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ABSTRACT. Consider the abelian category Ci of commutative group
schemes of finite type over a field k. By results of Serre and Oort, Cy,
has homological dimension 1 (resp. 2) if k is algebraically closed of
characteristic 0 (resp. positive). In this article, we explore the abelian
category of commutative algebraic groups up to isogeny, defined as the
quotient of Ci by the full subcategory Fj of finite k-group schemes.
We show that Cy/F) has homological dimension 1, and we determine
its projective or injective objects. We also obtain structure results for
Ci/ Fi., which take a simpler form in positive characteristics.
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1 INTRODUCTION

There has been much recent progress on the structure of algebraic groups over
an arbitrary field; in particular, on the classification of pseudo-reductive groups
(see [CGP15, CP15]). Yet commutative algebraic groups over an imperfect field
remain somewhat mysterious, e.g., extensions with unipotent quotients are
largely unknown; see [Tol3] for interesting results, examples, and questions.
In this article, we explore the category of commutative algebraic groups up to
isogeny, in which the problems raised by imperfect fields become tractable; this
yields rather simple and uniform structure results.

More specifically, denote by Cj, the category with objects the group schemes of
finite type over the ground field k, and with morphisms, the homomorphisms
of k-group schemes (all group schemes under consideration will be assumed
commutative). By a result of Grothendieck (see [SGA3, VIA, Thm. 5.4.2]),
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Cr is an abelian category. We define the category of ‘algebraic groups up to
isogeny’ as the quotient category of Ci by the Serre subcategory of finite group
schemes; then Cj/Fj is obtained from Cj by inverting all isogenies, i.e., all
morphisms with finite kernel and cokernel.

It will be easier to deal with the full subcategory C, of C/F) with objects
the smooth connected algebraic groups, since these categories turn out to be
equivalent, and morphisms in C; admit a simpler description.

As a motivation for considering the ‘isogeny category’ C,, note that some nat-
ural constructions involving algebraic groups are only exact up to isogeny; for
example, the formations of the maximal torus or of the largest abelian variety
quotient, both of which are not exact in Cy. Also, some structure theorems
for algebraic groups take on a simpler form when reformulated up to isogeny.
A classical example is the Poincaré complete reducibility theorem, which is
equivalent to the semi-simplicity of the isogeny category of abelian varieties,
i.e., the full subcategory A, of C, with objects abelian varieties. Likewise, the
isogeny category of tori, 7, is semi-simple.

We gather our main results in the following:

THEOREM. (i) The category C,, is artinian and noetherian. Its simple ob-
Jjects are the additive group G 1, the simple tori, and the simple abelian
varieties.

(ii) The product functor T, x U, — L, yields an equivalence of categories,
where U, (resp. L;,) denotes the isogeny category of unipotent (resp. lin-
ear) algebraic groups.

(iii) If char(k) > 0, then the product functor S;, x U, — C;, yields an equiva-
lence of categories, where S;, denotes the isogeny category of semi-abelian
varieties. If in addition k is locally finite, then the product functor
T x A, — S, yields an equivalence of categories as well.

(iv) The base change under any purely inseparable field extension k' of k yields
an equivalence of categories C;, — Cy.

(v) The homological dimension of C, is 1.

We also describe the projective objects of the category C,, (Theorem 5.14) and
its injective objects (Theorem 5.16). Moreover, in characteristic 0, we obtain
a structure result for that category (Proposition 5.13), which turns out to be
more technical than in positive characteristics.

Let us now compare the above statements with known results on C; and its
full subcategories Ay (resp. Tk, Uk, Lk, Sk) of abelian varieties (resp. tori,
unipotent groups, linear groups, semi-abelian varieties).

About (i) (an easy result, mentioned by Serre in [Se60]): Cj is artinian and not
noetherian. Also, every algebraic group is an iterated extension of ‘elementary’
groups; these are the simple objects of C; and the simple finite group schemes.
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About (ii): denoting by My, the full subcategory of Ci with objects the alge-
braic groups of multiplicative type, the product functor My x Uy, — Ly yields
an equivalence of categories if k is perfect. But over an imperfect field, there
exist non-zero extensions of unipotent groups by tori, and these are only par-
tially understood (see [Tol3, §9] again; our study of C, brings no new insight
in these issues).

About (iii): the first assertion follows from recent structure results for algebraic
groups (see [Brl7, §5]), together with a lifting property for extensions of such
groups with finite quotients (see [Br15] and [LA15]). The second assertion is a
direct consequence of the Weil-Barsotti isomorphism (see e.g. [0066, §I11.18]).
About (iv): this is a weak version of a result of Chow on abelian varieties,
which asserts (in categorical language) that base change yields a fully faithful
functor Ay — Ay for any primary field extension &’ of k (see [Ch55], and
[Co06, §3] for a modern proof).

About (v), the main result of this article: recall that the homological dimension
of an abelian category D is the smallest integer, hd(D), such that Ext}(A, B) =
0 for all objects A, B of D and all n > hd(D); these Ext groups are defined as
equivalence classes of Yoneda extensions. In particular, hd(D) = 0 if and only
if D is semi-simple.

