic
and satisfy Assumption [Tl

The lattice periodicity suggests we borrow the language of crystalline solids
[GP03]: we can decompose vectors = y + v in real space R = W x I into
a component y which lies in the so-called Wigner—Seitz cell W and a lattice
vector 7 € I'. Whenever convenient we will identify this fundamental cell W
with the 3-dimensional torus T3.

Given a lattice I', then there is a canonical way to decompose momentum
space R® 22 B x I'*: here, the dual lattice T* = spang{e}, e}, €3} is generated by
the family of vectors which are defined through the relations e; - ey, = 276y,
j,m =1,2 3. The standard choice of fundamental cell

B:= {Z?zlaj e; € R? | a1, a,a3 € [*1/2;+1/2)}

is called (first) Brillouin zone, and elements k € B are known as crystal mo-
mentum.
3.1 THE ZAK TRANSFORM

The lattice-periodicity of e and p sugests to use a Fourier basis: for any C-
valued Schwartz function ¥ € S(R?,CV) we define the Zak transform [Zak68)
evaluated at k € R? and y € R? as

(Z0)(ky) ==Y e MWWy 4 9). (22)
yel’

The Zak transform is a variant of the Bloch-Floquet transform with the follow-
ing periodicity properties:

(29)(k,y —7) = (29)(k,y) yerl
(ZU)(k —~",y) =Y (20)(k,y) v er*

In other words, ZV is a I'-periodic function in y and periodic up to a phase in
k. The Schwartz functions are dense in £)g, so

Z: §o — L2,(R? ho) = L*(B) ® ho
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extends to a unitary map between $g and the L2-space of equivariant functions

in k with values in o := LZ(T?,C?) &, L2(T?,C?),

qu(Rsa bO) = {\Il € L%oc(Rga bO) | \Il(k o /7*) - e+i’Y*'Q\I/(k) a. e. V"}/* € F*} )
(23)

which is equipped with the scalar product

(0, @), ::/IBdk<\I/(k),<I>(k)>b

0

where

(W, 2(0))y, 1= [ d 0P () ) (b 9) +

+ / dy o (k,y) - p()o" (k).

Due to the (quasi-)periodicity of Zak transformed functions, they are uniquely
determined by the values they take on B x T3.

To see how the Maxwell operator transforms when conjugating it with Z, we
compute the Zak representation of its building block operators positions & and
momentum —iV, (which are equipped with the obvious domains):

Z#Z =iV, (24)
Z(~iV,) 27 = idpeqe) ® (-iV,) + k@ idy, = —iV, + & (25)

The common domains of the components i0; and —id,, + lch Zak transform to
L2, (R?,bo) N H (R3,bo) and

ZH'(R?,C°%) = L2, (R®, H'(T*,C%)) = L*(B) ® H'(T*,C°%).  (26)

Note that the position operator in Zak representation does not factor, unless
we consider I'-periodic functions e,

Ze(#) 27! =idpam) ®@e(h) = e(h) - (27)

Operators A : D(A) — $Ho which commute with lattice translations, e. g. op-
erators of the form (28), 7)) or the periodic Maxwell operator, fiber in k,

52
A =2ZAz! :/ dk A(k),
B

and the fiber operators at k € R? and k —~*, v* € I'*, are unitarily equivalent,
Ak —~*) =e I A(k)e 7 (28)

Operator-valued functions k — A (k) which satisfy (28]) are called equivariant.
It is for this reason that it suffices to consider all objects only for £ € B and
extend them by equivariance if necessary.
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3.2 ANALYTIC DECOMPOSITION OF THE FIBER HILBERT SPACE

Clearly, Qg and Py also commute with lattice translations, and thus, the Zak
transform yields a fiber decomposition into

® ®
QF=2Quz7! :/ dk Qo(k), Pf:=2ZPRz! :/ dk Py(k) .
B B
These fibrations also identify physical and unphysical subspaces of the fiber
Hilbert space

ho = Jo(k) &1 Go(k)

for each k € B where Go(k) = ranQo(k) and Jy(k) = ran Py(k). A priori, all
we know is that this fibration is measurable in k. However, we are interested
in the analyticity properties of the fiber projections. Figotin and Kuchment
have recognized that k — Qo(k) and thus also k — Py(k) are not analytic at
k € I'* [FK96a]. The purpose of this section is to define regularized projections
k— Qp®(k) and k — P;°®(k) which are analytic on all of R®. These regularized
projections enter crucially in the proof on the existence of ground state bands
(Theorem [T4 (iii)).

LEMMA 3.2 (i) The orthogonal projections k — Qo(k) and k — Py(k) onto
unphysical and physical subspace are analytic on R3 \ T'*.

(ii) The regularized orthogonal projections k — Qu (k) and k — Py (k)
are analytic on all of R®. Moreover, Py°®(v*) = Py(v*) and Qi %(y*) =
Qo(v*) holds for all v* € T*.

(i) dim(Go(k) N J;°8(k)) =2 for all k € R®\ T

Essentially, the idea for the definition of Qy*(k) is already contained in the
proofs of Lemma 51 and Corollary 52 of [FK96a], so we will briefly sketch the
construction of Qo(k) and then proceed to define Qy*(k).

Assume from now on that k& € B. The idea is to use the fact that Go(k) :=
rang Grad(k) and define an auxiliary projection Qo(k) = Grad(k) T'(k) with
range Go(k) as the product of the operator

Grad(k) = (V, +ik,V, +ik) : H(T3,C?) — bo.

which depends analytically on k& € R? and its left-inverse T'(k). Such a left-
inverse exists if and only if Grad(k) is injective, and if it exists, it is also
bounded [FK96al, p. 52] and analytic in & [ZKKP75, Theorem 4.4]. Note that
the closedness of rang Grad (k) = Grad (k) H' (T3, C?) for k # 0 follows from
the boundedness of T'(k).

One can check that for k # 0, the operator Grad(k) is injective while for k& = 0
there are zero modes,

Z(T3,C?) .= {y o (gf,) ‘ (gf,) € <c2} — ker Grad(0).
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Consequently, the projection éo(k) = Grad(k) T(k) can only be defined in
this fashion for k # 0, and there is a point of non-analyticity at k£ = 0, because
ran Grad(0) is “smaller” by two dimensions than Go(k), k # 0.

Even though @O(k) need not be an orthogonal projection (the proofs in [ATIG7]
and only make reference to the Banach algebra structure), these
arguments show that Go(k) = ran Qo (k) = ran Qo (k) depends analytically on
k away from I'*. Thus, the unique orthogonal projection Qo(k) onto Go(k)
necessarily also depends analytically on k € R3 \ I'*.

The behavior of Grad(k) at k = 0 suggests to define the regularized unphysical
space as

Gy ®(k) := rang Grad (k)|

where the closed subspace

HL(T,C%) = { = (6%, 0") € H'(T%,€2) | (1,¢") fapa) = 0, § = B, H
= Z(T3,C?)* n HY(T3,C?)

consists of all H'-functions orthogonal to the constant functions. Now
Grad(k)] my, is injective for all k& € B, and by modifying the estimates on
[EK96al p. 52] we deduce there exists an analytic bounded left-inverse Tyeg (k)
for all k£ € B. Hence, the composition

ks QuE(k) == Grad(k)| gy Treg(k)

defines a projection onto G ®(k) that depends analytically on k for all of B,
including k = 0; again, the boundedness of Tyeg(k) implies Gy ® (k) is a closed
subset of hy. By the same arguments as above, the uniquely deteﬁr\n/ined orthog-
onal projection Qy (k) onto G (k) inherits the analyticity of Qy*(k) [Kat95]
Theorem 6.35]. At k = 0, this regularized projection coincides with the usual
one, Qy#(0) = Qo(0), as their ranges

Gy®(0) = ran Grad(0)|m;,, = ran Grad(0) = Go(0) (29)

are the same (this also proves that Go(0) is closed). Moreover, k — Qy (k)
has a unique extension by equivariance (cf. (28])) to all of R3.
Now the analyticity of the orthogonal projection

(k) i idy, — QI ()
onto the (-, ~>bo—orthogona1 complement

Jo™ (k) = Gg® (k) *

reg

follows from the analyticity of k — Qg (k).
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Before we prove (iii), it is instructive to juxtapose the decomposition hy =
Jo(k) @1 Go(k) with the regularized decomposition

ho = Jo (k) &1 Gi®(k)

for the special case My = Rot, i. e. ¢ = 1 = u. The difference between the
two is how the constant functions y + (o, af) € C5, are distributed amongst
them: for k # 0 only certain constant functions belong to Jo(k),

b (M) e e ot (25) =1 (00) = (),

while for k£ = 0 all constant functions are elements of Jy(0) and the physical
subspace “grows” by 2 dimensions at the expense of Gy(0). In contrast, the
regularized physical subspace J;*®(k) contains all constant functions for all
values of k. We will now extend these arguments to the case of non-trivial
weights (e, u).

Proor (LEmMA B2) We have already shown (i) and (ii) in the text preceding
the lemma and it remains to prove (iii). Without loss of generality, we restrict
ourselves to k € B. First of all, we note that the unphysical subspace

_ BEY) (Y +E)\ iyt
Golk) = {er; (BH(V*) (v + k)) o’ ’

{186

} € 2(T), ﬁE,H}
eer

and the reqularized unphysical subspace

reg _ ﬂE(’V*) (7* + k) iy -y
co ‘{ = (a0 th) e |

y*eT\{0}

{|Bﬁ(7*)7*|}v*er* €r(I), = EH} (30)

coincide for k£ = 0, and we immediately deduce
dim(Go(0) N J3°8(0)) = dim(Go(0) N Jo(0)) = 0.

Hence, we assume from now on k& € B\ {0}. That means, we can write the in-
tersection as the regularized projection applied to a two-dimensional subspace,

Go) <) = 1<) {us (G ) | 85,67 e}

The image is again two-dimensional: if we write any ¥ = Wgo @, ¥p € by
as the sum of ¥ € G®(k) and ¥p € J;°8(k), then in view of equation (B0)
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the v* = 0 Fourier coefficient of g = Qy*(k)¥ necessarily has to vanish,

1o (0) = 0. Thus, {/;p(O) = 1(0) follows, and the map
ﬁE re /BE k re
¢5 ([ ) o 75 (G < J=(o
is injective. That means dim(Go(k) N Jy*8(k)) = 2 for k € R3\ I'*. O

3.3 ANALYTICITY PROPERTIES OF THE FIBER MAXWELL OPERATOR

The Zak transform fibers the periodic Maxwell operator in crystal momentum,

®
M{ :=ZMyZ ! = / dk Mo(k). (31)
B
Each of the fiber operators
B B 0 —e 1 (=iV, + k)*

acts on a potentially k-dependent subspace (k) of o, and has a splitting into
physical and unphysical part, Mo(k) = Mo(k)| s, (k) @ 0|c, k). In any case, the
selfadjointness of My on ® implies the selfadjointness of each fiber operator
My (k) on ©D(k). Since the domain of each fiber operator Mo (k) may depend
on k, it is not obvious whether k — Mjy(k) is analytic in k even though the
operator prescription is linear.

PROPOSITION 3.3 (ANALYTICITY) Suppose Assumption[31 on e and p holds.
(i) The domain of selfadjointness
2 = (ker Div(k) N H'(T?,C°%)) & ran Grad(k) (32)
of Mo (k) is independent of k.
(ii) The map R 3 k — My(k) € B(d, ho) is analytic.

PROOF (i) Since H'(R?,CY) is a core for Mg (Theorem 2] (i)) and (28],
we know that H'(T3,C%) is a common core of Mg (k) for all values of k.
Moreover, combining equations (59)) and (20) with the fact that Div and
Grad also fiber in k yields the decomposition of ? as a k-dependent direct

sum as given by ([B2]).
The difference of the two fiber operators restricted to H!(T?, C%) extends
to a bounded operator on all of b,

Mo (k)]s — Mo()|sir = W <+(k’ P W)
3
(kj — k) Aj=:(k—k')-A. (33)

J
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Using ||k - A = k| |[W5¢p,), it is straightforward to see that these
B(ho) (ho)
graph norms of My(k) and Mg (0) are equivalent on H!(T3, CS),

—1
(LB 12 no0) < 12 lIvoy < (14 KT T 12 ]la o) -

The equivalence of the graph norms now implies that the domains, seen
as completions of H'(T?3,C%) with respect to these graph norms, are in-
dependent of k,

o(k) = HI(T3,C0) Mo = FT(TS,Co) ™Mo — 5(0).

(ii) By (i) the domain d of each My(k) is independent of k, and thus the

analyticity of the linear polynomial k — Mjg(k) is trivial. O

The fibration of MZ can be used to extract a great deal of information on the
spectra of My and My (k):

THEOREM 3.4 (SPECTRAL PROPERTIES) Suppose Assumption[31 on e and u
is satisfied. Then for any k € R? the following holds true:

(i) o(Mo(k)lco(k)) = Tess(Mo(F)|cok)) = opp (Mo (k)|com) = {0}
(it) o(Mo(k)|1o(k)) = odise (Mo (k)| so(x))

(iii) o (M (k)

Jéeg(k)) = Odisc (MO(k)

Jresy) = o (Mo(k))

(iv) o(Mo) = | ) o(Mo(k)) = | o(M(k))

keB kER3

(v) 0(Mp) = 0ac(Mo) U Upp(MO)

PROOF (i) For any ¢ € C°(R3,C?), the vector Grad(y) € Gy is an element

(i)

(iii)

of the unphysical subspace, and thus we have found an eigenvector to 0,
My (k)(Z29)(k) = (ZMO\II)(k) =0.

This means we have found a countably infinite family of eigenvectors, and
we have shown (i).

According to Lemma[Ad] (Rot (k)| ., (k) —2) s compact for all k € R3
where Jrot (k) = ker Div(k) is the physical subspace for the free Maxwell

operator. Because we can write (Mo(kz)|JO(k) — z)_l as a product of

bounded operators and (Rot (k)| ., () 72)71 [SEKT05] equation (4.23)],
the resolvent of Mo (k)| ,x) is also compact. Thus, the spectrum of
Mo (k)| sy () is purely discrete.

This follows from (ii) and the observation that by Lemma B2 (iii), Jo(k)
and Jy* (k) differ by an at most 2-dimensional subspace J;* (k) N Go(k).
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(iv) The proof is analogous to that of [FK96al Corollary 57].

(v) From (iv) we know that o(IMy) can be written as the union of the spec-
tra of the fiber operators Mg(k). Because these spectra U(Mo(k’)) =
{wn(k)}n ¢z In turn can be expressed in terms of piecewise analytic fre-
quency band functions k — wy(k), n € Z (cf. Theorem [ (1)), osc(IMo)
must be empty. 0

REMARK 3.5 (ABSOLUTE CONTINUITY OF ¢(Mp|;,)) Unlike in the case of
periodic Schrédinger operators, it has not yet been proven that the spectrum
of My, is purely absolutely continuous. To show 0(M0| ]0) = Oac (M0| JO), all
of the known proofs reduce the Maxwell operator to a possibly non-selfadjoint
Schrédinger-type operator with magnetic field, and these transformations in-
volve derivatives of € and p [Mor(00, [Sus00, [KLO1]. Hence, one needs additional
regularity assumptions on e and y; the best currently known are e, u € C(R3)
[KT.O1l Section 7.4]. This means, even though it is widely expected that the
spectrum is always purely absolutely continuous, flat bands (apart from w = 0)
currently cannot be excluded unless we make additional regularity assumptions
on € and p.

So far, most spectral and analytic properties mirror of M# those of periodic
Schrodinger operators, but there are two important differences: (i) M is not
bounded from below and (ii) in case of real weights the PH symmetry of the
spectrum (cf. Theorem [22)) implies a symmetry for the frequency band spec-
trum (cf. Figure [I).

The first item in conjunction with the non-analyticity of Jo(k) at k € T'*
potentially complicates the labeling of frequency bands. For simplicity, we
solve this using the band picture proven in Theorem [[LZt first of all, we know
there exists an infinitely degenerate flat band wp(k) = 0 associated to the
unphysical states (cf. Theorem B4 (i)). Moreover, it is easy to prove that 0
is an eigenvalue of Mo (k)| (k) if and only if & € T'*. Away from k € I',
we repeat non-zero eigenvalues w;(k) of My(k) according to their multiplicity,
arrange them in non-increasing order and label positive (negative) eigenvalues
with positive (negative) integers, i. e. away from k € I'* we set

o< w_Q(k’) < w_l(k:) < wo(k’) =0< wl(kz) < wg(k’) < ...

Moreover, due to the analyticity of k — Mg(k), the eigenvalues depend on k
in a continuous fashion, and we extend this labeling by continuity to & € I'*.
This procedure yields a family {k — wn(k)}n ¢z, of I'"-periodic functions.

Two types of bands are special: beside the zero mode band wg(k) = 0 which is
due to states in Go(k), the ground state bands are those of lowest frequency in
absolute value:

DEFINITION 3.6 (GROUND STATE BANDS) We call a frequency band k
wn (k) of ME a ground state band if and only if
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(i) lim wy(k) =0 and
k—0
(ii) wy, is not identically 0 in a neighborhood of k = 0.

Moreover, we define Iys C 7 to be the set of ground state band indices.

The ground state bands can be recovered from the space of zero modes
GS :=ker My (0) N Jp(0) .

using analytic continuation, and hence, also the use of Py°®(k) instead of Py(k)
even though they coincide at k£ = 0.

LEMMA 3.7 (GROUND STATE EIGENFUNCTIONS AT k = 0) Suppose Assump-
tion [31 holds true. Then GS = Py*®(0){y — a | a € C®} is siz-dimensional
and any of its elements can be uniquely written as

B = (B0 = 3 Ty e

y*el

for some a € C5. The Fourier coefficients W (y*) = (@f(’y*), i (v*)) satisfy
the following relations:

U,(0)=aeC" (34)
DE(v*) o v Vy*eT*\ {0}, t=FE H
PRrooF First of all, seeing as W is bounded with bounded inverse, ker M (k) =

ker Rot(k). A simple computation (cf. Lemma [A4) yields that any ¥ €
ker Rot(0) is of the form

UV=a+Vg

for some a € C° and ¥ € G8(0) = Go(0). Applying Py°(0) to both sides
yields Py*®(0)¥ = ¥, and consequently, dim GS < 6.
From [My(k), Py (k)] = 0 we deduce P;**(0){y — a | a € C®} C GS. More-

reg

over, in view of @), y — a € C® is an element of G{*(0) = G(0) if and only
if @ = 0. Hence, a — ¥, is injective and

dim Py*®(0){y —~a|aeC’} =dimGS =6.

Finally, Py°*(0)(¥, — a) = 0 means ¥, — a € Gy*(0), and thus using equa-
tion (B0) once more, we deduce ,(y*) o v* and ¥,(0) = a. O

We now proceed to the proof of Theorem [[L4] which establishes the frequency
band picture for periodic Maxwell operators (cf. Figure [I]).
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Proor (oF THEOREM [[L4]) (i) Since My(k) is isospectral to its restriction

(iii)

Mo (k)| jre= k), let us consider the latter. First of all, k — wo(k) = 0 is
trivially analytic, we may assume n # 0. Thus, the analyticity away from
band crossings follows from the purely discrete nature of the spectrum of
Mo (k)| jres () (Theorem [3.4] (iii)), the analyticity of k& — Mo (k) (Propo-
sition (ii)) and k — Fy*®(k) (Lemma [B2) combined with standard
perturbation theory in the sense of Kato [Kat95].

The T'*-periodicity of k +— wy,(k) is deduced from the equivariance of
kE — My(k).

Now assume in addition that ¢ and p are real. For n = 0, we trivially
find wo(k) =0 = —wo(—k). So from now on, suppose n € Z\ {0}.

One can check that upon Zak transform, the PH operator (complex
conjugation) C# := ZCZ~! acts on elements of U € qu(IB, ho) as
(CZW)(k) = ¥(—Fk). Combined with CZ M§ = —M§ C* which follows
from equation (9] since e and p are real, a straight-forward calculation
shows that if u, (k) is an eigenfunction to wy(k), then (C%uy,)(k) is an
eigenfunction to —w,,(—k), and we have shown (ii).

To show (1), we will prove
0€o(Mo(k)lsom) < 0€ o(Rot(k)|smo, k) (35)

first where Jrot(k) = ker Div(k) is the physical subspace of the free
Maxwell operator, and since the spectrum of Rot,

o (RO6(F) soumy) = | {£Ik+771},

y* er=

is known explicitly (cf. Lemma[AZ4), this will prove 0 € U(MO(k)|JO(k)) if
and only if k € I'*. Hence, combined with Definition this implies (1).

First of all, since the spectra U(Mo(kﬁ)ho(k)) are discrete for any k € B
(Theorem [34] (ii)), we only need to consider the existence of eigenvec-
tors. As the inverse of W is bounded, the equations My(k)¥ = 0 and
Rot(k)¥ = 0 are equivalent on the domain 8. We will now show that
the existence of Ung, € Jo(k) N0 to Mo(k)¥nm, = 0 is equivalent to the
existence of a Uret € ker Div(k) which satisfies Rot(k)¥rot = 0.

Assume there exists an eigenvector Uy, € Jo(k) N 0. Then by the direct
decomposition of the domain ® = ker Div(k) @ ran Grad(k) implies we
can uniquely write

Ung, = YRot + Yo

as the sum of gt € ker Div(k) and W € Go(k). Because the intersec-
tion Jo(k) N Go(k) = {0} is trivial, we know Ugret # 0. Hence, URot is
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an eigenvector of Rot(k),
Rot(k)Vrot = Rot(k)(¥m, — V¢) = 0.

The converse statement is shown analogously and we have proven (35)).

Now we turn to (2): let us define N := |Z,|. By (ii), N needs to be
even. Due to (29)), we may replace the physical subspace Jy(0) with
its regularized version J;°¥(0), and the six-dimensional space GS from
Lemma B can also be defined in terms of J;°®(0). Thus, we already
know N < dimGS = 6. Moreover, since dim(Go(k) N Jy™(k)) = 2
(Lemma B2 (iii)) and Qo(k)Jy™ (k) C Go(k), the operator Mo (k)| sres (1)
has a two-fold degenerate flat band k +— 0 and we conclude that in fact,
N < 4.

To show N = 4 and property (2), we use standard analytic perturbation
theory in the sense of Kato around the eigenvalue 0: We have proven in
(i) that all band functions are continuous, and thus if w,(0) = 0 there
exists a neighborhood V of k¥ = 0 and a § > 0 such that |w, (k)| < §
holds on V. Let us pick an orthonormal basis {\Ill, ey \IIG} of GS; ac-
cording to Lemma B each of these ¥ is associated to a coefficient
agy = (apy-afly) € C°% j = 1,...,6 via @4). Then Mo(0)¥; = 0
and [Kat95l equation (2.40)] imply the ground state band functions
{wn (k) }nez,. are approximately equal to the non-zero eigenvalues of the
k-dependent matrix

k . A = (<\I/l, k . A\Ilj>b())1§l,j§6 (36)

where k- A = My(k) — M(0) is explicitly given in equation (B3] and
k-A = Z?Zl k;j A; involves the implicitly defined matrices A;. For
a,b € C5, we can directly compute the scalar product:

vesmw, = () v (),
= k- [ ay (VEG) x 0f! () = D) % 0 )

:k-(a_Ebu—a_beE) (37)

() (o ), e

To arrive at the last line, we plug in the ansatz (34]) for the ground state
function, use the orthogonality of the plane waves with respect to the
standard scalar product on L?(T?) and exploit v* x v* = 0.

Now let us define the invertible 6 x 6 matrix A := (a(1) | -+ | a(g)) which
maps the canonical basis {v(l), e ’U(G)} C C% onto {a(l), s () } Then
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we can express the matrix elements of k- A in terms of A:

(vGys k- Avgy) o 1= (k- A)

0 —kx
=\t (4 0 o),

(0 —kx
<U<j>vA <+k>< 0 >Av(n>>cﬁ (39)

In view of equation ([B7)), the matrix elements possess an SO(3) symme-
try: if we define the action of R € SO(3) on a € C°® by setting Ra :=
(RaE7 RaH), then equation (B7) in conjunction with R(vxw) = Rv X Rw,
v,w € C3, yields

(Uook- AWY), = (Vg (RE) - AUp), . (40)

Combining this symmetry with equation (B8], we get

(k- A4), = <RAU(]')7 ((};k)x +(J?)k)x) RAU<n>>C6
- <U(j), (A1 RA) A ((]gk)x +(fék)x) A(A_IRA)U<n>>

or, put more succinctly after replacing R with R~! and k with RE,

C6

(Rk)- A= (A""R™MA) (k- A) (AT'R7TA).
As the matrix A= R~ A is invertible, we deduce
rank(k: . A) = rank((Rk) . A) = rank()\kz . A) (41)

holds for all R € SO(3) and A € C\ {0}, i. e. the rank of the matrix k- A
is independent of k # 0. In particular, it means that if 0 € a(ko . A) for
some special kg # 0, then 0 is an eigenvalue of all matrices k - A.

Now we will reduce this problem of 6 x 6 matrices to a problem of 3 x
3 matrices: first of all, any basis {U(j)}j:1 of C% gives rise to a basis

{\IIU(J.) }?:1 of GS. In particular, if we take {’U(j)}?zl to be the canonical
basis of C%, we can apply the Gram-Schmidt procedure to {\I/U(j) }jzl

and obtain a (-, ), -orthonormal basis {‘I/a(l) }jzl of GS with coefficients
agy = (ag),ag)) € CS. Due to the block structure of W—! that is

: : _ -1 H _
also inherited by <(I>,‘I/>h0 = <<I>,W ‘P)LQ(TBVC(S), the fact that vy =
vg = ’Ug =0 and ’UE4 = v(b;) = v% = 0 forces also the corresponding
coefficients of the orthonormalized vectors to be 0,

H _ H _ H __ rF _ FE _ E __
any =a@) =a@ =0, a) =a = ae) =0.
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Moreover, {aﬁ),ag),a@)} and {aﬁ),ag),a(%)} are two sets of linearly
independent vectors in C? with aﬁ), aﬁ) x (1,0,0).

Thus, using equation (37)), one sees that the symmetric matrix k - A is

purely block-offdiagonal and can be written in term of three 3 x 3 matrices
B = (Bl, BQ, B3) as

b A= ((k.OB)* k'OB) . (42)

The block structure implies that
rank (k- A) = rank (k- B) + rank (k - B)* =2rank (k- B). (43)

Then in order to conclude that rank (k: - A) = 4, we only need to show
that rank (k: . B) = 2. Since the result is independent of k, we pick kg =
(1,0,0) and use the basis obtained after Gram-Schmidt orthonormalizing
{\Ily(l), I } Then a1y o< v(qy and a4y o< v(4) are non-trivial scalar
multiples of vy and v(4), and consequently, one obtains again from (32

0 0
k’o-B—<0 kO.B)

where the 2 x 2 matrix
kOB: (ko (@Xag)) ko(@xag))>
ko (as) x atz)) ko~ (afy) x afg))

has full rank, because kg = v(b;) = vﬁ) x aﬁ), aﬁ) implies

det(ko - B) = (ko - (a8 x a))) (ko - (aff) x aff)))

o det (ag) ‘ ag) ‘ a&) det (aﬁ) ‘ ag) | af}%) #0.

Hence, piecing together rank (kzo . B) = 2 with equations (@I)) and @3)
yields that the degeneracy of the ground state bands is 4. O

3.4 COMPARISON TO EXISTING LITERATURE

Even though most of the results in this section are neither new nor surprising,
we still feel they fill a void in the literature: To the best of our knowledge,
it is the first time the most important fundamental properties of the fiber
Maxwell operator Mg(k) are all proven rigorously in one place. Many of these
are scattered throughout the literature, e. g. various authors have proven the

discrete nature of the spectrum of My (k) [FK9T, [SEKT05| or have
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shown the non-analyticity of k — Py(k) at k = 0 [FK96a]. Certainly there is no
dearth of literature on the subject (see also [KucOTl [JJTWMOS|] and references
therein). However, most of these results are piecemeal: Some of them are
contained in publications which do not really focus on the periodic Maxwell
operator, but random Maxwell operators ([FK96D, [FK97], for instance). Other
publications do not study My but rather operators associated to M3: since M32
is block-diagonal, it suffices to study a second-order equation for either E or
B, sce e. g. [FK96al [FK97]. In the two-dimensional case, this leads to a scalar
equation where the right-hand side is a second-order operator [FK96al.
Nevertheless, one result is new, namely Theorem [[4] (iii): even though the pres-
ence of ground state bands is heuristically well-understood, we provide rather
simple and straight-forward proof. The k& — 0 limit is related in spirit to the
homogenization limit where the wavelength of the electromagnetic wave is large
compared to the lattice spacing (see e. g. [Sus05l [BS07,
and references therein). On the one hand, many homogenization techniques
yield much farther-reaching results, most notably effective equations for the
dynamics (e. g. [BS07, Theorem 2.1]) while Theorem [[4] (iii) only makes a
statement about the behavior of the ground state frequency bands. On the
other hand, compared to, say, [BS07, Theorem 2.1] or [SEKT 05 Theorem 6.2],
computing the dispersion of the ground state bands for small k& seems much
easier in our approach: given € and p, the problem reduces to orthonormalizing
2 x 3 vectors numerically and solving an eigenvalue problem for an explicitly
given 3 x 3 matrix |k - B| defined through ([@2]) with one known eigenvalue
(namely 0). Moreover, a proof of the fact that there are 4 ground state bands
also appears to be new, e. g. in a recent publication this was stated as ﬂm
Conjecture 1]. Proving this fact, however, required a better insight into the na-
ture of the singularity of k — Py(k) at k = 0 and necessitated the introduction
of a regularized projection Py“®.

4 MfZ AND M{ As ¥DOs

After expounding the properties of the periodic Maxwell operator, we proceed
to the proof of Theorem[[:3l The essential ingredient is a suitable interpretation
of the usual Weyl quantization rule

1 —i(k-( 'k
O0\(f) = oy /R A [k (F ) K T T )

where
]. . ’7 1
- / k/ — d / dk/ +i(k"-r—r'"-k) k
FN k)= o [t [ awe £(r. k)

is the symplectic Fourier transform. The idea is to combine the point of view
from [Teu03l, Appendix B] and [DLII Section 2.2] with the fact that most
results of standard pseudodifferential theory depend only on the Banach struc-
ture of the spaces involved and not on the Hilbert structure.
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First of all, equation (@] defines a ¥DO for a large class of scalar [Fol89] [H679]
and vector-valued functions [Luk72] [LevO(]. For instance, if f is
a Hormander symbol or order m € R and type p € [0, 1] taking values in the
Banach space (B, ||-||5),

feSHB):={feC®R’B) | Va,B €N : || fllm,ap < o0}, (45)

where the seminorms {||-,, .5} 5 are defined by
’ 0

a,BEN

S—-r
1l = Sl)lgw(\/l w17 sl pe b))

(r,k

then (@) is defined as an oscillatory integral [HST1]. The vector-valuedness of f
usually does not create any technical difficulties, most standard results readily
extend to vector-valued symbols, e. g. Caldéron-Vaillancourt-type theorems and

the composition of Hérmander-type symbols (see e. g. [Luk72l [GMS91] [MS09]
and [Teu03l Appendix A]).

In our applications B = B(h1, h2) will always be some Banach space of bounded
operators between the Hilbert spaces h; and ho whose elements are L2-functions
on the torus, e. g. L2(T3,C"), by or 0. As explained in [DLII] Section 2.2.1],
when compared to the pseudodifferential calculus associated to (—iAV,, &),
equation (@) can be seen as an equivalent representation of the same underlying
Moyal algebra [GBV88a, [GBVS8S8D|. Hence, the usual formulas and results
apply, and we may use standard Hormander classes instead of the less common
weighted Hormander classes as in [PST03a).

4.1 EQUIVARIANT ¥DOs

The relevant Hilbert spaces, Z9, and Z§)g, coincide with qu (R3, L2(T3, (CG))
as Banach spaces, and we are in the same framework as in [Teu03, Appendix B]
and [DLI1] Section 2.2.2]. The building block operators are macroscopic po-
sition iAV} and crystal momentum & whose domains are dense in qu(R3, ho)
(cf. Section B).

Operators which fiber-decompose in Zak representation have the equivariance
property ([23), and thus M§ : L2 (R?,d) — L2 (R3 ho) defines a selfadjoint
operator between Hilbert spaces of equivariant functions, for instance. This
motivates the following

DEFINITION 4.1 (SEMICLASSICAL SYMBOLS) Assume b, j = 1,2, are Hilbert
spaces consisting of functions on T2. A map f : [0, o) — Sgleq(B(bl,bg)),
A= fa, is called a semiclassical equivariant symbol of order m € R and weight

p €10,1], that is f € AS;’feq(B(f)l, f)g)), if and only if
(i) fa(r,k —~*) =e 79 fi(r, k) etV holds V (r,k) € RS, v* € T* and
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(ii) there exists a sequence { fn}tneny, fn € S;'~ "7, such that for all N € No

N—1
AN (fA 3 fn> € SN2 (B(by, b))

n=0

holds true uniformly in X in the sense that for any N € Ny and o, 3 € N3,
there exist constants Cnag > 0 so that the estimate

N—-1
=Y X
n=0

is satisfied for all X € [0, \p).
Since S} (B(bl, bg)) and S (B(bl, bg)) are contained in the Moyal algebra

preq
Section ITI], the associated ¥DOs extend from continuous maps be-
tween vector-valued Schwartz functions to continuous maps between vector-

valued tempered distributions,

Opx (55" (Blb1,b2))) € Oy (S7eq (B(b1,b2)))
C E (S(R37 bl)aS(R37 bQ)) N ‘C (Sl(Rsa bl)a'Sl(Rsa b2)) .

< CNaB )\N

m,af3

Furthermore, one can easily check that equivariant ¥YDOs also preserve equiv-
ariance on the level of tempered distributions: let us define translations and
multiplication with the phase e 7 on S'(R3, b;), j = 1,2, by duality, i. e. we
set

(Ly-F, ‘P)s = (T, (- + 7*))3 ; (eiw*.yF’ ‘p)s = (T, eHV*'g@)s ;

for all v* € I'* € R3. The set of equivariant tempered distributions Seq (R3,h,),
7 = 1,2, is comprised of those tempered distributions which satisfy

Ly-F = e IR
Then [Teu03, Proposition B.3] states that
OpA(f)  Seq(B?,b1) — S( (R, b2)

holds for all f € S} (B(h1,b2)). Consequently, the inclusion qu(R3, h;) C
S/ (R?,h;) and the standard Caldéron-Vaillancourt theorem imply [Teu03)
Proposition B.5]

Dp)\ (Sg,eq(B(hh bQ))) cB (qu(Rsv bl) ; qu(R3a h2)) .
Similarly, the Moyal product § which is implicitly defined through

Opy(ftg) = Op,\(f) Op,(9)

extends as a bilinear, continuous map which respects equivariance,

£: Sy (B(b1,h2)) x Sz (B(ba, ba)) — Spad™2 (B(b,ha)).  (46)
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4.2 EXTENSION TO WEIGHTED L2-SPACES

We have seen that certain equivariant operator-valued functions define bounded
UDOs mapping between Hilbert spaces of equivariant L?-functions. The fact
B(h1,bh2) only depends on the Banach space structure of h; and b2 immediately
implies

B(2D, 29,) = B(qu(R3,a), qu(R3,L2(T3,@6))) ,
for instance, and hence any f € 9, (B(L*(T?,C))) uniquely defines a ¥DO

Op,(f) : 295 — Z9. (47)

One only needs to be careful about taking adjoints: the adjoint operator cru-
cially depends on the scalar product (see e. g. the discussion of selfadjointness of
M,, in Section 2J), but in our applications, properties such as selfadjointness
are checked “by hand”.

4.3 PROOF OF THEOREM

Assumption Bl on the material weights ¢ and g as well as Assumption
placed on the modulation functions imply $, and g coincide with L?(R3, C5)
as Banach spaces. Similarly, we have hy = L?(T3,C%) on the level of Banach
spaces. This means, Z$) and Z§) agree with L2, (R?, L*(T?,C)) as normed
vector spaces.

Seeing as we can write MZ = S(iAVj) "2 MZ, Theorem follows from the
following

LEMMA 4.2 Under the assumptions of Theorem [I.3, the following two opera-
tors are semiclassical pseudodifferential operators:

(i) S(IAV)E = Op, (S*1) where 5,57 € S, (B(L*(T3,CP)))

(ii) Mg = Opy (Mo(-)) where My(-) € St o, (B(2, L*(T?,C°)))

PrOOF (i) The matrix S(r) is block-diagonal with respect to L?(T?,C®) =
L3(T3,C3) @ L*(T3,C3) and each block is proportional to the identity
in L?(T3,C?). Due to the assumption on the modulation functions, we
conclude

S ey (R, B(L*(T?,C%)) c 57 (B(L*(T?,C%))) .
Equivariance is trivial, because S(iAV},) commutes with e=7"% and hence
S(r) = et I §(p) e~ 1Y

holds. Lastly, S~! has the same properties as S since 7 and T L also
satisfy Assumption This concludes the proof of (i).
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(ii) By Proposition B3] the map k +— Mq(k) is linear (the domain is inde-
pendent of k), and thus S} (B (D, L2(T3, (CG))). Equivariance follows from
equation (28]), and thus we have shown (ii). O

Seeing as My( - ) is linear, the asymptotic expansion of § terminates after two
terms and the symbols of the Maxwell operators in the physical representation
can be computed from

M? = Op, (S M(-)) =: Opy(My).

That M, is an element of ASll,eq (B (0, L3(T3, (CG))) is implied by the compo-
sition properties of equivariant symbols [#G]) and the preceding Lemma. This
concludes the proof of Theorem

Consequently, also the Maxwell operator in the auxiliary representation is a
semiclassical ¥DO,

MF = Op, (SIMAES™H) = Op (STHM()18™1) = Opa (M),
whose semiclassical symbol M is in the same symbol class.

CORROLARY 4.3 Under the assumptions of Theorem[L.3, the Mazwell operator
M§E = Op,(M,) in the rescaled representation is the semiclassical pseudodif-
ferential operator associated to

B 0 5 (Vrlnm/n)"(r)
Mi(r,k) = 7(r) Mo (k) = AT(r) W | . xo
/\( ) ( ) 0( ) ( ) <% (VT In TE/TM) (r) 0 >

where 7(r) := 7(r) 7,(r). The function My € AS} . (B(d, L*(T?,C%))) is an
equivariant semiclassical symbol in the sense of Definition [J.1]

A THE curl OPERATOR AND THE Rot OPERATOR

The aim of this Appendix is to clarify the meaning of the relation ©(Rot) =
D(curl) @ D(curl) used in Section 2] in order to define the domain of the
Maxwell operator. So to conclude our arguments from Section 21l we give a
brief overview on the theory of the operators curl := VX and Rot. Many works
have been devoted to the rigorous study of curl on L?(Q2,C3) where Q C R?
can be a bounded [YG90| HKTT2] or unbounded domain [Pic98]
whose boundary satisfies various regularity properties. A lot of related results
are contained in standard texts on the Navier-Stokes equation [DL72] [FT78|
[GRSR6L [GalTT]. In this Appendix, we enumerate some elementary results for the
special case 2 = R?. The crucial result is the so-called Helmholtz-Hodge- Weyl-
Leray decomposition which leads to a decomposition of any 1 € L?*(R?,C3)
into divergence and rotation-free component.
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A.1 THE GRADIENT OPERATOR

The gradient operator is initially defined on the smooth functions with compact
support by

658190
V. : C(R3) — C°(R3, C?), Vo= | 0umep|. (48)
Ozsp

The operator V, is closable (any component 0., is anti-symmetric) and its
closure, still denoted with V,, has domain ®(V,) = H'(R3) and trivial null
space, ker V, = {0}.

A.2 THE DIVERGENCE OPERATOR

The second operator of relevance, the divergence
3
div: C°(R?,C%) — C*(R?),  dive =Y a1y, (49)
j=1

is also closable and its closure, still denoted with div, has domain [TemOT]
Section 1.2 and Theorem 1.1]

D(div) = CR (R, 7)™ = {y € LAR?,C%) | divy € L2(R?)}.
A relevant result is the Stokes formula [Tem0Q1l, Theorem 1.2], i. e. we have
X%b(sa) = <7/}a VISD>L2(]R3,(C3) + <diV1/f, SD>L2(]R3) =0

for all ¢ € D(div) and ¢ € H'(R3). This follows mainly from the Cauchy-
Schwarz inequality | Xy (¢)| < 2||[|aiv [|¢]|v,. The above relation shows that
div is the adjoint of —V, and vice versa (cf. [Pic98]). In this sense D (div) can
be seen as the space of vector fields with weak divergence.

A.3 THE ROTOR OPERATOR

Lastly, the

ax2¢3 - 83:3w2
curl : C°(R3,C?) — C°(R3, C?), curly := | 9y 91 — 0,13 (50)
azle - aﬂ:zwl

is essentially selfadjoint, and thus, uniquely extends to a selfadjoint operator
whose domain

D(curl) := C(R3,C3) 1 = [y € LA(R?,C%) | curly € LA(R?,C%)}
(51)
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is the closure of the core with respect to the graph norm. The characteriza-
tion of D(curl) by the second equality in (BI]) is proven in a slightly more
general context in [DL72, Chapter 7, Lemma 4.1] (cf. also [ABDGI8| Defini-
tion 2.2] and [Urb01]). By showing that the deficiency indices of curl are both
0, i. e. curly = +iy has no non-trivial solutions, one deduces curl is indeed
selfadjoint (cf. [CK57, [Pic98]). A very interesting fact relates the domains of
curl and div, and the space H!(R?, C3): Theorem 2.5 of [ABDGIS| states

D(curl) N D(div) = H'(R?,C?) (52)
which follows from the identity
2 2 2 . 2
||¢||H1(R3,<c3) = ||¢||L2(1R3,C3) + ||Cur1¢||L2(R3,c3) + [[div ¢||L2(1R3) - (83)

This decomposition of the H!(R?, C?)-norm follows from integration by parts
and the identity

(curl)’ = V, div — A,

on CX(R3,C?), and a simple density argument. Note that (52) implies
C>(R3,C?) and H'(R3,C3) are cores for both, div and curl.

A.4 THE HELMHOLTZ-HODGE-WEYL-LERAY DECOMPOSITION

For a more precise characterization of the domain ®(curl) we need the
Helmholtz-Hodge- Weyl-Leray decomposition (see [Tem(1, Chapter I, Sec-
tion 1.4], [FT78] Section 1.1] and [Gallll Section IIL.1]). Let us introduce
the subspaces

C, = {¢ € C*(R3,C?) | divy =0}, J =G, e,

THEOREM A.l (HELMHOLTZ-HODGE-WEYL-LERAY DECOMPOSITION) The
space L*(R3,C?) admits the following orthogonal decomposition

L*R}C*)=Ja, G (54)
where J C D(div) is defined by
J={y e L*R*C® | divy =0} =kerdiv (55)
and
G:={pecL*R*C% | v=Vp, €L, (R*)} =ranV,. (56)
Moreover, one has also the following characterization:

J = kerdiv = ran curl, G =kercurl =ranV, . (57)
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ProoF (SkETCH) Equation (BH) is proven in [Tem0OT] Chapter I, Theorem 1.4,
eq. (1.34)]. The inclusion J C ©(div) follows from the observation that the
norms ||-[| p2(gs csy and |[-[|4;, coincide on C,.

The definition of G as gradient fields (first equality) has been shown in [Tem0OT]
Chapter I, Theorem 1.4, eq. (1.33) and Remark 1.5]. The closedness of G,
and thus, the second equality is discussed in the proof of Lemma 2.5].
(According to our choice of convention in Section [T}, ran V, is the closure of
rang V, = V, H'(R?), and for an example of ¢ € L2 (R?)\ H'(R?) such that
Ve € L*(R3,C?) we refer to [Gallll Note 2, pg. 156].)

The proofs of the two remaining equalities in (&) can be found in 08
Theorem 1.1].

We remark that in case of the vector fields on all of R?, the space of harmonic
vector fields Hy := kerdiv Nker curl = {0} is the trivial vector space, because
A1) = 0 has no non-trivial solutions on L?(R3,C?). This concludes the proof

of [4). O

REMARK A.2 According to the standard nomenclature J is known as the
space of the solenoidal or transversal vector fields while G is the space
of the irrotational or longitudinal vector fields. The orthogonal projection
P : L?(R3,C?) — J is called Leray projection. The identification J = ran curl
implies that curl : J — J and this is enough for [P, curl] = 0.

Theorem [A Tl has two immediate consequences: The first is the Helmholtz split-
ting, meaning each ¢ € L2(R3,C?) can be uniquely decomposed into a stream
field ¢ € D(curl) and the gradient of a potential function ¢ € L2 _(R?),

loc
1 =curlg + Vo,
where curl ¢ and V,¢ are mutually orthogonal. The second is the content of
the following

CORROLARY A.3 (DOMAIN OF curl) The domain D(curl) of the operator
curl admits the following splitting

D(curl) = (JND(curl)) &, G
=(JnH' (R*C*) @, G
= (kerdiv N H'(R?, C?)) & kercurl
= (kerdivn H'(R?,C?)) @, ran V,. (58)
PROOF Theorem [AJ] implies D(curl) = (J N D(curl)) &, G since G C

D(curl). Moreover, relation (B2) and J = kerdiv lead to J N D (curl)
(IND(div)) ND(curl) = I N H(R3,C?).

|

A.5 THE Rot OPERATOR

The block structure displayed in equation (7)) implies Rot defines a selfadjoint
operator on ®(Rot) = D(curl) &, D(curl) where D(curl) is the domain of
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the rotation operator curl as given in Corollary The splitting ([B8) of
D(curl) carries over to Rot, namely

D = D(Rot) = (ker Divn H'(R?,C%)) &, ran Grad, (59)

where Div := div & div and Grad := V, ® V., consist of two copies of div
and V, which are defined as in Appendix [Al and ran Grad is the closure of
rang Grad.

The splitting of the domain (BY)) is motivated by the orthogonal decomposition
of

LQ(R?’,(CG) =J® | G :=kerDiv®, ran Grad = ranRot & | ker Rot

into transversal and longitudinal vector fields provided by the Helmholtz-
Hodge-Weyl-Leray theorem (cf. Section [A]); it extends the unique splitting

¥ = Rot ® + Grad ¢, ® € L*(R3,C%), p € L .(R3,C?),

from C2°(R3, C%) to all of L?(R3, C%). Note that the vectors Rot ® and Grad ¢
are orthogonal with respect to the scalar product (-, -) L2(R3,C6)> and thus there
exist orthogonal projections P and Q onto J and G. Moreover, Remark [A.2]
implies C°(R?, C®) and H'(R3,CF) are cores of Rot.

The free Maxwell operator Rot = f13® dkRot(k) is periodic with respect to
any lattice, and thus we can use the Zak transform to fiber decompose it. The
eigenvectors to any eigenvalue of Rot(k) can be explicitly constructed in terms
of plane waves.

LEMMA A.4 (BAND SPECTRUM OF Rot?)
(i) o(Rot(k)) = {0} U | {&]" + K|}
y*er*
(ii) There exists a k-dependent family of linearly independent vectors
{ujay-(k) [ 77 €l™, j=1,2,3}
which spans all of L?(T2,C®) and has the following properties:
(1) Thewj++(k) are eigenfunctions to Rot(k) with eigenvalues £|v*+k|

or 0 for all k € R3.

(2) Away from T'* C R3, all maps k — wu; £ (k) € L?(T3,C) are locally
analytic on a small neighborhood which can be chosen to be indepen-
dent of j and ~*.

8) Near ~ € T'*, only those u; + (k) are locally analytic on a common
0 JEy
neighborhood for which v* # —~§ holds.
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PROOF We begin by analyzing the original operator Rot = curl ® o2 which
can be factorized into an operator acting on L?(R3 C3) and a 2 x 2 matrix.
The Pauli matrix oo has eigenvalues +1 and eigenvectors w4. curl fibers in &
after applying the usual Fourier transform F : L?(R3,C3) — L?(R3, C?),

& &
FVrF! :/ d¢ (i)~ ::/ d¢ curl(€),
R3 R3

and curl(§) = i€* (see equation (Bl)) can be diagonalized explicitly: it has
eigenvalues {0, £ |{|}. Moreover, it can be seen that the eigenvectors v;(&),
Jj = 1,2,3, are analytic away from £ = 0. For £ # 0, we set v1(£), v2(§) and
v3(€) to be the eigenvectors to +[&|, —|¢| and 0, respectively. At & = 0 neither
the eigenvalues =+ || nor the eigenvectors are analytic.

Now to the proof of the Lemma: For j = 1,2, 3 let us set

Uj g (k) i= e V0 (v + k) @ we
where v;(7* + k) is defined as in the preceding paragraph for { = v* + k. The
exponential functions {e*" ¥}, .cp- and the {v;(€)®@w+} =123 form a basis of
L3(T?) and C? @ C? = C5, respectively, and hence, the set of all u; 4~ forms

a basis of L?(T?,C%). Moreover, these vectors are eigenfunctions to Rot(k)
with eigenvalues £|v* + k| (j = 1,2) or 0 (j = 3), and thus we have shown (i),

o(Rot(k)) = {0} UU,.cp- {£I7v* + K}, and (i) (1).
If ko € R®\ T'*, then

Iv* + k| > dist(ko, ") > 0

is bounded from below which implies the eigenvectors ;4 .+« are analytic in
some neighborhood of kg. These vectors v;(v* + k), j = 1,2, 3, are analytic on
an open ball around k¢ with radius dist(ko, I‘*), proving (ii) (2).

If, on the other hand, kg = 75 € I'*, then the basis involves the vector

Ui s s (75) = €770V 0;(0) @ wa
which cannot be extended analytically to a neighborhood of ko = ~§, thus
proving (ii) (3). O
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ABSTRACT. A degenerate Keller-Segel system with diffusion exponent
m with n2—f2 <m<2-— % in multi dimension is studied. An exact
criterion for global existence and blow up of solution is obtained. The
estimates on L732 norm of the solution play important roles in our
analysis. These estimates are closely related to the optimal constant
in the Hardy- Littlewood- Sobolev inequality. In the case of initial free
energy less than a universal constant which depends on the inverse of
total mass, there exists a constant such that if the L##2 norm of initial
data is less than this constant, then the weak solution exists globally;
if the L7+ norm of initial data is larger than the same constant,
then the solution must blow-up in finite time. Our result shows that
the total mass, which plays the deterministic role in two dimension
case, might not be an appropriate criterion for existence and blow up
discussion in multi-dimension, while the L2 norm of the initial data
and the relation between initial free energy and initial mass are more
important.
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1. INTRODUCTION

In this article, we will study a degenerate Keller-Segel system for n > 3
dimension:

pr = Ap™ — div(pVe), zeR™ t>0,

(1.1) —Ac = p, reR", t>0,

p(IaO):po(x)7 xERna
where diffusion exponent m € (nQ—fQ, 2 — %), p(x,t) represents the density of
bacteria and c(z,t) represents the chemical substance concentration. Mass
conservation of the system implies ||p(-,t)||z: = |lpo(-)||z1 = Mo.

Keller-Segel system with linear diffusion was proposed by Patlak [16] and
Keller-Segel [13] [14]. It is used to describe the collective motion of cells or the
evolution of the density of bacteria. This model plays important roles in the
study of chemotaxis in mathematical biology. Since 1980, Keller-Segel system
was widely studied in the literature. From the work by Childress [7], we known
that the behavior of this model strongly depends on the space dimension, the
readers can refer to two surveys given by Horstmann [IT], [12].

Recently, many mathematicians are interested in finding the criterion for
global existence and blow up of solution to Keller-Segel type systems. In par-
ticular, the 2-dimensional case has been well studied. It is well known that
8 is the critical mass of 2-dimensional Keller-Segel system [5] 10, [I7]. More
precisely, if the initial mass My < 8w, then there exists global weak solution;
if My > 8m, then the solution blows up in finite time; The more delicate case
My = 8n was studied in [2, [4].

In dimension n > 3, one has to use nonlinear diffusion to balance the
non-local aggregation effect. A natural question is to find a criterion for initial
data to separate the global existence and finite time blow up to degenerate
Keller-Segel system (L)) with diffusion exponent m > 1.

There were two critical diffusion exponents of (ILT]) which have been stud-
ied recently. One is that m* =2 — %, which came from the scaling invariance
of the total mass. The following results were obtained in [I8, [19]. If m > m*,
the solution exists globally for any initial data; if 1 < m < m™*, both global
existence and blow-up can happen for some initial data. Later on, Blanchet-
Carrillo-Laurencot in [3] studied the degenerate system with diffusion exponent
m = m*, a critical mass was given there. Another critical exponent of (T,
me = n2—_f2 was given in [6], which came from the conformal invariance of the
free energy. The authors in [6] showed that L™< norm of a family of positive
stationary solution can be viewed as the criterion for the global existence and
blow up of solutions.

In this paper we are interested in finding a criterion to classify the initial
data to get either global existence or blow up of the solution. Our analysis will
work for all the diffusion exponents m such that nQ—fQ =m.<m<m-t=2— %
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There are two very important quantities of system (LI)). One is the total
mass which is time independent,

/ p(x,t)dz =/ po(x)dz = Mo,

the other is the free energy

1 N 1
Fp) = el (z,t)dz — 3 / p(z, t)c(x, t)dz,

which decays in time due to the following entropy-entropy production relation

d m—l 2 _
GFeC+ [ vt ol de—o.
The main result of this paper is

THEOREM 1.1. Assume that the initial density po € LL(R™) N L™(R") and
F(po) < F*, the following holds,

(1) If |lpoll - - < (s*)Wfﬂ, then (LI) has a global weak solution,
i.e. for all T > 0 and some 1 < r,s < 2, there is a function p(x,t) with
p € L(0,+o0; LY (R™) N L™(R™)),
Vp € L*(0,T; L"(R™)), dip € L*(0,T; W, *(R™)),

such that it satisfies (L)) in the sense of distribution.

If || po > (s* Tl ) and pg has finite second moment, p(x,t
poll, ;2u; (®R") P P

is a solution of (L)), then there exists a T* > 0 such that
1.2 li S| pmrey = .
(1.2) R o t)l| Lm@ny = +00
Here F* and s* are universal constants given by

2—2_—m  2n2a(n)\ s | Znomni)

13 f* — n ( ) M 2n—2—mn > 0,
) - DI-2)\ o) 0

9 ( 27L77IL(72L+2) ( 1
2n2a(n)M, " g
1.4 * = ( 9 ) >0,
where My is the initial mass | pollL1(mn), a(n) = %fl) is the volume of the
2
unit ball of R™ and C(n) is the best constant of the Hardy-Littlewood-Sobolev
inequality, see (I.9).

Remark 1.1. We remark here that under the condition F(pg) < F*, L7 norm

n—2
of the initial data can not be (s*)2=m-1 | which can be easily checked by using
the decomposition of the free energy. Thus the classification of the initial data
in Theorem [Tl is complete.

Remark 1.2. The result does not hold for m = m* = 2 — %, thus there is no
contradiction with the result by Blanchet et al. in [3], where a critical mass
was obtained.
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Remark 1.3. The conditions py € LY (R") N L™(R") and HPOHLﬁ R

(s )2n<m*1> for the existence result imply that the initial free energy is positive,

i.e. F(po) > 0, which can be easily checked by direct computations. Conversely,
if the initial free energy is negative, i.e. F(po) < 0 and pg € L} (R™)NL™(R"),

then Hp0|| 2n_ > (s*)%?’;il). Therefore, our result on the blow-up of so-

n+2 (Rn
lutions allows r(nore initial data than those in the work by Sugiyama. Thus the
blow up result improves her work with v = 0. (In [I8], Y. Sugiyama proved
that if the initial free energy is negative and py € L1 (R™) N L™(R™), then the
solution to the degenerate Keller-Segel with Bessel potential blows up in finite
time.) In fact, Theorem [[] gives an exact classification of the initial data so
that the solution either exists globally or blow-up in finite time. More precisely,

n—2
it is the constant (s*)2"(m=D  where s* is stated in (L4]), which classifies the
initial data in L72 norm.

Remark 1.4. The exponents of My in (L3) and ([IA4) are both negative due to

the fact that =% < m < 2 — 2. The assumption F(po) < F* in Theorem [LT]

gives a relatlon between the 1n1t1al mass and the initial free energy, i.e.
m(n+2)-2n 2—2—m  2n2a(n)\ =5

(15) ]:(PO)M 2n—2—mn < n ( ) .
’ (m-1)(1-3\ Cn)

As a conclusion, Theorem [ Ilimplies that the initial mass itself might not be an
important quantity in the existence and blow up analysis in multi-dimension.
More precisely, no matter how small the initial mass is, the solution can still

n—2
blow up in case that ||P0|\Ln2_f2 > (s*)22n-1 . No matter how large the initial

mass is, there still exists a global weak solution if Hp0||an_+n2 < (s*)%
The similar fact that the initial mass is not a relevant quantity for blow-up
in the multi-dimensional Keller-Segel model is known in the literature, such
as in [9] where (I) with m = 1 was considered. Moreover, we can find
a consistent phenomenon with this result in parabolic-parabolic model, such
as in [20, §]. In [8], the norm of [[po||, 3 was used to discuss existence and
blow-up. The author in [20] studied the case with smooth bounded domain
with homogeneous Neumann boundary conditions, they obtained the existence
result for small initial data in L9, ¢ > § and if the domain is ball, there is
always an unbounded solution developed from initial data with arbitrary small
mass.

Ezample 1. For given €y > 0 arbitrarily small, let the initial data be

€0 - ) |$| S %a
mia) = { 50 ;
0, |I| > 2
where K to be determined later. Then
K\ 2
2n
lollr =20, Ilpoll, 25 = go(m) and / |2 podz < oo.
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Now we can choose K large such that

n—2
(16) lpoll, 2, > (5700
and
m(nt2)—2n 2_2_m 271204(77,) Q;L(:gi;)w
(17) f(pO)MO2n—2—mn < n ( )
(m- )1~ 2)\ Ol
Therefore according to our result in theorem [, the solution must blow up in
finite time.

We will give a detailed calculation of this example in the Appendix.
Similarly, we can find some initial data with large initial mass such that
the solution exist globally.

It should also be mentioned that the constants appeared in the main result
have close relation to the critical Hardy-Littlewood-Sobolev inequality. For
completeness, we cite this result from [I5].

ProrosITION 1.1 (H.-L.-S. mequahty) Let p € Lt (R™), then

(1.8) //ann p—T )2d dy < C(n)

where

n —71'("* )/2 1 F(n/2) o

(1.9) C(n) =n'""? r(n/2+1){ I'(n) } '
)

Moreover, the equality holds if and only if p(z) = AUx 4,, for some constant A
and parameters A > 0, g € R™, where

nt2  n42 A
1.10 U =2+ nz2 (—m
(1.10) Ao " ()\2+|5U930|2)

n+42
2

This family of radially symmetric functions (II0) is also a class of stationary

solution of the degenerate system (L.J]) with diffusion exponent m = m,. = nQ—fQ

The readers are referred to [6] for the relations among stationary solution,

the Hardy-Littlewood-Sobolev inequality and conformal invariance of the free
2n

energy. A direct scaling analysis tells us that L»+2 norm of U} ,, is a universal
constant independent of the parameters A and zg.

We can separate the free energy into two parts by using the Hardy-

Littlewood-Sobolev inequality (LJ), namely,

1 C(n)

F = — (2, t)de — ——————||p||?

0 = oy [ e = ol

oy 1712
C(n) 2 / / )oY, t)
e e eyl i) M e
= Fi(p) + Fa(p).
Proposition [T says that Fa(p) > 0.

+
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Since the first part of the free energy is concave in L+ norm of the
solution, it is not difficult to get a priori estimates, which shows that in the
cases of supercritical and subcritical initial data, the quantity [|p[| _2a  can be
bounded from below or from above separately. More precisely, if the initial free
energy F(pg) < F*, then the following estimates hold

(1) 1t ||p0||% < (s%) Tt D , then there exists a constant pq < 1 such that

llp(- 1)l < (u18*)2”%31>, for all ¢ > 0.

|A
n+2
(2) If ||p0||% > (s%) Znlm D , then there exists a constant ps > 1 such that

Hp(,t)”% > (MQS*)%L?’;El)’ for all t > 0.

We will give the proof of the first fact for the regularized solution in the Lemma
2T in section 2, and show that the second is true in Lemma [B] in section 3.

This paper is arranged as follows. In section 2, we will give the proof of the
global existence of weak solution. After introducing the regularized problem,
a uniform estimate for the L##2 norm of the regularized solution by using
decomposition of the free energy is obtained. Based on this estimate, further
estimates, including the spacial and time derivatives, are derived. Then the
global existence follows from standard compactness arguments with the help
of Aubin’s lemma. In section 3, with supercritical initial data, it is shown
that any solution will blow-up in finite time by studying the time derivative of
second moment.

2. EXISTENCE OF WEAK SOLUTION

We follow the same way on the construction of the regularized problem as
in [3, 18] [19], namely,

(2.1)
Ope = Al(pe +e)™ — ™) — div((pe + €)Vee), x€R™ t>0,
—Ace = Je % pe, reR™ t>0,
p(z,0) = poc (), z €R"

for e > 0, Jo(z) = &J(%), J(x) = ﬁ(l + |z]?)~(»+2/2 satistying

/ Jo(x)dx = 1. A simple computation derives

1 1
“ = wln—2)aln) . (o g+ o2 W

The initial data pg. is the regularization of the function pg, it satisfies that
there exists a positive constant § such that for all 0 < e < 4,

poe >0, poe €'®Y), 121, poclli = lpollr = Mo,
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Moreover, as € — 0,

if po € L? for some p > 1, then ||poc — poller — 0, as € — 0,
[ laPpneds > [ laftpmde, Felons) > Fn),
RWr Rn

where F.(poe) is the initial regularized entropy, see (2.2)).

The classical parabolic theory implies that the above regularized problem
has a global smooth non-negative solution p. for ¢ > 0 if the initial data is
non-negative. Notice that the solution of the regularized problem (ZI) still
conserves the mass.

We will mainly focus on the estimates of the regularized solutions in this
section. After getting L#+2 estimate with the help of the free energy, we
obtain the uniform LP estimates by using standard method. Furthermore, the
uniform estimates for space and time derivatives will be derived carefully. With
all these uniform estimates, a standard compactness argument as in [6, 1] by
using Aubin’s lemma will give the global existence.

From now on, we will present the uniform estimates in five steps and will
skip the compactness arguments.

STEP 1. Free energy of the regularized problem
The free energy on the regularized solution p. is

1

(2.2) Felpe) = p—

1
/ ((pe +)™ —™)dx — = / peCed.
R 2 n

Or, the free energy has an equivalent form in the following

Felpe) = . /n((Pe-i-E)m—Em)dx

m—1

B 1 pe(z, t)pe(y, )
(23) 2(n — 2)na(n) //}waan (|xfy|2+52)an2d a-

It is easy to check that F.(p.) is non-increasing in time. In fact, the system
(1) has the gradient flow structure

(2.0 pr = div (oo + 99 (27042 =) ).

Now by taking - ((pc +¢)™ ! — ™ 1) — ¢ as a test function, we have the

following entropy-entropy production relation

%}}(Pe(-,t)) +/ (= + s)‘v (%(pa peyml ca) ‘de —0.

n

The monotone decreasing property of the free energy follows immediately by
the non-negativity of the entropy production.
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Next, we separate the free energy into two parts by using the Hardy-
Littlewood-Sobolev inequality (LJ), i.e.,

E) = = [ et - >M—y£%%1%ﬁ%
e LR e M v
> E%;/?@%xﬂgggﬁxjm42z
e e L el I e =

= Fi(pe) + Falpe).

Proposition [[LT shows that the second part of the free energy is non-negative,
i.e. ]:2(p5) > 0.

n
Due to m > ——, interpolation shows that
n+ 2

m(n —2)
2.5 Al zn < lpellBillpel|Cm, 6=
(25) el 2 < ot ol i)
Thus the first part of the free energy is
1 C(n)
F = — "z, t)dr — ————t—— 2
1(p€) m—1 ]Ran (I ) €L 2(,”172)”04( )H E”L 2
C(n) 2
2.6 > ——||pe B [P B n
@6) 2 ol el By, e el
1 2n—m(n+2) 2n(m—1) C(n)
> M n—2 n—2 2 .
= m-1 0 HpEHLwﬂ]é 2(77,72)710[(71)”p6”L”2_+2
According to the previous analysis, let
1 2n— m(n+2) C e
f(s) — —MO n—2 s — #Sn(mfl)'

m—1 2(n — 2)na(n)

We now have a lower bound of the first part of free energy, i.e.

2n(m-1)
P(le-ll 57 ) < Filee).
Ln+2

STEP 2. Uniform L2 norm estimate of the regularized solution.
The following lemma shows that for subcritical initial data, the quantity
||p5|| 2z can be bounded.

LEMMA 2.1. If the initial free energy F-(pos) < F* := f(s*), ||p05|\% <

(s*)%?’;il) , let pe(x,t) be a solution of problem (Z1), then there exists a con-
stant uy < 1 such that

llpe(-5t H 20 < (ps" )2"7’;31)7 for allt >0,

DOCUMENTA MATHEMATICA 19 (2014) 103-120

dxdy



ExAcT CRITERION FOR DEGENERATE KELLER-SEGEL SYSTEM 111

where s* is the mazimum point of f(s):

2n—m(n+2) (m—1)
n(m—

2n’a(n)M, "° )W
C(n) '

(2.7) st = (

Proof. Notice that 1 <m < 2 — % implies 71(7;;1—7—21) > 1, we know that f(s) is a

strictly concave function in 0 < s < co. Directly calculation shows that

2n—m(n+2) — n—2—mn
o) = ——py e Gl _no2 e
2(n — 2)na(n) n(m —1)

As a consequence, s* is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s*, while
f(s) is monotone decreasing for s > s*.

In the case that initial free energy F.(po:) < f(s*), we can make it even
smaller, i.e. there is a 6 < 1 such that F.(pos) < 0f(s*).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

2n(m—1)
@8 f(leell 57 ) < Filee) < Felpe) < Fulpoe) < 8£(5).

2n
n+2

2n(m—1)
If initially [|poe]l 5.° < s, due to the fact that f(s) is increasing in 0 < s <
Ln+2
2n(m—1)
s*, there exists a py < 1 such that ||p:|| 5.° < p1s*. O
L7n+2

STEP 3. Uniform L? (1 < p < n) estimates of the regularized solution.
Under the assumption of pp. € LP(R™) with 1 < p < n, we will give the

estimate on ||pc|L», and as a byproduct, also the uniform estimates on space
m+p—1
derivatives Vp. 2> and Vec..

LEMMA 2.2. Assume po. € L'(R™) N LP(R"), HPOEHL% < (s*)%?@ﬁl) and
Fe(poe) < F* := f(s%), pe is a smooth solution of the regularized problem

@10, then

m+p—1
(2.9) llpell Lo 0,7; 0 Rr)ALP+1 0,75+ R7Y)) < O, (Ve * |lz20,1322®n)) < C,

moreover, for 1 < p <mn, it holds

n np
].

2.10 Vel pooo rane@eny < O, s (—— P
(2.10) [Veell Lo (0,510 )y < s (n—l n—p
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Proof. Multiplying the first equation of ([ZI]) by pp?~! with p > 1, we have
% - pldx
= pmlp=1) [ (et Ve
+(p— 1)/ W Vcsd:chsp/R Vo~ Veodz
—pmlp=1) [ N+ (p=1) [ ortidospe [ g

Rn
4 —1 m4p—1
= —M/ IVpe 2 I2d$+(p—1)/ p§+1+p€/ pLdz.
R?L n n

IN

n

(m+p—1)
Now we will focus on the estimate on / PPt
2(p+1)
p+1 ‘ map—l T
= 2(p+1)
" Pe Pe Lmrp—1
2(p+1) mip-1 O‘i(f:i)l mip-l (1-a) ,i(f:i)l
< GmT||Vpe ‘ Pe )
L? Lr

where G is the constant from Gagliardo-Nirenberg-Sobolev ineqality,

m+p—1 2n m+p—1 a(n72)+1704

T = =
2 n+2’ 2(p+1) 2n ro’

and
mip-lnt2 _ 1)
o= 2 2n p+1
T (n+2)(m4p—1)—2(n—2)
4n

In the next, we will use notation

o 2p+1) 2(n+2)(p+1) —4n
TYmAp—1 (+2)mip—1)—2(n-2)

<2

2n
in the case of m > gt Thus by Young’s inequality, we get
n
2(p+1) m+p—1 ||V _
/ Pt < GEEer (Ve 2 || e U @Y
n L2 Ln+2
2(p+1) m+4p—1 12 2(1—a)(p+1)
(2.11) < Gt (Ve | @l i)
L2 Ln+2
Now we can choose € such that
2(p+1) 2pm(p — 1
(0 - )erEtie = 22me 1)
(m+p—1)
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By using the boundedness of HpEHL

d 2pm(p —1) / mip—1
ad P it ALV Y Vp. ?
dt Rnpe v (m+p—1)2 ]Rn| p

(2.12) < ps/ pPdx + C (Mo, p,n).

Gronwall’s inequality implies that p. € L*°(0,T; LP(R™)). Therefore we have
the uniform estimate by integrating (Z12)) in ¢, for any fixed T' > 0,

25 from Lemma 2], we have
D

|dx

2
sp [ e+ pm(p / / Voo 27 Pdedt < C(Mo, p,n, T).
0<t<T JRn m—+p— ]. n

Moreover combining this estimate with (ZII), it is easy to see that p. €
LPT1(0,T; LPT (R™)). The estimate for Ve, in (ZI0) can be directly obtained
from the weak Young inequality. |

Remark 2.1. The above lemma gives a general LP estimate. In particu-
lar, we can take p = m and get the estimate p. € L°(0,7;L™(R")) N
L™TH0,T; L™T1(R™)) which will be used later.

Remark 2.2. The fact that m > 2—" is very important in the above proof. It
makes the use of Young’s mequahty successful (see (Z.I1))), which is impossible
in the case m = n2—]:2, v=2.
STEP 4. Uniform estimates for the space derivatives

The estimate on space derivative of p. is important in order to use Aubin’s

lemma for compactness arguments. We will use the LP estimate when p = m.

LEMMA 2.3. Assume p = m and the assumptions of Lemma 21l hold, then

(2.13) HVPEHH(O,T;LSQ—MM ) <C, in the case of m < g,
(2.14) IVpellp20m;r2@®ny) < C,  in the case of m > ;
Proof. In the case of m < %, using (Z9), it holds for p = m that
(2.15) ozl o (0,1:m (mny) < C, ||Vp;n7%||L2(O,T;L2(]R”)) <C.
We can use the expression

Vo = 5———pd VP,

2m —

then the Holder inequality and (ZI3) imply (ZI3)).
In the case of m > %, taking p2~™ as test function in (L)), we have

1 d —m 2
- - 9 _
3 p / P2 dx 4+ m( /Rn [Vpe|” dx

9 _
< mn pimdx + 5/ P2 d.

—3-m Rn
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Next we only need to estimate [, p2 ™dx by |[|p]

Lm and

||vp;n_§||L2(07T;L2(Rn)). By the Gagliardo-Nirenberg-Sobolev inequality,
we have

d=m g || m—1/2 o173 < C|vym-1/2 0=tz m—1/2) 1= m=172
pe xr = ||p€ 4—m — || ps |L2 ||ps H 1"1
n Lm—1/2 Lm—1/2
_ 0 2=m 1-6)(4—
(2.16) = CIVe Y2 T |00,
where 0 < § = —22=m@—1/2) _ | Thys it remains to show if m > 3 and

m(47m)( m-1/2 _ "’2)

m 2n

2n <m<2f%, it holds that

n+2
4— 2(2 —
(2.17) ptzm __ 22-m)
m-—1/2 ,,_1_mn=2)
2 2n
Actually, (ZI7) is equivalent to m > 32%, which can be obtained from the

following two facts.

: 2n 5n 5n .
e When n > 6, since 2 25 S We have m >5 ETGR
: 3 n n
e When n < 6, since 5 > 33 We have m > TR

Now by integrating (ZI0) in time, we have

T
/ / pi"dadt < C (HPEHL‘”(O,T;L’"(R"))a ||VP?L71/2”L?(O,T;L?(R"))aT) -
O n

Therefore,

1 5 r 9
e Emdx—l—mZ—m/ / Vpe|” dzdt
T e @-m [ [ 19

1 3—
< 7o N ISy an C<C e ™y £ C’
< Gy Il O < O el looel) +

where we have used the fact that 3 —m < m. So, [ZI4) holds. O

STEP 5. Uniform estimate for the time derivative.
This subsection will give another important fact in order to use Aubins
lemma, i.e. the estimate of the time derivative of p..

LEMMA 2.4. Assume p = m and the assumptions of Lemma 21 hold, then

2m nm(m + 1)
m+1"nm+ (n—m)(m+1)

||0tp5HLQ(O’T;WA,S(R,T)) <C, s=min{ P> 1.

loc

Proof. By using the weak formulation of the equation, we know the estimate for
time derivative O;p. can be obtained directly from the estimates on V(p. +¢)™
and (p: +¢) - Ve.. We will prove the following facts,

m
m <
1900+ )™ 7. 220 gy < C

||(p5 + E) : VCEH nm(m+1) < C.
L""+1(O,T;L nm+(n—m)(m+1) (Rn))
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In fact,

V(p:+2)" = ml(p +2)" ]
(2.18) < m|(pf ™Y [Vpe] < Vo2 me™ T Ve
By writing

m 2m m—
| = ‘mpipvpe 2

the Holder inequality and lemma 221 we have

/|Vps|sc(/np;")*”'l“(/ V1)

Therefore,

T
LIV < [ loelan 9z <
ie.,

m
(2.19) N

By Lemma 23] since m+1 < min{2, 722} and (ZI9), we know that

V(pe +¢)™ € L*(0,T; L (R™)).

loc

As a direct consequence of Lemma [2.2] we have

(2.20) lps - Veel| nm(m 1) <C,
Lm+1(0 T; ., nm+(n—m)(m+1) (Rn))
where % > 1 due to % < m < 2— 2. By Lemma 22 with
.. +1
(Z20)) and noticing % € (2, ] we get
[l(pe +€) - Veel| nm(m+1) < C.

Lm+1(0 T; Lm (R"))

3. BLOW UP OF THE SOLUTION

In this section, we will discuss the blow-up of the solution when
HPOHL% > (s*)WiiU and F(po) < F* := f(s*). Before we prove the result
of blow-up, we need to give a key lemma that shows in the cases of subcritical
initial data, the quantity || p||L 2e can be bounded from below.
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3.1. LOWER BOUND OF ||pH 2

Similar to the decomposMon of free energy of the regularized problem, we can
separate the free energy into two parts by using the Hardy-Littlewood-Sobolev
inequality (L8]

1 C(n)

Flp) = —— o’ (2, t)dx

2(” ) ( ) "+2
C(n)

2 )oY, t)
__cwn) _ PG 4y
2(n — 2)na(n )” Al Ltz Jna(n //Rnxw |x— |2
= Fi(p) + F2(p).
Proposition [Tl says that that Fa(p) > 0.

+

2n
Due to m > ——, interpolation tells us
n 4+ 2

01 110 _ m(n—2)
loll, 220 < Mol ol 0= Fi=t
Thus the first part of the free energy is
1 2n—m(n+2) 2n(m—1) C( )
F > M, n—2 n—2 2
N R R o
According to the previous analysis, let
1 2n—m(n+2) C —
f(s)=——M, "* s-— ¢sn<mfl>.

m—1 2(n — 2)na(n)

271.(7n 1)
We now have a lower bound of the first part of free energy, i.e. f (|| Il Q,L ) <
Fi(p)-
LEMMA 3.1. If the initial free energy F(po) < F* := f(s*) and ||p0||L% >

n—2
(s*)z=n=1 | let p(x,t) be a solution of problem (L)), then there exists a con-
stant o > 1 such that

(s 8)| 20, > (es™) =00, for all ¢ >0,

where s* is the mazimum point of f(s):
2n—m(n+2) 1)
n(m—
y (2n2a(n)M0 n? )2n7277,m
S = .
C(n)

Proof. Notice that 1 < m < 2 — 2 implies n(fn_fl) > 1, we know that f(s) is a

strictly concave function in 0 < s < co. Directly calculation shows that

1 2n—m(n+2) C(n n—2 2n—2—mn
fl(S) — —MO n—2 _ ( ) g n(m—1) |
m—1 2(n — 2)na(n) n(m —1)
As a consequence, s* is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s*, while

f(s) is monotone decreasing for s > s*.
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In the case that initial free energy F(po) < f(s*), we can make it even
smaller, i.e. there is a 6 < 1 such that F(po) < df(s*).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

F(lol 57 ) < Filo) < Flp) < Floo) < 5505,

n+2
2n(m—1)
If initially ||po]| 5.7 > s*, due to the fact that f(s) is increasing in s > s*,
Ln+2
2n(m—1)
there exists a ug > 1 such that ||p|| %.° > pas®. O
Ln+2

3.2. TIME DERIVATIVE OF SECOND MOMENT.
In this subsection, we will focus on studying the time evolution of the second
moment. The following lemma is obtained from Lemma 311

LEMMA 3.2. If F(po) < F* := f(s*) and ||p0|\% > (s*)%tmil) , p is a solution

of ), then

de (t)

(3.1) =

<0.

Proof. By direct calculation, we have

dma(t) ( 2(n—2)
_:277> ™+ 2(n — 2)F(p).

o n= = pMdr +2(n - 2)F(p)
The restriction on m < 2 — % gives that 2n — % < 0. Then by using the
interpolation inequality, the decreasing properties of free energy and Lemma
B with ps > 1, we have

dma(t) 2(n —2) O=1m  m
2V < (on— 7)M o o 2n — 2
o< (2= S )M T el s, + 20 - 2)F(p0)
2n — 2 (0-D)m
< (Zn— %)MO T ugs™ 4+ 2(n—2)f(s%)
2(n —2)\, =1m . 2(n —2)\ ,  =bm
= (=T ) Mo T e s (20 S )My s
1 ©-1m C(n) 20
2 72<—M N L - m)
+2(n-2) m—17° ° 2(n — 2)na(n) (%)
20— 2)y , o o e O
= (271 — ﬁ)MO 0 (/-//2 — 1)5 + 2TLMO o S — na(n) (5 )””
2(n—2) (0=1m .
where the last second equation follows from the definition of s*. O
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3.3. THE PROOF ON THE BLOW-UP RESULT IN THEOREM [Tl
From Lemma [3.2] we know that there exists a finite time 7" such that

lim m2(t) = 0.
t=T

The relation between the second moment and L™ norm of p can be ob-
tained by using Holder’s inequality, VR > 0, we have

1
| oo < [ pwrtos [ pade < CRUOD ]+ ggmae)

c
R

Now by choosing R = ( Cﬁr;”(?m yG=naFzm | we have
ol < Clipll m(t) e

Consequently, there exists T* < T such that lim; -

pllLm = oo.

APPENDIX

In Example [Tl we gave an initial data of the system with small mass and
showed that the solution must blow up in finite time according to the main
result of this paper. Here in this appendix, we will give a detailed calculation
for the quantities appeared in Example [Tl to make sure that the assumptions
in theorem [Tl satisfied.

For given g9 > 0 small, let the initial data be

K" 1

€0y Tl < %,

3.2 x) = a(n) K
(3-2) polz) { 0, lz| > %,

where a(n) is the volume of n dimensional unit ball, and K will be determined
later.

n—2
First of all, since [|po|| | 2z, = Eo(ﬁ—:) ™ to prove (), i.e. ol 22, >
(s*)%?&ﬁl) , it is necessary to show
I pnt=2n w2 r2n%a(n)\ zEtrmm
83) g UK > (a(n) T (T )
33 < (ol (22

Notice that n > 2, there exists a constant K; > 0 such that for all K > Kj,
the formula [B3) is true.
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The corresponding initial free energy is

Fow) = i [ - <7><> [ e % i

= — € de — ——— dxdy
m—1 /< 0 (a(n)) n72no¢ <L |xfy|" 2

%
K™ \2
/ (60 a(n) ) dmdy
\

€0 n(m—1) (Oé(n))lim _ 1 /
S - 2= 2l Jyuje g hores ToT+ 19D
K™ \2
Sgl n(m—1) 1—m 1 / / (an(n))
< ——K - dzd
- m-1 (a(n) 2(n — 2)na(n) i<t Jiyi< (%) 5 aray
E()n n(m—1) 1-m 227” 2 7-n—2
K (a(n)) - oK

m—1
To show that ([[7) is true, it is necessary to show that

mt 7721.(7L+22) 2n n(m—1) . (m _ 1)227n 242 m(n+2) 2n _—
n mn K —mn K
€o ( ( )) 2(7172)7104(71)60
2— 2 —m 2n2a(n)\ = s
3.4 n ( ) .
(3:4) Tz om

Notice that m < 2 — % implies n(m — 1) < n — 2. Thus there exists a constant
K5 > 0 such that when K > Ko, ([34]) holds.

Hence taking Ky = max{K;, K2}, we know that when K > K, the initial
data satisfies blow-up condition in Theorem [1]
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ABSTRACT. Vorst and Dayton-Weibel proved that K,,-regularity im-
plies K, _i-regularity. In this article we generalize this result from
(commutative) rings to differential graded categories and from alge-
braic K-theory to any functor which is Morita invariant, continuous,
and localizing. Moreover, we show that regularity is preserved un-
der taking desuspensions, fibers of morphisms, direct factors, and
arbitrary direct sums. As an application, we prove that the above
implication also holds for schemes. Along the way, we extend Bass’
fundamental theorem to this broader setting and establish a Nisnevich
descent result which is of independent interest.

2010 Mathematics Subject Classification: 14A15, 16D90, 18D20,
18E30

Keywords and Phrases: Algebraic K-theory, localizing invariants, reg-
ularity, dg categories

1. INTRODUCTION

Let n € Z. Following Bass [1, §XII], a (commutative) ring R is called K-
reqular if K,,(R) ~ K,(R[t1,...,tn]) for all m > 1. The following implication

(1.1) R is K,-regular = R is K,,_i-regular

was proved by Vorst [29, Cor. 2.1] for n > 1 and latter by Dayton-Weibel [9,
Cor. 4.4] for n < 0. It is then natural to ask the following:

Question: Does implication (1.1) holds more generally ¢

IThe author was partially supported by the NEC Award-2742738 and by the Portuguese
Foundation for Science and Technology through PEst-OE/MAT/UI0297/2011 (CMA)
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STATEMENT OF RESULTS. A differential graded (=dg) category A, over a base
commutative ring k, is a category enriched over complexes of k-modules; see
§2. Every (dg) k-algebra A gives naturally rise to a dg category A with a single
object and (dg) k-algebra of endomorphisms A. Another source of examples
is provided by k-schemes since, as explained in [7, Example 5.5], the derived
category of perfect complexes of every quasi-compact separated k-scheme X
admits a canonical dg enhancement perf(X).

A functor E : dgcat — M defined on the category of (small) dg categories and
with values in a stable Quillen model category (see [12, §7][18]) is called:

(i) Morita invariant if it sends Morita equivalences (see §2) to weak equiv-
alences;
(ii) Continuous if it preserves filtered (homotopy) colimits;
(iii) Localizing if it sends short exact sequences of dg categories (see [13,
§4.6]) to distinguished triangles

05 A>B—>C—0 — E(A)— EB)— EBC) % SEA)

in the triangulated homotopy category Ho(M).

Thanks to the work of Thomason-Trobaugh, Schlichting, Keller, Blumberg-
Mandell and others (see [3, 15, 16, 20, 22, 28]), examples of functors satisfy-
ing the above conditions (i)-(iii) include (nonconnective) algebraic K-theory
(K), Hochschild homology, cyclic homology (and its variants), topological
Hochschild homology, etc. As proved in loc. cit., when applied to A (resp.
to perf(X)) these functors reduce to the classical invariants of (dg) k-algebras
(resp. of k-schemes). Making use of the language of Grothendieck deriva-
tors, the universal functor with respect to the above conditions (i)-(iii) was
constructed in [21, §10]

(1.2) U : dgcat — Mot ;

in loc. cit. U was denoted by U; and Mot by /\/llfgc. Any other functor F :
dgcat — M satisfying the above conditions (i)-(iii) factors through U via a
triangulated functor E : Ho(Mot) — Ho(M); see Proposition 2.1. Because of
this universal property, which is reminiscent from motives, Ho(Mot) is called the
triangulated category of noncommutative motives; consult the survey article
[24]. Moreover, as proved in [6, Thm. 7.6][21, Thm. 15.10], U(k) is a compact
object and for every dg category A we have the isomorphisms

(13) Homyoquion) (S"U(R). U(A) = Kn(4)  neZ.

Given a dg category A, an integer n, a functor F : dgcat — M, and an object
b € Ho(M), let us write E%(A) for the abelian group Hompo(a) (70, E(A)).
For instance, when A = A, E = U and b = U(k), E(A) identifies, thanks to
(1.3), with the n'h algebraic K-theory group K,(A) of A. Following Bass, a
dg category A is called EC-reqular if Eb(A) ~ E%(A[t1,...,tn]) for all m >
1, where A[t1,...,tm] := A® k[t1,...,tn]. Our main result, which answers
affirmatively the above question, is the following:
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THEOREM 1.4. Let A be a dg category, n an integer, F : dgcat — M a functor
satisfying the above conditions (i)-(iii), and b a compact object of Ho(M).
Under these notations and assumptions, the following implication holds:

(1.5) Ais E! regular = A is E?_,-regular.

Note that Theorem 1.4 uncovers in a direct and elegant way the three key
conceptual properties (= Morita invariance, continuity, and localization) that
underlie Vorst and Dayton-Weibel’s implication (1.1). Along its proof, we have
generalized Bass’ fundamental theorem and introduced a Nisnevich descent
result; see Theorems 3.1 and 4.2. These results are of independent interest.
The above implication (1.5) shows us that regularity is preserved when n is
replaced by n — 1. The same holds in the following five cases:

THEOREM 1.6. Let A,n, E,b be as in Theorem 1.4.

i) Given an integeri > 0, we have: A is E®-reqular = A is Ezfib—regular.
n n
(ii) Given a distinguished triangle ¢ — ¢/ — ¢ — Xc of compact objects in
Ho(M), we have:

(1.7) A is Eﬁl -regular and E;// regular = A is ;. -regular.

(iii) Given a direct factor d of b, we have: A is E%-reqular = A is Ed-
regular.

(iv) Given a family of objects {c;}ier in Ho(M), we have: A is ESi -reqular
for everyi € I = A is ES*<"“ _regular.

(v) Consider the k-algebra T' of those N x N-matrices M which satisfy the
following two conditions: (1) the set {M;j|i,j € N} is finite; (2) there
exists a natural number nys such that each row and column has at
most nys non-zero entries. Let o be the quotient of T' by the two-sided
ideal consisting of those matrices with finitely many non-zero entries.
Under these notations, we have: A is ES-reqular = o(A) == A® g is
E?! | -regular.

In items (iii)-(iv) the assumptions of Theorem 1.4 are not necessary.