It follows from work of Serre (see [Se60, 10.1 Thm. 1] together with [O064,
Thm. 3.5]) that hd(Cx) = 1 if k is algebraically closed of characteristic 0. Also,
by a result of Oort (see [0066, Thm. 14.1]), hd(Cx) = 2 if k is algebraically
closed of positive characteristic. Building on these results, Milne determined
hd(Cx) when k is perfect (see [Mi70, Thm. 1]); then the homological dimen-
sion can be arbitrarily large. In the approach of Serre and Oort, the desired
vanishing of higher extension groups is obtained by constructing projective
resolutions of elementary groups, in the category of pro-algebraic groups. The
latter category contains Cj, as a full subcategory, and has enough projectives.
In contrast, to show that hd(C,) = 1 over an arbitrary field k, we do not need
to go to a larger category. We rather observe that tori are projective objects in
C,., and abelian varieties are injective objects there. This yields the vanishing
of all but three extension groups between simple objects of C;; two of the three
remaining cases are handled directly, and the third one reduces to the known
vanishing of Ext%k (Ga,k, Gq,x) when k is perfect.

When k has characteristic 0, the fact that hd(Cr) < 1 follows from a similar
result for the category of Laumon 1-motives up to isogeny (obtained by Mazzari
in [Mal0, Thm. 2.5]). Indeed, Cj is equivalent to a Serre subcategory of the
latter category; moreover, if an abelian category has homological dimension at
most 1, then the same holds for any Serre subcategory (as follows e.g. from
[O064, §3]). Likewise, the fact that the category of Deligne 1-motives up to
isogeny has homological dimension at most 1 (due to Orgogozo, see [Or04,
Prop. 3.2.4]) implies the corresponding assertion for the isogeny category of
semi-abelian varieties over an arbitrary field.

Abelian categories of homological dimension 1 are called hereditary. The most
studied hereditary categories consist either of finite-dimensional modules over a
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finite-dimensional hereditary algebra, or of coherent sheaves on a weighted pro-
jective line (see e.g. [Ha0l]). Such categories are k-linear and Hom-finite, i.e.,
all groups of morphisms are finite-dimensional vector spaces over the ground
field k. But this seldom holds for the above isogeny categories. More specif-
ically, A, and T, are both Q-linear and Hom-finite, but not C, unless k is
a number field. When k has characteristic 0, we may view C; as a mixture
of k-linear and Q-linear categories. This is already displayed by the full sub-
category V,, with objects the vector extensions of abelian varieties: as shown
in §5.1, Y, has enough projectives, and these are either the unipotent groups
(k-linear objects), or the vector extensions of simple abelian varieties (Q-linear
objects).

In positive characteristic, one may also consider the quotient category of Cy
by the Serre subcategory Zj of infinitesimal group schemes. This yields the
abelian category of ‘algebraic groups up to purely inseparable isogeny’, which
is equivalent to that introduced by Serre in [Se60]; as a consequence, it has
homological dimension 1 if k is algebraically closed. For any arbitrary field k,
the category Cy/Z}, is again invariant under purely inseparable field extensions;
its homological properties may be worth investigating.

NOTATION AND CONVENTIONS. We will use the book [DG70] as a general
reference, especially for affine algebraic groups, and the expository text [Br17]
for some further results.

Throughout this text, we fix the ground field & and an algebraic closure k; the
characteristic of k is denoted by char(k). We denote by k the separable closure
of k in k, and by T, the Galois group of ks over k. We say that k is locally
finite, if it is algebraic over IF), for some prime p.

By an algebraic k-group, we mean a commutative group scheme G of finite type
over k; we denote by G° the neutral component of G. The group law of G will
be denoted additively: (z,y) — x + y.

By a k-subgroup of G, we mean a closed k-subgroup scheme. Morphisms are
understood to be homomorphisms of k-group schemes. The (scheme-theoretic)
image of a morphism f : G — H will be denoted by Im(f) or f(G), and the
(scheme-theoretic) pull-back of a k-subgroup H' C H, by G x g H' or f~1(H').
Recall that an abelian variety over k is a smooth connected proper algebraic
k-group. Also, recall that a k-group scheme G is an affine algebraic k-group if
and only if G is isomorphic to a k-subgroup of the general linear group GL,, x
for some n. We will thus call affine algebraic k-groups linear. We say that an
algebraic k-group G is of multiplicative type if G is isomorphic to a k-subgroup
of some k-torus.

To simplify the notation, we will suppress the mention of the ground field k
whenever this yields no confusion. For example, the category Cj, will be denoted
by C, except when we use base change by a field extension.

Given an algebraic group G and two subgroups G, G2, we denote by G1 + G2
the subgroup of G generated by GG; and G2. Thus, G; + G5 is the image of the
morphism Gy x G2 = G, (x1,22) — o1 + X2.
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An isogeny is a morphism with finite kernel and cokernel. Two algebraic groups
G1,G9 are isogenous if they can be connected by a chain of isogenies.
We say that two subgroups GG1, G2 of an algebraic group G are commensurable
if both quotients G1/G1 N G3 and Go/G1 N G are finite; then G and Gy are
isogenous.
Given an algebraic group G and a non-zero integer n, the multiplication by n
yields a morphism

ng : G — G.

We denote its kernel by G[n], and call it the n-torsion subgroup. We say that
G is divisible if ng is an epimorphism for all n #£ 0; then n¢g is an isogeny for
all such n. When char(k) = 0, the divisible groups are the connected algebraic
groups; when char(k) = p > 0, they are just the semi-abelian varieties, that is,
the extensions of abelian varieties by tori (see e.g. [Brl7, Thm. 5.6.3] for the
latter result).

Still assuming that char(k) = p > 0, we say that an algebraic group G is a
p-group if pg = 0 for n > 0. Examples of p-groups include the unipotent
groups and the connected finite algebraic groups, also called infinitesimal.

2 STRUCTURE OF ALGEBRAIC GROUPS

2.1 PRELIMINARY RESULTS

We will use repeatedly the following simple observation:

LEMMA 2.1. Let G be a smooth connected algebraic group.
(i) If G’ is a subgroup of G such that G/G' is finite, then G' = G.
(ii) Any isogeny f: H — G is an epimorphism.

Proof. (i) The quotient G/G’ is smooth, connected and finite, hence zero.
(ii) This follows from (i) applied to Im(f) C H. O

The following lifting result for finite quotients will also be frequently used:

LEMMA 2.2. Let G be an algebraic group, and H a subgroup such that G/H is
finite.

(i) There exists a finite subgroup F C G such that G = H + F.

(ii) If G/H is infinitesimal (resp. a finite p-group), then F may be chosen
infinitesimal (resp. a finite p-group) as well.

Proof. (i) This is a special case of [Brl5, Thm. 1.1].

(ii) Assume G/H infinitesimal. Then the quotient G/(H + F°) is infinitesimal
(as a quotient of G/H) and étale (as a quotient of F//F°), hence zero. Thus,
we may replace F with F°, an infinitesimal subgroup.
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Next, assume that G/H is a finite p-group. Denote by F[p>°] the largest p-
subgroup of F. Then the quotient G/(H + F[p™>]) is a finite p-group and is
killed by the order of F//F[p°]. Since the latter order is prime to p, we obtain
G/(H + F[p>]) = 0. Thus, we may replace F' with F[p*]. O

Next, we recall a version of a theorem of Chevalley:

THEOREM 2.3. (i) Every algebraic group G contains a linear subgroup L
such that G/L is an abelian variety. Moreover, L is unique up to com-
mensurability in G, and G/L is unique up to isogeny.

(i1) If G is connected, then there exists a smallest such subgroup, L = L(G),
and this subgroup is connected.

(iii) If in addition G is smooth, then every morphism from G to an abelian
variety factors uniquely through the quotient map G — G/L(G).

Proof. The assertion (ii) follows from [Ra70, Lem. IX 2.7] (see also [BLR9O,
9.2 Thm. 1)).

To prove (i), note that G contains a finite subgroup F' such that G/F is con-
nected (as follows from Lemma 2.2). Then we may take for L the pull-back
of a linear subgroup of G/F with quotient an abelian variety. If L’ is another
linear subgroup of G such that G/L’ is an abelian variety, then L + L' is linear,
as a quotient of L x L’. Moreover, the natural map q : G/L — G/(L + L') is
the quotient by (L + L')/L, a linear subgroup of the abelian variety G/L. It
follows that (L + L')/L is finite; thus, ¢ is an isogeny and L'/L N L’ is finite.
Likewise, ¢’ : G/L' — G/(L + L') is an isogeny and L/L N L’ is finite; this
completes the proof of (i).

Finally, the assertion (iii) is a consequence of [Br17, Thm. 4.3.4]. O

The structure of linear algebraic groups may be described as follows (see [DG70,
Thm. IV.3.1.1]):

THEOREM 2.4. Let G be a linear algebraic group. Then G has a largest subgroup
of multiplicative type, M ; moreover, G/M is unipotent. If k is perfect, then
G = M x U, where U denotes the largest unipotent subgroup of G.

Also, note the following orthogonality relations:

PROPOSITION 2.5. (i) Let M be a group of multiplicative type, and U a
unipotent group. Then Home(M,U) =0 = Home (U, M).

(ii) Let L be a linear algebraic group, and A an abelian variety. Then
Home¢ (A, L) = 0, and every morphism L — A has finite image. More-
over, Hom¢ (L, A) is n-torsion for some positive integer n.

Proof. (i) This follows from [DG70, Cor. IV.2.2.4].

(ii) The image of a morphism A — L is proper, smooth, connected and affine,
hence zero. Likewise, the image of a morphism L — A is affine and proper,
hence finite.
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To show the final assertion, we may replace k with any field extension, and
hence assume that k is perfect. Then the reduced neutral component LY
is a smooth connected subgroup of L, the quotient L/L?ed is finite, and
Home(L%,4,A) = 0 by the above argument. As a consequence, we have

Home (L, A) = Home(L/L% 4, A) and this group is n-torsion, where n denotes
the order of the finite group scheme L/LY ; (indeed, L/LY_ is n-torsion in view

of [SGA3, VIIA, Prop. 8.5]). O

Next, we obtain a key preliminary result. To state it, recall that a unipotent
group G is said to be split if it admits a finite increasing sequence of subgroups
0=GyCc Gy C---C G, =G such that Gi/Gi_lgGa fori:l,...,n.