Roughly speaking, item (v) shows us that the converse of implication (1.5) also
holds as long as on the right-hand-side one tensors A with o. Let us denote by
(X7b|%9 the smallest subcategory of Ho(M) which contains the object £™b and
which is stable under taking desuspensions, fibers of morphisms, direct factors,
and arbitrary direct sums. Thanks to the above items (i)-(iv) we have:

(1.8) Ais El-regular = A is ES-regular V¢ € (Xm0

Moreover, in the particular case where A is E’-regular for every n € Z one
can replace (X"b|»® in the above implication (1.8) by the smallest thick local-
izing (=stable under arbitrary direct sums) triangulated subcategory (b)h’69 of
Ho(M) which contains b. When E = U and b = U(k), (1.8) reduces to

i is U¢ n b.®
: n k
(1.9) A is K,-regular = A is US-regular Ve € (X"U(k)|
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and that in the particular case where A is K, -regular for every n € Z (e.g.
A = A with A a noetherian regular k-algebra) one can replace (X"U (k)|®
by the triangulated category (U(k))»®. Here is one example of the above
implication (1.9):

PROPOSITION 1.10. Consider the following distinguished triangle in Ho(Mot)

fib(l) — U(k) -5 U(k) — Sfib(1),

where | > 2 is an integer and -l stands for the [-fold multiple of the identity
morphism. Under these notations, Ugb(l)(.A) identifies with Browder-Karoubi

[5] mod-l algebraic K-theory K,,(A;Z/l). Consequently, the above implication
(1.9) with ¢ := fib(l) reduces to: A is Kp-regular = A is K, (—;Z/1)-regular.

Remark 1.11. In the particular case where A is a k-algebra A such that 1/1 € A,
Weibel proved in [30, 31, 32] that A is K, (—;Z/l)-regular for every n € Z.

Intuitively speaking, Proposition 1.10 shows us that mod-I algebraic K-theory
is the simplest replacement of algebraic K-theory (using fibers of morphisms)
for which regularity is preserved. Many other replacements, preserving reg-
ularity, can be obtained by combining the above implication (1.9) with the
description (1.3) of the Hom-sets of the category of noncommutative motives.
Following Bass, a (quasi-compact separated) k-scheme X is called K, -regular
if K,(X) ~ K,(X x A™) for all m > 1, where A! stands for the affine line.
As mentioned above, all the invariants of X can be recovered from its derived
dg category of perfect complexes perf(X). Hence, let us define E%(X) to be
the abelian group E?(perf(X)) and call a k-scheme X E%-regular if E%(X) ~
Eb(X x A™) for all m > 1. Making use of Theorems 1.4 and 1.6 and of
Proposition 1.10 one then obtains the following result:

THEOREM 1.12. Let X be a quasi-compact separated k-scheme, n an integer,
E : dgcat — M a functor satisfying the above conditions (i)-(iii), and b a com-
pact object of Ho(M). Under these notations and assumptions, the following
implications hold:

(1.13) X is E?-regular = X is E?_,-regular
(1.14) X is El-regular = X is ES-regular Ve e (Xmh)h®

(1.15) X is Kp(—;Z/1")regular = X is K,,_1(—;Z/1")-regular,
where in (1.15) ¥ is a prime power; see Thomason-Trobaugh [28, §9.3].
Remark 1.16. As in the above Remark 1.11, Weibel proved that in the par-

ticular case where 1/l € Ox the k-scheme X is K, (—;Z/l”)-regular for every
n € Z.

When E = U and b = U(k), (1.13) reduces to K,,-regularity = K,,_1-regularity.
Chuck Weibel kindly informed the author that this latter implication was
proved (in a totally different way) by Cortinas-Haesemeyer-Walker-Weibel [8,
Cor. 4.4] in the particular case where k is a field of characteristic zero. To the
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best of the author’s knowledge all the remaining cases (with k an arbitrary
commutative ring) are new in the literature. On the other hand, (1.14) reduces
to the implication

X is K,-regular = X is US-regular Vee (S"UK)59.

Moreover, in the particular case where X is K,-regular for every n € Z (e.g. X
a regular k-scheme) one can replace (X"U(k)|*® by the triangulated category
(U(E))»®. Finally, to the best of the author’s knowledge, implication (1.15) is
also new in the literature.

Remark 1.17. Theorem 1.4 admits a “cohomological” analogue. Given a dg
category A, an integer n, a functor E : dgcat — M, and an object b € Ho(M),
let us write £, "(A) for the abelian group Hompoaq) (E(A),X"b). The dg
category A is called E; "-regularif E, " (A) ~ E, " (Alt1,...,ty,]) forallm > 1.
Under these notations, the following implication

(1.18) Ais B, "-regular = A is Eb_"H-regular

holds for every functor E which satisfies the above conditions (i)-(iii). More-
over, and in contrast with implication (1.5), it is not necessary to assume that
b is a compact object of Ho(M). The proof of (1.18) is similar to the proof of
(1.5). First replace NE%(A) by the cokernel CE; " (A) of the group homomor-
phism

B, (ide(t =0)) : B, "(A) — E"(A[t),
then replace (5.2) by the group isomorphism limCE, " (B[z]) =~
CE,™(Blz,z"']), and finally use the new key fact that the contravariant
functor Hompo(ag) (—, £™b) sends colimits to limits.
Theorem 1.12 also admits a “cohomological” analogue. In items (i)-(iv) replace
E! by E;™ and in item (v) replace the above implication by: A is E, "-regular
= o(A) is B, " '-regular. As a consequence we obtain:

Ais B "-regular = A is E, "-regular V¢ € (X",

C

In the particular case where A is E, "-regular for every n € Z we can further-
more replace (X"b|%® by the thick localizing triangulated category (b)®®.

ACKNOWLEDGMENTS: The author is very grateful to Denis-Charles Cisinski,
Lars Hesselholt and Chuck Weibel for useful e-mail exchanges, as well as to the
anonymous referee for all his comments that greatly allowed the improvement
of the article.

2. PRELIMINARIES

DG CATEGORIES. Let k be a base commutative ring and C(k) the category of
complexes of k-modules. A differential graded (=dg) category A is a category
enriched over C(k) (morphism sets A(x,y) are complexes) in such a way that
composition fulfills the Leibniz rule: d(f o g) = d(f) o g+ (—1)%&) f o d(g).
A dg functor A — B is a functor enriched over C(k); consult Keller’s ICM
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survey [13]. In what follows we will write dgcat for the category of (small) dg
categories and dg functors.

A dg functor A — B is called a Morita equivalence if the restriction functor
induces an equivalence D(B) = D(A) on derived categories; see [13, §3]. The
localization of dgcat with respect to the class of Morita equivalences will be
denoted by Ho(dgcat). Note that every Morita invariant functor F : dgcat —
M descends uniquely to Ho(dgcat).

The tensor product of k-algebras extends naturally to dg categories, giving rise
to a symmetric monoidal structure —® — on dgcat with ®-unit the dg category
k. As explained in [13, §4.2], this tensor product descends to a derived tensor
product —®%— on Ho(dgcat). Finally, recall that a dg category A is called k-flat
if for any two objects « and y the functor A(z,y) ® — : C(k) — C(k) preserves
quasi-isomorphisms. In this particular case the derived tensor product A @ B
agrees with the classical one A ® B.

SCHEMES. Throughout this article all schemes will be quasi-compact and sepa-
rated. By a k-scheme X we mean a scheme X over spec(k). Given a dg category
A and a k-scheme X, we will often write A®" X instead of A®"perf(X). When
X = spec(C) is affine we will furthermore replace A ®@" spec(C) by A & C.

NONCOMMUTATIVE MOTIVES.

PROPOSITION 2.1. Given a functor E : dgcat — M which satisfies the above
conditions (i)-(iii), there exists a triangulated functor E : Ho(Mot) — Ho(M)
such that EoU = E.

Proof. The category dgcat carries a (cofibrantly generated) Quillen model
category whose weak equivalences are precisely the Morita equivalences; see
[26, Thm. 5.3]. Hence, it gives rise to a well-defined Grothendieck deriva-
tor HO(dgcat); consult [7, Appendix A] for the notion of derivator. Since by
hypothesis M is stable and the functor F satisfies conditions (i)-(iii), we then
obtain a well-defined localizing invariant of dg categories HO(E) : HO(dgcat) —
HO(M) in the sense of [21, Notation 15.5]. Thanks to the universal property
of [21, Thm. 10.5] this localizing invariant of dg categories factors (uniquely)
through HO(Mot) via an homotopy colimit preserving morphism of derivators
HO(Mot) — HO(M). By passing to the underlying homotopy categories of
this latter morphism of derivators we hence obtain the searched triangulated
functor E : Ho(Mot) — Ho(M) which verifies Eo U = E. O

3. NISNEVICH DESCENT

In this section we prove the following Nisnevich descent result, which is of
independent interest. Its Corollary 3.4 will play a key role in the next section.

DOCUMENTA MATHEMATICA 19 (2014) 121-139



FE,-REGULARITY IMPLIES F),,_1-REGULARITY 127

THEOREM 3.1. (Nisnevich descent) Consider the following (distinguished)
square of k-schemes

(3.2) UxxV—V
L b
U X,

J
where j is an open immersion and p is an étale morphism inducing an iso-
morphism of reduced k-schemes p~1(X — U)reqd =~ (X — U)rea. Then, given a

dg category A and a Morita invariant localizing functor E : dgcat — M, one
obtains a homotopy (co)cartesian square

E(id ®"5*)

(3.3) E(A®" X) E(AMD)
E(id@Lp*)l O l
E(ARV) E(ARY (U xx V))

in the homotopy category Ho(M); see [19, Def. 1.4.1].

Proof. Consider the following commutative diagram in Ho(dgcat)

*

0 — perf(X)z — perf(X) 7 . perf(U) ———0

~ p*l J{

0 — perf(V)zr —— perf(V) ——=perf(U xx V) —=0,

where Z (resp. Z') is the closed set X — U (resp. p~*(X — U)) and perf(X)z
(resp. perf(V)z ) the dg category of those perfect complexes of Ox-modules
(resp. of Oy-modules) that are supported on Z (resp. on Z’). As explained
by Thomason-Trobaugh in [28, §5], both rows are short exact sequences of
dg categories; see also [13, §4.6]. Furthermore, as proved in [28, Thm. 2.6.3],
the induced dg functor perf(X)z = perf(V)z is a Morita equivalence and
hence an isomorphism in Ho(dgcat). Following Drinfeld [10, Prop. 1.6.3], the
functor A ®" — : Ho(dgcat) — Ho(dgcat) preserves short exact sequences of dg
categories. As a consequence, we obtain the commutative diagram in Ho(dgcat)

id ®'Lj*

0 — A" perf(X) 7z —= A Q" perf(X) A @ perf(U) 0

T ] |

00— A" perf(V) 7 —= A" perf(V) —= A @ perf(U xx V) —=0,
where both rows are short exact sequences of dg categories. Recall that by
hypothesis F sends (in a functorial way) short exact sequences of dg categories

to distinguished triangles. Consequently, by applying F to the preceding com-
mutative diagram we obtain the following morphism between distinguished
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triangles:

i L%
E(A®" perf(X)z) — E(A@" X) 2 LpA gk U) —2> SE(A " perf(X)2)

{7 e | .

E(A®" perf(V)z) = EAQ" V)= EAQ" (U xx V)) = LE(A Q" perf(V) ).

Since the outer left and right vertical maps are isomorphisms we conclude
that the middle square (which agrees with the above square (3.3)) is homotopy
(co)cartesian. This achieves the proof. O

COROLLARY 3.4. (Mayer-Vietoris for open covers) Let X be a k-scheme which
is covered by two Zariski open subschemes U,V C X. Then, given a dg category
A and a Morita invariant localizing functor E : dgcat — M, one obtains a
Mayer-Vietoris triangle

BA®YX) = E(A®*U) e E(A“V) 5 B4 (UNV)) 3 SEU X).

Proof. This follows from the fact that when the morphism p in the square (3.2)
is an open immersion, U x x V identifies with U N V; recall also from [19,
§1.4] that every homotopy (co)cartesian square has an associated distinguished
“Mayer-Vietoris” triangle. |

4. GENERALIZED FUNDAMENTAL THEOREM

The following theorem was proved by Bass [, §XII-§7-8] for n < 0 and by
Quillen [11] for n > 1.

THEOREM 4.1. (Bass’ fundamental theorem) Let R be a ring and n an integer.
Then, we have the following exact sequence of abelian groups

0= Kn(R) 3 K, (R[z]) ® Kn(R[L/2]) 5 K (Rlz,1/2]) & Ku_1(R) — 0.
In this section we generalize it as follows:
THEOREM 4.2. (Generalized fundamental theorem) Let A be a dg category, n
an integer, E : dgcat — M a Morita invariant localizing functor, and b and

object of M. Then, we have the following exact sequence of abelian groups
(4.3)

0 — E(A) 3 EY(Ala]) @ EY(A[L/2]) 5 B (Ale, 1/a]) 2% EL_1(A) — 0.
Remark 4.4. A version of (4.3) for k-schemes can be found in Remark 8.6.
Proof. Let P! be the projective line over spec(k) and i : spec(k[z]) C P! and
j @ spec(k[l/x]) C P! its standard Zariski open cover. Since spec(k[z]) N
spec(k[1/x]) = spec(k[z,1/x]), one obtains from Corollary 3.4 the following

distinguished triangle
(4.5)

E(AR"P* Alz))BE(A[1/z]) 5 B(Alz,1/z]) > SE(AR"PY).

Note that since k[z], k[1/x] and k[z,1/z] are all k-flat algebras, the derived
tensor product agrees with the classical one. Let us now study the object

i L * i L %
) (BE(id® Z);E>(d® i*)) E(
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E(A®"PY). As explained by Thomason in [27, §2.5-2.7], we have two fully
faithful dg functors
to : perf(pt) — perf(PY) O + Op1(0)
t_1 : perf(pt) — perf(P') Opt — Op1(—1).
Moreover, ¢_; induces a Morita equivalence between perf(pt) and Drinfeld’s dg

quotient perf(P1)/io(perf(pt)) (see [13, §4.4]). Following [21, §13], we obtain
then a well-defined split short exact sequence of dg categories

T L—1

e <
(4.6) 0 — perf(pt) —— perf(P') —— perf(pt) —=0,

where r is the right adjoint of ¢g, 7oty = id, ¢_1 is right adjoint of s, and t_j0s5 =
id. As explained in the proof of Theorem 3.1, the functor A®"— : Ho(dgcat) —
Ho(dgcat) preserves split short exact sequences of dg categories. Moreover,
every localizing functor sends split short exact sequences to split distinguished
triangles, i.e. to direct sums in Ho(M). Therefore, by first applying A ®" — to
(4.6) and then the functor E we obtain the following isomorphism

(4.7)  (BE@d &%), E(de%_1)): E(A®k)® E(A® k) = E(AxYP).

Recall that the line bundles Op:1(0) and Opi(—1) become isomorphic when
restricted to spec(k[z]) and spec(k[l/z]). Hence, we have the commutative
diagrams
Lo "
perf(pt) perf(P!) —— perf(spec(k[x]))
L1
Lo Sk
perf(pt) —_____ perf(P') — perf(spec(k[1/z]))

and consequently we obtain the equalities:
(4.8) E(id@%*) o E(id @) = E(id ®"i*) o E(id@"1_;)
(4.9) E(id®"j*) o B(id ®"1) = E(id @"j*) o E(id®@"1_1).

Now, apply Lemma 4.11 to isomorphism (4.7) and then compose the result
with (E(id ®%i*), E(id ®"j*)). Thanks to (4.8)-(4.9), we obtain a morphism

(4.10) V:EAQk)® E(A® k) — E(Alz]) ® E(A[l/x])
which is zero on the second component and
(E(id ®i*) o E(id ®t), E(id ®;*) o E(id ®L0))

on the first component; note once again that since k, k[z] and k[1/z] are k-flat
the derived tensor product agrees with the classical one. Making use of (4.10),
the above distinguished triangle (4.5) identifies with

E(A) @ E(A) % E(Alz]) & E(A[l/2]) 5 E(Alz,1/2]) 3 SE(A) & SE(A) .
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By applying to it the functor Hompeaq)(X"b, —) we obtain then a long exact
sequence

ce o BY(A) @ BL(A) — 2> B (Al]) @ BY(A1/a]) —— B (Al 1/2]) —
% Bb(A)@® EY_(A) = Eb_ (Alz]) & ES_, (All/z]) = ES_ (Alr, 1/a]) = -

As explained above, ¥, is zero when restricted to the second component. More-
over, since the inclusions k C k[z] and k C k[1/x] admits canonical retractions,
U, is injective when restricted to the first component. This implies that the
image of 0,, is precisely the second component of the direct sum. As a con-
sequence, the above long exact sequence breaks up into the exact sequences
(4.3). This achieves the proof. O

LEMMA 4.11. If (f,g) : A® A = B is an isomorphism in an additive category,
then (f,f —g): A® A= B is also an isomorphism.

Proof. Since (f,g) is an isomorphism, there exist maps i, h : B — A such that
fi+gh=id,if =id, hf =0, ig =0, and hg = id. Using these equalities one
observes that (i +h,—h) : B = A ® A is the inverse of (f, f — g). O

Notation 4.12. Given a dg category A, let us denote by NE®(A) the kernel of
the surjective group homomorphism

(4.13) EP(id®(t =0)): EL(A[t]) — E2(A).

Note that the inclusion k& C k[t] gives rise to a direct sum decomposition
Eb(A[t]) ~ NES(A) @ E°(A). Note also that by induction on m, A is ES-
regular if and only if NEZ(A[t1,...,tm]) = 0 for all m > 0.

COROLLARY 4.14. Under the notations and assumptions of Theorem }.2, we
have the following exact sequence of abelian groups

0— NEY(A) 3 NEY(Alz]) ® NEL(A[1/2]) S NE(Az,1/2]) 23 NES_(A) — 0.

Proof. This follows automatically from the naturality of (4.3). |

5. PROOF OoF THEOREM 1.4
Consider the following “substitution” k-algebra homomorphism
(5.1) klz][t] — k[2][t]  pla,t) = p(a,at).
Given a dg category B, let us denote by colim NE?(B[z]) the direct limit of

the following diagram of abelian groups

NE? (id®(5.1))

LA ®(5.

b (i 5.
NEW,(@}( 1)

NE; (B[x]) NE; (B[x])

We start by proving that we have a group isomorphism

(5.2) colim NE? (B[z]) ~ NE(B[z,z7']).
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Consider first the commutative diagram

(5.3) kla][t] — 2 k][] — 2 k][4
)

[
l <t:o>l (t=0)

klz] klz] klz]

(5.1)

(t=0

Note that the colimit of the lower row is k[x] while the colimit of the upper row
is the k-algebra R := k[x] + tk[z, 1/z][t] C k[z,1/x][t]. By first tensoring (5.3)
with B and then applying the functor E® we obtain the commutative diagram
(5.4)

NE? (id®(5.1))

NE? (id®(5.1)) NE? (id®(5.1))

NE® (Blz]) NE} (Blz])

n n

B (Blalft]) —2C0L 5 (Bla] 1)) ) B (Bla] 1)

(4.13)]/ (4.13)l (4.13)l
E; (Blz]) =———= E},(B[z]) =——=E,(B[z])

EL (id®(5.1))

Recall from Notation (4.12) that each column is a (split) short exact sequence
of abelian groups. The colimit of the lower row is clearly E’(B[z]). Since
the functors B ® — : dgcat — dgcat and E : dgcat — M preserve filtered
(homotopy) colimits and b is a compact object of Ho(M), the colimit of the
middle row identifies with E% (B ® R). Hence, from diagram (5.4) one obtains
the isomorphism

(5.5) colim NE} (B[z]) ~ Ker(E%(B® R) @19 E(Bz])) -

Now, consider the k-algebras R and k[z] endowed with the sets of left de-
nominators S1 := {z"},>0 C R and Sy := {2"}p>0 C k[z]. The k-algebra
homomorphism

(5.6) R = k[z] + tklz, 1/z][t] — k[z] t—0

identifies .S; with Sy and moreover induces a quasi-isomorphism

0 R R[STY] = K[z, 1/2][t] ——0
(5.@)]{ (5.0)¢
0 k[z] k[x][Sy '] = K[z, 1/2] —=0

As a consequence, since R and k[z] are clearly k-flat algebras, conditions a)
and b) of [14, §4.2] are satisfied. In loc. cit. Keller also assumes that the base
ring k is coherent and of finite dimensional global dimension. However, these
extra assumptions are only used to prove the localization theorem for model
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categories; see [14, §5-6]. We obtain then a commutative diagram in Ho(dgcat)
67 0—= A perf(1) —— perf (klz, = ~][f]) ——= 0
0 Ay perf(k[z]) —— perf(k[x, 27 !]) —0,

where moreover each row is a short exact sequence of dg categories and the left
vertical map is a quasi-isomorphism (and hence a Morita equivalence) of dg
k-algebras; consult [14, §4.3] for further details. By first tensoring (5.7) with
B and then applying the functor E we obtain (as in the proof of Theorem 3.1)
a homotopy (co)cartesian square

(5-8) E(B® R) E(B[z,1/x][t])

| oo

E(B[z]) —— E(B|z,1/z]).

Note that since R, k[z], k[z,1/x], and k[z,1/x][t] are all k-flat algebras, the
derived tensor product agrees with the classical one. Note also that the natural
inclusions k[z] C R and k[z,1/x] C k[z,1/z][t] give rise to sections of the
vertical maps. As a consequence, since (5.8) is homotopy (co)cartesian, we
obtain an induced isomorphism

Ker(E2(Bo R) "5 B (Bla])) = Ker (B (Blx,1/2][t) 5 B (Bx,1/2])) |

Since the right-hand-side is by definition NE?(B[x,1/z]) the searched isomor-
phism (5.2) follows now from isomorphism (5.5).

We are now ready to conclude the proof. As explained in Notation 4.12, a
dg category A is El-regular if and only if NE®(A[t1,...,t,]) = 0 for any all
m > 0. Since A is El-regular we hence have NE?(A[ty,...,t,]) = 0 for all
m > 0. Using isomorphism (5.2) (with B = A[t1,...tm—_1]) we conclude that

colim NEL (A[t1, ..., tm_1][z]) ~ NE2(Alt1, ... tm_1][x,1/x]) =0.

The exact sequence of Corollary 4.14 (with A = A[ty,...,tm-1]) implies that
NE’ [ (Alt1,...,tm—1]) = 0. Since this holds for every m > 0, we conclude
finally that A is E®_;-regular. This concludes the proof of Theorem 1.4.

6. PROOF OF THEOREM 1.6
Item (i) follows from the combination of implication (1.5) with the equalities
EZ " (A) := Hompo( ) (5" (57°D), E(A)) = Hompou) (5" 7b, E(A)) =: E}_;(A).

In what concerns item (ii), note that by applying the bifunctor
Hompo(aq)(—, —) to the sequence

Yol ool s vhe 5 e — 1!
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in the first variable and to the morphism E(A) — E(A[t1,...,tn]) in the
second variable, one obtains the following commutative diagram

ES (Alty, ... tm])

J !

ES(Alty,. .. tm])

!

ES(Alt1,....tm])

!

ES" (Alt1, ... tm])

! !

ES [(Alt1,.. . tm]),

where each column is exact. Since by hypothesis A is Efl'—regular and Efl”—
regular the two top horizontal morphisms are isomorphisms. Using implication
(1.5) we conclude that the two bottom horizontal morphisms are also isomor-
phisms. Using the 5-lemma one then concludes that the horizontal middle
morphism is an isomorphism. This implies that A is E¢-regular.

Let us now prove item (iii). Since by hypothesis d is a direct factor of b, there
exist morphisms d — b and b — d such that the composition d — b — d equals
the identity of d. This data gives naturally rise to the following commutative
diagram

(6.1) Ej(A) E;(A) E(A)

| l |

Eg(.A[tl, . ,tm]) —_— Eg(.A[tl, .. .,tm]) —_— Eg(.A[tl, N ,tm]) s

where both horizontal compositions are the identity. By assumption, A is E2-
regular and so the vertical middle morphism in (6.1) is an isomorphism. From
the commutativity of (6.1) and the fact that isomorphisms are stable under
retractions, one concludes that the vertical left-hand-side (or right-hand-side)
morphism is also an isomorphism. This implies that A is E¢-regular.

Item (iv) follow from the combination of implication (1.5) with the equalities

Eierei(A) := Hom(S"(@icsci), E(A)) = [ [Hom(S"e;, E(A)) = [ E5 (A),
il iel

where we have removed the subscripts of Hom in order to simplify the expo-

sition. Let us now prove item (v). As explained in [23, Thm. 1.2], we have a

canonical isomorphism U(c(A)) = XU (A) in Ho(Mot); in loc. cit. o(A) was

denoted by %(A) and U by L{(';;c. Hence, by applying the triangulated functor

E of Proposition 2.1 to the square below (6.6) (with B := Alt1,...,tn]), one
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obtains the square

(6.2) E(a(A)) = LE(A)

| |

E(o(Alt1,...,tm])) —= ZE(A[t1,...,tm])

in the homotopy category Ho(M). Since by construction o(A[t1,...,ty]) and
o(A)[t1,...,tm] are canonically isomorphic, (6.2) gives rise to the following
commutative diagram
(6.3)

Homporg) (X710, E(0(A))) — = Homypo( ) (2" 1'b, SE(A))

| I

HomHO(M)(ZnJrlb, E(O’(.A) [t1, e ,tm])) - HOIHHO(./M)(Enb7 ZE(A[tl, e ,tm])) .

Moreover, using the fact that ¥~1(—) is an autoequivalence of Ho(M), we
have
(6.4)

(-
Homyo(u) (5™, SE(A)) il Hompo( ) (S0, E(A))

} !

Honmdﬁﬂ(2”+1@§uzg4ﬁh..wtmp)gjie-anmqﬁﬂ(znb,EgAﬁh..wtmD).

)

Now, recall that by hypothesis A is E’-regular. Hence, the vertical right-
hand-side morphism in (6.4) is an isomorphism. Consequently, by combining
(6.3)-(6.4), we conclude that the vertical left-hand-side morphism in (6.3), i.e.
Eb . 1 (0(A) — ES  (0(A)[t1,...,ty]) is an isomorphism. This implies that
o(A) is EY,  -regular and so the proof is finished.

LEMMA 6.5. Given a dg functor F : A — B, we have a commutative diagram
(6.6) U(o(A)) —=XU(A)
U(J(F))l lEU(F)
U(o(B)) —==EU(B)
in the homotopy category Ho(Mot).
Proof. Thanks to [23, Prop. 4.9], we have the diagram in Ho(dgcat)

(6.7) 0—=A®Ek AL AR g ——=0
F®idl F®idl F®idl
0 Bk BTl Bo——0,

where both rows are short exact sequences of dg categories. Consequently, by
applying the functor U to (6.7) we obtain the following morphism between

DOCUMENTA MATHEMATICA 19 (2014) 121-139



FE,-REGULARITY IMPLIES F),,_1-REGULARITY 135

distinguished triangles:

(6.8) U(A) — U(A® L) — U(o(A)) —2= SE(A)

U(F)l l U(U(F))l lEU(F)

U(B) —=U(B&L) —=U(o(B)) —= ZE(B).

As explained in [23, §6], U(A® L) and U(B ® I') are isomorphic to zero in
Ho(Mot). Hence, the connecting morphisms 0 are isomorphisms and so the
searched commutative square (6.6) is the right-hand-side square in (6.8). This
achieves the proof. O

7. PROOF OF PROPOSITION 1.10

Consider the following distinguished triangle in Ho(Mot)
Uk) = Uk) — Uk)/1 — SU (k).

As proved in [25, Prop. 2.12], one has the following isomorphisms
Hompo(mot) (X" (U () /1), U(A)) = Knpa (A Z)1)  neZ.

In loc. cit. the author worked with £ = Z and with the additive version of
Mot where localization is replaced by additivity; however, the arguments are
exactly the same. The proof follows now from the fact that U(k)/l ~ Zfib(])

and from the definition Ugb(l)(A) := Hompo (o) (X"fib(1), U(A)).

8. PROOF OF THEOREM 1.12

Since by hypothesis X is E%-regular the isomorphism E?(X) ~ Eb (X x A™)
holds for all m > 1. By applying Proposition 8.2 below to X and to the k-flat
k-scheme Y = A™ we obtain moreover the following isomorphisms

(81) E2(X x A™) "E) B (perf(X) @ perf(A™)) = B2 (perf(X)[t1, .- -, tm]) -

Note that since A™ = spec(k[t1,...,tm]) is an affine k-flat algebra the derived
tensor product agrees with the classical one. By combining (8.1) with the
isomorphism E’(X) ~ E’(X x A™) we conclude then that the dg category
perf(X) is Eb-regular. By Theorem 1.4 it is also E?_;-regular. Hence, using
again the above isomorphisms (8.1) (with n replaced by n — 1) one concludes
that the isomorphism E? ,(X) ~ E% (X x A™) holds for all m > 1, i.e.
that X is E% ,-regular. This proves implication (1.13). Implication (1.14)
follows automatically from the combination of the above isomorphism (8.1)
with implication (1.8). Finally, implication (1.15) follows from the combination
of Proposition 1.10 with implication (1.13) and with [25, Example 2.13]. This
achieves the proof.

PROPOSITION 8.2. Let X and Y be two quasi-compact separated k-schemes with
Y k-flat, n an integer, E : dgcat - M a Morita invariant localizing functor,
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and b an object of M. Under these notations and assumptions, we have a
canonical isomorphism

(8.3) EY(— X" ) : EY(perf(X) @ perf(Y)) == E (perf(X x Y)).
Proof. The proof will consist on showing that the canonical maps
(8.4) E(— &Y 2w : E(perf(Z) @" perf(W)) — E(perf(Z x W)),

parametrized by the pairs (Z, W) of quasi-compact separated k-schemes with
W k-flat, are isomorphisms. The above isomorphism (8.3) will follow then from
(8.4) (with Z := X and W :=Y") by applying the functor Hompye(aq) (X"0, —).
Let us denote by Sch the category of quasi-compact separated k-schemes and
by Schgat the full subcategory of k-flat schemes. Note that we have two well-
defined contravariant bifunctors

E(perf(—) @" perf(—))  E(perf(— x —))

from Sch x Schgat to Ho(M). Moreover, the above canonical maps (8.4) give
rise to a natural transformation of bifunctors

(8.5) E(perf(—) @" perf(—)) = E(perf(— x —)).

Our goal is then to show that (8.5) is an isomorphism when evaluated at any
pair (Z, W) € Sch x Scha,s. Let us start by fixing W. Thanks to Theorem 3.1
(applied to A = perf(WW)) one observes that the functor E(perf(—)®" perf(W))
satisfies Nisnevich descent and hence by Corollary 3.4 Zariski descent. In what
concerns E(perf(— x W)) note first that by applying the functor — x W to (3.2)
one still obtains a (distinguished) square of k-schemes. Therefore, Theorem 3.1
(applied to A = k) allows us to conclude that E(perf(— x W)) satisfies also
Nisnevich descent.

Now, by the reduction principle of Bondal and Van den Bergh (see [4,
Prop. 3.3.1]) the above natural transformation (8.5) is an isomorphism when
evaluated at the pairs (Z, W), with W fixed, if and only if it is an isomorphism
when evaluated at the pairs (spec(C), W), with C' a commutative k-algebra.
By fixing Z and making the same argument one concludes also from the re-
duction principle that (8.5) is an isomorphism when evaluated at the pairs
(Z,W), with Z fixed, if and only if it is an isomorphism when evaluated at
the pairs (Z,spec(D)), with D a k-flat commutative k-algebra. In conclusion
it suffices to show that (8.5) is an isomorphism when evaluated at the pairs
(spec(C),spec(D)). Note that in this particular case we have the following
canonical Morita equivalences

perf(spec(C)) ~ C perf(spec(D)) ~ D perf(spec(C) x spec(D)) ~C ® D.

Moreover, since the k-algebra D is k-flat, the derived tensor product C @ D
agrees with the classical one C ® D. By applying the functor E to this latter
isomorphism one obtains the evaluation E(C ®“ D) ~ E(C ® D) of the above
natural transformation (8.5) at the pair (spec(C),spec(D)). This concludes
the proof of Proposition 8.2. O
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Remark 8.6. Given a quasi-compact separated k-scheme X, let
X[r]:= X x AY  X[1/2] := X x spec(k[1/z]) X[z,1/z] := X x spec(k[z,1/z]).

Making use of Proposition 8.2 and the k-flatness of k[x], k[1/x] and k[z,1/x],
one observes that Theorem 4.2 applied to A = perf(X) reduces to the following
exact sequence of abelian groups

0— Eb(X) S BY(X[2]) ® EL(X[1/2]) 5 EY(X[x,1/2]) & EP

n—1

(X)—0.
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ABSTRACT. We compute the trace of an endomorphism in equivariant
bivariant K-theory for a compact group G in several ways: geometri-
cally using geometric correspondences, algebraically using localisation,
and as a Hattori-Stallings trace. This results in an equivariant ver-
sion of the classical Lefschetz fixed-point theorem, which applies to
arbitrary equivariant correspondences, not just maps.

We dedicate this article to Tamaz Kandelaki, who was a coauthor in
an earlier version of this article, and passed away in 2012. We will
remember him for his warm character and his perseverance in doing
mathematics in difficult circumstances.
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1 INTRODUCTION

Here we continue a series of articles by the last two authors about Euler char-
acteristics and Lefschetz invariants in equivariant bivariant K-theory. These
invariants were introduced in [IT,[I3HI6G]. The goal is to compute Lefschetz
invariants explicitly in a way that generalises the Lefschetz—Hopf fixed-point
formula.

Let X be a smooth compact manifold and f: X — X a self-map with simple
isolated fixed points. The Lefschetz—Hopf fixed-point formula identifies
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1. the sum over the fixed points of f, where each fixed point contributes +1
depending on its index;

2. the supertrace of the Q-linear, grading-preserving map on K*(X) ® Q
induced by f.

It makes no difference in (2]) whether we use rational cohomology or K-theory
because the Chern character is an isomorphism between them.

We will generalise this result in two ways. First, we allow a compact group G to
act on X and get elements of the representation ring R(G) instead of numbers.
Secondly, we replace self-maps by self-correspondences in the sense of [I5]. Sec-
tions 2] and [3] generalise the invariants () and (2]) respectively to this setting.
The invariant of Section [2is local and geometric and generalises (II) above; the
formulas in Sections B and [ are global and homological and generalise (2)) (in
two different ways.) The equality of the geometric and homological invariants
is our generalisation of the Lefschetz fixed-point theorem.

A first step is to interpret the invariants [0) or (2)) in a category-theoretic way
in terms of the trace of an endomorphism of a dualisable object in a symmetric
monoidal category.

Let C be a symmetric monoidal category with tensor product ® and tensor
unit 1. An object A of C is called dualisable if there is an object A*, called its
dual, and a natural isomorphism

C(A® B,C)=C(B,A*® ()

for all objects B and C' of C. Such duality isomorphisms exist if and only if
there are two morphisms 77: 1 - A ® A* and e: A* ® A — 1, called unit and
counit of the duality, that satisfy two appropriate conditions. Let f: A — A
be an endomorphism in C. Then the trace of f is the composite endomorphism

15 A A Y™ A @A MO gv g4 5 g,

where sym denotes the symmetry (or braiding) isomorphism. In this article we
also call the trace the Lefschetz index of the morphism. This is justified by the
following example.

Let C be the Kasparov category KK with its usual tensor product structure,
A = C(X) for a smooth compact manifold X, and f € KKo(A4, A) for some
morphism. We may construct a dual A* from the tangent bundle or the stable
normal bundle of X. In the case of a smooth self-map of X, and assuming a
certain transversality condition, the trace of the morphism f induced by the
self-map equals the invariant (), that is, equals the number of fixed-points of
the map, counted with appropriate signs. This is checked by direct computation
in Kasparov theory, see [13] for more general results.

This paper springs in part from the reference [I3]. A similar invariant to
the Lefschetz index was introduced there, called the Lefschetz class (of the
morphism). The Lefschetz class for an equivariant Kasparov endomorphism
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of X was defined as an equivariant K-homology class for X. The Lefschetz
index, that is, the categorical trace, discussed above, is the Atiyah—Singer index
of the Lefschetz class of [13].

The main goal of this article is to give a global, homological formula for the
Lefschetz index generalising the invariant (2)) for a non-equivariant self-map.
The formulation and proof of our homological formula works best for Hodgkin
Lie groups. A more complicated form applies to all compact groups. The
article [13] also provides two formulas for the equivariant Lefschetz class whose
equality generalises that of the invariants () and (), but the methods there
are completely different.

The other main contribution of this article is to compute the geometric expres-
sion for the Lefschetz index in the category KR of geometric correspondences
introduced in [I5]. This simplifies the computation in Kasparov’s analytic the-
ory in [I3] and also gives a more general result, since we can work with general
smooth correspondences rather than just maps. Furthermore, using an idea of
Baum and Block in [4], we give a recipe for composing two smooth equivari-
ant correspondences under a weakening of the usual transversality assumption
(of [6]). This technique is important for computing the Lefschetz index in the
case of continuous group actions, where transversality is sometimes difficult to
achieve, and in particular, aids in describing equivariant Euler characteristics
in our framework.

Section [2] contains our geometric formula for the Lefschetz index of an equiv-
ariant self-correspondence. Why is there a nice geometric formula for the Lef-
schetz index of a self-map in Kasparov theory? A good explanation is that
Connes and Skandalis [6] describe KK-theory for commutative C*-algebras ge-
ometrically, including the Kasparov product; furthermore, the unit and counit
of the KK-duality for smooth manifolds have a simple form in this geomet-
ric variant of KK. An equivariant version of the theory in [6] is developed
in [I5]. In Section ] we also recall some basic results about the geometric
KK-theory introduced in [I5]. If X is a smooth compact G-manifold for a
compact group G, then KK%(C(X), C(X)) is isomorphic to the geometrically

defined group I?I\(*G (X, X). Its elements are smooth correspondences
x& oo x (1.1)

consisting of a smooth G-map b, a Kg-oriented smooth G-map f, and £ €
K¢ (M). Theorem computes the categorical trace, or Lefschetz index, of
such a correspondence under suitable assumptions on b and f.

Assume first that X has no boundary and that b and f are transverse; equiv-
alently, for all m € M with f(m) = b(m) the linear map Db — Df: T,,M —
T ¢(m)X is surjective. Then

Q= {me M|bm) = f(m)} (1.2)

is naturally a Kg-oriented smooth manifold. We show that the Lefschetz index
is the G-index of the Dirac operator on @ twisted by {|g € Ki(Q) (Theo-
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rem [2I8)). More generally, suppose that the coincidence space @ as defined
above is merely assumed to be a smooth submanifold of M, and that x € TX
and Df(§) = Db(§) implies that & € TQ. Then we say that f and b inter-
sect smoothly. For example, the identity correspondence, where f and b are
the identity maps on X, does not satisfy the above transversality hypothesis,
but f and b clearly intersect smoothly. In the case of a smooth intersection,
the cokernels of the map Df — Db form a vector bundle on @) which we call
the excess intersection bundle 1. This bundle measures the failure of transver-
sality of f and b. Let n be Kg-oriented. Then T(Q also inherits a canonical
Kg-orientation. The restriction of the Thom class of 1 to the zero section gives
a class e(n) € K5 (Q).

Then Theorem T8 asserts that the Lefschetz index of the correspondence (L)
with smoothly intersecting f and b is the index of the Dirac operator on the
coincidence manifold @ twisted by £ ®e(n). This is the main result of Section 21
In Section Bl we generalise the global homological formula involved in the clas-
sical Lefschetz fixed-point theorem, to the equivalent situation. This involves
completely different ideas. The basic idea to use Kiinneth and Universal Coef-
ficient theorems for such a formula already appears in [9]. In the equivariant
case, these theorems become much more complicated, however. The new idea
that we need here is to first localise KK and compute the Lefschetz index in
the localisation.

In the introduction, we only state our result in the simpler case of a Hodgkin
Lie group G. Then R(G) is an integral domain and thus embeds into its
field of fractions F. For any G-C*-algebra A, K¢ (A) is a Z/2-graded R(G)-
module. Thus K&(4; F) := K%(4) ®Rr(q) F becomes a Z/2-graded F-vector
space. Assume that A is dualisable and belongs to the bootstrap class in KK¢.
Then K*G(A;F) is finite-dimensional, so that the map on K*G(A;F) induced
by an endomorphism ¢ € KK§ (A, A) has a well-defined (super)trace in F.
Theorem [B.4] asserts that this supertrace belongs to R(G) C F' and is equal to
the Lefschetz index of . In particular, this applies if A = C(X) for a compact
G-manifold.

The results of Sections 2l and [B] together thus prove the following;:

THEOREM 1.1. Let G be a Hodgkin Lie group, let F be the field of fractions
of R(G). Let X be a closed G-manifold. Let X ol (M,€) L_X be a smooth
G-equivariant correspondence from X to X with £ € KdGlmedlmX(X); it rep-

resents a class ¢ € ﬁ(?(X,X). Assume that b and f intersect smoothly with
Kg-oriented excess intersection bundle n. Equip Q :={m € M | b(m) = f(m)}
with its induced Kq-orientation.

Then the R(G)-valued index of the Dirac operator on Q) twisted by &|g ®e(n) is
equal to the supertrace of the F-linear map on Kg(X) ®@gqy F induced by .

If G is a connected Lie group, then there is a finite covering G — G that
is a Hodgkin Lie group. We may turn G-actions into G-actions using the

projection map, and get a symmetric monoidal functor KKY — KK¢. Since
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the map R(G) — R(G‘) is clearly injective, we may compute the Lefschetz index
of p € KK?(A, A) by computing instead the Lefschetz index of the image of ¢

in KKOG (A, A). By the result mentioned above, this uses the induced map on

KY(A) Or(&) F', where F is the field of fractions of R(G). Thus we get a
satisfactory trace formula for all connected Lie groups. But the result may be
quite different from the trace of the induced map on Kf(A) ®r(q) F-

If GG is not connected, then the total ring of fractions of G is a product of finitely
many fields. Its factors correspond to conjugacy classes of Cartan subgroups
in G. Each Cartan subgroup H C G corresponds to a minimal prime ideal pg
in R(G). The quotient R(G)/py is an integral domain and embeds into a
field of fractions Fyy. We show that the map R(G) — Fy maps the Lefschetz
index of ¢ to the supertrace of K (; Fi) (Theorem B23). It is crucial to use
H-equivariant K-theory here. The very simple counterexample 3.7 shows that
there may be two elements 1, ps € KK(? (A, A) with different Lefschetz index
but inducing the same map on K& (A).

Thus the generalisation of Theorem [Tl to disconnected G identifies the image
of the index of the Dirac operator on Q twisted by £|g®e(n) under the canonical
map R(G) — Fy with the supertrace of the Fp-linear map on K¢ (X)®ge) Fu
induced by ¢, for each Cartan subgroup H.

The trace formulas in Section [ require the algebra A on which we compute the
trace to be dualisable and to belong to an appropriate bootstrap class, namely,
the class of all G-C*-algebras that are KK%-equivalent to a type I G-C*-algebra.
This is strictly larger than the class of G-C*-algebras that are KK-equivalent
to a commutative one, already if G is the circle group (see [I0]). We describe
the bootstrap class as being generated by so-called elementary G-C*-algebras
in Section Bl This list of generators is rather long, but for the purpose of
the trace computations, we may localise KK® at the multiplicatively closed
subset of non-zero divisors in R(G). The image of the bootstrap class in this
localisation has a very simple structure, which is described in Section The
homological formula for the Lefschetz index follows easily from this description
of the localised bootstrap category.

In Section @l we give a variant of the global homological formula for the trace
for a Hodgkin Lie group G. Given a commutative ring R and an R-module M
with a projective resolution of finite type, we may define a Hattori—Stallings
trace for endomorphisms of M by lifting the endomorphism to a finite type
projective resolution and using the standard trace for endomorphisms of finitely
generated projective resolutions. This defines the trace of the R(G)-module
homomorphism K& (p): K¢(A) — K&(4) in R(G) without passing through a
field of fractions.

2 LEFSCHETZ INDICES IN GEOMETRIC BIVARIANT K-THEORY

The category &&¢ introduced in [15] provides a geometric analogue of Kasparov
theory. We first recall some basic facts about this category and duality in
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bivariant K-theory from [I4H16] and then compute Lefschetz indices in it as
intersection products. Later we are going to compare this with other formulas
for Lefschetz indices. We also prove an excess intersection formula to compute
the composition of geometric correspondences under a weaker assumption than
transversality. This formula goes back to Baum and Block [4].

All results in this section extend to the case where G is a proper Lie groupoid
with enough G-vector bundles in the sense of [14, Definition 3.1] because the
theory in [I4HI6] is already developed in this generality. For the sake of con-
creteness, we limit our treatment here to compact Lie groups acting on smooth
manifolds.

The results in this section work both for real and complex K-theory. For
concreteness, we assume in our notation that we are dealing with the complex
case. In the real case, K must be replaced by KO throughout. In particular,
Kg-orientations (that is, G-equivariant Spin®-structures) must be replaced by
KO%-orientations (that is, G-equivariant Spin structures). In some examples,
we use the isomorphisms I&QGn (pt,pt) = R(G) and ﬁ(QGn+1(pt, pt) = 0 for all
n € Z. Here R(G) denotes the representation ring of G. Of course, this is true
only in complex K-theory.

2.1 GEOMETRIC BIVARIANT K-THEORY

Like Kasparov theory, geometric bivariant K-theory yields a category KR, Tts
objects are (Hausdorff) locally compact G-spaces; arrows from X to Y are
geometric correspondences from X to Y in the sense of |15, Definition 2.3].
These consist of

e M: a G-space;
e b: a G-map (that is, a continuous G-equivariant map) b: M — X;

e & a G-equivariant K-theory class on M with X-compact support (where
we view M as a space over X via the map b); we write { € RKg x (M);

e f: a Kg-oriented normally non-singular G-map f: M — Y.

Equivariant K-theory with X-compact support and equivariant vector bundles
are defined in [I2, Definitions 2.5 and 2.6]. If b is a proper map, in particular
if M is compact, then RKg x (M) is the ordinary G-equivariant (compactly
supported) K-theory Kz (M) of M.

A Kg-oriented normally non-singular map from M to Y consists of

o V: a Kg-oriented G-vector bundle on M,

e [: a Kg-oriented finite-dimensional linear G-representation, giving rise
to a trivial Kg-oriented G-vector bundle Y x EF on Y,

. f : a G-equivariant homeomorphism from the total space of V' to an open
subset in the total space of Y X E, f: V — Y x E.
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We will not distinguish between a vector bundle and its total space in our
notation.
A normally non-singular map f = (V, E, f) has an underlying map

M—aVhYy<ESY,

where the first map is the zero section of the vector bundle V' and the third
map is the coordinate projection. This map is called its “trace” in [14], but we
avoid this name here because we use “trace” in a different sense. The degree
of fisd=dimV —dimE. A wrong-way element f; € KK$(Co(M),Co(Y))
induced by f is defined in [I4, Section 5.3]).

Our geometric correspondences are variants of those introduced by Alain
Connes and Georges Skandalis in [6]. The changes in the definition avoid
technical problems with the usual definition in the equivariant case.

The (Z/2-graded) geometric KK-group ﬁ(f (X,Y) is defined as the quotient
of the set of geometric correspondences from X to Y by an appropriate equiv-
alence relation, generated by bordism, Thom modification, and equivalence
of normally non-singular maps. Bordism includes homotopies for the maps b
and f by [I5] Lemma 2.12]. We will use this several times below. The Thom
modification allows to replace the space M by the total space of a Kg-oriented
vector bundle on M. In particular, we could take the Kg-oriented vector bundle
from the normally non-singular map f. This results in an equivalent normally
non-singular map where f: M — Y is a special submersion, that is, an open
embedding followed by a coordinate projection ¥ x £ — Y for some linear
G-representation E. Correspondences with this property are called special.

The composition in KK is defined as an intersection product (see Section [Z2))

if the map f: M — Y is such a special submersion. This turns &k into
a category; the identity map on X is the correspondence with f = b = idx
and £ = 1. The product of G-spaces provides a symmetric monoidal structure
in KK (see [15, Theorem 2.27]).

There is an additive, grading-preserving, symmetric monoidal functor

KK (X,Y) = KK (Co(X), Co(Y)).

This is an isomorphism if X is normally non-singular by [I5, Corollary 4.3],
that is, if there is a normally non-singular map X — pt. This means that there
is a G-vector bundle V' over X whose total space is G-equivariantly homeo-
morphic to an open G-invariant subset of some linear G-space. In particular,
by Mostow’s Embedding Theorem smooth G-manifolds of finite orbit type are
normally non-singular (see [14], Theorem 3.22]).

Stable Kg-orientations play an important technical role in our trace formulas
and should therefore be treated with care. A Kg-orientation on a G-vector
bundle V' is, by definition, a G-equivariant complex spinor bundle for V. (This
is equivalent to a reduction of the structure group to Spin®.) Given such
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Kg-orientations on Vi and Vs, we get an induced Kg-orientation on Vi @ Va;
conversely, Kg-orientations on Vi @ Vo and V; induce one on V5.

Let ¢ € RK%(M) be represented by the formal difference [V;] — [V3] of two
G-vector bundles. A stable Kg-orientation on £ means that we are given an-
other G-vector bundle V3 and Kg-orientations on both V3 & V3 and Vo @ Vs.
Since § = [Vi @& V3] — [V2 @ V3], this implies that £ is a formal difference of two
Kg-oriented G-vector bundles. Conversely, assume that £ = [Wq] — [W3] with
two Kg-oriented G-vector bundles; then there are G-vector bundles V3 and W3
such that V; & V3 = W, & W3 for i = 1,2; since W3 is a direct summand in
a Kg-oriented G-vector bundle, we may enlarge V3 and W3 so that Wj itself
is Kg-oriented. Then V; & V3 &2 W; @& W3 for ¢ = 1,2 inherit Kg-orientations.
Roughly speaking, stably Kg-oriented K-theory classes are equivalent to formal
differences of Kg-oriented G-vector bundles.

A Kg-orientation on a normally non-singular map f = (V, E, f) from M to Y
means that both V' and E are Kg-oriented. Since “lifting” allows us to re-
place E by E@® E and V by V & (M x E’), we may assume without loss of
generality that F is already Kg-oriented. Thus a Kg-orientation on f becomes
equivalent to one on V. But the chosen Kg-orientation on E remains part of
the data: changing it changes the Kg-orientation on f. By [I4] Lemma 5.13],
all essential information is contained in a Kg-orientation on the formal differ-
ence [V] — [M x E] € RK% (M), which we call the stable normal bundle of the
normally non-singular map f. If [V]—[M x E|] is Kg-oriented, then we may find
a G-vector bundle V5 such that V@ Vs and (M x E)® V3 are Kg-oriented. Since
(M x E) @V is a direct summand in a Kg-oriented trivial G-vector bundle, we
may assume without loss of generality that V3 itself is trivial, V3 = M x E’, and
that already FE @ E’ is Kg-oriented. Lifting f along E’ then gives a normally
non-singular map (V & (M x E'), E® E', f x idg/), where both V & (M x E')
and E @ E’ are Kg-oriented. Thus a Kg-orientation on f is equivalent to a
stable Kg-orientation on the stable normal bundle of f.

Lemma 2.1. If f = (V. E, f) is a smooth normally non-singular map with
underlying map f: M —'Y, then its stable normal bundle is equal to f*[TY] —
[TM] € RK(M).

Proof. The tangent bundles of the total spaces of V and Y x E'are TM @V and
TY @ E, respectively. Since f is an open embedding, f*(TY @ E) = TM @ V.
This implies f*(TY) @& (M x E) 2 TM @ V. Thus [V]—[M x E] = f*[TY] —
[TM]. O

This lemma also shows that the stable normal bundle of f and hence the
orientability assumption depend only on the equivalence class of f.

Another equivalent way to describe stable Kg-orientations is the following. Sup-
pose we are already given a G-vector bundle V on Y such that TY & V is
Kg-oriented. Then a stable Kg-orientation on f is equivalent to one on

[f'V e TM] = [[TY & V] = (f[TY] - [TM]),
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which is equivalent to a Kg-orientation on f*V @ TM in the usual sense.

If X and Y are smooth G-manifolds (without boundary), we may require the
maps b and f and the vector bundles V' and E to be smooth. This leads to
a smooth variant of KR*. This variant is isomorphic to the one defined above
by [15, Theorem 4.8] provided X is of finite orbit type and hence normally
non-singular.

Working in the smooth setting has two advantages.

First, assuming M to be of finite orbit type, [I4, Theorem 3.22] shows that any
smooth G-map f: M — Y lifts to a smooth normally non-singular map that is
unique up to equivalence. Thus we may replace normally non-singular maps by
smooth maps in the usual sense in the definition of a geometric correspondence.
Moreover, Nf = f*[TY] — [TM], so f is Kg-oriented if and only if there are
Kg-oriented G-vector bundles V5 and Va over M with f*[TY]@V; X TM & Vs
(compare [14, Corollary 5.15]).

Secondly, in the smooth setting there is a particularly elegant way of composing
correspondences when they satisfy a suitable transversality condition, see [I5]
Corollary 2.39]. This description of the composition is due to Connes and
Skandalis [6].

2.2 COMPOSITION OF GEOMETRIC CORRESPONDENCES

By [15, Theorem 2.38], a smooth normally non-singular map lifting f: M; — Y
and a smooth map b: My — Y are transverse if

Do, f(Tin, M1) + Dy, b(T, Mo) = T,)Y
for all my € My, mg € My with y := f(m1) = b(mz). Equivalently, the map
Df — Db: pri(TM) & pry(TMz) — (f o pry)*(TY)
is surjective; this is a bundle map of vector bundles over
My xy Ma == {(m1,m2) | f(m1) = b(ma)},

where pry: My Xy My — M and pry: M1 Xy Ma — M denote the restrictions
to M; xy My of the coordinate projections. (We shall always use this notation
for restrictions of coordinate projections.)

A commuting square diagram of smooth manifolds is called Cartesian if it is
isomorphic (as a diagram) to a square

pra
M1 Xy M2 Em— M2

o]

M14b>Y

where f and b are transverse smooth maps in the sense above; then M7 xy My
is again a smooth manifold and pr; and pr, are smooth maps.
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The tangent bundles of these four manifolds are related by an exact sequence

(Dpry,Dpr,)
e

0— T(Ml Xy Mg) pI‘T(TMl) D pI‘;(TMg)

DIZD (fopr, ) TY — 0. (2.1)

That is, T(M; xy Ms) is the sub-bundle of prj(TM;) @ pri(TMz) consisting
of those vectors (my,&,ma,n) € TMy & TMs (where f(my1) = b(mg)) with
Dy, f(&) = Dimyb(n). We may denote this bundle briefly by TM; &1y T M.
Furthermore, from (21]),

T(M, xy My) — pr(TMy) = prj (TM, — f*(TY)) (2.2)

as stable G-vector bundles. Thus a stable Kg-orientation for TM; — f*(TY)
may be pulled back to one for T(M; xy M) — prs(TMs). More succinctly, a
Kg-orientation for the map f induces one for pr,.

Now consider two composable smooth correspondences

My My
X Y Z,

with K-theory classes & € RKEX(Ml) and & € RKﬁy(MQ). We assume that
the pair of smooth maps (f1,b2) is transverse. Then there is an essentially
unique commuting diagram

My xy Mo
> &)
M, M, (2.4)
NN
X Y A

where the square is Cartesian. We briefly call such a diagram an intersection
diagram for the two given correspondences.

By the discussion above, the map pr, inherits a Kg-orientation from fi, so
that the map f := f2 o pry is also Kg-oriented. Let M := M; xy My and
b := by opry. The product & := prj(&1) ® pri(&2) belongs to RK*G,X (M), that
is, it has X-compact support with respect to the map b: M — X. Thus we
get a G-equivariant correspondence (M, b, f,£) from X to Y. The assertion of
[15, Corollary 2.39] — following [6] — is that this represents the composition of
the two given correspondences. It is called their intersection product.
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Example 2.2. Consider the diagonal embedding 6: X — X x X and the graph
embedding f: X — X x X, z — (z, f(x)), for a smooth map f: X — X.
These two maps are transverse if and only if f has simple fixed points. If this
is the case, then the intersection space is the set of fixed points of f. If, say,
f =1idx, then § and f are not transverse.

To define the composition also in the non-transverse case, a Thom modifica-
tion is used in [I5] to achieve transversality (see [I5, Theorem 2.32]). Take two
composable (smooth) correspondences as in (Z3), and let f; = (Vi, E1, fl) as
a normally non-singular map. By a Thom modification, the geometric corre-

spondence X & (Mq,€) ELRL 7 equivalent to

biomy, TE, of1

X

Vi, v, @ my,€) Y, (2.5)

where my,: Vi — M; and 7g,: Y x E — Y are the bundle projections, and
v, € RK¢ 5y, (V1) is the Thom class of V1. We write ® for the multiplication
of K-theory classes. The support of such a product is the intersection of the
supports of the factors. Hence the support of 7y, @7y, § is an X-compact subset
of V.

The forward map V; — Y in (Z3) is a special submersion and, in particular, a
submersion. As such it is transverse to any other map by : My — Y. Hence after
the Thom modification we may compute the composition of correspondences
as an intersection product of the correspondence (Z3]) with the correspondence

v & M, 2 v, This yields

byomy, opry

X (Vi v Mo,pry (mvy @ 77,(6)) 225 2, (2.6)

where
Vi Xy My :={(z,v,mz2) € Vi Xx My | (7, © fl)(x,v) = ba(ma2)}

and pry: Vi Xy Ma — Vi and pry: Vi Xy My — My are the coordinate pro-
jections. The intersection space Vi Xy Ms is a smooth manifold with tangent
bundle

TV @1y TMy i= pri(TVA) &y, o5 oy PU5(TM),

and the map pry, is a submersion with fibres tangent to F;. Thus it is
Kg-oriented.

This recipe to define the composition product for all geometric correspondences
is introduced in [15]. It is shown there that it is equivalent to the intersection
product if fi and by are transverse. But the space V3 Xy M5 has high dimen-
sion, making it inefficient to compute with this formula. And we are usually
given only the underlying map f1: M; — Y, not its factorisation as a normally
non-singular map — and the latter is difficult to compute. We will weaken
the transversality requirement in Section The more general condition still
applies, say, if f1 = by. This is particularly useful for computing Euler charac-
teristics.
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2.3 DUALITY AND THE LEFSCHETZ INDEX

Duality plays a crucial role in [I5] in order to compare the geometric and
analytic models of equivariant Kasparov theory. Duality is also used in [I6]
Definition 4.26] to construct a Lefschetz map

L£: KK (C(X),C(X)) — KK (C(X),0), (2.7)

for a compact smooth G-manifold X. We may compose £ with the index map
KK%(C(X),C) - KKY(C,C) = R(G) to get a Lefschetz index L-ind(f) €
R(G) for any f € KK¢ (C(X),C(X)). This is the invariant we will be studying
in this paper.

This Lefschetz map L is a special case of a very general construction. Let C
be a symmetric monoidal category. Let A be a dualisable object of C with a
dual A*. Let n: 1 - A® A* and ¢: A* ® A — 1 be the unit and counit of the
duality. Being unit and counit of a duality means that they satisfy the zigzag
equations: the composition

ATEAA p o Ar g A A%,y (2.8)

is equal to the identity id4: A — A, and similarly for the composition
A M g g A A SEA g (2.9)

If C is Z-graded, then we may allow dualities to shift degrees. Then some signs
are necessary in the zigzag equations, see [16] Theorem 5.5].
Given a multiplication map m: A ® A — A, we define the Lefschetz map

L:C(AA) — C(A 1)
by sending an endomorphism f: A — A to the composite morphism

mid 4=

A~ Al A% go A A*r DA fg qr TO0a po pr I x4 S,

This depends only on m and f, not on the choices of the dual, unit and counit.
For f =id4 we get the higher Euler characteristic of A in C(A,1).

While the geometric computations below give the Lefschetz map as defined
above, the global homological computations in Sections Bl and @ only apply to
the following coarser invariant:

DEFINITION 2.3. The Lefschetz index L-ind(f) (or trace tr(f)) of an endomor-
phism f: A — A is the composite

15 AA 20 A4 @A M gvga 51, (2.10)

where sym denotes the symmetry isomorphism. The Lefschetz index of id 4 is
called the Fuler characteristic of A.

DOCUMENTA MATHEMATICA 19 (2014) 141-193



EQUIVARIANT LEFSCHETZ FIXED-POINT FORMULA 153

If A is a unital algebra object in C with multiplication m: A® A — A and unit
u: 1 — A, then L-ind(f) = L(f) o u. In particular, the Euler characteristic is
the composite of the higher Euler characteristic with u.

In this section, we work in C = K& for a compact group G with 1 = pt and
® = x. In Section Bl we work in the related analytic category C = KK® with
1 = C and the usual tensor product.

We will show below that any compact smooth G-manifold X is dualisable in
&k, The multiplication m: X x X — X and unit u: pt — X are given by
the geometric correspondences

XxXE XX prex 95y

with A(z) = (z, z); these induce the multiplication *-homomorphism
m: C(X x X) =2 C(X)®C(X) = C(X)

and the embedding C — C(X) of constant functions. Composing with u corre-
sponds to taking the index of a K-homology class.

Remark 2.4. In [11L[I3|[16] Lefschetz maps are also studied for non-compact
spaces X, equipped with group actions of possibly non-compact groups. A
non-compact G-manifold X is usually not dualisable in @G, and even if it
were, the Lefschetz map that we would get from this duality would not be the
one studied in [TTL[I3][16].

2.4 DUALITY FOR SMOOTH COMPACT MANIFOLDS

We are going to show that compact smooth G-manifolds are dualisable in the
equivariant correspondence theory %&°. This was already proved in [I5], but
since we need to know the unit and counit to compute Lefschetz indices, we
recall the proof in detail. It is of some interest to treat duality for smooth man-
ifolds with boundary because any finite CW-complex is homotopy equivalent
to a manifold with boundary.

In case X has a boundary 0X, let X =X \ 90X denote its interior and
let t: X — X denote the inclusion map. The boundary X C X ad-
mits a G-equivariant collar, that is, the embedding X — X extends to a
G-equivariant diffeomorphism from X x [0,1) onto an open neighbourhood
of 90X in X (see also [16, Lemma 7.6] for this standard result). This collar
neighbourhood together with a smooth map [0,1) — (0,1) that is the identity
near 1 provides a smooth G-equivariant map p: X — X that is inverse to ¢ up
to smooth G-homotopy. Furthermore, we may assume that p is a diffeomor-
phism onto its image.

If X has no boundary, then X = X, 1=1id, and p =id.

The results about smooth normally non-singular maps in [I4] extend to smooth
manifolds with boundary if we add suitable assumptions about the behaviour
near the boundary. We mention one result of this type and a counterexample.
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PRrROPOSITION 2.5. Let X and Y be smooth G-manifolds with X of finite orbit
type and let f: X =Y be a smooth map with f(0X) C Y and f transverse
to Y. Then f lifts to a normally non-singular map, and any two such normally
non-singular liftings of [ are equivalent.

Proof. Since X has finite orbit type, we may smoothly embed X into a finite-
dimensional linear G-representation E. Our assumptions ensure that the re-
sulting map X — Y x E is a smooth embedding between G-manifolds with
boundary in the sense of [14, Definition 3.17] and hence has a tubular neigh-
bourhood by [I4, Theorem 3.18]. This provides a normally non-singular map
X — Y lifting f. The uniqueness up to equivalence is proved as in the proof
of [I4, Theorem 4.36]. O

Ezample 2.6. The inclusion map {0} — [0,1) is a smooth map between man-
ifolds with boundary, but it does not lift to a smooth normally non-singular
map.

Let X be a smooth compact G-manifold. Since X has finite orbit type, it em-
beds into some linear G-representation E. We may choose this G-representation
to be Kg-oriented and even-dimensional by a further stabilisation. Let
NX — X be the normal bundle for such an embedding X — FE. Thus
TX & NX = X x FE is G-equivariantly isomorphic to a Kg-oriented trivial
G-vector bundle.

THEOREM 2.7. Let X be a smooth compact G-manifold, possibly with boundary.
Then X is dualisable in ﬁ(f with dual NX, and the unit and counit for the

duality are the geometric correspondences

pt— X U v W NX, NX x X &N S,

where (: X — NX is the zero section, p: X — X is some G-equivariant collar
retraction, : NX — X is the bundle projection, and t: X — X the identical
inclusion. The K-theory classes on the space in the middle are the trivial rank-
one vector bundles for both correspondences.

Proof. First we must check that the purported unit and counit above are indeed
geometric correspondences; this contains describing the Kg-orientations on the
forward maps, which is part of the data of the geometric correspondences.
The maps X — pt and NX — NX x X above are proper. Hence there is no
support restriction for the K-theory class on the middle space, and the trivial
rank-one vector bundle is allowed.

By the Tubular Neighbourhood Theorem, the normal bundle NX of the embed-
ding X > Eis diffeomorphic to an open subset of E. This gives a canonical
isomorphism between the tangent bundle of NX and E. We choose this iso-
morphism and the given Kg-orientation on the linear G-representation E to
Kg-orient NX and thus the projection NX — pt. With this Kg-orientation,
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. o id, g . . . .
the counit NX x X M NX — pt is a G-equivariant geometric correspon-
dence — even a special one in the sense of [I5].

We identify the tangent bundle of X x NX with TX x TX @ NX in the
obvious way. The normal bundle of the embedding (id,(p): X — X X NX
is isomorphic to the quotient of TX & p*(TX) & p*(NX) by the relation
(&,Dp(£),0) ~ 0 for £ € TX. We identify this with TX @ NX =2 X x F
by (&1,62,m) = (Dp~'(&) — &, Dp~'(n)) for & € T.X, & € T,wX,
n € p* (NX)Q = N, X. With this Kg-orientation on (id, (p), the unit above
is a G-equivariant geometric correspondence. A boundary of X, if present,
causes no problems here. The same goes for the computations below: although
the results in [I5] are formulated for smooth manifolds without boundary, they
continue to hold in the cases we need.

We establish the duality isomorphism by checking the zigzag equations as in
[I6, Theorem 5.5]. This amounts to composing geometric correspondences.
In the case at hand, the correspondences we want to compose are transverse,
so that they may be composed by intersections as in Section Actually,
we are dealing with manifolds with boundary, but the argument goes through
nevertheless. We write down the diagrams together with the relevant Cartesian
square.

The intersection diagram for the first zigzag equation is

(\61“0\ (iq Co)
XxX , X x NX (2.11)
2 o, o &/‘
X X xNX x X X.

The square is Cartesian because (x,v, 2, (w,v)) € X3 x NX satisfies

(x’ (p(m), 0)7?]) = (Zv (wv v),w)

if and only if y = p(z), 2 = x, w = p(x), and v = 0 for some x € X. The
Kg-orientation on the map (id, (p) described above is chosen such that the
composite map f := pry o (id,{p) = id carries the standard Kg-orientation.
The map b := pry o (id,tp) = tp is properly homotopic to the identity map.
Hence the composition above gives the identity map on X as required.
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The intersection diagram for the second zigzag equation is

) NX (i
y w‘
NX x X . ONX x NX
<y Ix (G <) \/\\6 Ly,
o W V \
NX NX x X x NX NX

D o (2.12)
because ((z,v),y, (w, u), (z,x)) € NX x X x (NX)? satisfy

((:L'a V)aya (P(y); 0)) - ((wa ,LL),U}, (Zv ”))

if and only if (w, ) = (x,v), y = &, z = p(z), £ = 0 for some (z,v) € NX.
The map (id, {pm) is smoothly homotopic to the diagonal embedding 0 : NX —
NX x NX. Replacing (id, {pm) by ¢ gives an equivalent geometric correspon-
dence. The Kg-orientation on the normal bundle of (id, {pr) that comes with
the composition product is transformed by this homotopy to the Kg-orientation
on the normal bundle of the diagonal embedding that we get by identifying the
latter with the pull-back of E by mapping

(€115 62,12) € Tiaca)(NX X NX) 2 T, X ©N, X x T, X x N, X 2 E, x E,

to (&2 — &1,m2 — m) € E,. Since E has even dimension, changing this to
(&1 — &, m — 1m2) does not change the Kg-orientation. Hence the induced
Kg-orientation on the fibres of Dpr, is the same one that we used to Kg-orient
pry. The induced Kg-orientation on pr, o d = id is the standard one. Thus the
composition in ([ZIZ) is the identity on NX. O

COROLLARY 2.8. Let X be a compact smooth G-manifold and let Y be any

locally compact G-space. Then every element of I&*G(X,Y) is represented by
a geometric correspondence of the form

Lomopr,

X NX xY 25y,  £eKL(NX xY),

and two such correspondences for &1,&2 € KE(NX xY) give the same element
of@f(X, Y) if and only if & = &. Here pr;: NX xY — NX and pry: NX x
Y — Y are the coordinate projections and tomw: NX — X C X is as above.
Proof. Duality provides a canonical isomorphism

K5(NX x V) = KKC (pt, NX x Y) 2 K&_ (X, Y).
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It maps & € KE(NX X Y') to the composition of correspondences described by
the following intersection diagram:

. NXxY
74\

o 1'\6\ iq

X xNX xY

o5 iq o RS 3

X X xNX xY Y,

with the K-theory class § on NX xY. Hence it involves the maps L7 NXxY —
X and pry: NX xY =Y. O

If X is, in addition, Kg-oriented, then the Thom isomorphism provides an
isomorphism NX = X in I?I\(*G (which has odd parity if the dimension of X is
odd). A variant of Corollary 28 yields a duality isomorphism

Km0 (X < v) 2 k&S (X, Y),
which maps € € K5 (X x Y) to the geometric correspondence
XXy 225y, ceKy(X xY).

Hence any element of ﬁ(f (X,Y) is represented by a correspondence of this
form.
If X is Kg-oriented and has no boundary, this becomes

X&EXxxy 2y, ceKL(X xY).
These standard forms for correspondences are less useful than one may hope
at first because their intersection products are no longer in this standard form.

2.5 MORE ON COMPOSITION OF GEOMETRIC CORRESPONDENCES

With our geometric formulas for the unit and counit of the duality, we could
now compute Lefschetz indices geometrically, assuming the necessary intersec-
tions are transverse. While this works well, say, for self-maps with regular non-
degenerate fixed points, it fails badly for the identity correspondence, whose
Lefschetz index is the Euler characteristic. Building on work of Baum and
Block [4], we now describe the composition as a modified intersection prod-
uct under a much weaker assumption than transversality that still covers the
computation of Euler characteristics.

DEFINITION 2.9. We say that the smooth maps f1: M; — Y and by: My — Y
intersect smoothly if
M = M1 Xy M2
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is a smooth submanifold of M; x My and any (£1,£2) € TM; x TMy with
Df1(&1) = Dba(&2) € TY is tangent to M.

If f1 and by intersect smoothly, then we define the excess intersection bun-
dle n(f1,b2) on M as the cokernel of the vector bundle map

(D f1, =Dby): pri(TMy) & pry(TMz) — f*(TY), (2.13)

where f:= fiopr; =bsopry: M =Y.

If the maps f1 and by are G-equivariant with respect to a compact group G,
then the excess intersection bundle is a G-vector bundle.

We call the square

M&Mg

PHJ lfl
b2

M, —Y

n-Cartesian if f1 and by intersect smoothly with excess intersection bundle 7.

If M is a smooth submanifold of My x My, then TM C T(M; x Ms); and if
(61752) S T(M1 X Mg) is tangent to M, then Df1 (61) = DbQ(EQ) in TY. These
pairs (£1,&2) form a subspace of T(M; X Ma)|a = priTM; @ prsT M, which
in general need not be a vector bundle, that is, its rank need not be locally
constant. The smooth intersection assumption forces it to be a subbundle: the
kernel of the map in (ZI3]). Hence the excess intersection bundle is a vector
bundle over M, and there is the following exact sequence of vector bundles
over M:

(Df1,—Dbz)

0 — TM — prj(TM;) @ pry(TMs) (fiopr))*(TY) - n — 0.

(2.14)
Ezxample 2.10. Let M; = My = X and let f; = b = i: X — Y be an
injective immersion. Then M7 Xy Ms = X is the diagonal in M7 x My = X2,
which is a smooth submanifold. Furthermore, if (£1,&2) € TM; x TM; satisfy
Df1(&1) = Dby(&2), then & = & because Di: TM — TY is assumed injective.
Hence M7 and M> intersect smoothly, and the excess intersection bundle is the
normal bundle of the immersion 3.
Example 2.11. Let M, and M, be two circles embedded in Y = R2. The four
possible configurations are illustrated in Figure [Il

1. The circles meet in two points. Then M = {p1,p2} and the intersection
is transverse.

2. The two circles are disjoint. Then M = () and the intersection is trans-
verse.

3. The two circles are identical. Then M = M; = M. The intersection
is not transverse, but smooth by Example 210 the excess intersection
bundle is the normal bundle of the circle, which is trivial of rank 1.
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<p1 z : @ ‘ @
b2
Figure 1: Four possible configurations of two circles in the plane

4. The two circles touch in one point. Then M := M; xy Ms = {p}, so
that the tangent bundle of M is zero-dimensional. But T, M, NT, M, is
one-dimensional because T,M; = T, M>. Hence the embeddings do not
intersect smoothly.

Remark 2.12. The maps f: M; — Y and b: My — Y intersect smoothly if and
only if f x b: M; x My — Y x Y and the diagonal embedding ¥ — Y x Y
intersect smoothly; both pairs of maps have the same excess intersection bundle.
Thus we may always normalise intersections to the case where one map is a
diagonal embedding and thus an embedding.

Ezxample 2.13. Let 1 be a Kg-oriented vector bundle over X. Let My = My =
X, Y =n,and let fi = bs = (:' Y — n be the zero section of n. This is
a special case of Example The maps f1 and bs intersect smoothly with
excess intersection bundle 7.

In this example it is easy to compose the geometric correspondences X = X —
nand n < X = X. A Thom modification of the first one along the Kg-oriented
vector bundle 7 gives the special correspondence

X < (n,m) =mn,

where 7, € RKg x(n) is the Thom class of 7. The intersection product of this
with n+ X =X is X = (X, {*(r,)) = X, that is, it is the class in I?I\(f(X,X)
of ¢(*(r,) € RKg(X). This K-theory class is the restriction of 7, to the zero
section of 1. By the construction of the Thom class, it is the K-theory class of
the spinor bundle of 7.

DEFINITION 2.14. Let n be a Kg-oriented G-vector bundle over a G-space X.
Let ¢: X — n be the zero section and let 7, € RKg x(n) be the Thom class.
The Euler class of n is (*(7;,), the restriction of 7, to the zero section.

By definition, the Euler class is the composition of the correspondences pt <
X — nand n < X = X involving the zero section ¢: X — 7 in both cases.

Ezample 2.15. Assume that there is a G-equivariant section s: X — n of n
with isolated simple zeros; that is, s and ( are transverse. The linear homotopy
connects s to the zero section and hence gives an equivalent correspondence
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n < X = X. Since s and ( are transverse by assumption, the composition
is X «— Z — X, where Z is the zero set of s and the maps Z — X are the
inclusion map, suitably Kg-oriented.

Example 2.16. Let My = S', My = S%, Y = R3, by: My — R? be the standard
embedding of the 2-sphere in R3, and let fi: M; — My — R3 be the embedding
corresponding to the equator of the circle. Then M xy My = My X a1, Mo = M,
embedded diagonally into My x M; C My x Ms. This is a case of smooth
intersection. The excess intersection bundle is the restriction to the equator
of the normal bundle of the embedding b,. This is isomorphic to the rank-one
trivial bundle on S?. Hence the Euler class e(n) is zero in this case.

THEOREM 2.17. Let
b1 f1 ba f2
X — (thl) — Y (Mg,gg) =7 (215)

be a pair of G-equivariant correspondences as in (Z3). Assume that be and fi
intersect smoothly and with a Kg-oriented excess intersection bundle n. Then
the composition of (ZI8) is represented by the G-equivariant correspondence

biopr
LJropty

X (My xy My, e(n) ® pri(&r) @ pry(6)) 202 2, (2.16)

where e(n) is the Buler class and the projection pry: My Xy My — My car-
ries the Kg-orientation induced by the Kg-orientations on f1 and n (explained
below).

In the above situation of smooth intersection, we call the diagram (24 an
n-intersection diagram. It still computes the composition, but we need the Eu-
ler class of the excess intersection bundle 7 to compensate the lack of transver-
sality.

We describe the canonical Kg-orientation of pry: My Xy My — My, The
excess intersection bundle 7 is defined so as to give an exact sequence of vector
bundles (ZI4). From this it follows that

(7] = (f1 o pry)*[TY] + TM — pri[TM,] — pry[TMy].

On the other hand, the stable normal bundle Npr, of pr, is equal to pri[TMz]—
[TM]. Hence

[n] = pr] (f1* [TY] - [TMl]) — Npr,.

A Kg-orientation on f; means a stable Kg-orientation on Nf; = f{[TY] —
[TM]. If such an orientation is given, it pulls back to one on prj(f{[TY] —
[TM;]), and then (stable) Kg-orientations on [] and on Npr, are in 1-to-1-
correspondence. In particular, a Kg-orientation on the bundle 7 induces one
on the normal bundle of pry. This induced Kg-orientation on pr, is used
in (ZI6). ([I4, Lemma 5.13] justifies working with Kg-orientations on stable
normal bundles.)
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Proof of Theorem 17 Lift f1 to a G-equivariant smooth normally non-
singular map (V4, E1, f1). The composition of 23] is defined in [I5, Section
2.5] as the intersection product

biomyy fa0pr,

& Vi Xy My —= Z (2.17)

with K-theory datum pry; (1v;,) ® 7y, (§1) ® pr3(&2) € RKg x (Vi xy Ma). We
define the manifold V; xy M using the (transverse) maps 7g, o f1 : Vi =Y and
by: My — Y. We must compare this with the correspondence in the statement
of the theorem.

We have a commuting square of embeddings of smooth manifolds

My xy My 4’LO My x My

| la 219
Vi Xy Moy 4>L1 Vi x Mo

where the vertical maps are induced by the zero section M7 — Vi and the hori-
zontal ones are the obvious inclusion maps. The map (j is a smooth embedding
because the other three maps in the square are so.

Let Ny and v := N, denote the normal bundles of the maps ¢y and {y in (ZIF]).
The normal bundle of ¢; is isomorphic to the pull-back of TY because V; — Y
is submersive. Since My x My — Vi X Ms is the zero section of the pull back
of the vector bundle V; to M; X Ms, the normal bundle of (; is isomorphic
to pri(V1). Recall that M := My xy My. We get a diagram of vector bundles
over M:

The first two rows and the first two columns are exact by definition or by our
description of the normal bundles of (; and ¢;. The third row is exact with
the excess intersection bundle 7 by ([2I4]). Hence the dotted arrow exists and
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makes the third row exact. Since extensions of G-vector bundles always split,
we get
v@&n =pri(Vh).

Since 1 and V; are Kg-oriented, the bundle v inherits a Kg-orientation.
We apply Thom modification with the Kg-oriented G-vector bundle v to the
correspondence in (ZI0). This gives the geometric correspondence

byopr,om, faopryom,
14

X

Z (2.19)
with K-theory datum

£ =1, ®m,(e(n) ®pri(&1) ® pry(€a)) € RKG x(v).

The Tubular Neighbourhood Theorem gives a G-equivariant open embedding
(foz v — V1 Xy M onto some G-invariant open neighbourhood of M (see [14}
Theorem 3.18]).

We may find an open G-invariant neighbourhood U of the zero section in V;
such that U xy My C V; Xy Ms is contained in the image of fo and relatively
M-compact. We may choose the Thom class 7y, € ngm V1(171) to be supported
in U. Hence we may assume that prj(7y,), the pull-back of 7y, along the
coordinate projection prj: Vi xy My — Vi, is supported inside a relatively
M-compact subset of Co(v).

Then [I5, Example 2.14] provides a bordism between the cycle in (ZIT) and

biomy, opr; 0o faopryolo
v A

X

, (2.20)

with K-theory class pr(ry;) ® pri7y, (§1) ® Crpri(&a).
Let s¢: v — v be the scalar multiplication by ¢ € [0, 1]. Composition with s; is
a G-equivariant homotopy

7TV1PY1§0NP1“17TV3 v — M, prgfowprgm,: v — Ma.

Hence sf((fgpr*{ﬁ,l (&) ® Cprs(&2)) is a G-equivariant homotopy

Gprimy, (1) ® (Gpry(&e) ~ 3 (pri (&) ® pri(&2)).

When we tensor with prf(7y, ), this homotopy has X-compact support because
the support of pri(ry,) is relatively M-compact.

This gives a homotopy of geometric correspondences between ([ZIT) and the
variant of (ZI9) with K-theory datum

pri(mvy) ® mpri(€1) @ m,pr3 (&2);

the relative M-compactness of the support of pry, (1y; ) ensures that the homo-
topy of Kg-cycles implicit here has X-compact support. (We use [15, Lemma
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2.12] here, but the statement of the lemma is unclear about the necessary com-
patibility between the homotopy and the support of £.)

The K-theory class pri(7y,) in this formula is the restriction of the Thom class
for the vector bundle pri (Vi) over M to v. Since pri(V1) = v @ n and the
Thom isomorphism for a direct sum bundle is the composition of the Thom
isomorphisms for the factors, the Thom class of prj (V1) is pri(rv,) = 7 @ 7.
Restricting this to the subbundle v gives 7, ® 7(e(n)). Hence the K-theory
classes that come from ([ZI7) and (ZTI9) are equal. This finishes the proof. O

2.6 THE GEOMETRIC LEFSCHETZ INDEX FORMULA

In this section we compute Lefschetz indices in the symmetric monoidal cate-
gory &k for smooth G-manifolds with boundary. Our computation is geomet-
ric and uses the intersection theory of equivariant correspondences discussed in
Sections and
Let X be a smooth compact G-manifold, possibly with boundary. Let X be
its interior. Let
b f *
X« M= X, £ € RKG x (M) (2.21)

be a Kg-oriented smooth geometric correspondence from X to itself, with M
of finite orbit type to ensure that f: M — X lifts to an essentially unique
normally non-singular map. Since X is compact, RKg x (M) = Kg (M) is the
usual K-theory with compact support. The Kg-orientation for (Z2I]) means a
Kg-orientation on the stable normal bundle of f. This is equivalent to giving a
G-vector bundle V' over X and Kg-orientations on TM & f*(V) and TX ¢ V.
If X has a boundary, then the requirements for a smooth correspondence are
that M be a smooth manifold with boundary of finite orbit type, such that
f(OM) C 90X and f is transverse to 9X. This ensures that f has an essentially
unique lift to a normally non-singular map from M to X by Proposition
Recall the map p: X — X , which is shrinking the collar around 0.X.

THEOREM 2.18. Let a € ﬁ(iG(X,X) be represented by a Kg-oriented smooth
geometric correspondence as in (Z21I)). Assume that (pb, f): M — X x X and
the diagonal embedding X — X x X intersect smoothly with a Kg-oriented
excess intersection bundle n. Then Q5 := {m € M | pb(m) = f(m)} is
a smooth manifold without boundary. For a certain canonical Kq-orientation
on Qpb,f, L() € ﬁ(iG(X, pt) is represented by the geometric correspondence
X « Qpb,y — pt with K-theory class £|q,, , ® e(n) on Q. s; here the map
Qpb,; — X is given by m — pb(m) = f(m).

The Lefschetz index of a in I&f (pt, pt) is represented by the geometric corre-
spondence pt < Q .y — pt with Kg-theory class £|q,, ; @ e(n) on Qs

The Lefschetz index of o is the index of the Dirac operator on Qb 5 with coef-
ficients in £|q,, ;, @ e(n).

Proof. We abbreviate Q@ := Q¢ throughout the proof. We have @ C M
because pb(M) C p(X) € X and f(OM) C 0X. The intersection M x ¢, ¢ X
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Qpb,f
3
M &
6‘
4
X xX M x NX NX
. G2 >\~ 8
A 5
X X x X x NX X xNX 2NX x X pt

Figure 2: The intersection diagram for the computation of L(«) in the proof
of Theorem Here j: Qb — M denotes the inclusion map; ¢ the zero
section X — NX or X — N)D(; 7: NX — X the bundle projection; ¢: XX
the inclusion; A: X — X x X the diagonal embedding; pr;: X x X — X the
projection onto the first factor.

is @ and hence a smooth submanifold of M.

We compute L£(a) using the dual of X constructed in Theorem 27 This
involves a G-vector bundle NX such that TX §NX = X x F for a Kg-oriented
G-vector space E.

With the unit and counit from Theorem [Z7, £(«) becomes the composition
of the three geometric correspondences in the bottom zigzag in Figure 2} here
we already composed o with the multiplication correspondence, which simply
composes b with A.

We first consider the small left square. Computing its intersection space naively
gives M, which is a manifold with boundary. We would hope that this square
is Cartesian. But X x X is only a manifold with corners if X has a boundary,
and we we did not discuss smooth correspondences in this generality. Hence
we check directly that the composition of the correspondences from X to X x
X x NX and on to M x NX is represented by X < M — M x NX.

The manifold NX is an open subset of E by construction. Hence the map

id x (id, Cpb): X x X — X x X x NX
extends to an open embedding
P XxXXE — XxXxNX, (21,72,€) = (21, 22, (p(T2) +hay ([l€]|?) - €),

where hy,: Ry — Ry is a diffeomorphism onto a bounded interval [0,¢) de-
pending smoothly and G-invariantly on x5, such that the ¢-ball in E around
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Cp(xs) € NX is contained in NX.
The map v gives a special correspondence

priomE

X XxXxEY X xXxNX

with K-theory class the pull-back of the Thom class of E. This is equivalent
to the given correspondence from X to X x X X NX because of a Thom
modification for the trivial vector bundle E and a homotopy. In particular, the
K-orientation of id x (id, {p) that is implicit here is the one that we get from
the Kg-orientation in the proof of Theorem [Z7]

For a special correspondence, the intersection always gives the composition
product. Here we get the space

{(z1,29,¢,m,y, 1) € X x X x E x M x NX |
(@1, 2, Cp(2) + hay(e]|®) - €)) = (b(m), b(m),y, )}

That is, 21 = z2 = b(m), (y, 1) = pb(m) + hyp(m)(|le]|?) - €). Since m € M and
e € F may be arbitrary and determine the other variables, we may identify
this space with M x FE.

In the same way, we may replace

9D o NX (2.22)

X< M
by an equivalent special correspondence with space M x E in the middle. This
gives exactly the composition computed above. Hence (222) also represents
the composition of the correspondences from X to M x NX in Figure
Composing further with f x id simply composes Kg-oriented normally non-
singular maps. Since we are now in the world of manifolds with boundary, we
may identify smooth maps and smooth normally non-singular maps. The large
right square contains the G-maps

(f,¢pb) = (f x id) o (id, (pb): M — X x NX,
(vm,id): NX — X x NX.

The pull-back contains those (m,z,u) € M x NX with (f(m), pb(z),0) =
(z,x,p1) in X x NX. This is equivalent to z = f(m) = pb(m) and p = 0, so
that the pull-back is . Since all vectors tangent to the fibres of NX are in
the image of D(um,id), the intersection is smooth and the excess intersection
bundle is the same bundle 7 as for (f,pb): M — X x X and 6: X — X x X.
Hence the right square is n-Cartesian.

Theorem 217 shows that £(«) is represented by a correspondence of the form

x & Q@ — pt, with a suitable class in K¢ (Q) and a suitable Kg-orientation
on the map ) — pt or, equivalently, the manifold ). Here we may replace bj
by the properly homotopic map pbj = fj. It remains to describe the K-theory
and orientation data.
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First, the given K-theory class £ on M is pulled back to £®1 on M x NX when
we take the exterior product with NX. In the intersection product, this is
pulled back to M along (id, (pb), giving & again, and then to Q along j, giving
the restriction of & to @ C M. The unit and counit have 1 as its K-theory
datum. Thus the Lefschetz index has {|lg ® e(n) € K (Q) as its K-theory
datum by Theorem 217

The given Kg-orientations on F, f and n induce Kg-orientations on all maps
in Figure ] that point to the right. This is the Kg-orientation on the map
@ — pt that we need. We describe it in greater detail after the proof of the
theorem.

The Kg-orientation on the map @@ — pt is equivalent to a G-equivariant Spin®-
structure on (). The isomorphism

KK (pt, pt) — KR, (C(pt), C(pt))

described in [I5, Theorem 4.2] maps the geometric correspondence just de-
scribed to the index of the Dirac operator on ) for the chosen Spin®-structure
twisted by £|g ® e(n). This gives the last assertion of the theorem. O

Since the Kg-orientation on @, ¢ is necessary for computations, we describe
it more explicitly now. We still use the notation from the previous proof.
We are given Kg-orientations on E, f and 7. The Kg-orientation on f is
equivalent to one on the G-vector bundle TM & f*(NX) over M because

TXPNXZX X FE

is a Kg-oriented G-vector bundle on X.

We already discussed during the proof of the theorem that id x (id,{p) and
(id, ¢p) are normally non-singular embeddings with normal bundle E; this gives
the correct Kg-orientation for these maps as well.

A Kg-orientation on the map (f,({pb): M — X x NX is equivalent to one
for TM @ f*(NX) because the bundle T(X x NX) & pri(NX) over X x NX
is isomorphic to the trivial bundle with fibre F @ E and (f, {pb)*pri(NX) =
f*(NX). We are already given such a Kg-orientation from the Kg-orientation

of f.

LEMMA 2.19. The given Kg-orientation on TM & f*(NX) is also the one that
we get by inducing Kg-orientations on (id, (pb) from (id,(p) and on f x id
from f and then composing.

Proof. The Kg-orientation of f induces one for f x id, which is equivalent to
a Kg-orientation for

T(M x NX) & (fpr)*(NX) = (TM & f*(NX)) x (NX x E).

This Kg-orientation is exactly the direct sum orientation from TM & f*(NX)
and F; no sign appears in changing the order because E has even dimension.
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The map h = (id, {p) is a smooth embedding with normal bundle E. Hence we
get an extension of vector bundles

TM & f*(NX) — h*(T(M x NX) @ (fpr;)*(NX)) — E.

The given Kg-orientations on TM @ f*(NX) and E induce one on the vector
bundle in the middle. This is the same one as the pull-back of the one con-
structed above. This means that the Kg-orientation on TM & f*(NX) induced
by h is the given one. O

Equation (2I4) provides the following exact sequence of vector bundles over Q:
Dj,D ) x -\ * v
0 TQ 2222, j*(TM) & (¢£5) T(NX)
D(f,(pb),—D(vm,id)

(f,Cpb)*T(X x NX) — 1 — 0.

Since —D(urr,id) is injective, we may divide out T(NX) and its image to get
the simpler short exact sequence

Df—D(pb
f—D(pb)

0—TQ 2 j*TM F*TX — 15— 0.

Then we add the identity map on j*f*(NX) to get

(Dj,0)

0 1Q Y j* (1M @ frNx) 2PN,

ff(TX®NX)—n—0.
(2.23)

In the last long exact sequence, the vector bundles j*(TM @ f*NX), f*(TX &

NX) = @ x E and 5 carry Kg-orientations. These together induce one on T(Q.

This is the Kg-orientation that appears in Theorem 218

Of course, the resulting geometric cycle should not depend on the auxiliary

choice of a Kg-orientation on 7. Indeed, if we change it, then we change both

e(n) and the Kg-orientation on TQ), and these changes cancel each other.

We now consider some examples of Theorem 218

2.6.1 SELF-MAPS TRANSVERSE TO THE IDENTITY MAP

Let X be a compact G-manifold with boundary and let b: X — X be a smooth
G-map that is transverse to the identity map. Thus b has only finitely many
isolated fixed points and 1—D.b: T, X — T, X is invertible for all fixed points x
of b. We turn b into a geometric correspondence « from X to itself by taking
M =X, f =1id (with standard Kg-orientation) and £ = 1.

Since b has only finitely many fixed points, we may choose the collar neigh-
bourhood so small that all fixed points that do not lie on 90X lie outside the
collar neighbourhood, and such that the fixed points of pb are precisely the
fixed points of b not on the boundary of X. Hence pb = b near all fixed points.
Then pb is also transverse to the diagonal map and Theorem [Z1§ applies. The
intersection space in Theorem 218 is

Q=Qppia={z € X | pb(x) =2} = {z € X |bx) =z},
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the set of fixed points of b in X. The K-theory class on @ is 1 because £ = 1 and
the intersection is transverse. More precisely, the bundle 7 is zero-dimensional,
and we may give it a trivial Kg-orientation for which e(n) = 1.

Although @ is discrete, the Kg-orientation of the map Q — pt is important
extra information: it provides the signs that appear in the familiar Lefschetz
fixed-point formula. Equation (223]) simplifies to

(id—Db,id)
5

0—TQ — (TX & NX)|g (TX & NX)|g — 0.

We left out 7n because it is zero-dimensional and carries the trivial
Kg-orientation to ensure that e(n) = 1. The bundle TQ is also zero-
dimensional. But a zero-dimensional bundle has non-trivial Kg-orientations.
The Clifford algebra bundle of a zero-dimensional bundle is the trivial, triv-
ially graded one-dimensional bundle spanned by the unit section. Thus an
irreducible Clifford module (spinor bundle) for it is the same as a Z/2-graded
G-equivariant complex line bundle.

Let S be the spinor bundle associated to the given Kg-orientation on TX &
NX = E. The exact sequence [Z.23)) says that the Kg-orientation of @ is the
Z/2-graded G-equivariant complex line bundle ¢ such that (id—Db)*(S|q)®¢ =
S|g as Clifford modules. This uniquely determines ¢. Thus ¢ measures
whether Db changes orientation or not. This is exactly the sign of the
G-equivariant vector bundle automorphism 1 — Db on TX g, which is studied
in detail in [I3]. In particular, it is shown in [I3] that ¢ is the complexification
of a Z/2-graded G-equivariant real line bundle. The Z/2-grading gives one sign
for each G-orbit in ), namely, the index of id — Db,.. In addition, the sign gives
a real character G, — {—1,+1} for each orbit, where G, denotes the stabiliser
of a point in the orbit.

Twisting the Kg-orientation by a line bundle over () has the same effect as
taking the trivial Kg-orientation and putting this line bundle on Q. Thus £(«)
is represented by the geometric correspondence

X + (Q,sign(1 — Db|g)) — pt

with the trivial Kg-orientation on the map @ — pt.

The Lefschetz index of « is the index of the Dirac operator on () with coefficients
in the line bundle sign(1—Db)|q; this is simply the Z/2-graded G-representation
on the space of sections of sign(1 — Db)|g, which is a certain finite-dimensional
Z/2-graded, real G-representation.

If the group G is trivial, then the Lefschetz index is a number and sign(1 — Db)
is the family of sign(l — D,b) € {£1} for € Q. If X is connected, then all
maps X < pt give the same element in KK. Thus £(a) is L-ind(a) times the
point evaluation class [X < pt = pt], and L-ind(«) is the sum of the indices of
all fixed points of b in X.
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2.6.2 EULER CHARACTERISTICS

Now let &€ € K (X) and consider the correspondence with M = X, b= f = id,
and the above class £&. We want to compute the Lefschetz index of the geometric
correspondence « associated to €. In particular, for £ = 1 we get the Lefschetz
index of the identity element in I?I\(OG (X, X), which is the Euler characteristic
of X.

We only compute the Lefschetz index of £ € K (X) for X with trivial boundary.
Then the map p in Theorem is the identity map, and idx intersects itself
smoothly. The intersection space is ) = X, embedded diagonally into X x X.
The excess intersection bundle 7 is TX. To apply Theorem ZI8 we also
assume that X is Kg-oriented. Then L£(«) is represented by the geometric
correspondence

X 4% (X, €@ e(TX)) — pt.

Here ¢(TX) and the map X — pt both use the same Kg-orientation on X.
The Lefschetz index of « is represented by

pt + (X, ®e(TX)) — pt.

By Theorem [Z18 this is the index of the Dirac operator of X with coefficients
in{ ®e(TX).

Twisting the Dirac operator by e(TX) gives the de Rham operator: this is the
operator d + d* on differential forms with usual Z/2-grading, so that its index
is the Euler characteristic of X. Thus (the analytic version of) L(«) is the
class in KK§ (C(X),C) of the de Rham operator with coefficients in &. This
was proved already in [I1] by computations in Kasparov’s analytic KK-theory.
Now we have a purely geometric proof of this fact, at least if X is Kg-oriented.
Theorem 2. I8 no longer works for X without Kg-orientation because there is no
Kg-orientation on the excess intersection bundle. A way around this restriction
would be to use twisted K-theory throughout. We shall not pursue this here,
however.

We can now clarify the relationship between the Euler class e(TX) €
Kgm(x)(X) and the higher Euler characteristic Eulx € KK§(C(X),C) intro-
duced already in [I1]. Since we assume X Kg-oriented and without boundary,
there is a duality isomorphism K(Ci;m(X)(X) ~ K§(X) = KK§(C(X),C). This
duality isomorphism maps e(TX) to Eulx.

2.6.3 SELF-MAPS WITHOUT TRANSVERSALITY

Let X be a compact G-manifold and let b: X — X be a smooth G-map. We
want to compute the Lefschetz map on the geometric correspondence

X & x4 x
with Kg-theory class 1 on X.
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If b is transverse to the identity map, then this is done already in Section 2.6 11
The case b = idx is done already in Section Now we assume that b
and idx intersect smoothly. We also assume that b has no fixed points on the
boundary; then we may choose the collar neighbourhood of X to contain no
fixed points of b, so that p(x) = z in a neighbourhood of the fixed point subset
of b. Furthermore, all fixed points of pb are already fixed points of b.

That b and idx intersect smoothly and away from X means that

Q:={zeX|b()=a}={reX|ph) =}
is a smooth submanifold of X and that there is an exact sequence of G-vector
bundles over Q:

0 TQ — TX|g —2 TX|o -1 — 0,

where 7 is the excess intersection bundle.

Remark 2.20. The maps b and idx always intersect smoothly if b: X — X
is isometric with respect to a Riemannian metric on X; the reason is that
if Db fixes a vector (z,£) at a fixed point of b, then b fixes the entire geodesic
through z in direction &.

The vector bundles TQ and 7 are the kernel and cokernel of the vector bundle
endomorphism 1 — D(pb) on TX|q. Since both are vector bundles, 1 — D(pb)
has locally constant rank. We may split

TX|g = ker(id — D(pb)) @ im(id — D(pb)) = TQ & im(id — D(pb)),

TX|q = coker(id — D(pb)) @ coim(id — D(pb)) = n & coim(id — D(pb)).
Since im(y) = coim(y) for any vector bundle homomorphism, it follows that n

and TQ are stably isomorphic as G-vector bundles. Thus Kg-orientations on
one of them translate to Kg-orientations on the other.

Remark 2.21. Given two stably isomorphic vector bundles, there is always a
vector bundle endomorphism with these two as kernel and cokernel. Hence we
cannot expect 17 and T to be isomorphic.

COROLLARY 2.22. Let X be a compact G-manifold. Letb: X — X be a smooth
G-map without fized points on 0X, such that b and idx intersect smoothly.
Let the fized point submanifold Q of b be Kg-oriented, and equip the excess
intersection bundle with the induced Kg-orientation. Then the Lefschetz index
of the geometric correspondence

x&x M x
with Kg-theory class 1 on X is the index of the Dirac operator on @ twisted
by e(n).
The Lefschetz map sends the correspondence above to

x & Q — pt

with K-theory class e(n) on Q.
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2.6.4 TRACE COMPUTATION FOR STANDARD CORRESPONDENCES

By Corollary 28] any element of ﬁ(f (X, X) is represented by a correspondence
of the form
Lomopr,

X NX x X 22 x

for a unique ¢ € K5 (NX x X). We may view this as a standard form for an
. —~G

element in KK, (X, X).

The map (potomopr;, pry) = (pom)xid: NX x X — X x X is a submersion and
hence transverse to the diagonal. Thus Theorem 2 I8 applies. The space Qs ¢
is the graph of pr: NX — X. Thus the Lefschetz map gives the geometric
correspondence . )

X + NX — pt, Elnx € Kg(NX),

where we embed NX — NX x X via (id,pr) and use the canonical
K-orientation on NX. The Lefschetz index in I&*G(pt, pt) = K¢ (pt) is com-
puted analytically as the G-equivariant index of the Dirac operator on NX
twisted by &|y -

2.6.5 TRACE COMPUTATION FOR ANOTHER STANDARD FORM

Assume now that X has no boundary and is Kg-oriented. As we remarked at
the end of Section [Z4] any element of ﬁ(f(X ,X) is represented by a corre-
spondence

X&Exxx 25 X, e KL(X x X).

The same computation as in Section 2.6.4] shows that the Lefschetz map sends
this to
X:X%pta €|X€K*G(X)v

where £|x is for the diagonal embedding X — X x X. Analytically, this is the
Kg-homology class of the Dirac operator on X with coefficients &|x.

2.6.6 HOMOGENEOUS CORRESPONDENCES

We call a self-correspondence X LA VEENS e homogeneous if X and M are
homogeneous G-spaces. That is, X := G/H and M := G/L for closed sub-
groups H,L C G. Then there are elements ¢ty € G with b(gL) = gtsH,
f(gL) = gtyH; we need L C If;,Ht;1 N tlefJ?1 for this to be well-defined.
Since G/L = G/t;lLtf by gL +— gLts, any homogeneous correspondence is
isomorphic to one with ¢ty = 1, so that L C H. We assume this from now on
and abbreviate t = tp.

Since M and X are compact, the relevant K-theory group RK*G’ x (M) for a
homogeneous correspondence is just K¢ (M). The induction isomorphism gives
RK¢ x (M) = Kg(G/L) = K7 (pt).

A Kg-orientation for f: G/L — G/H is equivalent to a K -orientation for
the projection map H/L — pt because f is obtained from this H-map by
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induction. Thus we must assume a K7 -orientation on H /L. Equivalently, the
representation of L on Ty (H/L) factors through Spin®. This tangent space is
the quotient /1, where h and [ denote the Lie algebras of H and L, respectively.
Let L' :== HNtHt™!. Then L C L’ and both maps f,b: G/L — G/H factor
through the quotient map p: G/L — G/L’'. The geometric correspondence

G/HLG/LL g/H, € e KL(G/L)

is equivalent to the geometric correspondence
G/HE G/ L a/H, ¢ e KL(G/L)

with & := pi(€) and ' (gL') = gtH and f'(gL’) = gH. (To construct the
equivalence, we first need a normally non-singular map lifting p; then we apply
vector bundle modifications on the domain and target of p to replace p by an
open embedding; finally, for an open embedding we may construct a bordism
as in [I5, Example 2.14].)

Thus we may further normalise a homogeneous geometric self-correspondence
to one with L = H NtHt ™.

Now we compute the Lefschetz map for a such a normalised homogeneous self-
correspondence.

First let t ¢ H. Then the image of the map (f,b): G/L — G/H x G/H
does not intersect the diagonal. Hence (f,b) is transverse to the diagonal and
the coincidence space @ s is empty. Thus the Lefschetz map vanishes on a
homogeneous correspondence with ¢ ¢ H by Theorem

Now let t € H. Thenb = f: G/L — G/H is the canonical projection map. Our
normalisation condition yields L. = H and b = f = id in this case; that is, our ge-
ometric correspondence is the class in I?I\(*G(G/H, G/H) of some £ € K (G/H).
Thus we have a special case of the Euler characteristic computation in Sec-
tion The Lefschetz map gives the class of the geometric correspondence

G/H <= (G/H,e(TG/H) ® €) — pt,

provided G/ H is Kg-oriented. The Lefschetz index is the index of the de Rham
operator with coefficients in &.
When we identify K¢ (G/H) = K} (pt), the Lefschetz index becomes a map

K7 (pt) — Kg(pt).

In complex K-theory, this is a map R(H) — R(G). Graeme Segal studied this
map in [28, Section 2], where it was denoted by 4.

For instance, assume G to be connected and let H = L be its maximal torus.
Let t € W := NgH/H, the Weyl group of G. Assume that we are working
with complex K-theory, so that K (G/H) = Kj(pt) = R(H). The Weyl
group W acts on G/H by right translations; these are G-equivariant maps.
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Taking the correspondences X Ll X = X, this gives a representation W —
KKS (G/H,G/H). We also map R(H) = K%(G/H) — KK, (G/H,G/H) using
the correspondences X = (X,¢) = X. These representations of W and R(H)
are a covariant pair of representations with respect to the canonical action of W
on R(H) induced by the automorphisms h — whw=! of H for w € W. Hence
we map

R(H) x W — K&y (G/H,G/H).

The Lefschetz index R(H) x W — R(G) maps a -t — 0 for ¢t € W\ {1} and
a-1~ indg Ay, where A, means the de Rham operator on G/H twisted by a.

2.7 FIXED POINTS SUBMANIFOLDS FOR TORUS ACTIONS

As another application of our excess intersection formula, we reprove a result
that is used in a recent article by Block and Higson [5] to reformulate the Weyl
Character Formula in KK-theory.

Block and Higson also develop a more geometric framework for equivariant
KK-theory for a compact group. For two locally compact G-spaces X and Y,
they identify KKf(X ,Y) with the group of continuous natural transformations
Oy KL(X x Z) — KG(Y x Z) for all compact G-spaces Z; here continuity
means that each @z is a K (Z)-module homomorphism. The Kasparov prod-
uct then becomes the composition of natural transformations. This reduces
Kasparov’s equivariant KK-theory to equivariant K-theory.

The theory «&® does more: it contains the knowledge that all such natural
transformations come from geometric correspondences, when geometric corre-
spondences give the same natural transformation, and how to compose geomet-
ric correspondences. Thus we get a more concrete KK-theory.

THEOREM 2.23. Let T be a compact torus and let X be a smooth, Kr-oriented
T-manifold with boundary. Let e(TX) € K}-(X) be the Euler class of X for the
chosen Krp-orientation. Let F' C X be the fized-point subset of the T-action
on X and let j: F — X be the inclusion map. Then F is again a smooth
K-oriented manifold with boundary, with trivial T-action, so that the inclusion
map j is Kp-oriented. Let e(TF) € K°(F) C K% (F) be the Euler class of F.
The two geometric correspondences

idx

X 4 (X e(TX)) 125 X,
X & (Fe(TF) L X

represent the same element in ﬁ(OT(X, X).

This is a generalisation of [5, Lemma 3.1]. We allow Spin°-manifolds instead
of complex manifolds. For a Spin®-structure coming from a complex structure,
the Buler class is [A*T*X] € K%(X), which appears in [5]. The following proof

is a translation of the proof in [5] into the category KK©.
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Proof. The first geometric correspondence above, involving the Euler class of X,
is represented by the composition of geometric correspondences

X x S x & ox i x
by Example 22T3} here ¢ denotes the zero section, which is Kp-oriented using
the given Kp-orientation on the T-vector bundle TX.
Choose a generic element ¢ in the Lie algebra of T, that is, the one-parameter
group exp(sf), s € R, is dense in T. Let a;: X — X denote the action of
t € T on X. The action of 7" maps & to a vector field ag: X — TX. There is
a homotopy of geometric correspondences

X x 2y £y M x

for s € [0,1]. For ¢ = 0 we get the composition above, involving e(TX). We
claim that for s = 1, the two correspondences intersect smoothly and that the
intersection product is the second geometric correspondence in the theorem,
involving F' and its Euler class.

First we show that the fixed-point submanifold F' is a closed submanifold.
Equip X with a T-invariant Riemannian metric. Let « € F, that is, ay(2) =z
for all t € T. Split T, X into

V={veT,X | Da(x,v) = (z,v) for all t € T}
and its orthogonal complement V+. Since the metric is T-invariant,
ai(exp(z,v)) = exp(Day(z, v))

for all v € T, X. Since the exponential mapping restricts to a diffeomorphism
between a neighbourhood of 0 in T, X and a neighbourhood of x in X, we have
exp(x,v) € Fifv € V, and the converse holds for v in a suitable neighbourhood
of 0. Thus we get a closed submanifold chart for F' near z with T,F = V.
Hence F' is a closed submanifold with

TF = {(z,v) € TX | Doy(z,v) = (z,v) for all t € T'}.

Since ¢ is generic, ag(z) = 0 in T, X if and only if z € F. Thus F is the
coincidence space of the pair of maps (,a¢: X — TX. Let x € F and let
v1,v2 € T X satisfy D{(x,v1) = Dag(z,v2). Then v; = vy by taking the hori-
zontal components; and the vertical component of Dag(x, v2) vanishes, which
means that Doexp(se)(z,v2) = (2,v2) for all s € R. Hence vy € T, F. This
proves that ¢ and ¢ intersect smoothly. The excess intersection bundle is the
cokernel of Daeyp(s¢) —id; since the action of T is by isometries, Doteyp(s¢) —id is
normal in each fibre, so that its image and kernel are orthogonal complements.
Hence the cokernel is canonically isomorphic to the kernel of Daeypsey — id.
Thus the excess intersection bundle is canonically isomorphic to TF'.

Hence Theorem 217 gives the geometric correspondence X <~ (F,e(TF)) L x
as the composition, as desired. O
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3 THE HOMOLOGICAL LEFSCHETZ INDEX OF A KASPAROV MORPHISM

The example in Section 2.6.1] shows in what sense the geometric Lefschetz
index computations in Section 2] generalise the local fixed-point formula for the
Lefschetz index of a self-map. Now we turn to generalisations of the global
homological formula for the Lefschetz index.

The classical Lefschetz fixed-point formula for a self-map f: X — X contains
the (super)trace of the map on the cohomology of X with rational coefficients
induced by f. We take rational coefficients in order to get vector spaces over a
field, where there is a good notion of trace for endomorphisms. By the Chern
character, we may as well take K*(X) ® Q instead of rational cohomology. It
is checked in [9] that the Lefschetz index of f € KKy(A4, A) for a dualisable
C*-algebra A in the bootstrap class is equal to the supertrace of the map on
K. (4) ® Q induced by f.

We are going to generalise this result to the equivariant situation for a compact
Lie group G. We assume that we are working with complex C*-algebras, so
that @f(pt,pt) = KK*G((C,(C) vanishes in odd degrees and is the represen-
tation ring R(G) in even degrees. Our methods do not apply to the torsion
invariants in KK§ (R, R) for d # 0 in the real case because we (implicitly) tensor
everything with Q to simplify the Lefschetz index.

Furthermore, we work in KKC instead of KK in this section because the cat-
egory KK is triangulated, unlike KR, We explain in Remark BI1] why KK
is not triangulated; the triangulated structure on KK is introduced in [21].
Let S C R(G) be the set of all elements that are not zero divisors. This is a
saturated, multiplicatively closed subset; even more, it is the largest multiplica-
tively closed subset for which the canonical map R(G) — S™!R(G) to the ring
of fractions is injective (see [I, Exercise 9 on p. 44]). The localisation S~! R(G)
is also called the total ring of fractions of R(G).

Since KK¢ is symmetric monoidal with unit 1 = C and R(G) = KK§ (C, C),
the category KK is R(G)-linear. Hence we may localise it at S as in [17]. The
resulting category T := S—IKK® has the same objects as KK® and arrows

T.(A,B) := ST'KKY (A, B) = ST'R(G) @r(q) KKY (4, B).

The category T is S~! R(G)-linear. There is an obvious functor f: KK — 7.
If A is a separable G-C*-algebra, then

T.(C, A) = ST'KKY(C, A) = ST'R(G) ®r(e) K (A),

where we use the usual R(G)-module structure on K&(4) = KK%(C, A).
There is a unique symmetric monoidal structure on 7 for which f is a strict
symmetric monoidal functor: simply extend the exterior tensor product on
KKY §-1 R(G)-linearly. Hence if A is dualisable in KK, then its image in T
is dualisable as well, and

g(tr f) = tr(5f)  for all f € KKE(A, A).
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The crucial point for us is that §tr(f) = tr(hf) uniquely determines tr f because
the map

R(G) 2 KKS(1,1) & To(1,1) = S~ R(G)

is injective. Thus it suffices to compute Lefschetz indices in 7. This may be
easier because T has more isomorphisms and thus fewer isomorphism classes of
objects. Furthermore, the endomorphism ring of the unit 7,(1,1) = S~ R(G)
has a rather simple structure:

LEMMA 3.1. The ring ST R(G) is a product of finitely many fields.

Proof. Let G/ Ad G be the space of conjugacy classes in G and let C(G/ Ad G)
be the algebra of continuous functions on G/ Ad G. Taking characters provides
a ring homomorphism x: R(G) — C(G/ Ad G), which is well-known to be in-
jective. Hence R(G) is torsion-free as an Abelian group and has no nilpotent
elements. Since G is a compact Lie group, R(G) is a finitely generated com-
mutative ring by [28, Corollary 3.3]. Thus R(G) is Noetherian and reduced.
This implies that its total ring of fractions is a finite product of fields (see
[18, Exercise 6.5]). O

The fields in this product decomposition correspond bijectively to minimal
prime ideals in R(G). By [28] Proposition 3.7.iii], these correspond bijectively
to cyclic subgroups of G/G°, where G° denotes the connected component of
the identity element. In particular, ST'R(G) is a field if and only if G is
connected.

Ezxample 3.2. Let G be a connected compact Lie group. Let T be a maximal
torus in G and let W be the Weyl group, W := Ng(T)/T. Highest weight
theory provides an isomorphism R (G) = R(T)". Here R(T) is a ring of integral
Laurent polynomials in r variables, where r is the rank of 7. Since elements
of N>; are not zero divisors in R(G), the total ring of fractions of R(G) is
equal to the total ring of fractions of R(G) ® Q. The latter is the Q-algebra
of W-invariant elements in Q[x1, ..., 2y, (x1---2,)"!]. This is the algebra of
polynomial functions on the algebraic Q-variety (Q*)", and the W-invariants
give the algebra of polynomials on the quotient variety (Q*)"/W. This variety
is connected, so that the total ring of fractions S™! R(G) in this case is the
field of rational functions on the algebraic Q-variety (Q*)"/W.

Now we can define an equivariant analogue of the trace of the map on K. (4)®Q
induced by f € KKy(A, A):

DEFINITION 3.3. Let S™'R(G) = [[_, F; with fields F;. A module over
S~IR(G) is a product H?Zl V;, where each V; is an Fj-vector space. In partic-
ular, if A is a G-C*-algebra, then 7.(C, 4) = ST'KE(A) = []7, K&, (A) for
certain Z/2-graded F;-vector spaces K*GI(A) An endomorphism f € 7y(4, A)
induces grading-preserving endomorphisms Kfz( f): KfZ(A) — KfZ(A)
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If the vector spaces Kf‘:i(A) are all finite-dimensional, then the (super)trace of
K*Gz(f) is defined to be trKOG,i(f) - trKﬁi(f) € F;, and

tr STKE(f) = (0 KE, ()i, € [[ Fi = ST R(G).

i=1

We will see below that dualisability for objects in appropriate bootstrap classes
already implies that K€ (A) is a finitely generated R(G)-module, and then each
KSZ(A) must be a finite-dimensional F;-vector space.

THEOREM 3.4. Let A belong to the thick subcategory of KK¢ generated by C
and let [ € KKg(A,A). Then A is dualisable in KK, so that tr f is defined,
and

g(tr f) = tr STIKE(f) € STIR(G).

Thick subcategories are defined in [26, Definition 2.1.6]. The thick subcategory
generated by C is, of course, the smallest thick subcategory that contains the
object C. We denote the thick subcategory generated by a set A of objects or
a single object by (A).

As we remarked above, f(tr f) uniquely determines tr f € R(G) because the
canonical embedding §: R(G) — S™! R(G) is injective.

We will prove Theorem [3.4] in Section

How restrictive is the assumption that X should belong to the thick subcategory
of KK generated by C? The answer depends on the group G.

We consider the two extreme cases: Hodgkin Lie groups and finite groups.

A Hodgkin Lie group is, by definition, a connected Lie group with simply
connected fundamental group; they are the groups to which the Universal Co-
efficient Theorem and the Kiinneth Theorem in [27] apply.

THEOREM 3.5. Let G be a compact connected Lie group with torsion-free funda-
mental group. Then a G-C*-algebra A belongs to the thick subcategory generated
by C if and only if

o A, without the G-action, belongs to the bootstrap category in KK, and
o A is dualisable.

We postpone the proof of this theorem until after the proof of Proposition B.13]
which generalises part of this theorem to arbitrary compact Lie groups.

The first condition in Theorem is automatic for commutative C*-algebras
because the non-equivariant bootstrap category is the class of all separable
C*-algebras that are KK-equivalent to a commutative separable C*-algebra.
Hence Theorem verifies the assumptions needed for Theorem B4 if A =
Co(X) and Co(X) is dualisable in KK; the latter is necessary for the Lefschetz
index to be defined, anyway.

In particular, let X be a compact smooth G-manifold with boundary, for a
Hodgkin Lie group G. Then X is dualisable in KK by Theorem 27l and
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hence C(X) is dualisable in KK® because the functor KK© — KK is sym-

metric monoidal. Furthermore, ﬁ(f (X, X) = KKY(C(X),C(X)) in this case,
so that any endomorphism f € KK§(C(X),C(X)) comes from some self-

correspondence in @ff (X, X). We get the following generalisation of the Lef-
schetz fixed-point formula:

COROLLARY 3.6. Let G be a Hodgkin Lie group, X a smooth compact
G-manifold, possibly with boundary, and f € ﬁg(X,X). Then tr(f) €
R(G) C S7'R(G) is equal to the supertrace of ST'KE(f), acting on the
S—IR(G)-vector space STIKE(X).

Notice that S~ R(G) for a Hodgkin Lie group is a field, not just a product of
fields.

In particular, Corollary for the trivial group gives the Lefschetz index for-
mula in [9].

Whereas Theorem B.4] yields quite satisfactory results for Hodgkin Lie groups,
its scope for a finite group G is quite limited:

Ezample 3.7. For G = 7Z/2 there is a locally compact G-space X with
KL (X) = 0 but K*(X) # 0. Equivalently, KK¢(C,Co(X)) = 0 and
KKY(C(G), Co(X)) # 0. This shows that C(G) does not belong to (C).
Worse, the Lefschetz index formula in Theorem [B4] is false for endomorphisms
of C(G). We have @f(G, G) = Z|G], spanned by the classes of the translation
maps G — G, x — x-g, for g € GG, and these are homogeneous correspondences
as in Section

Translation by g = 1 is the identity map, and its Lefschetz index is the class of
the regular representation of G in R(G). For g # 1, the Lefschetz index is zero
because the fixed point subset is empty. However, K (G) = K*(pt) = Z[0]
and all translation maps induce the identity map on K¢ (G). Thus the induced
map on K¢ (G) is not enough information to compute the Lefschetz index of

. . —~G
an endomorphism of G in KK .

3.1 THE EQUIVARIANT BOOTSTRAP CATEGORY

A reasonable Lefschetz index formula should apply at least to KK%-endo-
morphisms of C(X) for all smooth compact G-manifolds and thus, in particular,
for finite G-sets X. Example 3.7 shows that Theorem [3.4] fails on such a larger
category. This leads us to improve the Lefschetz index formula. First we discuss
the class of G-C*-algebras where we expect it to hold.

We are going to describe an equivariant analogue of the bootstrap class in KK¢.
Our class is larger than the class of C*-algebras that are KK%-equivalent to a
commutative C*-algebra. The latter subcategory is too small because it is not
thick. The thick (or localising) subcategory of KK¢ generated by commutative
C*-algebras is a better choice, but such a definition is not very intrinsic. We
will choose an even larger subcategory of KKY because it is not more difficult
to treat and has a nicer characterisation.
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The category KK¢ only has countable coproducts because we need C*-algebras
to be separable. Hence the standard notions of compact objects and localising
subcategories have to be modified so that they only involve countable coprod-
ucts. As in [7, Definition 2.1], we speak of compacty, objects, localisingy,
subcategories, and compactlyy, generated subcategories.

DEFINITION 3.8. Call a G-C*-algebra A eclementary if it is of the form
md% M,,C = C(G,M,,C)* for some closed subgroup H C G and some action
of H on M,,C by automorphisms; the superscript H means the fixed points for
the diagonal action of H.

DEFINITION 3.9. Let BY C KK be the localisingy, subcategory generated by
all elementary G-C*-algebras. We call BY the G-equivariant bootstrap category.

An action of H on M, C comes from a projective representation of H on C".
Such a projective representation is a representation of an extension of H by the
circle group. The extension is classified by a cohomology class in H?(H, U(1)).
Two actions on M,,C are H-equivariantly Morita equivalent if and only if they
belong to the same class in H?(H,U(1)). The G-C*-algebras Ind$ M,,C for
actions of H on M,C with different cohomology classes need not be KK¢-
equivalent.

THEOREM 3.10. A G-C*-algebra belongs to the localisings, subcategory gener-
ated by the elementary G-C*-algebras if and only if it is KK -equivalent to a
G-action on a type I C*-algebra.

Proof. 1t is already shown in [27, Theorem 2.8] that all G-actions on type I
C*-algebras belong to the localisingy, subcategory generated by the elemen-
tary G-C*-algebras. By definition, localisingy, subcategories are closed under
KKG-equivalence. Elementary G-C*-algebras are type I C*-algebras, even con-
tinuous trace C*-algebras. To finish the proof we must show that the G-C*-
algebras that are KKG—equivalent to type I G-C*-algebras form a localisingy,
subcategory of KK¢.

Let 77 € KKY be the full subcategory of type I, separable G-C*-algebras.
If A € Ty, then Cyp(R, A) € T, so that 77 is closed under suspension and
desuspension. Let A,B € T; and f € KKg(A,B). We have KKg(A,B) =
KK? (A4, Co(R, B)), and cycles for the latter group correspond to (equivariantly)
semisplit extensions of G-C*-algebras

Co(R,B) e K —D— A

with K := K(L?(G x N)). Since B and A are type I, so are Co(R, B)®@ K and D
because the property of being type I is inherited by extensions. The semisplit
extension above provides an exact triangle isomorphic to

B[-1—-»D— AL B.

Thus there is an exact triangle containing f with all three entries in 7. Fur-
thermore, countable direct sums of type I C*-algebras are again type I. This
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implies that the G-C*-algebras KKG—equivalent to one in 77 form a localisingy,
subcategory of KK¢. O

Remark 3.11. In the non-equivariant case, any C*-algebra in the bootstrap class
is KK-equivalent to a commutative one. This criterion fails already for G =
U(1), as shown by a counterexample in [I0]. Since the bootstrap class is the
smallest localising subcategory containing C, it follows that the commutative
C*-algebras do not form a localising subcategory. Thus Kk is not triangulated:
it lacks cones for some maps.

In this case, the equivariant bootstrap class is already generated by C and
contains all U(1)-actions on C*-algebras in the non-equivariant bootstrap cat-
egory. It is shown in [I0] that the U(1)-equivariant K-theory of a suitable
Cuntz—Krieger algebra with its natural gauge action cannot arise from any
U(1)-action on a locally compact space.

COROLLARY 3.12. The restriction and induction functors KK® — KK and
KK — KK¢ for a closed subgroup H in a compact Lie group G restrict to
functors between the bootstrap classes in KK and KK*.

Proof. Restriction does not change the underlying C*-algebra and thus pre-
serves the property of being type I. Induction maps elementary H-C*-algebras
to elementary G-C*-algebras, is triangulated, and commutes with direct sums.
Hence it maps B to BE. O

PROPOSITION 3.13. An object of BE is compacty, if and only if it is dualisable,
if and only if it belongs to the thick subcategory of BE (or of KKG) generated
by the elementary G-C*-algebras.

Proof. The tensor unit C is compacty, because KK (C, 4) = K¢ (4) = K.(Gx
A) is countable for all G-C*-algebras A, and the functors A — G x A and K,
are well-known to commute with coproducts. Furthermore, the tensor product
in KK commutes with coproducts in both variables.

Using this, we show that dualisable objects of BY are compacty,. If A is
dualisable with dual A*, then KK (A,B) = KK¢ (C,A* ® B), and since C is
compacty, and ® commutes with countable direct sums, it follows that A is
compacty; .

It follows from [8, Corollary 2.2] that elementary G-C*-algebras are dualisable
and hence compacty,. A compact group has only at most countably many
compact subgroups by Lemma B.14 below; and any of them has at most finitely
many projective representations. Hence the set of elementary G-C*-algebras
is at most countable. Therefore, BE is compactlyy, generated in the sense
of [7, Definition 2.1]. By [7, Corollary 2.4] an object of BY is compacty, if
and only if it belongs to the thick subcategory generated by the elementary
G-C*-algebras.

The Brown Representability Theorem [7], Corollary 2.2] shows that for every
compacty, object A of BY there is a functor Hom(A4, ) from B¢ to BY such
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that
KKY(A ® B, D) = KK (B, Hom(A, D))

for all B, D in BY. Using exactness properties of the internal Hom functor in
the first variable, we then show that the class of dualisable objects in B is
thick (see [7, Section 2.3]). Thus all objects of the thick subcategory generated
by the elementary G-C*-algebras are dualisable. O

The following lemma is well-known, see [25].

LEMMA 3.14. A compact Lie group has at most countably many conjugacy
classes of closed subgroups.

Proof. Let H be a closed subgroup of a compact Lie group G. By the Mostow
Embedding Theorem, G/H embeds into a linear representation of G, that
is, H is a stabiliser of a point in some linear representation of G. Up to
isomorphism, there are only countably many linear representations of G. Each
linear representation has finite orbit type, that is, it admits only finitely many
different conjugacy classes of stabilisers. Hence there are altogether at most
countably many conjugacy classes of closed subgroups in G. o

Proof of Theorem[3J Let G be a Hodgkin Lie group. The main result of [23]
says that A belongs to the localising subcategory of KK¢ generated by C if and
only if A x G belongs to the non-equivariant bootstrap category (this is special
for Hodgkin Lie groups). Since this covers all elementary G-C*-algebras, we
conclude that the localising subcategory generated by C contains B¢ and is,
therefore, equal to BE.

The same argument as in the proof of Proposition [3.13] shows that the following
are equivalent for an object A of BE:

e A is dualisable;
e A is compacty,;
e A belongs to the thick subcategory generated by C.

This finishes the proof of Theorem O

So far we always used the bootstrap class, which is the domain where a Univer-
sal Coefficient Theorem holds. The next proposition is a side remark showing
that we may also use the domain where a Kiinneth formula holds.

DEFINITION 3.15. An object A € KK satisfies the Kiinneth formula if K*G(A®
B) = 0 for all B that satisfy K& (C® B) = 0 for all elementary G-C*-algebras C.

By results of [20,124], the assumption in Definition is necessary and suffi-
cient for a certain natural spectral sequence that computes K*G(A ® B) from
KK¢ (C,A) and KK*G(C’, B) for elementary C' to converge for all B; we have
no need to describe this spectral sequence.
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PROPOSITION 3.16. Let A € KK be dualisable with dual A*. If A or A*
satisfies a Kiinneth formula, then both A and A* belong to B, and vice versa.

Proof. Since BY is generated by the elementary G-C*-algebras, KK*G(C, B)=0
for all elementary G-C*-algebras C if and only if KK& (C,B)=0forall C €
BS. Any elementary G-C*-algebra C is dualisable with a dual in BY. Hence
KY(C ® B) = KK¢(C*, B) = 0 for elementary C if KKY(C’", B) = 0 for all
elementary G-C*-algebras C’; conversely KKY(C, B) = K¢ (C* @ B) = 0 for
elementary C if K¢(C' ® B) = 0 for all elementary G-C*-algebras C”. Let us
denote the class of G-C*-algebras with these equivalent properties B&L.

It follows from [20, Theorem 3.16] that (B“,B% 1) is a complementary pair
of localising subcategories. In particular, if KK*G (A,B) =0 for all B € B+,
then A € BE.

Now assume, say, that A satisfies a Kiinneth formula. Then KK*G(A*,B) ~
K¢ (A®B) =0 for all B € BSL. Thus A* € BS. Then K¢ (A* ® B) = 0 for all
B € B%+ because the class of C with K& (C® B) = 0 is localising and contains
all elementary C if B € B . As above, this implies (4*)* = A € BY. O

The proof of Theorem above used that, for a Hodgkin Lie group, BY is
already generated by C. For more general groups, we also expect that fewer
generators suffice to generate BY. But we only need and only prove a result
about topologically cyclic groups here.

A locally compact group G is called topologically cyclic if there is an element
g € G that generates a dense subgroup of G. A topologically cyclic group
is necessarily Abelian. We are interested in topologically cyclic, compact Lie
groups here. A compact Lie group is topologically cyclic if and only if it is
isomorphic to T" x F for some r > 0 and some finite cyclic group F (possibly
the trivial group), where T = R/Z = U(1). Here we use that any extension
T — E — F for a finite cyclic group F splits. This also implies that any
projective representation of a finite cyclic groups is a representation.

THEOREM 3.17. Let G be a topologically cyclic, compact Lie group. Then
the bootstrap class BS C KK is already generated by the finitely many G-
C*-algebras C(G/H) for all open subgroups H C G.

Furthermore, an object of B® is compacty, if and only if it is dualisable if
and only if it belongs to the thick subcategory generated by C(G/H) for open
subgroups H C G.

Proof. The second statement about compacty, objects in B follows from the
first one and [7, Corollary 2.4], compare the proof of Proposition Thus
it suffices to prove that the objects C(G/H) for open subgroups already gener-
ate BE. For this, we use an isomorphism G = T” x F for some r > 0 and some
finite cyclic subgroup F.

Let us first consider the special case r = 0, that is, G is a finite cyclic group. In
this case, any subgroup of GG is open and again cyclic. We observed above that
cyclic groups have no non-trivial projective representations. Thus any elemen-
tary G-C*-algebra is Morita equivalent to C(G/H) for some open subgroup H
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in G. Hence the assertion of the theorem is just the definition of BY in this
case.

If F is trivial, then the assertion follows from Theorem Now we consider
the general case where both F' and T" are non-trivial.

The Pontryagin dual G of G is isomorphic to the discrete group Z" x F. If A
is a G-C*-algebra, then G x A carries a canonical action of G called the dual
action. Similarly, G x A for a G—C*—algek}ra A carries a canonical dual action
of G. This provides functors KK — KK and KK — KK¢. Baaj—Skandalis
duality says that they are inverse to each other up to natural equivalence (see
[2, Section 6]). Since both functors are triangulated, this is an equivalence of
triangulated categories. A A
If A is type I, then so is G x A. Hence all objects in B¢ C KK¢ are KK®-
equivalent to a G-action on a type I C*-algebra by Theorem

The group G is Abelian and hence satisfies a very strong form of the Baum—
Connes conjecture: it has a dual Dirac morphism and v = 1 in the sense of
[22, Definition 8.1]. From this it follows that any G-C*-algebra A belongs to the
localising subcategory of KK that is generated by IndGﬁ A for finite subgroups
H C G (this is shown as in the proof of [22, Theorem 9.3]).

The finite subgroups in Z" x F are exactly the subgroups of F of course. Since
we have induction in stages, we may assume H = F. Thus the subcategory of
type I G-C* -algebras is already generated by IndG A for type I F-C -algebras A.
Since F is a finite cyclic group, the discussion above shows that the category of
type I F-C*-algebras A is already generated by CO(F / H ) for subgroups HCF.
Thus BY is generated by the G-C*-algebras IndG Co(F/H) = Co(G/H). The
finite subgroups H C G are exactly the orthogonal complements of (finite-
index) open subgroups H C G.

Now G x Co(G/H) is Morita equivalent to C*(H) = Co(G/H) for any open
subgroup H C G, where bil C G denotes the orthogonal complement of H in G.
The dual action on Co(G/H) comes from the translation action of . Thus
the G- and G-C*-algebras Co(G/H) and Co(G/H) correspond to each other
via Baaj—-Skandalis duality. We conclude that the G-C*-algebras Co(G/H) for
open subgroups H C G generate BE. O

Let G be topologically cyclic, say, G = T" x Z/k for some r > 0, k > 1. Then
open subgroups of G correspond to subgroups of Z/k and thus to divisors d
of k. The representation ring of G is

R(G) 2 R(T") ® R(Z/k) = Z]x1,. ..,z (x1---2,) Y @ Z[t]/(t* —1). (3.1)

th—1=]]alt)

dlk

Let

be the decomposition into cyclotomic polynomials. Each factor &, generates a
minimal prime ideal of R(G), and these are all minimal prime ideals of R(G).
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The localisation at (®4) gives the field Q(84)(x1,...,x,) of rational functions
in r variables over the cyclotomic field Q(6,4), and the product of these locali-
sations is the total ring of fractions of R(G),

ST'R(G) = [[ Qo) (@1, - ).

dlk
(Compare Lemma [311)

LEMMA 3.18. Let H C G be a proper open subgroup. The canonical map
R(G) — KK{ (C(G/H),C(G/H))

from the exterior product in KK¢ factors through the restriction map R(G) —
R(H). The image of C(G/H) in the localisation of KK at the prime ideal (®},)
vanishes.

Proof. The exterior product of the identity map on C(G/H) and £ € R(G) =
KKS (C,C) is given by the geometric correspondence G/H = G/H = G/H
with the class p*(£) € K&(G/H), where p: G/H — pt is the constant map.
Now identify K& (G/H) = K% (pt) = R(H) and p* with the restricton map
R(G) — R(H) to get the first statement.

We have H = T" x Z/d embedded via (z,j) — (z,jk/d) into G = T" x Z/k.
If H # G, then d # k. The restriction map R(G) — R(H) annihilates the
polynomial (t*¥ — 1)/®; = Hdlk,d;ﬁk ®4. This polynomial does not belong to
the prime ideal (®) and hence becomes invertible in the localisation of R(G)
at (P ). Since an invertible endomorphism can only be zero on the zero object,
C(G/H) becomes zero in the localisation of KK at (®y). O

3.2 LOCALISATION OF THE BOOTSTRAP CLASS

PROPOSITION 3.19. Let G = T" x Z/k be topologically cyclic. Let Bg be the
thick subcategory of dualisable objects in the bootstrap class BE C KKC. Any
object in the localisation of BS at the prime ideal (®}) in R(G) is isomorphic
to a finite direct sum of suspensions of C.

Proof. By Theorem [3.I7 an object of B¢ is dualisable if and only if it belongs
to the thick subcategory generated by C(G/H) for open subgroups H C G.
Lemma [BI8 shows that all of them except C = C(G/G) become zero when we
localise at (®)). Hence the image of BY in the localisation is contained in the
thick subcategory generated by C. We must show that the objects isomorphic
to a direct sum of suspensions of C already form a thick subcategory in the
localisation of KK at (®y).

The graded endomorphism ring of C in this localisation is

KKY(C,C) ®rc) R(G) (@) = Q0k) (21, - .., 2,)[B, B7]
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with 5 of degree two generating Bott periodicity. It is crucial that KKf((C, C)
F[B,B71] for a field F := Q(0;)(z1,...,2,). The following argument only uses
this fact.

We map a finite direct sum A = @, ; Cle;] of suspensions of C to the
Z/2-graded F-vector spaces V(A) with basis I and generators of degree ¢;.
For two such direct sums, KKE(A, B) is isomorphic to the space of grading-
preserving F-linear maps V(A) — V(B) because this clearly holds for a single
summand.

Now let f € KK§ (A, B) and consider the associated linear map V (f): V(A) —
V(B). Choose a basis for the kernel of V(f) of homogeneous elements and
extend it to a homogeneous basis for V(A), and extend the resulting basis for
the image of V(f) to a homogeneous basis of V(B). This provides isomorphisms
V(A) = Voo W, V(B) 2 Wy & Wy such that fly, = 0, f(V1) = W; and
flvi: Vi — Wi is an isomorphism. The chosen bases describe how to lift
the Z/2-graded vector spaces V; and W; to direct sums of suspensions of C.
Thus the map f is equivalent to a direct sum of three maps fo & f1 ® fo with
fo: Ap — 0 mapping to the zero object, f1 invertible, and fo: 0 — By with
domain the zero object. The mapping cone of fy is the suspension of Ag, the
cone of f5 is Bo, and the cone of f; is zero. Hence the cone is again a direct
sum of suspensions of C. Furthermore, any idempotent endomorphism has a
range object.

Thus the direct sums of suspensions of C already form an idempotent complete
triangulated category. As a consequence, any object in the thick subcategory
generated by C is isomorphic to a direct sum of copies of C. O

PRrROPOSITION 3.20. Let G be a Hodgkin Lie group. Let Bf be the thick subcat-
egory of dualisable objects in the bootstrap class B C KKY. Any object in the
localisation of Bg at S is isomorphic to a finite direct sum of suspensions of C.

Proof. Theorem [3.5] shows that BdG is the thick subcategory of KK¢ generated
by C. The localisation F' := S™'R(G) is a field because G is connected, and
the graded endomorphism ring of C in the localisation of KK at S is F (8,871
with 3 the generator of Bott periodicity. Now the argument is finished as in
the proof of Proposition O

Remark 3.21. The localisations above use the groups KKG(A,B) ®RrR(Q)
S~IR(G) for some multiplicatively closed subset S C End(1) = R(G), fol-
lowing [I7]. A drawback of this localisation is that the canomical functor
KK® — S~1KK®Y does not commute with (countable) coproducts. This is
why Propositions B.19 and are formulated only for B and not for all
of BC.

Another way to localise B at S is described in [7, Theorem 2.33]. Both local-
isations agree on BY by [7, Theorem 2.33.h]. The construction in [7] has the
advantage that the canonical functor from KK to this localisation commutes
with smally, (that is, countable) coproducts. Hence analogues of Propositions
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319 and 320 hold for the whole bootstrap category B¢, with smally, coprod-
ucts of suspensions of C instead of finite direct sums of suspensions of C.

3.3 THE LEFSCHETZ INDEX COMPUTATION USING LOCALISATION

Now we have all the tools available to formulate and prove a Lefschetz index
formula for general compact Lie groups. We first prove Theorem [B4, which
deals with endomorphisms of objects in the thick subcategory generated by C.
Then we formulate and prove the general Lefschetz index formula.

Proof of Theorem[37) Since A belongs to the thick subcategory generated
by C, it is dualisable in KK by Proposition Hence tr(f) € R(G) is
defined for f € KK§ (4, A).

The image of tr(f) in S~'R(G) is the Lefschetz index of the image of f in the
localisation of KK at S. The localisation S~' R(G) is a product of fields. Tt is
more convenient to compute each component separately. This means that we
localise at larger multiplicatively closed subsets S such that S~'R(G) is one
of the factors of ST!R(G). In this localisation, the endomorphisms of C form
a field again, not a product of fields. If our trace formula holds for all these
localisations, it also holds for S™! R(G).

Since the endomorphisms of C form a field, the same argument as in the proof of
Proposition B.I9 show that, in this localisation, A is isomorphic to a finite sum
of copies of suspensions of C. Write A = @!" | A; with A; = C[g;] in S~'KK“
for some £; € Z/2. Then f becomes a matrix (fi;) with fi; € STIKKS (45, A;).
The dual of 4; = Cle;] is Af = Cle;] 2 A;, and the unit and counit of adjunction
C = Cleg] ® Cle;] are the canonical isomorphism and its inverse with sign
(—1)%, respectively; the sign is necessary because the exterior product is graded
commutative. Hence the dual of A is isomorphic to A, with unit and counit

CSARAx P Aiv 4

ij=1

the sum of the canonical isomorphisms C <= A; @ A;, up to signs, and the
zero maps C & A; @ Aj; for i # j. Thus the Lefschetz index of f is the
sum 37" (—1)% fiiei] as an element in S~'KKS (C,C). This is exactly the
supertrace of f acting on S~'K(A) = @7, S~ R(G)[e)- O

Let G be a general compact Lie group. Let Cg denote the set of conjugacy
classes of Cartan subgroups of G in the sense of [28, Definition 1.1]. Such
subgroups correspond bijectively to conjugacy classes of cyclic subgroups in
the finite group G/GY, where G° denotes the connected component of the
identity element in G. Thus C¢ is a non-empty, finite set, and it has a single
element if and only if G is connected.

The support of a prime ideal p in R(G) is defind in [28] as the smallest sub-
group H such that p comes from a prime ideal in R(H) via the restriction
map R(G) — R(H). Given any Cartan subgroup H, there is a unique minimal
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prime ideal with support H, and this gives a bijection between C'¢ and the set
of minimal prime ideals in R(G) (see [28, Proposition 3.7]).

More precisely, if H C G is a Cartan subgroup, then H is topologically cyclic
and hence H = T" x Z/k for some r > 0, k > 1. We described a prime
ideal (@) in R(H) before Lemma [BI8 and its preimage in R(G) is a minimal
prime ideal py in R(G).

The total ring of fractions S~!R(G) is a product of fields by Lemma Bl We
can make this more explicit:

STR(@G) = [ FRG)/pa),

HeCq
where F'(.,) denotes the field of fractions for an integral domain.

DEFINITION 3.22. Let A be dualisable in B¢ C KK, let ¢ € KK§ (A4, A),
and let H € Cg. Let F = F(R(G)/pg) and let Ky (A) = KT (A) @rem
F, counsidered as a Z/2-graded F-vector space. Let Kg(p) be the grading-
preserving F-linear endomorphism of Ky (A) induced by ¢.

THEOREM 3.23. Let A be dualisable in BS C KKC, let ¢ € KKS (A4, A), and let
H € Cq. Then the image of tr(¢) in F(R(G)/pm) is the supertrace of K (p).

Proof. The map R(G) — F(R(G)/pu) factors through the restriction homo-
morphism R(G) — R(H) because py is supported in H. Restricting the group
action to H maps the bootstrap category in KK into the bootstrap category
in KK by Corollary B12] and commutes with taking Lefschetz indices be-
cause restriction is a tensor functor. Hence we may replace G by H and take
¢ € KK{(A, A) throughout.

Since H is topologically cyclic, Proposition applies. It shows that in the
localisation of KK at pr, any dualisable object in BY becomes isomorphic to
a finite direct sum of suspensions of C. Now the argument continues as in the
proof of Theorem B.4] above. O

4 HATTORI-STALLINGS TRACES

Before we found the above approach through localisation, we developed a dif-
ferent trace formula where, in the case of a Hodgkin Lie group, the trace is
identified with the Hattori-Stallings trace of the R(G)-module map K%(f)
on KE(A). We briefly sketch this alternative formula here, although the lo-
calisation approach above seems much more useful for computations. The
Hattori—Stallings trace has the advantage that it obviously belongs to R(G).
We work in the general setting of a tensor triangulated category (7, ®,1). We
assume that 7T satisfies additivity of traces, that is:

ASSUMPTION 4.1. Let A — B — C — A[l] be an exact triangle in T and
assume that A and B are dualisable. Assume also that the left square in the
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following diagram

A B c Al
J/fA JfB fc lfA[ll
A B C Al

commutes. Then C is dualisable and there is an arrow fo: C — C' such that
the whole diagram commutes and tr(fc) — tr(fg) +tr(fa) = 0.

Additivity of traces holds in the bootstrap category B C KK®. The quickest
way to check this is the localisation formula for the trace in Theorem 3231 It
shows that B satisfies even more: tr(fc) — tr(fg) + tr(fa) = 0 holds for any
arrow fo that makes the diagram commute.
There are several more direct ways to verify additivity of traces, but all require
significant work which we do not want to get into here. The axioms worked out
by J. Peter May in [19] are lengthy and therefore rather unpleasant to check
by hand. In a previous manuscript we embedded the localising subcategory
of KK¢ generated by C into a category of module spectra. Since additivity
is known for categories of module spectra, this implies the required additivity
result at least for this smaller subcategory. Another way would be to show that
additivity of traces follows from the derivator axioms and to embed KK into
a triangulated derivator.
In the following, we will just assume additivity of traces and use it to compute
the trace. Let

R:=T.(1,1) = P To(1,1)

nez

be the graded endomorphism ring of the tensor unit. It is graded-commutative
provided T satisfies some very basic compatibility axioms; see [29] for details.
If A is any object of T, then M(A) := T.(1,4) = @,z Tn(1,4) is an
R-module in a canonical way, and an endomorphism f € 7,(A, A) yields a
degree-n endomorphism M (f) of M(A). We will prove in Theorem below
that, under some assumptions, the trace of f equals the Hattori—Stallings trace
of M(f) and, in particular, depends only on M(f).

Before we can state our theorem, we must define the Hattori—Stallings trace
for endomorphisms of graded modules over graded rings. This is well-known
for ungraded rings (see [3]). The grading causes some notational overhead.
Let R be a (unital) graded-commutative graded ring. A finitely generated free
R-module is a direct sum of copies of R[n], where R[n] denotes R with degree
shifted by n, that is R[n]; = Rp44. Let F': P — P be a module endomorphism
of such a free module, let us assume that F' is homogeneous of degree d. We
use an isomorphism

P @R[ni] (4.1)
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to rewrite F' as a matrix (fij)1<i j<r, where f;;: R[n;] — R[n;| are R-module
homomorphisms of degree d. The entry f;; is given by right multiplication by
some element of R of degree n; — n; + d. The (super)trace tr F is defined as

tr = Z(—l)”" tr fii;
i=1

this is an element of R of degree d.

It is straightforward to check that tr F' is well-defined, that is, independent
of the choice of the isomorphism in (I]). Here we use that the degree-zero
part of R is central in R (otherwise, we still get a well-defined element in the
commutator quotient R;/[Rq4, Ro]). Furthermore, if we shift the grading on P
by n, then the trace is multiplied by the sign (—1)" — it is a supertrace.

If P is a finitely generated projective graded R-module, then P & @ is finitely
generated and free for some @, and for an endomorphism F' of P we let

trF:=tr(Fe0: PHQ — P& Q).

This does not depend on the choice of Q.
A finite projective resolution of a graded R-module M is a resolution

e p Yy p, By p Doy gy (4.2)

of finite length by finitely generated projective graded R-modules P;. We
assume that the maps d; have degree one (or at least odd degree). Assume
that M has such a resolution and let f: M — M be a module homomorphism.
Lift f toachainmap f;: P; = P, j =0,...,¢. We define the Hattori-Stallings
trace of f as

M~

tr(f) = ) tr(f)-
§=0

It may be shown that this trace does not depend on the choice of resolution.
It is important for this that we choose d; of degree one. Since shifting the
degree by one alters the sign of the trace of an endomorphism, the sum in the
definition of the trace becomes an alternating sum when we change conventions
to have even-degree boundary maps d;. Still the trace changes sign when we
shift the degree of M.

THEOREM 4.2. Let F € T(A, A) be an endomorphism of some object A of T.
Assume that A belongs to the localising subcategory of T generated by 1. If the
graded R-module M(A) := T.(1,A) has a finite projective resolution, then A
s dualisable in T and the trace of F is equal to the Hattori—Stallings trace of
the induced module endomorphism T.(1, f) of M(A).

Proof. Our main tool is the phantom tower over A, which is constructed in [20].
We recall some details of this construction.
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Let M+ be the functor from finitely generated projective R-modules to T de-
fined by the adjointness property 7 (M= (P), B) = T (P, M(B)) for all B € T.
The functor M+ maps the free rank-one module R to 1, is additive, and com-
mutes with suspensions; this determines M~ on objects. Since R = T,(1,1),
To(M*(Py), M+(P,)) is isomorphic (as a graded Abelian group) to the space
of R-module homomorphisms P, — P,. Furthermore, we have canonical iso-
morphisms M (M J-(P)) = P for all finitely generated projective R-modules P.
By assumption, M (A) has a finite projective resolution as in ([f.2)). Using M -
we lift it to a chain complex in T, with entries P =M+ (P;) and boundary
maps d = M=(d;) for j > 1. The map do: Py — A is the pre-image of dj
under the adJomtness isomorphism T (M1 (P), B) = T (P, M(B)). We get back
the resolution of modules by applying M to the chain complex (P d; i)

Next, it is shown in [20] that we may embed this chain complex into a diagram

1 2 3

N N NN

PO(’V\NVV\NV\,Pl(’\NVVWVV\/P2NVVV\NVV\/P3MNVV\NW"-
dl dg dS

(4.3)
where the wriggly lines are maps of degree one; the triangles involving ch com-
mute; and the other triangles are exact. This diagram is called the phantom
tower in [20]. '

Since Pj = 0 for j > ¢, the maps Lé“ are invertible for j > ¢. Furthermore,

a crucial property of the phantom tower is that these maps L;—H are phantom
maps, that is, they induce the zero map on 7, (1, ). Together, these facts imply
that M(N;) = 0 for j > ¢. Since we assumed 1 to be a generator of 7, this
further implies N; = 0 for j > ¢. Therefore, A € (1), so that A is dualisable
as claimed.

Next we recursively extend the endomorphism F' of A = Ny to an endomor-
phism of the phantom tower. We start with Fy = F: Ny — Ny. Assume
F;: Nj — Nj; has been constructed. As in [20], we may then lift F; to a map

Fj: P; — ]5]- such that the square

Uy

b

commutes. Now we apply additivity of traces (Assumption E]) to construct
an endomorphism Fjyi: Nji1 — Njiq such that (Fj,Fj,FjH) is a triangle
morphism and tr(F;) = tr(F;) + tr(Fj;1). Then we repeat the recursion step
with Fj 4, and thus construct a sequence of maps F;. We get

tr(F) = tr(Fy) = tr(Fp) 4 tr(Fy) = - - = tr(Fp) + - - - + tr(Fy) + tr(Fop).

;@T ;w
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Since Nyy1 = 0, we may leave out the last term.

Finally, it remains to observe that the trace of Fj as an endomorphism of Pj
agrees with the trace of the induced map on the projective module P;. Since
both traces are additive with respect to direct sums of maps, the case of general
finitely generated projective modules reduces first to free modules and then to
free modules of rank one. Both traces change by a sign if we suspend or
desuspend once, hence we reduce to the case of endomorphisms of 1, which is
trivial. Hence the computation above does indeed yield the Hattori-Stallings
trace of M (A) as asserted. O

Remark 4.3. Note that if a module has a finite projective resolution, then it
must be finitely generated. Conversely, if the graded ring R is coherent and
regular, then any finitely generated module has a finite projective resolution.
(Regular means that every finitely generated module has a finite length pro-
jective resolution; coherent means that every finitely generated homogeneous
ideal is finitely presented — for instance, this holds if R is (graded) Noetherian;
coherence implies that any finitely generated graded module has a resolution
by finitely generated projectives.)

Moreover, if R is coherent then the finitely presented R-modules form an
abelian category, and this implies (by an easy induction on the triangular length
of A) that for every A € (1) = ({(1)10c)a the module M (A) is finitely presented
and thus a fortiori finitely generated. If R is also regular, each such M (A) has
a finite projective resolution.

In conclusion: if R is regular and coherent, an object A € (1)1oc is dualisable
if and only if the graded R-module M (A) has a finite projective resolution.
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1 INTRODUCTION

A sums-of-squares formula of type [r,s,n] over a field F' of characteristic # 2
(with strictly positive integers r, s and n) is a formula

T

(me) ) (iyf) = (izf) EF[T1, . Tr, Y1, Ys) (1)

i=1

where z; = z;(X,Y) for each ¢ € {1,...,n} is a bilinear form in X and Y (with
coefficients in F), i.e. z; € Flz1,...,%r,Y1,-..,Ys| is homogeneous of degree 2

and F-linear in X and Y. Here, X = (z1,...,2,) and Y = (y1,...,ys) are coor-

dinate systems. To be specific, z; = Zk,j cgjj)xkyj for cgjj) € F. An old problem
of Adolf Hurwitz concerns the existence of sums-of-squares formulas. Historical
remarks can be found in [I8] and [20]. For any m € Z~q, we let ¢(m) denote
the cardinality of the set {l€ Z:0< ! <m and!=0,1,2 or 4 (mod 8)}. The

aim of this paper is to introduce the following result.

THEOREM 1.1. If a sums-of-squares formula of type [r,s,n] exists over a field
F of characteristic # 2, then 29C~D=41 divides (M) form—r <i<p(s—1).
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The proof of Theorem [[T]over R was provided by [2] and [2]]. It involves com-
putations of topological K O-theory of real projective spaces and «*-operations.
The statement of Theorem [T over R can be extended to any field of charac-
teristic 0 by an algebraic remark of T.Y. Lam and K.Y. Lam, cf. Theorem 3.3
[18]. By using algebraic K-theory, D. Dugger and D. Isaksen prove a similar
result over an arbitrary field of characteristic # 2, where ¢(s — 1) in the above
theorem is replaced by L%J, cf. Theorem 1.1 [7]. They actually conjectured
the above statement. Since ¢(s — 1) > [251], our main theorem generalizes

2
theirs. One may wish to look at the following table.

n |1]2[3[4]5]6]7]8]9
o) |1]2]2]3]3]3[3[4]5
15)

1111223344

ExaMPLE 1.1. Consider the triplet [15,10, 16] which does not exist over F' by
the above theorem. Neither Hopf’s condition [§] nor the weaker condition in [7]
can give the non-existence of [15, 10, 16].

REMARK 1.1. The necessary condition of our main theorem does not imply the
existence of [r, s,n|. To illustrate, [3, 5, 5] does not exist over the field F' by the
Hurwitz-Radon theorem. However, it satisfies the necessary condition.

REMARK 1.2. The algebraic K-theory analog (cf. Theorem 1.1 [7]) of our main
theorem works even if the assumption ‘if a sums-of-squares formula of type
[r, s,n] exists over F” is replaced by ‘if a nonsingular bilinear map of size [r, s, n]
exists over F’. The statement with the latter assumption is ‘stronger’. However,
this is not the case under our proof, since we will use the sums-of-squares

identity ().

REMARK 1.3. The triplet [r,s,n] is independent of the base fields whenever
r < 4 and whenever s > n — 2 (cf. Corollary 14.21 [20]), so that the main
theorem is true. There is a bold conjecture which states that the existence of
[r, s,n] is independent of the base field F' (of characteristic # 2), cf. Conjecture
3.8 [I8] or Conjecture 14.22 [20]. Our main theorem and Dugger-Isaksen’s Hopf
condition (cf. [§]) suggest this conjecture to some extent. However, as Shapiro
points out in Chapter 14 [20], there is indeed very little evidence to support
this conjecture.

In [22], it is shown that the Grothendieck-Witt group of a complex cellular
variety is isomorphic to the K O-theory of its set of C-rational points with
analytic topology. The set of C-rational points of a deleted quadric is homotopy
equivalent to the real projective space of the same dimension, cf. Lemma 6.3
[15]. Moreover, the computation of topological K O-theory of a real projective
space is well-known, cf. Theorem 7.4 [I]. We therefore have motivations to work
on the Grothendieck-Witt group of a deleted quadric and on the +*-operations.
The proof of our main theorem requires the computation of Grothendieck-Witt
group of a deleted quadric which will be explored in Section Bl
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2  TERMINOLOGY, NOTATION AND REMARK

Let (€,%,7m) be a Z[%]—linear exact category with duality. For i € Z, Walter’s
Grothendieck-Witt groups GW*(€, *,n) are defined in Section 4.3 [16]. The
triplet (Vect(X), Hom( ,L),can) (notation in Example 2.3 [I6]) is an exact
category with duality. If X is any Z[%]—scheme7 then we define

GWH (X, L) == GW*(Vect(X), Hom( ,L),can).

By the symbols GW?(X), we mean the groups GW*(X, O). Note that GW(X)
is just Knebusch’s L(X) which is defined in [I4]. The notation in [3] is used
for the Witt theory. For KO-theory and comparison maps, we refer to [22].

DEFINITION 2.1. Let T be a scheme. For us, a smooth T-variety X is called
T-cellular if it has a filtration by closed subvarieties

X=20D>2Z1D---DZy=0
such that Z_1 — Z, = AT for each k.

In this paper, the following notations are introduced for convenience:

F — a field of characteristic # 2;

K — an algebraically closed field of characteristic # 2;

\% — the ring of Witt vectors over K;

L — the field of fractions of V;

X —  the base-change scheme X x 717 F' for any Z[3)-scheme X;
S — the polynomial ring Fly1, ..., ys];

ps—1 —  the scheme Proj Z[$][y1, ..., ys;

qs — the quadratic polynomial q¢4(y) = v? + ... + vy
Vi(gs) — the closed subscheme of P$~1 defined by gs;

Dy(qs) — the open subscheme P*~1 — V. (q5) of P*~1;

13 — the line bundle O(—1) of P% " restricted to Dy (gs)r;
R — the ring of elements of total degrees 0 in S_;

P — the R-module of elements of total degrees —1 in S_;
Qn — the Z[$]-scheme defined by

ZZS x;y; = 0 in P if n > 0 is even;
Z§261)/2 zy; + ¢ =0 in PP if n > 0 is odd;
DQ,y1 — the open subscheme P"*! — Q,, of Pnt!,

REMARK 2.1. (i) Let E be a field containing v/—1 and of characteristic # 2.
Note that (Qs—2)g is isomorphic to the projective variety Vi (¢s)g, cf. Lemma
2.2 [8]. This map induces an isomorphism ig : (DQs—1)g — D4 (gs)E-

(ii) Observe that V is a complete DVR with the quotient field K, cf. Chapter
IT [I77]. Also, note that the fraction field L of V has characteristic 0, cf. loc. cit..
(iii) The scheme D, (gs)r is affine over the base field F, since Dy (gs)r and
Spec R are isomorphic, cf. the proof of Proposition 2.2 [7].
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3 PRrooOF orF THEOREM [I.1]

LEMMA 3.1. If a sums-of-squares formula of type [r,s,n| exists over F, then
there exist a non-degenerate bilinear form o : € x £ — O on Dy (qs)r and a
bilinear space ¢ on D4 (qs)r of rank n —r such that

rl€.o] +[¢) =n € GW'(D1(4s5)F)
where n 1s the trivial bilinear space of the rank n.

Proof. The K-theory analog has been proved, cf. Proposition 2.2 [7]. It is
clear that the group GW°(D, (gs)r) is isomorphic to GWy(R) by Remark 2]
(iii). If the equation (Il) exits, we are able to construct a graded S-module
homomorphism (S(—1))" — S™ by f = (f1,..., fr) = (z1(f,Y),...,z.(f,Y))
where Y = (y1,...,¥s) is the coordinate system introduced in Section [Tl This
map induces a homomorphism « : P* — R"™ of R-modules by localizing it at ¢,.

The isomorphism PQr P — R, f®g — (fg)-¢s gives a non-degenerate bilinear
form o : P x P — R. Let (—, —)gn be the unit bilinear form over R". Let
= fr),9 = (91,-..,9-) € P". We claim that (a(f),a(g))rr equals
iy o(fisg:)- It is enough to show that (a(f),a(f))rn = >, o(fi, fi). Note
that (a(f), a(f))rn = 21(f,Y)?+.. .4+ 2,(f, V)2 By the existence of the triplet
[r, s,n], we obtain 21 (f, Y)?+.. .42, (f,Y)? = (fi+.. .+ f2)as = >oi_y o(fir [i)-
Note that (P",>;_, o) is non-degenerate. It follows that « is injective and
(Pr,>i_, o) can be viewed as a non-degenerate subspace of (R™, (—,—)gn)
via a. Define ¢ to be its orthogonal complement (P"): with the unit form
(—,—)R, restricting to (P")*. By a basic fact of quadratic form theory, ¢ is
non-degenerate and (L(P",Y./_, o) = (R", (—, —)g»). O

THEOREM 3.1. Let v denote the element [€, 0] —1 in the ring GW° (D4 (qs) i )-
Then, the ring GW9 (D, (qs)k) is isomorphic to

Zv] ) (v? + 2v, 297Dy

where o(s — 1) is the number defined in Section . Therefore, for any rational
point ¢ : Spec K — D4 (qs)k, the reduced Grothendieck-Witt ring

éﬁ/O(D+(Qs)K) = ker (§* : GWO (D (gs)x) — GW(Spec K) = Z)

is isomorphic to 721,
Theorem [3.I] will be proved in the next section.

Proof of Theorem 1.1. Tt is enough to show this theorem over the algebraic
closure F' of F. Indeed, if [r,s,n] exists over F', then it also exists over F. In
order to apply the standard trick (cf. the proof of Theorem 1.3 [7]), we have to
take care of v'-operations on GW(D, (gs) 7). To be specific, this standard trick
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can not be applied without the list of three properties (cf. Properties (i)-(iii) in
loc. cit.) of v'-operations and their generating power series v; = 1+Zi>0 ~*t¢ on
GW (D, (qs)r)- Due to the lack of reference, we will develop v‘-operations on
K (Bil(X)) and prove these three properties (see Appendix [A]). It is enough for
our purpose because GW(X) is just K (Bil(X)) if X is affine (see Remark[AT]),
and the scheme D, (gs)7 is affine by Remark 1] (iii). Hence, together with
Lemma 3.1, we are allowed to apply the standard trick. One checks that details
are the same as in the proof of Theorem 1.3 [7] by replacing K-theory analogs
with GW-theory and |31 ] with ¢(s — 1). Combining with a reformulation of
powers of 2 dividing correspondent binomial coefficients (cf. Section 1.2 [7]),
we are done. O

4 PROOF OF THEOREM [B. 1]

4.1 RIGIDITY AND HERMITIAN K-THEORY OF CELLULAR VARIETIES

By Remark 2.1] (ii), there is always an inclusion map Q — L where Q (resp.
L) is the algebraic closure of Q (resp. L). Consider the following diagram (2I).

K 1% I Wi(K) «Z— wi(v) —— Wi()
I @
C+—— 1T WHC) «—— W'@

On the right-hand side of the diagram (), the maps of Witt groups are all
induced by the correspondent ring maps of the left-hand side for a fixed i € Z.
All these Witt groups are trivial if 4 # 0 (mod 4), cf. Theorem 5.6 [5]. Note
that 89 is an isomorphism by Satz 3.3 [13]. It is also clear that WO(K) is
isomorphic to Z/2 and that all the maps on the right-hand side of the diagram
@) preserve multiplicative identities for ¢« = 0. Since Witt groups are four
periodicity in shifting, we obtain

LEMMA 4.1. The map n° o (x*)"! o a® o (B%)~! yields an isomorphism from
WHK) to W¥(C). Moreover, by Karoubi induction (cf. Section 3 [6]), the left-
hand side of the digram (@) gives an isomorphism GW'(K) — GW?¥(C) of
Grothendieck- Witt groups. O

LEMMA 4.2. Let X be a smooth Z[%]—cellular variety. Let f : A — B be a map
of regular local rings of finite Krull dimensions with 1/2. Suppose that the map
WHA) — W¥(B) induced by f is an isomorphism for each i, then f gives an
isomorphism of Witt groups (resp. Grothendieck-Witt groups)

W Xa,La) = WHXp,LB) (resp. GW (X a,La) = GW (Xp,LB))

for each i and any line bundle L over X.

DOCUMENTA MATHEMATICA 19 (2014) 195208



200 HENG XIE

Proof. We may use W(X, L), to simplify the notation W*(X,, L,). We wish
to prove the Witt theory case by induction on cells. Firstly, note that the
pullback maps Wi(A) — W*(A%) and W*(B) — W*(A%) are isomorphisms by
homotopy invariance, cf. Theorem 3.1 [4]. It follows that

WEHAT) = WHAR).
Let X = Z9g D> Z1 D --- D Zn = 0 be the filtration such that
Zk,1 — Zk =A™ = Ck.

In general, the closed subvarieties Z; may not be smooth. However, let Uy
be the open subvariety X — Zj for each 0 < k < N. Every U is smooth
in X. There is another filtration X = Uy D Uy_1 D --- D Uy = 0 with
Uy —Up_1 = Zi—1 — Zj, =2 C} closed in Uy of codimension dj. Consider the
following commutative diagram of localization sequences.

W (Up-1) a— Wi, Uy, £) a— W (U, L) a—W (Up—1) a—WE (Ur, £) a

! ! ! ! !

W N (Uy—1) p— Wi, Uy, £) p—W (U, £) p— W (Ur—1) —WEH (U, L)

Here, Wék (U, £) means the L-twisted ith-Witt group of Uy with supports on
C%. Note that any line bundle over (Cy)4 is trivial, since

Pic(A”;) = Pic(A) = 0 (A is regular local and so it is a UFD).

By the dévissage theorem (cf. [I0]), we deduce that
W, (U, L)a = W, (Uk, L) g for all i.
Moreover, by induction hypothesis,
WHUp_1)a 2 W (Ug_1)p for all 4.
Applying the 5-lemma, one sees that the middle vertical map is an isomorphism.
Since the K-theory analog of this theorem is also true by induction on cells,
the GW-theory cases follow by Karoubi induction, cf. Section 3 [6]. O
COROLLARY 4.1. The Witt group (resp. the Grothendieck- Witt group)
WHX, L)k (resp. GW (X, L))

s isomorphic to
WHX,L)c (resp. GW (X, L)c)

for each i and any line bundle L over X.
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4.2 COMPARISON MAPS AND RANK ONE BILINEAR SPACES

If X is a smooth variety over C, we let X (C) be the set of C-rational points of
X with analytic topology. One can define comparison maps (cf. Section 2 [22])

K Ko(X) — K°%X(Q))
gw’: GW°X) — KO°X(C)) (3)
W WOX) - E2%x(0)

where %O(X (C)) means the cokernel of the realification map from K°(X) to
KO°(X(C)). Let GWY, (X (C)) be the Grothendieck-Witt group of complex
bilinear spaces over X (C). The map gu® consists of the composition of the

following two maps
f:GWOX) = GWL,(X(C))  g: GW,(X(C)) — KO°(X(C))

where the map f takes a class [M, ¢] on X to the class [M(C), ¢(C)] on X(C).
The map g sends a class [N, €] on X(C) to the class represented by the under-
lying real vector bundle R(NV, €) such that (N, €) ®r C = N and that e|p(y )
is real and positive definite, cf. Lemma 1.3 [22]. Let Q(X) (resp. Qop(X))
denote the group of isometry (resp. isomorphism) classes of rank one bilinear
spaces (resp. rank one complex bilinear spaces) over X (resp. X(C)) with the
group law defined by the tensor product. There are maps of sets

Q(X) = GWO(X),[L,¢] = [L£,¢]  Quop(X(C)) = GWiop(X(C)), [Lye] = [Ly €.

Let Picg(X(C)) be the group of isomorphism classes of rank one real vector
bundles over X (C).

LEMMA 4.3. The following diagram is commutative

GWo(X) —L— GW2,(X(C)) —L— KO°(X(C))

I d dl

QX) —I— Qup(X(C)) —L— Pic(X(C))

where f([L,3)) (resp. G([L,€])) is defined as [L(C), $(C)] (resp. [R(L,€)]).

Proof. The square on the left-hand side is obviously commutative. It remains
to show that the right-hand side square is commutative. Check that the map g
is well-defined. Note that, for each couple of complex bilinear spaces (L', el) and
(L,€) on X(C), if R(L',€) is isomorphic to R(L,€), then (L, € ) is isometric
to (L,e€). Besides, the map ¢ has image in Picg(X(C)). To see this, suppose
g([L,€]) = [R(L,e)] is not in Picg(X(C)) for some [L,e] € Qiop(X(C)). It
follows that X (C) has a point with an open neighborhood U such that R(L, €)|¢r
is isomorphic to U x R™ with n # 1. Then, L|y is isomorphic to U x C™ (n # 1),
since R(L, €) @g C = L. This contradicts the assumption that the bundle L has
rank one. Then, it is clear that gou =v 0 g. O
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4.3 COMPARISON MAPS AND CELLULAR VARIETIES

Let H(C) (resp. SH(C)) be the unstable Al-homotopy category (resp. the
stable Al-homotopy category) over C. Let Ho(C) be the pointed version of
H(C). There are objects in He(C):

Sl — the constant sheaf represented by Al/0A! pointed canonically;
S} —  the sheaf represented by Al — {0} pointed by 1;
T — the sheaf represented by the projective line P! pointed by oo.

Set SP4 = (SHAP=D) A (SHN with p > ¢ > 0. Then, S** and T are A'-
weakly equivalent. See Section 3.2 [9] for details and Section 1.4 [22] for dis-
cussion. One may take these objects to SH(C). The category SH(C) is trian-
gulated with translation functor S0 A —. Set I?ép’q(X) = [E*X, 571 A KO
and KOPY(X) = [B2>°X,,579 A KO| where X € Ho(C) and X € H(C).
The object KO € SH(C) is the geometric model of Hermitian K-theory
in the Al-homotopy theory defined by Schlichting and Tripathi (See Sec-
tion 1.5 [22]). Moreover, there are isomorphisms GW4(X) = K0??9(X) and
We(X) = KO?9~1471(X). One defines comparison maps (cf. Section 2 [22])

ki) KoO™'(x) — KO'(X(C))
kPYX): KOPY(X) — KOP(X(C)).

In particular, when X is a complex smooth variety, we have

gul= kK GWYUX) — KO(X(C))
witl = kitﬁl,q: Wqul(X) N KOQqul(X(C)).

THEOREM 4.1. Let X be a complex smooth cellular variety. Assume further that
Z s cellular and closed in X, and let U := X — Z. Then, the map kiq’q(U) is

an isomorphism and the map kiq“’q(U) is injective.

Proof. When Z = (), this theorem is a special case of Theorem 2.6 [22]. We
slightly modify the proof of Theorem 2.6 [22] to show this theorem by induction
oncells. Let Z =2y D Zn_1D - D Zy = 0 be the filtration such that

Ziy1 — Zp =A™ =: (.

Set Ug := X — Zj, for each 0 < k < N. Note that there is another filtration
X=UyDU; D--DUn =U with Uy —Uy1 = Zgy1 — Zx = C}, closed in Uy.
Then, the normal bundle Ny, /o, of Uy in Cy is trivial. Hence, Thom(Ny, /C)
and S2%? are Al-weakly equivalent, where d is the codimension of Cj, in Uy,
cf. Proposition 2.17 (page 112) [9]. We can therefore deduce the commutative
ladder diagram in Figure 1 (page 486) [22]. Assume by induction, the theorem
is true for Uy, and we want to prove it for Ugy 1. It is known that Ezq’q(SQd’d)
and k79T 9(524:9) are isomorphisms and that &97*9(52%4) is injective, cf. the
proof of Theorem 2.6 [22]. The results follow by the 5-lemma. O
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4.4 GROTHENDIECK-WITT GROUP OF A DELETED QUADRIC

In this subsection, we simply write X = D, (¢5),Q = Qs—2 and DQ = DQ,_;.
Note that ) is smooth and closed in P*~! of codimension 1. The normal bundle
N of Q in P*71 is isomorphic to Og(2).

THEOREM 4.2. The comparison map gw? : GW4(DQc) — KO?*1(DQ(C)) is
an isomorphism for each q € Z.

Proof. This theorem is a consequence of Theorem [£.1] o
LEMMA 4.4. The group GW®(DQc) is isomorphic to GW°(DQ).

Proof. Applying Corollary 1] and the dévissage theorem, we observe that the
vertical maps of W and GW-groups in the following commutative diagram are
all isomorphisms

GWS, (P )—GWO (P ) —GW(DQK)— W, (Pi H)— WP )

| | o] ! |

GWS. (P ) —GWO(PE ) — GW(DQc) — Wi (PE ) — W (PE)

where all vertical maps are induced from the left-hand side of the diagram (2])
(use the 5-lemma to see the middle map 2 is an isomorphism). (]

Recall the isomorphism of varieties iy : DQx — X in Remark 2] (i). Note
that ic : DQc — Xc gives a homeomorphism iy : DQ(C) — X (C) by taking
C-rational points. Besides, let v : RP*~1 — X(C) be the natural embedding.
The space RP*~1 is a deformation retract of the space X (C) in the category
of real spaces, cf. Lemma 6.3 [I5]. These maps that induce isomorphisms in
K O-theory or GW-theory are described in the diagram ().

Hermitian K-theory Topological KO-theory
w()
GW*(DQc) 1 == 1| KO°(DQ(C))

| |
| |
I Qt I
| - |
L GWO(XKk) 5 GWO(DQk) 1
| |

Proof of Theorem[31l Let &op denote the tautological line bundle over RPS~1.
Recall that there is an isomorphism of rings

KOO(RP571) = Z[Vtop]/(y‘?op + 2Vt0137 2¢(571)Vt0p)

where vy, represents the class [€op]—1, cf. Section 7 [I] or Chapter IV [12]. Note
that Picg(RP*~!) is isomorphic to Z/2. Let ¥ : GW°(Xg) — KO°(RP*~1) be
the composition of maps in the diagram (). We have known ¢ is an isomor-
phism. Therefore, to prove Theorem B.1] we only need to show ¥(v) = v4op. To
achieve this, we give the following lemma.
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LEMMA 4.5. The group Q(Xk) (cf. Section[{.3) is isomorphic to Z/2.
Proof. There is an exact sequence (cf. Chapter IV.1 (page 229) [14])

1 — O(Xk)"JO(XK)* — Q(Xk) - oPic(Xk) — 1

where oPic(X ) means the subgroup of elements of order < 2 in Pic(Xg) and
where F is the forgetful map. Note that oPic(Xk) = Z/2, cf. [19]. In addition,
observe that O(Xg)* & R* = K* and that the group K*/K?* is trivial. It
follows that the forgetful map F' is an isomorphism. In fact, it sends the non-
trivial element [£, o] (in Lemma ) to the non-trivial element [¢]. O

Proof of Theorem [31] (Continued). In light of Lemma 3] there is a map
V: Q(Xk) — Picg(RP*™1)
(obtained in an obvious way) such that the following diagram is commutative

GWO(Xk) —2— KO°(RP*1)

J i
Z)2=Q(Xk) —2 s Picg(RP*~1)=Z/2.

The map i is injective (Note that [€] and 1 are distinct elements in Ko(Xx) by
its computation in Proposition 2.4 [7]). The map j is injective by the compu-
tation of KO°(RP*~1). Then, we see that 1 is bijective and must send [¢, o] to
[€top]. Therefore, ¥([€, 0]) = [€top], SO that ¥ (v) = viep. O

A OPERATIONS ON THE GROTHENDIECK-WITT GROUP

The ~'-operations on GW? of an affine scheme are analogous to those on the
topological K O-theory which have been explained in Section 1 and 2 in [2].
For readers’ convenience, details have been added.

Let Bil(X) be the set of isometry classes of bilinear spaces over a scheme
X. The orthogonal sum and the tensor product of bilinear spaces over the
scheme X make Bil(X) a semi-ring with a zero and a multiplicative identity.
Then, by taking the associated Grothendieck ring K (Bil(X)), we have a
homomorphism of the underlying semi-rings

L1 Bil(X) — K (Bil(X))
satisfying the universal property (see Chapter 1.4 (page 137) [14] for details).

REMARK A.1. For an affine scheme X, the ring GW(X) is identified with
K (Bil(X)), cf. Chapter 1.4 Proposition 1 (page 138) [14].
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DEFINITION A.1 (Chapter IV.3 (page 235) [I4]). Let (F, ¢) be a bilinear space
over a scheme X. Let ¢ be a strictly positive integer. The i-th exterior power
of (F, ), denoted by A'(F,¢), is the symmetric bilinear space (A*F, A’¢) over
X, where A'F is the i-th exterior power of the locally free sheaf F and where

Ag: NF xx N'F — Ox
is a morphism of sheaves consisting of a symmetric bilinear form
ANp(U) : N'F(U) x N'F(U) = Ox(U)
defined by
ANp(UN(xy A ANz yr A+ Ay;) = det([p(U)(x5, y&)]ixi)

for each open subscheme U of X. The exterior power AY(F, ¢) for every bilinear
space (F, ¢) (over X) is defined as 1 = (O, id).

LEMMA A.l. Let (F,¢),(G,v) be bilinear spaces over X. Then, we have that
() AYF.0) = (F,9);

(b) A*(F,¢) © (G.4)) = @D, ;i A" (F.0) ® A°(G,);

(c) If (F, ) is of constant rank © > 1, AY(F,¢) = 0 whenever i > ©.