PROPOSITION 2.6. Let G be an algebraic group.

(i) There exists a finite subgroup F C G such that G/F is smooth and con-
nected.

(ii) If G is unipotent, then we may choose F such that G/F is split.

Proof. (i) By Lemma 2.2, we have G = G°+ F for some finite subgroup F' C G.
Thus, G/F =2 G°/F N G is connected; this yields the assertion if char(k) = 0.
If char(k) = p > 0, then we may assume G connected by the above step.
Consider the relative Frobenius morphism Fg/, : G — G®) and its iterates
Fo G — G®") | where n > 1. Then Ker(Fg/k) is finite for all n; moreover,
G/Ker(Fg/k) is smooth for n > 0 (see [SGA3, VIIA, Prop. 8.3]), and still
connected.

(ii) We argue by induction on the dimension of G. The statement is obvious if
dim(G) = 0. In the case where dim(G) = 1, we may assume that G is smooth
and connected in view of Lemma 2.2 again; then G is a k-form of G,. By
[Ru70, Thm. 2.1], there exists an exact sequence

0—G—G2- 6, —0,

where f € O(G2) = k[x, y] satisfies f(z,y) = y? —aox —ay aP — - — @y P
for some integers m,n > 0 and some ay,...,a, € k with ag # 0. Thus, the
projection

p1:G— Gy (z,y)—

lies in an exact sequence
0— apn — G 25 G, — 0,

where ay,» denotes the kernel of the endomorphism x — 2" of G4. This yields
the assertion in this case.

If dim(G) > 2, then we may choose a subgroup G; C G such that 0 <
dim(G1) < dim(G) (as follows from [DG70, Prop. IV.2.2.5]). By the induc-
tion assumption for G/G1, there exists a subgroup G C G such that G; C G,
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G2/G1 is finite, and G/G3 is split. Next, the induction assumption for Gs
yields a finite subgroup F' C G2 such that G3/F is split. Then G/F is split as
well. =

REMARK 2.7. By Proposition 2.6, every algebraic group G admits an isogeny
u: G — H, where H is smooth and connected. If k is perfect, then there also
exists an isogeny v : K — G, where K is smooth and connected: just take v to
be the inclusion of the reduced neutral component GY ;. But this fails over any
imperfect field k. Indeed, if such an isogeny v exists, then its image must be
G2 4. On the other hand, by [SGA3, VIA, Ex. 1.3.2], there exists a connected
algebraic group G such that G,eq is not a subgroup.

By combining Lemma 2.2, Theorems 2.3 and 2.4, and Proposition 2.6, we obtain
readily:

PROPOSITION 2.8. Fwvery algebraic group G admits a finite increasing sequence
of subgroups 0 = Go C G1 C --- C G, = G such that each subquotient G;/G;_1,
t=1,...,n, is finite or isomorphic to G, a simple torus, or a simple abelian
variety. Moreover, G is linear if and only if no abelian variety occurs.

2.2 CHARACTERISTIC ZERO

In this subsection, we assume that char(k) = 0. Recall that every unipotent
group is isomorphic to the additive group of its Lie algebra via the exponential
map; this yields an equivalence between the category U of unipotent groups and
the category of finite-dimensional k-vector spaces (see [DG70, Prop. IV.2.4.2]).
In particular, every unipotent group is connected.

Next, consider a connected algebraic group G. By Theorem 2.3, there is a
unique exact sequence 0 - L — G — A — 0, where A is an abelian variety,
and L is connected and linear. Moreover, in view of Theorem 2.4, we have
L =T x U, where T is a torus and U is unipotent.

We now extend the latter structure results to possibly non-connected groups:

THEOREM 2.9. (i) Ewvery algebraic group G lies in an exact sequence
00— MxU-—G—A—0,

where M is of multiplicative type, U is unipotent, and A is an abelian
variety. Moreover, U is the largest unipotent subgroup of G: the unipotent
radical, R, (G). Also, M is unique up to commensurability in G, and A
18 unique up to isogeny.

(ii) The formation of the unipotent radical commutes with base change under
field extensions, and yields an exact functor

R,:C—U,

right adjoint to the inclusion U — C.
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(iii) The projective objects of C are the unipotent groups.

Proof. (i) Theorem 2.3 yields an exact sequence
0—L—>G—A—0,

where L is linear (possibly non-connected), and A is an abelian variety. By
Theorem 2.4, we have L = M x U, where M is of multiplicative type and U is
unipotent.

Since M and A have no non-trivial unipotent subgroups, we have U = R,,(G).
Given another exact sequence

0—MxU—G—A —0

satisfying the same assumptions, the image of M’ in A = G/(M x U) is finite
by Proposition 2.5. In other words, the quotient M'/M’' N (M x U) is finite.
Likewise, M /M N (M’ x U) is finite as well. Since we have (M x U) N M’ =
MnM =Mn (M xU), we see that M, M’ are commensurable in G. Then
A=G/(M xU) and A’ = G/(M' x U) are both quotients of G/(MNM') x U
by finite subgroups, and hence are isogenous.

(i) In view of (i), G/R,(G) is an extension of an abelian variety by a group
of multiplicative type. Since these two classes of algebraic groups are stable
under base change by any field extension k' of k, it follows that (G/Ry(G))w
has zero unipotent radical. Thus, R, (G)r = Ry (Gy).

Next, note that every morphism f : G — H sends R, (G) to R, (H). Consider
an exact sequence

OHGli)GQLGgHO

and the induced complex

0 — Ru(G1) ™Y R, (Ga) ™9 R, (Gs) —> 0.
Clearly, R, (f) is a monomorphism. Also, we have
Ker(Ru(g)) = Ru(G2) NKer(g) = Ru(G2) NIm(f) = Im(Ry(f)).

We now show that R, (g) is an epimorphism. For this, we may replace Go
with ¢g7!(R,(G3)), and hence assume that G3 is unipotent. Next, we may
replace G2 with G2/R,(G2), and hence assume (in view of (i) again) that G
is an extension of an abelian variety by a group of multiplicative type. Then
Hom(G2, G3) = 0 by Proposition 2.5; this completes the proof of the exactness
assertion.

The assertion about adjointness follows from the fact that every morphism
U — H, where U is unipotent and H arbitrary, factors through a unique
morphism U — R, (H).

(iii) Consider an epimorphism ¢ : G — H, a unipotent group U, and a mor-
phism ¢ : U — H. Then ¢ factors through R, (H). Also, by (ii), ¢ restricts to
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an epimorphism R, (G) — R, (H), which admits a section as unipotent groups
are just vector spaces. Thus, v lifts to a morphism U — G. This shows that
U is projective in C.
Conversely, let G be a projective object in C. We claim that the (abstract)
group Home (G, H) is divisible for any divisible algebraic group H. Indeed, the
exact sequence

0— Hn] — H™ H-—0

yields an exact sequence
0 — Home (G, H[n]) — Home (G, H) =% Home (G, H) — 0,

for any positive integer n.
Next, the exact sequence 0 — L — G — A — 0 yields an exact sequence

0 — End¢(A) — Home (G, A) — Home (L, A),

where the abelian group Endc(A) is free of finite rank (see [Mi86, Thm. 12.5]),
and Home(L, A) is killed by some positive integer (Proposition 2.5). On
the other hand, Hom¢ (G, A) is divisible by the above claim. It follows that
End¢(A) is zero, and hence so is A. Thus, G is linear, and hence G = M x U
as above. Since U is projective, so is M. Choose a torus T' containing M ; then
again, the group Home (M, T) is finitely generated and divisible, hence zero.
Thus, T =0and G =U. O

REMARK 2.10. With the notation of the above theorem, we have a natural
map

G — G/M x4 G/U,

which is a morphism of M x U-torsors over A, and hence an isomorphism.
Moreover, G/M is an extension of an abelian variety by a unipotent group;
such ‘vector extensions’ will be studied in detail in §5.1. Also, G/U is an
extension of an abelian variety by a group of multiplicative type, and hence
of a semi-abelian variety by a finite group. The semi-abelian varieties will be
considered in §5.2.

2.3 POSITIVE CHARACTERISTICS

In this subsection, we assume that char(k) = p > 0. Then the assertions of
Theorem 2.9 are no longer valid. For example, the formation of the unipotent
radical (the largest smooth connected unipotent subgroup) is not exact, and
does not commute with arbitrary field extensions either (see Remark 2.12 (i)
for details). Also, C has no non-zero projective objects, as will be shown in
Corollary 5.15. Yet Theorem 2.9 has a useful analogue, in which the unipotent
radical is replaced by the largest unipotent quotient:

THEOREM 2.11. Let G be an algebraic group.
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(i) G has a smallest subgroup H such that U := G/H is unipotent. Moreover,
H is an extension of an abelian variety A by a group of multiplicative type
M. Also, M is unique up to commensurability in G, and A is unique up
to isogeny.

(ii) Every morphism H — U is zero; every morphism U — H has finite
1mage.

(iii) The formation of U commutes with base change under field extensions,
and yields a functor
U:C—U,

which is left adjoint to the inclusion of U in C. Moreover, every exact
sequence in C

OHGli)GQi)GgHO

yields a right exact sequence

0 — U(Gh) 20 U(Gs) 29 U(Gs) — 0,
where Ker(U(f)) is a finite p-group.

(iv) There exists a subgroup V. C G such that G = H+V and HNV is a
finite p-group.

Proof. (i) Since the underlying topological space of G is noetherian, we may
choose a subgroup H C G such that G/H is unipotent, and H is minimal for
this property. Let H' C G be another subgroup such that G/H' is unipotent.
Then so is G/H N H' in view of the exact sequence

0— G/HNH — G/H xG/H'.

By minimality of H, it follows that H N H' = H, i.e., H C H'. Thus, H is the
smallest subgroup with unipotent quotient.