Proof. (a) and (c) are clear. For (b), it is enough to show that the canonical
isomorphism of locally free sheaves

0: P NFRANG o ANFaQ)
r+s=k

respects the symmetric bilinear forms. This may be checked locally. Let U be
an affine open subset of the scheme X. One may choose elements

e® =21 A ANapy € AVFU) and yO =y1 4 A Aysy € ASG(U)

for t € {1,2}. Let a;; :== ¢(U)(xi1,2,2) and bg; := Y(U)(yk,1,y1,2). We have
matrices A = [a; j]rxr and B = [bgi]sxs.- On the one hand, we get that

A"U) @ Ayp(U) (2 @ yM, 2 @ y?)) = det(A) x det(B).  (5)
On the other hand, set
u® = o) @ y) € AH(F(U) & GU)
for ¢ € {1,2}. Consider the elements
(%.4,0), (0, yx.1) € F(U) & G(U)
for 1 <j<r1<k<sandte{l,2}. Itis clear that

u® = (@1,6,0) A= A (2, 0) A (0, 91,6) A== A (0, 9s,0)
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for t € {1,2}. Then, we deduce that

A O) @ ), ) = det (G ) 0

Note (@) = (@). The result follows. O

Let A(X) denote the group 1 4 tK(Bil(X))[[t]] of formal power series with
constant term 1 (under multiplication). Consider a map

Ay Bil(X) = A(X), [F ¢] = 1+ Y A([F, )t

i>1
If I:(F,¢) — (G,9) is an isometry of bilinear spaces, so is the natural map
AT 2 AY(F,¢) — NG, ).

Then, the map A; is well-defined. Furthermore, Lemma [A] (b) implies that
A; is a homomorphism of the underlying monoids. By the universal property
of K-theory, we can lift A; to a homomorphism of groups

A K(Bil(X)) — A(X)

such that \; ot = A;. Taking coefficients of )\, we get operators (not homo-
morphisms in general)

M K(Bil(X)) — K(Bil(X)).
Set vt = A¢j(1—r) and write 3z = 143", yitt. Again, we obtain operators
7' K(Bil(X)) — K(Bil(X)).
Explicitly, we deduce
;w’ti = ; N1 =) =1+ ;(;1 N <; B 1) )t

Hence, the 4" are certain Z-linear combinations of the A*. By definition, the
map ; is a homomorphism of groups. Hence, for all z,y € K(Bil(X)), we have

COROLLARY A.1l. (a) vi(z +y) = ve(x)%(y);
(b) v([n] — 1) = 14+ t([n] — 1) where n is a bilinear space of rank 1 over X;
(c) If (F,¢) € Bil(X) is of constant rank © > 1, v*((F,$) —0) =0 if i > O.

Proof. (a) is proved. For (b), we deduce

() —1) = 20 Sacolt)  LEEZ0 4 pi) 1),
For (c), see the proof of Lemma 2.1 [2]. O
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ABSTRACT. I give another proof of the geometric Satake equivalence
from I. Mirkovi¢ and K. Vilonen [16] over a separably closed field.
Over a not necessarily separably closed field, I obtain a canonical
construction of the Galois form of the full L-group.
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1 INTRODUCTION

Connected reductive groups over separably closed fields are classified by their
root data. These come in pairs: to every root datum, there is associated its dual
root datum and vice versa. Hence, to every connected reductive group G, there
is associated its dual group G. Following Drinfeld’s geometric interpretation of
Langlands’ philosophy, Mirkovi¢ and Vilonen [16] show that the representation
theory of G is encoded in the geometry of an ind-scheme canonically associated
to G as follows.

Let G be a connected reductive group over an arbitrary field F. The loop
group LG is the fpqc-sheaf associated with group functor on the category of
F-algebras

LG : R+— G(R(1)).

The positive loop group LG is the fpqc-sheaf associated with the group functor
LTG: R+ G(R[t]).

Then LTG C LG is a subgroup functor, and the fpqe-quotient Grg = LG/LTG
is called the affine Grassmannian. It is representable by an ind-projective ind-
scheme (= inductive limit of projective schemes). Now fix a prime ¢ # char(F),
and consider the category Pp+g(Grg) of LT G-equivariant f-adic perverse
sheaves on Grg. This is a Q-linear abelian category.

DOCUMENTA MATHEMATICA 19 (2014) 209246



210 T. RICHARZ

First assume that F is separably closed. Then the simple objects in Pr+g(Grg)
are as follows. Fix T' C B C (G a maximal torus contained in a Borel. For every
cocharacter p, denote by

O, & LTG - t»

the reduced L*G-orbit closure of t* € T(F(t)) inside Grg. Then O, is a
projective variety over F. Let IC,, be the intersection complex of 6#- The
simple objects of Pp+c(Grg) are the IC,’s where p ranges over the set of
dominant cocharacters X 4V_ Furthermore, the category Pr+q(Grg) is equipped
with an inner product: to every A;, As € Pr+g(Grg), there is associated a
perverse sheaf A; x Ay € Pr+g(Grg) called the convolution product of A; and
As (cf. §3 below). Denote by

w(-) = @R’T‘(Grg,—) : Prig(Grg) — Vecg,
i€l

the global cohomology functor with values in the category of finite dimensional
Qy-vector spaces. Fix a pinning of G, and let G be the Langlands dual group
over Qy, i.e. the reductive group over Q, whose root datum is dual to the root
datum of G. Let T be the dual torus, i.e. the Qp-torus with X*(T") = X.(T).

THEOREM 1.1. (i) The pair (Pp+q(Grg),*) admits a unique symmetric
monoidal structure such that the functor w is symmetric monoidal.

(ii) The functor w is a faithful exact tensor functor, and induces via the Tan-
nakian formalism an equivalence of tensor categories

(Pp+g(Gra),*x) — (Repg, (G),®)
A s w(A),

which is uniquely determined up to inner automorphisms by T by the property
that w(IC,,) is the irreducible representation of highest weight p.

In the case F' = C, this reduces to the theorem of Mirkovi¢ and Vilonen [16]
for coefficient fields of characteristic 0. The drawback of our method is the
restriction to Qg-coefficients. Mirkovic and Vilonen are able to establish a
geometric Satake equivalence with coefficients in any Noetherian ring of finite
global dimension (in the analytic topology). I give a proof of the theorem over
any separably closed field F' using ¢-adic perverse sheaves. My proof is different
from the one of Mirkovi¢ and Vilonen. It proceeds in two main steps as follows.
In the first step I show that the pair (Pr+g(Grg), ) is a symmetric monoidal
category. This relies on the Beilinson-Drinfeld Grassmannians [2] and the
comparison of the convolution product with the fusion product via Beilinson’s
construction of the nearby cycles functor. Here the fact that the convolution
of two perverse sheaves is perverse is deduced from the fact that nearby cycles
preserve perversity. The method is based on ideas of Gaitsgory [7] which were
extended by Reich [19]. The constructions in this first step are essentially
known, my purpose was to give a coherent account of these results.
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The second step is the identification of the group of tensor automorphisms
Aut*(w) with the reductive group G. 1 use a theorem of Kazhdan, Larsen
and Varshavsky [10] which states that the root datum of a split reductive
group can be reconstructed from the Grothendieck semiring of its algebraic
representations. The reconstruction of the root datum relies on the PRV-
conjecture proven by Kumar [11]. T prove the following geometric analogue of
the PRV-conjecture.

THEOREM 1.2 (Geometric analogue of the PRV-Conjecture). Denote by W =
W(G,T) the Weyl group. Let py,. .., pu, € XY be dominant coweights. Then,
for every A € X of the form X = vy + ...+ v, withv; € Wy, fori=1,... .k,
the perverse sheaf ICy appears as a direct summand in the convolution product
IC,, *...%IC,,.

Using this theorem and the method in [10], I show that the Grothendieck
semirings of Pr+q(Grg) and Repg, (G‘) are isomorphic. Hence, the root data
of Aut*(w) and G are the same. This shows that Aut* (w) ~ G uniquely up to
inner automorphisms by T.

If F is not neccessarily separably closed, we are able to apply Galois descent
to reconstruct the full L-group. Fix a separable closure F of F, and denote by
' = Gal(F/F) the absolute Galois group. Let “G = G(Q,) x T be the Galois
form of the full L-group with respect to some pinning.

THEOREM 1.3. The functor A — w(Ap) induces an equivalence of abelian
tensor categories

(PL+G(GrG)7*) = (Repél (LG)a®)a

where Repél(LG) 1s the full subcategory of the category of finite dimensional

continuous (-adic representations of “G such that the restriction to é(@g) is
algebraic.

Theorem 1.3 may be seen as an extension of Theorem A.12 in my joint work
with Zhu [20]. In [loc. cit] we consider the category Repg,(*G) of alge-
braic representations of “G regarded as a pro-algebraic group over Q. Then
Repg, (*G) is a full subcategory of Repél (£G), and we identify the correspond-
ing subcategory of Pr+q(Grg) explicitly.

My method of proof here is similiar to the method used in [20]. Besides some
general Tannakian formalism, the key ingredient is the identification of the I'-
action on G obtained via the geometric Satake equivalence over F. It differs
from the usual action by a twist with the cyclotomic character, cf. Proposition
6.6 below.

The structure of the paper is as follows. In §2 we introduce the Satake cate-
gory Pr+q(Grg). Appendix A supplements the definition of Pr+g(Grg) and
explains some basic facts on perverse sheaves on ind-schemes as used in the
paper. In §3-8§4 we clarify the tensor structure of the tuple (Pr+g(Grg),*),
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and show that it is neutralized Tannakian with fiber functor w. Section 5 is
devoted to the identification of the dual group. This section is supplemented by
Appendix B on the reconstruction of root data from the Grothendieck semiring
of algebraic representations. The reader who is just interested in the case of
an algebraically closed ground field may assume F to be algebraically closed
throughout §2-§5. The last section §6 is concerned with Galois descent and the
reconstruction of the full L-group.

ACKNOWLEDGEMENT 1. First of all I thank my advisor M. Rapoport for his
steady encouragement and advice during the process of writing. I am grateful
to the stimulating working atmosphere in Bonn and for the funding by the
Max-Planck society.

2 THE SATAKE CATEGORY

Let G a connected reductive group over any field F'. The loop group LG is the
fpqc-sheaf associated with the group functor on the category of F-algebras

LG : R— G(R(1)).
The positive loop group LG is the fpqc-sheaf associated with the group functor
LTG: R+ G(R[t]).

Then LG C LG is a subgroup functor, and the fpgc-quotient Grg = LG/L+G
is called the affine Grassmannian (associated to G over F').

LEMMA 2.1. The affine Grassmannian Grg is representable by an ind-projective
strict ind-scheme over F. It represents the functor which assigns to every F-
algebra R the set of isomorphism classes of pairs (F, 3), where F is a G-torsor
over Spec(R[t]) and B a trivialization of F[}] over Spec(R((t)).

We postpone the proof of Lemma 2.1 to Section 3.1 below. For every i > 0, let
G, denote i-th jet group, given for any F-algebra R by G; : R — G(R[t]/t"T1).
Then G; is representable by a smooth connected affine group scheme over F'
and, as fpqc-sheaves,

3
In particular, if G is non trivial, then L™G is not of finite type over F. The
positive loop group LTG operates on Grg ~and, for every orbit O, the LtG-
action factors through G; for some i. Let O denote the reduced closure of O
in Grg, a projective LT G-stable subvariety. This presents the reduced locus as
the direct limit of L™ G-stable subvarieties

(Grg)red = 1im6,

—
o

where the transition maps are closed immersions.
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Fix a prime ¢ # char(F’), and denote by Q, the field of ¢-adic numbers with
algebraic closure Q. For any separated scheme T of finite type over F, we
consider the bounded derived category D%(T, Q) of constructible f-adic com-
plexes on T, and its abelian full subcategory P(T') of ¢-adic perverse sheaves.
If H is a connected smooth affine group scheme acting on T', then let Py (T') be
the abelian subcategory of P(T') of H-equivariant objects with H-equivariant
morphisms. We refer to Appendix A for an explanation of these concepts.
The category of f-adic perverse sheaves P(Grg) on the affine Grassmannian is
the direct limit
P(Cre) % lig P(O),
o

which is well-defined, since all transition maps are closed immersions, cf. Ap-
pendix A.

DEFINITION 2.2. The Satake category is the category of L+ G-equivariant ¢-adic
perverse sheaves on the affine Grassmannian Grg

Ppig(Grg) < lim Pr+c(0),
o

where O ranges over the LTG-orbits.
The Satake category Pp+q(Grg) is an abelian Qg-linear category, cf. Appendix
A.

3 THE CONVOLUTION PRODUCT

We are going to equip the category Pr+g(Grg) with a tensor structure. Let
-% - P(Grg) X PL+G(GI'G) — Dg(GI'G,Qe)

be the convolution product with values in the derived category. We recall its
definition [17, §2]. Consider the following diagram of ind-schemes

Grg x Grg <= LG x Grg -5 LG x~ 7€ Grg 2% Grg. (3.1)

Here p (resp. q) is a right LT G-torsor with respect to the LT G-action on the
left factor (resp. the diagonal action).The LG-action on Grg factors through
q, giving rise to the morphism m.

For perverse sheaves A;, A2 on Grg, their box product A; X As is a perverse
sheaf on Grg x Grg. If Ay is LT G-equivariant, then there is a unique perverse
sheaf A; ®A2 on LG xL7G Grg such that there is an isomorphism equivariant
for the diagonal Lt G-action!

p*(-Al X -A2) =~ q*(A1®A2).

Then the convolution is defined as A; * As = m., (AlgAg).

IThough LG is not of ind-finite type, we use Lemma 3.20 below to define 4; XAs.
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THEOREM 3.1. (i) For perverse sheaves A1, Ay on Grg with Az being LT G-
equivariant, their convolution A; x A is a perverse sheaf. If Ay is also L*TG-
equivariant, then Ay x Ao is LT G-equivariant.

(ii) Let F be a separable closure of F. The convolution product is a bifunctor
-k PL+G(GTG) X PL+G(GI‘0) — PL+G(GTG);

and (Pr+a(Grg),x) has a unique structure of a symmetric monoidal category
such that the cohomology functor with values in finite dimensional Qg-vector
spaces

P R'T(Gre . ()7): Prec(Gra) — Vecg,
i€EZ

s symmetric monoidal.

Part (i) is due to Lusztig [12] and Gaitsgory [7]. Part (ii) is based on meth-
ods due to Reich [19]. Both parts of Theorem 3.1 are proved simultaneously
in Subsection 3.3 below using universally locally acyclic perverse sheaves (cf.
Subsection 3.2 below) and a global version of diagram (3.1) which we introduce
in the next subsection.

3.1 BEILINSON-DRINFELD GRASSMANNIANS

Let X a smooth geometrically connected curve over F'. For any F-algebra R,
let Xp = X x Spec(R). Denote by ¥ the moduli space of relative effective
Cartier divisors on X, i.e. the fppf-sheaf associated with the functor on the
category of F-algebras

R — {D C Xp relative effective Cartier divisor}.

LEMMA 3.2. The fppf-sheaf ¥ is represented by the disjoint union of fppf-
quotients [[,,~, X™ /Sy, where the symmetric group S, acts on X™ by permut-
ing its coordinates.

a

DEFINITION 3.3. The Beilinson-Drinfeld Grassmannian (associated to G and
X ) is the functor Gr = Grg, x on the category of F-algebras which assings to
every R the set of isomorphism classes of triples (D, F, 3) with

D € X(R) a relative effective Cartier divisor;
F a G-torsor on Xg;
B ]:|XR\D = ]:0|XR\D a trivialisation,

where Fy denotes the trivial G-torsor. The projection Gr — X, (D, F,5) — D
is a morphism of functors.
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LEMMA 3.4. The Beilinson-Drinfeld Grassmannian Gr = Grg,x associated to
a reductive group G and a smooth curve X 1is representable by an ind-proper
strict ind-scheme over X.

Proof. This is proven in [7, Appendix A.5.]. We sketch the argument. If
G = GL,, consider the functor Gr(,,) parametrizing

J C OQR(im. D)/O}R(m .D)’

where J is a coherent Ox ,-submodule such that Ox,(—m-D)/J is flat over R.
By the theory of Hilbert schemes, the functor gr(,,) is representable by a proper
scheme over ¥. For m; < msg, there are closed immersions gr(ml) — gr(m2).
Then as fpqc-sheaves

lim Grimy — Gr

m
For general reductive G, choose an embedding G — GL,,. Then the fppf-
quotient GL,, /G is affine, and the natural morphism Gr¢ — Grar, is a closed
immersion. The ind-scheme structure of Grg does not depend on the choosen
embedding G — GL,,. This proves the lemma. O

Now we define a global version of the loop group. For every D € %(R), the
formal completion of X along D is a formal affine scheme. We denote by
@Xp its underlying R-algebra. Let D= Spec((’jx,p) be the associated affine
scheme over R. Then D is a closed subscheme of D, and we set D° = D\D.
The global loop group is the fpqc-sheaf associated with the group functor on
the category of F-algebras

LG : R~ {(s,D)| D e %(R), s € G(D°)}.

The global positive loop group is the fpqc-sheaf associated with the group func-
tor
LYG: R~ {(s,D)| D e 2(R), s € G(D)}.

Then £TG C LG is a subgroup functor over X.

LEMMA 3.5. (i) The global loop group LG is representable by an ind-group
scheme over X. It represents the functor on the category of F-algebras which
assigns to every R the set of isomorphism classes of quadruples (D, F,(,0),

where D € X(R), F is a G-torsor on Xg, f: F 5 Fo is a trwvialisation over
Xp\D and o : Fo = Flp is a trivialisation over D.

(ii) The global positive loop group LYG is representable by an affine group
scheme over 3 with geometrically connected fibers.

(iii) The projection LG — Grg, (D, F,B,0) — (D, F, B) is a right LTG-torsor,
and induces an isomorphism of fpqc-sheaves over %

LG/LTG =5 Gre.
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Proof. We reduce to the case that X is affine. Note that fppf-locally on R
every D € ¥(R) is of the form V(f). Then the moduli description in (i) follows
from the descent lemma of Beauville-Laszlo [1] (cf. [14, Proposition 3.8]). The
ind-representability follows from part (ii) and (iii). This proves (i).

For any D € ©(R) denote by D its i-th infinitesimal neighbourhood in Xp.
Then D is finite over R, and the Weil restriction Res p) /r(G) is representable
by a smooth affine group scheme with geometrically connected fibers. For
i < j, there are affine transition maps Respu) r(G) — Respo g(G) with
geometrically connected fibers. Hence, im_ Respa) (@) is an affine scheme,
and the canonical map

yane Xs,D Spec(R) - I'LHRGSD@)/R(G)

is an isomorphism of fpgc-sheaves. This proves (ii).

To prove (iii), the crucial point is that after a faithfully flat extension R — R’
a G-torsor F on D admits a global section. Indeed, F admits a R’-section
which extends to D g/ by smoothness and Grothendieck’s algebraization theo-
rem. This finishes (iii). O

REMARK 3.6. The connection with the affine Grassmannian Grg is as follows.
Lemma 3.2 identifies X with a connected component of X. Choose a point
x € X(F) considered as an element D, € X(F). Then D, ~ Spec(Ft]),
where ¢ is a local parameter of X in x. Under this identification, there are
isomorphisms of fpgc-sheaves
LG, ~ LG
LYG, ~ LG
Ora,. ~ Grg.

Using the theory of Hilbert schemes, the proof of Lemma 3.4 also implies that
Grer,,, and hence Grg is ind-projective. This proves Lemma 2.1 above.

By Lemma 3.5 (iii), the global positive loop groop LG acts on Gr from the
left. For D € ¥(R) and (D, F, 8) € Grg(R), denote the action by

((9, D), (F,B, D)) — (9F, 9B, D).
COROLLARY 3.7. The LT G-orbits on Gr are of finite type and smooth over X.

Proof. Let D € ¥(R). It is enough to prove that the action of

yaxe X3, p Spec(R) ~ @RGSD(q,)/R(G)

K2

on Gr xx p Spec(R) factors over Respu),p(G) for some i >> 0. Choose a
faithful representation p : G — GL,, and consider the corresponding closed
immersion Grg¢ — Grar, - This reduces us to the case G = GL,,. In this case,
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the Gr(ny’s (cf. proof of Lemma 3.4) are LTGL, stable, and it is easy to see
that the action on Gr(,,) factors through Respem) p(GLy). This proves the
corollary. O

Now we globalize the convolution morphism m from diagram (3.1) above. The
moduli space ¥ of relative effective Cartier divisors has a natural monoid struc-
ture

-U-1ExY —X
(Dl,Dg) — D1 U Dg.
The key definition is the following.

DEFINITION 3.8. For k > 1, the k-fold convolution Grassmannian Gry, is the
functor on the category of F-algebras which associates to every R the set of
isomorphism classes of tuples ((D;, F;, B:)i=1,... k) with

.....

D, € 3(R) relative effective Cartier divisors, i =1,...,k;

F; are G-torsors on Xpg;

Bi + Filxp\Ds = Fi—1|xp\p, isomorphisms, i = 1,...,k,
where JFy is the trivial G-torsor. The projection Gr, — Xk
(D4, Fi, Bi)i=1,...k) = ((Di)i=1,....x) is a morphism of functors.

LEMMA 3.9. For k > 1, the k-fold convolution Grassmannian Gri. is repre-
sentable by a strict ind-scheme which is ind-proper over F.

Proof. The lemma follows by induction on k. If k = 1, then Gy = Gr. For
k > 1, consider the projection

p: Gy — Gre—1 X 2
(D4, Fi, Bi)i=1,...k) —> ((Di, Fi, Bi)i=1,... k=1, Di)-

Then the fiber over a R-point ((D;, Fi, Bi)i=1,....k—1, D) is

p (D, Fi, Bi)i=1,....k—1. D)) = Frer X (Gr xx Di),
which is ind-proper. This proves the lemma. O
For k > 1, there is the k-fold global convolution morphism

my, : Gre — Gr

((Di, Fis Bi)i=1,...k) = (D, F, Bilxp\p © - - - © Bl xp\D)

where D = Dy U...U Dy. This yields a commutative diagram of ind-schemes

~ my

Gry, — Or

||

TR =, %,
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i.e., regarding Gry as a Y-scheme via X% — X, (D;); — U; D;, the morphism my,
is a morphism of ¥-ind-schemes. The global positive loop group £*G acts on
Gri over ¥ as follows: let (D, Fi, Bi)i € grk(R) and g € G(ﬁ) with D = U; D;.
Then the action is defined as

((97D)7 (Du]:'uﬁz)z) — (Dimg]:iagﬁigil)i-

COROLLARY 3.10. The morphism my, : Qrk — Gr is a LT G-equivariant mor-
phism of ind-proper strict ind-schemes over X.

Proof. The LT G-equivariance is immediate from the definition of the action.

Note that X% = ¥ is finite, and hence Gry, is an ind-proper strict ind-scheme
over Y. This proves the corollary. O

Now we explain the global analogue of the L*G-torsors p and ¢ from (3.1). For
k > 1, let LG}, be the functor on the category of F-algebras which associates to
every R the set of isomorphism classes of tuples ((D;, Fi, Bi)i=1,... ks (0i)i=2,...k)
with

D;eX(R),i=1,...,k

F; are G-torsors on Xg;

Bi - ]:i|XR\Di 5 ]:O|XR\D1- trivialisations, i = 1,..., k;

i : ‘7:0|f7i E>]:i_1|[)i, 1=2,...,k,
where Fj is the trivial G-torsor. There are two natural projections over X¥.

Let
LIGE =%k xgn £LTGF

The first projection is given by
pr: LGy — G
(D4, Fi, Bi)i=1,...k, (04)i=2,...k) —> ((Di, Fis Bi)i=1,... k)-
Then pj is a right £+G§_1—torsor for the action on the o;’s. The second
projection is given by
ar : LGr — Gry
((Diy Fiy Bi)i=1,...k (03)i=2,...k) —> ((Ds, F, BL)i=1,...k)s
where F{ = F; and for ¢ > 2, the G-torsor F, is defined successively by gluing
Filxp\p; to F{_1|p, along oi|po 0 Bi| po. Then gy is a right LG -torsor for
the action given by '
(((Di, Fi, Bi)iz1, (0i)iz2),(D1, (Di, gi)ix2)) —
(D1, F1, 1), (Diy g; ' Fis g7 Bi)iz2, (05g1)i2)-

In the following, we consider ind-schemes over ¥ as ind-schemes over ¥ via
PILIESS )
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DEFINITION 3.11. For every k > 1, the k-fold global convolution diagram is the
diagram of ind-schemes over %

G* E LGr 2 Gre I8 Gr.

REMARK 3.12. Fix z € X (F), and choose a local coordinate ¢ at x. Taking the
fiber over diag({x}) € X*(F) in the k-fold global convolution diagram, then

Grh «— LG x Grg — LG x27¢ .. x2"G Grg —» Gre.

k-times

For k = 2, we recover diagram (3.1).

3.2 UNIVERSAL LOCAL ACYCLICITY

The notion of universal local acyclicity (ULA) is used in Reich’s thesis [19], cf.
also the paper [3] by Braverman and Gaitsgory. We recall the definition. Let S
be a smooth geometrically connected scheme over F', and f : T — S a separated
morphism of finite type. For complexes Ay € D%(T,Qy), As € D%(S,Qy), there
is a natural morphism

Ar® f*As — (Ar @ f'Asg)2dim(S)), (3.2)

! _

where A @ B = D(DA ® DB) for A, B € D%T,Q;). The morphism (3.2) is
constructed as follows. Let I'y : T'— T x S be the graph of f. The projection
formula gives a map

nyy(F}(AT X .As) X F!f@é) ~ (AT X As) ® ny!F!f(@g — Ar X As,

and by adjunction a map F}(AT XAs) ® F!f@e — F!f(AT X Ag). Note that

F;(AT KAs) ~ Ar ® f*Ag and F!f(.AT KAg) ~ Arp ® f!.As,

using D(ArXAg) ~ DArXDAs. Since S is smooth, I' is a regular embedding,
and thus F!f(@g ~ Q¢[—2 dim(S)]. This gives after shifting by [2 dim(S)] the map
(3.2).

DEFINITION 3.13. (i) A complex Ar € Db(T,Qy) is called locally acyclic with
respect to f (f-LA) if (3.2) is an isomorphism for all As € D%(S, Q).

(ii) A complex Az € D%(T,Qy) is called universally locally acyclic with respect
to f (f-ULA) if f§ Arp is fo-LA for all for = f x5 S" with S” — § smooth, S’
geometrically connected.

REMARK 3.14. (i) If f is smooth, then the trivial complex Az = Qy is f-ULA.
(ii) If S = Spec(F) is a point, then every complex Ap € DY(T,Qy) is f-ULA.
(iii) The ULA property is local in the smooth topology on T
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LEMMA 3.15. Letg: T — T’ be a proper morphism of S-schemes of finite type.
For every ULA complex Ar € D%(T,Qy), the push forward g.Ar is ULA.

Proof. For any morphism of finite type g : T — T’ and any two complexes A7,
A, we have the projection formulas

N(Ar@g* Ar) ~ g Ar @ A and gu(Ar ® GAr) ~ g Ar @ Apr.

If g is proper, then g, = g1, and the lemma follows from an application of the
projection formulas and proper base change. O

THEOREM 3.16 ([19]). Let D C S be a smooth Cartier divisor, and consider a
cartesian diagram of morphisms of finite type
i J
EFE—T —U

|l

D— S «— S\D.

Let A be a f-ULA complex on T such that Al|y is perverse. Then:
(i) There is a functorial isomorphism

and both compleves i*[—1).A, i'[1]A are perverse. Furthermore, the complex A

is perverse and is the middle perverse extension A ~ ji.(Aly).
(ii) The complex i*[—1)A is f|g-ULA.

a

REMARK 3.17. The proof of Theorem 3.16 uses Beilinson’s construction of the
unipotent part of the tame nearby cycles as follows. Suppose the Cartier divisor
D is principal, this gives a morphism ¢ : S — AL such that p=*({0}) = S\D.
Let g = ¢ o f be the composition. Fix a separable closure F' of F. In SGA
VII, Deligne constructs the nearby cycles functor ¢ = ¢, : P(U) — P(ER).
Let Ytame be the tame nearby cycles, i.e. the invariants under the pro-p-part
of m1(G,, r,1). Fix a topological generator T of the maximal prime-p-quotient
of m(G,, p,1). Then T acts on Yrame, and there is an exact triangle

T—1 x - +1
wtame — wtame — Z*]* —

Under the action of 7" — 1 the nearby cycles decompose as Ytame =~ Yinme P

6> Where T' — 1 acts nilpotently on v, . and invertibly on ¢ .. Let N :
Wtame — Wtame(—1) be the logarithm of T', i.e. the unique nilpotent operator
N such that T = exp(TN) where T is the image of T under m(G,, s, 1) —

Z¢(1). Then for any a > 0, Beilinson constructs a local system £, on G,
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together with a nilpotent operator N, such that for Ay € P(U) and a > 0
with NoT (¢ - (Ar)) = 0 there is an isomorphism

(Ytame(Av), N) > (" [1]ji(Av ® g"La) F, 1 ® Na).

Set Wi(Ay) = limg—soo i*[—1]j1c(Av ® g*La). Then WY : P(U) — P(E) is
a functor, and we obtain that N acts trivially on ¥, .(Ay) if and only if
Up(Au) = i*[~1]ji(Ap). In this case, ¥} is also defined for non-principal
Cartier divisors by the formula W§ = i*[—1] o ji..

In the situation of Theorem 3.16 above Reich shows that the unipotent mon-
odromy along F is trivial, and consequently

i*[-1]A ~ TYoj*(A) ~ i'[1)A

COROLLARY 3.18 ([19]). Let A be a perverse sheaf on S whose support contains
an open subset of S. Then the following are equivalent:

(i) The perverse sheaf A is ULA with respect to the identity id: S — S.

(ii) The complex A|—dim(S)] is a locally constant system, i.e. a lisse sheaf.

O
We use the universal local acyclicity to show the perversity of certain complexes
on the Beilinson-Drinfeld Grassmannian. For every finite index set I, there is
the quotient map X! — ¥ onto a connected component of . Set

g1 = Grxs X
If I = {+} has cardinality 1, we write rx = Gr;.

REMARK 3.19. Let X = AL with global coordinate t. Then G, acts on X via
translations. We construct a G4-action on Gr as follows. For every x € G,(R),
let a, be the associated automorphism of Xg. If D € X(R), then we get an
isomorphism a_g : az D — D. Let (D, F, ) € Gra(R). Then the G,-action on
Orqa — X is given as

(D,F,B) — (a*,F,a* ,B,a;D).

Let G, act diagonally on X', then the structure morphism Gr; — X7 is G,-
equivariant. If |I| = 1, then by the transitivity of the G,-action on X, we
get Grx = Grg x X. Let p: Grx — Grg be the projection. Then for every
perverse sheaf A on Grg, the complex p*[1].A is a ULA perverse sheaf on Grx
by Remark 3.14 (ii) and the smoothness of p.

Now fix a finite index set I of cardinality & > 1. Consider the base change
along X! — X of the k-fold convolution diagram from Definition 3.11,

[16rx.: <= £Gr 5 Gri ™5 Gry. (3.3)
i€l
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Now choose a total order I = {1,...,k}, and set I° = I\{1}. Then p; (resp.
qr) is a LT G9-torsor, where LTG9 = X x y10 LYG1o.

Let LYGx = LTG xx X, and denote by Priq, (Grx)"" the category of
LG x-equivariant ULA perverse sheaves on Grx. For any i € I, let Ax; €
P(Grx)""A such that Ax.,i are LTGx-equivariant for i > 2. We have the
[I;>2 £TGx i-equivariant ULA perverse sheaf M;cr.Ax ; on [Lic; 9rx.i-

LEMMA 3.20. There is a unique ULA perverse sheaf gielAXﬂ- on Qr[ such that
there is a qr-equivariant isomorphism?

@ RierAx,i) ~ pj(®ierAx,),

where qr-equivariant means with respect to the action on the L*G9-torsor
qr : LG; = Grr. If Ax1 is also LT G x-equivariant, then W;er Ax; is LTG-
equivariant

REMARK 3.21. The ind-scheme £G; is not of ind-finite type. We explain how
the pullback functors p},q; should be understood. Let Yi,...,Y; be LTG-
equivariant closed subschemes of Grx containing the supports of Ay, ..., A .
Choose N >> 0 such that the action of LTGx on each Yi,...,Y} factors over
the smooth affine group scheme Hy = Respov), x (G), where DW) is the N-th
infinitesimal neighbourhoud of the universal Cartier divisor D over X. Let
Ky = ker(£+GX — Hy), and Y = Y] x...Y). Then the left Ky-action on
each Y; is trivial, and hence the restriction of the p;-action resp. gr-action on
p; (V) to [[;5o Kn agree. Let hy : p; ' (Y) — Y be the resulting [],~, Kn-
torsor. By Lemma A.4 below, we get a factorization

where pr v, qr, N are HZ—>2 Hp-torsors. In particular, Yy is a separated scheme
of finite type, and we can replace pj (resp. q7) by p; y (resp. ¢j y)-

Proof of Lemma 3.20. We use the notation from Remark 3.21 above. The
sheaf p;N(ﬁie[AXﬂ-) is [[;>o Hn-equivariant for the g7 y-action. Using de-
scent along smooth torsors (cf. Lemma A.2 below), we get the perverse
sheaf M;crAx,;, which is ULA. Indeed, pj,y(MicrAx,) is ULA, and the
ULA property is local in the smooth topology. Since the diagram (3.3) is
LT G r-equivariant, the sheaf giejAXJ- is LT Gr-equivariant, if Ax is LTG x-
equivariant. This proves the lemma. o

2See Remark 3.21 below.
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Let Ur be the open locus of pairwise distinct coordinates in X?. There is a
cartesian diagram

g <2 (Gl o,

| |

el Ur.

PROPOSITION 3.22. The complex m[,*(giEIAx,i) is a ULA perverse sheaf on
Grr, and there is a unique isomorphism of perverse sheaves

mr«(MierAxi) ~ jr(XierAx ilu; ),
which is LG r-equivariant, if Ax 1 is L1Gx -equivariant.

Proof. The sheaf gielAXﬂ- is by Lemma 3.20 a ULA perverse sheaf on Gry.
Now the restriction of the global convolution morphism m; to the support of
N;crAx,; is a proper morphism, and hence my .(X;erAx ;) is a ULA complex
by Lemma 3.15. Then my .(MicrAx:) ~ ju((RicrAxi)|v,), as follows from
Theorem 3.16 (i) and the formula . o v, =~ (u o v). for open immersions
VSUS T, because my|y, is an isomorphism. In particular, mL*(gigAXJ-)
is perverse. Since my is LT Gr-equivariant, it follows from proper base change
that my . (M;erAx ;) is L1Gr-equivariant, if Ax ;1 is LT G x-equivariant. This
proves the proposition.

O

3.3 THE SYMMETRIC MONOIDAL STRUCTURE

First we equip P+, (G- x )V with a symmetric monoidal structure * which
allows us later to define a symmetric monoidal structure with respect to the
usual convolution (3.1) of Lt G-equivariant perverse sheaves on Grg.

Fix I, and let U; be the open locus of pairwise distinct coordinates in X7.
Then the diagram

Gy~ g 2 (G
l ' l l (3.4)
x g o U,

is cartesian.

DEFINITION 3.23. Fix some total order on I. For every tuple (Ax ;)icr with
Ax,i € P(Grx)UMA for i € I, the I-fold fusion product *;c1Ax ; is the complex

fierAxs = 5[k + 1jrn((RicrAx.i)|v,) € D2(Grx, Qp),

where k = |I|.
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Now let 7 : I — J be a surjection of finite index sets. For j € J,let I; = 7~ 1(j),
and denote by U, the open locus in X7 such that the I j-coordinates are pairwise
distinct from the Ij-coordinates for j # j'. Then the diagram

Gry — Grp L ([, Grry)lo,

J l J (3.5)

X7 X1 U-x,

is cartesian. The following theorem combined with Proposition 3.22 is the key
to the symmetric monoidal structure:

THEOREM 3.24. Let I be a finite index set, and let Ax,; € Pr+a, (Grx) LA for
i€l. Letw:I— J be a surjection of finite index sets, and set kr = |I| — |J|.
(i) As complezxes

ir[—kalirn(RierAx,i)lo,) = inlkelirnm(RierAxi)lo,),

and both are L1G j-equivariant ULA perverse sheaves on Gry.  Hence,

*ierAx,i € Prvay (Grx) U4

(ii) There is an associativity and a commutativity constraint for the fusion

product such that there is a canonical isomorphism
kierAx,i ~ ¥jeg(kier; Ax.i),

where I; = 7=1(j) for j € J. In particular, (Pr+g, (Grx) Y4, %)

monoidal.

18 symmetric

Proof. Factor m as a chain of surjective maps [ =11 - Io — ... = I, =J
with |I;11] = |I;| + 1, and consider the corresponding chain of smooth Cartier
divisors

X7 =Xl — L X x = T

By Proposition 3.22, the complex jr1.((MierAx.i)|u,) is ULA. Then part (i)
follows inductively from Theorem 3.16 (i) and (ii). This shows (i).

Let 7 : I — I be a bijection. Then 7 acts on X' by permutation of coordinates,
and diagram (3.4) becomes equivariant for this action. Then

T (Mier Ax i)loy) = Jrs((MierAx 1) lor)-
Since the action on diag(X) C X7 is trivial, we obtain
igr s (MierAxa)loy) =~ i7" jr(MierAxi)lu;)
= i?j[,!*((giGIAX,Tfl(i))|U1)a

and hence *;erAx,i ~ *ierAx 13- It remains to give the isomorphism
defining the symmetric monoidal structure. Since j; = j o [] i1 diagram
(3.5) gives

U (BierAxi)lu))lv, = Bierin = ((Mier, Axi)lus, )-
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Applying (ix|v, )*[kx] and using that U, N X7/ = Uy, we obtain
(i [kxlir s (Mier Ax i) lv,)|u, = Wies(kier; Ax i)
But by (i), the perverse sheaf i%[kx]jr 1+ (MicrAx.:)|u;) is ULA, thus
inlkrlin s (RierAxi)lu,) = dos(RierCricr, Ax,i)lu, ),

and restriction along the diagonal in X7 gives the isomorphism ;¢ 1Ax,; ~
*jes(*ier; Ax,i). This proves (ii). 0

EXAMPLE 3.25. Let G = {e} be the trivial group. Then Grx = X. Let Loc(X)
be the category of ¢-adic local systems on X. Using Corollary 3.18, we obtain
an equivalence of symmetric monoidal categories

HO o [—1] : (P(X)VEA ) =5 (Loe(X), ®),

where Loc(X) is endowed with the usual symmetric monoidal structure with
respect to the tensor product ®.

COROLLARY 3.26. Let D%(X,Q,)VEA be the category of ULA complexes on X.
Denote by f: Grx — X the structure morphism. Then the functor

L1 (P(Grx) VA %) — (DX, Qo), ®)
is symmetric monoidal.

Proof. If Ax € P(Grx)"", then f.Ax € D% X, Q)" by Lemma 3.15 and
the ind-properness of f. Now apply f. to the isomorphism in Theorem 3.24 (ii)
defining the symmetric monoidal structure on P(Gryx )" *. Then by proper base
change and going backwards through the arguments in the proof of Theorem
3.24 (ii), we get that f.[—1] is symmetric monoidal. O

COROLLARY 3.27. Let X = AL. Let p: Grx — Grg be the projection, cf.
Remark 3.19.
(i) The functor

p*[1] : Ppec(Gra) — Ppegy (Grx)"™t

embeds Pr+c(Grg) as a full subcategory and is an equivalence of categories
with the subcategory of G, -equivariant objects in Pr+q, (Grx )Y,

(i) For every I and A; € Pr+g(Grg), i € I, there is a canonical LG x -
equivariant isomorphism

[ (xierAi) = *icr(p*[1JA;),

where the product is taken with respect to some total order on I.
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Proof. Under the simply transitive action of G, on X, the isomorphism
Grx ~ Grg x X is compatible with the action of LG under the zero sec-
tion LTG < LTGx. By Lemma 3.19, the complex p*[1]A is a ULA perverse
sheaf on Gryx. It is obvious that the functor p*[1] is fully faithful. Denote
by io : Grg — Grx the zero section. If Ax on Grx is Gg-equivariant, then
Ax ~ p*[1]ig[—1]Ax. This proves (i).

By Remark 3.12, the fiber over diag({0}) € X(F) of (3.3) is the usual convo-
lution diagram (3.1). Hence, by proper base change,

io[— 1 CRierp™[1Ai) =~ %ierig[—1p*[1]A; =~ *erAi.
Since ;e p*[1)A; is G,-equivariant, this proves (ii). O
Now we are prepared for the proof of Theorem 3.1.

Proof of Theorem 3.1. Let X = AL. For every A;, As € P(Grg) with Ay be-
ing LT G-equivariant, we have to prove that A; x Ay € P(Grg). By Theorem
3.24 (i), the *k-convolution is perverse. Then the perversity of A; x Ay follows
from Corollary 3.27 (ii). Again by Corollary 3.27 (ii), the convolution A; * As
is Lt G-equivariant, if A; is LT G-equivariant. This proves (i).

We have to equip (Pr+g(Grg),*) with a symmetric monoidal structure.
By Corollary 3.27, the tuple (Pr+g(Grg),*) is a full subcategory of
(Prray (Grx)UEA ), and the latter is symmetric monoidal by Theorem 3.24
(ii), hence so is (Pp+g(Grg), ). Since taking cohomology is only graded com-
mutative, we need to modify the commutativity constraint of (Pr+q(Grg),*)
by a sign as follows. Let F be a separable closure of F. The L*G g-orbits
in one connected component of Grg  are all either even or odd dimensional.
Because the Galois action on Grg z commutes with the LG g-action, the
connected components of Grg are divided into those of even or odd parity.
Consider the corresponding Z/2-grading on Pp+g(Grg) given by the parity of
the connected components of Grg. Then we equip (Pr+q(Grg), ) with the su-
per commutativity constraint with respect to this Z/2-grading, i.e. if A (resp.
B) is an L+ G-equivariant perverse sheaf supported on a connected component
X4 (resp. Xp) of Grg, then the modified commutativity constraint differs by
the sign (—1)P(X4)P(X5) " where p(X) € Z/2 denotes the parity of a connected
component X of Grg.

Now consider the global cohomology functor

w(-) = @RiF(GrG’p, (-)7): Prra(Grg) — Vecg, .
icZ
Let f: Grx — X be the structure morphism. Then the diagram

«—1 _
Prigy o (Grx,p)"" u DY X5, Qy)

)

p*[1]o (-)4 jea% 01}
Pr+(Grg)

VecQ .
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is commutative up to natural isomorphism. Now if A is a perverse sheaf sup-
ported on a connected component X of Grg, then by a theorem of Lusztig [12,
Theorem 11c|,

R'T(Grg p, Ap) =0, iZp(X) (mod 2),

where p(X) € Z/2 denotes the parity of X. Hence, Corollary 3.26 shows that
w is symmetric monoidal with respect to the super commutativity constraint
on Pp+q(Grg). To prove uniqueness of the symmetric monoidal structure, it is
enough to prove that w is faithful, which follows from Lemma 4.4 below. This
proves (ii). O

4 THE TANNAKIAN STRUCTURE

In this section we assume that F' = F' is separably closed. Let XY be a set of
representatives of the L*G-orbits on Grg. For u € X_\( we denote by O, the
corresponding LT G-orbit, and by 6u its reduced closure with open embeddding
" Oy = Oy We equip XY with the partial order defined as follows: for
every A, u € XY, we define A < p if and only if O\ C O,.

PROPOSITION 4.1. The category Pr+q(Grg) is semisimple with simple objects
the intersection complexes

ICM = Jlli@f [dlm(o;t)]) fO’f' n e X-\i-/

In particular, if Pj¥ (resp. Pj}') denotes the perverse push forward (resp. per-
verse extension by zero), then jf, ~Pji" ~P i

Proof. For any i € X, the étale fundamental group 7$4(0,,) is trivial. Indeed,
since @#\O# is of codimension at least 2 in @#, Grothendieck’s purity theorem
implies that 7$*(0,) = 7¢*(0,). The latter group is trivial by [SGA1, XI.1
Corollaire 1.2], because Oy is normal (cf. [6]), projective and rational. This
shows the claim.

Since by [17, Lemme 2.3] the stabilizers of the LT G-action are connected, any
L*G-equivariant irreducible local system supported on O, is isomorphic to the
constant sheaf Q. Hence, the simple objects in P+ (Grg) are the intersection
complexes IC,, for p € XY.

To show semisimplicity of the Satake category, it is enough to prove

Extp(ar) ICx, 1C,) = Hompp (e (ICA, IC,[1]) = 0.

We distinguish several cases:
Case (i): A = p.

Let O, EA 6# & 6M\O#, and consider the exact sequence of abelian groups

Hom(IC,,,i'IC,,[1]) — Hom(IC,,,IC,[1]) — Hom(IC,, j.j*IC,[1]) (4.1)
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associated to the distinguished triangle i;i!IC# — 1C, — j.j*IC,. We show
that the outer groups in (4.1) are trivial. Indeed, the last group is trivial, since
j*ICM = Q@ [dlm(ou)] gives

Hom(IC,,, j.j*IC,[1]) = Hom(5*IC,,, 7*IC,[1]) = Ext'(Qr, Q¢).

And Ext'(Q, Q) = H}(0,,Q) = 0, because O, is simply connected. To
show that the first group

Hom(IC,,,#i'IC,,[1]) = Hom(i*IC,,,i'IC,[1])

is trivial, note that ¢*IC,, lives in perverse degrees < —1 because the Oth per-
verse cohomology vanishes, since IC,, is a middle perverse extension along j.
Hence, the Verdier dual D(i*IC,)[1] = 4'IC,[1] lives in perverse degrees > 0.
This proves case (i).

Case (ii): A\ # p and either A < p or p < A

IfA<p,leti: Oy 6# be the closed embedding. Then

Hom(i,ICy,1C,[1]) = Hom(ICy, i'IC,,[1]),

and this vanishes, since i'IC,[1] lives in perverse degrees > 1 or equivalently,
the Verdier dual D(i'IC,) = i*IC,, lives in perverse degrees < —2. Indeed,
by a theorem of Lusztig [12, Theorem 11c], :*IC,, is concentrated in even per-
verse degrees, and the Oth perverse cohomology vanishes, since IC,, is a middle
perverse extension. If p <\, let ¢ : 5# < O, the closed embedding. Then

Hom(IC), i,IC,[1]) = Hom(i*ICy,IC,[1])

vanishes, since i*ICy lives in perverse degrees < —2 as before. This proves case
(ii).

Case (iii): A € p and pp £ A.

We may assume that A and p are contained in the same connected component
of Grg. Choose some v € Xi with A, u < v. Consider the cartesian diagram

@A X@V 6/L QL—1> 6“
el
_Y 7 _
OA <—1> Ou.
Then adjunction gives
HOHI(Z'L*IC)\, Z'27*ICM[1]) = Hom(izil,*IC)\, ICu[l]), (42)

and 451 ,JCy =~ 11,.3ICyx by proper base change. Hence (4.2) equals
Hom(¢3ICy, ¢41C,[1]) which vanishes. This proves case (iii), hence the propo-
sition. 0
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The affine group scheme L*G,, acts on Grg as follows. For z € LTG,,(R),
denote by v, the automorphism of Spec(R[t]) induced by multiplication with
x. If F is a G-torsor over Spec(R[t]), we denote by v*F the pullback of F
along v,. Let (F,3) € Grg(R). Then the action of LTG,, on Grg is given by

(]:56) — (’U;*IFaU:*IQL

and is called the Virasoro action.

Note that every LTG-orbit in Grg is stable under LTG,,. The semidirect
product LTGxL*G,, acts on Grg, and the action on each orbit factors through
a smooth connected affine group scheme. Hence, we may consider the category
Pr+Gur+c,, (Gra) of L*TG x L*TG,,-equivariant perverse sheaves on Grg.

COROLLARY 4.2. The forgetful functor
Prigxr+e,, (Grg) — Pp+a(Grg)

is an equivalence of categories. In particular, the category Pr+q(Grg) does not
depend on the choice of the parameter t.

Proof. By Proposition 4.1 above, every LT G-equivariant perverse sheaf is a
direct sum of intersection complexes, and these are LTG,,-equivariant. O

REMARK 4.3. If X = Al is the base curve, then the global affine Grassmannian
Orx splits as Grx ~ Grg x X. Corollary 4.2 shows that we can work over an
arbitrary curve X as follows. Let X be the functor on the category of F-algebras
R parametrizing tuples (z, s) with

x € X(R) is a point;
s is a continuous isomorphism of R-modules Ox,, , = R[t],

where @XR,;E is the completion of the R-module Ox, , along the maximal
ideal m; at z. The affine group scheme LG, operates from left on X by
(g, (x,s)) — (x,gs). The projectionp : X — X,(x, s) — x gives X the structure
of a LTG,,-torsor. Then Gry ~ Grg xL Cm X, and we get a diagram of LTG,,-
torsors

» GerX q
— T

Grg x X Orx.

For any A € P;+o(Grg), the perverse sheaf A &7(@4[1] on Grg x X is LTG,,-
equivariant by Corollary 4.2. Hence, p*(A K Qg[1]) descends along ¢ to a
perverse sheaf AXQ,[1] on Gry.

We are going to define a fiber functor on Pr+g(Grg). Denote by

w(-) = @RiF(Grg,—) : Prrq(Grg) — Vecg, (4.3)
i€z
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the cohomology functor with values in the category of finite dimensional Q-
vector spaces.

LEMMA 4.4. The functor w : Pp+q(Grg) — Vecq, is additive, exact and faith-

ful.

Proof. Additivity is immediate. Exactness follows from Proposition 4.1, since
every exact sequence splits, and w is additive. To show faithfulness, it is enough,
again by Proposition 4.1, to show that the intersection cohomology of the Schu-
bert varieties is non-zero. Indeed, we claim that the intersection cohomology
of any projective variety T is non-zero. Embedding T into projective space
and projecting down on hyperplanes, we obtain a generically finite morphism
m : T — P". Using the decomposition theorem, we see that the intersection
complex of P™ appears as a direct summand in 7.IC7p. Hence, the intersection
cohomology of T is non-zero. This proves the lemma. o

COROLLARY 4.5. The tuple (Pp+q(Grg), ) is a neutralized Tannakian category
with fiber functor w : Pr+q(Grg) — Vecg, .

Proof. We check the criterion in [5, Prop. 1.20]:

The category (Pp+c(Grg),*) is abelian Q-linear (cf. Appendix A below) and
by Theorem 3.1 (ii) above symmetric monoidal. To prove that w is a fiber func-
tor, we must show that w is an additive exact faithful tensor functor. Lemma
4.4 shows that w is additive exact and faithful, and Theorem 3.1 (ii) shows that
w is symmetric monoidal.

It remains to show that (Pr+g(Grg),*) has a unit object and that any one
dimensional object has an inverse. The unit object is the constant sheaf
ICo = Qq concentrated in the base point eg. We have End(ICo) = Qy, and
dim(w(ICy)) = 1. Now, let A € Pp+5(Grg) with dim(w(A)) = 1. Then A is
supported on a LTG-invariant closed point zg € Grg. There exists z in the
center of LG such that z - z9 = eg is the basepoint. If z{, = z - eg, then the
intersection cohomology complex A’ supported on z{, satisfies A x A" = ICy.
This shows the corollary. O

5 THE GEOMETRIC SATAKE EQUIVALENCE

In this section we assume that F = F is separably closed. Denote by
H = Aut*(w) the affine Q-group scheme of tensor automorphisms defined
by Corollary 4.5.

THEOREM 5.1. The group scheme H is a connected reductive group over Qy
which is dual to G in the sense of Langlands, i.e. if we denote by G the
Langlands dual group with respect to some pinning of G, then there exists an
isomorphism H ~ G determined uniquely up to inner automorphisms.

We fix some notation. Let 71" be a maximal split torus of G and B a Borel
subgroup containing 7' with unipotent radical U. We denote by (-,-) the natural
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pairing between X = Hom(7,G,,) and XV = Hom(G,,,T). Let R C X
be the root system associated to (G,T), and Ry be the set of positive roots
corresponding to B. Let RV C XV the dual root system with the bijection
R — RY, o . Denote by RY the set of positive coroots. Let W the Weyl
group of (G, T). Consider the half sum of all positive roots

p=5 > o

acRy

Let QY (resp. QY) the subgroup (resp. submonoid) of XV generated by R
(resp. RY). We denote by

XY= {ueX"|{au) >0, Vae Ry}

the cone of dominant cocharacters with the partial order on XV defined as
follows: A\ <y if and only if  — X € QY.

Note that (X )_/, <) identifies with the partially ordered set of orbit representa-
tives in Section 4 as follows: for every p € X )_/, let t* the corresponding element
in LT(F), and denote by ey € Grg the base point. Then p +— t# - eg gives the
bijection of partial ordered sets, i.e. the orbit closures satisfy

0, = H Oa, (Cartan stratification)

ALZp

where O denotes the L*G-orbit of t* - eq (cf. [17, §2]).

For every v € XV, consider the LU-orbit S, = LU - tY¢q inside Grg (cf. [17,
§3]). Then S, is a locally closed ind-subscheme of Grg, and for every p € XY,
there is a locally closed stratification

0, = H S, NO,. (Iwasawa stratification)
veXV

For € XY, let
Qp) = {veXY |wr<p Ywe W}

PROPOSITION 5.2. For every v € XV and p € XY the stratum S, N O, is
non-empty if and only if v € Q(u), and in this case it is pure of dimension
(o, +v).

Proof. The schemes GG, B, T and all the associated data are already defined
over a finitely generated Z-algebra. By generic flatness, we reduce to the case

where F' = F, is a finite field. The proposition is proven in [8, Proof of Lemma
2.17.4], which relies on [17, Theorem 3.1]. O

For every sequence pe = (p1,...,ux) of dominant cocharacters, consider the
projective variety over F'

— o + to to—=
Oue = p 1((9,“) x LG X 1(01%71) x Gouka
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inside LG xL7G . xL'G Grg, where p : LG — Grg denotes the quotient map.
The quotient exists, by the ind-properness of Grg and Lemma A.4 below.
Now let |pe| = pt1 + ... + pi. Then the restriction m,, = m|5m of the k-fold
convolution morphism factors as

m#. :OM. — O\H-|’
and is an isomorphism over O),,| C 6“&.‘.

COROLLARY 5.3. For every A € X with A < |ue| and x € Ox(F), one has

dim(m,(z)) < (p, || = A),

i.e. the convolution morphism is semismall.

Proof. The proof of [17, Lemme 9.3] carries over word by word, and we obtain
that dim(m,!(Ox)) < (p,|pe| + A). Since my, is LT G-equivariant and
dim(O,) = (2p, A}, the corollary follows. O

The convolution IC,,, ... *IC,, is a LTG-equivariant perverse sheaf, and by
Proposition 4.1, we can write

IC,, *...xIC,, ~ @5 Vi ®ICy, (5.1)

A< e
where Vlf‘. are finite dimensional Q-vector spaces.

LEMMA 5.4. For every A € XY with X\ < |pe| and x € O\(F), the vector space
V#)‘. has a canonical basis indexed by the irreducible components of m;.l () of
exact dimension {(p, |te| — A).

Proof. We follow the argument in Haines [9]. We claim that IC,, =
ICMg...@ICM is the intersection complex on O,,. Indeed, this can be
checked locally in the smooth topology, and then easily follows from the
definitions. Hence, the left hand side of (5.1) is equal to m,, «(IC,,). If
d = — dim(0,), then taking the d-th stalk cohomology at x in (5.1) gives by
proper base change

RT(m,}(x),1C,,) ~ V..

Since my, : O, — O),,| is semismall, the cohomology RIT(m, 1 (2),1C,,)
admits by [9, Lemma 3.2] a canonical basis indexed by the top dimensional
irreducible components. This proves the lemma. O

In the following, we consider 6,“ as a closed projective subvariety of
6#«1 X 6#14,#2 X ... X 5M1+M+Mkﬂ

via (g1,-.-,9%) — (91,9192, -.,91-.-9k). The lemma below is the geometric
analogue of the PRV-conjecture.
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LEMMA 5.5. For every A € X)_/ of the form A = vy + ... + v with v; €
Wi foriv=1,... k, the perverse sheaf 1Cy appears as a direct summand in
IC,, ... x1C,,.

Proof. Let v = w(va+...4+ 1) be the unique dominant element in the W-orbit
of vs + ...+ 1. Then A = v + w™lv. Hence, by induction, we may assume
k = 2. By Lemma 5.4, it is enough to show that there exists @ € O5(F) such
that m, () is of exact dimension (p, [e| — A).

Let w € W such that wry is dominant, and consider wA = wv; + wry. We
denote by Sy, N O, the intersection inside O, X O, 1y,

Suw. m@u. = (S'LUVI X Swu1+wu2) N 6u.~

The convolution is then given by projection on the second factor. By [17,
Lemme 9.1], we have a canonical isomorphism

Swve NOpy 2 (Swin NOpy) X (Swwy N Opy).

Let y = (y1,y2) in (Sww, N O )(F). Since for i = 1,2 the elements wy; are
conjugate under W to p;, there exist by [17, Lemme 5.2] elements uj,us €
LTU(F) such that

y1 =it - eo

Yo = urt“ " ust™r? - eg.

The dominance of wry implies t“" ust~""1 € L+U(F), and hence Y = Sy, N
@u. maps under the convolution morphism onto an open dense subset Y’ in
SwaNOy. Denote by h = m,, |y the restrictionto Y. BothY’, Y are irreducible
schemes (their reduced loci are isomorphic to affine space), thus by generic
flatness, there exists x € Y'(F') such that

dim(h™" (2)) = dim(Y) — dim(Y") = (p, |pa| +wX) = (0, A +wA) = (p, [11a] = X).

In particular, dim(m,}(z)) > (p, |e| — A), and hence equality by Corollary

5.3. (]

For the proof of Theorem 5.1, we introduce a weaker partial order < on X7
defined as follows: A < p if and only if 4 — A € Ry QY. Then A <y if and only
if A < p and their images in XV /QV coincide (cf. Lemma B.2 below).

Proof of Theorem 5.1. We proceed in several steps:
(1) The affine group scheme H is of finite type over Q.

By [5, Proposition 2.20 (b)] this is equivalent to the existence of a tensor gen-
erator in Pp+;(Grg). Now there exist pu1,...,ur € XY which generate X7 as
semigroups. Then IC,, @ ... ®IC,, is a tensor generator.

(2) The affine group scheme H is connected reductive.

DOCUMENTA MATHEMATICA 19 (2014) 209246



234 T. RICHARZ

For every u € X_\( and k£ € N, the sheaf ICy, is a direct summand of IC;’“,
hence the scheme H is connected by [5, Corollary 2.22]. By [5, Proposition
2.23], the connected algebraic group H is reductive if and only if P;+5(Grg)
is semisimple, and this is true by Proposition 4.1.

(3) The root datum of H is dual to the root datum of G.

Let (X', R/, A, X"V, R"V,A"Y) the based root datum of H constructed in The-
orem B.1 below. By Lemma B.5 below it is enough to show that we have an
isomorphism of partially ordered semigroups

(XY, <) — (X, <. (5.2)

By Proposition 4.1, the map XY — X', p+— [IC,], where [IC,] is the class of
IC,, in K Pr+q(Grg) is a bijection of sets.

For every A, i € X, we claim that A <y if and only if [IC,] =" [IC,,]. Assume
A =X u, and choose a finite subset F' C X)_/ satisfying Proposition B.3 (iii). Let
A = ®,crIC,, and suppose IC, is a direct summand of IC;\k for some k € N.
In particular, y < kX and so x € WF + Zle Wpu. By Lemma 5.5, the sheaf
IC, is a direct summand of IC;k * A, which means [IC,] <’ [IC,]. Conversely,
assume [IC,] =’ [IC,]. Using Proposition B.3 (iv) below, this translates, by
looking at the support, into the following condition: there exists v € XY such
that Ok C Op,uqp holds for infinitely many k € N. Equivalently, kA < ku + v
for infinitely many k£ € N which implies A < .

For every \,u € XY, we claim that [ICy] + [IC,] = [ICyy,] in X/, : by the
proof of Theorem B.1 below, [IC,] + [IC,,] is the class of the maximal element
appearing in ICy xIC,,. Since the partial orders <, <’ agree, this is [ICy,].
It remains to show that the partial orders <, <’ agree. The identification X\ =
X', prolongs to XV = X'. We claim that QY = @', under this identification
and hence QY = @', which is enough by Lemma B.2 below. Let oY € QY a
simple coroot, and choose some p € XY with (o, ) = 2. Then g+ sq(n) =
2p1 — o is dominant, and hence ICy,_,v appears by Lemma 5.5 as a direct
summand in IC;Q. By Lemma B.4 this means o € /., and thus QY C Q’,.
Conversely, assume o’ € @', has the property that there exists y € X/, with
21— o' € X', and ICy, o appears as a direct summand in IC;Q. Note that
every element in @', is a sum of these elements. Then 2; — o' < 2u, and hence
o’ € QY. This shows ', C QY and finishes the proof of (5.2). O

6 GALOIS DESCENT

Let F' be any field, and G a connected reductive group defined over F. Fix
a separable closure F', and let 'z = Gal(F/F) be the absolute Galois group.
Let Repg,(I'r) be the category of finite dimensional continuous ¢-adic Galois
representations. For any object defined over F, we denote by a subscript (-)
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its base change to F. Consider the functor

Q: Pr+c(Grg) — Repg,(Tr)
A — P RT(Grg p, Ap).

<yA

There are canonical isomorphisms of fpqc-sheaves (LG)p ~ LGp, (LTG)p ~
L*Gp and Grg p ~ Grg,.. Hence, Q ~wo ()5, cf. (4.3).

The absolute Galois group I'r operates on the Tannakian category
Pric.(Grg,) by tensor equivalences compatible with the fiber functor
w. Hence, we may form the semidirect product XG = Aut*(w)(Q/) x I'p
considered as a topological group as follows. The group Aut*(w)(Qy) is
equipped with the f-adic topology, the Galois I'r group with the profinite
topology and “G with the product topology. Note that I'z acts continuously
on Aut*(w)(Q¢) by Proposition 6.6 below. Let Repg, (*G) be the full subcat-
egory of the category finite dimensional continuous f-adic representations of
LG such that the restriction to Aut*(w)(Qy) is algebraic.

THEOREM 6.1. The functor € is an equivalence of abelian tensor categories

Q: Prig(Grg) — Repé[(LG)
A — Q(A).

The proof of Theorem 6.1 proceeds in several steps.

LEMMA 6.2. Let H be an affine group scheme over a field k. Let Repy, (H) be the
category of algebraic representations of H, and let Rep, (H (k)) be the category
of finite dimensional representations of the abstract group H (k). Assume that
H is reduced and that H(k) C H is dense. Then the functor

U : Rep,(H) — Rep,(H(k))
p — p(k)

s a fully faithful embedding.

O
We recall some facts on the Tannakian formalism from [20]. Let (C,®) be a
neutralized Tannakian category over a field k with fiber functor v. We define
a monoidal category Aut®(C,v) as follows. Objects are pairs (o, ), where
o : C — C is a tensor automorphism and « : voo — v is a natural isomorphism
of tensor functors. Morphisms between (o, ) and (¢’,’) are natural tensor
isomorphisms between o and ¢’ that are compatible with a, o’ in an obvious
way. The monoidal structure is given by compositions. Since v is faithful,
Aut®(C,v) is equivalent to a set, and in fact is a group.
Let H = Autf:9 (v), the Tannakian group defined by (C,v). There is a canonical
action of Aut®(C,v) on H by automorphisms as follows. Let (o,a) be in
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Aut®(C,v) . Let R be a k-algebra, and let h : vg — vg be a R-point of H.
Then (o, @) - h is the following composition

a”l hoid a
VR —> UROO —>» UR OO —> VUR.

Let T be an abstract group. Then an action of T on (C,v) is by definition a
group homomorphism act : I' — Aut®(C, v).

Assume that I' acts on (C,v). Then we define C', the category of I'-equivariant
objects in C as follows. Objects are (X, {cy}yer), where X is an object in
C and ¢y : acty(X) ~ X is an isomorphism, satisfying the natural cocycle
condition, i.e. ¢4y = ¢y 0act, (cy). The morphisms between (X, {¢y}yer) and
(X', {c} }yer) are morphisms between X and X', compatible with c,, ¢/ in an
obvious way.

LEMMA 6.3. Let T be a group acting on (C,v).

(i) The category C' is an abelian tensor category.

(ii) Assume that H is reduced and that k is algebraically closed. The functor v
is an equivalence of abelian tensor categories

C" ~ Repj(H(k) «T)

where Repy, (H (k) x T') is the full subcategory of finite dimensional represen-
tations of the abstract group H(k) x T' such that the restriction to H(k) is
algebraic.

REMARK 6.4. In fact, the category C' is neutralized Tannakian with fiber
functor v. If T" is finite, then Au‘uf’?F (v) ~ H x I'. However, if T" is not finite,

then Au‘u?F (v) is in general not H x I',; where the latter is regarded as an affine
group scheme.

Proof of Lemma 6.3. The monoidal structure on C' is defined as

(X7 {C’Y}’YEF) ® (le {cfy}’yef) = (Xllv {cz}’vef)v

where X" = X ® X’ and cf : act,(X"”) — X" is the composition

acty (X @ X') >~ act,(X) ® act, (X") Y X @ X

This gives C' the structure of an abelian tensor category.
Now assume that H is reduced and that k is algebraically closed. It is enough
to show that as tensor categories

U : Rep, (H)T =5 Repf(H (k) x T)

compatible with the forgetful functors. Let ((V,p),{cy}yer) € Rep,(H)'.
Then we define (V, pr) € Repp(H (k) x T') by

(h,vy) — p(h)oap(V)ovo c;l € GL(V),
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where ap, : voop ~ v is induced by the action of I' as above. Using the cocycle
relation, one checks that this is indeed a representation. By Lemma 6.2, the
natural map

Homp (p, p') — Homp, (p(k), p'(k))

is bijective. Taking I'-invariants shows that the functor W is fully faithful.
Essential surjectivity is obvious. o

Now we specialize to the case (C,®) = (Pp+q,(Grg p),*) with fiber functor
v = w. Then the absolute Galois group I' = I' 7 acts on this Tannakian category
(cf. Appendix A.1).

Proof of Theorem 6.1. The functor Q is fully faithful.

Let Pp+¢,.(Grg )¢ be the full subcategory of Pr+¢, (Grg )" consisting of
perverse sheaves together with a continuous descent datum (cf. Appendix A.1).
By Lemma A.6, the functor A — Aj is an equivalence of abelian categories
Pri¢(Grg) ~ Ppig, (GrGyp)Fvc. Hence, we get a commutative diagram

Prig,(Grg p)t Repg, (*G)
A AP{ [
Pr+c(Grg) Repg, (“G),

where w is an equivalence of categories by Lemma 6.3 (ii), and where the ver-
tical arrows are fully faithful. Hence, € is fully faithful.

The functor Q) is essentially surjective.

Let p be in RepétZ (FG). Without loss of generality, we assume that p is in-
decomposable. Let H = Aut*(w). By Proposition 4.1, the restriction p|y is
semisimple. Denote by A the set of isotypic components of p|y. Then I'r op-
erates transitively on A, and for every a € A its stabilizer in I'g is the absolute
Galois group I'g for some finite separable extension E/F. By Galois descent
along finite extensions, we may assume that £ = F', and hence that p|g has
only one isotypic component. Let pg be the simple representation occuring
in p|g. Then Homp(po, p) is a continuous I'-representation, and the natural
morphism
po @ Hompg (po, p) — p

given by v ® f ~ f(v) is an isomorphism of “G-representations. Let ICx
be the simple perverse sheaf on Grg p with w(ICx) >~ po. Since p has only
one isotypic component, the support X = supp(ICx) is I'-invariant, and hence
defined over F. Denote by V the local system on Spec(F') given by the T'-
representation Hompg (pg, p). Then ICx ® V is an object in Pp+g(Grg) such
that Q(ICx ® V') ~ po @ Homp(po, p). This proves the theorem. O

The proof of Theorem 6.1 also shows the following fact.
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COROLLARY 6.5. Let A € Pr+g(Grg) indecomposable. Let {X;}ier be the
set of irreducible components of supp(Ag). Denote by E the minimal finite
separable extension of F such that X; is defined over E for alli € I. Then as
perverse sheaves on Grg

Ap ~ PICx, @V,

il
where V; are indecomposable local systems on Spec(E).

O
We briefly explain the connection to the full L-group. For more details see [20].
Let G be the reductive group over Q; dual to Gz in the sense of Langlands, i.e.
the root datum of G is dual to the root datum of G 7. There are two natural
actions of 'z on G as follows. Up to the choice of a pinning (G’, E, T, X) of G’,
we have an action act®® via

act® : Tp — Out(Gp) ~ Out(G) ~ Aut(G, B, T, X) c Aut(G), (6.1)

where Out(-) denotes the outer automorphisms. On the other hand, we have

an action act®® : I'z — Aut(G) via the Tannakian equivalence from Theorem
5.1. The relation between act8° and act®® is as follows.

Let cycl : 'y — Z, be the cyclotomic character of I'p defined by the action
of I'r on the ¢>-roots of unity of F. Let Gaa be the adjoint group of G. Let
p be the half sum of positive coroots of G , which gives rise to a one-parameter
group p: G, — éad. We define a map

cycl A =
x:I'p A Z) SLAN Gaa(Qp),

which gives a map Ad, : I'r — Aut(G) to the inner automorphism of G.

PROPOSITION 6.6 ([20] Proposition A.4). For ally € T'f,
act(7) = act’(7) o Ady ().

a

REMARK 6.7. Proposition 6.6 shows that act®° only depends on the quasi-split
form of G, since the same is true for act*®. In particular, the Satake category
Pr+c(Grg) only depends on the quasi-split form of G whereas the ind-scheme
Grg does depend on G.

Let LG?le = é(@g) X eate L be the full L-group. Set LG8 = é(@g) X actezeo L F.

COROLLARY 6.8 ([20] Corollary A.5). The map (g,7) + (Adyy-1y(g),7) gives

an isomorphism YGM& S LGeeo,

O
Combining Corollary 6.8 with Theorem 6.1, we obtain the following corollary.
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COROLLARY 6.9. There is an equivalence of abelian tensor categories
Pr+g(Grg) ~ Repéé(LGalg)7

where Rep(%zé (FG™8) denotes the full subcategory of the category of finite di-

mensional continuous L-adic representations of LGals sych that the restriction
to G(Qy) 1is algebraic.

A PERVERSE SHEAVES

For the construction of the category of f-adic perverse sheaves, we refer to
the work of Y. Laszlo and M. Olsson [13]. In this appendix we explain our
conventions on perverse sheaves on ind-schemes.

Let F be an arbitrary field. Fix a prime ¢ # char(F'), and denote by Qg the
field of ¢-adic numbers with algebraic closure Q,. For any separated scheme
T of finite type over F, we consider the bounded derived category D%(T, Q)
of constructible f-adic sheaves on T. Let P(T) be the abelian Q-linear full
subcategory of ¢-adic perverse sheaves, i.e. the heart of the perverse t-structure
on the triangulated category D2(T, Qy).

Now let (T');c; be an inductive system of separated schemes of finite type over
F with closed immersions as transition morphisms. A fpqc-sheaf 7 on the
category of F-algebras is called a strict ind-scheme of ind-finite type over F if
there is an isomorphism of fpqc-sheaves 7 ~ 1imz_ T;, for some system (T);cr
as above. The inductive system (T);¢; is called an ind-presentation of T.

For i < j, push forward gives transition morphisms D2(T;, Q) — D2%(T};, Q)
which restrict to P(T;) — P(T}), because push forward along closed immersions
is t-exact.

DEFINITION A.1. Let 7 be a strict ind-scheme of ind-finite type over F, and
(T3)ier be an ind-presentation.

(1) The bounded derived category of constructible (-adic complezes D2(T,Qy)
on 7 is the inductive limit

(ii) The category of ¢-adic perverse sheaves P(T) on T is the inductive limit
P(T) = lim P(T;).

The definition is independent of the chosen ind-presentation of 7. The cat-
egory D_g(T, Q) inherits a triangulation and a perverse t-structure from the
DY(T;,Qg)’s. The heart with respect to the perverse t-structure is the abelian

Q¢-linear full subcategory P(T).
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If f:7T — S is a morphism of strict ind-schemes of ind-finite type over F,
we have the Grothendieck operations f., fi, f*, f', and the usual constructions
carry over after the choice of ind-presentations.

In Section 3.3 we work with equivariant objects in the category of perverse
sheaves. The context is as follows. Let f : T'— S be a morphism of separated
schemes of finite type, and let H be a smooth affine group scheme over S with
geometrically connected fibers acting on f : T'— S. Then a perverse sheaf A
on T is called H -equivariant if there is an isomorphism in the derived category

0:a"A ~ p*A, (A.1)

wherea : HxgT — T (vesp. p: HxgT — T) is the action (resp. projection on
the second factor). A few remarks are in order: if the isomorphism (A.1) exists,
then it can be rigidified such that e’.0 is the identity, where ez : T'—= H xg T
is the identity section. A rigidified isomorphism 6 automatically satisfies the
cocycle relation due to the fact that H has geometrically connected fibers.
The subcategory Py (T) of P(T') of H-equivariant objects together with H-
equivariant morphisms is called the category of H -equivariant perverse sheaves
onT.

LEMMA A.2 ([13] Remark 5.5). Consider the stack quotient H\T, an Artin
stack of finite type over S. Let p : T — H\T be the quotient map of relative
dimension d = dim(T'/S). Then the pull back functor

pld]: P(H\T) — Pu(T),
is an equivalence of categories. In particular, Pg(T) is abelian and Qq-linear.

O
Now let 7 be a strict ind-scheme of ind-finite type, and f : 7 — S a morphism
to a separated scheme of finite type. Fix an ind-presentation (7;);c; of 7. Let
(H;)icr be an inverse system of smooth affine group scheme with geometrically
connected fibers. Let H = l'mi H,; be the inverse limit, an affine group scheme
over S, because the transition morphism are affine. Assume that H acts on
f+ T — S such that the action restricts to the inductive system (f|r,)icr-
Assume that the H-action factors through H; on f|r, for every i € I.

DEFINITION A.3. Let f: T — S, (T3)ier and H as above. The category Py (T)
of H-equivariant perverse sheaves on T is the inductive limit

T
3
g

im Py, (T;).

It follows from Lemma A.2 that the category Py(T) is an abelian Q-linear
category. The following lemma is used throughout the text.
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LEMMA A.4. Let T — S be a H-torsor, and let Y be a S-scheme with H-action.
Assume that the action of H on'Y factors over H; for i >> 0. Then there is a
canonical isomorphism of fpqc-sheaves

TxMy = 70 xHiy,
where TW =T xM H;.
O

REMARK A.5. In particular, if T7() xHi Y is representable of finite type, then
is T x™ Y is representable of finite type.

A.1 GALOIS DESCENT OF PERVERSE SHEAVES

Fix a separable closure F' of F. Let I' = Gal(F/F) be the absolute Galois
group. For any complex of sheaves A on T', we denote by Az its base change
to Tp = T ® F. We define the category of perverse sheaves with continuous I'-
descent datum P(Tg)"¢ as follows. The objects are pairs (A, {c, }yer), where
A € P(Ty) and {c,}yer is a family of isomorphisms

ey A 5 A,

satisfying the cocycle condition ¢, = ¢, o v.(cy) such that the datum is
continuous in the following sense. For every i € Z and every locally closed
subscheme S C T such that the standard cohomology sheaf H'(A)|s is a local
system, and for every U — S étale, with U separated quasi-compact, the
induced ¢-adic Galois representation on the Ug-sections

I — GL(H'(A)(Ur)),

is continuous. The morphisms in P(Tz)"¢ are morphisms in P(Ts) compat-
ible with the ¢,’s. For every A € P(T), its pullback Az admits a canonical
continuous descent datum. Hence, we get a functor

®:P(T) — P(Tp)'*

LEMMA A.6 (SGA 7, XIII, 1.1). The functor ® is an equivalence of categories.

d

B RECONSTRUCTION OF RooT DATA

Let G a split connected reductive group over an arbitrary field k. Denote
by Rep, the Tannakian category of algebraic representations of G. If k
is algebraically closed of characteristic 0, then D. Kazhdan, M. Larsen and
Y. Varshavsky [10, Corollary 2.5] show how to reconstruct the root datum
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of G from the Grothendieck semiring K [G] = K{Reps. In fact, their
construction works over arbitrary fields. This relies on the conjecture of
Parthasarathy, Ranga-Rao and Varadarajan (PRV-conjecture) proven by S.
Kumar [11] (char(k) = 0) and O. Mathieu [15] (char(k) > 0).

THEOREM B.1. The root datum of G can be reconstructed from the
Grothendieck semiring K [G].

This means, if H is another split connected reductive group over k, and if
¢ : K [H] — K{[G] is an isomorphism of Grothendieck semirings, then there
exists an isomorphism of group schemes ¢ : H — G determined uniquely up to
inner automorphism such that ¢ = K [p].

Let T be a maximal split torus of G and B a Borel subgroup containing 7.
We denote by (-,-) the natural pairing between X = Hom(7T,G,,) and XV =
Hom(G,,,T). Let R C X be the root system associated to (G,T), and R
be the set of positive roots corresponding to B. Let RV C XV the dual root
system with the bijection R — RY, o — . Denote by RY the set of positive
coroots. Let W the Weyl group of (G,T'). Cousider the half sum of all positive

roots 1
=3 o

a€ER

Let @ (resp. Q) the subgroup (resp. submonoid) of X generated by R (resp.
R.). We denote by

X, = {ueX|(ua)>0, vac R}

the cone of dominant characters.

We consider partial orders < and < on X defined as follows. For A\, u € X,
we define A < p if and only if 4 — A € @4, and we define A < p if and only if
p—A= ZaeA Zoo With 2, € R>¢. The latter order is weaker than the former
order in the sense that A < p implies A < u, but in general not conversely.

LEMMA B.2 ([18]). For every A\, u € X4, then X\ < u if and only if A < u and
the images of \, p in X/Q agree.
Let

Dom<, ={v e X; | v < u}.
For a finite subset F' of the euclidean vector space F = X ® R, we denote by
Conv(F) its convex hull.
ProrosITION B.3. For A\, u € X4, the following conditions are equivalent:
(HA=2p
(i) Conv(WA) C Conv(Wp)
(iii) There exists a finite subset F C X4 such that for all k € N:

E
Dom<iy C WF+ZWM

i=1
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(iv) There exists a representation U such that for every k € N, every irreducible
subquotient of V>\®k is a subquotient of V#®k ®U.

Proof. The equivalence of (i) and (ii) is well-known. The implication (ii)=-(iii)
follows from [10, Lemma 2.4]. Assume (iii), we show that (iv) holds: let U =
®verVy, and suppose V, is a irreducible subquotient of V/\®k , in particular
x < kA. By (iii), x has the form wv + Zle w; b with w,wq, ..., wp € W and
v € F. Using the PRV-conjecture [4, Theorem 4.3.2], we conclude that V,
is a subquotient of V,** @ V,,, hence also of V,** @ U. This shows (iv). The
implication (iv)=-(i) is shown in [10, Proposition 2.2]. O

For ;1 € X, let v, be the corresponding element in K [G]. Let Q. C X be
the semigroup generated by the set

{foeX|3peXy: 2u—ae Xy and v, —vy_o € K [G]}.
LEMMA B.4. There is an equality of semigroups Q4 = Q.

Proof. Tt is obvious that Q4 C @4, and we show that Q contains the simple
roots. Let a be a simple root, and choose some p € X such that (u, ") = 2.
Then 2p—a« paired with any simple root is positive, and hence p+s, (1) = 2p—a
is dominant. By the PRV-conjecture [4, Theorem 4.3.2], the representation
Vau—a appears as an irreducible subquotient in V#®2, ie. ’ui —V2p—a € Kgr G].

O
The proof of Theorem B.1 goes along the lines of [10, Corollary 2.5].

Proof of Theorem B.1. By Lemma B.5 below it is enough to construct the par-
tially ordered semigroup (X, <) of dominant weights.
The underlying set of dominant weights X is the set of irreducible objects in
Kar [G]. Then the partial order < on X is characterized by Proposition B.3
as follows: for A\, 1 € X, one has A\ < g if and only if there exists a u € K [G]
such that for all k € Nand v € X,

v;ffvl,EKar[G] - vfufvl,GKar[G].
The semigroup structure on X is given by: for A\, u € X4, one has v = A+ p if
and only if v is the unique dominant weight which is maximal (w.r.t. <) with
the property that vy - v, — v, € K [G].
Now X is the group completion of X, and by Lemma B.4 we can reconstruct
R+ C X. Then @ is the group completion of @4, and by Lemma B.2 we can
reconstruct <. This shows that the root datum of GG can be reconstructed from
K{[G).
Now if H is another split connected reductive group over k, and ¢ : Kgr [H] —
K{[G] an isomorphism of Grothedieck semirings, then the argument above
shows that there is an isomorphism of partially ordered semigroups

(xif, <) — (x§,<9) (B.1)
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inducing ¢ on Grothendieck semirings. By Lemma B.5 below, the morphism
B.1 prolongs to an isomorphism of the associated based root data. Hence, there
exists an isomorphism of group schemes ¢ : H — G inducing the isomorphism
of based root data. In particular, ¢ = K;[¢], and such an isomorphism ¢
is uniquely determined up to inner automorphism. This finishes the proof of
Theorem B.1. O

LEMMA B.5. Let B = (X,R,A, XY, RV, AY) any based root datum. De-
note by (X4, <) the partially ordered semigroup of dominant weights. Then
the root datum B can be reconstructed from (Xi,<), ie if B =
(X' R, A XV RY AN s another based Toot datum with associated domi-
nant weights (X', <), then any ismorphism (X,<) — (X', <') of partially
ordered semigroups prolongs to an isomorphism B — B’ of based root data.

Proof. The weight lattice X is the group completion of X, a finite free Z-
module. The dominance order < extends uniquely to X, also denoted <. Then
XV = Homg(X,Z) is the coweight lattice, and the natural pairing X x XV — Z
identifies with (-,-). The reconstruction of the roots and coroots proceeds in
several steps:

(1) The set of simple roots A C X:

A weight a € X\{0} is in A if and only if 0 < «, and « is minimal with this
property.

(2) The set of simple coroots AV C XV:

An element of XV is uniquely determined by its value on X . Fix a € A with
corresponding simple coroot a¥. Then for any p € X, the value (u, @) is the
unique number m € N such that 2 — ma is dominant, but 2u — (m + 1)« is
not. Indeed, we have

Qu-ma,a’) >0 & (ua’)>m,
and, for every other simple coroot 3 # o and every n € N,
(2n —na, BY) = 2{(u, ) — nle, B¥) = 2{u, ) > 0,

since (a, BY) < 0. Hence, (2u — (m + 1)a,a¥) < 0 and so m = (u, V).

(3) The sets of roots R and coroots RY:

The Weyl group W C Autz(X) is the finite subgroup generated by the re-
flections sq,ov associated to the pair (o, ") € A x AY. Then R = W - A,
i.e., the roots are given by the translates of the simple roots under W. Since
Autz(XV) = Autz(X)°P, the Weyl group W acts on XV and RV = W - AV.
This proves the lemma. O
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ABSTRACT. This paper treats certain lattices in ternary quadratic
spaces, which are obtained from the data of a non-zero element and a
maximal lattice in a quaternary space. Each class in the genus of such
a lattice with respect to the special orthogonal group corresponds to
an isomorphism class in the genus of an order associated with the
lattice in a quaternion algebra. Using this result together with the
principle of Shimura, we show that the number of classes of the prim-
itive solutions of a quadratic Diophantine equation in four variables
coincides with the type number of the order under suitable conditions
on the given element. We illustrate this result by explicit examples.

2010 Mathematics Subject Classification: 11E12, 11D09, 11E20

INTRODUCTION

Let (V, ¢) be a nondegenerate quadratic space of dimension 4 over a number
field F', that is, V is a four-dimensional vector space over F' and ¢ is a non-
degenerate symmetric F-bilinear form on V. For an element h of V such that

@[h](: @(hv h)) 7é 0, we put
W = (Fh)* ={z €V | p(z, h) = 0}

and consider a quadratic space (W, 1) of dimension 3 over F' with the restriction
1 of ¢ to W. In this paper the special orthogonal group SOV of 9 is regarded
as the subgroup {7y € SO¥ | hy = h} of the orthogonal group SO¥ of ¢. The
orthogonal group OY of 1 is also identified with O in a similar manner. For
a maximal lattice L in (V, ) we put

Llg, ] ={z € V | ¢[z] = q, (z, L) = b}, D(L)={a €O} |La=L},
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where ¢ = ¢[h], b = ¢(h,
Liq, b] is stable under I'"(L
in an obvious way.

In the sense of Shimura [9, Introduction I, L[g, b] is the set of primitive so-
lutions of the equation @[z] = ¢q. Our interest in this paper is basically the
set

L), and the subscript A means adelization. Since
) =0¥ND(L), the set L[g, b]/T"(L) is meaningful

Llg, b]/T"(L)

consisting of the classes of such solutions. By the principle of [9, Theorem
11.6], each class of solutions of L;[q, b] modulo T"(L;) for i € J corresponds to
a class of OY relative to an open subgroup OX N D(L) in OX. Here {L;}ics
is a set of representatives for the O%¥-classes in the O¥-genus of L for which
L;[q, b] # 0 (see also (£J) below).

Now we consider the lattice L N W in (W, ¢) and the even Clifford algebra
AT (W) of 4, which is a quaternion algebra over F since the dimension of W
is 3. Let A(N) be the order generated by g and N in the Clifford algebra of 1,
and put AT(N) = AT (W) N A(N) for an integral lattice N in (W, ¢). Here g
is the ring of all integers of F' and the terms integral and mazimal are given in
§1.1. To LNW we can associate an order O in A* (W), containing AT (LNW),
whose discriminant is given by ([3.22) below. The purpose of this paper is to
define such an order O, to give a bijection of the SO¥-classes in the SO¥-genus
of L N W onto the isomorphism classes in the genus of O, and to prove

> #{Lila, b]/T°(Li)} = t(D) (0.1)

icJ

through the above principle under suitable conditions on h € L[g, b], where the
genus of O is defined by the set {a 'Oa | o € AT(W)x} and t(O) is the type
number of O.

To obtain the order 9, we proceed in a similar manner to [10, §4.6] under mild
conditions on h € Llg, b] (Proposition (3)). As for the bijection, given a
lattice N in the genus of LN W, put N = (L N W)7(«) with o € AT (W)}.
Here 7 is a surjective homomorphism of GT(W)a onto SOK and GT(W) is
the even Clifford group of 1, which is given by AT (WW)*. Then our bijection
is defined by N — a~'Oa (Theorem [3.4] (2)). This result mainly relies on a
description of LNW in AT (W) by means of AT (LNW) (cf. [4, Theorem 2.1]).
Now in Proposition B3] we shall prove that O¥eD(LNW) = O¥(0% N D(L))
for every € € OK under several assumptions on h € L[g, b]. Because W is odd-
dimensional, the class number of the genus of L W with respect to O¥ equals
that with respect to SO¥. Hence by virtue of the principle mentioned above,
the number Y-, ; # {Lilq, b]/T"(L;)} is equal to the number of SO¥-classes in
the SO¥-genus of L N W. Our main result (1)) follows from this fact and the
above bijection.

It should be noted that the genus of 9 is determined by the discriminant if O
has squarefree discriminant, for instance, if  is maximal. When the quaternion
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algebra is totally definite, there are formulas for computing the type number of
such an order; see Peters [} Satz 14] or Pizer [0, Theorem A and Theorem B],
etc.. In Section 5 we will take up totally-positive definite forms ¢ and employ
their numerical tables [5l Tabelle 2] and [6l Table 1] for type numbers. It
seems that there are few numerical examples for the type number of the genus
of an order whose discriminant is not squarefree and for the class number of
the genus of a lattice which is neither maximal nor unimodular with respect to
a definite form. Here we assume that h satisfies the conditions in Proposition
Then (@) contains the case of non-maximal (and often non-unimodular)
LN W, more clearly, the case that D has at most one higher-power prime p¢
(e > 1) in its discriminant, where p is a prime ideal of F' (see also ([@I0) below).

To see the existence of such an element h, as an application of Proposition [£.3]
let B, o be a definite quaternion algebra over Q ramified exactly at a prime
number r and take a prime number d prime to r so that d = 1 (mod 4). In
Theorem [B.1] we shall show:

For every odd prime number p prime to dr and 0 < n € Z, except when n
is odd and p remains prime in Q(\/E), there exists a mazimal lattice L in
(V, @) over Q of invariants {4, Q(v/d), By «, 4} (see (LH) for the definitions)
such that L[dp™, 271dZ] # 0. And moreover, formula (@) is valid for h €
L[dp™, 271dZ] with an order O in B, « of discriminant rp"Z.

For example, let us take (V, o) of invariants {4, Q(v/29), Ba, w0, 4}. By [9, The-
orem 12.14 (vi)] the number of O¥-classes in the O¥-genus of maximal lattices
in (V, ¢) equals the number #{A[29, Z]/T"(A)}, where A is a maximal lattice
in a five-dimensional quadratic space over Q with respect to the quadratic form
defined by the sum of five squares. In [9 §12.15], #{A[29, Z]/T"(A)} was de-
termined, and it is 3. Hence the genus of maximal lattices in (V, ¢) consists
of three O¥-classes. For details, see the last part of Section 4.1 in the text.
We can also see the representatives {L1, La, L3} of such classes by means of a
bijection in Lemma [T applied to the set A[29, Z]. Then we have the following
numerical table:

[ [ Mi(20p) | Ma(20p) | Ns(20p) [ 102, ) | e(299) |

1 2 0 0 1 1
) 0 2 0 1 1
7 0 0 2 1 1
13 0 2 2 2 2
23 0 0 6 1 1
53 0 10 6 3 3
99 24 8 6 3 3

Here we put N;(29p) = #L;[29p, 271 - 29Z], (2, p) = (D) with an order O
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in By o of discriminant 2pZ, and ¢(29p) = Z?zl #{L;[29p, 271 -29Z) /T (L;)};
we quoted the type number ¢(2, p) in [6l Table 1]. Therefore we have

#{L;[29-59, 271 - 29Z)/T"(L;)} =1 fori=1, 2, 3,

for instance. It is noted that #I'(L;) = 48, #I'(L2) = 8, and #I'(L3) = 6,
where I'(L;) = SO?ND(L;). In Section 5.3 we shall give a few numerical tables
for r =2 and d = 5, 13, 17, 29 including the above cases. As a special case of
Theorem [B.1] we have Corollary 521 which states that for any d as in Theorem
B0 only one O¥-class in the genus satisfies L[d, 271dZ] # 0 with a lattice L
in the class and then (0.I]) precisely gives #{L[d, 27'dZ]/T" (L)} = 1, provided
the type number of B,  is 1.

The existence of a maximal lattice in Theorem 5] can be shown in a similar
way to [3, Proposition 4.3] by means of two explicit formulas concerning
#L[dp™, 2=1dZ] and #L[dp", 27 'Z]. Those formulas will be given in (5.2) and
(E3) without detailed proofs because of the length of the paper. The author
hopes to prove it in a subsequent paper.
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Notation. We denote by Z, Q, and R the ring of rational integers, the field of
rational numbers, and the field of real numbers, respectively.

If R is an associative ring with identity element and if M is an R-module,
then we write R* for the group of all invertible elements of R and M) the
R-module of m x n-matrices with entries in M. We set R*? = {a? | a € R*}.
For a finite set X, we denote by #X the number of elements in X. We set
[a] = Max{n € Z | n <a}.

Let V be a vector space over a field F' of characteristic 0, and GL(V') the group
of all F-linear automorphisms of V. We let GL(V') act on V on the right.

Let F be an algebraic number field and g the ring of all algebraic integers in F'.
For a fractional ideal of F' we often call it a g-ideal. Let a, h, and r be the sets
of archimedean primes, nonarchimedean primes, and real archimedean primes
of F, respectively. We denote by F, the completion of F' at v € aU h, and
by Fa and F the adele ring and the idele group of F, respectively. We often
identify v with the prime ideal of F' corresponding to v € h, and write x, for
the image of x under the embedding of F' into R over Q at v € r. For v € h
we denote by g,, py, and 7, the maximal order, the prime ideal, and a prime
element of F),, respectively. If K is a quadratic extension of F', we denote by
D p the relative discriminant of K over F', and put K, = K ®p F, for v € h.
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By a g-lattice, or simply a lattice L in a vector space V over a number field
or nonarchimedean local field F', we mean a finitely generated g-submodule in
V' containing a basis of V. By an order in a quaternion algebra B over F' we
mean a subring of B containing g that is a g-lattice in B. For a symmetric
F-bilinear form ¢ on V and two subspaces X and Y of V', we denote by X @Y
the direct sum of X and Y if p(z, y) = 0 for every z € X and y € Y; then
we also denote by ¢|x the restriction of ¢ to X. When X is an object defined
over a number field F', we often denote by X, the localization at a prime v if
it is meaningful. For given local objects X, in the text with v € aUh, we put
Xa = [lyca Xv and Xy = [[,cp, Xo-

1 PRELIMINARIES FOR QUADRATIC FORMS

1.1 QUADRATIC SPACES AND CLIFFORD ALGEBRAS

Let F be an algebraic number field or its completion at a prime. Throughout
the paper we often call the former a global field and the latter a local field when
it is nonarchimedean. Let (V, ¢) be a quadratic space over F, that is, V is a
vector space over F' and ¢ is a symmetric F-bilinear form on V. In this paper
we consider only a nondegenerate form ¢. We put plz] = ¢(z, z) for x € V.
We define the orthogonal group and the special orthogonal group of ¢ by

O?(V) = 0% ={y e GL(V) | p(zv, y7) = »(z, y)},
SO?(V) = SO? = {y € 0?(V) | det(v) = 1}

We denote by A(¢) = A(V) the Clifford algebra of ¢ and by AT (p) = AT(V)
the even Clifford algebra of ¢. For x € A(V) we mean a* the image of  under
the canonical involution of A(V'). We define the even Clifford group G* (V) of

(V; @) by
GT(V)={ac AT(V)* |a ' Va=V}. (1.1)
We denote by 7 a homomorphism defined as follows:
7:GH(V) — SO?(V) via x7(a) =a 'za forzeV. (1.2)

This is surjective and the kernel is F'*; see [9, Theorem 3.6], for example.
For a g-lattice L in V' we put

L=L"={zeV|2p(z, L) C g} (1.3)

We call L integral with respect to ¢ if ¢[L] C g. We note that L C Lif L is
integral. By a g-maximal, or simply a maximal, lattice L with respect to p, we
understand a g-lattice L in V' which is maximal among g-lattices on which the
values ¢[z] are contained in g. For an integral lattice L in V' with respect to
v, we denote by A(L) the subring of A(V') generated by g and L. We also put

AF(L) = AT (V)N A(L). (1.4)
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Then A(L) (resp. AT (L)) is an order in A(V) (resp. AT (V) (cf. [9 §8.2]).

For a global field F and v € aUh, we put V,, = V ®p F, and denote by
¢y the F,-bilinear extension of ¢ to V,; we then put (V, ), = (V, ¢,). For
v € h and a g,-maximal lattice L, in V,, (V, ¢), has a Witt decomposition
as follows (cf. [9, Lemma 6.5)): V, = Z, ® >..*,(Fye; + F,f;) and L, =
N, + Z:;l(gyei + gofi) with some elements e; and f; ( = 1, -, r,) such
that ¢y (ei, e;) = wo(fi, fj) = 0 and 2¢,(e;, f;) = 1 or 0 according as i = j
ori#j. Here Z, = {z € V,, | (2, i) = @u(z, fi) = 0 for every i}, on which
¢y 1s anisotropic; N, = {z € Z, | vy[z] € gy}, which is a unique g,-maximal
lattice in Z,, with respect to ¢,. The dimension ¢, of Z,, is uniquely determined
by ¢, and 0 < t, <4 for v € h (cf. [9 Theorem 7.6 (ii)]). We call Z, a core
subspace of (V, ¢), and t, the core dimension of (V, ¢) at v. For convenience,
we also call a subspace U, of V,, anisotropic if ¢, is so on U,.

For g-lattices L and M in V over a global or local field F, we denote by [L/M]
a g-ideal of F' generated over g by det(«) of all F-linear automorphisms « of V'
such that La C M. If F is a global field, then [L/M] = [[,cp[Lv/M,] with the
localization [L/M], = [L,/M,] at each v. Following [I1], §6.1], in both global
and local F, we call [L/L] the discriminant ideal of (V, ) if L is a g-maximal
lattice in V with respect to ¢. This is independent of the choice of L. If F' is
a local field, the discriminant ideal of ¢ coincides with that of a core subspace
of .

By the invariants of (V, ¢) over a number field F'; we understand a set of data

{n, F(V3), Q(¢), {su(9)}ver}, (1.5)

where n is the dimension of V, F(v/§) is the discriminant field of ¢ with
§ = (=1)""=D/2 det (), Q(¢) is the characteristic quaternion algebra of ¢, and
su(¢p) is the index of ¢ at v € r. For these definitions, the reader is referred to
[11l §1.1, 3.1, and 4.1] (cf. also [4} (1.6)]). By virtue of [I1l Theorem 4.2], the
isomorphism class of (V, ¢) is determined by {n, F(v/4), Q(), {sv(©)}ver}
and vice versa.

The characteristic algebra Q(p,) is also defined for ¢, at v € aUh (cf. [I1],
§3.1]). By [11l Lemma 3.3] the isomorphism class of (V, ¢), is determined by
{n, F,(V/9), Q(py)} if v € h. As for v € a, it is determined by {n, s,(¢)} if
v € r, and by the dimension n if v € r. If v € r, then Q(yp,) is given by [I1]
(4.2a) and (4.2b)], for example. If v & r, then Q(p,) = M2(C), where C is the
field of complex numbers.

Let SO?(V)a (resp. O?(V)a) be the adelization of SO? (V') (resp. O¥(V)) in
the usual sense (cf. [9, §9.6]). For oo € SO¥(V)a and a g-lattice L in V, we
denote by Lo the g-lattice in V' whose localization at each v € h is given by

DOCUMENTA MATHEMATICA 19 (2014) 247284



QUADRATIC DIOPHANTINE EQUATIONS IN FOUR VARIABLES 253

Lya,. We put

O(L) = {ae SO¢(V)a | La =L}, C(L,)=S0%(V,)nC(L), (veh)
(L) = SO?(V)n C(L).

Then the map a — La~! gives a bijection of SO%\ SO% /C(L) onto {La | o €
SO%}/S50%. We call {La | a € SO%} the SO?-genus of L, {Lvy | v € SO¥}
the SO?-class of L, and #{SO¥?\SO% /C(L)} the class number of SO¥ relative
to C(L) or the class number of the genus of L with respect to SO¥. It is known
that all g-maximal lattices in V with respect to ¢ form a single SO¥-genus.
Let AT(V)x (resp. GT(V)a) be the adelization of AT (V)* (resp. GT(V)). We
can extend 7 of (I2) to a homomorphism of G*(V)a onto SO%. We denote
it by the same symbol 7 (cf. [9, §9.10]).

For a g-lattice L in V, g € F, and a g-ideal b of F', we put

Llgf={z € L|¢lz| =q}, Lig b]={z eV |glr]=gq, ¢(r, L)="b}.

Here ¢(x, L) = {po(x, y) | v € L}, which becomes a g-ideal of F. Suppose
F' is a nonarchimedean local field. Let V have dimension n > 2 and L be
a g-maximal lattice in V' with respect to ¢. Then [9 Theorem 10.5] due to
Shimura shows that

Llg, ¥ = hC(L), (1.6)
provided h € L[q, b] (cf. also [I2] Theorem 1.3]).

For a quaternion algebra B over F, we put 283(x, y) = ay* + ya* for x, y €
B with the main involution ¢ of B. For an order o in B it is known that
[0/0] = d(0)? with an integral ideal d(o) of F. Here 0 is defined by (3] with
B. The ideal d(o) is called the discriminant of 0. If F' is a number field and o
is a maximal order, then d(o0) is the product of all prime ideals ramified in B,
which is called the discriminant of B and denoted by Dp. We set

T(o) ={a € Bx |ao =0a}, T(o,)=B;NT(0) (veaUh),
(o) = B*NT(o),

where B is the adelization of B*, B, = B ®p F,, and 0, = 0 ®4 g,. The

number #{T(0)\ B /B*} is called the type number of 0. Let U = BX [], ¢y, 0

in BY. Then the number of U \ B /B* is called the class number of o.
A A

Here we introduce two symbols below, which will be used throughout the paper.
Let F' be a nonarchimedean local field and p the prime ideal of F'. For b € F*
we set
1 if F(Vb)=F,
(F(Vb)/p) = { =1 if F(v/b) is an unramified quadratic extension of F,
0 if F(v/b) is a ramified quadratic extension of F.
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For a quaternion algebra B over F we set

1 if B2 My(F),
x(B) = P 2-( -)-
—1 if B is a division algebra.

1.2 TERNARY QUADRATIC SPACES

We recall some basic facts on 3-dimensional quadratic spaces (W, ¢) over a
number field or its completion F'. The characteristic algebra Q(v) is given by
AT (W) by definition. The core dimension s, of (W, ) at v € h is determined
by
_ 1 lfQ(wU):MQ(Fv)7
Sy = . . N (17)
3 if Q(¢y) is a division algebra.

This can be seen from [I1], §3.2] and the proof of [I1, Lemma 3.3].

There are isomorphisms of (W, 1) onto (AT (W)°, dv°) with d € F*. Here
AT(W)e ={z € AT (W) | 2* = —a}, v[z] = xz* for x € AT (W), and v° is
the restriction of v to A*(W)°. Let us explain such isomorphisms, following
[9, §7.3].

Take an orthogonal basis {k1, ko, ks} of W with respect to v, namely, an F-
basis {k;} of W such that ¢(k;, k;) = 0 for ¢ # j. Under the identification
of W with the corresponding subspace in the Clifford algebra A(W), put & =
kikaoks € A(W)*; then F + F¢ is the center of A(W). We see that AT (W) =
F+Fkiko+ Fki1ks+ Fkoks and W€ = Fkiko+ Fkiks+ Fkoks. By [9, Theorem
2.8 (ii)], AT (W) is a quaternion algebra over F'; the main involution coincides
with the canonical involution * restricted to A*(W). Then the mapping z —
z€ gives an F-linear isomorphism of W onto AT (W)° such that (z€)(z€)* =
E€*yplx] for x € W. Putting v[y] = yy* fory € AT (W), we have an isomorphism

(W, 9) = (AT(W)°, (67)71v°) viaa — at. (1.8)

We note that £€* € det (1)) F*2, since £€* = [k1]b[ka][ks] € F*.

Let GT(W) be the even Clifford group of (W, ¢) as in (II)) and 7 the homomor-
phism defined in (C2)). By the definition of A*(W)°, a AT (W)°a = AT (W)°
for a € AT(W)*. Hence we have GT(W) = AT (W)*. Moreover, under the
isomorphism (I.8)) we can understand that

r7(a) = a tatat™?

forz € W and a € AT(W)*.

Now, the pair (A*(W), v) can be viewed as a quaternary quadratic space
over F. We note that v(z,y) = 2’1T7’A+(W)/F(:cy*) for z,y € AT(W).
For an integral lattice N in W with respect to 1, we consider the order
AT(N) in AT (W) defined by (L4). Its discriminant d(A*(N)) is given by
[AT(NY/AT(N)] = d(A*(N))?, where AT (N is defined by (L3) with v. By

DOCUMENTA MATHEMATICA 19 (2014) 247284



QUADRATIC DIOPHANTINE EQUATIONS IN FOUR VARIABLES 255

[4, Lemma 1.1], d(A*(N)) = 27[N/N]. It is noted that if the order A*(N) is
mazimal in AT (W) for an integral lattice N in (W, v), then N is g-maximal
with respect to 1p. The converse is not true; namely, in general, AT(N) is not
maximal even if N is a maximal lattice.

2 ORTHOGONAL COMPLEMENTS IN QUATERNARY SPACES

2.1 INVARIANTS AND DISCRIMINANT IDEALS

Let (V, ¢) be a 4-dimensional quadratic space over a number field F. The
characteristic algebra Q(y) is determined by A(¢) & M2(Q(p)) by definition.
Set B = Q(¢) and K = F(v/§) with § = det(yp). The core dimension t, of
(V, ¢) at v € h is determined by

0 if F,(vV6) =F, and Q(pu) = Ma(F,),
ty, =<4 if F,(v/8) = F, and Q(y,) is a division algebra, (2.1)
2 if F,(V9) # F,.

This can be seen from [I1], §3.2] and the proof of [11, Lemma 3.3].
For h € V such that ¢[h] = ¢ # 0 we put

W = (Fh)* ={z €V |z, h) = 0}. (2.2)

Then (W, v) is a nondegenerate ternary quadratic space over F' with the re-
striction ¢ of ¢ to W and (V, ¢) = (W, ¥) @ (Fh, ¢|rr). The invariants of

(W, ¢) are given by {3, F(v/—49q), Q(t¥), {sv(¥)}}ver}, which are independent
of the choice of h so that ¢[h] = q. The characteristic algebra Q (1)) = AT (W)
is determined by the local algebras Q(v,) for all primes v of F. Then by [2]
Theorem 1.1 (1)], Q(1,) = Ma(F,) holds exactly in the following cases:

§ € Fr? and v{ D,

§ € FX* vt Dpg, and q € k,[K)],
§ ¢ F)? v | Dp, and q & ko[K[],
vETr,q >0, and s,(p) =0, 2,
vET, g <0, and s,(p) =0, —2,

v € a such that v € r,

where k, is the norm form of K,. It should be noted that

M>(Q(y)) = Q) ®r { K, q}, (2.3)

where F' is a number field or its completion and { K, ¢} is the quaternion algebra
over F defined in [, (1.12)] if K # F; we set {K, q} = My(F) if K = F (see
also [9 §1.10]). This (Z3) can be seen from [II, Theorem 7.4 (i)]. The index
at v € r is given by s,(¢0) = sy(¢) — 1 if ¢, > 0 and s, (¢)) = sy(¢) + 1 if g, < 0.
The core dimension of (W, ¥) at v € h is determined by (L7).
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The Clifford algebra A(W) can be viewed as a subalgebra of A(V) with
the restriction ¢. Then AT(W) = {& € AT (V) | zh = hz} and
GT(W) = {a € G(V) | ah = ha} by [9, Lemma 3.16]. The canonical
involution of A(W) coincides with * of A(V) restricted to A(W). In particular,
such an involution * gives the main involution of the quaternion algebra

AT(W).

Let L and M be g-maximal lattices in V' and W with respect to ¢ and 1,
respectively. The discriminant ideals of ¢ and 1 are given as follows:

[L/L) = Dg/pe?, (2.4)
[M/M] = 2a7'D%, N 2a, (2.5)

where ¢ is the product of all the prime ideals which are ramified in B and which
do not ramify in K; we understand Dg,p = g if K = F; we put dqg = ab?
with a squarefree integral ideal a and a g-ideal b of F'. These (24) and (2.1)
can be obtained by applying [I1, Theorem 6.2] to (V, ) and the complement
(W, ).

The intersection L N W is an integral g-lattice in W with respect to 9. It can
be seen that [((LNWY/LNW]| = [M/LNW]?[M/M] and [M/L N W] is an
integral ideal, which is independent of the choice of M; see [2, Lemma 2.2 (6)].
Moreover there is a g-ideal b(q) of F' such that

[M/LOW] =b(a)(2¢(h, L))~ (2.6)

by [2, Theorem 4.2]. We note that 2p(h, L) must contain b(q) and that
2¢(h, L) C g if h € L. The ideal b(q) is determined by

2q[L/L] = b(q)*[M /M] (2.7)

(cf. [2 (4.1)]). Combining these, we obtain [(L N WJ/L N W] =
2q[L/L)(2¢(h, L))~2. Now to LNW we associate the order AT (LNW) defined
by ([4). Its discriminant is given by

d(AT(LAW)) =27 [(LAWI/LAW] = qL/L]2p(h, L)) % (2.8)

It is noted that the discriminant of AT (W) divides ¢[L/L](2¢(h, L))~2. We
also note that if d(A*(L N W)) is squarefree, then 2¢(h, L) must be b(q) in
(Z6), that is, LN W is maximal in W.

For our later use, let us state a weak Witt decomposition of the local space
(V, ¢), whose core dimension t, is 0 or 2. We fix a nonarchimedean prime v
of F' and drop the subscript v. Let L be a g-maximal lattice in V' with respect
to . We first note that ¢ is isotropic as ¢ is 0 or 2. Let K be the discriminant
algebra of ¢ defined by K = F x F'if t = 0 and by K = F(y/det(p)) if t = 2;
also let x be the norm form defined by 2x(z, y) = klx + y] — k[z] — k[y] and
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k[(a, b)] = ab for z, y, (a, b) € K if t = 0, and by 2k(z, y) = zy” + zPy for
z, y € K with a nontrivial automorphism p of K over F' if ¢ = 2. Because K
is embeddable in AT (V), we identify K with the image of it. Then there is a
weak Witt decomposition as follows (cf. [4] (1.19) and (1.20)]):

V=Kg&(Fe+Ff), L=rtg+(ge+af)
(Kg, v) 2 (K, ck) viazgr— x (2.9)

with some elements e and f of V' such that ¢[e] = ¢[f] = 0 and 2¢(e, f) =1,
and g € V such that g> =c € FX. Here t = g x g if t = 0 and t is the maximal
order of K if t = 2. We may assume that c=1if¢t =0, c € g* if (K/p) =-1
and x(Q(¢)) = +1, c € mg* if (K/p) = —1 and x(Q(¢)) = —1, and ¢ € g* if
(K/p) = 0. We also note that A*(Kg) = K and zg = gz* for z € K, where
(a, b)* = (b, a) for (a, b) € K if t = 0 and the involution % gives a nontrivial
automorphism of K over F if t = 2.

2.2 THE GENUS OF LNW

Let (V, ) be a quaternary quadratic space over a number field F' and (W, )
as in §2.1 with a fixed element h of V such that o[h] # 0.

LEMMA 2.1. Let L be a g-mazimal lattice in V with respect to ¢. Then AT(LN
W) = AT(L)N AT (W) for every h € V such that @[h] # 0. The discriminant
of AT(LNW) is given by [2.8).

This follows from the similar result [4, Lemma 3.2] on local orders A* (L, NW,,)
by localization. We next restate [4, Corollary 2.2] which is a conclusion from
the main result of [4]:

THEOREM 2.2. Let (V, @) be a quaternary quadratic space over a number field F
and L a g-mazimal lattice in V with respect to ¢. For h € V' such that p[h] # 0
put W = (Fh)* and let ¢ be the restriction of p to W. Put o = AT(LNW).
Then C(LNW) = 7(T(0)) and T(LNW) = 7(I'*(0)) hold. Consequently, the
map N — AY(N) gives a bijection of the SOY(W)-classes in the SO¥(W)-
genus of LNW onto the conjugacy classes in the genus of o which is the set
{a"toar | € AT(W) 1}

3 AN ORDER ASSOCIATED WITH LNW

3.1 THE LOCAL CASE

We first recall some general notation and results, following [9, §8 Part I]. For
a quadratic space (V, ¢) over a local field F, take a g-maximal lattice L in V
with respect to ¢. We define a subgroup Jy of GT (V) by

Jv ={ae G (V) |7(a) € C(L), aa* € g*}. (3.1)
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Put Ey = GY(V) N Jy, where G}(V) = {a € GT(V) | aa* = 1} is the spin
group of ¢. If the dimension of V' is even more than 2, then by virtue of [9]
Theorem 8.9] specialized to this case,

1 ift=0,0ort=2, (K/p)=-1, and Q(p) = Ma(F),
2 otherwise,

[C(L):7(Jv)] = {
(3.2)

where t is the core dimension of (V, ¢) and K = F(v/3) is the discriminant
field of ¢. If the dimension of V is odd more than 1, then by [9, Theorem 8.9]
and [I2, Theorem 1.8 (ii)],

1 ift=1andJe g*F*x2,

. (3.3)
2 otherwise.

[C(L) = m(Jv)] = {

Let (V, ¢) be a quaternary quadratic space over F. For h € V such that
¢lh] = ¢ # 0, put W = (Fh)* and let v be the restriction of ¢ to W. Let
K = F(V/9) be the discriminant field of ¢. Also let L and M be g-maximal
lattices in V and W with respect to ¢ and 1, respectively. We define Jy in
GH(V) by @) with L and Jy in G*(W) with M. Let Si; (resp. S;,) be the
order in AT(V) (resp. AT(W)) generated by Ey and AT (L) (resp. by Ew and
AT (M)) except the case where t = 2, (K/p) = —1, and x(Q(p)) = —1 (resp.
where t = 0 and ¢ € mg* F*?, or t = 2, 6q € 7g* F*2, and Q(p) = Ma(F)); in
which cases we put

Sy =AT(V)NnSy ift=2, (K/p)=-1, and x(Q(p)) = -1, (3-4)

t=0and q € 7g* F*2,

t=2,6q € mg*F*2 and Q(v) = My(F), (3:5)

Sy =ATW)nSw if {

where Sy (resp. Sw) is a unique maximal order in A(V') (resp. A(W)) contain-
ing Ey and A(L) (resp. Ew and A(M)) given by [9, Theorem 8.6 (i)]. By [dl
Theorem 8.6 (ii)] these S;7 and Sjf, are maximal orders except in cases (3.4)
and ([BA). It should be noted that we can prove this fact in a similar way to
the proof of [9 Theorem 8.6 (ii)] even for the case which does not satisfy the
assumption [9, (8.1)]. For the same reason we also see that Sy = A(M) in
case (B.0). In all cases,

Jv = GHV)N(SH)*, (3.6)
Jw = GT(W) N (Sy)* = (S)™ (3.7)

In fact, [9, Proposition 8.8 (ii)] together with G* (W) = A*(W)* implies (B3.7)
except in case (B0]). As for (31), there is an order in A(W) containing Jy and
M by [9, Lemma 8.4 (ii)]. In view of the uniqueness of Sy and Ew C Jw, Sw
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contains Jy and M, and hence [9, Proposition 8.8 (i)] is applicable to the case

(Z3). This proves B7). Similarly we have (3.0]).
Now, AT(W) = {z € AY(V) | zh = ha} and Gt (W) = {a € GT(V) | ah =
ha} as mentioned in §2.1. It can be seen that

GT(W)NnJy = (AT (W)n SH)*. (3.8)
Thus G*(W) N Jy is the unit group of an order A*(W) NS} in AT(W).
LEMMA 3.1. In the above setting the following assertions hold:
(1) [Sy,/AT(M))] is given by
p ift=4and q € g*F*2,

ort=2,0q€ g F*2, and x(Q(v)) = —1, (3.9)
g otherwise.

Here S{,”V may or may not be mazximal when t = 0 and q € wg*F*? or
when t = 2, 6q € 7g* F*2, and Q(¢) = Mo(F).

(2) Assume that ¢ € g*F*% if t = 2, K/F is unramified, and Q(y) is a
division algebra. Then [AT(W) N SE /AT (LN W)] is given by

p ift=4andqe g F*?,

ort= 2; (K/p) - 71; and X(Q(CP)) - 717 (310)
g otherwise.

Proof. Let s be the core dimension of (W, ). In view of (1), (Z3), and (1),
we observe that

t=0and q € Tg* F*2,

=1 and dq € mg* F*? <
PTomeorem {t2,5q€7rgXFX2,andQ(w)Mz(F)a

(3.11)
t=4and e
s=3and §q € g*F*? — and g €9 y
t=2,06q € g F** and x(Q(¢)) = —1.
(3.12)
Then we can verify that
st — Aty 4170
t =2 except the case (K/p) = —1 and x(Q(¢)) = —1,
(3.13)
St = AN(M) s {57 (3.14)
s =3 and §q € mg* F*2.
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In fact, if s = 1 and d¢ € wg* F*2, then the ‘if’-part of ([BI4]) follows from
BID), GH), and Sy = A(M). If s = 3 and dq € 7g* F*2, then S}, = AT (M)
because the discriminant of AT (M) is p. If s = 3 and dq € g* F*?, then since
Sy, is a maximal order in the division algebra A+ (W), it has discriminant p.
Note that the discriminant of A*(M) is p2. Hence Sjj, # AT (M). Further,
observing A* (M) C Sy}, C (S}},)”C AT(M)™ and applying [2| Lemma 2.2 (3)]
with the norm form v of A*(W), we have [S;},/A*(M)] = p. The remaining
parts follow from [9, Theorem 8.6 (vi)].

From (B.14) and (BI2) we see that
t=4and g€ g*F*?,
t=2,0q€g*F*? and x(Q(v)) = —1.

In this case [Sy}, /At (M)] = p, which proves (1).

To prove (2), it is sufficient to observe the two cases that ¢ = 4 or that t = 2,
(K/p) =—1, and x(Q(¢)) = —1 by BI3) and Lemma 211

If t =4 and ¢ € mg* F*2, then AT (LNW) C AY(W)N S C S, = AT (M),
Thus AT (W) N Sy; = AY(L N W) because L N W is maximal.

Suppose that t = 4 and q € g*F*2. Then A*(L N W) has discriminant p?
and by Lemma 21 AT (LNW) C AY(W)NS{: C Sy} in the division algebra
AT (W). We employ the setting and notation in the case where gy € g* and
(K1/p) =0 in [ §4.4]. In [4, (3.31)] observing (g2g3)(gag3)* € m2g*, we set

St £ AT(M) {

O = g+99192 + 89193 + 97 ' g2g3. (3.15)

This is an order in AT (W) which contains but does not coincide with A*(L N
W). Hence O is a unique maximal order S;}, in A*(W). Now in the present
setting, (V, ¢) = (B, B) and L is a unique maximal order 0 in B = Q(p) with
the norm form B. To see the order S} in A*(V), we here recall an F-linear
mapping p defined in [9, §7.4 (B)]:

0
p:V — My(B) via p(z)= * ,
¢ 0

where ¢ is the main involution of B. Then A* (V) and S} are given by

z 0 z 0
AT (V) = |z, ye By, Si= |z, y€o
0 y v 0 vy

Under the identification of V' with p(V') and of W with p(W), AT(LNW) and
Sy, are given by [ (3.31)] and (BI5), respectively. Then we see that

1 110 g2 0 g3 9294 0
m™ g293 = — . . = 1. )
Tlgs O g5 0 0 ™ "g293

Blrtgagy] = 772 - mac- 7?2 R (1 —¢) € g*.
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Thus both 7~ 1g2g4 and 7~ !g4gs belong to o, so that 7~ 1gags € S;7. Therefore

Sy contains Sy, which implies that A*(W) N S;; is the maximal order S;i,.

For the other cases S;‘V can be observed in a similar manner; we have then

g+glpw+glp(vw) +grtw(w)  if (Ki/p) = —1and p1t2,

St =< g+ glpw+ glp(uw) + gr'w(uw) if (Ki/p)=—-1andp|2,
0+ 0v/5w + gy/a(w) +grlw(ow) i (K fp) = 1,

Here the notation is the same as in each case of [4, §3.4]. Consequently AT (W)N
Sé} = SJ‘V in each case. This settles the case where t = 4 and ¢ € g* F*2.
Suppose that t = 2, (K/p) = —1, and x(Q(p)) = —1. In this case S}’ is defined
by (34) with the maximal order Sy in A(V). Let ¢ € 7*g* with £ € Z. Then
b(q) = p* as was seen in the case of ¢ & p[Kg] in [4, §3.2] with ¢?> € 7g* in
Z3). Since A*(W) is a division algebra, S}}, is a unique maximal order in
AT (W) of discriminant p. We have by (2.8),

AT(LAW) C AT(W)Nn Sy C S},
p22(20(h, L))" C d(AT (W) N Sy) C p. (3.16)

Now put 2¢(h, L) = p™, which satisfies m < ¢. We observe that ¢gm~™e +
7™ f € Llg, 27 'p™] = hC(L) by (L8) with the same notation as in the proof
of [, Lemma 3.1]. Then identifying W with that in [4 (3.1)] and employing
the isomorphism ¥ of A(V) in the proof of [4, Lemma 3.1], we can find the
structure of AT (W) N Sy as follows:

V(AT(W)NSy) =t +7 ", (3.17)

where v = g[{] is the maximal order of K and 7 is given by [4, (3.3)]. From
this together with [4, (3.4)] we have [AT(W) NSy /AT(LNW)] = [¢/f] = p,
where f = g + g%g¢. To see [BIT), we recall by [9, Theorem 8.6 (iii)] that
U(Sy) = M2(Q), where Q = t + tg is a maximal order in the division algebra
Q(p) = A(Kg) = K + Kg. Then (BI1) can be seen from this and [4, (3.2)].
This completes the proof. O

LEMMA 3.2. Let the notation be the same as in Lemmal3 1l with h and L. Then
the following assertions hold:

(1) Define an order O in AT (W) by

S if t =4,
O =JATW)NSy ift=2, (K/p)= -1, and x(Qp)) = -1,
AT(LNW)  otherwise.
(3.18)

Then GT(W)NJy = O%.
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(2) Assume that ¢ = p[h] € g*F*% and 2¢p(h, L) = b(q) if t = 2, K/F is
unramified, and Q(p) is a division algebra. Let O be the order defined by
BIR). Then O is a unique order in AT (W), containing A*(LNW), of
discriminant

N OT’t:2, (K/p):f]_, and X(Q((p)):fl’
q[L/L)(2¢(h, L))~% otherwise.
(3.19)

In particular, O is a unique mazimal order in the division algebra A+ (W)
when t =2, (K/p) = -1, and x(Q(v)) = —1. Moreover, if LNW C M,
then O C S;'V.

Proof. To prove (1), let O be the order given by (BI8). From Lemma B1] it
can be seen that O = AT(W)NS;:. Thus we have GH(W)NJy = O* by B.3),
which proves (1).

To prove (2), by Lemma 511 (2) we see that AT (W) NSy # AY(LNW) if and
only if t =4 and ¢ € g*F*? orif t = 2, (K/p) = —1, and x(Q(¢)) = —1. If
t=4and g € g*F*? then AT(W)NS;" = S} as seen in the proof of Lemma
B (2). It t =2, (K/p) = —1, and x(Q(yp)) = —1, then, by our assumption,
q € m'g* and 2p(h, L) = b(q) = p* with ¢ € Z. Thus applying B.106) to
m = £, we have p? C d(A*(W)NSy) C p. Because AT(W)NSy # AT(LNW),
AT (W) N Sy must be maximal in AT (W). Consequently, if O # AT(LNW),
it is a maximal order which is uniquely determined by discriminant p. As for
the case of O = AT (L N W), the discriminant is given by (Z8). Summing up
these, we have the uniqueness of . To prove the last assertion, suppose that
LNW C M. Then AY(LNW) C AY(M) C S}, which shows O C S;}, when
O =ANLNW). If O # AT (LNW), then O is maximal in AT(W). Since Sj},
is also maximal, we have £ = S;{,. Hence O C S‘J{V holds if LNW C M. This
proves (2). O

3.2 THE GLOBAL CASE

Let (V, ¢) and (W, ¢) be the quadratic spaces over a number field F' in the
setting of §2.2 with an element h of V' such that ¢[h] = ¢ € F*. Let L and M
be g-maximal lattices in V' and W with respect to ¢ and v, respectively. Put

Jv=G"V)a[[ v,  Jw=G"Wa]] Iw., (3.20)

vEh vEh

where Jy, and Jy, are given in §3.1. We have an order Si}, in A* (W) deter-
mined by S;{,v for all v € h, where S‘J{VU is the order in AT (W,) given in §3.1;

notice that S‘J{VU = AT (M,) for almost all v.
Let us here insert a remark on the order in A" (W) given in [12, Lemma 5.3
(ii)]. By applying that lemma to M, we have an order O containing A+ (M).
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Then [(D0)y/AT(M,)] is the same ideal as in (33) for each v € h. This can be
seen in the proof of [I2] Lemma 5.3 (ii)]. Hence the order Og coincides with
S;{, in the present situation.

PROPOSITION 3.3. Let the notation be the same as above with h € V and
L. Also let K = F(\9) be the discriminant field of ¢. Then the following
assertions hold:

(1) Let O be the order in AT (W) whose localization at v € h is the local order
defined by BIR). Then

GT(W)anJy = AT(W)ZO). (3.21)
(2) T(AH(M)) = T(S}y) and Jw = ATY(W)X(Sy)y. Moreover Jw C
T(AY(M)) and Gt(W)a NJy C T(AT(LNW)).

(3) Assume that ¢ = ¢[h] € g Fx? and 2p(h, L), = b(q), for every v € h

such that t, = 2, K, /F, is unramified, and Q(¢), is a division algebra.

Let O be the order given in (1). Then O is a unique order in AT (W),
containing AT(LNW), of discriminant

alL/LI(2p(h, L)%, (322)

Here | is the product of all the prime ideals p of F' such that t, = 4 and
q € 95 F°%, or that t, = 2, K,/ F, is unramified, and Q(y), is a division
algebra.

(4)  Under the assumptions of (3) suppose LONW C M. Then O C Sy, and
G+(W)A NJy C Jw.

Proof. To prove (1), we see that

GrW)anJy =
=GN (@ (V)a [[(v)e) = GTW)a [T(@CH W) 0 (Iv)0).

vEh veh

Since GT (W), N (Jv)» = O by Lemma 3.2 (1), we have B3.21)).
From @.I4), (S;}), is generated by G*(W), and A+ (M), if § € g*F? and
X(Q(¥)y) = —1, and (S}), = AT (M), otherwise v € h. Since

a 'GT W)y = GH (W), for every a € AT (W)X,
we have T'(A*(M)) C T(S,},). Conversely, for o € AT (W)X
a lSha= 8, = Mr(a)= M = o 'AT(M)a = AT (M).

This is because C(M) = 7(T(S;};)) by [12, Lemma 5.4]. Thus T(A*(M)) =
T(S). Let « be an element of Jy . Since 7(x) € 7(Jw) C C(M), together
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with C(M) = 7(T(A*(M))), there is an element y of T(AT(M)) such that
7(z) = 7(y). Hence z = ay with some a € F{. As F{ C T(AT(M)), we
have Jy C T(At(M)). Similarly let 2 € GT(W)a N Jy. Since 7(z) € SO N
7(Jv) C C(LNW), together with C(LNW) = 7(T(AT(LNW))) by Theorem
[Z2 there is an element y of T (AT (L N W)) such that 7(x) = 7(y). From this,
noticing F\ C T(AY(LNW)), we have Gt (W)a NJy C T(AT(LNW)). This
proves (2).

To prove (3), we take the order © of (1). Since Lemma (2) is applicable
to 9, for each v € h under the assumption of (3), 9, contains AT(L NW),
and has the discriminant given by 3I9). Also when O, # AT(L N W),,
[O,/AT(LNW),] = p, by Lemma Bl (2). Thus by applying [2, Lemma 2.2
(3)] to O and AT (L N W) with the norm form v of AT (W), we have

[O/9] [AT(LN W)~/A+(L N[O /AT (LN W) 2

(a[L/L)2¢(h, L)) [ [ »~2
plf

where § is the ideal in the statement of (3). This gives (322). Now, let O’
be an order in A (W), containing AT (L NW), whose discriminant is given by
(322). Then the localization O/ at v € h contains A*(L N W), and has the
discriminant of (319). By Lemma (2), O = O, for every v. Hence we
have O’ = O, which shows the uniqueness of O.

Keeping the assumptions of (3), let LN W C M. Then applying Lemma
(2) with localization, we have O C Si},. Thus GT(W)a N Jy C Jw by BX)
and ([B7). This proves (4). O

THEOREM 3.4. Let the notation and assumption be the same as in Proposition
[Z3 (3) and O the order in AT (W) given in that proposition. Then the following
assertions hold:

(1) CLNW)=7(T(D)) and (L N W) = 7(I*(D)).

(2) The map (L N W)7(a) — a~'Oa gives a bijection of the SOY(W)-
classes in the SOY(W)-genus of LONW onto the conjugacy classes in the
genus of O which is the set {a Oa | a € AT(W))}.

(3) The type number of O equals the type number of AT (L NW) and conse-
quently is equal to the class number of the genus of LNW with respect to
SO¥Y(W).

Proof. In view of Lemma B, O, # AT(L N W), if and only if £, = 4 and
q € gXF) % orift, =2, (K/v) = —1, and x(Q(p),) = —1 for v € h. Since
Lemmal32](2) is apphcable in our assumption, 9, is a unique maximal order in
the division algebra A (W), in both cases. Furthermore, (LNW), is a unique
maximal lattice in the anisotropic space (W, ), becuase 2p(h, L), = b(q),.
Thus it can be found that

a'Da=90 = a AN (LNW)a=AT(LNW)
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for o € AT(W),. This combined with Theorem 22 proves (1).

To prove (2), let N be an arbitrary g-lattice in the genus of L N W. Since N
is integral we have the order AT (N) in A*T(W). Taking o € AT (W)} so that
N = (LNW)7(a), we can put O(N) = a~*Oa in AT (W). In fact, if N = (LN
W)T(a') with some o' € AT (W), then (LNW)7(a(a/)™!) = LNW, whence
a(a’)™t belongs to T(AT(L NW)) = T(O) by (1). This shows (a/)"1Oa/ =
a~1Oaq, namely, O(N) is independent of the choice of a. Moreover this is a
unique order of discriminant ¢[L/L](2¢(h, L))~2f~! containing A™(N), where
f is the ideal in ([3:22). Indeed, since O contains A*(L N W) and has the
discriminant given by (322), the order O(N) contains AT (N) and has the
same discriminant. The uniqueness of D(N) can be reduced to that of O.
Our assertion (2) can be verified by using this fact and (1). Assertion (3) is a
consequence from (2). This completes the proof. O

4 QUADRATIC DIOPHANTINE EQUATIONS IN FOUR VARIABLES

4.1 QUADRATIC DIOPHANTINE EQUATIONS

Let (V, ) be a quadratic space of dimension n over a number field F' and L a
g-lattice in V. We recall that

L[Qa b] = {LL‘ ev | QD[JJ] =4q, 90(937 L) - b}v

and this set is stable under I'(L).
For h € V such that ¢[h] = g # 0 we set (W, v) as in ([Z2]). Assume that L is
g-maximal with respect to ¢ and n > 2. Then

> #{Lile. 0)/T(Li)} =# {s0"\ SO} /(SO ncw)}, (@)

icl

where b = @(h, L), {L;}icr is a set of representatives for the SO¥-classes in the
SO%¥-genus of L for which L;[q, b] # (), and SOY is regarded as the subgroup
{y € SO? | hy = h} of SO¥. This is a consequence from the main theorem
of quadratic Diophantine equations due to Shimura [9, Theorem 11.6] (cf. also
[12] Theorem 2.2 and (2.7)]). For a g-lattice N in V we put

D(N)={a € 0?(V)a | Na =N}, T (N)=0%?(V)nD(N)

as denoted in the Introduction. Then formula (@J)) is valid for
(O?, 0%, D(L), T"(L;), J) in place of (SO¥, SO¥, C(L), T'(L;), I) by [0,
Theorem 11.6 (iii) and (v)], where {L;};cs is a set of representatives for the
O¥%-classes in the O¥-genus of L for which L;[q, b] # () and OY is regarded
as the subgroup {y € O¥ | hy = h} of O®. We note that the O¥-genus of L
coincides with the SO%-genus of L and that the class number of O¥ relative
to D(L) equals the class number of SO¥ relative to C(L) when n is odd; see
[0 Lemma 9.23 (i)], for example.
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Now we pay attention to the following; if the number of the right-hand side of
(@) coincides with #{SO¥\ SOY /C(LNW)}, then the left-hand side of @I)
is given by the class number of the genus of LN W. Concerning this, there is a
result [9, Proposition 11.13] for odd-dimensional spaces and also its analogue
[2L Proposition 4.4] for even-dimensional spaces whose discriminant fields are
the base fields. In Proposition 3] below we shall prove another analogue of [9]
Proposition 11.13] to quaternary case.

As for the representatives of classes in the genus of L N W, by virtue of the
principle in [9, Theorem 11.6 (i)], we have the following:

LEMMA 4.1. Let the notation be as above. Fiz an element h of L|q, b] (¢ # 0)
and set (W, ¢) as in (22). Then the map

kT(L;) — (L; 0 (FE)Y)y~1sov

defines a well-defined surjection of the union of the sets L;[q, b]/T(L;) fori e I
onto the SOY-classes in the SOY-genus of LN W with v € SO¥ such that
k = hy for k € Lilg, b] and i € 1. In particular, if SO¥(SO% N C(L)) =
SO¥YeC(L N W) for every € € SOX, then the map s bijective. More-
over the assertions are true for (0¥, J, T"(L;), D(L), D(L N W)) in place of
(SOY, I, T(L;), C(L), C(LNW)).

Proof. For k € L;[q, b] with ¢ € I there is v € SO¥ such that k = hy as
olk] = ¢[h] by [9 Lemma 1.5 (ii)]. We set L = L;cv; with o; € SO%. We may
assume that (a;), = 1 for v € a. Since h, k(a;)y € Lylg, by] for v € h, by
@A), h = k(a;)pa, with some a, € C(L,) for each v. Putting o, = 7, *
for v € a, we have @ € C(L) whose component is «, for every prime v.
Then by [9, Theorem 11.6 (i)] the map k¥ — ~a;a induces a well-defined
bijection of (J;c; Lilq, b]/T(L;) onto SO¥ \ S0Y /(SOY N C(L)). Obviously
vy — (LN W)(yoya) ™! gives a surjection of SO¥ \ SOY /(SOY N C(L))
onto the SOY-classes in the genus of L N W. On the other hand, we can
consider a g-lattice L; N (Fk)*L in the complement (Fk)*, which is isomorphic
to (L;N(Fk)*)y~! in W under y~!. Then by localization (LNW), (ya;a); ' =
{Ly(a)7t N (Fyh) (i) Py~ = (L; 0 (Fk)*),y~! for every v € h. This
determines (L N W)(ya;a)~t = (L; N (Fk)*)y~1. We have thus the desired
surjection. Clearly this map is bijective under the assumption in the statement.
The assertions for O¥ can be handled in a similar way. O

Here we apply Lemma 1] to the quadratic form defined by the sum of five
squares; the result will be used in Section 5.3.

Let X = Q! and define ® by ®[z] = x-'x for x € X. The pair (X, ®) defines a
quadratic space over Q whose invariants are {5, Q, B2 ~, 5}. These invariants
can be determined by [I1} (Q.5)] because of (X, ®) = (B2, «, ) ® (Qe, P|qe)
with some e € X so that ®[e] = 1, where § is the norm form of Bs . Let A
be a Z-maximal lattice in (X, ®). It is known that #{O% \ 0% /D(A)} = 1;
see [9, §12.12], for example. By [9, Lemma 12.13 (i)], A[d, Z] # 0 for every
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squarefree positive integer d. Fixing ko € Ald, Z], we put V = (Qko)* and
L = AnV. Then by [9 Theorem 12.14 (ii)], L is a Z-maximal lattice in
V with respect to the restriction ¢ of ® to V. By virtue of {@I) for O,
#{Ald, Z]/T"(A)} = #{0*\ 0% /(OXND(A))} holds. Suppose that d is an odd
prime number. Then [9, Proposition 11.13 (iii)] is applicable to ko € Ald, Z].
We have thus

0%£(0% N D(A)) = 0¥=D(L) (4.2)

for every ¢ € O%. Therefore #{A[d, Z]/T"(A)} equals the number of O¥-
classes in the O%-genus of Z-maximal lattices in (V] ¢). This result can be
found in [9 Theorem 12.14 (vi)]; the class number of SO¥ relative to C(L)
equals #{A[d, Z]/T(A)} by the same theorem. Moreover (V, ¢) has invariants
{4, Q(Vd), Bs, 0, 4}, which can be seen by applying [2, Theorem 1.1 (2)] to
(X, ®) and d.

In view of ([£2), by Lemma [£J] we have a bijection

ET"(A) — (AN (Qk)T)yto? (4.3)

of A[d, Z]/T"(A) onto the O?-classes in the genus of L with some v € O% so
that k = ko7 for every odd prime number d. A method of determining the
set A[d, Z]/T"(A) is explained in [0, §12.15]. In that explanation the case of
d = 29 is treated and the result #{A[29, Z]/T"(A)} = 3 is obtained with explicit
representatives for A[29, Z]/I""(A). Hence the class number of O¥ relative to
D(L) is equal to 3, as mentioned in the Introduction. In Section 5.3 we shall
list the representatives for A[d, Z]/T"(A) and the corresponding lattices under
the map [{@3) for d =5, 13, 17, and 29.

4.2 RESULTS FOR QUATERNARY SPACES

To apply our results in the previous section to quadratic Diophantine equations,
let us assume n = 4 in the setting of §4.1 and take an element h of L[g, b].
Under suitable conditions on ¢ and b, we have an order £ defined in Proposition
3.3l (3). The order satisfies inequalities

(D) < #{S0¥ \ SOR /(SOX N C(L))} < e(D). (4.4)

Here t(9) (resp. ¢(9)) is the type number (resp. the class number) of 9. To
show (£4)), we observe that

SOY N7(Jy) c SOLNC(L) c C(LNW).

Since the kernel of 7 is F, the class number of O is more than #{SOY \
SOX/(SOK N7(Jy))} by B2I). Further by Theorem B4 the type number of
O equals #{SOY \ SOX/C(L NW)}. This proves ([@4).
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COROLLARY 4.2. Let the notation and assumption be as in Proposition[3:3 (3)
and O the order in AT (W) defined in that proposition with an element h of
Llq, b]. Also let I (resp. J) be a set of representatives o for SO¥\ SO% /C(L)
(resp 0?\O% /D(L)) for which La~'[q, b] # 0. Then the following inequalities
hold:

<> #{La"'[g, b)/T"(La ")} <
acJ

< Z#{La‘l q, b)/T(La™ ")} < (O

acl

Moreover, assume that 2¢(h, L), contains pLV/Q] with qg, = pl, for everyv € h
such that t, = 2 and K,/F, is ramified. Then the formula in [10, (1.9)] is
applicable to h and it can be given as follows:

Z# {L7(y) bl/T(GH (V) nyJvy™')} = (D). (4.5)

Here y runs over a set of all representatives for GT(V)\GT(V)a/Jy such that
GT(W)aNGT(V)ydy # 0.

Proof. To prove the first assertion, we recall that #{SO¥ \ SOK/C(L nNwW)} =
#{O¥ \ OK/D(L N W)}, because W is odd-dimensional. Since OK N D(L)
is contained in D(L N W), by formula (@I) for O¥, we have the first in-
equality Here we may assume that {Loc 1}a€J C {La '}aer. Clearly
#{La g, b]/T"(La~t)} < # {La"!q, b]/T(La™")} for every o € J. Then
the desired inequalities follow from these and (@4) combined with (@I]).

To prove ([@5), put ¢ = gom2* and 2¢(h, L), = p with qo € gX U m,g) and
£, m € Z for v € h. In order to apply [10, (1.9)], we have to verify that
hC(L) = hr(Jy) in Vo =V @F Fa. In view of [B2) it is sufficient to observe
the local cases where (i) t, = 4, (ii) t, = 2 and (K/v) = 0, (iii) ¢, = 2,
(K/v) = —1, and x(Q(¥)y) = —1. Our argument is basically the same as in
[10, §4.3], and so we give only an outline of the proof to avoid a repetition of
the same argument. Put C, = C(L,) and J, = Jy,.

(i) Through an isomomorphism of Q(y), onto AT (W), we have hC, = hr(J,)
in the same way as in §4.3 (i) of [I0]. We note that C, = SO¢ and C(L,NW,,) =
SOY.

(ii) Assume that 2p(h, L), D p’. In a Witt decomposition of ¢ in (23] with
g% € g¥, take the same element w, € K = GT(K,g) as in §4.3 (ii) of [10].
We take k, = gn,™e + 7" f; then ky7(wy) = ky. In a similar manner to [10,
84.3 (ii)] we have 7(w,) € C, and w, & J,, from which it follows that k,C, =
k,7(J,). Since, by our assumption, k, € L,[q, 27 1p™], we have k, € hC, by
(TE). Thus the criterion [I0, (1.10)] is applicable to k,; we have hC,, = h7(J,).
(iii) In a Witt decomposition of ¢ in Z9) with ¢?> € 7,9, we take w, =
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glqgmy™e—7m"f) € AT (V,)* and k, = gm, ™e+m f. Then it can be seen that

V(w'u) = va* = _qg2 S qug;;(a k T(w'u) =k,
Ly7(wy) = tog + 8uq 'm0 f + gugm,

Because m = { by the assumption on (iii), we have v(w,) € 72‘T!1gX and

L,7(wy) = Ly. Hence k,C, = ky7(J,) by the same way as in §4.3 (iii) of [10].
Since k, € Ly[g, 27'p%] = hC,, by [10, (1.10)], we have hC, = h7(J,).
Accordingly hC(L) = hr(Jy) holds. Therefore [10} (1.9)] is applicable and the
formula is given by

Z#{LT b /(G (V) nyJvy™)}

= #{G+ J\NGTW)a/(GT(W)anJy)}, (4.6)

where y runs over all representatives for Gt(V) \ GT(V)a/Jy for which
GT(W)aNGT(V)yJy # 0. Since GT(W)aNJy = AT (W)ZO[ by Proposition
B33 (3), (£8) equals the class number of O. Thus we obtain (£I]). O

Let v be a prime of F in case (i), (ii), or (iii) of the proof of Corollary L2l As
can be seen in the proof, there is an element w, of G*(V,) such that hr(w,) = h,
L,7(wy) = Ly, and w, & Jy,. This together with [B.2]) shows that

[SOY N C(L,): SOY Nn7(Jy,)] = [C(Ly) : 7(Jv,)] (4.7)

for every v € h under the two assumptions that 2¢(h, L), D pl/? i (K/v)=0
and that v € 2Z and 2¢(h, L), = b(q), if (K/v) = —1 and x(Q(¢),) = —1.
Here K is the discriminant field of ¢ and ¢g, = p},. In the same assumptions
we also see that

SOY N7(Jy,) =7(9X). (4.8)

These facts (A7) and (L8] are often useful in the application to quadratic
Diophantine equations with four variables.

As for formula (&) for O%, we can state the following proposition:

PROPOSITION 4.3. Let (V, @) be a quadratic space of dimension 4 over a number
field F and K = F(\9) the discriminant field of ¢. For an element h of V
such that p[h] = q # 0 put W = (Fh)L and let 1 be the restriction of ¢ to W.
Identify O¥ (W) with { € O?(V) | hy = h}. Let L be a g-maximal lattice in
V' with respect to ¢. Also let f1 be the product of all primes v € h such that
2¢0(h, L), # b(q)y. Suppose that for v € h,

(1) v{2 and p(h, L)} = qgo if (K/v) =0 and x(Q(s).) = —1.
(2) qgy is a square ideal of F, if (K/v) = =1 and x(Q(¢)y) = —1.
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(3) f1 consists of the primes v such that t, = 0 or that vt 2, (K/v) = —1,
X(Q(p)y) = +1, and qg, is a square ideal of F,.

Here t, is the core dimension of ¢ at v. Let \ be the number of prime factors
of f1f2, where fo is the product of all primes v € h such that v 1 f1, t, # 4,
(K/v) # 0, and qg, is not a square ideal of F,,. Then [D(LNW) : OKHD(L)] =
[C(LNW) : SOY NC(L)] = 2*. Moreover, if X < 1, then OYeD(LNW) =
0Ye(0% N D(L)) for every e € OY.

Before stating the proof, we note a simple fact. Let G(V') be the Clifford group
of ¢. Then the homomorphism 7 of (L2) gives a surjection of G(V) onto
0% (V), because V is even-dimensional.

Proof. In view of assumptions (2) and (3), we can take the order O in Propo-
sition B3 (3). Put gg, = pl» with v, € Z for v € h. We note that v | f2 if and
only if t, =0, v {1, and v, is odd, or if (K/v) = —1, v {f1, and v, is odd.

Suppose v 1 fifz. Then (L N W), is maximal in (W, ¢),. If t, = 0, then 1, is
isotropic and dqg, is square, which is because v, must be even by vt f2. Since
C(Ly) = 7(Jy,) by B2), we have SO¥ N C(L,) = 7(OX) by @&J). Clearly
9, = AT (LN W), by calculating the discriminant. Note that C(L, N W,) =
(AT (L, N W,)*) by [12, Lemma 5.4]. Hence we have C(L, N W,) = SO¥ N
C(Ly). Ift, = 4, then D(L,) = Of and C(L,) = SO?. Also D(L,NW,) = OY
and C(L, N W,) = SOY as 1, is anisotropic. Hence we have D(L, N W,) =
0¥YND(L,) and C(L,NW,)) = SOY NC(L,). Assume t, = 2 and (K /v) = —1.
Then dqg, must be square. If Q(p), = Ma(F,), then v, is isotropic. In the
same way as in the case t,, = 0 we see that C(L,NW,) = SOYNC(L,). If Q(p).
is a division algebra, then v, is anisotropic and AT (W), is a division algebra.
Notice that C(L, N W,) = 7(AT(W)X) as L, N W, is maximal. Our order O,
has discriminant p, by (322), whence it is maximal in AT (W),. Observe that
AT(W)X = FX(9F U OXw) with some w € AT (W)X so that w? is a prime
element of F,. Since SOY N7(Jy,) = 7(OX) by @S)), we have [C(L, N W,) :
SOY N1(Jy,)] = 2. In view of [@T) together with [C(L,) : 7(Jyv,)] = 2 by
B2), SO¥ N C(L,) must coincide with C(L, N W,). Assume (K/v) = 0. If
Q) = Ma(F,), we take a Witt decomposition of ¢, in (Z9) with g € V,, so
that g2 € gX. Then t,g is a maximal lattice in the core subspace (K,g, ).
Our assumption Q(¢), = Ms(F,) implies that there is an element k of K,g
such that ¢,[k] = ¢ = ¢[h]. Since the lattice v,g N (F k)’ is maximal in the
complement (F,k)* in K,g as (K,g, ©,) is anisotropic, we have 2, (k, t,g) =
b(¢)v = 2¢(h, L),. Thus [9, Proposition 11.12 (iv) and (v)] are applicable to
h. We have C(L, N W,) = SO¥ N C(L,) and D(L, N W,) = OY N D(L,).
Similarly for the case where Q(v), is a division algebra, under the assumption
(1), we have C(L, NW,) = SO¥ N C(L,) and D(L, NW,)) = O¥ N D(L,).

Suppose v | f1. By assumption (3) such a prime satisfies either (i) ¢, = 0 or (ii)
vt12, (K/v)=-1, Q(¢)y = M2(F,), and v, is even. In both cases (i) and (ii),
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9, =AY LNW), and SOY N C(L,) = 7(D). Moreover, we can prove that
T(D,) = FX (9 uDXn) (4.9)

with some element n of AT(W)X such that nOX = OXn and nm*g, = go
or nm*g, = P, according as v, is even or odd. This can be handled in a
similar way to the proof of [3, Theorem 3.1] for Case (i) and to [3 §3.4] for
Case (ii). (We will determine the index [AT(M,)* : AT(L, N W,)*] in a
subsequent paper, which may be used in the proof of [@3]).) We have therefore
[C(LyNW,) : (D)) =2

Suppose v | f2. Then (LNW), is maximal and O, = AT (LNW),. If ¢, = 0, we
have SOYNC(L,) = 7(D). Since qg, is not square, by 3.5 and @1), Jw, =
AT (L, N W,)*. Hence [C(L, N W,) : 7(9X)] = 2 by B3). If (K/v) = —1,
then Q(¢), must be My (F,) under the assumption (2) as v, is odd. Applying
(B2) and [@E3), we have SOY N C(L,) = 7(9)). Hence by the same way as in
the case t, =0, [C(L, NW,) : 7(D))] = 2.

To prove [D(L, N W,) : O¥Y N D(L,)] = [C(L, N W,) : SO¥ N C(L,)], we
shall show that [OY N D(L,) : SO¥ N C(L,)] = 2 because [D(L, N W,) :
C(LyNW,)] =2 by [9, Lemma 6.8]. It is sufficient to investigate the following
cases; (a) t, = 0, (b) (K/v) = —1 and x(Q(¢)») = +1, (¢) (K/v) = —1 and
X(Q(¢)y) = —1. In cases (a) and (b) we can verify the desired fact by the same
technique as in the proof of [9, Proposition 11.12 (v)]; see the case L =1L and
t # 1 in that proof. As for case (c), we first note v, € 2Z by our assumption
(2); put £ = v,/2. Since (L N W), must be maximal under assumption (3),
2p(h, L), = b(q), = p! by @B) and 7). Now we take our setting and
notation to be those in Case (iii) of the proof of Corollary By (L6),
ha =k, with some a € C(L,). Under such an « we may identify h, (W, 9),,
and (L NW), with k,, K,g @ F,(qm; % — 7 f), and v,g + p; “(qm; ‘e — 7' f),
respectively. Looking at the lattice v, g in the subspace (K,g, ¢,) of (V, ©),,
we can find 79 € O(K,g) such that det(yo) = —1 and (v,g)v = twg by [9,
Lemma 6.8]. Extend 7y to an element v of GL(V,) by setting v to be the
identity map on (K,g)*. Then v € Of, hy = h, det(y) = —1, and L,y = L.
This shows [O¥ N D(L,) : SOY N C(L,)] = 2. Summing up all these results,
we obtain the first assertion.

To prove the second assertion, we borrow the idea of the proof of [, Proposition
11.13 (ii)]. When there is no prime v dividing fif2, we have D(L N W) =
Ojﬁ N D(L), and so our assertion is obvious. Hereafter we assume A = 1. For
e € OY put A = Le~!, which is a g-maximal lattice in (V, ). We consider
7(h) of OY. Put a = p[h](2¢(h, L))"2. Let ¢ € F{ so that 2cp(h, L) = g;
then 2, (c,h, Ay) = g, and @, [c,h]gy = Vulcoh]oy(2¢,h, Ay)~2 = a, for every
v e h.

Suppose a, = g,. Then p,lc,h] € g and 2¢,(cyh, Ay) = g,. Hence c,h
belongs to A, and also it is invertible in the order A(A),. Since this order
contains A, by definition, A(A), NV, = A, by [9, Lemma 8.4 (iii)]. Thus we
have A,7(h) = h"1A(A),h NV, = A,.
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Let v t fifa. If t, = 0 or (K/v) = —1, then gg, = b(q)? as v, is even.
We have a, = g,, whence A,7(h) = A,. If t, = 4, then A, is a unique
maximal lattice in the anisotropic space (V, ¢),. Hence A,7(h) = A,. If

(K/v) =0 and Q(¢), = Ma(Fy), we take a Witt decomposition of ¢, as in the
same case of the proof of the first assertion with A, in place of L,. Because
20,(h, Ay) =2p(h, L), = b(q),, by the same manner as in that proof, we can
find o € C(A,) so that ha = k with some k € K,g. Then 7(h) = ar(k)a™! by
[0, Lemma 3.8 (ii)]. We see that

Ay (h) = {(vog)7(k) + goer (k) + go fT(k) o™ = A,

If (K/v) =0 and Q(¢), is a division algebra, then a, = g, by assumption (1),
which leads A,7(h) = A,.

Let v | fif2. We take a weak Witt decomposition of ¢, as in ([29]) with A, in
place of L,. Put ¢, = ¢,[c,h] and k = g,e + f. We see that a, = [M/LNW]?
if v|f and v, € 2Z, a, = [M/LNW]2p, if t, = 0 and v, & 2Z, and a, = p,
if v | f2 and (K/v) = —1, where M is a maximal lattice in (W, +). Since
¢» € ay, it belongs to g,. Hence we have k € Ay[q,, 27 'g,]. By (L8) there
is @ € C(A,) so that (c,h)a = k. Moreover 7(k) = a~!7(h)a by [J, Lemma
3.8 (ii)]. Then a gives an isomorphism of W, onto W' = (F,k)* such that
(AyNWy)a = A, NW'. Observe that A, "W’ = t,g + g,(gue — f). Employing
[9 Lemma 3.10], we can find that

(A NW)T(k) ={—z —alque — f) |z €Etyg, a € g} = A, NW',
AoT(k) = {2+ quae + ¢, 'bf [ & € vg, a, b€ gu} # Ao,
because ¢, € a, C p, as seen above. Thus we have (A,NW,,)7(h) = A,NW, but
A,7(h) # A,. To sum up, 7(h) is an element of O¥ such that (A N W)7(h) =
ANW and A7(h) # A.
Now, observe D(ANW) = eD(LNW)e~! and OX ND(A) = E(OX ND(L))e™ L.

Since [D(LNW) : 0% ND(L)] = 2 by A = 1, we have [D(ANW) : OX ND(A)] =
2. By our result on 7(h) we obtain

D(ANW) = (0% N D(A)) Ur(h)(O4 N D(A)).
Then our assertion follows from this and 7(h) € O¥. O

As a consequence, assuming that h € L[q, b] satisfies all the assumptions with
A < 1 in Proposition B3] by formula (1)) for O¥ together with Proposition
and Theorem B4 (3), we obtain

> #{La g, b)/T'(La™)} = D), (4.10)

acJ

where .J is a set of representatives o for O\ O% /D(L) for which La~*[g, b] # 0
and ©O is the order in AT (W) defined in Proposition (3) with h. It should
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be remarked that the discriminant of O has at most one higher-power prime
pe (e > 1) if h satisfies A < 1. Note that formula ([@H) permits several such
primes in the discriminant of O if h satisfies the assumptions of Corollary
For example, the reader is referred to our notes after the proof of [3] Proposition
4.3], in which O has discriminant 2-52¢2Z for a squarefree odd positive integer
g prime to 5.

5 APPLICATIONS AND NUMERICAL EXAMPLES

5.1 APPLICATIONS TO {4, Q(Vd), B, «, 4}

THEOREM 5.1. Let B, o be a definite quaternion algebra over Q ramified only
at a prime number r. Take a quadratic space (V, p) over Q whose invariants
are {4, Q(\d), By, oo, 4} with a prime number d prime to r such that d = 1
(mod 4). Then for every odd prime number p prime to dr and 0 < n € Z there
exist Z-mazimal lattices L and L' in (V, @) such that

Lldp", 27dZ) £, Lldp", 272) £ 0, (5.1)
except when n & 27 and (%) = —1. Moreover the following formulas are valid:
#La—l [dp", 27'dZ) r—1 |1 if n=0,

D I R TRl P (p+(¢)) i#n=1 (5:2)
el p p ? =z 4

#L’ Y/ r—1)(d* -1 1 if n=0,
5 | (r=1)( ),{

Z L’ ] - 48 el (p+ (g)) ifn>1,
(5.3)
> #{La " dp", 271dZ)/T"(La™ ")} = 1(D). (5.4)

acJ

Here (%) is the quadratic residue symbol, I (resp. J) is a complete set of

representatives for SO¥ \ SO% /C(L) (resp. 0%\ O4/D(L)), O is an order
in the algebra At (W), which is isomorphic to By o, of discriminant rp™Z
containing AT(LNW), and W = (Qh)* with h € L[dp™, 271dZ)].

It is noted that La~1[dp™, 27 1dZ] or L'a~t[dp™, 27 'Z] may be empty for some
a € I or some o € J.

Proof. First of all, under the assumption that L[dp", 27'dZ] # ( and
L'[dp™, 27'Z] # () with some maximal L and L’ in V, we can derive for-
mulas (52) and (53]). We should mention that the proof will be given in a
subsequent paper and that these formulas will be used in the present proof to

show (&.1)).

By [8, Proposition 1.8], for any positive integer ¢ there is a Z-maximal lattice
L in (V, ¢) such that L[g] # 0. Let h € L[dp™] with 0 < n € Z and take
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the complement (W, ¢) as in (Z2]). Since d = 1 (mod 4) and (g) =1lifn

is odd, the quaternion algebra {Q(Vd), dp"} is M5(Q). Hence Q(¢)) = By, s
by 23) and so the invariants of ¢ are {3, Q(v/—p"), Br, o0, 3}. We have then
b(dp™) = dp® with ¢ = [n/2]. Noticing b(dp™) C 2p(h, L) C Z as noted in §2.1,
we see that

l
Lldp"] = | J{Lldp", 27 dp'Z] U L{dp", 27*p'Z]}. (5.5)
1=0

Applying the explicit formula of [§, Theorem 1.5 (II)] to L[dp™], we can derive
that

> #Lo Vdpr)  (r—1) (d2 + (g)n) i (d)wpi, (5.6)

~ (Lot 1] 48 —\p

We here recall our assumption that (g) = 1if n is odd. We put

#La " #La q, b
Z #F La—l R[q, b] = ;W(E]_l)] (5.7)

for ¢ € Z and a Z-ideal b of Q.

Suppose n = 2¢ with 0 < ¢ € Z. We shall prove (&) by induction on ¢. If £ = 0,
then b(d) = dZ and L[d] = L[d, 2~ 'dZ|UL[d, 271Z] by (55)). Because L[d] # 0,
either L[d, 271dZ] or L[d, 2~'Z] must be nonempty. If L[d, 2~ 'dZ] # (), then
formula (52) is valid as mentioned above. Combining this with (56), we have
R[d, 271Z] = R[d]— R[d, 27'dZ] = 487 1(r —1)(d? —1). This implies that there
is some a € SO so that La~'[d, 27Z] # 0. Conversely, if L[d, 27'Z] # 0, we
have R[d, 27'dZ] = 247(r — 1) in the same way, whence La~![d, 27 1dZ] # ()
with some a € SO%. As a consequence we can find maximal lattices L and L’
in (V, o) such that L[d, 27*dZ] # 0 and L'[d, 27'Z] # (. This settles the case
£ =10. Suppose £ > 0. In view of (0] we have

14

Rldp™ = {Rldp", 2~ 'dp’Z] + R[dp", 27 'p'Z]} . (5.8)
=0

Observe that the mapping x — xp’ gives a bijection of La~![dp?“~), 27 1dZ]
onto La~ldp™, 27'dp'Z] for i@ # 0 and a € SO% for which
La~'[dp™, 27 'dp'Z] # (. Similarly La~'[dp*“~?, 271Z] is mapped onto
La~[dp™, 271p*Z] under the above bijection if i # 0 and Lo~ [dp™, 27 p'Z] #
0. By our induction, (5.2) and (53] for 2(¢ — ¢) in place of n are valid for
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i # 0. Thus we see that

R[dp™, 27 dZ] + R[dp", 27'Z]
14
= Rldp" fZ{R[de*i), 2-14Z] + R[dp*‘—, 2*121}
=0

UL ().

This shows that either Li[dp™, 271dZ] or L;[dp", 27'Z] is not empty with
some maximal lattice L; in V. Now, if Li[dp"™, 27'dZ] # 0, then formula
(5.2) is valid. Combining these results with (5.9), we have R[dp™, 271Z] # 0,
which implies that Lya~![dp™, 271Z] # 0 with some o € SO%. Conversely,
if Ly[dp™, 271Z]) # 0, we have Lya~![dp™, 271dZ] # 0 with o € SO¥ by the
same way. Consequently we have maximal lattices L1 and L] in (V, ¢) such
that Lq[dp", 27 1dZ] # 0 and L) [dp™, 27Z] # (). This completes our induction
ont=mn/2.

The case of odd n can be proved similarly, which together with the case of even
n shows (&) for every integer n > 0. At the same time we obtain formulas
E2) and 63).

As for (54]), observe first that the conditions of (1) and (2) in Proposition[Z3 are
satisfied for h € L[dp™, 27*dZ] because r, d, and p are distinct prime numbers.
Further (L NW), is not maximal if and only if v = p as b(dp™) = dp*Z, except
when ¢ = [n/2] = 0, that is, when n = 0 or 1. Then we easily see that condition
(3) of that proposition is satisfied; for instance, if p remains prime in Q(v/d),
then n must be even by our assumption, and so p satisfies (3). The ideal f of
Proposition in the present situation is Z, except when n = 1. If n = 0 or
1, then LNW is maximal. Also fo = Z or pZ according as n = 0 or 1. To sum
up, Proposition @3] is applicable to h € L[dp", 27 1dZ] for every 0 < n € Z.

Hence (5.4) follows from (ZI0). O

We note that when n & 2Z and (%) = —1 in Theorem 5.1}, L{dp", 2~ 1dZ] = 0

for any maximal lattice L and L'[dp™, 271Z] # () with some maximal lattice L’
in (V, ).

Formulas (5.2)) and (53) can be derived by means of the mass formula due to
Shimura [9, (13.18)], combined with a result in a subsequent paper as mentioned
in the proof of Theorem [E.11

It should be remarked about (54) that the type number of O is not determined
by discriminant, but by the genus of ©. (In other words, by Theorem B4
(2), the ideal [(L N WY)/L N W] does not determine the genus of L N W.)
However, if LN is maximal, that is, if O has squarefree discriminant, ¢(9) is
determined by the discriminant. In fact, O is maximal or an order of squarefree
discriminant rpZ according as n = 0 or 1. By a result due to Eichler [I, Satz
3], any order O’ of discriminant rpZ belongs to the genus of O in the sense that
O’ =y~ 1Oy with some y € AT(W)x. The similar fact is true for maximal
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orders, which have discriminant rZ. Accordingly in either case n = 0 or 1
the discriminant rp™Z certainly determines the genus of . Moreover the
discriminant does not depend on d. In view of these together with (54, we
can conclude

COROLLARY 5.2. Let the notation be as in Theorem [5.1l. Then for n = 0 or
1 the number of the left-hand side of ([&4) is independent of the choice of d.
Especially, if the type number of orders in B, » of discriminant rp"Z is 1,

or any prime number d prime to rp"™ such that d =1 (mod 4) and ( & ! =1
for any p p P 5

there exists only one O%-class in the genus of maximal lattices in (V, ¢) of
{4, Q(Vd), B, 0, 4} such that Ly[dp", 2-'dZ) # 0 and

Ly[dp™, 271dZ] = hI"(Ly)
with a lattice Ly in the class and h € Lq[dp™, 271dZ)].

In Table 1 of Section 5.3 below we shall see a few numerical examples for r = 2
and n = 0 supporting this fact.

5.2 EXAMPLES FOR REAL QUADRATIC FIELDS

Let V be a totally definite quaternion algebra over F' of discriminant g and ¢
its norm form, where F' is a totally real field of even degree. Taking a nonzero
element h of V' and a g-maximal lattice L in (V, ¢), we have the complement
(W, 9) of Fh and the lattice LN W. We see that AT (W) is isomorphic to the
present V' as quaternion algebras. Our order O is then AT(L N W) and has
discriminant gb~2 with ¢ = p[h] and b = 2¢(h, L). Let ¢(9) denote the class
number of O as before.

PROPOSITION 5.3. In the above setting with h € L|q, 271b] assume that F has
class number 1. Then there exists an order O of discriminant gb=2 in V such
that 3, p # {Lilg, 270]/T(Li) } = (D), where {Li}ics is a set of representa-
tives for the SO¥-classes in the SO?-genus of L for which L;[q, 271b] # 0.

We first note by [8, Proposition 1.8] that, for every totally positive integer
q of F, there is a g-maximal lattice L in (V, ¢) such that L[q] = {x € L |
olz] = q} # 0. Moreover if qg is squarefree, then L[q] = L[g, 27 'g] because of

b(q) =g

Proof. Clearly formula (&) is applicable to h € L[g, 27'b]. Since C(L) =
7(Jy) and F has class number 1, 7 of (L2) gives a bijection of G*(V) \
GT(V)a/Jy onto SO? \ SO%/C(L). Furthermore we have 7(GT(V) N
yJyy~t) = T(L7(y)~!) for every y € GT(V)a. The assertion follows from
these combined with (£3]). O

For example, take (V, ¢) as in Proposition 5.3 over F' = Q(v/d) with d = 5, 13,
or 101. It is known that #{SO¥ \ SO% /C(L)} =1 when d =5, 13. As noted
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above, there is a maximal lattice L in (V, o) such that L[] = L[g, 27 'g] # 0
for a given totally-positive squarefree integer ¢ of F'. Applying Proposition
to h € Llg], we have an order O in V of discriminant gg. Now suppose
g € g*. Then O is maximal as d(D) = g. Its class number is 1 if d = 5, 13
and is 5 if d = 101. These results can be found in [5 Tabelle 2] due to
Peters. Therefore by the same proposition, #{L[q, 27 'g]/T(L)} = 1if d =
5,13 and Y, #{Lilg, 27 'g]/T(Ls)} = 5 if d = 101, where {L;}ics is a set of
representatives of the SO¥-classes in the genus of L for which L;[q, 27 1g] # 0.
We mention that there is a previous result [10, Theorem 1.11] concerning the
application of [I0, Theorem 1.6] to the norm forms of definite quaternion alge-
bras over Q.

5.3 NUMERICAL TABLES FOR {4, Q(Vd), B2 o, 4}

Let d be a prime number such that d = 1 (mod 4). We take a quadratic
space (V, ¢) over Q of invariants {4, Q(v/d), B3, o, 4} and a complete set
{Li}icy of representatives for the O¥-classes in the O%¥-genus of maximal
lattices in (V, ¢). By (GA) the number Y, ; # {Li[dp™, 27 dZ]/T"(L;)} is
given by the type number ¢(9) of some order © in B o of discriminant

2p"Z for an odd prime number p prime to d and 0 < n € Z, where we

assume (%) = 1 if n is odd and remark that L;[dp™, 27 'dZ] may be empty

for some i € J. We put ¢(dp”) = > ,o; # {Lildp", 27'dZ]/T"(L;)} for
convenience. We restrict ourselves to the case n = 0 or 1. In this section

we shall not only give the numbers ¢(dp™) by quoting ¢(9), but also present
#L;[dp", 27dZ] for i € J by taking {L;}ic; in the case of d = 5, 13, 17, or 29.

To obtain {L;};ecs for these primes d, we proceed according to the viewpoint
explained at the last part of §4.1. Let (X, ®) be as in that section. We set

N="Ze1+ Zes + Zes + Zg + Zes,

where {e;} is the standard basis of Q} and g = 27%(e1 + e3 + e3 + e4). Then
A is a Z-maximal lattice in (X, ®). By (@3] we have a bijection

kD (A) — (AN (Qk:) )y tO?

of Ald, Z]/T"(A) onto the O%¥-classes in the O¥-genus of maximal lattices in
(V, ¢) with some 7; € O% so that k; = koy for i € J, where {k;}ics is a
complete set of representatives for Ald, Z]/T"(A) and kg is an arbitrarily fixed
element of A[d, Z]; we put V = (Qko)* and ¢ = ®|y,. Hence the desired
representatives {L;};c; can be obtained from explicit elements k; for i € J
by taking (A N (Qk;))y; * as L. A method of determining A[d, Z]/T"(A) is
explained in [0, §12.15]; in which {k;};c; was found for the case of d = 29.
We employ that method for our purpose. Once such a set {k;};c; is obtained,
using the lattice AN (Qk;)*, we can compute the number #L;[dp™, 27 1dZ] for
every ¢ € J.
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Here is a list of the representatives k; for Ald, Z]/T"(A) and the corresponding
lattices A N (Qk;)* for i € J and d = 5, 13, 17, 29:

(1) d=5.
k1 = 2e1 + es5.
AN (Qky)*t = Zeg + Zez + Zey + Z(g — e5).
(2) d=13.
k1 =2e1 + 3es, ko = 2(62 +e3+ 64) + es.
AN (le)J‘ =Z(ea+e3+ e4) + Zes + Zes + Z(3g — e5),
AN (Qko)t = Zey + Z(ea — 2e5) + Z(ez — 2e5) + Z(g — 3es).
(3) d=11.
k1 =4des +e5, ko =2(es+eq)+ 3es.
AN (le)J‘ = Zey + Zey + Zes + Z(g — 2es5),
AN (Qk‘g)l =Zey + Zes + Z(363 — 265) + Z(g — 63).
(4) d=29.

k1 = 2e4 + bes, ko = 2(e3 + 2e4) + 3es,
k3 = 2(e1 + ez + e3 + 2e4) + es.
AN (Qk)t = Zey + Zey + Zes + Z(5g — e5),
AN (ng)l‘ =Zey + Zes + Z(3es — 2¢e5) + Z(g — e5),
AN (Qks)t = Z(ey — 2e5) + Z(ea — 2e5) +
+Z(es — 2es5) + Z(g — bes).

Here we note that the case d = 5 can be seen from [10, §4.4, (4.12¢)]. It can
also be verified that these k; for i € J form a complete set of representatives
for Ald, Z]/T(A) for d = 5, 13, 17, 29. Since [9 Proposition 11.13 (ii)] is
also applicable to kg € A[d, Z], by Lemma Tl {L;};cs gives a complete set
of representatives for the SO¥-classes in the SO¥-genus of maximal lattices in
(V. ).

We can further determine [I'(L;) : 1] for ¢ € J. In fact, by Theorem 51l we have
an explicit formula (52) for R[dp™, 27'dZ] with the notation of (5.1)); then
#I'(L;) is computable in an elementary way by using this formula combined
with the numerical data of #L;[dp™, 271dZ] in our tables. For example,
if d = 29, then we have three maximal lattices {Li, Lo, L3} given above.
Looking at Table 1 for d = 29 and at Table 3 for d =29, p =5 and 7, we have
2. #T(Ly) "1 = 2471, 2 #T(Ly)~' = 471, and 2- #1(Ls)~! = 371 by B2).
From these we get #I'(L1) = 48, #T'(L2) = 8, and #I'(L3) = 6. Moreover the
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mass of the genus with respect to SO? is 5/16, which indeed coincides with
the mass derived from the exact formula of [7, Theorem 5.8]. Similarly for
d =5, 13, 17, we have #I'(L;) = 48 if d = 5; #I'(L1) = 48 and #I'(Lg) = 12
if d=13; #I'(L1) = #T'(L2) = 48 if d = 17.

In the numerical tables below, we put N;(dp™) = #L;[dp", 27 'dZ] and de-
note by t(2, p™) (resp. ¢(2, p")) the type number (resp. the class number)
of O in By o of discriminant 2p"Z. We quote ¢(2, p™) and ¢(2, p") from
[6, Table 1] due to Pizer. It is noted by Corollary that the number
ey # {Lildp™, 271dZ)/T'(L;)} coincides with ¢(2, p™) if ¢(2, p™) = ¢(2, p").

| d [ V@) | M@ | Na@) [ 12, 1) | e@ 1) || @) ]

5 2 * * 1 1 1
13 2 0 * 1 1 1
17 2 0 * 1 1 1
29 2 0 0 1 1 1

Table 1: ¢(d) for d =5, 13, 17, 29

Let us verify our numerical results for ¢(dp) in a straightforward way by using
the lattices listed above. As an example, we take up the case of d = 13 and
p = 23. We begin with the 5-dimensional space (X, ®) and A as above. Put
k1 = 2e; + 3es and ko = 2(ex + e3 + e4) + e5. In our list with d = 13, &
and kg form a complete set of representatives for A[13, Z]/T"(A) (and it is true
for T'(A) in place of T"(A)). Set V = (Qk2)* and let ¢ be the restriction of
® to V. Then (V, p) has invariants {4, Q(v/13), B2 oo, 4} and Ly = ANV is
Z-maximal in (V, ¢). Since {e1, e2 — 2e5, e3 — 2e5, g — 3es} is a Z-basis of Lo,
representing ¢ by this basis, we may put V = QJ,

1 0 0 1/2
0 5 4 13/2
0 4 5 13/2
1/2 13/2 13/2 10

(‘0:

and Ly = Zj}. Under this identification, I'"(Ly) is the subgroup {y € GL4(Z) |
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Ld | » [ Midp) | Notap) [ 12, p) | e(2.p) || cap) |
50 11 || 24 * 1 1 1
5 19 | 40 * 2 3 2
5129 || 60 * 2 3 2
5 31| 64 x 2 4 2
5 41 || 84 . 3 4 3
5 59 || 120 * 3 5 3
5 61 || 124 % 4 7 4
5 71| 144 * 2 6 2
5| 79| 160 * 3 8 3
5| 89 || 180 * 5 8 5
5 (/101 204 * 5 9 5
13 3 0 2 1 1 1
13|17 || 12 6 2 2 2
13 || 23 0 12 1 2 1
13 29 || 12 12 2 3 2
13| 43 || 16 18 3 5 3
13 53 || 12 24 3 5 3
13 61 | 12 28 4 7 4
13 79 || 48 28 3 8 3
13 [ 101 | 60 36 5 9 5

Table 2: ¢(dp) for d =5, 13
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d [ » [ Muidp) | Natdp) [ Natdp) [ 12, p) [ (2. p) [ cld) |

17 13 16 12 * 2 3 2
17 19 16 24 * 2 3 2
17| 43 40 48 * 3 5 3
17| 47 48 48 * 2 4 2
17 53 60 48 * 3 5 3
17| 59 72 48 * 3 ) 3
17| 67 64 72 * 4 7 4
17 83 72 96 * 4 7 4
17 ]| 89 96 84 * 5 3 )
17 || 101 96 108 * ) 9 5
29 5 0 2 0 1 1 1
29| 7 0 0 2 1 2 1
29 || 13 0 2 2 2 3 2
29 || 23 0 0 6 1 2 1
29 || 93 0 10 6 3 5 3
29 || 59 24 8 6 3 ) 3
29 || 67 24 8 8 4 7 4
29 || 71 0 8 12 2 6 2
29 || 83 24 16 6 4 7 4
29 || 103 16 16 12 5 10 5

Table 3: ¢(dp) for d = 17, 29
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vo -ty = ¢} of GL4(Z). Then Lo[13p™, 271 - 13Z] is given by
Lg[lgpn, 2 1. 13Z] = {[Il To T3 I4] S Z}l |
ac% + 5:5% + 5x§ + 1030?1 + x124 + 8vow3 + 132914 + 132324 = 13",
(21’1 + 1’4)2 + (101’2 + 8x3 + 131’4)2 + (81‘2 + 10xz3 + 131‘4)2
+(x1 + 1322 + 1323 + 2024)Z = 13Z}.

Now for p = 23 and n = 1 we have all solutions in Lo[13-23, 27! - 13Z]:

[£5 F13 F13 +£16], [£80 F13 £10], [+8 F130 +10],
[£18 0 +£13 F10], [£18 £130 F10], [£21 +13 +13 F16].