Since the class of unipotent groups is stable under extensions, every unipotent
quotient of H is zero. Also, by the affinization theorem (see [Brl7, Thm. 1,
Prop. 5.5.1]), H is an extension of a linear algebraic group L by a semi-abelian
variety S. Then every unipotent quotient of L is zero, and hence L must be
of multiplicative type in view of Theorem 2.4. By [DG70, Cor. IV.1.3.9], the
reduced neutral component LY , is its maximal torus, T'; the quotient L/T is
a finite group of multiplicative type. Denote by S’ the preimage of T in H;
then S’ is a semi-abelian variety (extension of T' by S) and we have an exact
sequence

0—S —H-—L/T—0.

By Lemma 2.2, there exists a finite subgroup F' C H such that H = S’ + F;
equivalently, the quotient morphism H — L/T restricts to an epimorphism
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F — L/T. Also, by Theorem 2.4 again, F' has a largest subgroup of mul-
tiplicative type, Mp, and the quotient F/Mp is unipotent. Since L/T is of
multiplicative type, it follows that the composition Mp — F — L/T is an
epimorphism as well. Thus, we may replace F' with Mg, and assume that F' is
of multiplicative type. Let T’ be the maximal torus of the semi-abelian variety
S’,and M :=T'+ F. Then M is of multiplicative type; moreover, H/M is a
quotient of S’/T’, and hence is an abelian variety. The uniqueness assertions
may be checked as in the proof of Theorem 2.9.

(ii) This follows readily from Proposition 2.5.

(iii) The assertion on base change under field extensions follows from the sta-
bility of the classes of unipotent groups, abelian varieties, and groups of mul-
tiplicative type, under such base changes. The adjointness assertion may be
checked as in the proof of Theorem 2.9 (ii).

Next, consider an exact sequence as in the statement. Clearly, U(g) is an epi-
morphism. Also, Ker(U(g))/Im(U(f)) = g~ (Hs)/(u(G1) + Ha), where H; de-
notes the kernel of the quotient map G; — U(G;). Thus, Ker(U(g))/Im(U(f))
is a quotient of g7 (Hs)/u(G1) = Hs. As Ker(U(g))/Im(U(f)) is unipotent,
it is trivial by (ii). Finally, Ker(U(f)) = (G1 Nu~*(Hz))/H; is isomorphic to
a subgroup of Ha/u(Hy). Moreover, Ho/u(H7) is an extension of an abelian
variety by a group of multiplicative type. Since Ker(U(f)) is unipotent, it is
finite by (ii) again.

(iv) If G is linear, then H = M is the largest subgroup scheme of multiplicative
type of G. By [Brl7, Thm. 5.3.1], there exists a subgroup scheme W C G
such that G = H + W and H N W is finite. Equivalently, the composition
W — G — U is an epimorphism and its kernel is finite. As a consequence,
W is n-torsion for some n > 1, and hence W = V + F where V is a p-group
and F is finite of order prime to p. Thus, G/(H + V) is a quotient of U and a
quotient of I, hence trivial. So G = H + V|, where H NV is a finite p-group.
For an arbitrary algebraic group G, Theorem 2.3 yields an exact sequence

0—L—G—A—0,

where L is linear and A is an abelian variety. In view of (iii) and the vanishing
of U(A), we obtain an exact sequence

0—F —UL) —UG) —0,

where F' is a finite p-group. By the preceding step, there exists a subgroup
V C L such that the composition V' — L — U(L) is an epimorphism with
kernel a finite p-group. Thus, so is the composition V. — G — U(G). O

REMARKS 2.12. (i) The formation of the unipotent radical does not commute

with purely inseparable field extensions, in view of [SGA3, XVIL.C.5]. This
formation is not exact either, as seen e.g. from the exact sequence

0—>ap—>Gai>Ga—>O,
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where F' denotes the relative Frobenius endomorphism.
When k is perfect, one may show that every exact sequence

0— G — Gy — G —0
in C yields a complex
0 — R,(G1) — R, (G2) — Ry (G3) — 0

with finite homology groups. But this fails when k is imperfect; more specif-
ically, choose a finite purely inseparable field extension K of k of degree p,
and consider G := RK/k(Gm,K), where R, denotes the Weil restriction. By
[CGP15, Prop. A.5.11], G is smooth, connected, and lies in an exact sequence

0—G,, —G—U—0,

where U is unipotent of dimension p — 1. Moreover, every morphism from
a smooth connected unipotent group to G is constant, as follows from the
adjointness property of the Weil restriction (see [CGP15, (A.5.1)]). In other
terms, R, (G) = 0.

(ii) The functor U of Theorem 2.11 is not left exact, as seen from the exact
sequence

0—a, — E-5 E®W 0,
where E denotes a supersingular elliptic curve, and F' its relative Frobenius
morphism. Also, note that the torsion subgroups E[p"], where n > 1, form a

strictly increasing sequence of infinitesimal unipotent groups; in particular, F
has no largest connected unipotent subgroup.

COROLLARY 2.13. Let G be an algebraic group.

(i) There exists a finite subgroup F C G such that G/F = S x U, where S is
a semi-abelian variety, and U a split unipotent group. Moreover, S and
U are unique up to isogeny.