We put
1 0 0 0 1 0 0 O 1 0 0 0
o 0 -1 0 0 -1 0 O -1 0 0
" = y V2 = y V3=
0 -1 0 0 1 1 1 =2 o 0 -1 0
1 0 0o -1 1 0 0 -1 1 0 0o -1

These matrices belong to I (Lg). Consider the subgroup U of I''(L2) generated
by v1, 72, 73, and —14, where 14 is the identity matrix of size 4. Put x =
[6> — 13 — 13 16]. Then it can be seen that zU contains all elements of
Ly[13-23, 271 - 13Z]. Thus we have Ly[13-23, 271 - 13Z] = 21" (L2).
Similarly for ki, we can consider a Z-lattice A N (Qk1)+. Denoting by ¢; the
restriction of ® to (Qk;)*, we may put (Qk;)* = QJ,

31 1 9/2
1 1 0 3/2
1 0 1 3/2
9/2 3/2 3/2 10

Y1 =

AN (Qk)E = Z}, and T (AN (Qk)) = {y € GL(Z) | 1 -y = 1} under
the identification with respect to a Z-basis {ea +e3+e4, €2, €3, 3g—e5} of AN
(Qk1)*. Let Ly be the lattice in (V, ) corresponding to AN(Qk1 )+ under some
isomorphism of (V, ) onto ((Qk1)*, v1). Then the number #L;[13p™, 271 -
13Z] is equal to

H{[x1 To x3 4] € Z} |
393% + x% + x% + 1093421 + 2x129 + 22123 + 9124 + 304 + 3T374 = 13",
(le + 229 + 223 + 9I4)Z + (2$1 + 225 + 3I4)Z + (2$1 + 2x3 + 3I4)Z
+(9I1 + 329 + 323 + 20$4)Z = 13Z}.

For p = 23 and n = 1 there is no elements of (A N (Qk;)1)[13-23, 271 - 13Z)].

Hence #L1[13-23, 271 .13Z] = 0. Because L; and Ly are not in the same O%¥-
class as k11" (A) # koI (A), we have therefore ¢(13 - 23) = #{L»[13-23, 27 1.
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13Z]/T"(L2)} = 1. This coincides with our result in the case of d = 13 and
p = 23 in Table 2.

We note that #U = 24, I'(L2) = U, and I'(Ls) is generated by 1, 2, —14;
furthermore we have 2I'(Lg) = Lo[13-23, 271 - 13Z], that is, #{L2[13-23, 271
13Z])/T(L2)} = 1. As for AN(Qk;)=, four elements dy, - - - , 4 and —14 generate
(AN (Qky)t) and then T'(A N (Qk;)t) is generated by 8102, 203, 04, —14,
where

100 0 1 0 0 0
010 0 01 0 0

61: ) 62: 3
001 0 1 -1 -1 0
300 -1 0 0 0 1
(1 0 0 o0 (1 —2 0 0]
1 -1 -1 0 1 -1 -1 0

53: a54:
0 0 1 0 00 1 0
0 0 0 1 0 -3 0 1

We shall show one more example for d = 13 and p = 79 obtained in the same
manner:

#{L1[13-79, 271 - 13Z)/T"(L1)} =1, # {L2[13-79, 271 - 13Z]/T"(L2)} = 2,
#{L.1[13-79, 27" - 13Z]/T(L1)} =1, #{Lo[13-79, 27! - 13Z]/T(Ls)} = 3.

Here L}[13-79, 271 - 13Z], with L} = AN(Qk;)* = Ly, consists of 48 solutions
[+£10 F39 F26 +£2], ---, [£29 F13 F13 F2|
and Lo[13-79, 271 . 13Z] of 28 solutions

[+3 +13 +£39 F32], -+, [£36 +39 +26 T 46].

Accordingly 2?21 #{L;[13-79, 271-13Z]/T(L;)} is a quantity that differs from
both the type number and the class number of .
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ABSTRACT. THOMAS-decomposition of a polynomial systems and
the resulting counting polynomials are applied to the theory of linear
codes, hyperplane arrangements, and vector matroids to reinterpret
known polynomials such as characteristic polynomials and weight enu-
merator, to introduce a new polynomial counting the matrices defin-
ing the same matroid, and to introduce the concept of essential flats
revealing a structure which allows to rewrite the rank generating poly-
nomial as a sum of products of univariate polynomials. Our concepts
make no essential distinction between finite and infinite fields.
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1 INTRODUCTION

This paper is concerned with two topics: Recognizing known polynomial
invariants in the theory of codes, hyperplane arrangements, and matroids such
as characteristic polynomials, weight enumerators etc. as counting polynomials
and finding a further example of counting polynomials, cf. [Ple 09a], [Ple 09b],
in this area. Secondly, on the background of this, analysing the structure
of the lattice of flats of a matroid by means of the TUTTE-polynomial or
rather the rank generating polynomial by singling out a special class of flats
which we call essential. Though we started with linear codes and hyperplane
arrangements, we realized that matroids yield a more appropriate language for
our investigation.
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The basic ideas of counting polynomials, which are based on the THOMAS
decomposition for systems of polynomial equations and inequations into
disjoint simple systems, cf, [Tho 37], [Ple 09a], [BGLR 11], are briefly de-
scribed in Section 2, in particular the relevant case of this paper, where the
splitting behaviour of the polynomials in the resulting simple systems allows
an enumeration of the possibly infinitely many solutions. In this case, the
resulting counting polynomial yields the number of solutions of the system in
the following cases: For a finite ground field K the number of solutions over
any finite extension field F of K are obtained by substituting the number
|E| for the indeterminate. For a global field K as ground field the number
of solutions over the residue class field F' of the valuation ring for almost
all discrete valuations of K are found upon substituting the order |F'| of the
residue class field into the counting polynomial, e. g. K = Q with the finite
prime fields ), being the most common example. At the beginning of Section
2, the construction of counting polynomials is summarized as a finitely additive
measure defined on the set of solution sets of polynomial systems (of equations
and inequations) and taking values in the polynomial ring Z[u|, where u is an
indeterminate standing in some sense for the order of the field, even if it is
infinite. In this way, for instance, the characteristic polynomial of a hyperplane
arrangement gets a less formal and more algebraic-combinatorial meaning in
the case of infinite fields, since it is simply the measure of the complement of
the arrangement. Also, the critical theorem by CRAPO and ROTA, cf. [CrR 70]
gets an interpretation in the case of infinite fields, so does the (comprehensive)
weight enumerator of a linear code which GREENE constructed from the
TUTTE-polynomial, cf. [Gre 76]. Whereas these examples deal with linear
inequations, the final example, i. e. the counting polynomial of the set of rank
r matrices of degree k x n requires slightly more background preparation.

Section 3 applies these ideas to introduce the matrix counter of a matroid
which counts the “number” of matrices yielding the given matroid. If this is
possible, the matroid is called polynomially countable. In this case, the matrix
counter is shown to factorize into three factors: Firstly gl(k,u), where k is
the rank of the matroid and gl(k,u) := (u* — 1)(u¥ — u)--- (u¥ — uF~1) is the
counting polynomial of the general linear group GL(n,-). Secondly a factor
(u — 1)"~!, where n is the number of elements of the underlying set of the
matroid and [ is the number of connected components of the matroid. Finally,
a factor called orbit counter. If the orbit counter is 1, the matroid seems to
be particularly interesting from a geometrical combinatorial point of view. We
call the matroid rigid in this case, note however that it is the simplest case
from the point of view of the matrix counter. Some examples are discussed
such as root systems of type A, and B, and the extended GOLAY code over
Fy of length 24. On the other extreme is the matrix counter of the uniform
matroid. Indeed, it would be a challenge to find which uniform matroids are
polynomially countable.
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Section 4 is a suggestion to reconstruct the lattice of flats out of the rank
generating polynomial. The converse direction is well understood, cf. Example
2.4. The rank generating polynomial of a matroid M is defined as a sum over
all subsets of the underlying set E of the matroid. By putting together all
subsets with the same flat as closure, this sum gets a lot more structured. But
then one can also put together all those flats whose complements in FE have
the same closure with respect to the dual M* of the original matroid. This
common closure has again an M-flat as complement in E, which we call an
essential flat. As a result of this the generating polynomial of M becomes a
sum over the essential flats only. The summand corresponding to an essential
flat X is the product of a polynomial in the first variable x depending only on
the minor M/X of M and a polynomial in the second variable y depending
only on the restiction M|X. This can be used to discover all the essential flats
from the rank generating polynomial as described in Remark 4.11. The theory
and two examples, the first being the GOLAY-code of length 24 are discussed
in Section 4.

The final Section 5 discusses matroids of rank 3. The counting polynomials
are computed for all matroids on up to seven points, and some examples on
8 points are given to demonstrate new phenomena. The tables of this section
depend on heavy computer calculations with the program [BLH 13] to compute
the THOMAS decomposition of a polynomial system of equations and inequa-
tions. Various interesting issues come up, such as two nonisomorphic matroids
with the same rank generating polynomial but different counting polynomials,
different behaviours in different characteristics, factorization properties of the
orbit counter, non-split examples where the matrix counter is not defined, etc.
We are grateful to the referees to point out very helpful, relevant comments
and literature.

2 COUNTING POLYNOMIALS

We first collect the facts from [Ple 09a] and [Ple 09b] relevant for this paper.
Let K be a field with algebraic closure K. Consider subsets of K" of the
form N, := {a € K"|p(a) = 0} with p € K[z1,...,2,], i. e. hypersurfaces
defined over K. Denote by L(K,n) the set of subsets of K" obtained by
taking finite intersections, unions, and complements of the N, for various such
p € K[x1,...,x,] iteratively. Clearly, if

T K LK (a1y... an) — (a1,...,Gp-1)
denotes the projection (in case n > 1), then m,(S) € L(K,n — 1) for any

S € L(K,n). Moreover \g(b) := {a € K|(b,a) € S} € L(K,1) for each
b € m,(95).

DOCUMENTA MATHEMATICA 19 (2014) 285-312



288 W. PLESKEN, T. BACHLER

PROPOSITION 2.1. Let K be a field of characteristic zero. For every n € N
there is a unique map

c=cy: LK,n) = Zlu] : S — ¢(S) = (S, u)

(where ¢(S,u) is called the counting polynomial of S) with the following prop-
erties:

1.) For finite sets S € L(K,n), one has ¢(S,u) = |S|, the number of elements
in S.

2.) For any k-dimensional affine subspace N of K" defined over K one has
c(N,u) = ut.

3.) For any S, T € L(K™), one has ¢(S,u)+c(T,u) = c(SNT,u)+c(SUT, u),
in particular, ¢(K™ — S,u) = u™ — ¢(S,u).

4.) In casen > 1, for any S € L(K,n) where c1(As(D),u) € Z[u] is independent
of b € mp(S) one has

en(S,u) = cp—1(mn(S),u) - c1(As(b), u)

The proof is based on a finite decomposition of the systems of equations
and inequations into certain triangular systems called simple, which were
introduced by J. M. Thomas, cf. [Tho 37]. Various algorithmic refinements
of this decomposition algorithm and an implementation are discussed in
[BGLR 11]. It is work in progress extending [LMW 10] to show that the
above result also holds for fields K of positive characteristic. The cases
relevant for this paper, the so called split systems, were discussed in [Ple 09b]
and require no assumptions on the characteristic of K. In any case, the im-
plementation in [BLH 13] has worked successfully for all examples of this paper.

Though the counting polynomial in general only says something about the
set of solutions over the algebraic closure, for the present investigation we
want to use the counting polynomials to count the number of solutions over
finite fields. This is not always possible. Namely, if one specifies the free
variables in the equations of a triangular system to lie in a fixed field, the
resulting univariate polynomials in general do not split over this field. However,
if we have split simple systems, i. e. if the polynomials of the simple systems
factorize into degree-one-polynomials in their leading variable, cf. [Ple 09b], it
becomes possible. To cover as many cases as possible we go beyond [Ple 09b]
and distinguish three cases:

DEFINITION 2.2. Let S € L(K,n) for some field K.

1.) S is called UNIFORMLY ENUMERABLE if S can be decomposed into dis-
joint split simple systems, in the sense of [Ple 09b], where the variables of
Klxy,...,x,] are taken in the same order for all simple systems.

2.) S is called ENUMERABLE if S can be decomposed into disjoint sys-
tems S; € L(K,n), such that for every i there exists a split simple system
T; € L(K,n) and a bijection T; — S; defined by some rational function over
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K.

3.) S is called POLYNOMIALLY COUNTABLE if S is the union of finitely many
systems S; € L(K,n), i € I such that at least one of N;ecS; or the complement
K" — Nic s S; is enumerable for each subset J of I.

Clearly, uniformly enumerable sets are enumerable and enumerable ones are
polynomially countable. The notion of polynomial countability becomes espe-
cially interesting if K is finite. In case K is a global field, S € L(K,n) defines
a set S, € L(L,n) for all but finitely many finite residue class fields L corre-
sponding to a non Archimedian valuation of K. In case S satisfies one of the
three properties above, so does S, in all but finitely many residue class fields
L.

PROPOSITION 2.3. Let S € L(K,n) be a polynomially countable system over a
field K.
1.) In case K is finite there is a unique polynomial ¢(S,u) € Z[u] satisfying

[S N LY = (S, [L])

for all finite field extension (L/K).
2.) In case K is a global field, there is a unique polynomial c(S,u) € Z[u]
satisfying

5.0 L7 = (S, |L)

for all but finitely many residue class fields L defined by valuations of K.
In both cases, we call ¢(S,u) the FAITHFUL COUNTING POLYNOMIAL of S.

Proof. The uniqueness of the faithful counting polynomial is in both cases clear,
since infinitely many values of it are specified. We come to the existence. In
the uniformly enumerable case one simply takes the counting polynomial, cf.
[Ple 09b], and in the enumerable case the sum of the counting polynomials of
the split simple systems T;. The general case of polynomially countable systems
is reduced to the enumerable case via the inclusion exclusion principle. o

Note that the faithful counting polynomial is independent of the ordering of the
variables or more generally of the choice of the coordinates (over the ground
field K). Whether a faithful counting polynomial is uniquely defined for more
general fields is interesting but not relevant for the applications in the present
paper. To demonstrate the difference between counting polynomial and faithful
counting polynomial, look at S := N, for p := 2? —y € Q[z,y]. Taking the
variables in the order y < x yields 2(u — 1) + 1 as counting polynomial, which
is not faithful, whereas the order = < y yields the faithful counting polynomial
u.

The simplest case of a polynomially countable system is one given by linear
(degree one) equations and inequations. In fact such a system is uniformly
enumerable, but usually one obtains the faithful counting polynomial by the
inclusion exclusion principle, since the computation of THOMAS-decomposition
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becomes rather expensive once a certain number of inequations is involved. We
remark that, in this case, no assumptions on the field K are necessary and the
counting polynomials are independent of the choice of the coordinate system.
Here are some examples.

EXAMPLE 2.4. 1.) Characteristic polynomial of a central hyperplane arrange-
ment.

Let V' be a K-vector space of dimension k and p; € V* — {0} fori=1,...,n
be linear forms on V. Then the counting polynomial c(S,u) of the system
vi(z) #0 fori=1,...n is called the characteristic polynomial of the hyper-
plane arrangement of the ker(y;). In case K is finite it counts the number of
elements in V — U;ker(p;) in a faithful way as explained above, i. e. it also
counts the corresponding number of elements for any finite extension field of
K. It clearly is monic of degree k and the coefficient of u*~1 is the negative of
the number of different hyperplanes ker(p;), cf. [CrR 70], [OrT 92],[Ath 96].
For a recent survey on the interplay of linear codes, hyperplane arrangements,
and matroids cf. e. g. [Sta 07].

2.) (Comprehensive or) Support weight enumerator of a code.

Let A € K**" o matriz of rank k and let V be the K -vector space spanned by
the rows of A. We want to count the vectors of V' (and the scalar extensions
of V') having exactly j components zero for j =0,...,n. To this aim let p; be
the projection of the row space of A corresponding to the i-th column. For each
subset I of n let St € L(K, k) be the system defined by ;(v) =0 for j € I and
@;(v) #0 for j & I. Then the (comprehensive) weight enumerator

walu,z,y) =Y c(Sr,u)ally™= 1]
ICn

gives exactly the weight enumerator for any finite extension field L of K, in case
K is finite, if one substitutes |L| for u. (Note however, this weight enumerator
also makes sense if K is not finite, even beyond Proposition 2.3.) Note also, the
I Cn with ¢(Sy,u) # 0 are just the flats of the matroid induced by the matriz
A, ¢f. 3.1 below. In a splendid piece of work, it was shown in [Gre 76] how
this weight enumerator could be obtained from the TUTTE polynomial Ta(z,y)
as follows:

walt,2,) = (1 - w)*u T, (M 1) ,

l—2z =z

¢f also [Bri 02]. Conversely, the TUTTE-polynomial is determined by the sup-
port weight enumerator, cf. [Jur 12] and [JuP 18], where also the most recent
account is given on these results, as well as on the connections between ma-
troids, codes, and hyperplane arrangements. (All these results do not depend
on the finiteness of K, as assumed in the original papers.)

More general systems described by polynomials of degree one in each variable
still have some chance to be enumerable or at least polynomially countable.
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For instance the n x n-determinant det yields the faithful system det(z;;) # 0
with polynomial

gl(n,u) == (u" — 1)(u™ —u)--- (u™ —u""1)

well known from the order of the general linear group over a finite field.
The group theoretic counting of orbits can be used to find faithful counting
polynomials. Here is an example from determinantal varieties, where we set
gl(0,u) :=1:

PROPOSITION 2.5. The set of k X n-matrices of rank r defined over a field K
is uniformly enumerable. Its (faithful) counting polynomial is given by

gl(k, u)gl(n, u)
gl(r,u)el(k — r,u)gl(n — r,u)ulk—r)r+n=—rr

Proof. Tt follows from Theorem 2.8 of [Ple 09b] that the system is uniformly
enumerable over any field. Therefore one has a faithful counting polynomial.
We compute it by viewing the set as the orbit of the matrix

< I, O7‘><(n—7') )
O—ryxr  O@k—r)x(n—r)
under the group GL(k, K) x GL(n, K) acting on K**" via
(GL(k, K) x GL(n, K)) x K**™ — K**" . ((g,h),m) — gmh™L.

By computing the stabilizer, one gets exactly the denominator of the above
number with w substituted by | K| for any finite field K. Since we know that
the result must be a polynomial, we have found it via these infinitely many
values. O

Note, the degree of the polynomial just derived is r(—r + n + k), which is
increasing in r for r = 0,...,k, so that the dimension of the so called generic
determinantal variety of k x n-matrices of rank < r is equal to r(—r +n + k),
which is well known.

3 MATRIX COUNTERS

We proceed into a different direction now, by restricting the group action in
the last proof to GL(k, K) x Diag(n, K), where Diag(n, K) < GL(n, K) is the
subgroup of all diagonal matrices of GL(n, K). For this action one has a finer
invariant than the rank, namely the vector matroid represented by the matrices.
We use the following notation: For n € N let n := {1,2,...,n} and Potg(n)
the set of all k-element subsets of n.
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DEFINITION 3.1. Let k < n. The map
p: K" — Pot(n) : A {X € Pot(n) | |X| = rank(4) = rank(A4x)}

is called the MATROID MAP, where A|x denotes the submatriz of A formed by

the columns with column indices in X. For A € KF*™ of rank r, the pair
(n, u(A)) with u(A) C Pot,.(n) is called the (VECTOR) MATROID of A.

We shall usually assume that the matrix A is of rank k. An (abstract) matroid
is a pair consiting of a ground set n and a subset B of Poty(n) satisfying certain
axioms similar to the STEINITZ exchange properties of bases, cf. [Oxl 11] or
[Wel 76]. If the ground set is clear, we only refer to B as the matroid. If B is
of the form p(A) for some matrix over the field K, the matroid B is called K-
representable. It should be noted that the weight enumerator, cf. Example 2.4,
of the linear code spanned by the rows of a matrix A € K**” only depends
on the matroid u(A). These issues are concerned with linear equations and
inequations and therefore the counting polynomials in this context are faithful.
However, the counting polynomial defined next is defined via polynomials which
are of degree at most one in each of their variables, where it is not clear whether
or not they are faithful.

DEFINITION 3.2. 1.) Let K be a field,
Rk,n = K[Il,la 1‘2,1) see )Ik‘,la 1‘1,2) see )Ik‘,Qa see ){L‘k‘,n]

and X = (2ij)ick,jen € R’;fln denotes a k x n-matriz of indeterminates. Fi-
nally Xy, := (2;5) € R,Ejlk with i € k,j € b denotes the submatriz of X with
column indices in b € Potg(n).

2.) For a non empty subset B of Poty(n) denote by S(B) € L(K,kn) the set
of solutions over the algebraic closure K of K of the polynomial system

det(Xp) # 0 for b € B,det(X),) =0 for b € Poty(n) — B.

3.) In case S(B) # ) we call B UNIFORMLY ENUMERABLE, ENUMERABLE, resp.
POLYNOMIALLY COUNTABLE (over K) if S(B) has this property. In either of
these cases the faithful counting polynomial ¢(S(B),u) € Z[u] is called the FULL
MATRIX COUNTER of B and denoted by c¢(B,u) or cg(u).

Hence B is a matroid representable over K if and only if the counting polyno-
mial of S(B) with respect to some order of the variables is not zero. Clearly in
the above definition, one might assume K to be a prime field.

ExXAMPLE 3.3. 1.) k := 1. Any non empty subset B of Poti(n) is a repre-
sentable matroid. Its matriz counter is (u — 1)I51.
2.) For k := 2 the representable matroids are given as follows: Let n = #;_, M;
with My (representing the zero columns) possibly empty, but the other M;
(called parallel classes) nonempty and s > 2. Then

B :={{a,b} | there arei,j with0<1i<j<s,a€ M;,be M;}
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and the full matriz counter of B is given by

s—2

cp(u) =u- (ut1)- (u—1)"" M0 T (u—1),
i=1
which can easily be obtained in the same way as one computes the order (u? —
1)(u® — u) of the full linear group: In the critical case |M;| =1 for i > 0 one

has
S S

[ -1-G-Du-1)= (-1 J[(ut+1- (i -1)).

i=1 i=1
Note, the characteristic of the underlying field has no relevance in this partic-
ular case. However, if K is finite, one might have cp(|K|) = 0.

Here is a first property of the full matrix counter.

PROPOSITION 3.4. Let B C Potg(n) be polynomially countable over any prime
field. Then
gl(k,u) | ep(u), i e cp(u)=glk,u) - rp(u)

for some rp(u) € Z[u], which we call REDUCED MATRIX COUNTER of B.

Proof. If K is of characteristic zero, we may assume without loss of generality
K = Q, since the equations and inequations come from determinants and
hence only involve integers. Since in the process of computing simple systems,
only finitely many denominators come up, we may choose any prime p dividing
none of these and pass to the finite field IF,, and still retain the same matroid B.
Since B is polynomially countable, cg(]L|) is equal to the number of matrices
A € LF" with u(A) = B for any finite extension field L of F,. Since GL(k, L)
acts semiregularly on this set of matrices, i. e. any stabilizer is trivial and all
orbits have length gl(k, |L|), one easily gets gl(k,u) | cg(u). O

Often the reduced matrix counter of B C Potg(n) is the counting polynomial
of S(B) intersected with the set of those k x n-matrices for which certain k
columns form the unit matrix. Unfortunately, it is in general not true that a
split simple system with an equation of the form x; — k for some k € K added
can be decomposed into split simple systems. Here is a practical sufficient
criterion for B to be polynomially countable.

PROPOSITION 3.5. Let B C Potg(n) and choose some a € B. By S(a,B) €
L(K, kn) we denote the set of solutions of the system

Xo = I, det(X)p) # 0 for b € B,det(X);) =0 for b € Poty(n) — B,
where Iy, denotes the kx k unit matriz. If S(a, B) is polynomially countable with

faithful counting polynomial ¢(S(a,B),u), then B is polynomially countable
with reduced matriz counter rp(u) = ¢(S(a, B),u).
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Proof. Let S(a) € L(K,kn) be the set of solutions of X, = I, and S'(a) €
L(K, kn) be the set of solutions of det(X,) # 0. Then

GL(k,K) x S(a) = S'(a) : (g, A) > g- A

is a bijective birational map defined over K. Note, GL(k, K) is uniformly
enumerable by [Ple 09b], say

GL(k,K) = [H G,

with finitely many split simple systems G;. Assume first that S(a, B) is enu-
merable, say S(a,B) = [#C;. Then above bijection restricts to a birational
bijection G; x C; — G; - C; for every pair (4, 7). Since

S(B) = GL(k,K) - S(a, B) = [{ G: - C},

the claim follows in this case.
If S(a, B) is only polynomially enumerable, the proof is a slight modification.
O

LEMMA 3.6. In the situation of S(a,B) above, for any given pair (i,j) € k x
(n—a) one either has x;; = 0 for all X € S(a, B) orz;; # 0 for all X € S(a, B).

Proof. Let k be the unique element of a such that the k-th column of X is the i-
th column of the identity matrix. Let ¢ := (a—{k})U{j}. Either ¢ € B, in which
case x;; = +Det(X|.) # 0 or ¢ ¢ B, in which case z;; = Det(X|.) = 0. O

Beyond the action of the general linear group GL(k, K') one can take the torus
action into account, i. e. the action of (K*)™ which results in further irre-
ducible factors of the matrix counter. Recall that a vector matroid is called
decomposable or disconnected if it is of the form m(u(Diag(A;, As))) for some
matrices 4; € Kklxn/, Ay € KF' " with k' + k" = k and n/ +n” = n and for
some permutation 7 € S,,.

PROPOSITION 3.7. If in the notation of Proposition 3.5 S(a, B) is polynomially
countable, then (u—1)""!rg(u), where | is the number of connected components
of B. The polynomial op(u) := (u — 1)~ ""Urp(u) € Z[u] is called the ORBIT
COUNTER of B.

Proof. Since rp is obviously multiplicative in the components of B, it suffices
to assume that B is a connected matroid. Also we may assume a = k. The
group D,, := (K )™ acts on S(a, B) € L(K, kn) by

D,, x S(a,B) = S(a,B) : (d, A) = (d; ' A; jd; )ick jen,

where the factors d ! make sure that the submatrix of the first k¥ columns
remains the unit matrix. Note, by Lemma 3.6 for any (i,j) € k X n either
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Aj; =0forall Ae S(a,B)or A;; #0forall A€ S(a,B). CallT Ckx (n—k)
a RIGIDITY FRAME, if

1) |T|=n-1,

2.) (¢,7) € T implies A;; # 0 for all A € S(a, B), and

3.) m(T) = k,m2(T) = n — k, where m; denotes the projection onto the i-th
component for ¢ = 1, 2.

Since B is connected, such a rigidity frame T exists. It gives rise to the system
of equations

Ai,jdj =d; (Z,j) eT
for the d;, the solutions of which transforms A € S(a, B) into a matrix of
St(a,B) :={A € S(a,B)|A;; =1 for all (i,j) € T}.

Since the stabilizer of any A € St(a, B) in D,,, which is isomorphic to K*, acts
trivially on St(a, B), it follows that St(a, B) is a set of representatives of the
action of D, on S(a, B). Hence we have a bijective rational function

Dn X ST(G,B) — S(G,B) : (d, A) — (d;lAi,jdj)ieﬁ,jeﬂ

defined over the ground field, where D, is the subgroup of all d € D,, with
di; = 1. The claim follows. O

Clearly op(u) counts the orbits of GL(k, K) x (K*)™ on S(B). If op(u) = 1,
B is called RIGID. In practice, one often proceeds by the above ideas, however
in reversed order:

COROLLARY 3.8. In the notation of the last proof let T C kx (n—k) be a rigidity
frame and assume that St(a, B) is polynomially countable with faithful counting
polynomial op(u). Then S(a, B) is polynomially countable with reduced matriz
counter (u—1)""'-op(u) and B is polynomially countable with matriz counter
c(u) = gl(k,u) - (u— 1)" - op(u).

Here are some examples demonstrating how one may proceed:

ExXAMPLE 3.9. The root system A, viewed as its matriz of positive roots in
K3 gives rise to the matroid u(Ay) which is rigid, i. e. whose reduced
matrix counter 18

(w—1)("2)1,

Proof. Let (eg,...,e,) be a basis on an n + 1-dimensional vector space over a
field K. Consider the set of vectors X,, := {e; — ¢;|0 < i < j < n}. As basis
we choose (eg —¢;|i = 1,...n). The coordinate columuns of the elements of X,
yield a matrix M with u(M) = u(A,,). For convenience we index the columns
of our matrix by the set of 2-element subsets of {0, 1,...,n}. In particular the
basis part of the matrix has indices {0,¢} for ¢ € n. Call this set a. Now let
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A€ S(a,u(Ay)). We look at the submatrix with column indices in Potg(n) in
the spirit of the last proof. We may choose as rigidity frame the set

Lo={({i,jhlien=1i<j}u{G{Li})li=2,...,n}.

We may assume A;; = 1 for (s,t) € L. Clearly A also has zeroes in the
positions where M has zeroes. In particular the first unknown entry of A is
As g2,31. The central observation is that {{1,2}, {1,3},{2,3}} is a cycle of our
matroid, i. e. the three corresponding column vectors are linearly dependent.
We know all the entries of theses three column vectors except Az (o 33. Hence
we know exactly what the linear dependence looks like:

A2y — A3y — A 2,3 = 0.

This determines the unkonwn entry. Similarly all the other entries can be
determined and the claim follows. O

EXAMzPLE 3.10. The root system B,, viewed as its matriz of positive roots in
K™ ™" gives rise to the matroid p(By) whose reduced matriz counter is

(w—1)3(u—2) forn=2 and (u — 1)”2_1 forn > 2.

Proof. The case n = 2 is an easy exercise. We look at the case n = 3 from
which the general proof will be clear.

100 1 1 1 1 0 O
A=]1010 -1 1 0 0 1 1
oo0o1 0 0 -11 -1 1

yields p(Bs). Note columns 1,2,3,4,6,8 yield As. The decisive linear dependence
for the rest is A_5 — A_ g+ A_ 9 = 0. Otherwise the proof is similar to the
one for A,,. O

The case of root systems D,, for n > 3 can be reduced to the previous cases
and results in the appropriate power of u — 1 for the reduced matrix counter.
Here is another source of examples for polynomially countable vector matroids.
As a third exampel we look at the GOLAY code.

ExamMpLE 3.11. Let M € F%QXM be the generator matriz of the extended
GOLAY code of length 24 over Fo. The induced matroid is rigid, i. e. the orbit
counter is 1 and the reduced matriz counter (u — 1).

Proof. By Corollary 3.8 and Proposition 3.5, we are free to choose any basis of
w(M). Since the automophism group Mays has exactly two orbits on the bases
of the induced matroid u(M) of M, cf. Example 4.12; there are essentially two
different types of matrices possible for M. In either case we may assume (after
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permuting the columns of M appropriately) that the submatrix of the first 12
columns of M is the identity matrix, i. e. M = (I;2|N). In the first type of
bases each row and column of N has exactly 7 ones and 5 zeroes. Since this
type is slightly more awkward to treat, we choose the second type. Here one
has apart 11 columns with exactly 7 ones and exactly one pair of a row and a
column intersecting in a zero but otherwise consisting of ones (referred to as
cross of ones below).

Let K be a field containing Fy. For any matrix A € K'2*24 with u(A) = u(M)
we may assume the same shape A = (I12]|X). By Lemma 3.6, the positions with
zeroes in X are exactly the same as in N. As rigidity frame T, we choose the
set of positions in the cross of ones in IV, where the position of the zero in the
crossing is replaced by some index pair (i,j) outside the cross with N;; = 1.
In X, we may also choose these 23 positions to be one and we remain with
11- (7 —1) — 1 positions where the entry is not zero, but otherwise not known.
We start with the i-th row: We know X;; = 1. Let k be such that X;, # 0
and X;; is not yet known. Let [ be the row index of the row of ones in the
cross. Then X;; = X; = 1 and the four numbers form a submatrix whose
determinant is zero, because the determinant of the corresponding submatrix
of N is zero. (Note, this submatrix can be complemented to a submatrix of 12
complete columns by choosing from among the first 12 columns of M similarly
as in the proof of Lemma 3.6.) Coming back to the submatrix of X, it has three
entries equal to 1 and determinant 0, which implies X;; = 1 for the last entry.
In this way we conclude that all the remaining non zero entries of the i-th row
of X are equal to 1. Similarly all the non zero entries of the j-th column of X
are equal to 1. With each new position proved to contain a one, by the same
argument, its complete row and column has all its non-zero entries equal to 1.
Since the matroid is obviously connected, this finally shows that all unknown
entries are equal to one. O

PROPOSITION 3.12. Let B C Poty(n) be a matroid and a € B such that S(a, B)
s uniformly enumerable, enumerable, resp. polynomially countable, then so is
S(n—a, B*) where B* := {n—b|b € B} is the dual matroid of B. In this case,
the reduced matriz counters are equal: rp(u) = rp«(u).

Proof. We may assume a = k. Then (Ix|A) € S(a,B) if and only if
(—A™"|I,—k) € S(n — a, B*). The claim follows easily. O

It seems that matroids with few bases have a tendency to be polynomially
countable. In [Sko 96] a survey of the number of representations of uniform
rank 3 matroids on 7, 8, and 9 point is given, which indicates that polynomial
countability for 8 and 9 points is only given if certain univariate quadratic
polynomials split over the ground field, though the number of solutions can be
described in the other cases as well. This phenomenon in called quasisplit case
in [Ple 09b], cf. Example 5.9 1) for simpler examples. One might suspect that
sooner or later one gets examples which are not polynomially countable and
not even quasisplit. A good candidate for this might be the matroid of rank
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3 on 11 points in [Stu 93], pg. 101, where among the equations for S(a, B)
the absolutely irreducible polynomial given there turns up. In the last chapter,
rank 3 vector matroids on up to 7 points are given with their matrix counters.
There are also examples given there with the same TUTTE polynomial, but
different matrix counters; on the other hand there is also an abundance of
pairs of non isomorphic matroids with the same matrix counter.

4 THE RANK GENERATING POLYNOMIAL

In this section, M denotes a matroid on the set F of n elements with rank
function p : Pot(E) — Z>¢. The rank generating polynomial is defined as

S(M;z,y) == Z 2P BV =p(X)y [XI=p(X) ¢ 72 y].
XCE
A good example is the rank generating polynomial

n—k k

pes = (1) 43 (o 2 (42

=1 =1

of the uniform matroid of rank k, where every k-element subset of E forms a
basis of M. The aim of this section is to reduce the summation over all subsets
of E to something more manageable. One rather simple approach is to define
the deviation polynomial

§(M;z,y) == pp(z,y) — S(M;z,y) € L]z, y]

where k is the rank of M. For matroids with a big number of bases, §(M;x,y)
will have few terms and the rank generating polynomial can be easily recovered

form §(M;x,y). Since in both p, (z,y) and in S(M;z,y) all (kfs) subsets of

M with k£ — s elements are taken into account, one has the following.

REMARK 4.1. Let §(M;x,y) = Z” ai;x'y?, then for each s € Z one has
Z asii =0

A more serious attempt to analyse and understand the sum with the idea of
simplification is by grouping together the summands belonging to one flat.

DEFINITION 4.2. 1.) The polynomial
S(M;y) == S(M;0,y) € Z[y]

is called the GENERATOR GENERATING POLYNOMIAL of M.
2.) For X CE let

o(X) :={e € Elp(X) = p(X U{e})}
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the CLOSURE OPERATOR with respect to M and for any FLAT X = o(X) call
o ({X}) = {Y C Blo(Y) = X}
FLOCK of X. Finally
L(M) = {X C Elo(X) = X}
the set of all flats of M.

Clearly S(M;y) = ZXGU,l({M})yW‘_”(X). If we simply write S(X;y) for
S(M|X;y) for any flat X of M, where M|X denotes the restriction of M to
X, then the original definition of the rank generating polynomial becomes:

S(Miz,y) = Y 2P PS(X5y).
XeL(M)

To proceed further, we exhibit flats with the same generator generating poly-
nomial. Recall that a coloop of M is an element e of E occuring in each basis
of M,i. e. p(E—{e})=p(E)-1.

DEFINITION 4.3. A flat X € L(M) is called ESSENTIAL if M|X has no coloop.
One clearly has the following lemma.

LEMMA 4.4. Let X € L(M). Then there exists a unique essential flat' Y, called
the essential flat e(X) of X, such that

M|X =M|Y & M{ei} - & M{e,}
where e, ..., e, are the coloops of M|X. Moreover
o '{YY) = ot {X)): Z = ZU{er, ... e}

18 a bijection so that
S(X;y) =5(Y5y).
This leads to the following definiton.

DEFINITION 4.5. For any essential flat Y € e(L(M)) call e 1({Y'}) the cLOUD
of Y and

S(M,Y;z) = Z zP(B)=p(X)
Xee 1({Y})

the CLOUD POLYNOMIAL of Y.

Summarizing, we have the following.
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PROPOSITION 4.6. Let M be a matroid without loops on the set E. Then

Pot(E)= W ol ({Y))

Yee(L(M))
with a bijection
o e (YD) = (YD x0T (YD) Z = (0(2),ZNY)
for every essential flat Y. In particular

S(M;z,y)= >, S(M,Y;2)S(Y;y).
Yee(L(M))

Whereas the generator generating polynomial S(Y;y) depends on Y or, more
precisely, M|Y only, the cloud polynomial S(M,Y’;z) depends on the embed-
ding of Y in M. In fact, it depends only on the minor M/Y":

PROPOSITION 4.7. Let M be a matroid without loops on the set E and Y an
essential flat of M. Then 0 is an essential flat of the minor MY and there is
a bijection between the clouds:

et (V) = ey ({0}): X 5 X -V,
In particular, S(M,Y;x) = S(M/Y,0;z).

Proof. () is an essential flat of M/Y if and only if no element a € £ — Y is
dependent, i. e. pp (Y U{a}) > pp(Y) for all a € E — Y. This however is
clear, since Y is a flat. Clearly the map X — X —Y maps flats (contained in
E) with respect to M containing Y to flats (contained in E —Y) with respect
to M/Y, where ppr/y (X —Y) = py(X) — pmr(Y). The claim follows. O

To get a better understanding, we connect the result to the passage to the dual
matroid M*. Denote the closure operator on Pot(E) with respect to M* by o*
and the essentiality operator on £(M™*) by €*.

LEMMA 4.8. Let X C E andY := (X = E — X. For a € E the following
statements are equivalent:

1.)aco(X)—-X.

2.) a is a coloop of M*|Y .

Proof. Clearly 1.) is equivalent to a being a loop of the minor M/X = M.Y.
Hence 1.) holds iff a is a coloop of (M.Y')*, which by Theorem 4.3.2 of [Wel 76]
is isomorpic to M*|Y. O

If X is an essential flat of M, we need to distinguish between e~ *({X}) and
e"(X):={Z CE|X C Z,Z — X consists of coloops of M|Z}.

DOCUMENTA MATHEMATICA 19 (2014) 285-312



COUNTING POLYNOMIALS FOR MATROIDS 301

THEOREM 4.9. Let M be a matroid on E without loops and coloops. Let G :
Pot(FE) — Pot(E) : X — F — X.

1.) C induces a bijection (GALOIS-correspondence) between e(L(M)), the set of
essential flats of E with respect to M, and e*(L(M™*)), the set of essential flats
of E with respect to M*.

2.) For an essential flat X in E with respect to M, the bijection C induces a
bijection between o~ ({X}) and €*T(E — X) and a bijection between €' (X) and
o 1({E - X}).

3.) For an essential flat X in E with respect to M one has e 1 ({X}) C "(X),
indeed e 1({X}) consists of all the flats in €'(X).

Proof. 1.) Let X C E. Then X is a flat with respect to M, if and only if
M*|(E — X) has no coloops by Lemma 4.8. If X C F is an M-flat, then X
is an essemtial M-flat, if and only if M|X has no coloops. So X C E is an
essential flat of M, iff M*|(E — X) has no coloops and M|X has no coloops. By
applying the same argument in reverse, with the roles of M|X and M*|(E—X)
interchanged, this is again equivalent to ¥ — X being an essential M *-flat.

2.) Immediately from Lemma 4.8. 3.) Clear by definition. O

Here are some examples and characterizations of essential flats. The proofs are
straightforward.

REMARK 4.10. Let M be a matroid on the set E without loops and coloops.
1.) 0 and E are essential flats.

2.) If a hyperplanes (of codimension 1) is an essential flat, its cloud polynomial
is x.

3.) If S(M,z,y) = ngg) 2'g;(y) and degg;(y) > deggir1(y) for one i, then
M has «; essential flats of dimension p(E)—1 consisting of deg g;(y) elements,
where «; is the leading coefficient of g;(y).

4.) If X C E is an essential flat and M|X = M|A® M|B with X = AW B,
then A, B are essential flats.

5.) If S is a set of circuits of M, then o({Jyxcg X) is an essential flat of M.
Every essential flat is of this form for a suitable set S of circuits.

6.) The minimal number |S| of circuits such that E = o(|Jxcg X) may be called
the COVERING NUMBER of M. It measures certain aspects of the complexity of
M. For instance the uniform matroid of rank k on n elements has the covering
number 1.

The rank generating polynomial can of course be computed from the informa-
tion about the essential flats # E using the above results, however, we can also
get information about the lattice of flats from the rank generating polynomial.

REMARK 4.11. For a polynomial p(z,y) = >, ; a; jx'y! € Zlz,y] with non
negative coefficients a; j, call the exponent (3,j) extreme if a;; > 0,ai1k,; =
0,a: 4% = 0 for all k > 1. Starting with the rank generating polynomial
p(z,y) = Z” a;jx'yl of M and an extreme exponent (i,j) one knows of the
existence of a; ; essential flats. Subtract the contribution of these essential flats
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from p(z,y) and proceed in the same way with the difference polynomials to get
the next set of essential flats.

EXAMPLE 4.12. The GoOLAY-code C of length 24 and dimension 12 over Fqy
gives rise to a selfdual matroid with rank generating polynomial paa12(z,y) —
0(C;z,y), where §(C;x,y) is given by

(1 — zy)(r(y) + 644(55zy + 2039) + r(x))

with
r(t) := 759t* + 12144t + 91080t% 4 425040t

The automorphism group is known to be the MATHIEU-group My of order
|May| = 21933 .5.7-11-23 and by means of GAP, cf. [GAP] some relevant
orbits of My in Pot(24) can easily be computed towards the following results.
The essential flats fall into 6 orbits: The empty set, the circuits of length 8,
certain 10-dimensional flats of covering number 2, circuits of length 12, the
complements of the 8-circuits (the dual of which are isomorphic to the matroid
of affine 4-space over Fy), and finally the full set. Here is the rank generating
polynomial split up into the corresponing sum of 6 summands, each of which
is a product of the length of the orbit, the cloud polynomial (in x), and the
generator generating polynomial (in y):

L (Eimo ()o' o [Mau| - (ga® + gggo® + g’ + piga™) - 1+
759 - (2% + 162 +12023) - (y + 8)+
35420 - 22 - (y? + 12y + 48)+
2576 -z - (y + 12)+
759 -z - (y° + 16y* + 120y3 + 560y> + 1680y + 2688)+

7 24 —q 121 4 1 3 11 2 67 1
L1 (iso (3)y" " + [ Moal (53509 * + 1899° + Ti00Y” + 70509 + 176))

Because of the presence of the 12-circuits one easily sees that the covering
number of the full matroid is 2. We list some additional information about the
orbits of May on the set of 12-subsets of {1,2,...,24} as an interpretation of
the coefficients of (xy)® in the rank generating polynomial above: Two orbits
of bases of lengths 1020096 and 370944, one orbit of 12-circuits of length 2576
(stabilizers isomorphic to Mis), and one further orbit of length 1275120 =
759-1680, of which each element has one linear relation and has the complement
of an octave as its closure. Finally, there is one orbit of essential flats with two
relations of length 35420. Of course, the above way to write the rank generating
polynomial encodes much more information than the polynomial itself.

We finish this chapter with an example of a non selfdual matroid of rank 8
on 15 points. Its combinatorial structure is sufficiently clear so that its rank
generating polynomial as a sum of the products of its cloud and generator
generating polynomials can in principle be computed by hand using the results
of this chapter. One way to describe it is as the dual of the matroid of the
columns of pi5(Ais), where pi5(t) is the 15-cyclotomic polynomial and Ajs
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is the permutation matrix of a 15-circuit or, if one prefers it, the companion
matrix of ¢! — 1. So the example can be considered as a cyclic code over Q. In
the actual formulation of the example, a different description is given, which
results in a permutation of the ground set, but gives a clearer picture of the
structure.

EXAMPLE 4.13. Let Z;, € Q~U*k the matriz whose first k — 1 columns form
the unit matriz and whose last column has all entries equal to —1. Note, the
matroid of the columns of Zy is a k-circuit. Choose A € Q8*1% to be the
KRONECKER product A := Z5® Zs. The associated matroid M is of rank 8 on
E :=15. Its structure is governed by the (essential) circuits given by the sets
of entries in one of the rows or colums of the matrix

1 4 7 10 13
K= 2 5 8 11 14
3 6 9 12 15

The automorphism group of M is the direct product S3 x S5 whose action on E
1s induced by the action of S3 on the rows and of S5 on the columns of k. The
closure operator o takes a subset X C E and obtains o(X) as the union of X, of
the column sets of k whose intersection with X has two elements, and of the row
sets of k whose intersection with X has four elements. The essentiality operator
€ takes a flat X C E and removes all elements from X for which neither its full
row nor its full column is contained in X . In particular, the essential flats are
unions of complete rows (0, 1, or 3) and complete columns (0,1,2,3, or 5). The
notation for the Ss x Ss-orbits is forced upon one: i,j. meaning i € Z>qo rows
and j € Z>o columns. With this information it is not so difficult to compute
the generator generating polynomials and the cloud polynomials except maybe
the cloud polynomial for 0,0, and the generator generating polynomial for 3,.5..
However, these con be easily obtained from Remark 4.1, once everything else is
computed. Here is the result: The first factor in each summand is the length of
the S3 x Ss-orbit, followed by the cloud polynomial, and finally by the generator
generating polynomial. On the right the symbol for the orbit of the essential
flat is given.

1-1-(y* +6y° + 24y + 50y + 75)(3 + y)3+ 35c

30 -z (y? 4+ 5y +12)(3 + y)*+ 1,3

3022 - (y? +6y+ 13)(3+y)+ 1,2,

10 z? - (3+y)3+ 0,3

15 - 23 (14+7y+y)+ 1,1,

10 - (z* + 92° 4 1822 + 62) - (3 +y)>+ 0,2,

3.2 (5+y)+ 1,0,

5 (28 4+ 122° + 542t + 962 + 5422) - 3 +y)+ | 0,1,
1- (28 4+ 1527 4 9025 + 2702° 4 3902 + 2102°) - 1 | 0,0,

For completeness we add the corresponding information for the dual matroid.
The notation for the S3 x Ss-orbits is kept, though one has to take the comple-
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ments of the sets above.

1-1-(y®+ 15y7 + 105y5 + 4509° + 1305y* + 2670%> + 3870y
+ 3780y + 2025)+
5.2 (yf + 12¢° + 66y* + 216y° + 456y% + 612y + 432)+
3.2 (y* + 10y3 + 40y + 80y + 80)+
10 - 2% - (y* + 9y® + 36y> + 78y + 81)+
15 (22 + ) (y+4)(y* + 4y + 8)+
10- 23 - (12 + 6y + y2)+
30 (23 4222 +2) - (12 + 6y + y?)+
30 (zt +323 +32%2 +2) - (4 +y)+
1- (27 4+ 1525 4 1052° + 3352* 4 49523 + 30322 + 15x) - 1

<
e}

S S Ss S
o 0 o o o

=<
e}

S

CO»—!»—!O?D»—*OO
U!CJJ[\DOJHH[\DOHO

o

5 VECTOR MATROIDS OF RANK 3

Call a vector matroid simple [Wel 76] if it has no circuits of length 1 or 2.
Any matroid can easily be reduced to such a one, and conversely all the other
matroids can easily be constructed from the simple matroids once their au-
tomorphism groups are known. Moreover, the matrix counters change by an
easily computed power of v — 1. In this section we compute the matrix coun-
ters for the simple matroids of rank three on n < 7 points. The first aim is to
introduce a symbol for each simple matroid of rank 3, cf. [Wel 76] Section 1.11.
Our formalization of the graphical notation there has the advantage that per-
mutations of the underlying set F can be easily dealt with, i. e. automorphism
groups can almost be read off. The rank three matroids are best understood
via their nontrivial hyperplanes.

DEFINITION 5.1. Let M be a matroid of rank 8 with underlying set E.

1.) A hyperplane of M of more than 2 elements is called NONTRIVIAL.

2.) Fori € E let Hy(i) denote the set of all nontrivial hyperplanes containing
i.

3.) i € E is called CONGLOMERATOR, if Hy (i) contains more than one element.
4.) The set of all conglomerators of M is denoted by Congl(M).

5.) i € E is called LAZY if it is not contained in any nontrivial hyperplane.

EXAMPLE 5.2. Let M be a simple matroid of rank 3.

Let |E| = 4, then M has no conglomerators. It either consists only of lazy
elements, or has exactly one montrivial hyperplane, which then necessarily
contains 3 elements. So either all elements are lazy or exactly one is lazy.
Let |E| =5, then M has at most one conglomerator. In this case there are no
lazy elements and one has two nontrivials hyperplanes of length 3 having the
conglomerator in common.

DEFINITION 5.3. Let M be a simple matroid of rank 3 on a set E. The symbol
[M] of M is an element of the free abelian group Z[Pot(E) x {3,4,...|E| —1}]
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with Z-basis Pot(E) x {3,4,...|E| — 1}, where for brevity the basis elements
are written as X, rather than (X,a) for X C E,a € {3,4,...|E| —1}. The
symbol [M] is then defined as follows:

[M] := > (H N Congl(M)) a1,

where the sum is taken over all nontrivial hyperplanes H. If & or the number of
elements of E are not clear from the context, we write [M|g or [M]|g instead

of [M].

Note that M can be recovered from [M] up to the names of the elements not
contained in Congl(M).

EXAMPLE 5.4. Let M be a simple matroid of rank 3 and E :=n.

Let |E| = 4, then [M] is either 0 for the uniform matroid or O3 for any rank 3
matroid on E with exactly one (unspecified) nontrivial hyperplane, which then
consists of 3 elements.

Let |E| =5, then [M] is either 0, 03,04, or 2{i}3 for some i € E.

Note, the matroid on 5 elements with symbol (03)5 is obtained from the one
with symbol (B3)4 on four elements by adding one lazy element.

It is clear that the symbol determines the matroid up to isomorphism. To list
all rank 3 simple matroids on n elements up to isomorphism by their symbols,
we may (and will) restrict to the symbols of matroids M with Congl(M) = a
for some a < n. It remains to deal with the problem of isomorphism for these
symbols.

EXAMPLE 5.5. Let n := 6. Then one has exactly 9 isomorphism classes of
simple matroids. They are represented by the symbols

0, 03, 0q, 2{1}3

obtained from matroids on less than 6 elements by adding lazy elements, further
the ones with |Congl(M)| < 3:

05, 203, {1}3+ {1}4, {1,2}3+ {1,3}3+ {2,3}s,
and one with |Congl(M)| = 6:
{1,3,4}s+ {1,5,6}3+{2,3,6}3 + {2,4,5}s.
It is clear that the symbols satisfy certain obvious conditions, which we list.

REMARK 5.6. Let o € Z[Pot(n) x {3,4,...,n — 1}] be a symbol of a rank 3
matroid. Then

1.) If S, occurs in «, then |S| < a.

2.) If S, # Ty, both occur in «, then |SNT| < 1. Also the coefficient of S, can
be at most 1 unless |S| = 1.
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3.) Let Congl(a) denote the union of the sets in the first component of the
terms of a. Then for each i € Congl(«) there occur at least two Sy, T in «
withie S andieT.

4.) The smallest cardinality |E| for the ground set of a matroid with symbol «

|Congl(@)| + > (a —|5])
Sa

where the sum is taken over all terms S, (with multiplicities) occuring in o.
5.) The rank generating polynomial can be read off from the symbol «, more
precisely from the indices of the summands of the symbol:

Pn3(@,y) = Sa(,y) with Sa(z,y) = (1L —ay) > v Y ( |H| )

1=0 HeH 341
where H is the set of all nontrivial hyperplanes.

Existence of vector matroids cannot a priori be read off from the symbol, but
usually has to be computed explicitly. Our main interest is to find the matrix
counters in the cases where it is possible, including the relevant information
on the fields. The following tables were computed as follows: For a given
rank 3 matroid, a basis and a rigidity frame, cf. proof of Proposition 3.7, is
fixed. This gives an ansatz for the matrix with a unit matrix and a matrix
of indeterminates as complemetary submatrices. By the choice of the rigidity
frame, certain indeterminates are substituted by 1. Each 3 x 3-minor results
in an equation or inequation, depending on whether we have dependence or a
basis in the matroid. This system is put into the AlgebraicThomas-program,
cf. [BLH 13]. For many cases a suitable order of the variables yields a faithful
counting polynomial, i. e. an orbit counter right away, including information
on the characteristics. If not all systems split, one might try a different order
of variables. If the system is too big, we use the inclusion-exclusion principle
to generate systems of equations only, which often can be used to obtain a
faithful counting polynomial of a polynomially countable set. The question of
enumerability usually remains open in these cases.

EXAMPLE 5.7. For |E| =n =6, Table 1 lists the orbit counters of the simple
matroids of rank 8 up to Sy-action sorted according to the degrees of the matriz
counters. These matroids are all indecomposable except for Bs, which has two
compontents and the orbit counter has to be multiplied by (u — 1)* instead of
(u — 1) to obtain the reduced matriz counter rg(u). Note also that 203 and
2{1}3, which have the same rank generating polynomial, are distinguished by
their matriz counter. In the uniform case 0, the system St(a, B), cf. Corol-
lary 3.8, is polynomially countable, where all characteristics # 2 can be treated
simultaneously, however the final faithful counting polynomial is the same for
all characteristics including 2. In all the other cases we have uniform enumer-
ability for St(a, B), with the restriction that for O3 characteristic 2 has to be
treated separately, but again yields the same orbit counter. We note that for
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symbol cf. 5.3 op(u) (orbit counter cf. 3.7) | |Sg-orbit|
0 (u—2)(u—3)(u? —9u+21) |1
03 (u—2)(u—3)(u—4) 20
203 (u—2)? 10
2{1}3 (u—2)(u—3) 90
04 (u—2)(u—3) 15
{1} +{1}4 (u—2) 60
(1,2} + {1,3}5+ {2,3}s | (u—2) 120

5 (u—2)(u—3) 6
{1,2,4}3+{1,3,5}3+

{2,3,6}3+ {4,5,6}3 1 30

Table 1: Orbit counters for simple rank 3-matroids on 6 points, cf. Example
5.7

the uniform matroid 0 the above mentioned inclusion-exclusion count has been
applied. However, in this particular case, it can be avoided by also computing
the contribution of the non simple matroids towards the counting polynomial
for all rank 3 matrices in K3%¢, cf. Proposition 2.5. After division by gl(3,u),
this is the product of the 2nd, 4-th, 5-th, and 6-th cyclotomic polynomial

(w+ D)+ 1) +u +u? +u+1)(u® —u+1)
=10(3u — 1)(3u® — 3u +1)

+ (u? +2u — 5)(u® + 3u? — 10)(u — 1)*

+5(u+3)(13u® — 14u + 4)(u — 1)?

+3(5u — 3)(u® + 4u® +u — 11)(u —1)3

where the i-th summand gives the contribution ) 5 rg(u) of the matrices whose
matroid B reduces to a simple matroid on 2 + i elements for i =1,2,3,4.
Finally, the factors of the orbit polynomials can usually be given interpretations.
For instance, in the case of the uniform matroid [0]g, the factors u — 2 and
u — 3 mean that there are no representations of the matroid over a field of 2 or
three elements. For bigger fields they can be interpreted as follows: Once three
columns of the matrix are chosen to form the unit matrix and, say one column
and one row of the remaining matrix is chosen to be equal to 1 in each position
as Tigidity frame, cf. proof of Proposition 3.7, choose a fixed column C among
the two other columns. The first remaining position of C' can be chosen to be
a # 1,0 and the second remaining position of C can be chosen to be ¢ # 0,1, a.
Independently of these choices, the matriz can be completed in (u* — 9u + 21)
ways.

The next example treats the simple rank 3 matroids on 7 points. By Propostion
3.12 this can be turned into (almost all of) the corresponding list of orbit
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counters of rank 4 matroids on 7 points. The orbit counters for 0 in Examples
5.7 and 5.8 have already been known by different methods, cf. [Sko 96] last
section and the references there. Also the more complicated cases of rank 3
matroids on 8 and 9 points are described there, cf. also [ISS 95]. For a more
geometric approach to these problems, cf. [Sko 92] and [RoS 96].

EXAMPLE 5.8. For |E| = n = 7 the matroids of rank 3 are all polynomially
countable. Table 2 lists the orbit counters of the simple matroids of rank 3
up to Sp-action sorted according to the degrees of the matrix counters. These
matroids are all indecomposable except of Bg, which has two compontents and
the orbit counter has to be multiplied by (u — 1)5 instead of (u — 1)% to obtain
the reduced matriz counter rg(u). In this case of 7 points for E, one often gets
different orbit counters for characteristic 2. Remarkably the orbit counters of
the same matroid (of rank 8 on 7 points) for characteristic 2 and characteristic
= 2 differ only by a number. Therefore in Table 2 the 65 is 1 if the characteristic
of the field is 2, otherwise it is zero. Usually, an orbit counter in characteristic
2 factors similarly to the corresponding one for the other characteristics, e. g.
for B3 we have

602+ (u—>5)(u—3)(u—13u 4 54u—66) = (u—4)(u—2)(u—15u? + 75u — 123)

Since the matroids of rank 3 on less than 7 elements are all polynomially count-
able with polynomials independent of the characteristic of the field, the contri-
bution of the non simple matroids to the counting polynomial of 3 X 7-matrices
s also independent of the characteristic, and therefore also the contribution of
all simple matroids (listed in Table 2) together, since the counting polynomial
for all 3 X 7T-matrices of rank 3 is independent of the characteristic, cf. Prop-
sition 2.5. This amounts to saying that the differences of the general reduced
matriz counters to the characteristic 2 ones multiplied by the orbit lengths in
the last column of the table should add up to zero, because the multiplicities of
the factor uw — 1 are the same in all relevant cases. But in fact, these product
do not only add up to zero, but (for us unexpectedly) cancel in pairs (zeroes
omitted):

(30, —210, 630, —840, —210, 210, 840, —630, 210, —30]

Concerning the indiwidual orbit counters, the ones for 0,03,203,2{1}5 were
obtained via inclusion-exclusion, in all other bases directly so that at least the
transversal there is uniformly enumerable. In the case of the uniform matroid
0, even for the inclusion-exclusion approach to work, one had to change the
order of the coordinates for some of the simple systems, i. e. the investigated
systems were probably not uniformly enumerable, but only enumerable, resulting
in polynomially countable systems for the final result. Note, the last matroid
corresponds to the projective plane over Fa.

It is known, cf. [Wel 76] pg. 306, that there are 68 simple rank 3 matroids on
8 points, all listed in the supplement of [BCH 73]. Instead of going through
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symbol cf. 5.3 op(u) (orbit counter cf. 3.7) | S7-orbit|
0 =30 62+ (u—3)(u—5)-

(u* — 20u® + 148u? — 468u + 498) 1
(2)3 6-52+(u—5)(u—3)-
(u® — 13u? + 54u — 66) 35
203 (u—"5)(u—2)(u—3)(u—4) 70
21, —2 6y + (u— 3)(u® — 12u2 + 46u — 54) 315
D4 (u—"5)(u—2)(u—3)(u—4) 35
L1, (0= 2)(u—3)(u—1) 120
125 + 133 + 235 82 + (u —3)(u? — Tu+ 11) 840
05 (u—2)(u—3)(u—4) 21
31, 20y + (u—3)2(u 4) 105
03 + 04 (u—3)(u—2)? 35
1,+2,+12, (1= 4)(u— 3)(u—2) 630
1245 + 1355+
2365 + 45654 —62 + (u — 3)? 210
1, +1, (u—2)(u—3) 105
125+ 135 + 23, (u—3)(u—2) 1260
L +1 (u—2)? 70
s (u—2)(u—3)(u—4) 7
125 + 135+
14, + 234, —8 + (u — 3)? 840
235 + 453+
1245 + 1354 (u—3)(u—2) 1260
124, + 1365+
256, + 345, (u—2)(u—3) 840
Q3 + @3 + mg*F
2345 + 2564 d2 + (u—3) 630
1245 + 1355 + 1675+
236, + 457, (u—2) 420
@3 + @3 + m3+
237, + 245, + 3465 | —05 + 1 210
m3 + &3 + m3+
2375 + 2453 + 3465+
567, P 30

Table 2: Orbit counters for simple rank 3-matroids on 7 points, cf. Example
5.8, where {3, j, k} in the symbol is abbreviated as ijk.
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all possibilities, we only give two examples demonstrating phenomena not yet
occurring in the case of |E| = 7 points.

EXAMPLE 5.9. Let |E| =8, i. e. we consider some examples of rank 3 matroids
on &8 points.

1.) The matroid B := {1,2}5+{1,4}3+{2,3}5+ {3,4}3 gives rise to a system
St({1,2,3}, B) for a suitable rigidity frame T, cf. proof of Proposition 3.7,
saying that all the 3 x 3-minors of the matrix

1 0 01 1 1 0 1
01 0 1 22 23 1 1

0 0 1 1 0 23 X34 I35

which do not vanish identically in the four variables are not equal to zero. The
system 1is too big to be treated directly so that one has to use the inclusion-
exclusion count. In doing that it turns out that at characteristic 2 one has a
different behaviour, but otherwise all simple system coming up are split, except
for one, which is only quasisplit in the sense of [Ple 09b]:

2
x35 — 22 =0,223 — w22 =0,234—x22=0,25,—222+1=0,

i. e. becomes split after a suitable finite field extension. The counting polyno-
mial for the whole system is

c(u) := u* — 16u> + 93u? — 231u + 208.

Now the interpretation is slightly more complicated: If the field in question
does mot contain a primitive sixth root of unity, the number of solutions
(or rather the counting polynomial for these solutions) is c(u) — 2. If it
contains a primitive sizth root of unity and the characteristic is not (2 or)
3, then it is c(u) as it stands. If the characteristic is 3, then it is clearly
c(u) =1 = (u—3)(u® — 13u® +5du — 69), since 23 5 — 2.2 + 1 has a double root
then. Finally the case of characteristic 2 has to be treated separately in the
same manner. One obtains the counting polynomial c(u) — 4, which is correct
if the ground field contains a primitive third root of unity and c(u) — 6 if not.
Of course more complicated systems which cannot be decomposed into quasisplit
systems sooner or later come in abundance.

2.) The matroid 2{1}3+{1}4 has the orbit counter op(u) = (u—>5)(u—3)(u—4)>2
in every characteristic # 2 and in characteristi 2 it has (u — 2)(u — 4)(u? —
10u + 27) as orbit counter, both obtainable via the inclusion exclusion count.
The difference of the two is —6u + 24, which is no longer a constant like in the

matroids on 7 points.

3.) Here is a list of isomorphism classes of the rigid rank 8 matroids on 8
points:
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a’) {17 2, 4}3 + {1a 3, 7}4+ {17 9, 6}3+ {27 3, 5}3+ {27 6, 7}3 + {3a 4, 6}3+ {4a 5, 7}3
in characteristic 2 (length of orbit under Sg is 1680).

b) {1, 2, 4}34—{1, 9, 6}3+{2, 3, 5}3+{2, 6, 7}3+{3, 4, 6}3+{4, 9, 8}3+{1, 3,7, 8}4
in any characteristic (length of orbit under Ss is 5040).
c){1,2,4}3+{1,3,7}3+{1,6,8}3+{2,3,8}3+{2,5,6}3+{3,4,5}3+{4,6, 7}3+
{5,7,8}3 in characteristic 3.

The last matroid is not rigid in in characteristics # 3: In characteristic 2 one
has no solutions and in characteristics # 2,3 one has 2 or 0 solutions, depend-
ing on whether ©2 — x4 1 does or does not split over the ground field, similarly
to part 1) of this ezample. One is tempted to call this situation GALOIS-Tigid,
since the GALOIS group acts transitively on the solutions. (Length of orbit
under Sg is 840.)
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ABSTRACT. Let G be a finitely generated group and G = Gy 2
G1 D G2 D -+ a descending chain of finite index normal subgroups
of G. Given a field K, we consider the sequence % of normalized
first Betti numbers of GG; with coefficients in K, which we call a K-
approximation for b(12)(G), the first L2-Betti number of G. In this
paper we address the questions of when Q-approximation and [F-
approximation have a limit, when these limits coincide, when they
are independent of the sequence (G;) and how they are related to
ng)(G). In particular, we prove the inequality lim; .. % >

ng)(G) under the assumptions that NG; = {1} and each G/G; is a
finite p-group.
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ondary: 46Lxx

Keywords and Phrases: First L?-Betti number, approximation in
prime characteristic

1. INTRODUCTION

1.1. Q-APPROXIMATION FOR THE FIRST L2-BETTI NUMBER. Let G be a
finitely generated group. Given a field K, we let b1(G; K) = dimg (H1(G; K))
be the first Betti number of G with coefficients in K and b1(G) = b1(G; Q)
where Q denotes the field of rational numbers. Denote by ng)(G) the first L2-
Betti number of G. Assuming that G is finitely presented and residually finite,
by Liick Approximation Theorem (see [13]), b§2)(G) can be approximated by
normalized rational first Betti numbers of finite index subgroups of G:

IThe first author is supported in part by the NSF grant DMS-0901703 and the Sloan
Research Fellowship grant BR 2011-105. This paper is financially supported by the Leibniz-
Preis of the second author. We are grateful to Andrei Jaikin-Zapirain for this observation.
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THEOREM 1.1 (Liick approximation theorem). Let G be a finitely presented
residually finite group and G = Gy 2 G D ... a descending chain of finite
index normal subgroups of G, with N;enG; = {1}. Then

@ (v b1(Gi)
(12) bG) = lim R T

In the sequel we will occasionally refer to a descending chain (G;) of finite

index normal subgroups of G as a finite index normal chain in G and to the
. bl(Gq,) . .
associated sequence Gar ), 88 Q-approximation.
i/

If we drop the assumption that G is finitely presented, but still require that
NienG; = {1}, one still has inequality b§2)(G) > limsup;_, . l[jé;(g,i by [16,
Theorem 1.1], but equality need not hold [16, Theorem 1.2]. The latter is proved

in [16] by constructing an example where b§2)(G) > 0, but limsup,_, o I[’lG(:g’} =

0 for any chain (G;) as above. In Section [5l we will describe a variation of this

construction showing that the Q-approximation (l[’é(gi) may not even have
Gil ),

a limit:

THEOREM 1.3. There exists a finitely generated residually finite group G and a

descending chain (G;)ien of finite index normal subgroups of G, with N;enG; =

{1}, such that lim;_, l[’é(gq% does not exist.

Another sequence we shall be interested in is Fp-approzimation, that

. b1 (G;Fp)
i (e

particularly important under the additional assumption that (G;) is a p-chain,
that is, each G; has p-power index (equivalently, G/G; is a finite p-group). In

this case, (%

called p-gradient or mod p homology gradient (see, e.g., [11]).
Since obviously b1 (H) < bi(H;F,) for any group H, one always has inequality
) b1(Gi) . b1(Gi;TFp)

1.4 lim sup < lim sup ———=,

14) PG Gl S I G G
and it is natural to ask for sufficient conditions under which equality holds. Of
particular interest is the case when G is finitely presented and N;enG; = {1}
when Q-approximation does have a limit by Theorem LIl

) , where I, is the finite field of prime order p. This sequence is
K3

) ~is monotone decreasing and therefore has a limit, often
3

QUESTION 1.5 (Q-approximation and Fj,-approximation). For which finitely
presented groups G and finite index normal chains (G;) with N;enG; = {1} do
we have equality

bi(Gi) I b1(Gz‘§Fp)7

it [G: Gy e [G: G

If G is not finitely presented, the above equality need not hold even if we
require that (G;) is a p-chain. Indeed, as proved in [I§] and independently in
[20], there exists a p-torsion residually-p group G with lim;_, % >0

i

DOCUMENTA MATHEMATICA 19 (2014) 313-331



L2-BETTI NUMBER AND APPROXIMATION . .. 315

for any p-chain (G;) in G (and since G is residually-p, we can choose a p-
chain with NG; = {1}). Since b1(H) = 0 for any torsion group H, we have
. bi1(Gi) _

lim; o0 (cxeni 0 for such group G.

In Section [l we give an example showing that the answer to Question .5 would
also become negative if we drop the assumption N;enG; = {1}, even if G is

finitely presented and (G;) is a p-chain which has infinitely many distinct terms.

1.2. COMPARING F,-APPROXIMATION AND FIRST L?-BETTI NUMBER. Since
both F,-approximation and the first L?-Betti number provide upper bounds
for Q-approximation, it is natural to ask how the former two quantities are
related to each other. We address this question in the case of p-chains.

THEOREM 1.6. Let p be a prime number. Let G be a finitely generated group
and G =Gy 2 G1 2 Gy D --- a descending chain of normal subgroups of G of
p-power index. Then

(1) The sequence (%)l is monotone decreasing and therefore con-
verges;

(2) Assume that ;e Gi = {1}. Then

@ () < i 21(GiFp)

b(@) = m S

€N

We note that for finitely presented groups Theorem [[LG(2) is a straightforward
consequence of Theorem [T.1]

We provide two different proofs of Theorem [[L6l First, Theorem [[.G]is a special
case of Theorem [Z2] which will be proved in Section 2l An alternative proof
of Theorem given in Section [B] will be based on Theorem Bl The latter
may be of independent interest and has another important corollary, which
can be considered as an extension of Theorem [[LT] to groups which are finitely
presented, but not necessarily residually finite. Here is a slightly simplified
version of Theorem [B.11

THEOREM 1.7. Let G be a finitely presented group, and let K be the kernel of
the canonical map from G to its profinite completion or pro-p completion for
some prime p. Let (G;) be a descending chain of finite index normal subgroups
of G such that N;enG; = K (note that such a chain always exists). Then

@) L bi(Gy)
b (G/K) = Jim, GGy
1.3. CONNECTION WITH RANK GRADIENT. Let G be a finitely generated group.
In the sequel we denote by d(G) the minimal number of generators, sometimes
also called the rank of G. Let (G;)ien be a descending chain of finite index
normal subgroups of G. The rank gradient of G (with respect to (G;)), denoted
by RG(G; (G))), is defined by

ey o d(Gi) 1
(1.8) RG(G:(Gr) = lim S
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The above limit always exists since for any finite index subgroup H of G one
has d[(g: )1;]1 < d(G) — 1 by the Schreier index formula.

Rank gradient was originally introduced by Lackenby [10] as a tool for studying
3-manifold groups, but is also interesting from a purely group-theoretic point
of view (see, e.g., [1, 2 18, 20]).

Provided that G is infinite and (), Gi = {1}, the following inequalities are
known to hold:

(1.9) RG(G; (G)) > cost(@) — 1 > b2 (@).

The first inequality was proved by Abért and Nikolov [2] Theorem 1], and the
second one is due to Gaboriau [8, Corollaire 3.16, 3.23] (see [7, 8, [ for the
definition and some key results about cost).

It is not known if either inequality in (LO) can be strict. In particular, the
following question is open.

QUESTION 1.10. Let G be an infinite finitely generated residually finite group
and (G;) a descending chain of finite index normal subgroups of G with
NienG; = {1}. Is it always true that

RG(G; (Gy)) = b7(G)?

Theorem provides a potentially new approach for answering Question [[L.I0]
in the negative, as explained below.
In view of the obvious inequality d(H) > b;(H; K) for any group H and any

field K, one always has RG(G; (G;)) > limsup,_, bl[(cfgf]().

QUESTION 1.11. For which infinite finitely generated groups G, finite index
normal chains (G;)ien with (),cy Gi = {1} and fields K, do we have

. b1 (Gi§ K)
1.12 RG(G; (G;)) = limsup ———=7
(1.12) (G:(G0) = limsup 7
REMARK 1.13. Since for a group H, the first Betti number b1 (H; K) depends
only on the characteristic of K, one can assume that K = Q or K = I, for
some p. The same remark applies to Question [[L.14] below.

Note that if K = Q, equality (I.I2]) does not hold in general — if it did, The-

orem would have implied the existence of a group G and a finite index

normal chain (G;) in G for which the sequence (d[(gfc);__]l) ~has no limit, which

is impossible since this sequence is monotone decreasing. If one can find a
group G for which ([LI2) fails with K = F,, and (G;) a p-chain, then in view
of Theorem such group G would answer Question [[T0lin the negative.
The answer to Question [[L.T1] would become negative if we drop the assumption
NG; = {1} even if G is finitely presented and (G;) is a p-chain (with infinitely
many distinct terms), as we will see in Section [l
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1.4. INDEPENDENCE OF THE CHAIN. So far we discussed the dependence of
the quantity limsup,_, . bl[nggf]() on the field K, but perhaps an even more
important question is when it is independent of the chain. Again it is reasonable
to require that (;.y Gi = {1} since without this restriction the answer would

be negative already for very nice groups like F' x Z, where F is a non-abelian

free group. Note that independence of lim sup;_, . bl[(GCf"G;_I]() of the chain (G;)

as above automatically implies that lim; bl[(GGGI]() must exist.

QUESTION 1.14. For which finitely generated residually finite groups G and

fields K does the limit lim;_, o bl[(GCfg_I]() exist for all finite index normal chains

(Gi)ien with (), Gi = {1} and is independent of the choice of the chain (G;)?

The answer to Question [[.I4]is known to be positive if K = Q and either G is
finitely presented (by Theorem [[IT]) or G is a limit of left orderable amenable
groups in the space of marked group presentations, in which case equality
(T2) holds by [19, Corollary 1.5]. Question [[T4] remains open if G is finitely
presented and K = F,. If G is arbitrary, the answer may be negative for any
K — this follows directly from Theorem if K = Q and from its stronger
version Theorem (1] if K = F,,. In the latter case, however, it is natural to
impose the additional assumption that (G;) is a p-chain, which does not hold
in our examples.

Essentially the only case when answer to Question [[LT4lis known to be positive
for all fields is when G contains a normal infinite amenable subgroup (e.g., if
G itself is infinite amenable). In this case, RG(G; (G;)) = 0 for all finite index
normal chains (G;) with trivial intersection, as proved by Lackenby [10, Theo-
rem 1.2] when G is finitely presented and by Abért and Nikolov [2, Theorem 3]
in general. This, of course, implies that in such groups lim;_, ., bl[(GGGf]() =0
for any such chain (G;) and hence the answer to Questions [[.T1] and T4 is
positive.

Finally, we comment on the status of a more general version of Question [[L14}

QUESTION 1.15. For which residually finite groups G, fields K, finite index
normal chains (G;) with ();.yGi = {1}, free G-CW-complexes X of finite
type and natural numbers n, does the limit lim; .o %
independent of the chain? '

exist and is

Again, if K has characteristic zero, the answer is always yes and the limit can
be identified with the n-th L2-Betti number b\ (X;N(Q)) (see [13] or [14,
Theorem 13.3 (2) on page 454], which is a generalization of Theorem [[T]). If
K has positive characteristic, the answer is yes if G is virtually torsion-free
elementary amenable, in which case the limit can be identified with the Ore
dimension of H, (X; K) (see [I2, Theorem 5.3]); the answer is also yes for any
finitely generated amenable group G — this follows from [I, Theorem 17] or [12]
Theorem 2.1] — and the limit can be described using Elek dimension function
(see [B]). There are examples for G = Z of finite G-CW-complexes X where
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the limits lim;_, W are different for K = Q and K = F, (but X is
not EG), see [12, Example 6.2].

1.5. ACKNOWLEDGMENTS. The authors want to thank the American Insti-
tute of Mathematics for its hospitality during their stay at the Workshop “L2-
invariants and their relatives for finitely generated groups” organized by Miklds
Abért, Mark Sapir, and Dimitri Shlyakhtenko in September 2011, where some
of the ideas of this paper were developed. The authors are very grateful to
Denis Osin for proposing several improvements in Section @] and other useful
discussions. The first author is very grateful to Andrei Jaikin-Zapirain for
many helpful discussions related to the subject of this paper, sending his un-
published work “On p-gradient of finitely presented groups” and suggesting a
stronger version of Theorem [3.1[2).

2. THE FIRST L2-BETTI NUMBER AND APPROXIMATION IN PRIME
CHARACTERISTIC

If G is a group and X a G-CW-complex, we denote by
(2.1) BP(XN(G) = dimpe) (Ha(N(G) @26 Cu(X)))

its n-th L2-Betti number. Here C,(X) is the cellular ZG-chain complex of X,
N(G) is the group von Neumann algebra and dim N(@) is the dimension function
for (algebraic) N (G)-modules in the sense of [I4, Theorem 6.7 on page 239].
Notice that b2 (G) = b\ (EG; N(G)).

The goal of this section is to prove the following theorem which generalizes
Theorem

THEOREM 2.2 (The first L?-Betti number and F,-approximation). Let p be
a prime number. Let G be a finitely generated group and (G;) a descending
chain of normal subgroups of p-power index in G. Let K = (\,cy Gi. Then the
sequence (%) is monotone decreasing, the limit lim; oo % erists

and satisfies

(2) . . bi(GiFy)
b (K\EG;N(G/K)) < EI&W

For its proof we will need the following lemma, which is proved in [3]
Lemma 4.1], although it was probably well known before.

LEMMA 2.3. Let p be a prime and m,n positive integers. Let H be a finite
p-group. Consider an F,H-map a: F,H™ — F,H". Define the Fp-map

o= id]Fp QF,HO: F;n = Fp QF, H FpHm — Fz = Fp QF, H IFPH",
where we consider Fy, as Fp, H-module by the trivial H-action. Then
dimp, (im(av)) > [H| - dimp, (im(a@)).

Notice that the assertion of Lemma [2.3]is not true if we do not require that H
is a p-group or if we replace F,, by a field of characteristic not equal to p.
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Proof of Theorem[Z2. Since G is finitely generated, there is a CW-model for
BG with one 0-cell and a finite number, let us say s, of 1-cells. Let EG — BG
be the universal covering. Put X = K\EG and Q = G/K. Then X is a free
Q-CW-complex with finite 1-skeleton. Its cellular Z@-chain complex C,(X)
looks like

c— Co(X @ZQ—)C& @ZQ—>CO ZQ

where r is a finite number or infinity.

For m = 0,1,2,... we define a ZQ@Q-submodule of C3(X) by Co(X)|n =
@;n:af{m’r} ZQ. Denote by calm: Co(X)|m — C1(X) the restriction of cz to
C2(X)|m.

Consider a ZQ-map f: M — N. Denote by f?): M@ — N® the N(Q)-
homomorphism idy ) ®zqf: N(Q) @z M — N(Q)®zg N. Put Q; = G;/K.
Let fli]: M[i] — NIJi] be the Q-homomorphism ido®f: Q ®zg,] M —
Q ®z1@,) N. Denote by fli,p]: M[i,p] — NI[i,p] the Fy-homomorphism
idr, ®@zQ.f: Fp ®zi0) M — Fp @z0) N. If M = @', ZQ, then M® =
D)y N(Q), Mli) = B, ZIQ/Qi] and Mli,p| = B, Fo[Q/Qi].

Note that

Since all dimension functions are additive (see [I4, Theorem 6.7 on page 239]),
we conclude

(2.4) b§2) (X;N(Q)) = s—1—dimy (g (nn(c(2 ))),
b1 (Gi; F,) _ a1 dimp, (1m(02 [z,p])) .
29) ool TV T el
(2.6) dimpr(g) (im(02|£,21))) = m—dimpr(g) (ker(cﬂg)));
dimg (im(cz|ml])) _  dimg (ker(ca|m[i])) .
@7 Q:al " CE2
(2.8) dimg, (im(02|m[i,p])) B dimp, (ker(02|m[iap]))
' (Q : Q] (@Q: Q]

There is an isomorphism of IF)-chain complexes F;, ®F, g, ,\q.,] C+(X)[(i +
1),p] = C.(X)[i,p], where the Q;41\Q;-operation on C, (X )[i + 1] comes from
the identification C.(X)[i+1] = Fp,®p,[q,,,] C«(X) = Fp[Qi+1\Q] ®F,@ Ci (X).
This is compatible with the passage from Ca(X) to Co(X)|m. Hence ca|m i, p]
can be identified with idr, ®F, [, ,\@:1C2|m[(i+1),p]. Since Qi+1\Q; is a finite
p-group, Lemma 23] implies

dimp, (im(02|m[(i + 1),p])) > [Qi: Qit1] - dimp, (im(02|m[i,p])).
We conclude
dimp, (im(cz|m[(i + 1),p])) o dimg, (im(c2|m i, p]))

(2.9) Q : Qiy1] - (Q : Q]
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Since im(c(22)) = U im(02|5721)) and im(cz[i,p]) = U,, im(c2|m[i,p]) and the
dimension functions are compatible with directed unions (see [14, Theorem 6.7
on page 239]), we get

(2.10) dimy(g) (im(c”)) = lim_dimy(g)(im(cl)):
(2.11) dimg, (im(c2[i, p])) = n}gnmdimpp(im(02|m[i,p])).

We conclude from [I4, Theorem 13.3 (2) on page 454 and Lemma 13.4 on
page 455]

. dimg (ker(ca|mi .
tim DO D) g er(cali).

This implies together with (Z8) and (27)

. dimg (im(cz|mi]))
(2.12) B [@Q: Qi

= dimu (g (im(02|,(72l))).
Finally, it is easy to see that
(2.13) dimg (im(ca|in[i])) > dimg, (im(ca|m[i,p])).

Putting everything together, we can now prove both assertions of Theorem [Z.2

d.I F. i > m l1 . . .
First, for a fixed m, the sequence ( T ([ZSZ;‘] k p])) > is monotone increasing

dimg,, i i . . .
by (29)), whence the sequence (W) is also monotone increasing
i

[Q:Q]
(&3). This proves the first assertion of Theorem since clearly [@ : Q;] =

by (2II) and therefore the sequence (bl(G";F”)) is monotone decreasing by
3

dimp, (1111(02 |m [i,p])) dimp, (im(C2 [m [jap]))

Inequality (Z9) also implies that lim
71— 00

[Q:Qq] = [Q:Q;]
for any fixed j and m, and so
(2.14)
) ~ dimp (im(02|m[i,p])) . dimg (im(02|m[i,p]))
lim lim L >sup< lim L .
m—00 i—00 [@Q: Qi i>0 | Mmoo [@Q: Qi
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Therefore,
b§2) (X;N(Q)) 2 - dims () (im(cg)))
= s—1- n}gnoo dimpr(g) (1m(02|g)))
P i i
€13 ) . dimp, (im(c2|mli, p]))
< —1—-1 1 L
- 5 mgnoo ziglo [Q : Qz]
(PR . dimgp (im(02|m[i,p]))
< —1- 1 L
2ot { i bl
em sup dimg, (im(c2[i, p]))
i>0 (@ : Qi
. dimp (im(02 [z,p]))
= infls—1- T
120 {S (@ : Q]
m . b1(Gi; Fp) }
= fo——="225.
z”zlo{ @ Qi)
This finishes the proof of Theorem O

3. ALTERNATIVE PROOF OF THEOREM

In this section we give an alternative proof of Theorem Namely, Theo-
rem is an easy consequence of the following result, which may be useful in
its own right.

THEOREM 3.1. Let G be a finitely presented group, let (G;) be a descending
chain of finite index normal subgroups of G, and let K = ﬂfil Gi.

(1) The following inequalities hold:

. bi(Gi/K) _ () @) . Y (€D)
llgélom <b,”(G/K) < b (K\EG,N(G/K)) = nlggo GGy

(2) Let C be any class of finite groups which is closed under subgroups,
extensions (and isomorphisms) and contains at least one mon-trivial
group (for instance, C could be the class of all finite groups or all finite
p-groups for a fived prime p). Assume that K is the kernel of the
canonical map from G to its pro-C completion. Then

(2) . bi(Gy)
bGIE) = lim e
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If in addition all groups G/G; are in C, then
(3.2)

_ W(Gi/K) @ e) . _ e 0(G)
ilinﬁ.lom = b, (G/K) = b (K\EG;N(G/K)) = Jim. G al

Proof. () Since G is finitely presented, there is a G-CW-model for the clas-

sifying space BG whose 2-skeleton is finite. Let EG — BG be the universal
covering. Then EG is a free G-CW-complex with finite 2-skeleton. Put

Q=G/K;

Q:=G,;/K.
Then @ = Qp 2 @1 2 --- is a descending chain of finite index normal sub-
groups of Q with ﬂ;’io Q; = {1} and we have for i =0,1,2,...
The quotient X = K\EG is a free Q-CW-complex whose 2-skeleton is finite.
Let X5 be the 2-skeleton of X. Since the first L2-Betti number and the first
Betti number depend only on the 2-skeleton, from [I3] Theorem 0.1] applied

to the G-covering Xo — X2/G (we do not need X5 to be simply connected) or
directly from [I4, Theorem 13.3 on page 454], we obtain

b (Qi\X)
3.4 AR X;N(Q = lim — 7,
Let f: X — EQ be the classifying map. Since FQ is simply connected, this
map is 1-connected. This implies by [I4, Theorem 6.54 (1la) on page 265]

(3.5) b (XN(Q) > b (BEQN(Q)).

The group @ is finitely generated (but not necessarily finitely presented), so by
[16, Theorem 1.1] we have

. b (@) (2)

3.6 lim < b
Notice that b§2)(Q) = b§2) (EQ; N(Q)) by definition and we obviously have
Q\X = G/\EG = BG,; and hence b;(Q;\X) = b1(G;). Combining
B3), B4), @.I), and @B.0), we get

. (@) (2) (2) . hi(@Q\X) . bi(GY)

lim <b <h,7 (XN = lim ———— = lim )

i—00 [Q : Qz] =1 (Q) -1 ( (Q)) i—00 [Q : Qz] i—00 [G : Gz]
This finishes the proof of assertion ().

Q).

@) First observe that since ng) (K\EG;N(G/K)) = lim l{g%? by (), the
71— 00 i

limit llirgo %

NienyG; = K.By definition of K, there exists at least one such chain with

G/G; € C for all i (e.g., we can let (G;) be a base of neighborhoods of 1 for the

pro-C topology on G), so it suffices to prove (8.2). Thus, from now on we will

assume that G/G; € C for i € N.

is the same for all finite index normal chains (G;) with
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For a finitely generated group H we denote by H’ the kernel of the composite
of canonical projections H — H1(H) — H1(H)/tors(H1(H)), so that H/H' is
a free abelian group of rank b (H).

As in the proof of (1), we put @; = G;/K for i € N. It is sufficient to prove
that that K C G} for ¢ € N. Indeed, this would imply that Q,;/Q} = G;/G.,

whence b1(Q;) = b1(G;) and therefore lim; bl(:Q"l) = lim;_ 0o l[%‘(g,i’ which

proves (2) in view of (II).

Fix i € N and let H = G;. Since C contains at least one non-trivial finite group
and is closed under subgroups, it contains a finite cyclic group, say of order
k. Since C is closed under extensions, it contains (Z/k™Z)" for all m,b € N.
Setting b = by (H), we get that H/H'H*" € C for all m € N, and since C
is closed under extensions, we obtain G/H'H*" € C. By definition, K is
the intersection of all normal subgroups L of G with G/L € C. Therefore,
KC (\ HH" =H'. O
meN
Secondeproof of Theorem [0l

() This is a direct consequence of the following well-known fact: if H is a nor-
mal subgroup of p-power index in G, then b1 (H;Fp)—1 < [G : H](0:1(G;Fp)—1)
(see, e.g., [11, Proposition 3.7]).