(i) If k is locally finite, then we may choose F so that S =T x A, where T
s a torus, and A an abelian variety. Moreover, T and A are unique up
to 1sogeny.

Proof. (i) With the notation of Theorem 2.11, we have isomorphisms
G/HNV=G/VxG/H=(H/HNV)xU.

Also, H/H NV is an extension of an abelian variety, H/(H N V) + M, by a
group of multiplicative type, M/M NV. Moreover, U is an extension of a split
unipotent group by a finite group (Proposition 2.6). Thus, we may assume that
G = H. Then GY,, is a semi-abelian variety, as follows from [Br17, Lem. 5.6.1].
Since G/ G?ed is finite, applying Lemma 2.2 yields that G is an extension of a
semi-abelian variety by a finite group.

DOCUMENTA MATHEMATICA 22 (2017) 679-725



692 MICHEL BRION

(ii) By [Brl7, Cor. 5.5.5], there exists an abelian subvariety A C S such that
S =T+ A, where T' C S denotes the maximal torus. Then T'N A is finite, and
S/ITNA=ZT/TNAxA/TNA.

This completes the proof of the existence assertions in (i) and (ii). The unique-
ness up to isogeny follows from Proposition 2.5. O

3 THE ISOGENY CATEGORY OF ALGEBRAIC GROUPS

3.1 DEFINITION AND FIRST PROPERTIES

Recall that C denotes the category of commutative algebraic groups, and F the
full subcategory of finite groups. Since F is stable under taking subobjects,
quotients and extensions, we may form the quotient category C/F; it has the
same objects as C, and its morphisms are defined by

Home, (G, H) = 1i£nHomc(G/, H/H'),

where the direct limit is taken over all subgroups G’ C G such that G/G’ is
finite, and all finite subgroups H’ C H. The category C/F is abelian, and
comes with an exact functor

Q:C—C/F,
which is the identity on objects and the natural map

Home(G,H) — li_r}nHode’,H/H’), fr—1f

on morphisms. The quotient functor @ satisfies the following universal prop-
erty: given an exact functor R : C — D, where D is an abelian category, such
that R(F) = 0 for any finite group F, there exists a unique exact functor
S :C/F — D such that R = S o @ (see [Ga62, Cor. II1.1.2, Cor. III.1.3] for
these results).

Alternatively, C/F may be viewed as the localization of C at the multiplicative
system of isogenies (see [GZ67, §1.2] or [SP16, §4.26] for localization of cate-
gories); this is easily checked by arguing as in the proof of [SP16, Lem. 12.9.6].
We now show that C/F is equivalent to a category with somewhat simpler
objects and morphisms:

LEMMA 3.1. Let C be the full subcategory of C/F with objects the smooth con-
nected algebraic groups.

(i) The inclusion of C in C/F is an equivalence of categories.

(i) Home(G, H) = limHome (G, H/H'), where the direct limit is taken over
all finite subgroups H' C H.
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(i) Let f € Home (G, H) be represented by a morphism f : G — H/H' in
C. Then f is zero (resp. a monomorphism, an epimorphism, an isomor-
phism,) if and only if f is zero (resp. has a finite kernel, is an epimor-
phism, is an isogeny).

Proof. (i) This follows from Proposition 2.6.

(ii) This follows from Lemma 2.1.

(iii) By [Ga62, Lem. II1.1.2], f is zero (resp. a monomorphism, an epimorphism)
if and only if Im(f) (resp. Ker(f), Coker(f)) is finite. By Lemma 2.1 again,
the finiteness of Im(f) is equivalent to f = 0, and the finiteness of Coker(f) is
equivalent to f being an epimorphism. As a consequence, f is an isomorphism
if and only if f is an isogeny. B O

The abelian category C will be called the isogeny category of (commutative)
algebraic groups. Every exact functor R : C — D, where D is an abelian cate-
gory and R(f) is an isomorphism for any isogeny f, factors uniquely through
C (indeed, R must send any finite group to zero).

We may now prove the assertion (i) of the main theorem:
PROPOSITION 3.2. (i) The category C is noetherian and artinian.

(ii) The simple objects of C are G, the simple tori, and the simple abelian
varieties.

Proof. (i) Let G be a smooth connected algebraic group, and (Gy,)n>0 an in-
creasing sequence of subobjects of G in C, i.e., each G,, is smooth, connected,
and equipped with a C-morphism

on : G, — G/G.,
where Ker(py,) and G, are finite; moreover, we have C-morphisms
U 1 Gy — Gn-‘rl/Gngla

where Ker(1,,) and G, are finite. Thus, dim(G,) < dim(G,41) < dim(G).
It follows that dim(G,,) = dim(Gp+1) for n > 0, and hence 9, is an isogeny.
So G, =2 Gy in C for n > 0. This shows that C is noetherian. One may
check likewise that C is artinian.