@) Choose an epimorphism 7: F' — G, where F' is a finitely generated free
group. Fix n € N, let F,, = n71(G,) and H = [F,,, F,,]FP. Then H is a finite
index subgroup of F, so we can choose a presentation (X, R) of G associated
with 7 such that R = Ry LI Ry, where R; is finite and Ry C H.

Consider the finitely presented group G = (X | R1). We have natural epi-
morphisms ¢: G — G and v: F — G, with ¢ = 7. If we let G; = ¢~ (G;)
and K = Nizy C:'i, then é/ff >~ G. Thus, applying Theorem B () to the

group G and its subgroups (él)7 we get b(12)(G) < lim;—oo % Clearly,
lim; s 0 I[)}é(g,; < lim;_ oo %, and by assertion (),

L 01(GiFy) _ bi(GuiFy) _ bi(Gi )
1 — — = .
i (G Gy = G : G, (G : Gy
Since G = G/({1)(R,))) and by construction (Ry) C (H) = [(En,én]éfm

we have ker¢ C [G,,G,]G?, and therefore bl(én;lﬁ‘p) = bi(¢(Gn);Fp) =
b1(Gn; Fp).

Combining these inequalities, we get b§2)(G) < % Since n is arbitrary,
the proof is complete. O

4. A COUNTEREXAMPLE WITH NON-TRIVIAL INTERSECTION

In this section we show that the answer to Questions [[L5l and [[LT1] could be
negative for a finitely presented group G and a strictly descending chain (G;);en
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of normal subgroups of p-power index if the intersection N;enG; is non-trivial
(see inequalities (£2) below).

We start with a finitely generated group H (which will be specified later) and let
G = H *xZ. Choose a strictly increasing sequence of positive integers ny, no, . . .
with n; | n;41 for each i, and let G; C G be the preimage of n; - Z under
the natural projection pr: G = Z « H — Z. Then (G;)ien is a descending
chain of normal subgroups of G with [, G; = ker(pr). Let BG; — BG be
the covering of BG associated to G; € G. Then BG; is homeomorphic to

Stv (\/;l:1 BH). We have

j=1

Gi=m(BG)=m (S'V|\/ BH| | 2Zx(+/i H).
j=1

Since for any groups A and B we have A«B/[AxB, AxB| = A/[A, A|®B/[B, B]
and d(A* B) = d(A)+d(B) by Grushko-Neumann theorem (see [4, Corollary 2
in Section 8.5 on page 227], we conclude

g
K& Hi(H: K);

H(G; K) =
Hi(Gs) = Z@ééHl(H);
d(G;) = 1+m-_-d(H);
lim@ = bi(H;K);
il—iglod(H;iiGi)) = d(H.(H));
RG(G; (Gi)i»1) = d(H).

Now let p # ¢ be distinct primes and H = Z/pZ * Z/qZ x Z/qZ. Clearly we
have

(4.1) bi(H) =0, bi(H;F,)=1 d(H(H)=2, d(H)=3.

Hence we obtain

. hi(Gy) . (G Fy) . d(Hi(Gy))
4.2) lim < lim ——222 < lim ———"~
@2 limmre] <M e e M@ a)
Using a different H we can produce an example of this type where G has a
very strong finiteness property, namely, G has finite 2-dimensional BG. The
construction below is due to Denis Osin and is simpler and more explicit than
the original version of our example.
Again, let p # ¢ be two primes. Consider the group

< RG(G; (Gy)is1).

H= <x,y,z|:ﬂp:u,yq:v,zq:w>7

where u,v,w are words from the commutator subgroup of the free group F
with basis x,y, z such that the presentation of H satisfies the C’(1/6) small
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cancellation condition. Such words are easy to find explicitly. Note that G =
H % Z is a torsion-free C’(1/6) group, hence it has a finite 2-dimensional BG.
Since u,v,w € [F,F], we have b1(H) = 0, bi(H;F,) = 1, d(H1(H)) = 2.
Further it follows from [0, Corollary 2] that the exponential growth rate of H
can be made arbitrarily close to 2 -3 — 1 = 5, the exponential growth rate
of the free group of rank 3, by taking sufficiently long words u, v, w. As the
exponential growth rate of an m-generated group is bounded from above by
2m — 1, we obtain d(H) = 3 whenever u, v, w are sufficiently long. (For details
about the exponential growth rate we refer to [6].)

By using a more elaborated construction from [21], one can make such a group
G the fundamental group of a compact 2-dimensional CAT (—1) CW-complex.
Other examples of this type can be found in [3] and [15].

5. Q-APPROXIMATION WITHOUT LIMIT

In this section we prove the following theorem, which trivially implies Theo-

rem 3]

THEOREM 5.1. Let d > 2 be a positive integer, let p be a prime and let € be a
real number satisfying 0 < € < 1. Then there exist a group G with d generators
and a descending chain G = Gy 2 G1 2 Ga... of normal subgroups of G of
p-power index with (2, G; = {1} with the following properties:

(i) liminf o0 HE > d -1 —¢;

. . b1(Gai—1
(11) lim;, oo ﬁ =0

Moreover, if q is a prime different from p, we can replace (ii) by a stronger
condition (ii)’:

eey . b1 (G i — ;]F

(i") lim;— 00 71[(0:2;2;_1]‘1) =0.
Note that the last assertion of Theorem [5.1] shows that the answer to Ques-
tion [[T4] can be negative when char(K) = ¢ > 0 if we do not require that (G;)
is a g-chain.

5.1. PRELIMINARIES. Throughout this section p will be a fixed prime number.
Given a finitely generated group G, we will denote by G the pro-p completion
of G and by G(;) the image of G in G5 (which is isomorphic to the quotient of
G by the intersection of normal subgroups of p-power index). Given a set X,
by F(X) we denote the free group on X.

Let F be a free group and w € F' a non-identity element. Given n € N, denote
by {/w the unique element of F' whose n'" power is equal to w (if such element
exists). Define e,(w, F') to be the largest natural number e with the property
that »/w exists in F.

LEMMA 5.2. Let (X, R) be a presentation of a group G with X finite, FF = F(X)
and m: F'— G the natural projection. Let H be a normal subgroup of p-power

index in G, and let Fy = 7~ *(H). Then H = Fy/{(Ry)) where Ry contains
|G:H]

ST —ep ) F-conjugates of r for each r € R and no other elements.
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Proof. Very similar results are proved in both [I8] and [20], but for complete-
ness we give a proof. For each r € R, write r = w(r)? L ), and choose a
right transversal T' = T'(r) for (w(r))Fy in F. Then, since w(r) commutes

with r, by [I7, Lemma 2.3] we have (r)F = ({t %t : t € T})". Hence

({t7trt :r € Rit € TR} = (R)F' = kerm = ker(Fy — H), and so it
suffices to prove that |T'(r)| = WF?—ZJ(TFH)
We have
Ml — (i _ [F: Fy) _ [G: H|
Tl =1 D Ful = evmr Fal — Ty (@) 0 Fa]

Finally note that [(w(r)) : (w(r)) N Fg] is equal to p* for some k (as it divides
[F' : Fg] = p™), so (w(r)) N Fyg = <w(7’)pk>. But then from definition of
ep(r, Fir) we easily conclude that ((w(r)? eI — ()PP Hence
k=ey(r,F) —ep(r,Fg) and |T(r)| = WF?—Z)]UFHM as desired. O

The following definition was introduced by Schlage-Puchta in [20].

DEFINITION 5.3. Given a group presentation by generators and relators (X, R),
where X is finite, its p-deficiency def,(X, R) € RU{—o0} is defined by

1
defp(X,R):|X|—1—Z m.
TGRpp 7

The p-deficiency of a finitely generated group G is the supremum of the set
{def, (X, R)} where (X, R) ranges over all presentations of G.

The main motivation for introducing p-deficiency in [20] was to construct a
finitely generated p-torsion group with positive rank gradient. Indeed, it is
clear that there exist p-torsion groups with positive p-deficiency, and in [20] it
is proved that a group with positive p-deficiency has positive rank gradient (in
fact, positive p-gradient). This is one of the results indicating that groups of
positive p-deficiency behave similarly to groups of deficiency greater than 1 (all
of which trivially have positive p-deficiency for any p).

Lemma B35 below shows that a finitely presented group G of positive p-
deficiency actually contains a normal subgroup of p-power index with defi-
ciency greater than 1, provided that the presentation of G yielding positive
p-deficiency is finite and satisfies certain technical condition.

DEFINITION 5.4. A presentation (X, R) of a group G will be called p-regular
if for any r € R such that {/r exists in F(X), the image of {/r in G, is
non-trivial. This is equivalent to saying that if we write each r € R as r = v?",
where v is not a p*® power in F(X), then the image of v in G (p) has order p®.

LEMMA 5.5. Let (X, R) be a finite p-regular presentation of a group G. Then
there exists a mormal subgroup of p-power index H of G with % >

def, (X, R).
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Proof. Let F' = F(X). Let r,...,7n be the elements of R and let s; = ¢/75,
whenever it is defined in F(X).

Let m: F' — G() be the natural projection. Since the presentation (X, R) is
p-regular, 7(s;) is non-trivial whenever s; is defined, and since the group Gy, is
residually-p, there exists a normal subgroup H' of G ) of p-power index which
contains none of the elements 7(s;).

Let Fy = m '(H'). By construction, s; ¢ Fy, but r; € Fy, and therefore
ep(ri, Fu) = 0 for each i. Let H be the image of Fy in G. Then by Lemma [5.2]

H has a presentation with d(Fy) generators and > .-, % relators. Since

p(r

d(Fg)—1=(|X|—1)[F : Fu] = (|X] — 1)[G : H] by the Schreier formula, we
get

def(H) —1>[G : H]- <|X| —1- ip—%(“ﬂ) =[G : H]-def,(X, R).

O

LEMMA 5.6. Let (X, R) be a finite p-regular presentation, and let G = (X|R).
Let f € F(X) be such that the image of f in the pro-p completion of G has
infinite order. Then there exists N € N such that for alln > N the presentation
(X, RU{fP"}) is p-regular.

Proof. Let r1,...,ry, be the elements of R. By assumption there is a normal
subgroup of p-power index H of G such that ¢/7; does not vanish in G/H
(whenever y/r; exists in FI(X)). Let m: F(X) — G be the natural projection,
and choose N € N satisfying w(pr) € H.
Let n > N, let g = n(f), and let G’ = G/{(g"")) = (X|RU {fP"}). We claim
that the presentation (X, RU {f?"}) is p-regular. We need to check that

(i) each y/r; does not vanish in G,

(ii) f7"" does not vanish in G}

The kernel of the natural map G — G’ is contained in H since ¢?" € H
and G/H is a finite p-group. Since (/) ¢ H, this implies (i). Further,
an element x # 1 of a pro-p group cannot lie in the closed normal subgroup
generated by zP. Hence if § is the image of g (also the image of f) in G, then
gp”’l does not lie in the closed normal subgroup of G generated by P, call
this subgroup C. Finally, by definition of G’, there is a canonical isomorphism
from G;/C to G, which maps the image of f in G;/C to the image of f in
G} Thus, we verified (ii). O

COROLLARY 5.7. Let (X, R) be a finite p-regular presentation, and let G =
(X | R). Let H C K be normal subgroups of F(X) of p-power index, and
let & > 0 be a real number. Then there exists a finite set R’ C [K, K] with

ST opm e (X)) < § such that
reR’/

(1) the presentation (X, RUR’) is p-regular;
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(2) if G = (X | RUR') and H' is the image of H in G', then bi(H') <
d(K).
Moreover, if q is a prime different from p, we can require that by(H';F,) <
d(K).

Proof. If bi(H;F,) < d(K), we can choose R' = (). Hence we can assume
without loss of generality that b;(H;F;) > d(K). Clearly, it suffices to
prove a weaker statement, where inequality bi(H';F,) < d(K) is replaced by
bi(H';Fy) < bi(H;F,). The assertion of Corollary 5.7 then follows by repeated
applications with ¢ replaced by §/(b1(H,F,) — d(K)).

Let Y be any free generating set for H. Obviously K/[K, K] is a free abelian
group of rank d(K). Any (finite) matrix over the integers can be transformed
by elementary row and column operations to a diagonal matrix. Hence by
applying elementary transformations to Y, we can arrange that Y is a disjoint
union Y7 UYs where |Y1| < d(K) and Y3 C [K, K].

Let L = (Y3), the subgroup generated by Y,. Since b1(H;F,) > d(K), there
exists f € Y, whose image in H/[H, H|HY = H,(H,F,) is non-trivial. Now
apply Lemma to this f, choose n such that # < & and let R = {fP"}.
The choice of f ensures that by (H";F,) < bi(H;F,), so R’ has the required
properties. O

5.2. PROOF OF THEOREM [5.1l To simplify the notations, we will give a proof
of the main part of Theorem [5.Jl The last part of Theorem .l is proved in
the same way by using the last assertion of Corollary B.71

We start by giving an outline of the construction. Let F' = F(X) be a free
group of rank d = |X|. Below we shall define a descending chain F' = Fy D
Fy O ... of normal subgroups of F' of p-power index and a sequence of finite
subsets R1, Ro,... of F. Let R = Uj; R,,. For each n € Z>¢ we let G(n) =
F/{Ui=, R:)), G(o0) = h_ngG(z) = F/{({R)) and let G be the image of G(c0)
in its pro-p completion. Denote by G(n);, G(o0); and G; the canonical image
of F; in G(n),G(c0) and G, respectively. We will show that the group G and
its subgroups (G;) satisfy the conclusion of Theorem [5.1

Fix a sequence of positive real numbers (d,,) which converges to zero and a
descending chain (®,,) of normal subgroups of p-power index in F which form
a base of neighborhoods of 1 for the pro-p topology. The subgroups F,, and
relator sets R, will be constructed inductively so that the following properties
hold:

(i) For n > 0 we have

b1(G(n)2n)
[G(n) : G(n)2,]

(ii) For n > 1 we have

>d—1-—c¢;

b1(G(n)2n—1)
[G(n) : G(n)2n-1]

(iii) R, is contained in [Fby,_o, Fo,—2] for n > 1;

< O
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(iv) Fop, C @, forn > 1;

(v) defp(X,U_R;) >d—1—¢ forn>1;

(vi) The presentation (X,U | R;) is p-regular for n > 1.
We first explain why properties (i)-(vi) will imply that the group G and its
subgroups (G, ) have the desired properties. Each G, is normal of p-power
index in G since F), is normal of p-power index in F. Condition (iv) implies
that (G,) is a base of neighborhoods of 1 for the pro-p topology on G, and
since G is residually-p by construction, we have (2, G,, = {1}.
Condition (iii) implies that [G(n) : G(n);] = [G(o0) : G(00);] and b1 (G(n);) =
b1(G(0);) for @ < 2n. Since G(o0); is normal of p-power index in G(o0), the
group G(00)/[G(0);, G(o0);] is residually-p, so both the index and the first
Betti number of G(o0); do not change under passage to the image in the pro-p
completion of G(00): [G : G;] = [G(0) : G(c0);] and b1(G;) = b1(G(0);). In
view of these equalities, conditions (i) and (ii) yield the corresponding condi-
tions in Theorem .11
We now describe the construction of the sets R, and subgroups F,. The base
case n = 0 is obvious: we set Fy = F and G(0) = F, and the only condition
we require for n = 0 (condition (i)) clearly holds.
Suppose now that N € N and we constructed subsets (R;)Y ; and subgroups
(F3)2YN, such that (i)-(vi) hold for all n < N.
Let Fony1 = [FQN,FQN]FQP;:[ where e is specified below. Then Foyip is a
normal subgroup of p-power index in F' and Fony 2O Fony1 D [Fan, Fon]. Since
b1(G(N)2n) > 0 by (i) for n = N and hence

P < |HU(G(N)2n)/p° - Hi(G(N)2n)|
|G(N)an /[G(N)an, G(N)2n]G(N )y |
IG(N)2n /G(N)2n41]

= [G(N)2N3G(N)2N+1]

[G(N) : G(N)an41],

IN

SO we can arrange
d(Fopn)
[G(N) : G(N)an+1
by choosing e large enough.
Now applying Corollary B7 with H = Fyy1, K = Fyy and
§ = def,(X,UN R;) — (d — 1 — ¢), we get that there is a finite subset
Ryt1 C [Fon, Foy] such that the presentation (X, Uﬁ\f{lRi) is p-regular
and def,(X,UNT'R;) > d — 1 — e. Hence conditions (iii),(v),(vi) hold for
n = N 4+ 1. The subgroup H' in the notations of Corollary .7 is equal to
G(N + 1)an+1, 80 bi(G(N + 1)an+1) < d(Fan). Since condition (iii) implies
[GIN+1):G(N 4+ 1)an+1] = [G(N) : G(N)an+1], we conclude

bi(G(N +1)an+1) < d(Fan)
[GIN+1): GIN + 1)an 1] 7 [GIN) : G(N)anta
Thus we have shown that conditions (ii),(iii),(v),(vi) hold for n = N + 1.

] < ON+1

] < 6N+1-

DOCUMENTA MATHEMATICA 19 (2014) 313-331



330 MIKHAIL ErRsHOV, WOLFGANG LUcCK

It remains to construct Fonyio and to verify (i) and (iv) for n = N + 1. We
apply Lemma G5 to G(N 4 1) = (X | UXF!R;) and obtain using (v) a normal
subgroup H of G(N + 1) of p-power index satisfying
def(H) — 1
[G(N +1) : H]
Let Fon42 C Fon41 NP1 be the intersection of the preimage of H under the
projection pyi1: Fny1 — G(N + 1) with Foyi1 N Px41. Obviously (iv) for
holds n = N + 1. Then G(N + 1)an42 is a subgroup of H of finite index. The
quantity def(-) — 1 is supermultiplicative, i.e., if L is a finite index subgroup of
H, then def(L) —1 > [H : L] - (def(H) — 1), see for instance [I8, Lemma 2.2].
Hence we conclude
def(G(N + 1)an42) — 1 < def(H) — 1
[GIN+1):G(N +1)an42)] ~ [G(N +1): H]
Since b1 (G(N+1)an2) > def(G(N+1)2n42), condition (i) holds for n = N+1.
This finishes the proof of Theorem (.11

>d—1—e¢.

>d—1-—c¢.
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ABSTRACT. For a complex or real algebraic group G, with g :=
Lie(G) , quantizations of global type are suitable Hopf algebras Fy[G]
or Uy(g) over (C[q, qil} . Any such quantization yields a structure of
Poisson group on G, and one of Lie bialgebra on g: correspondingly,
one has dual Poisson groups G* and a dual Lie bialgebra g*. In
this context, we introduce suitable notions of quantum subgroup and,
correspondingly, of quantum homogeneous space, in three versions:
weak, proper and strict (also called flat in the literature). The last
two notions only apply to those subgroups which are coisotropic, and
those homogeneous spaces which are Poisson quotients; the first one
instead has no restrictions whatsoever.

The global quantum duality principle (GQDP), as developed in [F.
Gavarini, The global quantum duality principle, Journ. fiir die Reine
Angew. Math. 612 (2007), 17-33.], associates with any global quan-
tization of G, or of g, a global quantization of g*, or of G*. In this
paper we present a similar GQDP for quantum subgroups or quan-
tum homogeneous spaces. Roughly speaking, this associates with ev-
ery quantum subgroup, resp. quantum homogeneous space, of G, a
quantum homogeneous space, resp. a quantum subgroup, of G*. The
construction is tailored after four parallel paths — according to the
different ways one has to algebraically describe a subgroup or a ho-
mogeneous space — and is “functorial”, in a natural sense.

Remarkably enough, the output of the constructions are always quan-
tizations of proper type. More precisely, the output is related to the
input as follows: the former is the coisotropic dual of the coisotropic
interior of the latter — a fact that extends the occurrence of Poisson
duality in the original GQDP for quantum groups. Finally, when the
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input is a strict quantization then the output is strict as well — so
the special role of strict quantizations is respected.

We end the paper with some explicit examples of application of our
recipes.

2010 Mathematics Subject Classification: Primary 17B37, 20G42,
58B32; Secondary 81R50

Keywords and Phrases: Quantum Groups, Poisson Homogeneous
Spaces, Coisotropic Subgroups

1 INTRODUCTION

In this paper we work with quantizations of (algebraic) complex and real
groups, their subgroups and homogeneous spaces, and a special symmetry
among such quantum objects which we refer to as the “Global Quantum Du-
ality Principle”. This is just a last step in a process, which is worth recalling
in short.

In any possible sense, quantum groups are suitable deformations of some alge-
braic objects attached with algebraic groups, or Lie groups. Once and for all,
we adopt the point of view of algebraic groups: nevertheless, all our analysis
and results can be easily converted in the language of Lie groups.

The first step to deal with is describing an algebraic group G via suitable
algebraic object(s). This can be done following two main approaches, a global
one or a local one.

In the global geometry approach, one considers U(g) — the universal envelop-
ing algebra of the tangent Lie algebra g := Lie(G) — and F[G] — the algebra
of regular functions on G . Both these are Hopf algebras, and there exists a non-
degenerate pairing among them so that they are dual to each other. Clearly,
U(g) only accounts for the local data of G encoded in g, whereas F[G] instead
totally describes G': thus F[G] yields a global description of G, which is why
we speak of “global geometry” approach.

In this context, one describes (globally) a subgroup K of G — always assumed
to be Zariski closed — via the ideal in F[G] of functions vanishing on it; al-
ternatively, an infinitesimal description is given taking in U(g) the subalgebra
U(®), where := Lie(K).

For a homogeneous G—space, say M, one describes it in the form M = G /K —
which amounts to fixing some point in M and its stabilizer subgroup K in G.
After this, a local description of M =2 G /K is given by representing its left-
invariant differential operators as U(g) /U (g) €: therefore, we can select U(g) €
— a left ideal, left coideal in U(g) — as algebraic object to encode M = G/K,
at least infinitesimally. For a global description instead, obstructions might
occur. Indeed, we would like to describe M = G/K via some algebra F[M] =
F[G/K] strictly related with F[G]. This varies after the nature of M = G/K
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— hence of K — and in general might be problematic. Indeed, there exists
a most natural candidate for this job, namely the set F [G]K of K-invariants
of F[G], which is a subalgebra and left coideal. The problem is that F[G]"
permits to recover exactly G /K if and only if M =2 G /K is a quasi-affine
variety (which is not always the case). This yields a genuine obstruction, in
the sense that this way of (globally) encoding the space M = G /K only works
with quasi-affine G—spaces; for the other cases, we just drop this approach —
however, for a complete treatment of the case of projective G—spaces see [6].

In contrast, the approach of formal geometry is a looser one: one replaces
F|G] with a topological algebra F[[G]] = F[[Gf]] — the algebra of “regular
functions on the formal group Gy” associated with G — which can be realized
either as the suitable completion of the local ring of G at its identity or as
the (full) linear dual of U(g). In any case, both algebraic objects taken into
account now only encode the local information of G .

In this formal geometry context, the description of (formal) subgroups and
(formal) homogeneous spaces goes essentially the same. However, in this case
no problem occurs with (formal) homogeneous space, as any one of them can

. . . . . K.
be described via a suitably defined subalgebra of invariants F [[Gfﬂ iina
sense, “all formal homogeneous spaces are quasi-affine”. As a consequence, the

overall description one eventually achieves is entirely symmetric.

When dealing with quantizations, Poisson structures arise (as semiclassical lim-
its) on groups and Lie algebras, so that we have to do with Poisson groups and
Lie bialgebras. In turn, there exist distinguished subgroups and homogeneous
spaces — and their infinitesimal counterparts — which are “well-behaving”
with respect to these extra structures: these are coisotropic subgroups and
Poisson quotients. Moreover, the well-known Poisson duality — among Poisson
groups G and G* and among Lie bialgebras g and g* — extends to similar dual-
ities among coisotropic subgroups (of G and G*) and among Poisson quotients
(of G and G* again). It is also useful to notice that each subgroup contains a
maximal coisotropic subgroup (its “coisotropic interior” ), and accordingly each
homogeneous space has a naturally associated Poisson quotient.

As to the algebraic description, all properties concerning Poisson (or Lie bial-
gebra) structures on groups, Lie algebras, subgroups and homogeneous spaces
have unique characterizations in terms of the algebraic codification one adopts
for these geometrical objects. Details change a bit according to whether one
deals with global or formal geometry, but everything goes in parallel in either
context.

By (complex) “quantum group” of formal type we mean any topological Hopf
algebra H}, over the ring C[[h]] whose semiclassical limit at A = 0 — i.e.,
Hh/h Hy, — is of the form F[[Gfﬂ or U(g) for some formal group Gy or Lie
algebra g. Accordingly, one writes Hy, := F}, [[Gfﬂ or Hy :=Up(g), calling the
former a QFSHA and the latter a QUEA. If such a quantization (of either type)
exists, the formal group Gy is Poisson and g is a Lie bialgebra; accordingly, a
dual formal Poisson group G} and a dual Lie bialgebra g* exist too.
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In this context, as formal quantizations of subgroups or homogeneous spaces
one typically considers suitable subobjects of either Fj [[Gfﬂ or Ux(g) such
that: (1) with respect to the containing formal Hopf algebra, they have the
same relation as a in the “classical” setting — such as being a one-sided ideal,
a subcoalgebra, etc.; (2) taking their specialization at A = 0 is the same as
restricting to them the specialization of the containing algebra (this is typi-
cally mentioned as a “flatness” property). This second requirement has a key
consequence, i.e. the semiclassical limit object is necessarily “good” w.r. to the
Poisson structure: namely, if we are quantizing a subgroup, then the latter is
necessarily coisotropic, while if we are quantizing a homogeneous space then it
is indeed a Poisson quotient.

In the spirit of global geometry, by (complex) “quantum group” of global type
we mean any Hopf algebra H, over the ring C [q, q’l] whose semiclassical limit
at ¢=1 —ie., Hy/(q —1)Hy — is of the form F[G] or U(g) for some alge-
braic group G or Lie algebra g. Then one writes H, := F,[G] or H, := Ux(g),
calling the former a QFA and the latter a QUEA. Again, if such a quantization
(of either type) exists the group G is Poisson and g is a Lie bialgebra, so that
dual formal Poisson groups G* and a dual Lie bialgebra g* exist too.

As to subgroups and homogeneous spaces, global quantizations can be defined
via a sheer reformulation of the same notions in the formal context: we refer to
such quantizations as strict. In this paper, we introduce two more versions of
quantizations, namely proper and weak ones, ordered by increasing generality,
namely {strict} C {proper} C {weak}. This is achieved by suitably weakening
the condition (2) above which characterizes a quantum subgroup or quantum
homogeneous space. Remarkably enough, one finds that now the existence of
a proper quantization is already enough to force a subgroup to be coisotropic,
or a homogeneous space to be a Poisson quotient.

The Quantum Duality Principle (=QDP) was first developed by Drinfeld
(cf. [7], §7) for formal quantum groups (see [10] for details). It provides two
functorial recipes, inverse to each other, acting as follows: one takes as input
a QFSHA for G and yields as output a QUEA for g*; the other one as input
a QUEA for g and yields as output a QFSHA for G/

The Global Quantum Duality Principle (=GQDP) is a version of the QDP
tailored for global quantum groups (see [11, 12]): now one functorial recipe
takes as input a QFA for G and yields a QUEA for g* , while the other takes a
QUEA for g and provides a QFA for G* .

An appropriate version of the QDP for formal subgroups and formal homo-
geneous spaces was devised in [5]. Quite in short, the outcome there was an
explicit recipe which taking as input a formal quantum subgroup, or a formal
quantum homogeneous space, respectively, of Gy provides as output a quantum
formal homogeneous space, or a formal quantum subgroup, respectively, of G/ .
In short, these recipes come out as direct “restriction” (to formal quantum sub-
groups or formal quantum homogeneous spaces) of those in the QDP for formal
quantum groups. This four-fold construction is fully symmetric, in particular
all duality or orthogonality relations possibly holding among different quan-
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tum objects are preserved. Finally, Poisson duality is still involved, in that the
semiclassical limit of the output quantum object is always the coisotropic dual
of the semiclassical limit of the input quantum object.

The main purpose of the present work is to provide a suitable version of the
GQDP for global quantum subgroups and global quantum homogeneous spaces
— extending the GQDP for global quantum groups — as much general as pos-
sible. The inspiring idea, again, is to “adapt” (by restriction, in a sense) to
these more general quantum objects the functorial recipes available from the
GQDP for global quantum groups. Remarkably enough, this approach is fully
successful: indeed, it does work properly not only with strict quantizations
(which should sound natural) but also for proper and for weak ones. Even
more, the output objects always are global quantizations (of subgroups or ho-
mogeneous spaces) of proper type — which gives an independent motivation
to introduce the notion of proper quantization.

Also in this setup, Poisson duality, in a generalized sense, shows up again as
the link between the input and the output of the GQDP recipes: namely, the
semiclassical limit of the output quantum object is always the coisotropic dual
of the coisotropic interior of the semiclassical limit of the input quantum object.
Besides the wider generality this GQDP applies to (in particular, involving
also non-coisotropic subgroups, or homogeneous spaces which are not Poisson
quotients), we pay a drawback in some lack of symmetry for the final result —
compared to what one has in the formal quantization context. Nevertheless,
such a symmetry is almost entirely recovered if one restricts to dealing with
strict quantizations, or to dealing with “double quantizations” — involving
simultaneously a QFA and a QUEA in perfect (i.e. non-degenerate) pairing.
At the end of the paper (Section 6) we present some applications of our GQDP:
this is to show how it effectively works, and in particular that it does provide
explicit examples of global quantum subgroups and global quantum homoge-
neous spaces. Among these, we also provide an example of a quantization
which is proper but is not strict — which shows that the former notion is a
non-trivial generalization of the latter.

2 GENERAL THEORY

The main purpose of the present section is to collect some classical material
about Poisson geometry for groups and homogeneous spaces. Everything is
standard, we just need to fix the main notions and notations we shall deal
with.

2.1 SUBGROUPS AND HOMOGENEOUS SPACES

Let G be a complex affine algebraic group and let g be its tangent Lie alge-
bra. Let us denote by F[G] its algebra of regular functions and by U(g) its
universal enveloping algebra. Both such algebras are Hopf algebras, and there
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exists a natural pairing of Hopf algebras between them, given by evaluation of
differential operators onto functions. This pairing is perfect if and only if G is
connected, which we will always assume in what follows.

A real form of either G or g is given once a Hopf x—algebra structure is fixed on
either F'[G] or U(g) — and in case one take such a structure on both sides, the
two of them must be dual to each other. Thus by real algebraic group we will
always mean a complex algebraic group endowed with a suitable x—structure.

A subgroup K of G will always be considered as Zariski—closed and algebraic.
For any such subgroup, the quotient G / K is an algebraic left homogeneous
G—-space, which is quasi-projective as an algebraic variety. Given an algebraic
left homogeneous G—space M and choosing m € M, the stabilizer subgroup
K,, will be a closed algebraic subgroup of G such that G / K,, ~ M ; changing
point will change the stabilizer within a single conjugacy class.

We shall describe the subgroup K , or the homogeneous space G / K, through
either an algebraic subset of F[G] — to which we will refer as a global coding
— or an algebraic subset of U(g) — to which we will refer as a local coding.
The complete picture is the following:

— SUBGROUP K :

(local) letting ¢ = Lie(K) we can consider its enveloping algebra U (£) which
is a Hopf subalgebra of U(g); we then set € = C€(K) :=U(¥);

(global) functions which are 0 on K form a Hopf ideal Z = Z(K) inside
F[G], such that F[K]~ F[G]/T .

— HOMOGENEOUS SPACE G/K :

(local) let T=T(K)=U(g)-¢: this is a left ideal and two-sided coideal in
U(g), and U(g)/J is the set of left—invariant differential operators
on G / K.

(global) regular functions on the homogeneous space G / K may be identified
with K—invariant regular functions on G. We will let C = C(K) =
F[G)™; this is a subalgebra and left coideal in F[G].

Warning : this needs clarification! The point is: can one recover

the homogeneous space G/K from C(K) = F [G]™ ? The answer
depends on geometric properties of G / K itself — or (equivalently)
of K — which we explain later on.

For any Hopf algebra H we introduce the following notations: <! will stand for
“unital subalgebra”, < for “two-sided ideal”, <; for “left ideal” and similarly
< will stand for “subcoalgebra”, < for “two-sided coideal” and <, for “left
coideal”. When the same symbols will be decorated by a subindex referring
to a specific algebraic structure their meaning should be modified accordingly,
e.g. <y will stand for “Hopf ideal” and <4 for “Hopf subalgebra”.
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With such notations, with any subgroup K of G there is associated one of the
following algebraic objects:

() Iy FIG], (0)C<' I FIG], ()< 2U(9), (d) €<y Uln) (21)

In the real case, one has to consider, together with (2.1), additional require-
ments involving the * structure and the antipode S, namely

(@) T=T, () SO =C, () SO =3, (4 €=¢ (22)

In the connected case algebraic objects of type Z, J and € in (2.1) are enough
to reconstruct either K or G / K:

K = Spec(F[G]/T) = exp(Prim(€)) = exp(Prim(J))

where Prim(X') denotes the set of primitive elements of a bialgebra X .

In contrast, C(K) = F[G]™ might be not enough to reconstruct K , due to lack
of enough global algebraic functions; this happens, for example, when G / K is
projective and therefore C(K) = C. Any group K which can be reconstructed
from its associated C is called observable: we shall now make this notion more
precise. Let us call 7 the map that to any subgroup K associates the algebra
of invariant functions F[G]¥ and let us call ¢ the map that to any subalgebra
A of F[G] associates its stabilizer o(A) = {g eG ‘ g- f=fVfe A} . These
two maps are obviously inclusion—reversing. Furthermore they establish what
is also known as a simple Galois correspondence: namely, for any subgroup K
and any subalgebra A one has

(com)(K) DK, (too)(4) D A

so that (toco7)(K) = 7(K), (co700)(A) = d(A). A subgroup K of G
such that (co7)(K) = K is said to be observable: this means exactly that
such a subgroup can be fully recovered from its algebra of invariant functions
7(K). If K is any subgroup, then K := (0 o7) (K) is the smallest observable
subgroup containing K; we will call it the observable hull of K. Remark then
that C(K) =C(K).

The following fact (together with many properties of observable subgroups),
which gives a characterization of observable subgroups in purely geometrical
terms, may be found in [13]:

FacT: a subgroup K of G is observable if and only if G/K is quasi-affine.
Let us now clarify how to pass from algebraic objects directly associated with
subgroups to those corresponding to homogeneous spaces. Let H be a Hopf
algebra, with counit & and coproduct A. For any submodule M C H define

M*t:=MnKer(e) , HM:={yeH|(Ay)-yo@l)eHM} (2.3)

Let C be a (unital) subalgebra and left coideal of H and define ¥(C) = H-C™.
Then ¥(C) is a left ideal and two-sided coideal in H. Conversely, let I be a
left ideal and two-sided coideal in H and define ®(I) := H®!. Then ®(I) is a
unital subalgebra and left coideal in H. Also, this pair of maps (®, ¥) defines
a simple Galois correspondence, that is to say
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(a) ¥ and ® are inclusion-preserving;
()  (®oW)(C)DC, (Vod)(I)CI:
(c) PoVodP=P, TUodPoU=U.

(where the third property follows from the previous ones; see [19, 21, 22] for
further details).

Let now K be a subgroup of G and let Z, C, J, € the corresponding algebraic
objects as described in (2.1). We can thus establish the following relations
among them:

SUBGROUP VS. HOMOGENEOUS SPACE: objects directly related to the sub-
group (namely, Z and €) and objects directly related to the homogeneous
space (namely, C and J) are linked by ¥ and ® as follows:

J=0@), €=&0), IDUC, C=30I) (24)

In particular, K is observable if and only if Z = ¥(C) ; on the other hand,
we have in general U(C(K)) =Z(K) .

ORTHOGONALITY with respect to the natural pairing between F[G] and U(g) :
this is expressed by the relations

7 =ct, ¢e=71+, =73+, gJcct (2.5)

In particular, K is observable if and only if J = C*; on the other hand,
we have in general C(K)* =J(K) .

Let us also remark that orthogonality intertwines the local and global
description.

THE “FORMAL” VS. “GLOBAL” GEOMETRY APPROACH. In the present ap-
proach we are dealing with geometrical objects — groups, subgroups and ho-
mogeneous spaces — which we describe via suitably chosen algebraic objects.
When doing that, universal enveloping algebras or subsets of them only pro-
vide a local description — around a distinguished point: the unit element in
a (sub)group, or its image in a coset (homogeneous) space. Instead, function
algebras yield a global description, i.e. they do carry information on the whole
geometrical object; for this reason, we refer to the present approach as the
“global” one.

The “formal geometry” approach instead only aims to describe a group by a
topological Hopf algebra, which can be realized as an algebra of formal power
series; in short, this is summarized by saying that we are dealing with a “formal
group”. Subgroups and homogeneous spaces then are described by suitable
subsets in such a formal series algebra (or in the universal enveloping algebra,
as above): this again yields only a local description — in a formal neighborhood
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of a distinguished point — rather than a global one. Now, the analysis above
shows that an asymmetry occurs when we adopt the global approach. Indeed,
we might have problems when describing a homogeneous space by means of
(a suitably chosen subalgebra of invariant) functions: technically speaking,
this shows up as the occurrence of inclusions — rather than identities! — in
formulas 2.4 and 2.5. This is a specific, unavoidable feature of the problem,
due to the fact that homogeneous spaces (for a given group) do not necessarily
share the same geometrical nature — beyond being all quasi-projective — in
particular they are not necessarily quasi-affine.

The case of those homogeneous spaces which are projective is treated in [6],
where their quantizations are studied; in particular, there a suitable method to
solve the problematic “C—side” of the QDP in that case is worked out, still in
terms of “global geometry” but with a different tool (semi-invariant functions,
rather than invariant ones). In contrast, in the formal geometry approach such
a lack of symmetry does not occur: in other words, it happens that every
formal (closed) subgroup is observable, or every formal homogeneous space is
quasi-affine. This means that there is no need of worrying about observability,
and the full picture — for describing a subgroup or homogeneous space, in four
different ways — is entirely symmetric. This was the point of view adopted in
[5], where this complete symmetry of the formal approach is exploited to its
full extent.

2.2 POISSON SUBGROUPS AND POISSON QUOTIENTS

Let us now assume that G is endowed with a complex Poisson group structure
corresponding to a Lie bialgebra structure on g, whose Lie cobracket is denoted
0:9— gAg. At the Hopf algebra level this means that F[G] is a Poisson—
Hopf algebra and U(g) a co-Poisson Hopf algebra, in such a way that the
duality pairing is compatible with these additional structures (see [4] for basic
definitions). Let us recall that the linear dual g* inherits a Lie algebra structure;
on the other hand, it has a natural Lie coalgebra structure, whose cobracket
0:g" — g" A g* is the dual map to the Lie bracket of g. Altogether, this
makes g* into a Lie bialgebra, which said to be dual to g. Therefore, there
exist Poisson groups whose tangent Lie bialgebra is g*; we will assume one
such connected group is fixed, we will denote it with G* and call it the dual
Poisson group of G. In the real case the involution in F[G] is a Poisson algebra
antimorphism and the one in U(g) is a co-Poisson algebra antimorphism.

A closed subgroup K of G is called coisotropic if its defining ideal Z(K) is a
Poisson subalgebra, while it is called a Poisson subgroup if Z(K) is a Poisson
ideal, the latter condition being equivalent to K — G being a Poisson map.
Connected coisotropic subgroups can be characterized, at an infinitesimal level,
by one of the following conditions on ¢ C g:

(C-i) 5(¢) C EAg, thatistisa Lie coideal in g,
(C-ii) ¢! is a Lie subalgebra of g* |
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while analogous characterizations of Poisson subgroups correspond to £ being
a Lie subcoalgebra or £+ being a Lie ideal.

The most important features of coisotropic subgroups, in this setting, is the
fact that G / K naturally inherits a Poisson structure from that of G. Actually,
a Poisson manifold (M ,wys) is called a Poisson homogeneous G-space if there
exists a smooth, homogeneous G—action ¢ : G x M — M which is a Poisson
map (w.r. to the product Poisson structure on the domain). In particular, we
will say that (M,wys) is a Poisson quotient if it verifies one of the following
equivalent conditions (cf. [26]):

(P-i)  there exists zo € M whose stabilizer G, is coisotropic in G ;

(P-i3)  there exists zg € M such that ¢,, : G — M, ¢(x0,9) = ¢(z,9),
is a Poisson map ;

(P-iii)  there exists xo € M such that wps(z9) =0 .

It is important to remark here that inside the same conjugacy class of sub-
groups of G there may be subgroups which are Poisson, coisotropic, or non
coisotropic. Therefore, on the same homogeneous space there may exist many
Poisson homogeneous structures, some of which make it into a Poisson quotient
while some others do not.

For a fixed connected subgroup K of a Poisson group G, with Lie algebra £, one
can consider the following descriptions in terms of the Poisson Hopf algebra
F[G] or of the co-Poisson Hopf algebra Ul(g):

I<pF[G], C<pF[G]
J<p U(g), €<pU(g)

where on first line we have global conditions and on second line local ones.
Conversely each one of these conditions imply coisotropy of G' with the excep-
tion of the condition on C, which implies only that the observable hull K is
coisotropic. Therefore a connected, observable, coisotropic subgroup of G is
identified by one of the following algebraic objects:

T <y <p F[G], C <!, <p F[G]
J<, 955 U(y), ¢ <y <p Ulg) (2.9)

(still with the usual, overall restriction on the use of C, which in general only
describes the observable hull K ).

Thanks to self-duality in the notion of Lie bialgebra, with any Poisson group
there is associated a natural Poisson dual, which is fundamental in the QDP;
note that a priori many such dual groups are available, but when dealing with
the QDP such an (apparent) ambiguity will be solved. As we aim to extend
the QDP to coisotropic subgroups, we need to introduce a suitable notion of
(Poisson) duality for coisotropic subgroups as well.
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DEFINITION 2.1. Let G be a Poisson group and G* a fixed Poisson dual.

1. If K 1is coisotropic in G we call complementary dual of K the unique
connected subgroup K+ in G* such that Lie(K+) = €.

2. If M is a Poisson quotient and M =~ G/KM we call complementary dual
of M the Poisson G*—quotient M=+ = G*/KAL/[ .

8. For any subgroup H of G we call coisotropic interior of H the unique

maximal, closed, connected, coisotropic subgroup H of G contained in H .

REMARKS:

1. The complementary dual of a coisotropic subgroup is, trivially, a
coisotropic subgroup whose complementary dual is the connected com-
ponent of the one we started with:. Similarly, the complementary dual of
a Poisson quotient is a Poisson quotient, and if we start with a Poisson
quotient whose coisotropy subgroup (w.r. to any point) is connected then
taking twice the complementary dual brings back to the original Poisson
quotient.

2. The coisotropic interior may be characterized, at an algebraic level, as
the unique closed subgroup whose Lie algebra is maximal between Lie
subalgebras of § which are Lie coideals in g.

PROPOSITION 2.2. Let K be any subgroup of G and let K+ := (exp(t*)) be
the closed, connected, subgroup of G* generated by exp(£+). Then:

(a) the Lie algebra ¢ of K1) is the Lie subalgebra of g* generated by & ;

(b) €1 is a Lie coideal of g*, hence K& is a coisotropic subgroup of G*;

o

(c) K& = (K)*;in particular if Kis coisotropic then K& = K+ ;

(d) (K = K and K is coisotropic if and only if (K1) = K.

Proof. Part (a) is trivial. As for (b), since £ = (£+)+ is a Lie subalgebra of g,
we have that €+ is a Lie coideal in g*: therefore, due to the identity

§([z,y]) = [Z}([I, Y @y + v @ [z, yp2y]) + [Z%([xm Y] @ Ty + 2] ® [, y])
y x

(where 0(z) = >_,; 21]®2(2) for z € g*), the Lie subalgebra (¢1) of g* generated

by £+ is a Lie coideal too. It follows then by claim (a) that K (1) is coisotropic.
Thus (b) is proved.
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As for part (¢) we have

1
1
() =<EL>l=< N b> - Y b= Yi-
hr;g DLE ﬂ* hr;g DEE ﬂ* S]DL Eg

-
—h

(with <, meaning “Lie subalgebra” and <, meaning “Lie coideal”) where E
is exactly the maximal Lie subalgebra and Lie coideal of g contained in . To
be precise, this last statement follows from the above formula for ¢ ([:c,y]) ,
since that formula implies that the Lie subalgebra generated by a family of Lie
coideals is still a Lie coideal.

° .0 . N N IESVA o1 Lo
Now ¢= Lie(K), so Lie(K‘Y)) = ¢+ = ((f?< M) ) = (¢) = Lie(K)

implies K1) = (E)L as we wished to prove. If, in addition, K is coisotropic
then, obviously, K(+) = K . All other statements follow easily. O

3 STRICT, PROPER, WEAK QUANTIZATIONS

The purpose of this section is to fix some terminology concerning the meaning
of the word “quantization” and to describe some possible ways of quantizing
a (closed) subgroup, or a homogeneous space. We set the algebraic machinery
needed for talking of “quantization” and “specialization”: these notions must
be carefully specified before approaching the construction of Drinfeld’s functors.
Let ¢ be an indeterminate, C [q, q_l] the ring of complex-valued Laurent poly-
nomials in ¢, and C(g) the field of complex-valued rational functions in q.
Denote by HA the category of all Hopf algebras over (C[q,qfl} which are
torsion-free as C [q, ’l}ﬂnodules

Given a Hopf algebra H over the field (C( ), a subset H C H is called a
(C[q, q 1] —integral form (or simply a (C[q, ] f ) if it is a (C[q, ] —Hopf
subalgebra of H and Hp := C(q) ®c[q,q-1] H = H Then H is torsion-free
as a (C[q7 q_l}fmodule7 hence H € HA.

For any (C[q,q_l]fmodule M, we set My := M/(q —1)M = C®clgq-1] M :
this is a C—module (via (C[q,q_l} — (C[q,q_l]/(q —1) = C), called special-
ization of M at ¢ =1.

Given two C(¢)-modules A and B and a C(g)-bilinear pairing A x B — F,
for any (C[q, q’l]fsubmodule Ay C A we set:

4t = {veB|(Ab)cClaa]} (3.1)

In such a setting, we call A, the (C[q, q_l} —dual of Ay

We will call quantized universal enveloping algebra (or, in short, QUEA) any
U, € HA such that Uy := (U,); is isomorphic to U(g) for some Lie algebra g,

DOCUMENTA MATHEMATICA 19 (2014) 333-380



A GLOBAL QDP FOR SUBGROUPS AND HOMOGENEOUS SPACES 345

and we will call quantized function algebra (or, in short, QFA) any F, € HA
such that Fj := (Fy), is isomorphic to F[G] for some connected algebraic
group G and, in addition, the following technical condition holds:

N@-1"F, = N ((¢—1F; + Ker(e,, )"

n>0 n>0

We will add the specification that such quantum algebras are real whenever
the starting object is a x—Hopf algebra. As a matter of notation, we write

Uq = (C(q) ®cClq,q-1] Uq , IE‘q = (C(q) Qclq,q-1] Iy

When U, is a (real) QUEA, its specialization Uy is a (real) co-Poisson Hopf
algebra so that g is in fact a (real) Lie bialgebra. Similarly, for any (real) QFA
F, the specialization Fj is a (real) Poisson-Hopf algebra and therefore G is a
(real) Poisson group (see [4] for details).

On occasions it is useful to consider simultaneous quantizations of both the
universal enveloping algebra and the function algebra, or, in a larger generality,
of a pair of dual Hopf algebra. Let H, K € HA and assume that there exists
a pairing of Hopf algebras ( , ): H x K — (C[q, q’l] . If the pairing is such
that

(o) H=K*, K =H® (notation of (3.1)) w.r.t. the pairing H x K — C(q),
for H := C(q)®c(q,q-11H , K := C(q)®¢[q,q—1) K ; induced from Hx K —
Clq)

(b) the Hopf pairing Hy x K7 — C given by specialization at ¢ = 1 is perfect
(i.e. non-degenerate)

then we will say that H and K are dual to each other. Note that all these
assumptions imply that the initial pairing between H and K is perfect. When
H =U,(g) is a QUEA and K = Fj[G] is a QFA, if the specialized pairing
at 1 is the natural pairing between U(g) and F[G] we will say that the pair
(Uq(9) , F4lG)) is a double quantization of (G,g).

Let us now move to the case in which G is a Poisson group and K a subgroup.
We want to define a reasonable notion of “quantization” of K and of the cor-
responding homogeneous space G / K. There is a standard way to implement
this, which actually implies — cf. Lemma 3.3 and Proposition 3.5 later on —
the additional constraint that K be coisotropic.

DEFINITION 3.1. Let Fy[G] and U,(g) be a QFA and a QUEA for G and g and
let

Tr,: FylG] — F[G) la=)F,[G] = FIG]

70,: Ug(8) — Uy(a)/(a —1) Uy(8) = U(g)
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be the specialization maps. Let Z, C, J and € be the algebraic objects associated
with the subgroup K of G (see 2.1). We call “strict quantization” (and some-
times we shall drop the adjective “strict”) of each of them any object Z,, Cq,
Jq or €4 respectively, such that

(a) Iy < RG], wr(Z) =1, TF, (Zg) = Iq/(q_l)zq

(b) Cq<! < FlGl . 7r,(Cq) =C 7F, (Cq) = Cq/(q_l)cq (3.2)
() Jgded Uglg) ,  70,(3q) =T, m,(3¢) = Jg/(a-1)T, '
(d) €4 <'<Uye) , Ty, (&) = €, Ty, (&) = qu/(‘lfl) <,

In order to explain this definition let us start by considering the first two
conditions in each line of (3.2).

a) A left ideal and two-sided coideal in a QFA quantizes the Hopf ideal of
functions which are zero on a (closed) subgroup;

b) a left coideal subalgebra in a QFA quantizes the algebra of invariant
functions on a homogeneous space;

¢) a left ideal and two-sided coideal in a QUEA quantizes the infinitesimal
algebra on a homogeneous space;

d) a left coideal subalgebra in a QUEA quantizes the universal enveloping
subalgebra of a subgroup.

Once again, we must stress the fact that C;, as was explained in Proposition

2.4, has to be seen as a quantization of the observable hull K rather than of K
itself.

Let us now be more precise about the last condition in the previous definition.
By asking Z, / (¢ —1)Z; = 7r,(Z,) =T we mean the following: the special-
ization map sends Z, inside F[G]. This map factors through Z, / (¢ — 1)Zg;
in addition, we require that the induced map Z,/(q — 1)Z, — F[G] be a
bijection on Z. Of course this bijection will respect the whole Hopf structure,
since 7p, does. Now, since

7r,(Z,) = Ty / (T, 0 (g = 1DF,[G])

this property may be equivalently rephrased by saying that Z,N(g—1) F,[G] =
(g—1)Z; as well. The previous discussions may be repeated unaltered for all
four algebraic objects under consideration. An equivalent definition of strict
quantizations is therefore the following:

(a) I, <o g KRG, wp(Zy) =1, I;N(q—1)F[G] (¢—1)Z,
(b) Cq §1 ﬁé Fq[G] ) ﬂ-Fq (Cq) =C ) Cq N (qil)Fq[G] (qil)cq (3 3)
(c) Jg2eD Ugle) . mu,(3g) =T, TaN(g—1)Uy(g) = (¢—1)7,
(d) <, <! < Uq 9) ) 71'Uq(Q:q) =¢, ¢n (q—l)Uq(g) = (q—l)QZq
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The purpose of the last condition — which is often mentioned by saying that €,
is a flat quantization (typically, in the literature on deformation quantization)
— should be clear: indeed, removing it means losing any control on what is
contained, in quantization, inside the kernel of the specialization map.
Although the just mentioned notion of quantization appears to be, in many
respect, the “correct” one — and indeed is typically the one considered in
literature — another notion of quantization naturally appears when one has to
deal with quantum duality principle.

DEFINITION 3.2. Let Fy[G] and Uy(g) be a QFA and a QUEA for G and g and
let

mr,: FylG] — F[G) la=1)F,[G] = F[G]
70,: Uglg) — Ug(a)/(a =1) Uy(e) = Ulg)

be the specialization maps. Let V := A — A°P. Let Z, C, T and € be the
algebraic objects associated with the subgroup K of G (see 2.1). We call “proper
quantization” of each of them any object Z,, Cq, T4 or &4 respectively, such
that

(@) Iy 4 SKG], 7r(Ty) =T, Zg,Z4) € (a— 1T,

(b) Cq <! ﬁe FlGl, 7r(Cq) =C [Cq ch] € (a—1)C (3.4)
() Tq e Uylo) , q(jq) =T, V(39 € (¢—1)Uy(g) AT

(d) € <", Uy() m0,(&g) = €, V(&) C (¢—1)Uqlg) N E,

The link between these two notions of quantization is the following:
LEMMA 3.3. Any strict quantization is a proper quantization.

Proof. This is an easy consequence of definitions. Indeed, let K be a subgroup
of G. If 7, := I(K) is any strict quantization of Z(K'), we have

IyN(g—1)F, = (¢— 1T,
by assumption, and moreover [Fq ,Fq] C (¢g—1)F,. Then
[Iq;Iq} c ;N [anFq] CIn(g-1)F = (¢-1)1,

thus [I 7 } (g —1)Z,, 1ie. I, is proper. A similar argument works for
quantizations of type Cq(K) . Also, if J,(K) is any strict quantization of J(K),
then we have T, N (q - 1)U, = (¢ —1)J, Dby assumption, and moreover
V(U,) € (¢—1)U,**. Then

V(3g) € (UgATg) NV (Uy) € (UgATg) N(g—1UNM? C (q—1)Ug ATy

so that J, is proper. A similar argument works for quantizations of type &, (K)
as well. 0
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REMARK 3.4. The converse to Lemma 3.3 here above is false. Indeed, there
exist quantizations (of subgroups / homogeneous spaces) which are proper but
not strict: we present an explicit example — of type C, — in Subsection 6.3
later on.

This means that giving two different versions of “quantization” does make
sense, in that they actually capture two inequivalent notions — hierarchically
related via Lemma 3.3.

The following statement clarifies why such definitions actually apply only to
the (restricted) case of coisotropic subgroups (this result can be traced back to
[18], where it is mentioned as coisotropic creed).

ProproOSITION 3.5. Let K be a subgroup of G and assume a proper quantiza-
tion of it exists. Then K is coisotropic or, in case the quantization is Cq, its

observable hull K is coisotropic.

Proof. Assume I, exists. Let f,g € T, and let ¢,y € Z, with 7, (p) = f,
7r,(7) = g. Then by definition {f,g} = 7F, ((q - 1)*1[90,7]) . But

[p, 7] € [Z4,Z4) S (¢ —1)I,

by assumption, hence (¢—1)~'[¢,7] € Z,, thus {f,g} = 7g, ((g—1) " p,7]) €
7r,(Zq) = T, which means that Z is closed for the Poisson bracket. Thus (see
(2.6)) K is coisotropic.

Similar arguments work when dealing with C, , J, or €,. We shall only remark
that working with C, we end up with C(IA{) = C(K) <p F[G], whence K is
coisotropic. O

Since we would like to show also what happens in the non coisotropic case, we
will consider, also, the weakest possible — naive — version of quantization.

DEFINITION 3.6. Let Fy[G] and U,(g) be a QFA and a QUEA for G and g and
let

mr,: FylG] — F[G)] la=)F,[G] = F[G]

70+ Ug(8) — Uyla)/(a=1) Uy(e) =

I

d
—
©
N

be the specialization maps. Let Z, C, J and € be the algebraic objects associated
with the subgroup K of G (see 2.1). We call “weak quantization” of each of
them any object I, , Cq, Jq or &4 respectively, such that

(@) I SFG), r(L) =1
(b)  Cq <M EG], mR,(C) =C 3.5
(€ T3 %< Uyle) , 70,(3g) =73 3
(d) €<t Uyg) . m,(E) = ¢
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It is obvious that strict or proper quantizations are weak. Let us remark
that every subgroup of GG is quantizable in the weak sense, since we may just
consider e.g. Z, := 7T;7q1 (Z) to be a quantization of Z. As naif as it may seem,
this remark will play a role in what follows.

Let us lastly remark how the real case should be treated.

DEFINITION 3.7. Let (Fg[G],*) and (Uq(g) ,*) be a real QFA and a real QUEA
for G and g. Let I,, Cq, J4 and €, be subgroup quantizations (either strict,
proper or weak). Then such quantizations are called real if

(S(Z))" =1y, Cr = Cq, (5(3,))" =73, G =¢, (3.6)

3.8. THE FORMAL QUANTIZATION APPROACH. In the present work we are
dealing with global quantizations. In [5] instead we treated formal quantiza-
tions: these are topological Hopf C[[h]]-algebras which for h = 0 yield back
the (formal) Hopf algebras associated with a (formal) group. In this case, such
objects as Z, , Cq, J4 and €, are defined in the parallel way. However, in [5] we
did not consider the notions of proper nor weak quantizations but only dealt
with strict quantizations. Actually, one can consider the notions of proper or
weak quantizations in the formal quantization setup as well; then the relation
between these and strict quantizations will be again the same as we showed
here above.

We point out also that the semiclassical limits of formal quantizations are just
formal Poisson groups, or their universal enveloping algebras, or subgroups,
homogeneous spaces, etc. In any case, this means — see the end of Subsection
2.1 — that no restrictions on subgroups apply (all are “observable”) nor on
homogeneous spaces (all are “quasi-affine”).

4 QUANTUM DUALITY PRINCIPLE

Drinfeld’s quantum duality principle (cf. [7], §7; see also [10] for a proof) has a
stronger version (see [12]) best suited for our quantum groups — in the sense
of Section 3.

Let H be any Hopf algebra in H.A and let
I = Ker(H—E» (C[q,q_l} i»(C) = Ker(Hﬂ»H/(q—l)H—g» (C) (4.1)
Then I is a Hopf ideal of H. We define

HY = 3 (¢-1)7"" = go((q—l)_ll)n (QC(q) ®C[q,q—1]H) (42)
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Notice that, setting J := Ker (H s (C[q, q’l]) ,onehas I =(¢—1)-14+J,
so that .
—n n —1
HY =3, o0la=1)""T" = X,50((g-1)"J) (4.3)
Consider, now, for every n € N the iterated coproduct A™: H — H®" where
AV = ¢ Al = idy A" = (A ® idg(n_m) oAl ifn>2 .
For any ordered subset ¥ = {i1,...,ix} C {1,...,n} with i1 < .-+ < 4,

define the morphism jx, : H®* — H®" by

bi=1 if i¢Y

]g(a1®~~~®ak):b1®~~~®bnwhere{ —a, if 1<m<k

b

im

then set Ay := jxo A* Ay:= A%, and 6y := Yosics (—1)n_|2/|Agl, dp =
€. By the inclusion-exclusion principle, the inverse formula Ay = >y, 0w
holds. We shall use notation dy := dp, dn := 641,2,... n} , and the key identity
6n = (idig — €)®" 0 A", for all n € N, . Given H € H, we define

H :={acH|b(a)e(q—1)"H®", VneN} (CH). (44

THEOREM 4.1 (Global Quantum Duality Principle). (¢f. [12]) For any H €
HA one has:

(a) HY is a QUEA and H' is a QFA. Moreover the following inclusions hold:
mo () . Ho (). m—(uY)) . m—(@)) @)
(b)) H= (HY) <= Hisa QFA, and H= (H')' <= H is a QUEA;
(c) If G is a Poisson group with Lie bialgebra g, then
Fq[G]V/(q DRG] =U(@")  Uyle) /(e —1)Uy(s) = FIG7]

where G* is some connected Poisson group dual to G;

(d) Let F,|G) and Uy(g) be dual to each other w.r. to some perfect Hopf
pairing. Then F,[G]" and U,(g)" are dual to each other w.r. to the same
pairing.

A number of remarks are due, at this point:

1. The Poisson group G* dual to G appearing in (¢) of Theorem 4.1 does
depend on Ug(g) which is given as a data. Different choices of U,(g),
though associated with the same Lie bialgebra g may give rise to a dif-
ferent connected Poisson dual group G*.
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2. For all Hopf C(gq)—algebra H the existence of a C [q, q’l] -integral form Hy
which is a QUEA at ¢ = 1 is equivalent to the existence of a (C[q, q’l]f
integer form H, which is a QFA at ¢ =1.

3. All claims above have obvious analogues in the real case.

4. If H is a Hopf algebra and ® C N is a finite subset, then ([16], Lemma
3.2)
5¢(ab) = Z 6A(a) Oy (b) vV abeH (4.6)
AUY =&

furthermore, if ® # () we have

Sp(ab—ba) = 3 (5a(a)dy(b) — oy (b)oa(a)) ¥ a,be H (4.7)
ARYZ0

The above formulas will be used frequently in what follows

Having clarified the exact statement of quantum duality principle that we have
in mind, let us extend it to objects of subgroup type as in Definition 3.6, i.e. to
left coideal subalgebras and to left ideals and two-sided coideals — either in
F,[G] or in Uy(g) . This was already done in [5] where we only considered local
(i.e. over C[[h]]) quantizations. Let us remark that the quantum duality prin-
ciple we have in mind not only exchanges the role of algebras of functions with
that of universal enveloping algebras, but also exchanges the réle of subgroups
with that of homogeneous spaces. At the semiclassical level, the pair of dual
objects is given by a coisotropic subgroup H and a Poisson quotient G*/ H:.
When H is a Poisson subgroup, its orthogonal H+ turns out to be normal in
G* and G*/ H' = H* as a Poisson group, thus recovering the usual quantum
duality principle. In particular, we will consider a process moving along the
following draft:

() T(SFIG) -1, (SRIG]) 2 1, (CRIE)Y) 5T (cU))
(b) C(CFIG)) ¢ (CRG)) 2 ¢f (Sh[G)) ef (cu(e)
() 3 (CU() 53 (CU () 2 37 (CU(0)') 2 30 (CFIG7])
(@) €(cUle) e, (CUle) 2 ) () ) el (CFlG)

where arrows (1) are quantizations, arrows (3) are specializations at ¢ = 1 and
the definition of arrows (2) will be the core of what follows. It will turn out
that:

1. each one of the right-hand-side objects above is one of the four algebraic
objects which describe a closed connected subgroup of G*: namely, the
correspondence is

(a) = (¢), (b)) =— (d), ()= (a), (d)— (b).
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2. the four quantizations of subgroups of G* so obtained are always proper
— hence the subgroups of G* associated with them are coisotropic.

3. if we begin with strict quantizations, and we start from a subgroup K,
then the quantization of the unique coisotropic closed connected subgroup
of G* mentioned above is strict as well, and the subgroup itself is K+
(cf. Definition 2.1), with some care in case (b), i.e. if we start from C(K).
This will partially generalize to weak quantizations, for which, starting
from a subgroup K of G, the unique coisotropic closed connected sub-
group of G* obtained above is K (cf. Proposition 2.2).

Let us fix, in what follows, quantizations Uy(g) and F,[G] as in Section 3. Unless
explicitly mentioned we will not assume that this is a double quantization. To
simplify notations, let us set

Uy == Uy(g) Ug = Uqg(g) Uql = Uq(g)/

Fq = FqlG] Fy = F[G] FY o= Fq[G]v
As mentioned in the first remark after Theorem 4.1, this implies that a specific
connected Poisson dual G* of G is selected (it depends on the choice of Uy :=

Ug(g), not only on g itself). Let us consider quantum subgroups Z,, Cq, Jg4
and €, as defined in 3.6.

DEFINITION 4.2. Using notations as in (4.1) we define:

(@ I = X (@=L = g
() ¢ = S(g-1)7"(CnI)" = ¥ (a-1)7"(Cn)"

Il
o
Il
o

n

(c) I} = {:Eeﬁq

n

Su(@) € (¢=1)" UL V3,0 UL v n€N+}
s=1

(@) ¢ = {x ee, ‘ Su(z) € (@—1)" UL Ve, VneN, }
Let us remark that the following inclusions hold directly by definitions:

(i) Z," 2 I, , (i) Cf 2Cq,  (iid) jq! CJq,  (iv) Q:q(T €. (48)

5 DUALITY MAPS

In the present section we will prove properties of the four Drinfeld—type maps
defined in the previous section, namely the maps Z, — qu, Cqy — qu,
Jg — Jq! and €, — QI;. Let us recall that such maps do not change, as
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we will see, the algebraic properties of subobjects, but interchanges quantized
function algebra with quantum enveloping algebra and therefore quantizations
of coisotropic subgroups will be sent to quantizations of (embeddable) homo-
geneous spaces — of the dual quantum group — and viceversa.

Let us start by considering the map Z, IqY .

PROPOSITION 5.1. Let Z, = Z,(K) be a left ideal and two-sided coideal in
F,[G], that is a weak quantization (of type T ) of some subgroup K of G. Then

1. Z," is a left ideal and two-sided coideal in F, G]Y;

2. if T, is strict, then T, is strict too, i.e. T, (¢ —1)F,[G]" = (¢ —
NI," ;

3. there exists a coisotropic subgroup L of G* such that T,(K)" = J,(L) :
namely, Zq(K )Y is a proper quantization, of type J, of some coisotropic
subgroup L of G*;

4. in the real case, i.e. if the quantization Iy is a real one, qu is real too,
ie. (S (qu))* =1," . Therefore claims (1-3) still hold in the framework
of real quantum subgroups.

Proof. (1)  Consider that Z,” is the left ideal of F,” generated by
(¢ — 1)71 1, ; therefore, in order to prove IqYﬁ qu it is enough to show that
Al(g-1)""'Z,) € FY®Z,” + I,”® F,” . Since Z, is a coideal of F,, we have

Allg-17'1Z,) € 5.1
-1 -1 \% Y Y \% ( : )
CF®(@-1) " Z,+(q-1) Z,0F, C F,'®L, +1,® F,
whence Z," < F,” follows, and the first claim is proved. (2) Assume Z, to be
a strict quantization, so that Z,((¢— 1) F, = (¢ —1)Z, .
Let J:= Ker(e: F;, — C[q,q"'] ) . Then

J mod (¢—1)F, = Ker(e)|F[G] = m,

and me/m62 = g*, the cotangent Lie bialgebra of G. Let {yi1,...,yn} be a

subset of m, whose image in the local ring of G at the identity e is a local
system of parameters, and pull it back to a subset {j1,...,7,} of J. Let F}, be
the J—adic completion of F,. From [12], Lemma 4.1, we know that the set of

ordered monomials {jg | ec N"} (where hereafter j<:=[]_; jsg(i) , for all

eeN")isaC [q, qil} —pseudobasis of ﬁq , which means that each element of ﬁq
has a unique expansion as a formal infinite linear combination of the j€’s. In a
€

similar way, the (¢—1)-adic completion of F," admits {(q — 1)l je |ee N}
as a C|q, ¢~ '|-pseudobasis, where |e| :== """ | e(i).
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For our purposes we need a special choice of the set {j1,...,Jn} adapted to
the smooth subvariety K of G. By general theory we can choose {y1,...,yn}
so that y1, ..., yr € m¢ and Ygi1,...,Yn € Z(K), where k = dim (K). We
can also choose the lift {j1,...,jn} of {y1,...,yn} inside J so that j, is a lift
of ys, for all s =1,...,k, and jri1,...,Jn € Z,. With these assumptions,
it’s easy to see that

peIl, Na-DF = (@-1)"¢e (/" L)N(g-1)J"
for some n € N, which in turn yields (¢ —1)"¢ € J"~'-(Z, " (¢—1)J) . Since
L,Ne-1J S LNe-1)F = (¢-1)I,

we conclude that (¢—1)"p € (¢—1)J""1-Z,, whence ¢ € (¢—1)Z," .
The converse inclusion Z," " (¢—1) F,Y 2 (¢—1)Z," is obvious, hence claim
(2) is proved. (8) It is an obvious statement that Z," is a weak quantization
of its image mpv (qu): in particular, 7p,v (qu) <y < TRy (qu) = U(g*)
implies that 7p,v (Z,") = J(L) for some subgroup L of G*. Thus Z," is a weak
quantization, to be called J4(L), of J(L), and it is even strict if Z, itself is
strict, as we’ve just seen. Now we show that such quantization J,(L) turns out
to be always proper.

In fact, (5.1) implies V((q — 1)71Iq) C (g-1)7" (Fy ANZg). On the other
hand Fy, AZ, C JAZ, C (¢—1)°F,YAZ)", thus, finally, V(Z,") € (¢ —
1) F,Y AZ,", which means that Z," is proper and (3) holds. (4) This is an
obvious consequence of definitions. O

REMARK 5.2. In functorial language we may say that the map Z, — qu
establishes a functor between quantizations of coisotropic subgroups of G and
quantizations of (embeddable) homogeneous spaces of G*, moving from a global
to a local description, sending each type of quantization in a proper one and
preserving strictness. Indeed, we should make precise what are the “arrows”
in our categories of “quantum subgroups” or “quantum homogeneous spaces”,
and how the functor acts on these: we leave these details to the interested
reader.

Let us move on to properties of the map C, — qu .
PROPOSITION 5.3. Let Cq = Cy(K) be a left coideal subalgebra in Fy[G]. Then
1. ¢ is a left coideal subalgebra in Fy[G]";

2. if C, is strict, then Cy is strict too, i.e. Cqy ((q—1)F,[G]Y = (q—
ne, .

3. there exists a coisotropic subgroup L of G* such that Cy(K)" = €4(L):
namely, CQ(K)v is a proper quantization, of type €, of some coisotropic
subgroup L of G*;
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4. in the real case, i.e. if the quantization Cq4 is a real one, Cq(K)v is real
too, i.e. (qu)*: C, . Therefore claims (1-3) still hold in the framework
of real quantum subgroups.

Proof. The proof uses essentially the same arguments as the previous one.
(1) By the very definitions €, <' F,Y := F,[G]. More precisely,
C, is (by construction) the unital (C[q, q_l]fsubalgebra of F,” generated by
(q— 1)71 (Cq)+, where (Cq)Jr =CqeN J. So'to get C;/ <, F,Y we must only
prove A((q—l)_l(Cq)+) CF'®cC, . But C, <, F,, so:

Allg=D)7'C)T) S Foa—1)7"(C)" C Frec] (5-2)

therefore C,/ <, F,”, and claim (1) is proved. (2) Now suppose C, to be a strict
quantization, i.e. Cq()(¢—1)F,; = (¢—1)C, . We need an explicit description
of qu and of qu . This goes along the same lines followed to describe qu in
the proof of Proposition 5.1: but now the choice of the subset {j1,...,jn,} of
J is different.

First, since C(K) = C(I?) we can assume that K = K, ie. K is observable.
Then we can choose {jl, - ,jn} so that jii1,...,Jn € J (1 Cq=Cq" (where
again k = dim (K) ) and, letting y, := j, mod (¢—1) F, , the set {yl, e ,yn}
yields a local system of parameters at e € G (in the localized ring), as before;
now in addition we have yjy1,...,y, € me () C(K) =: C(K)". With these
assumptions, the (¢ — 1)-adic completion of F,” admits {(q — 1)7|§‘jg | e €
N"} asa C [q, q’l]fpseudobasis, like before, but in addition the same analysis
can be done for the (¢ — 1)-adic completion of C,” (just because C, is strict),
which then has (C[q7 q_l}fpseudobasis { HZ:kH jEe | (Ekt1y---1€n) € N"‘k} )
From these description of the completions, and comparing the former with qu
and C,, we easily see that C;” (¢ —1)F,” C (¢—1)C,; . The converse is
trivial, hence claim (1) is proved. (8) It follows directly from (1) that C,
is a weak quantization of its image 7 (qu) : in particular, mgyv (qu) <!
<y mpy (Fy") = U(g*) means that mgyv(C;') = €(L) for some subgroup L of
G*. Thus C, is a weak quantization — to be called €,(L) — of €(L), and it
is even strict if C, itself is strict, by claim (7). Now in addition we show that,
in any case, such a quantization €4(L) is always proper.

From (5.2) we have

V(g=171C)") S a-1TIAC)T C
c (¢- 1),1+2 FINC) = (a—1)F Gy
which implies exactly that C;/ — which by definition is the unital subalgebra

generated by (¢ — 1)_1 (Cq)+ — is proper. (4) This follows directly from
definitions and from C;" = C4, which holds by assumption. O
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REMARK 5.4. In functorial language we may say that the map Cq — qu estab-
lishes a functor between quantized homogeneous spaces of G and quantizations
of coisotropic subgroups of G*, moving from a global to a local description,
sending each type of quantization in a proper one and preserving strictness.
Again, to be precise, several details need to be fixed, and are left to the reader.

The third step copes with the map J, — Jq! .

PROPOSITION 5.5. Let I, = J4(K) be a left ideal and two-sided coideal in
Uy(g), weak quantization (of type J) of some coisotropic subgroup K of G.
Then:

1. 3, is a left ideal and two-sided coideal in Uy(g)';
2. if 3, is strict, then 3, is strict too, i.e. I, N (qg—1)Uy(g) = (¢—1)7, ;

3. there exists a coisotropic subgroup L in G* such that 3,(K) = T,(L) :
namely, Jq (K)' is a proper quantization, of type I, of some coisotropic
subgroup L of G*;

4. in the real case, i.e. if the quantization J4 is a real one, jq! 1s real too,
i.e. (S(jq!))* = 13,. Therefore claims (1-3) still hold in the framework
of real quantum subgroups.

Proof. (1) Let a € U, and b € 3, : by definition of J,, from J, <, U, and
from (4.6) we get

5n(ab) € (q - 1)"

n
S=

qu®<5*1>® 3,0 UM

so ab € Jq! , thus Jq! <L U, .

As to the coideal property, it is proven resorting to (¢ — 1)—adic completions,
arguing as in the proof of Proposition 3.5 in [12], and basing on the fact that
3,9 U, . Details are left to the reader. (2) Assume now J, to be strict. The
inclusion

jq! N(g—1) Uq(g)/ 2 (-1 jq!
is trivially true, and we must prove the converse. Let 1 € J; () (¢ — 1) Uy(g)’.
We have

ban) € (= 1" ((ZI 020 09,2 U0 ) N (@ - 1) U,°")

for all n € Ny . But then our assumption gives

( 21 Uq®(s_1) ®TIg® Uq®(n_s)) ﬂ (q -1) Uq®n =
s=
= 21 Uq®(571) ® (jq N (q—l) Uq) ® Uq®(nis) =
S=
= (‘1*1)n+1 > Uq®(571) ®Tg® Uq®(nis)
s=1
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!/

which, in turn, means 1 € (¢—1)3, . Thus I, N(¢—1)U,(g)" C (¢—1)7,,
as expected. (&) Claim (1) implies that Jq! is a weak quantization of its im-
age, therefore there exists a subgroup L of G* such that my (Jq!) =ZI(L) .
This quantization is even strict if J, itself is strict, by the previous. Now we
show that this quantization Z,(L) is always proper — hence the subgroup L
is coisotropic, by Lemma 3.5. Recall that, by definition, Z,(L) is proper if and
only if [z,y] € (¢ —1)3, for all z,y € 3, . From definitions we have

[z,y] € (¢—1) jq! S5 (5n([$, y]) €(q— 1)n+1 22:1 Uq®(s—1) ® Ty ® Uq®(n_s)
for all n € N. Then by formula (4.7) we have (for all n € N)

6n([z,y]) = ZAUX;{#QW}(M@) Sy (y) — by (y)oa(z)) (5.3)

while (with notation of §4)
a(z) € (¢ — 1)‘1\' “JA (ZLILH Uq®(571) ®Tg® Uq®(‘A|75)) ;
bv(y) € (a— )Yy (S 0,20 @3, 00,2079

since AUY ={1,...,n} and ANY # 0 we have |A|+|Y|>n+1; moreover,
for each index i € {1,...,n} we have ¢ € A (and otherwise Im (ja) has 1 in
the i—th spot) or ¢ € Y (with the like remark on I'm (jy ) if not). As J, is a left
ideal of U,, we conclude

(¢ - )™M U2V 05, 00,20

oa(z) -0y (y), oy (y)-oalz) €
-1 Y U ey, 00,20

so that (5.3) gives 4, ([z,y]) € (g—1)" ! S U2tV 973,0U0,6079 ) as
expected. (4) In the real case, (S ("q!))* = Jq! follows at once from defi-
nitions and from the identity (S(jq))* =T, O

REMARK 5.6. In functorial language we may say that the map J, — Jq! estab-
lishes a functor between quantized homogeneous spaces of G and quantizations
of coisotropic subgroups of G*, moving from a local to a global description,
sending each type of quantization in a proper one and preserving strictness.
Once more, details are left to the interested reader.

The fourth and last step is devoted to the map €, — QZ(; .

PROPOSITION 5.7. Let €, = €4(K) be a subalgebra and left coideal in Uy(g),
weak quantization (of type €) of some subgroup K of G. Then:

1. Q:; is a subalgebra and left coideal in Uy(g)’;
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2. if €, is strict, then 3, is strict too, i.c. Qf; N(g—1)Uy(g) = (¢—1) @; ;

3. there exists a coisotropic subgroup L in G* such that QZq(K)ﬁ = Cy(L):
namely, Q:q(K)éI 18 a proper quantization, of type C , of some coisotropic
subgroup L of G* ;

4. in the real case, i.e. if the quantization €, is a real one, Q:q(K)éI 1s real

too, i.e. (Q:; )* = ¢,'. Therefore claims (1-3) still hold in the framework
of real quantum subgroups.

Proof. The whole proof is very similar to that of Proposition 5.5. (1) By
definitions, 1 € €, and §,(1) = 0 for alln € N, so 1 € ¢, Let z,y € €,
and n € N; by (4.6) we have 6,(zy) = Y -zuy—{1,.n) 0a(2) v (y). Each of
the factors da(x) belongs to a module (q — 1)|A‘ Uq®(|A‘71)®X where the last
tensor factor is either X =€, (if n€A)or X ={1} C ¢, (if n ¢ A), and
similarly for dy (y); in addition AUY = {1,...,n} implies |A|+|Y| >n, and
summing up 6, (zy) € (qfl)an®("71)® ¢, , whence zy € quﬁ. Thus Qf; is a
subalgebra of Uq'.

In order to prove that Q; is a left coideal in U;, one can again resort to
(¢ — 1)—adic completions, with exactly the same arguments as in the proof
of Proposition 3.5 in [5], starting from the fact that &, <y Ug. Details are
left to the reader. (2) Assume, now, that €, is a strict quantization, i.e.
¢,N(g—1)F, = (g—1)€,. Then clearly ¢;' N (¢ —1)Uylg)' 2 (¢ —1)¢,,
and we must prove the converse inclusion. Let x € €, ()(¢—1)U,(g)’ . Then:

6ai) € (=" (U2 @) Na- 1)U, =

= (- V)" (12" Ve (€NE-D0)) = - )" U Ve,
which means k € (¢ — 1) quﬁ. Therefore Qf; N(g—1)Uy(g) C (¢g—1) quﬁ, as
claimed. (3) The above algebraic properties show that Q:; is a weak quanti-

zation of its image 7y, (Qf; ); thus there exists a coisotropic subgroup L of G*

such that: my, (QZ(;) = C(L). Thus jq! is a weak quantization — to be called
Z,(L) —of Z(L), and it is even strict if J, itself is strict, by the previous. Now
we show first that this quantization Z,(L) is always proper — hence the sub-
group L is coisotropic, by Lemma 3.5. Proving that Z,(L) is proper amounts
to show that [z, y] € (¢ — 1) ¢, for all 2,y € €,. By definition we have

[z,9] € (¢-1)€; 6n ([z,y]) € (-1, oe, VYneN
and formula (4.7) gives, for all n € N|

on([z,9]) = Savv=q1,..n3(0a(z) 0y (y) — vy (y) da(x)) (5.4)
ANY #£0
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while
oa() € (a-)" (U2 Vee,) L av(y) € (-0 (U2 Ve,
Now, AUY ={1,...,n} and ANY # 0 give [A| + Y| > n+ 1, and since € is
a subalgebra of U, we get
6a(2) by (4) . Oy () Sa(e) € (= 1) UP Ve, €
c (qil)nJrqu@(n—l) ® th
so that (5.4) yields
6n([x7y]) € (q_l)n+1Uq®(n_1) ®Q:q

thus [z,y] € (¢ —1)€, . (4) In the real case (€,)* = ¢,: this and the very
definitions imply the claim. O

REMARK 5.8. In functorial language we may say that the map ¢, — Q:;
establishes a functor between quantization of coisotropic subgroups of G and
quantizations of Poisson homogeneous spaces of G*, moving from a local to
a global description, sending each type of quantization in a proper one and
preserving strictness. We leave to the interested reader all details which still
need to be fixed.

We now move to connectedness properties of the coisotropic subgroup L iden-
tified in Propositions 5.5 and 5.7.

PROPOSITION 5.9.
1. Let J4(K) be a strict quantization (of type J) of a (coisotropic) sub-

group K in G. Then the subgroup L of G* such that JQ(K)! =1T74(L) is
connected.

2. Let €,(K) be a strict quantization of type € of a (coisotropic) subgroup K
of G . Then the subgroup L of G* such that &, (K) = C4(L) is connected.

Proof. (1) Saying that the (closed) subgroup L is connected is equivalent
to saying that its function algebra F[L] = F[G*] / Z(L) has no non-trivial
idempotents. Note that, since F’ [G*} is the specialization of U, at ¢ = 1 and
Z(L) is the similar specialization of jq! , the quotient F[L] = F[G*]/I(L) is
canonically isomorphic to the specialization at ¢ =1 of U, / jq! . Let @ be an
idempotent in F[L]: if we take any lift of it in Uq'/ 3., ie anya € Uq'/ I,
such that @ = ¢ mod (¢g—1) Uq’/ J, . We must prove:

o> = a mod (q—1)Uq’/3q’ — 4 mod (q—1)Uq’/3q’ e {0,1} (5.5)
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We can clearly reduce to the case when e(a) = 0: in fact, if @? = @ then €(a)
is necessarily 0 or 1 (for it is unipotent too), and in the latter case we then

find that @y := 1 — @ is idempotent and e(ap) = 0. Also the lift a € Uq’/jq!
can be chosen, in this case, such that: e(a) = 0. To simplify notation, we set
H = Uq/Jq and H' := Uq'/jq!. We shall prove that, if a € H’, €(a) = 0 and
a’?=a mod (¢g—1) H’, then a =0 mod (¢—1) H’, i.e. a € (¢—1) H’; in fact,
this will give (5.5).

Having assumed that J, to be strict, H’ identifies with a C [q, qil]fsubmodule
of H given in terms of the coalgebra structure of the latter: the embedding is

the one canonically induced by the maps U, — U, — Uy / J4. In fact, the

kernel of the latter map is U, (] J, (by strictness assumption). It is easy to
see from definitions that U, N J, = Jq!. Thus H’ does embed into H:

H’z{neH‘5n(n)e(q—1)"H®”,VneN}. (5.6)

Now, a> = a mod (¢—1)H’ means a = a® + (¢—1) ¢ for some ¢ € H’; since

€(a) = 0, we have ¢(c) = 0 as well. Applying d,, to the identity a = a? + (¢—1) c
and using formula (4.6) we get

on(a) = dn(a®) + (g —1)dn(c) :Auyi% 5/\}(a) dy(a) + (g—1) dn(c)

for all n € N, which — noting that dp(a) := €(a) = 0 yields:

Onla) = 3 oa(a) dy(a) + (¢ —1) dn(c) (5.7)
AUY ={1,...,n}
AY #£0

Since ¢ € H’, the last summand (¢—1) §,,(c) in right-hand side of (5.7) belongs
to (¢—1)"*t H®" thanks to (5.6). Similarly, since a € H’ we have & (a) €
(g—1)* H®* for all k € N, by (5.6) again: therefore each summand 64 (a) §y (a)
in right-hand side of (5.7) belongs to (¢ — 1)1 H®™ as well. But then (5.7)
yields 6,(a) € (¢—1)"T"H®" for all n € N, which, again by (5.6), means
exactly that @ € (¢—1) H’. This ends the proof of the first claim. (2) We

will use similar arguments to show this claim: F[L] = F[G*]/I(L) has no
non-trivial idempotents. Since Qf; =Cy(L) and C(L) = C(E), we can assume
L= E, i.e. L is observable. This implies Z(L) = \I/(C(L)), which is clearly the
specialization at ¢ = 1 of ¥(C(L)) = U, ¢,'; therefore, F[L] = F[G"] /I(L) is
canonically isomorphic to the specialization at ¢ = 1 of Uq'/ U/ QZ(; .

From now on, one can mimic step by step the proof of part (7). The only
detail to modify is that one must take U, €,* =: ¥(€,) in place of J,, and

U/ (QZ(;)—|r =: \I/(Q:;) in place of J, . Letting H := Uq/‘II(QZq), and H' :=
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U/ / \I/(Q:;) , the thesis amounts to prove that

acH, d>=a mod (¢—1)H’ = a=0 mod (¢g—1)H’

(In fact also a = 1 mod (¢—1) H’ would be ok, but, arguing as before, we’ll
restrict to the case €(a) = 0).

As €, is strict, it is easy to see from definitions that @;' = Uq' (N €4, hence
\I/(quﬁ) = Uy (@;)Jr = U/ (U N qu)Jr: the latter is the kernel of the map
v/ — U, — Uq/Uq QZqu, so H’ embeds as a (C[q,q’l]fsubmodule of H,
namely

H’:{neH

5u() € (-1 H®™ ¥ e N}.
With this description at hand, computations are as in the proof of claim (7). O

Our next results are about the behavior of quantum subgroups under compo-
sition of Drinfeld-like maps.

ProrosSITION 5.10. Let I, Cq, J4, €4 be weak quantizations of a subgroup
K of G. Then:

1. 1, © (IQY)‘ , Cg C (qu )<1 ;

2. ¢,2() , 3,203 .

Proof. (1) By the very definitions, for any n € N we have

n
o (Zy) € Jr" ( ZO Ff o1, ®Fq®<"51>) =

- ®s ®(n—s—1) n & v\ ®s Y vy ®(n—s—1)
= EOJFQ ®IQ®JFq g ((I*].) . ZO (Fq ) ®Iq ®(Fq )

which means exactly Z, C (qu)! . Similarly we can remark that:
0.(Cq) S Jr"N (Fq®(n71) ®Cq) =

_ JFq®(n71) ® (CqﬂJFq) c (qil)n(FqV)(@(”*l

)® qu

which means C, C (qu)ﬁ. Therefore claim (1) is proved. (2) As (Qqﬁ)v
is generated — as an algebra — by (qfl)_leqﬁ (N Ju,, it is enough to show
that the latter space is contained in €,. Let, then, 2’ € Q:; (N Ju, - Surely
61(2') € (¢ —1)€, hence 2/ = 6 (2') + €(2') € (¢ — 1)€;. Therefore
(g — 1)_1:43’ € ¢, ged. Similarly, (Jq!)Y is the left ideal of U, gener-
ated by (¢q—1)"" 7, N Ju,, thus — since U, C U, — we must only prove
that (¢—1)"' 3, N Ju, is contained in U,. Again, if ¥’ € I, () Jy, then
y =6(y)+e) € (¢ —1)T, Thus we get (q— DYy e Jg, and (2) is
proved. o
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REMARKS:

(a) By repeated applications of the previous proposition it is easily proved
that:

((IQY)!)Y ) qu = ((qu)ﬁ)v ) Q‘:I = ((Qt;:I )v)éI ) jq! = ((jq! )Y)

(b) Since we proved that Drinfeld-like maps always produce proper quantiza-
tions, and that proper quantizations specialize to coisotropic subgroups
(cf. Proposition 3.5), the following holds:

1. if 7, = (qu)! then Z, is a proper quantization (of type Z) of a
coisotropic subgroup of G;

2. if ¢, = (qu)éI then C, is a proper quantization (of type C) of a
coisotropic subgroup of G;

3.if 3, = (JJ)Y then J, is a proper quantization (of type J) of a

coisotropic subgroup of G ;

4. if ¢, = (Q:; )v then ¢, is a proper quantization (of type €) of a

coisotropic subgroup of G'.

(c) Since the whole construction is independent of the existence of real struc-
tures all the above claims hold true in the real framework as well.

Next result reads as a converse of the previous one, holding for Drinfeld maps

applied to strict quantizations:

THEOREM 5.11.
(a) if Iy is a strict quantization of a coisotropic subgroup of G then one has
!
1y = (IQY) ;
(b) if Cq is a strict quantization of a coisotropic subgroup of G then one has
(T
Cq = (qu) ;
(c) if 34 is a strict quantization of a coisotropic subgroup of G then one has
- Y
Jg= (jq!) ;
(d) if €4 is a strict quantization of a coisotropic subgroup of G then one has
¢, = (Q; )v ;

(e) The above claims hold true in the real framework as well.
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Proof. (a) Let I, be a strict quantization; by Proposition 5.10(1), it is enough
to prove Z; 2 (qu)! . For this we apply the argument used in [12], Proposition
4.3, to prove that F, D (qu)l.
We denote by L the closed, coisotropic, connected subgroup of G* such that
7" =34(L), as in Proposition 5.1, and with [ its Lie algebra.
Let 3 € (IY) . Then there is n € N and yV € Z,"\ (¢ —1)Z," such that
¥ = (¢—1)"yY. As we have seen strictness of Z, implies strictness of Z,"
and therefore y" ¢ (¢ — 1) F,”, and so for y¥ :=y" mod (¢ — 1) F, we have
Y #0eF’ = Ul(g*).

q:
As qu is a quantization of U(g*), we can pick an ordered basis {bx},c, of
g*, and a subset {zy},_, of (¢— 1)""Jy, so that 2y mod (¢ — 1) F,’ = by
for all A € A; therefore zy = (¢ — 1)z for some zy € Jr, , for all A (like in

the proof of [12] Proposition 4.3). In addition, we choose now the basis and its
lift so that a subset {bp}yco (for some suitable © C A) is a basis of [, and,

correspondingly, {xé’}aee CZ,). Since y¥ # 0 € F‘lv‘q=1: U(g*), by the
Poincaré-Birkhoff-Witt theorem there is a non-zero polynomial P ({bg}e e@) in
the by’s such that ¥ = P({bg}yce) , hence

yV_P({xg}eee) € qun (¢-1)F = (q_l)IqY

This implies y¥ = P({mg}eee) + (¢ —1)"yy for some v € N, where yy €
'\ (¢-1)Z).

One can see, like in [9], Lemma 4.12, that the polynomial P has degree not
greater than n. Thus 3y = (¢—1)"yY = (¢—1)" ({xg}eee) + (q—=1)" TV,
and

(¢—1)"P({zy }ee@) =(¢—1)"P({(¢g-1)" 999}96@) €1,
by a degree argument. But now, Proposition 5.10 gives Z, C (qu)' . Then

/

o=y (- )"P({]},00) € (Z,1) and g = (¢—1)"™yy = (¢—1)"yY

where ny :=n+v >n, and yy € Z,' \ (¢ —1)Z,". We can then repeat the
construction, with y} instead of 3/, ny instead of n, etc.: iterating, we find an in-
creasing sequence of numbers {ns}s N (with ng := n) and a sequence of polyno-

mials { Ps({Xo}yco) }SEN (again Py := P) such that the degree of P,({Xo}peo)
is at most ny, and the formal identity 3 =" (¢ —1)" ({xg}eee) holds.
Now set I, := S p_; (¢ — 1)" " * Z,F (for all n € N), and let Z, be the topological
completion of Z, With respect to the filtration provided by the I,,’s. Then, by
construction, (q n" ({xé/}ee@) € I, for all se N. This yields

> (=" P({2}yee) € I, and ¢ =% (a=1)""Ps ({25 }5ce)

seN seN
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where the last is an identity in fq. Thus y' € (qu)! N fq . Again with the
same arguments as in [12], we see that Z,|) (qfl)z fq = (qfl)z Z, for any
¢ € N. This together with 3 € (qu)! N fq give y' = (¢—1)""n for some
m € Nand n € Z,; thus

n=(¢=1"y €Z,N(g=1"Zy = (¢-1)" Ly,
whence y' € Z,, g.e.d.
(b) Assume that C, is a strict quantization; by Proposition 5.10(2), it is
enough to prove C; 2 (C )éI To do that, we resume the argument used in [12],

Proposition 4.3, to show that F, 2 (Fq )I.
We denote by L the closed, coisotropic, connected subgroup of G* such that
C, = €4(L) and with [ its Lie algebra.

Let ¢’ € (qu)ﬁ. Then there exist n € N and ¢ € C; \ (¢ — 1)C, such that
¢ = (¢g—1)"c". Note that strictness of C, 1mphes strictness of C,; hence
vV & (q— )Fv,sothatforc_vz—c mod(q—l)FvwehavecV;EOE
qu‘qzl U(g*). Moreover, ¢V €C,’ | =¢(L)=U() CU(g").

Since F,” is a quantization of U( ), we can fix an ordered basis {bA}/\eA of
g*, and a subset {xX}AeA of (¢ —1)" JF such that Y mod (¢ — 1) F," = by
for all A € A; so zY = (¢ — 1)_1:@\ for some ) € Jg,, for all X (as in the proof

of [12] Proposition 4.3). We can choose both the basis and its lift so that a
subset {b,.} ¢, 1 a basis of [ (here M C A), and, correspondingly, {:L'\/}

(g—1)~ Jpqﬂcqv. Since ¢V # 0 € F,” -

eM =
= U( ) , by the Poincaré-Birkhoff-
1

Witt theorem there exists a non-zero polynomial P({bu}u c M) in variables b,,’s
such that ¢v = P({bu}ueM)? hence:

7P({ZZ}M€M) € quﬂ(qfl)qu = (qf]') qu'

Therefore, ¢V = P({x ueM) (g —1)" ¢y for some v € Ny where ¢ €
¢/ \(g-1)¢,.
Now, we can see — like in [9], Lemma 4.12 — that the degree of P is not

greater than n. Then
n n+v
=(q-1)"c" =(¢g—1)" ({:L' ueM) (q—1)"""¢f

with (¢ —1)" ({xv}#eM) =(q-1)"P({(g—1)" Iu} v) € Cq because P

has degree bounded (from above) by n. As Cq; C (C ) by Proposition 5.10,
we get

== (q=)"P({zy} ) € (€)' and ¢ =(g=1)"eY = (¢-1)"¢Y

with ny :=n+v >n, and¢f € C/\ (¢—1)C;. We can repeat this con-
struction with ¢} in place of ¢/, ny in place of n, etc.. Iterating, we get an
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increasing sequence of numbers {ns}s N (ng:=n) and a sequence of polyno-
mials {Ps ({X“}MGM)}SGN (Py :=P) such that the degree of Ps({XM}#GM) is

at most ng, and ¢ = (¢ — 1)nSPS({IYt}MeM)'
Consider

I, := Ker (Cq = (C[q,q_l] = (C) = Ker (Cq = Cq/(qa—1)C, -, (C)
By construction, we have (g — 1)"SPS({:CX}#€M) € I for all s € N;
in turn, this means that 3 _(q— 1)"SPS({30X}H6M) € Cq4, the lat-
ter being the Ic —adic completion of C,, and the formal expression ¢ =
Yeen (@ = 1" Po({x)] ueM) is an identity in C,: therefore ¢/ € (qu)ﬁ NC,
Acting as in [12], again, we see that C; () (¢ — 1)* Cq=(q— 1)* Cq forall £€N.
Getting back to ¢’ € (C) )ﬁ N CAq, we have ¢/ = (¢ — 1) "k for some m € N and
k € Cq; thus k = (¢g—1)"c € C;N (q—l)mé:] = (¢g—1)"C,, whence ¢’ € Cy,
q.e.d.

(¢) Let J, be a strict quantization: by Proposition 5.10(2) it is enough to

prove J, C (jq!)y; so given y € J,, we must prove that y € (Jq!)y. Recall

that J, € U, = (Uq')v, the last identity following from Theorem 4.1. By
construction,

Vv —-n n +
(Uq/) = ano (¢—1) ud Iy = (Uq/) +(a-1)Uq

soforyeJ, C U, = (Uq’)V there exists N € N such that

yr = (¢-1)"y e 1Y c U/ (5.8)
Strictness of J,, i.e. I, (¢ — 1)Uy = (g — 1) T4, implies

(LU @3,0U )N (=) UF") =
s=1
n
= @0 (ZUF Ve, e 00 )
s=1

for all n € Ny ; then, by the very definitions, the latter yields Jq! =J3,NU, .

Ifin (5.8) N =1, theny;, =y € Uj, thusy € 3,NU, = jq! ,qed. If N>1
instead, then formula (5.8), along with J, <U, , yields

5 VU 07, 0 UL SD)USY) (5.9
n(er) € (q ) 21 q ®Jq @ Uq ﬂ ((q ) q ) ( . )
for all n € N4, and since Jy is strict, from (5.9) one gets

Sn(yr) € (g-1)" ULV 93, 0UM9  ¥YneN

s=1
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which means y; € ﬁTq! . Eventually, we have found y, € Jq! N IUJ;f .
Now look at I+ := Iy, ﬂJq! . Using the fact that U, = U,(g) = F[G*] —

from Theorem 4.1 — and Jq! = JQ(K)! =T74(L) for some coisotropic subgroup
L in G* — as granted by Proposition 5.5 — and still taking into account
strictness, by an easy geometrical argument (via specialization at ¢ = 1) we
see that
!
I N3, = IJZ mod (¢ — 1)U, VneNL.

This, together with J,( (¢ — 1)U, = (¢ — 1) Jq, yields also

I N3, = Lt mod (¢—1)3)  VneNy

q

Finally, by suitable, iterated cancelation of factors (¢ — 1), which is possible
because of the condition J,() (¢ — 1)Uy = (¢ — 1) I, , we eventually obtain

I N jq! = Ij:} mod (g — 1)" jq! VneN;.

To sum up, we have y, € IU{:{ N jq! = IJJ!V ; therefore, by definitions,
q

y=(-1)"y € @-1)"LY € (3)".

(d) Let €4 be a strict quantization: by Proposition 5.10(2) it is enough to prove
¢, C (Q:,; )v. We follow the same arguments used for claim (¢). Let ¢ € €, since
¢, CU, = (Uq')V — from Theorem 4.1 — and (Uq')v = Yol —1)7" 10,
(notation as above) for ¢ € €, C U, = (Uq')v there exists N € N such that
cp=(@-DNeeld cu,.

Now, strictness of €, implies

U V@) Na-D)"U " =@ -1)" (U7 Vo)  VneN;

hence @; = ¢,NU,. If the above N is 1, then ¢; = ¢ € Uy, thus ¢ €
¢,NU; =€, , qed. If instead N > 1, then

Sulcy) € (g—-DV - U Toe)N((¢-D"US")  VYneN;

and, since €, is strict, d,(cy) € (¢—1)"-US" '@ ¢, forall n € N, , which
means c4 € QZ(;' . Thus, eventually, we have cy € Q:; ﬂIUlj .

Let us look, now, at Icqﬁ =TIy, N Q:; . Again in force of strictness of €, , a
geometrical argument (at ¢ = 1) as before leads us to
IUz/ﬂQf; =15 mod (qfl)"Qqﬁ ) VneNg
from which we conclude that c4 € IUJZ N Q:; = I@J\f . Therefore, by the very
definitions,
-N -N v
c=(q—-1)""¢c4 € (¢g—1) IQJ(}[ C (@;) , q.e.d.

DOCUMENTA MATHEMATICA 19 (2014) 333—-380



A GLOBAL QDP FOR SUBGROUPS AND HOMOGENEOUS SPACES 367

(e) This is a direct consequence of claims from (a) through (d). (f) Once
again, this is true because the whole construction is independent of the exis-
tence of real structures. o

It is now time to clarify how the coisotropic subgroup L of G* is linked to the
coisotropic subgroup K of G. We will give this relation in the weak quantiza-
tion case first, and show how it improves under stronger hypothesis.

THEOREM 5.12. Let K be a subgroup of G, and let T,(K), Co(K), T4(K)
and €, (K) be weak quantizations as in Definition 3.6. Then (with notation of
Proposition 2.2)

(a)  Iy(K)" = Tq(KD)
(b)  Co(K)" = €(KW)

(c) if J(K) = (JQ(K)! )Y, then JQ(K)! = T,(K™)); in particular, this
holds if the quantization J,(K) is strict;

(@) if €= (€u(K)"), then €,(K)" = Cy(K™)); in particular, this holds

if the quantization €4(K) is strict;

(e)  claims (a—d) hold as well in the framework of real quantum subgroups.
Proof. (a) By Proposition 5.1 we already have Z,(K)" = J,(L) for some sub-
group L C G*. In order to show that L = K‘ we will proceed much like in
the proof of qu/(q —1)F,Y 2 U(g*), as given in [12], Theorem 4.7.

Let us fix a subset {j1, ..., jn} of J adapted to K as in the proof of Proposition
5.1. Let JV := (¢—1)"'J C F, and jV = (¢ — 1)"'j for all j € J. From the
discussion in that proof, we argue also that {(q — 1)7|§‘jg mod (¢—1) F,” | e€
N™}, where j¢ =T]_, §€9 is a C-basis of F”, and {3, ..., 4} isa C-basis
of t=JY mod (¢ —1)F,”.

Now, ju jv — jv ju € (q—1) J (for p,v € {1,...,n}) implies that:

dudv=dvin = (@= DXy cade + (@= 1 n + (@ = 1)
for some ¢4 € (C[q,q_l], ~1 € J and ~y, € J2. Therefore
sdd ] =0 a0 =350 = Yaiedd i+ (g1 =
= > ¢ j] mod (¢g—1)F,’
(where we set vy = (q—1) 2 € (¢—1)"° (JV)2 C F,”) thus the subspace
t:=JY mod (¢—1) F,” is a Lie subalgebra of F}" . But then it should be F}’ =2

U(t) as Hopf algebras, by the above description of F;” and PBW theorem.
Now for the second step. The specialization map 7V qu —» Y = U(t)

actually restricts to n: JV — t = JV/Jvﬂ (-1 F,') = JV/(J +JVJ),
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because JY () ((¢—1) F,’) = JY N (g—1)"' 12 = J + JVJ. Also, multiplica-

tion by (qfl)*1 yields a (C[q, qil}fmodule isomorphism pu: J——JY. Let
p: me —» me/me2 = g* be the natural projection map, and v : g* — m,
a section of p. The specialization map 7: F; — F} restricts to a map
7' J —— J/(JN(g—1) F;) = me. Let’s fix a section v : m¢— J of 7’ and
consider the composition 0 :=nopuo~vyor: g* — t: this is a well-defined Lie
bialgebra morphism, independent of the choice of v and ~.

In the proof of Proposition 5.1 we made a particular choice for the subset
{j1,---,Jn}. As a consequence, the above analysis to prove that o: g* =t
shows also that the left ideal Z;" := Z," mod (¢—1) F,” of U(t) is generated
by

N(Z") = (mop)(Zy) = (opom)(Zy) =0o(p(Z)) =c(t").

SoZ," =U(g*) - &+ = U(g*) - (¢+) = J(K)) — where we are identifying g*
with its image via ¢ — which eventually means [ = (¢1). (b) By Proposition 5.3
we have C,(K)' = €,(L) for some coisotropic subgroup L in G*. We must prove
that L = K. Once again, we mimic the procedure of the proof of Proposition
5.3, and we fix a subset {jl, e ,jn} of J as in the proof of such Proposition.
Then, tracking the analysis we did there to prove that o : g* = t, we see also
that the unital subalgebra Cy’ :=C,” mod (¢—1) F,” of U(g*) is generated by
n(Cy) = (ron)(Cq) = (copom)(Cq) = c(p(C)) = (). Thus C’ is the
subalgebra of U(g*) generated by &, hence Cy = <EJ—>Alg = U((¢"),,.) =
U({’,u)) = €(K<L>) , which means [ = (¢+), q.e.d. (¢) Thanks to Proposition
5.5 we already know that J, (K )! = Z,(L) for some coisotropic subgroup L in
G*. Again, we must prove that L = K{1). Note that we can assume K to be
connected, as its relationship with J,(K) passes through £ alone; thus in the
end we simply have to prove that [ := Lie (L) = ¢ = ¢L . taking into account
that €(-) = - because ¢ is coisotropic, by a remark following Proposition 5.10.
By assumption J,(K) = (J, (K)! )Y; this and (a) together give

jq(K) = (jq(K)') = Iq(L)Y = jq(Lu)) = jq(LL)

where Lt} = L+ because L is coisotropic as well: at ¢ = 1 this implies
¢ =1+, qed. (d) We must prove that L = K‘): as above we can assume K
to be connected, so we only have to prove that [ := Lie(L) = £+ = ¢ (as ¢
is coisotropic, by Proposition 5.11.

By assumption ¢, = (@QZ(K)ﬁ )v ; this along with (¢) gives
(T
¢(K) = (€(K)") = ¢0)" = &) = (L")
with L = Lt since L is coisotropic too: specializing at ¢ = 1, this even-

tually yields &€ = [+ . (e) This is clear again since all arguments pass through
unchanged in the real setup. o
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COROLLARY 5.13. Let Z,(K) and C4(K) be weak quantizations of a (not nec-
essarily) coisotropic subgroup K of G, of type T and C respectively. Then, with
notation of Definition 2.1, we have

(L)) =T,(K) . (C(K)") = ¢, (K) .

Proof. Theorem 5.12(a) gives Z,(K)" = J,(K+)) , and Proposition 5.10 yields

(3 (KDY = (@ (5))) = 2K = 3,(KH)

N

so that (jq (K<L>)!> = Ty (K<L>). Then Theorem 5.12 gives

3, (K9D)! = 7, (KD = 7,(K)
by Proposition 2.2. Therefore ( Y)| J (K <L>) (IO{ ) as claimed.

Similarly, Theorem 5.12(b) gives C J(K) = ¢(KY), and the first remark
after Proposition 5.10 yields

q v 9\V
(€KDY = ((€(K)7)') = Cu(k)” = €y (K™)
so that (qu (K<J—>)ﬁ) = ¢ (KU-)) . Then again by Theorem 5.12(d) we get
(~I ]
(':q(Ku_)) = CQ((K<L>)<L>) = Cq(K)

still by Proposition 2.2. Thus (Cq(K)v)ﬁ =<, (K<L>)ﬁ = Cq(IO{ ) as claimed.
O

REMARK 5.14. One might guess that the analogue to this Corollary holds true
for weak quantizations of type J and € as well: actually, we have no clue about
that, in either sense.

We now consider the “compatibility” among different Drinfeld-like maps acting
on quantizations of different types over a single pair (subgroup, space). Indeed,
we show that Drinfeld’s functors preserve the subgroup-space correspondence
— Proposition 5.15 — and the orthogonality correspondence — Proposition
5.17 — (if either occurs at the beginning) between different quantizations as
mentioned.

PROPOSITION 5.15. Let K be a closed subgroup of G, and let U and ® be the
map mentioned in §2.1. Then the following holds:
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(a) Let Cq and I, be as in Section 3. If W(Cq) =ZI,, then V(C)) =1I," .
(b) Let I, and Cq be as in Section 3. If ®(Z;) =C,4, then ®(Z,") =C4 .
(c) Let €, and Iy be as in Section 3. If ¥(&,) =Ty, then \I/(Q:;) c3,.

(d) Let 3, and €, be as in Section 3. If ®(3,) =€, then ®(J,) = ¢, .
Proof. Claims (a) and (c¢) both follow trivially from definitions.
As to claim (b), let 1 € Cf = ®(Z,)", so that A(n) e n® 1+ F, ® Z,. Then
0" :=(q—1)""y enjoys

AYen'@l+Fe(@-1)"T,Cn'el+F'e 1,

whence nV € (Fq\/)coz"Y =: ®(Z,") . Since C; is generated (as a subalgebra) by
(¢—1)"'C.h, we conclude that ¢y C ®(Z,").

Conversely, let ¢ € @(qu) . Then A(p) e p®1+ qu®qu , and there exists
n € N such that ¢y := (¢ — )" € I,, so that A(py) € F, 0L, +I,® F,
(since Z, JF,). Then

Alps) € (p+ @14 (¢ = 1)"F' @ L") N (Fy @ Iy + I, © Fy)
or equivalently
Alpy) —p4®1 € ((—D)"F/RL, VN (F, 9Ty + I, @ Fy) (5.10)
Now, the description of Z," given in the proof of Proposition 5.1 implies that
((q - 1)nFqV®IqY) N (Fq ®1,+1, ®Fq) = eI,

this together with (5.10) yields A(p.) € ¢ ®@1+F,®Z, , hence ¢, € F,“% =:
®(Z,) =C, and so ¢ € (¢—1)"C,NF,’. On the other hand, the description
of C;/ in the proof of Proposition 5.3 implies that (¢ —1)""C,NF,’ € C; ,
hence we get ¢ € C, , q.e.d.

We finish with claim (d). For the inclusion CID(Jq!) 2 quﬁ, let k € @,;'. Since
CID(Jq!) contains the scalars, we may assume that & € Ker(¢), thus A(k) =
k®1+1®kKk+0d2(k) . By Proposition 5.7, we have @;ﬂe Uj; thus A(k)—k®1 =
1@ Kk+d0(k) €U ® QZ(; , and more precisely

Alr)— k@1 =1®k+8(r) €U/ ® (€))7 .

Since ¢, C \I/(quﬁ) C J,, by claim (¢), we get A(k) —rk®1 € U/ @7, ,
SO K € (Uq') co%q = @(jq!) . Thus QZ(; C @(Jql) . For the converse inclusion,
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let n € @(Jq!) ; again, we can assume 7 € Ker(e) too. As Jq! C 34, we get
ne ®(3;) C®(3,) =¢,. Then §,(n) € U "® &, for all n € Ny, so

n—1
Su(n) € (q—1>"(z Ut V3, ® U(?‘"‘S)) NUe"Yee,) C

s=1

C (¢-1)"UP" Ve,

hence 6,(n) € (¢—1)"U2L" Ve, (neN,)and 5 € ¢,, which means that
nee,. O

REMARK 5.16. The inclusion \I/(quﬁ) C 73, of Proposition 5.15(c) is not an
identity in general — indeed, counterexamples do exist.

Finally, we look at what happens when our Drinfeld-like recipes are applied to
a pair of quantizations associated with a same subgroup / homogeneous spaces
with respect to some fixed double quantization (in the sense of Section 3). The
result reads as follows:

PROPOSITION 5.17. Let (Fy[G],Uq(g)) be a double quantization of (G,g).

Then:
(a) Let C; and J, be weak quantizations and assume that C, = I, and
Jq = CqJ‘. Then Jq! = (qu)J' and C; C (Jq! )L. If, in addition, either

i
one of C, or J, is strict, then also C; = (Jq!) .

(b) Let €, and T, be weak quantizations and assume that T, = €;° and
¢, = IqL. Then Q:; = (qu)L and I, C (C;)l. If, in addition,

i
either one of €, or I, is strict, then also Z,” = (QZ(;) .

Proof. Both in claim (@) and in claim () the orthogonality relations between €,
and Z, and between C, and J, are considered w.r.t. the pairing between Fj[G]
and U,(g), and the subsequent orthogonality relations are meant w.r.t. the

pairing between F,[G]" and U,(g)’. Indeed, by Theorem 4.1, (Uq(g)/ ,Fy [G]V)
is a double quantization of (G*, g*). (a) First, €(J4) = 0 because J, is a
coideal. Then z = d,(z) € (¢ — 1)U, for all = € 3, , hence 3, C (¢ —1)U,.
Thus we have

<Cq,3q!> C(qg— 1)C[q qil] )
Now let J = Jp, be the ideal of Fy, and take cz €C,nNJ (i=1,...,n); then
(ci, 1) = €(¢;) O (i=1,...,n). Given y € 3, , look at

<if[10i, y> < Q:% > N <§1 Ci’@g{lz,...,n}&@(y)> -

= Z < ) Cz,é\p(y)>
TC{L,...,n}\ =1
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Consider the summands in the last term of the above formula. Let |¥| =t
(t <mn), then

<4® Ci, 5\;,(y)> = <_® Ci, 5t(y)>' H <ij1>

i=1 iew 'A%

by definition of dy . Thanks to the previous analysis, we have [ [, (c;j,1) =0
unless ¥ = {1,...,n}, and in the latter case

bu(y) = only) € (4-1)" 2 U2 Ve, 0 U2M*)

The outcome is

<4§10ia y> = < .(%)lci; 5n(y)> €

n n
€ 4@101'; (qf]')

n
Ut Vg7, Uq®<”5>> =0

s=1

because y € J; and T, = CqJ‘ by assumption. Therefore one has
{q—1)"(c,NT)", jq!> = 0, for all n € Np. In addition, <1,Jq!> =
e(jq!) = 0. The outcome is <qu,3q!> = 0, whence J,; C (qu)L and
~ L

¢ < (34) .

Now we prove also (C;')™ C J, . Notice that C; D C,, whence (qu)L c
C;~ = J,; therefore (qu)L C J,. Pick now n € (qu)L (inside U,"). Since
ne U, for all n € Ny we have 6,(n) € (¢ —1)"U,®", and from 7 € (qu)L

we get also that ny = (¢ —1)""d,(n) enjoys <(CqﬂJFq )®n, 77+> =0 —
acting as before — so that

®n\T ®r 1 ®s
77+€((CqﬂJFq) ) = ). U ®(CqﬂJFq) ®@Uq

r+s=n—1

Moreover 6,(n) € Ju,®", hence d,(n) € ((g—1)"U*")NJu2" =
(g—1)"Jy, =", so

0o e ((€nIn)™) N -

:( > Uq®r®(canFq)L®Uq®s)ﬂJUq®n =

r+s=n—1

L s nee((eni ) e

r4+s=n—1
Since (CuNJr, ) N Ju, = Ci-NJu, = 34N Ju, = Jq, we have

e X JuTe3 ey

r+s=n—1
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whence

5’”(77) € (qil)n Z Uq®r® jq X Uq®s V n e N+ .

r4+s=n—1

. \ps ~ 1 ~ ~
Being, in addition, n € J,, for we proved that (qu) CJ,, weget ne Jq! .
1
Therefore (qu) C jq! , q.e.d.
Finally, assume that C, or J, are strict quantizations. Then we must still prove

that qu = (Jq! )J‘ . Since C4 = qu and J, = CqJ‘, it is easy to check that C,

is strict if and only if J, is; therefore, we can assume that J, is strict.

The assumptions and Theorem 5.11 (b) give J, = (Jq! )Y ; moreover, Z, 1= Jq!

is strict. Then we can apply the first part of claim (b) — which is proved, later
on, in a way independent of the present proof of claim (a) itself — and get

(qu)l- = (l'qJ‘)ﬁ . Therefore

¢ =0 = ((6)) = (@) = (@) - 6w

Now, it is straightforward to prove that Z, strict implies that IqL is strict as

v
well. Then Proposition 5.11(d) ensures ((IQL)ﬁ> = Iql. This along with

(5.11) yields C,” = ((IQL)ﬁ )v = I = (Jq!)l, ending the proof of (a). (b)

With much the same arguments as for (a), we find as well that

(1,7, ¢)) € (J2 Vo1, UL Vee,) C (7,,¢) =0
because Z, = QqL ; this means that
(5.12)

Let now k € (qu): (CU). Since v € U, we have §,(k) €
(¢q—1)"U,®" for all n € N; moreover, from k € (qu)l it follows that
Ky = (g —1)""8,(k) € U™ enjoys <J®(”*1) ® L, li+> =0, so that

1
Ky € (J®<”*1> ®Iq) = 3 teen 2 U @I 0U,2 0U, + U VT, .

In addition, d, (k) € JUq®” , where Jy, := Ker ( e: Uy — (C[q, q*ID ; therefore
6n(k) € ((g—1)"UL )N Ju" = (¢—1)"Ju®™, which together with the
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above formula yields

1
H+ S (J®(n_1) ®Iq) n JUq®n =

= (T merten, en, )0 mn (050 ez ) e -

r4+s=n—2

= ¥ w&e(INd,) e e, + Ve (TN ) =

r+s=n—2

= 18"V (1N I,) = Er Ve (€N Iy,) € UV e,

where in the third equality we used the fact that J* () Jy, = {0}. So k4 €
UL Y @ ¢,, hence 6,(k) € (¢—1)"U,2" V¢, forall n € Ny: thus
K € quﬁ. Therefore (qu)l- - Qqﬁ, which together with the right-hand side
inequality in (5.12) gives Qf; = (qu)J-

In the end, suppose also that one between ¢, and Z, is strict. As Z, = quJ‘
and €, = 7, , one sees easily that Z, is strict if and only if €, is; then we can
assume that €, is strict. We want to show that Z,” = (Qf; )L

The assumptions and Theorem 5.11(d) give €, = (Qf; )v . Moreover, we have
that C, is strict by Proposition 5.3(8) and Proposition 5.7 (3). Then we can

apply the first part of claim (a), thus getting (qu)J‘ = (qu_)! . Therefore

1\Y 1 Y ! Y
"= @) = ((€))) = (e)) = () 613
Now, one proves easily that C, strict implies qu‘ strict. Then Theorem 5.11(c)

yields ((CQL)’)Y = C,~. This and (5.13) give Z," = ((ch)’)Y: Ci= (e,

which eventually ends the proof of (b).

6 EXAMPLES

In this last section we will give some examples showing how our general con-
structions may be explicitly implemented. Some of the examples may look
rather singular, but our aim here is mainly to draw the reader’s attention on
how even badly behaved cases can produce reasonable results. It has to be
remarked that a wealth of new examples of coisotropic subgroups of Poisson
groups have been recently produced ([25]), to which our recipes could be inter-
estedly applied.

N.B.: for the last two examples — Subsections 6.2 and 6.3 — one can perform
the explicit computations (that we just sketch) using definitions, formulas and
notations as in [5], §6, and in [11], §7.
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6.1 QUANTIZATION OF STOKES MATRICES AS A GL—SPACE

As a first example, we mention the following. A well-known structure of Poisson
group, typically known as the standard one, is defined on SL,, ; then one can
consider its (connected) dual Poisson group SL,, , which in turn is a Poisson
group as well. The set of Stokes matrices — i.e. upper triangular, unipotent
matrices — of size n bears a natural structure of Poisson homogeneous space,
and even Poisson quotient, for SL. In [5], Section 6, it was shown that one
can find an explicit quantization, of formal type, of this Poisson quotient by a
suitable application of the QDP procedure for formal quantizations developed
in that paper.

Now, let us look at the explicit presentation of the formal quantization Uy (sl,,)
considered in [loc. cit.]. One sees easily that this can be turned into a presenta-
tion of a global quantization (of sl,, again), i.e. a QUEA U,(sl,,) in the sense of
Section 3. Similarly, Drinfeld’s QDP (for quantum groups) applied to Up(sl,)
provides a formal quantization Fj[[SL*]] := Ux(sl,)" of the function algebra
over the formal group SL. ; but then the analogous functor for the global ver-
sion of QDP yields (cf. Theorem 4.1) a global quantization F,[SL ] := U,(sl,)’
of the function algebra over SL, . In a nutshell, F,[SL ] is nothing but (a suit-
able renormalization of) an obvious C [q, q_l}fintegral form of Fy[[SL,]].
Carrying further on this comparison, one can easily see that the whole analysis
performed in [5] can be converted into a similar analysis for the global context,
yielding parallel results; in particular, one ends up with a global quantization
— of type C, in the sense of Section 8 — of the space of Stokes matrices. More
in detail, this quantization is a strict one, as such is the quantum subobject
one starts with.

Since all this does not require more than a word by word translation, we refrain
from filling in details.

6.2 A PARAMETRIZED FAMILY OF REAL COISOTROPIC SUBGROUPS

Coisotropic subgroups may come in families, in some cases inside the same con-
jugacy class (which is responsible for different Poisson homogeneous bivectors
on the same underlying manifold). An example in the real case was described
in detail in [2]. The setting is the one of standard Poisson SL2(R), which con-
tains a two parameter family of 1-dimensional coisotropic subgroups described,
globally, by the right ideal and two-sided ideal

T = {a—d+2q%ub, qyb+c}-Fq[SL2(R)] (6.1)

where a, b, ¢, d are the usual matrix elements generating F, [SLQ(R)] , with x—
structure in which they are all real (thus ¢* = ¢! ) and pu,v € R. The corre-
sponding family of coisotropic subgroups of classical SLo(R) may be described

as
— d—2pb b 2 2 _
K,, = {( b d>‘b,d€R,d +uvb =1
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(adapting our main text arguments to the case of right quantum coisotropic
subgroups, this is quite trivial and we will do it without further comments).
The corresponding S La(R)—quantum homogeneous spaces have local descrip-
tion given as follows: C,, , is the subalgebra generated by

21 = q*%(ach vbd) + 2ubc, 2z = ¢ + vd® + 2uq*%cd,

) ) o (6.2)
a” 4+ vb” 4+ 2uq” %ab .

z3

Using commutation relations — see (12) in [3] — it is easily seen that C, , has
a linear basis given by {2727, 2125 |p,q,r € N} .

PROPOSITION 6.1. The subalgebra C,, ., is a right coideal of F, [SLQ(R)] and is
a strict quantization — of type C — of K, . .

Proof. The first statement is proven in [3]. As for the second we will first show
that 2727, 2025 & (¢ — 1)F,;[SL2(R)] for any p,q,r € N. This may done by
considering their expression in terms of the usual basis {apbrcs, bk d } of
Iy [SLQ (R)} . In fact we do not need a full expression of monomials 27z} or
2P2% in terms of this basis, which would lead to quite heavy computations. It

is enough to remark that, for example, since

P25 = (q_%ac +b(vd + 2uc))p (02 + (vd + 2,uq_%c)d)T

we can get an element multiple of aPc?*?" only from (ac)----(ac)-c----c,
which is of the form ¢"a?cP*t?" ¢ F,[SLy(R)]. Since no other elements may
add up with this one, we have 2725 & (¢—1)F,[SL2(R)] . A similar argument
works for 2725 .

In a similar way we prove that any C [q, q_l]flinear combination of the z7zJ’s
and the 2{2%’s is in (¢ — 1)F,[SL2(R)] if and only if all coefficients are in

(¢ —1)C[g,q7*] . Therefore C, is strict, q.e.d. O

It makes therefore sense to compute C u?v ; to this end, we can resume a detailed

description of Ug(sly) := Fy[SL2(R)] ¥ apart for the real structure, which
is not really relevant here — from [11], §7.7. From our PBW-type basis we
have that C,Y, is the subalgebra of F, I:SLQ(R)}\/ generated by the elements

v

¢ii= q%(z% —e(z)) € Fy [SLQ(R)]V (1=1,2,3). Since we know that
-1 b d—1
Hoo—"l g b g g4t
q—1 q—1 q—1 q—1
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are algebra generators of Ug(sly) := Fy[SLa(R)] ¥ we deduce that

C_11 = ¢ PF+vE)+(g—1) (q—%H+F+q—%uEH_+2uEF)

-

G—v — 9(vH -1 2 2 -1

S = 2H 2F)+(q—1)(F +vH? +2ug 2FH_) (6.3)
C3_1 _ _1 2 2 1

S = 2(H. g 2E)+(q—1)(H++1/E +2ug 2H+E>

In the semiclassical specialization Ug(sly) 1 U, (5[2*)/(q — 1)U,(sly) one
has that £ — e, F+—f, HL — +h, where h,e,f are Lie algebra generators
of s[5 ; therefore the semiclassical limit of the right hand side of (6.3) is the Lie
subalgebra generated by f+ve, —vh+ pue, h+ pe, or, equivalently, the 2—
dimensional Lie subalgebra generated by f4+ve and h+pe (the three elements
above being linearly dependent) with relation [h+ pe,f+ve]=f+ve. The
quantization of this coisotropic subalgebra of sl is therefore the subalgebra
generated inside Uy (sly) by the quadratic elements (6.3).

Similar computations can be performed starting from 7, , . The transformed
IL, is the right ideal generated by the image of a — d + 2 q%ub and qub+ c,
i.e. the right ideal generated by Hy — H_ + 2 q%uE and quvE + F'; also, from
its semiclassical limit it is easily seen that this again corresponds to the same
coisotropic subgroup of the dual Poisson group SL2(R)".

All this gives a local — i.e., infinitesimal — description of the (2-dimensional)
coisotropic subgroups K #’LV in SL2(R)".

6.3 THE NON COISOTROPIC CASE

Let us finally consider the case of a non coisotropic subgroup. We will con-
sider the embedding of SLy(C) into SL3(C) corresponding to a non simple
root, which easily generalizes to higher dimensions. Computations will only be
sketched.
Let b be the subalgebra of sl3(C) spanned by E1 3, Fi 3, Hi3 = Hi + Hs.
Easy computations show that the standard cobracket values are

(5(E13) = FEi3 A (H1 -+ HQ) + 2F53 N\ Eqo

5(F13) = F13/\(H1 +H2)—2F23/\F12 (64)

(5(H1 + HQ) =0

and, therefore, the corresponding embedding SLo(C) «— SL3(C) is not
o]
coisotropic. To compute the coisotropic interior h of hy , consider that (H;+Hs)
[e]

is, trivially, a subbialgebra of b, thus contained in . Let X := (H; + Hz) +
aFy3 + fFy3 : then

5(X) = X/\ (H1 +H2) +2(05E23 /\E12 —5F23 /\Flg)
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[e]
shows that no such X is in §, unless a = 0 = . The outcome is that we have

0

0
o= 1 0 | ¢ SLy©)
0 ~ 1t

oS o2

with v € C*. Correspondingly
o\ L
h = ( b ) = (e12,e13,€23, f12,f13, f23, hao) ( c 5[3(6)*)

and, thus SLj ((C)*/H<L> is a 1-dimensional Poisson homogeneous space —

with, of course, zero Poisson bracket.
Let us consider now any weak quantization €,(H) of H. It should certainly
contain the subalgebra of Ug(sl3) generated by the root vectors Ei sz, Fi3,

together with K, K3 ' and j‘ng = (KlKgl - 1)/(q — 1) . The equality

A(E13) = BEig@ K1 K;'+1®E1 3+ (q—1)E12 ® Ea 3

tells us that, in order to be a left coideal, such a quantization should also
contain either (¢ —1)E1 2 or (¢ —1)Es 3 (and thus, as expected, it cannot be
strict). Let us try to compute some elements in &, (H )'. Certainly, since

52(-’%,3) = ﬁ1,3 ® (K1K;'—1) = (¢—1) ﬁ1,3 ® ﬁ1,3
we can conclude that (g — 1)]?173 € @,;,(H)ﬁ . On the other hand,
02(E13) = (- 1)E13® ﬁ1,3 +(q—1)E12® Ea 3

implies that (¢ — 1)Eq,3 & Q:q(H)<1 , while (¢ —1)?E; 3 € Q:q(H)ﬁ )
All this means the following.
Within Q:q(H)éI we find a non-diagonal matrix element of the form (¢—1)¢13:

it belong to (¢—1)U,(sl3)" but not to (q—l)Q:q(H)ﬁ, so that
4 4
C(H) N (a=1) Uylsls)” 2 (¢-1) €(H)

which means that the quantization €,(H )éI is mot strict. On the other hand, we

know by Proposition 5.7(3) that Q:q(H)ﬁ is proper. Therefore, we have an ex-
ample of a quantization (of type C, , still by Proposition 5.7(3)) which is proper,
yet it is not strict. In addition, in the specialization map = : Uq(5[3)/ —

U, (5[3)//((17 1)U, (sl3)" the element (g—1)t1 5 is mapped to zero, i.e. it yields a
trivial contribution to the semiclassical limit of €, (H )ﬁ — which here is meant
as being 7 (€y(H)') = €,(H)' / ¢ (H)' N (g — 1) Uy(sls) . With similar com-
putations it is possible to prove, in fact, that the only generating element in
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C(H )ﬁ having a non-trivial semiclassical limit is (q—1)H 1,3 . Therefore, through

specialization at ¢ = 1, from Qf(H)ﬁ one gets only ’/T(th(H)ﬁ) = (C[tg,g] : in-

deed,

this in turn tells us exactly that €,(H )éI is a quantization, of proper type,

of the homogeneous SL3(C)*space SLg((C)*/H“‘> (whose Poisson bracket is
trivial).

REMARK. It is worth stressing that this example — no matter how rephrased
— could not be developed in the language of formal quantizations as a direct
application of the construction in [5], for only strict quantizations were taken
into account there.
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ABSTRACT. Let E/Q be an elliptic curve. We investigate the de-
nominator of the modular symbols attached to £. We show that one
can change the curve in its isogeny class to make these denominators
coprime to any given odd prime of semi-stable reduction. This has
applications to the integrality of Kato’s Euler system and the main
conjecture in Iwasawa theory for elliptic curves.
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1 INTRODUCTION

Let E/Q be an elliptic curve. Integrating a Néron differential wg against all
elements in H; (E((C), Z), we obtain the Néron lattice £ of E in C. For any
r € Q, define A(r) = 2mi [__ f(7)dr where f is the newform associated to the
isogeny class of E. A theorem by Manin [12] and Drinfeld [7] shows that the
values A(r) are commensurable with Zg. In other words, if Qf and Qj are
the minimal absolute values of non-zero elements in % on the real and the
imaginary axis respectively, then

A = 2 [ " fr)dr = [rf Qb+ - Q5 i

oo

for two rational numbers [T]E, which we will call the modular symbols of E.

IThe author was supported by the EPSRC grant EP/G022003/1
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The first aim of this paper is to improve on the bound for the denominator
of [r]ﬁ given by the Theorem of Manin and Drinfeld. It is not true in general
that [r]ﬁ is an integer for all ». The only odd primes that can divide these
denominators are those which divide the degree of an isogeny E — E’ defined
over Q. Even by allowing to change the curve in the isogeny class, we can not
always achieve that the modular symbols are integers; for instance 3 will be a
denominator of [r]ﬁ for some r € Q for all E of conductor 27. However the
following theorem says that we may get rid of all odd primes p such that p?
does not divides the conductor NV of E.

THEOREM 1. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E,, which is isogenous to E over Q, such that [r]ﬁ. is a p-integer for allr € Q
and for all odd primes p for which E has semi-stable reduction.

As stated here one could take E, to be one of the curves in the isogeny class
with maximal Néron lattice. However it is a consequence of Theorem 4, which is
more precise and says that there is a curve E, whose Néron lattice is contained
in the lattice of all values of A(r) with index not divisible by any odd prime of
semi-stable reduction.

As a direct consequence of this Theorem 1, one deduces that the algebraic part
of the special values of the twisted L-series L(F,,X,s) at s = 1 are p-adic
integers for all Dirichlet characters x and all odd semi-stable primes p. See
Corollary 7.

The second part of this paper is devoted to another application of this theorem.
Let p be an odd prime of semi-stable reduction. Kato has constructed in [10]
an Fuler system for the isogeny class of E. See Section 3 for details of the
definitions. There are two sets of p-adic “zeta-elements”: First, a set of integral
zeta elements denoted by . qzm(a) in the Galois cohomology of a lattice T'f
canonically associated to f which provides upper bounds for Selmer groups.
Secondly, a set of zeta elements denoted by z, which are linked to the p-adic
L-functions. The latter are not known to be integral with respect to 7. We
will show in Proposition 8 that T is equal to the Tate module T}, F, of the
curve Fq in Theorem 1.

Let K, be the n-th layer in the cyclotomic Z,-extension of Q. Let z €
l'gnn Hl(Kn,TpE.) ® Qp be the zeta element that is sent to the p-adic L-
unction for F, via the Coleman map.

THEOREM 2. If the reduction is good at p, then z belongs to the integral ITwasawa
cohomology Jim HY(K,,T,E,).

This is Theorem 13 in the text. Actually, the proof gives a more precise result.
The global Iwasawa cohomology group H!(T,E) with restricted ramification
turns out to be very often, but not always, a free module of rank 1 over the
Iwasawa algebra of the Zy-extension. If it is free for E' = E, then the integrality
of z is easily deduced; otherwise one can show that H' (7, E,) is at worst equal
to the maximal ideal in the Iwasawa algebra and the integrality above follows
then from the interpolation property of the p-adic L-function L, (E).
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Another consequence of Theorem 1 concerns the main conjecture in Iwasawa
theory for elliptic curves. We formulate it here for the full cyclotomic Z; -
extension.

THEOREM 3. Let E be an elliptic curve and p an odd prime of semi-stable
reduction. Assume that E[p] is reducible as a Galois module over Q. Then
the characteristic series of the dual of the Selmer group over the cyclotomic
extension (@(Cpoo) divides the ideal generated by the p-adic L-function L,(E)
in the Twasawa algebra A = Z, [[Gal(Q((p~)/Q)]]-

Note that our assumptions in the theorem imply that the reduction of E at
p is ordinary in the sense that E has either good ordinary or multiplicative
reduction, because Flp] is irreducible when E has supersingular reduction, see
Proposition 12 in [22]. In the case when E has split multiplicative reduction,
we can strengthen our theorem, see Theorem 16.

This theorem was proven by Kato in [10] in the case that the reduction is ordi-
nary and the representation on the Tate module was surjective. The method of
proof follows and generalises the incomplete proof in [30], where unfortunately
the integrality issue had been overlooked.

For most good ordinary primes p for which E[p] is irreducible the full main
conjecture, asserting the equality rather than the divisibility in the above the-
orem, is now known thanks to the work of Skinner and Urban [25]. However
their proof of the converse divisibility does not seem to extend easily to the
reducible case.

Nonetheless, the above theorem has applications to the conjecture of Birch and
Swinnerton-Dyer and to the explicit computations of Tate-Shafarevich groups
as in [26]. The theorem also implies that all p-adic L-functions for elliptic
curves at odd primes p of semi-stable ordinary reductions are integral elements
in the Iwasawa algebra. See Corollary 18.
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2 THE LATTICE OF ALL MODULAR SYMBOLS

Let E be an elliptic curve defined over Q. In what follows p will always stand
be an odd prime and we suppose that E does not have additive reduction at p.
The only case for which the integrality of Kato’s Euler system may not hold
is when F admits an isogeny of degree p defined over QQ; so we may just as
well assume that we are in this “reducible” case. All conclusions in this section
and in the rest of the paper are still valid without this assumption, however
they are not our original work but rather well-known results. Denote by N the
conductor of E.

In the isogeny class of F there are two interesting elliptic curves. The first
is the optimal curve Ey with respect to the modular parametrisation from

DOCUMENTA MATHEMATICA 19 (2014) 381-402



384 CHRISTIAN WUTHRICH

the modular curve Xo(NN), which is also often called the strong Weil curve.
The second is the optimal curve F; with respect to the parametrisation from
X1(N). The definition of optimality is given in [28], for instance the map
Hi(Xo(N)(C),Z) — H1(Eo(C),Z) is surjective. Another interesting curve is
the so-called minimal curve (see [28]), which is conjecturally equal to Ey, but
we will not make use of it in this article. Recall that a cyclic isogeny A — A’
defined over Q is étale (this is a slight abuse of notation, we should say more
precisely that it extends to an étale isogeny on the Néron models over Z) if the
pull-back of a Néron differential of A’ yields a Néron differential of A.

Let f be the newform of level N corresponding to the isogeny class of E. We
write wy = 2mif(T)dr = f(q)dq/q for the corresponding differential form on
the modular curve X;(N). For any curve A in the isogeny class of E, we define
the Néron lattice £ to be the image of

/wA: Hl(A((C),Z) —-C

where w4 is a choice of a Néron differential. We denote by %, and £ the
lattices £, and Zg, respectively. Then £ is defined to be the lattice of all
fv wy where v varies in H; (Xl(N), Z). Finally, we define

- {wa e 0 (X (N)(©). fowsps). 2) .

obtained by integrating wy along all paths between cusps in X;(N). This is
the lattice of all modular symbols attached to f. By the Theorem of Manin—
Drinfeld jf is a lattice with jf C ZyQ. In fact, we know that all the
lattices above are commensurable and we view them now as Z-modules inside
V=2 Q.

THEOREM 4. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E,/Q in the isogeny class of E whose lattice Ly = Lp, satisfies Ly @ L, =
jf ®Zy, inside VRQ, for all odd primes p at which E has semi-stable reduction.
Moreover the cyclic isogeny from Ep to Ee is étale.

Alternatively, we could also say that the index of %, C jf is coprime to
any odd prime of semi-stable reduction. We should also emphasise that the
statement does not hold in general for primes p of additive reduction or for
p = 2. Counter-examples for these will be provided later. The proof will
require some intermediate lemmas.

LEMMA 5. Let A/Q be an elliptic curve and let p be an odd prime. Suppose P
s a point of exact order p in A, defined over an abelian extension of Q which
is unramified at p. Then the isogeny with kernel generated by P is defined over

Q.

Proof. Let G be the Galois group of Q(A[p]) over Q. Let H be the subgroup
corresponding to the field of definition Q(P) of P. Then H is a normal subgroup
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of G with abelian quotient. In any basis of A[p] with P as the first element,
the group H is contained in (§ #) when we view G as a subgroup of GLy(F)).
Let S = GNSLz(F;) be the kernel of the determinant G — F,. Hence HNS is
contained in the subgroup of matrices of the form (§ 7). So we have two cases to
distinguish. Either HN.S is equal to the cyclic group of order p of all matrices of
this form or it is trivial. But note first that the Weil pairing implies that Q(s,)
is contained in Q(A[p]). So G/S is isomorphic to F)* via the determinant.
Since Q(P) is unramified at p, it must be linearly disjoint from Q(y,). For our
groups, this means that HS = G. Hence H/(H N S) = G/S =TF.

Case 1: H N S is equal to the cyclic group of order p generated by ({1).
The above then implies that H is equal to the subgroup of all matrices ({ #).
Now G is contained in the normaliser of this group H inside GLo(F)), which is
easily seen to be equal to the Borel subgroup of matrices of the form (§ ). In
particular, the subgroup generated by P is fixed by G.

Case 2: H intersects S trivially. Then Q(A[P]) is the composition of Q(y;)
and Q(P). Hence G is the abelian group H x S. Note that H is now a cyclic
group of order p — 1. Let h be a non-trivial element of H C {({*)} . It
has two eigenvalues, one equal to 1 and the other A must be different than
1 as otherwise h would belong to S. Let @ € A[p] be an eigenvector for h
with eigenvalue A and use the basis {P,Q} for A[p]. For H to be an abelian
subgroup of {({ %)} containing the element h = (), it is necessary that H
is contained in the diagonal matrices. Therefore H is the group of all matrices
of the form (}2).

We know that S has to commute with H. It is easy to see that this implies
that S is contained in the group of matrices of the form (g ; /a) It follows that
G is contained in the diagonal matrices. Once again the isogeny defined by P

is fixed by G. O

If A is an elliptic curve defined over Q, we know by [2] that there is a non-
constant morphism of curves ¢,: Xo(N) — A defined over Q. We normalise
it by requiring that it is of minimal degree and that the cusp oo maps to
O € A(Q). Tt is well-defined up to composition with an automorphism of A.

DOCUMENTA MATHEMATICA 19 (2014) 381-402



386 CHRISTIAN WUTHRICH

LEMMA 6. Let A/Q be an elliptic curve and let p be an odd prime such that A
has semi-stable reduction at p. Let r € Q represent a cusp on Xo(N) such that
the image @ (r) in A(Q) has order divisible by p. Let P € A(Q) be a multiple
of wa(r) which has exact order p. Then the isogeny with kernel generated by P

is €tale and defined over Q.

Proof. Let D be the greatest common divisor of the denominator of r and N.
Next, let d be the greatest common divisor of D and %. So by definition d is
only divisible by primes of additive reduction and hence it is coprime to p. By
the description of the Galois-action on cusps of Xy (V) given in Theorem 1.3.1.
in [27],we see that the cusp 7 on Xo(N), and hence its image in A(Q), are
defined over the cyclotomic field K = Q(¢4). The previous Lemma 5 proves
that the isogeny generated by P is defined over Q. Since the kernel acquires a

point over an extension which is unramified at p, it has to be étale. o

Proof of Theorem 4. The lattice ,,?f is the set of all values of integrating wy =
2mif(r)dr as T runs along a geodesic from one cusp 1 € Q to another ro € Q
inside the upper half plane. So it is also the set of all f,y wy as 7y varies in

Hi(Xo(N),{cusps}, Z). We are allowed to switch here from X;(N) to Xo(N)
and to identify wy on both of them as the pullback of wy under X1 (N) — Xo(V)
is again wy because it is determined by the g-expansion of f.

The Manin constant cg for the optimal curve Ejy is an integer such that ¢f(wo) =
co - wf, where @o: Xo(N) — Ep is the modular parametrisation of minimal
degree and wy is a Néron differential on Fy. One can choose ¢ and wq in such
a way as to make ¢y > 0. It is known that ¢y is coprime to any odd prime for
which E has semi-stable reduction. For this and more on the Manin constant
we refer to [1]. From the description of optimality above, we can deduce that
co - L5 = £ and hence that ¢ -,,?f 0 %.

To start, we set A to be the optimal curve Fy. We shall successively re-
place A by one of its quotients by an étale kernel until we reach E,. Pick
an odd semi-stable prime that divides the index 74 of £ in ¢ - jf. The
modular parametrisation ¢,: Xo(N) — A factors through Ey. The quotient
(cojf)/fA is generated by the images ¢, (r) € A(C) = C/.Z4 of all cusps r in
Xo(N). So we find a cusp r whose image in A(Q) has order divisible by p. We
can now apply Lemma 6, which gives us an étale isogeny A — A’ such that the
index of Z4 in cojf is now ig = i4/p. We replace now A by A’ and repeat
the procedure until the index 74 is coprime to all odd semi-stable primes. By
the above mentioned property of ¢y, we now have £4 ® Z, = jf ® Zy, for all
odd semi-stable primes

By construction, A is now an étale quotient of Ey. We consider the isogeny
E; — Ey — A. The cyclic isogeny E; — Ej has a constant kernel and hence
it is étale over Z[3], as explained in Remark 1.8 in [29]. If it is étale over Z,
we can set Eo = A and we are done. Otherwise, there is an isogeny Fo — E{
whose degree is a power of 2 such that the cyclic isogeny from E; to Ej is étale.
Since the degree of Ey — A is odd by construction, there is an isogeny A — E,
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of the same degree as Ey — E|) such that E; — F, is étale. O

For any A in the isogeny class of E, we write Q7 for the smallest positive real
element of .Z4 and Q2 for the smallest absolute value of a purely imaginary
element in .Z4. For any r € Q, the modular symbols [r]* € Q attached to A
are defined by

] = ém(/:owf) and ] = éxm(/fwf).

Then our theorem tells us that [r]* will have denominator coprime to any
odd semi-stable prime for the curve E,. In particular, it is obvious from the
construction (see [14]) of the p-adic L-function by modular symbols that it will
be an integral power series in Z,[T] for ordinary primes p. However this also
follows from Proposition 3.7 in [9] and the fact that Ey — E, is étale.
A reformulation of the theorem is the following integrality statement.

COROLLARY 7. Let E be an elliptic curve over Q and p an odd prime for which
E has semi-stable reduction. Then there is a curve Eo which is isogenous to E
over Q such that for all Dirichlet characters x we have

oF € Zy[x] if x(=1) =1 or
G(X)'.L(F"X’l) € Zy[x] if x(=1) = -1
ZQE.

where Zy[x] is the ring of integers in the extension of Q, generated by the values
of x and G(x) stands for the Gauss sum.

Proof. This follows from the formula of Birch, see formula (8.6) in [14]:

L(E,X,l):% > x(a)(/:o wf)

a mod m /m

where m is the conductor of . o

2.1 THE SEMI-STABLE CASE

Let E/Q be an elliptic curve with semi-stable reduction at all primes. Hence
N is square-free. So d in the proof of Lemma 6 is equal to 1 for all cusps and
hence they are all defined over Q. By Mazur’s Theorem [13], we may obtain
E, satisfying ,,?f ® Z[] = Z ® Z[%] by taking the quotient of Ey only by at
most a p-torsion point defined over QQ for some p = 3, 5 or 7. In particular,
if Eo(Q)[3-5-7] = {O}, then E, = Ejy. If instead, there is a rational torsion
point of odd order, then we might have to take the isogeny with kernel Fo(Q)][p].
Nonetheless the curve labelled 66¢1 in [5] shows that in some examples we can
have E, = Ej even when Ejy has a rational 5-torsion point.
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2.2 EXAMPLES

We can present here a few examples; in all of them we know that ¢y = 1.
Throughout, we use the notations from Cremona’s tables [5]. First, for the
class 11a and p = 5, we find that Fy =11a3, Ey =11al, and E, =11a2 and the
étale isogenies F1 — Ey — E, are all of degree 5. To justify this, one has to
note that L(f,1) = IQE and so [0]T = § for Ey. Hence the lattice 2 has
index at least 5 in .%.
For the class 17a, the curve Ey =17al has Mordell-Weil group E(Q) = %/y7.
The optimal curve E; corresponds to a sublattice of index 4 in % and it is the
minimal curve 17a4. It is easy to compute the modular symbols for f. Since
L(f,1) = IQ(J{, we find that ff has index at least 4 in %. In fact, .Zf is the
lattice ,,2”17.(13 This shows that the above lemma is not valid for p = 2.
In the class 91b, we find that Ey and E; are equal to 91b1, which has 3-torsion
points over Q. It turns out that E,, which is equal to 91b2, has a 3-torsion
point as well. So it is not true in general that Fo(Q) has no p-torsion even
when it is different from Ej.
Now to elliptic curves, which are not semi-stable. The class 98a is the twist of
14a by —7. This time the lattice .ZF is equal to the lattice of 98a5, which has
the same real period as Ey, but the imaginary period is divided by 9. Both Ejy
and E, have only a 2-torsion point defined over Q. The two cyclic isogenies of
degree 3 acquire a rational point in the kernel only over Q(v/—7).
For the curves 27a, which admit complex multiplication, we find that jf =
%,,2”0. The same happens for 54a. However in both cases E does not have
semi-stable reduction at p = 3. This shows that the lemma and theorem can
not be extended to primes p with additive reduction.

3 KAT0’S EULER SYSTEM

Let E/Q be an elliptic curve and p an odd prime. Suppose E has semi-stable
reduction at p. Since we are mainly interested in the case when E[p)] is reducible,
we may assume that the reduction at E is ordinary.

We now follow the notations and definitions in [10]. As before f is the newform
of weight 2 and level N associated to the isogeny class of E. Define the Q-
vector space Vo, (f) as the largest quotient of Hj (Yl( ),Qp) on which the
Hecke operators act by multiplication with the coeﬂiments of f. Further the
image of HY (Y1(N),Zy) in Vg, (f) is a Gal(Q/Q)-stable lattice, denoted by
Va, (f)-

PROPOSITION 8. We have an equality of Gal(Q/Q)-stable lattices Vz, (f)(1) =
T,E, inside Vg, (f)(1).

Proof. We consider first the version with coefficients in Z rather than in Z, as
in 6.3 of [10]. We define Vg(f) as the maximal quotient of H'(Y1(N)(C),Q)
and Vz(f) as the image of H'(Y1(N)(C), Z) inside V(f). By Poincaré duality,
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we have

HY(Y3(N)(C), Z) = Hy (X, (N)(C), {cusps}, Z)

as in 4.7 in [10]. Now let ¢1: X3(N) — E; be the optimal modular
parametrisation. The optimality implies that ¢, induces a surjective map from
H; (Xl((C),Z) to Hy (E1 ((C),Z). Hence we may identify Vo(f) via ¢1 with
H, (E1 ((C),Q). Under this identification, the lattice Vz(f) is mapped to the
image of the relative homology Hi (X1(N)(C),{cusps},Z). It contains the lat-
tice Hy (E1 (C), Z). Through the map integrating against the Néron differential

w1 of Eq, the lattice Vz(f) is brought to clﬁf containing £, where ¢ is the
Manin constant of ¢, i.e. the integer such that ¢} (w1) = ciwy. Since ¢; is a
p-adic unit by Proposition 3.3 in [9], our Theorem 4 shows that

Va(f)©Z, = Hi (E(C),Z) @7, inside Vo(f)®Q, = Hi(E1(C),Q) @Q,.

Following 8.3 in [10], we can identify V7 (f) with Vz(f) ® Z, through the
comparison of Betti and étale cohomology. We identify again Vg, (f) with
H}, (E1,Qp) through ¢; and we obtain that

€
Vi, (f) = Hi (Ee,Zp) 2 TyEe(—1) containing HE (Er,Zy) = TpE(—1)

at least as Z,-lattices inside Vg, (f). But the Galois action is the same on both
Vz, (f) and T, (Ee)(=1). O

From now on we will denote this lattice in our Galois representation simply
by T' = Vz,(f)(1) = TpE,. Kato constructs in 8.1 in [10] two sets of p-adic
zeta-elements in the Galois cohomology of T'. First, let @ and A > 1 be two
integers. Then there is an element

c,dzm(%) = C,dzv(fz)) (fa 1,1, a(A),primeS(pA)) € Hélt (Z[%, Cm]vT)

for all integers m > 1 and integers ¢, d coprime to 6pA. They are linked to the
modular symbol obtained from the path from 4 to oo in the upper half plane.
Also, (,, is a primitive m-th root of unity.

Secondly, for any « € SLy(Z), there are elements

eazm(@) = c.az® (f,1,1, a, primes(pN)) € HY (Z[%, ¢, T)

for any integer m > 1 and integers c = d =1 (mod N) coprime to 6pN. They
are linked to the image under « of the path from 0 to co in the upper half
plane.

The advantage of these integral elements (with respect to our lattice T') is that
they form an Euler system (13.3 in [10]). Namely by fixing «, ¢ and d as above,
the elements (dem(a))m form an Euler system.

Out of the above elements for m being a power of p, Kato builds the zeta-
elements that are linked to the p-adic L-functions. We denote by

A =7, [[Gal(Q(¢~)/Q)]] = lm7Z, [Gal(Q(¢)/Q)]
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the Iwasawa algebra of the cyclotomic Z;-extension of Q. Then we have the
following finitely generated A-module

HY(T) = lim H, (Z[Gpr, 3], T) = lim H' (G (Q(Gpr), T),

where ¥ is any set of primes containing the infinite places and those dividing
pN and Gx(K) is the Galois group of the maximal extension of K which is
unramified outside ¥. See Section 3.4.1 in [17] for the independence on X. For
each v € T', there is a

2 = 2P € H(T) ® Qp = lim H (Z[3, (0], T) © Q.
n

In fact, they are defined in 13.9 in [10] as elements in the larger H*(T) ®x
Frac(A) as they are quotients of elements of the form . 4z, (c) by certain ele-
ments p(c,d) in A. However Kato shows in 13.12 that they belong to the much
smaller H'(T') ® @), by comparing them with elements of the form ¢ gzpn (%).
See also appendix A in [6] for more information about the division by u(c, d).

3.1 CRITERIA FOR THE IWASAWA COHOMOLOGY TO BE FREE OVER THE
IWASAWA ALGEBRA

The A-module H(T) is torsion-free of rank 1 as shown in Theorem 12.4 in [10].
If E[p] is irreducible, then Theorem 12.4.(3) shows that H*(T) is free. In this
section we gather further cases in which we can prove that H'(T) is free or
otherwise determine how far we are off from being free. When it is free one
deduces that z, integral for all v € T'. We will later turn back to this question
in Section 3.3

LEMMA 9. Let p be an odd prime of semi-stable reduction. If the Xy-optimal
curve Egy has no rational p-torsion point, but the degree of the cyclic isogeny
from Eq to E, is divisible by p, then HY(T) is free of rank 1 over A.

This lemma is essentially about curves that are not semi-stable. It applies to
all twists of a semi-stable curve by a square-free D # +p. This follows from the
fact that for semi-stable curves a result by Serre [24, Proposition 1] and [22,
Proposition 21] shows that E[p] is an extension of Z/pZ by p[p] or an extension
of plp] by Z/pZ.

Conversely, if Ey has a point of order p > 2 defined over Q, then it has semi-
stable reduction at all places, except for p = 3 when we could have fibres of
type IV or IV*.

Proof. We claim that under our hypothesis, the Mordell-Weil group F, (Q((jp))
contains no p-torsion points. Let ¢: A — A’ be a cyclic isogeny of degree p
in the isogeny Ey — Eo and assume by induction that A has no torsion point
defined over Q. From the proof of Theorem 4, we know that A[¢] acquires
rational points over Q(¢4) with d | N as in the proof of Lemma 6. In particular
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p does not divide d and so A[¢] will not contain a rational point defined over
Q(¢p); neither will A’[¢] as it is its Cartier dual. This means that the semi-
simplification of A[p| is the sum of two distinct characters with conductor
divisible by a prime different from p. Hence A and A’ both have no p-torsion
point defined over Q(¢p).

One way to prove the lemma is by adapting Kato’s argument at the end of
13.8. The argument works as long as the twisted F,, () does not appear in E[p]
as a Galois sub-module. Instead we give a second proof here.

Let I' = Gal(Q((p~)/Q(¢p)). Using the Tate spectral sequence [15, Theorem
2.1.11] we see that H*(T)r injects into H'(Gx(Q((p)),T) via the corestriction
map. Now the torsion subgroup of the latter is equal to the torsion subgroup of
@E(Q(gp))/p", which is trivial if E(Q(Cp)) has no p-torsion. Hence H*(T)r
is a free Z,-module.

Choose an injection ¢: H'(T') — A with finite cokernel F. We deduce an exact
sequence

0——F'——HY(T)r Ar Fr 0

Since H(T)r is torsion-free, we obtain that F'' = 0. Since F is finite, F- is of
the same size. But by Nakayama’s Lemma Fr = 0 implies that F' = 0. Hence
HY(T) is A-free. O

We refine our analysis of H!(T') now a bit for the remaining cases. Any A-
module M comes equipped with an action by the group A = Gal(@(@,)/@)
and we split M up into the eigenspaces M = @f:_(? M; where A acts on M; =
M (—4)® by the i-th power of the Teichmiiller character. Now M; is a A(T) =
Zyp[T']-module.

LEMMA 10. Let ¢: E — E’ be an isogeny whose kernel has a point of order p
defined over Q. Then HY(T,E); and HY(T,E’); are free of rank 1 over A(T')
for all 1 < i < p—2. Furthermore HY(T,E); and HY(T,E")o are also free of
rank 1. The remaining H (T,E)o and H'(T,E’)1 are either free of rank 1 or
there is an injection into A(T") with image equal to the maximal ideal.

Proof. We have two short exact sequence

0 T,E—~T,5 2 0
0 Hp T,E 3 T,E 0
which induces two exact sequences
0 — = HY([,E) —2> HY(T, ') — H'(,z) (*)

H! (1) <— HI(T, E) ~— H\(T,E') ~——0.
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Here the last terms are the projective limits as n tends to infinity of the
groups H' (G (Q((pn)), Z/pZ) and of H' (G (Q((pn)), plp]) respectively. Since
p = 3, 5 or 7, the class group of Q((y») has no p-torsion and hence
HY(Gx(Q(¢pn)), u[p]) is the quotient of the global ¥-units by its p-th powers.
Lemma 4.3.4 and Proposition 4.5.3 in [4] show that H(u[p]) = F,(1) ® AT /p
as a A = Zy[A][I']-module, where AT the part of A fixed by complex conju-
gation. Also we have HY(Z/pZ) = H'(u[p])(—1) = F, & A~ /p. Because the
composition of ¢ and qB is the multiplication by p, the cokernels of the end
maps of the two exact sequences (*) above have to be finite because H' (T, F)
and H'(T,E') are known to be torsion-free A-modules of rank 1.

If 7 is not 0 or 1, then the argument in the proof of Lemma 9 applies to show
that H'(T,E); and HY(T,E’); are both free since the p-torsion subgroup of
E(Q(¢p)) and E'(Q(p)) have trivial i-th eigenspace under the action of A.
Let now i = 0 and set A = H(T,E)o and B = H'(T,E')o. In the case i = 1,
we would just swap the roles of A and B. The exact sequences (*) show that
¢: A — B has finite cokernel of size at most p and that <zgz B — A has cokernel
in A(T)/p = Fp[I']. Choose an injection ¢: B — A(T') with finite cokernel F.
We now view B via ¢ and A via ¢ o as ideals in A(T') of finite index. The map
<ZA): B — A becomes the multiplication by p.

Let I be the kernel of the map A(I') — Z, sending all elements of I" to 1. Then
we obtain the exact sequence

0 Fr AJIA AT F/IF 0.

Again if A/TA = Ar is Z,-free, then A is A(T")-free and since A — B has finite
cokernel, then B has to be free, too. Assume therefore that A/ITA is not free.
We know that A/IA injects into H'(Gx(Q),T,E) whose torsion part is the
p-primary part of F(Q). Hence it is at most of order p. We conclude that F©
and Fr are both of order p under our assumption. Hence A/TA = %)y @ Z,
and we can take p+ I A to be the generator of the free part. Let a € A be such
that a + I A is a generator of the torsion part. It must lie in I but not in I A.
By Nakayama’s Lemma p and a generate the ideal A. Consider now the exact
sequence
0——pA(T")/pB——A/pB——=A/pA(T)——0

where the middle term is a finite index sub-A(T")-module of A(T")/p. But a such
does not have any finite non-zero sub-modules. Hence pA(T") = pB shows that
B is A(T')-free of rank 1. Since the smaller ideal A has index p it has no choice
but to be the maximal ideal of A(T"). O

Here is an example for which H*(T,E) is not free. The semi-stable isogeny
class 11a contains three curves

By = 11a3— > Ey = 11al—Y > F, = 1122

where the direction of the arrow is the isogeny with kernel Z/pz with p = 5.
While E; and Fy have rational 5-torsion points, the Mordell-Weil group of F,
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over Q is trivial. Hence by the proof of Lemma 9, we see that H'(T,E,)o is
A(T)-free. This lemma does not apply to Ey, however Lemma 10 does and
shows that H' (T}, Ep)o is also A(T')-free. We will now show that H!(T,E ) is
not free.

For this we continue the first exact sequence in (*) as follows

H' (TpE1)0—¢>H1 (TanO)o—>]1*"p—>HQ(TzoEl)oi>H2 (TpEo)o

where H?(+) stands for the projective limit of H?(Gx(Q((pn)), -). Our aim is to
show that ¢ is injective. Let Z, ; be the projective limit of H?(Qy(Cpn ), T Ei),
as n — oo and consider the localisation maps

0——=Y) —=H*(T,E1)o — Dex Zo1 —

.

0 —— Yy —=H*(T,Ey)o — D5 Zvo —

By global duality the kernels Y; and Y, are fine Selmer groups which we will
properly define in Section 4; for our purpose here it is sufficient to say that
they are both trivial in our example. To show that ¢ is injective it is sufficient
to show that ¢: Z, 1 — Z, is injective for all v € ¥ = {5,11}. Local duality
shows that Z, ; is dual to the p-primary part of the group of points of E; over
Qu(¢p=)?. Hence we want to show that for all v € {5,11} the map

‘ZB: Ey (@v(CPW)A)[pOO] — Ey (@v(CPW)A)[pOO]

is surjective. First for v = 11 where both curves have split multiplicative
reduction; however the Tamagawa number for Ey is 5 while it is 1 for F;. We
conclude that the p-primary part of E((@H(Cg,oo)) is isomorphic to Q,/Z, for
E = Ey and it is equal to Q,/Z, & Z/pZ for E = E;. The map  is easily seen
to be surjective by looking at the 5-torsion points over Q.

Next for v = 5, where the reduction is good ordinary. Here the p-primary parts
of both groups of local points are equal to #/5z. This follows from the fact that
the formal group of these curves have torsion group isomorphic to pp~ which
has no A-fixed points and from the existence of the rational 5-torsion points
over Qs.

This ends the proof that H'(T,E ) is not free but equal to the maximal ideal
as shown in Lemma 10. Note that the same argument won’t work for ¢, because
1& is not surjective locally on the p-primary part neither at v = 5 nor at v = 11.

3.2 LINK TO THE p-ADIC L-FUNCTION

For any extension K/Q,, we write H}(K7 T) for the Bloch-Kato group of local
conditions. The quotient group H} (K, T) = H'(K,T)/H (K, T) is in fact dual
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to Fe(K) ® Qp/Z, by local Tate duality. We set H(T") to be the projective
limit of H}(Q,((pn),T), which is a A-module of rank 1.

Perrin-Riou has constructed a Coleman map Col: H!(T) — A. Proposition
17.11 in [10] shows that the Coleman map Col: H(T) — A is injective and
has finite cokernel if the reduction of E at p is good. The same proof also
applies when the reduction is non-split multiplicative. Instead in the case when
E has split multiplicative reduction, then Theorem 4.1 in [11] proves that the
Coleman map Col: HL(T) — A is injective and has image with finite index
inside I = ker(]l: A — Zp) where the map 1 sends all elements of the Galois
group Gal(Q(¢y=)/Q) to 1. Extend Col to an injective map Col: H!(T)®Q, —
A®Q,.

Choose v € T such that v = y© + v~ with v* being Z,-generators of the
subspaces T* on which the complex conjugation acts by +1. We now apply
Theorem 16.6 in [10] with this “good choice” of v and with the “good choice”
of the Néron differential w = wg, in the terminology of 17.5. Consider the zeta
element z = 2, € HY(T') ® Q,. The theorem yields

Col(loc(z)) = Ly(E,) € A,

where loc: HY(T) ® Q, — H(T) ® Q, is the localisation followed by the
quotient map.

Let Zr = Z(f,T) be the A-module generated by z, in H'(T) ® Q, and let Z
be the A-submodule of H'(T') generated by all (cazpn (@), and (c.azpm (%)),
where ¢, d, a, A and « run over all permitted choices in the construction of
these integral elements. Then Theorem 12.6 in [10] states that Z is contained
in Zp with finite index. Here it is crucial that we work with exactly the lattice
T =Vz,(f)(1). Kato allows himself the flexibility of twists by the cyclotomic
character and works with Vz, (f)(r); we only need r = 1 here.

Since H'(T) is A-torsion-free, there is an injective A-morphism ¢: HY(T') — A
with finite cokernel. The linear extension ty: H'(T) ® Q, = A ® Q, sends Zr
to a sub-A-module J. This J contains the integral ideal «(Z) C A with finite
index. Hence J itself is an integral ideal in A. Write A = 14(2z) € J.

LEMMA 11. For any k > 0 such that p*Zr C Z, the index of p*=z in HY(T),
defined as

I =ind, (p*z) = {w(pkz) ‘ (NS HomA(Hl(T),A)},

satisfies Iy = Ay for all height one prime ideals p of A that do not contain p.

Proof. Let p Z p be prime ideal of A of height 1. Because ¢ has finite cokernel,
we have H'(T'), = A, via ¢. Hence

1, = {0(p*2) | v € Homy, (H'(T),, Ap) }

{Z/E(L(pkz)) ‘ 1/; € Homay, (ApaAp)}
L(pF2)Ap = pPAA, = AA,.
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because p does not belong to p. O

3.3 INTEGRALITY OF zy

Recall first how Kato deduces the integrality of his second set of zeta-elements
in the case E[p] is irreducible.

LEMMA 12. If HY(T) is free over A then z., € HY(T) for ally € T.

Proof. This is 13.14 in [10]: For every prime ideal p of height 1 in A, we have
(Zr)y C HY(T), since Z has finite index in Z7. Hence Z7 ¢ HY(T). O

We will concentrate here on one case that interests us most. Let zg be the core-
striction of z from H*(T) to H'(T)o, which is the limit Jim H'(Gx(K,),T)
as K, increases in the cyclotomic Z,-extension of Q.

THEOREM 13. Let E/Q be an elliptic curve and p an odd prime at which E
has good reduction. Then zo belongs to H(T)o.

In other words z( is integral with respect to the Tate module of E,.

Proof. First, we may apply the idea of the proof in Lemma 9, to conclude
that H = HY(T)y is free over A(T') if Fo(Q) has no p-torsion point. If so the
previous lemma shows that zg lies in H.

Assume now that E, admits a rational p-torsion point. Let ¢: Ey — E’ be
the isogeny whose kernel contains the rational p-torsion points. We apply
Lemma 10 to see that either H is free or it injects into A(I") with index p. As
the former case is done with the previous lemma, we assume that we are in the
latter. We know already that the Coleman map Colp: H — A(T') is injective
with finite cokernel. Now, since H is isomorphic to the maximal ideal, the
image of Colg has to be equal to the maximal ideal of A(T"). Therefore if z¢ is
not integral, the image Coly(loc(zo)) = Ly(Ee)o € Ag = A(I') must be a unit.
However the interpolation property of the p-adic L-function tells us that

1(Ly(E)o) = (1=a™")” - [0]f,

where « is the unit root of the characteristic polynomial of Frobenius and the
map 1: A(T') — Z, sends all elements of I" to 1. Since we have a p-torsion point
on the reduction of F, to IF},, the valuation of 1—a~'is 1. By construction of E,
the modular symbol [O]JEC. is a p-adic integer. Therefore the p-adic L-function
cannot be a unit. Hence z( is integral. O

4 THE FINE SELMER GROUP

Let E be an elliptic curve with a p-isogeny for an odd prime p. In this section,
we do not need any condition on the type of reduction at p. We define the fine?

2This group is sometimes called the “strict” or “restricted” Selmer group.

DOCUMENTA MATHEMATICA 19 (2014) 381-402



396 CHRISTIAN WUTHRICH

Selmer group R(E/Q((pn)) as the kernel of the localisation map

Hl(Gg(Q(gpn)),E[p‘X’])—> SY Hl(Qv(Cpn),E[p""])

vEX

where the sum runs over all places v in Q({p~) above those in 3. It is indepen-
dent of the choice of the finite set X as long as it contains p and all the places
of bad reduction. By global duality it is dual to the kernel

H2 (G (Q(Gr)) TpE ) —= B H? (Qu(Gr), T, ).

The Pontryagin dual of the direct limit of the groups R(E/Q(({p»)) will be
denoted by Y (E); it is a finitely generated A-module. Theorem 13.4.1 in [10]
proves that Y(F) is A-torsion.

LEMMA 14. Let E be an elliptic curve and p an odd prime such that E admits
an isogeny of degree p defined over Q. Then the fine Selmer group Y(E) is a
finitely generated Z,-module.

Proof. Let ¢: E — E’ be an isogeny with cyclic kernel E[¢] of order p defined
over Q. The extension F' of Q fixed by the kernel of py: Gy (Q) — Aut (E[d)])
is a cyclic extension of degree dividing p — 1. Let G be the Galois group
of K = F((p) over Q((,). Over the abelian field K, the curve admits a p-
torsion point. We can therefore apply Corollary 3.6 in [3] (a consequence
of the Theorem of Ferrero-Washington) to the dual Y(E/K) of the Selmer
group over the cyclotomic Z,-extension Ko, = K((p) of K. This proves
that Y (E/Ko) is a finitely generated Z,-module. Then we have the following
diagram

00—y (B Ky — H' (Gs(Ku), Ep™))*
i |
0 Y(E) HY (G5 (Q(¢)), E[p™])

T

HY(G, E(Kx)[p™])

and since the group G is of order prime to p, the kernel on the right is trivial.
We deduce that the left hand side is injective, too, and hence that the dual
map Y (E/K) — Y (E) is surjective. Therefore Y (E) is a finitely generated
Zp-module. o

For any torsion A-module M, we define the characteristic series charp (M) as
the product of the ideals p'* where I, = length (M) as p runs through all
primes of height 1 in A.

Recall that we have defined A = (y(z) as an element in J C A just before
Lemma 11.
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PROPOSITION 15. Suppose E does not have additive reduction at p. Then the
characteristic series chary (Y (E)) divides A A.

Proof. We will first prove this proposition in the case E is the curve E, in
Theorem 4. With a sufficiently large choice of k, the element p*-z € ZNH(T)
extends to an Euler system for T as in [21]. Since the representation p, is not
surjective, the FEuler system argument gives us only a divisibility of the form

chary (Y (E)) divides J -indp (pkz)

for some ideal J of A which is a product of primes containing p, see Theorem
2.3.4 in [21] or Theorem 13.4 in [10]. By Lemma 11, we know that ind (p*z) =
J'A A for some ideal J’ which is a product of primes containing p. The previous
lemma shows that chara (Y (E)) is not divisible by any prime ideal containing
p, so the proposition follows for F,.

Now an isogeny E — F, can only change the p-invariants of the dual of the
fine Selmer groups, i.e. only by ideals containing p, but the previous lemma
shows that they are zero for all curves in the isogeny class. O

5 THE FIRST DIVISIBILITY IN THE MAIN CONJECTURE

Let E be an elliptic curve defined Q such that E[p] is reducible for some odd
prime of semi-stable reduction. Recall that this implies that the reduction of
E at p can not be good supersingular. The Selmer group E over Q({pn) is
defined as usual as the elements in H*(Gx(Q((pn)), E[p™]) that are locally in
the image of the points. It fits into the exact sequence

0——=R(E/Q(Cpr)) — Sel(E/Q(Gpr)) —=H' (Qp(Cpn), E[p™]).

We denote the dual of the limit of the Selmer group by X (FE); it is a finitely
generated A-module. If the reduction is good ordinary, Theorem 17.4 in [10]
shows that X (FE) is A-torsion. The same conclusion holds in general in our
situation; see [11] for the split multiplicative case.

THEOREM 16. Let E/Q be an elliptic curve and let p > 2 be a prime. Suppose
that E has semi-stable reduction at p and that Elp| is reducible as a Gg-module.
Then chara (X(E)) divides the ideal generated by Ly,(E). If the reduction of
E is split multiplicative at p, then I - chary (X(E)) divides the ideal generated
by Ly(E), where I is the kernel of the homomorphism A — Z, that sends all

elements of Gal(Q((p=)/Q) to 1.

The main conjecture asserts that the element L, (E) generates the characteristic
ideal chary (X (E)).

LEMMA 17. To prove Theorem 16 for E, it is sufficient to prove it for any one
curve in the isogeny class of E.
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Proof. The fact that Theorem 16 is invariant under isogenies follows from the
formula for the change of the p-invariant under isogenies for the characteristic
series by Perrin-Riou [16, Appendice] when compared to the change of the
p-adic L-function. See in particular her Lemme on page 455. O

Proof of Theorem 16. By the previous Lemma 17, we may choose E to be the
curve E, in the isogeny class. Recall from Section 3.2 that the Coleman map
Col: HY(T) — A is injective and has image with finite index inside I in the
multiplicative case and it has a finite cokernel in the other cases. In what
follows we treat only the case when the reduction is not split multiplicative;
otherwise one has to multiply with I where appropriate.

Rohrlich [20] has shown that L,(E) is non-zero and hence loc(z) is not torsion.
Choose a k such that p*Zy C Z. Then the A-torsion module H.(T') /p* loc(z)A,
which is equal to Col(H(T))/p*L,(E) A, has characteristic series p*L,(E)A.
The characteristic series of H!(T)/p*zA is equal to the characteristic series
of A/u(p*z)A and therefore equal to p*AA, where (H'(T) — A is an injective
A-morphism with finite cokernel.

By global duality (see Proposition 1.3.2 in [18]), we have the following exact
sequence

0——HY(T) HY(T) X(E) Y(E) 0.
It induces an exact sequence of torsion A-modules

1 1
0 o ) I:gg\) X(E) —=Y(E) —0.

Using Proposition 15, we conclude that

charA(X(E)) = CharA(Y(E)) . (pkLp(E)A) . (pk)\A)_l
divides A - p*L,(E) - p~"A\71A = L,(E)A. O

6 CONSEQUENCES

COROLLARY 18. The analytic p-adic L-function L,(E) belongs to A for all
elliptic curves E/Q with semi-stable ordinary reduction at p > 2.

The conclusion can certainly not be extended to the supersingular case since
the p-adic L-functions in this case will never be integral. The supersingular
case is well explained in [19] where it is shown how one can extract integral
power series.

COROLLARY 19. If E/Q is a semi-stable elliptic curve and p an odd prime
where E has ordinary reduction, then chary (X (E)), or I chary (X(E)) in the
split multiplicative case, divides the ideal generated by L,(E).
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Proof. By a Theorem of Serre ([24, Proposition 1] and [22, Proposition 21]),
we know that the image of the representation p,: Gg — Aut(E[p]) is either
the whole of GLy(F,) or it is contained in a Borel subgroup. In the latter
case the representation p, is reducible and in the first case the representation
pp: Go — Aut(T,E) is surjective by another result of Serre [23, Lemme 15]
unless p = 3. Finally for p = 3 we use the following lemma to exclude that p,
is not surjective. O

Unfortunately, the hypothesis in Corollary 19 that F is semi-stable can not be
dropped. For instance, there are curves E/Q such that g, has its image in the
normaliser of a non-split Cartan subgroup.

LEMMA 20. Let p =3 and suppose p? does not divide the conductor N. If the
residual representation p: Gal(Q/Q) — GLa(Fp) is surjective then the p-adic
representation p: Gal(Q/Q) — GL2(Z,) is surjective, too.

Proof. We make use of the explicit parametrisation of all these exotic cases by
Elkies in [8]. Let E/Q be an elliptic curve such that p is not surjective, but p
is. Then its j-invariant satisfies

27 A(n:m)? B(n:m)?C(n :m)
D(n:m)?
:m) =n% + 6n°m + 4n*m? + 12n%m* — 18nm® — 23m6,

)

:m) = % + 24n°m + 18n*m? — 26n3m?® — 33n*m? 4 18nm’ + 28mS,
)
)

with

j(E) = 1728 —

N

3

Sy
3

Q

3

:m) = 2n% — 3n?m + 4m?,

(
(
(
(

=n3 = 3nm? — m?.

>
3

m

for two coprime integers n and m. Note first that the denominator D(n : m)
in j(E) is never divisible by 9, so j(F) is a 3-adic integer.

With a bit more work one can see that j(E) = 2-33 (mod 3*): If n # m
(mod 3), then A(n : m) = (n—m)® = B(n:m) (mod 3), C(n:m)=2(n—m)3
and D(n : m) = (n —m)? (mod 3) gives the result. For n = m + 3k, we can
use A(n : m) = B(n : m) = 3% (mod 3%), C(n : m) = 3 (mod 3?), and
D(n:m)=2-3 (mod 3?) to conclude.

Now suppose E is given by a Weierstrass equation minimal at 3. We may
assume that it is of the form y? = 23 4 a2 + aux + ag with as € {-1,0,+1}
and ay, ag € Z. If ay = £1, then

—27a3 + 27a3 — 9aq4 + 1
A

J(E) =16

where A is the discriminant. However this is a contradiction with j(E) € 3%Zs.
Hence as = 0 and so
3
a
(B)=3%20. — 2+ —
J(E) aj +27a2/4

DOCUMENTA MATHEMATICA 19 (2014) 381-402



400 CHRISTIAN WUTHRICH

and we see that it is impossible that j(E) = 2- 3% (mod 3*) unless 3 divides
ay and the discriminant A = 4a3 + 27a2. Therefore E has bad reduction at 3.
The fact that j(F) is a 3-adic integer shows that the reduction is additive. O

Finally, here is the usual application to the Birch and Swinnerton-Dyer conjec-
ture.

PROPOSITION 21. Let E be an elliptic curve over Q such that L(E,1) # 0.
Let ¢, be the Tamagawa number of E at each finite place v and the number of
components in E(R) for v =o0c. Then

#IIL(E/Q) divides C. L(E,1) . (#E(Q))2

QE Hv =
where C' is a rational number only divisible by 2, primes of additive reduction
or primes for which the Galois representation on E[p] is neither surjective nor
contained in a Borel subgroup.

In particular, for semi-stable curve C' is a power of 2. The methods in [26] can
now be extended to the reducible case, too.
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