(ii) This follows from Proposition 2.8. O

Next, we relate the short exact sequences in C with those in C:

LEMMA 3.3. Consider a short exact sequence in C,
00— G 5 Gy -Gy —0,

where G1, G, G are smooth and connected. Then & splits in C if and only if the
push-out f.& splits in C for some epimorphism with finite kernel f : G; — H.
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Proof. The exact sequence ¢ splits in C if and only if there exists a C-morphism
g : Go — G such that gou = id in C. Equivalently, there exists a finite
subgroup G C Gy and a C-morphism g : Go — G1/G’ such that g o u is the
quotient map f1 : G1 = G1/G}.

If such a pair (G}, g) exists, then g factors through a C-morphism G5 /u(G}) —
G1/G", which splits the bottom exact sequence in the push-out diagram

0 —— G —— Gy ~— Gs 0
fll f2l idl
0 —— G /G, — s Go/u(G) —L Gy 0.

Replacing G by a larger finite subgroup, we may assume that G1 /G is smooth
and connected (Lemma 2.2).

Conversely, a splitting of the bottom exact sequence in the above diagram is
given by a C-morphism ¢’ : G2 /u(G}) — G1/G] such that ¢’ ou’ =id in C. Let

g1 Gy — G1/G!, denote the composition Gy 2 Ga/u(G}) -+ G1/G,. Then
gou=g ofyou=g ou of =f asdesired. U

We may now construct non-split exact sequences in C, thereby showing that
hd(C) > 1:

ExAMPLES 3.4. (i) Consider an exact sequence
& 0—G, —G—A—0,

where A is an abelian variety. Then &, viewed as an extension of A by G, in
C, is classified by an element n € H'(A,04) (see [Ro58] or [MM74, §1.9]).

If char(k) = 0, then every epimorphism with finite kernel f : G, — H may be
identified with the multiplication by some ¢ € k*, viewed as an endomorphism
of Gg; then the push-out f.£ is classified by ¢n. In view of Lemma 3.3, it follows
that £ is non-split in C whenever n # 0.

In contrast, if char(k) = p > 0, then £ splits in C. Indeed, the multiplication
map p4 yields an isomorphism in C, and pg, = 0 whereas (pg, )«& = ph&.

(ii) Assume that char(k) = p > 0 and consider the algebraic group Wa of Witt
vectors of length 2. This group comes with an exact sequence

& 0—Gy, — Wy — G, — 0,

see e.g. [DG70, §V.1.1.6]. Every epimorphism with finite kernel f : G, - H
may be identified with a non-zero endomorphism of G,. In view of [DG70,
Cor. V.1.5.2], it follows that the push-forward f.£ is non-split. Thus, & does
not split in C.

PropPOSITION 3.5. Consider an exact sequence

Uy 1

0— G =5 Gy =2 - 25 G, — 0
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in C. Then there exists an exact sequence

Un—1

0— H 5 Hy 2 ... 25 H,—0

in C, and epimorphisms with finite kernels f; : G; — H; (i=1,2,...,n), such
that the diagram

0 G 2, g, 2 G, 0
zll zzl inl
0 H —2 g, — 2. 2 g 0

commutes in C.

Proof. We argue by induction on the length n. If n = 2, then we just have
an isomorphism u : Gy — G2 in C. Then u is represented by an isomorphism
u:G1/Gy — G2/GY in C, for some finite groups G| C G; and G%, C Gs.

If n = 3, then the C-morphism u, : G2 — G3 is represented by an epimorphism
ug : G2 — G3/GY5 in C, where G% is a finite subgroup of G3. We may thus
replace G3 with G3/G%, and assume that us is an epimorphism in C.

Next, u; : G1 — G2 is represented by a morphism w; : G; — G2/G, with
finite kernel, where GY is a finite subgroup of G2. We may thus replace G;
(resp. Ga, G3) with Gy /Ker(uy) (resp. G2/GY, Gs/uz2(GY)) and assume that
u1 is a monomorphism in C. Then us o 1 has finite image, and hence is zero
since (G1 is smooth and connected.

We now have a complex in C

0—)G1£>G2£>G3—>0,

where u1 is a monomorphism, us an epimorphism, and Ker(ug)/Im(uq) is fi-
nite. By Lemma 2.2, we may choose a finite subgroup F' C Ker(us) such that
Ker(uz) = Im(uq) + F. This yields a commutative diagram in C

0 — Gl L) GQ v G3 0
thl lhl idl
0 — Gl/ufl(F) L) GQ/F 2 G3 O,

where ¢1, g2 denote the quotient maps. Clearly, v; is a monomorphism, and
v an epimorphism. Also, vy o v; = 0, since ¢; is an epimorphism. Finally, ¢o
restricts to an epimorphism Ker(us) — Ker(vs), and hence Ker(vs) = Im(vy).
This completes the proof in the case where n = 3.

For an arbitrary length n > 4, we cut the given exact sequence into two exact
sequences in C

0— G =5 Gy — K —0,

0— K — Gy 25 .. 5 Gy — 0.
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By the induction assumption, there exists a commutative diagram in C

0 K Gy —2s ... =4 @, 0
1] 5| r.
0 L —% Hy —= ol H, 0,
where f, fs,..., fn are epimorphisms with finite kernels, and the bottom se-

quence comes from an exact sequence in C. Since f is an isomorphism in C, we
have an exact sequence

0G5 Gy—L—0

in C, and hence another commutative diagram in C

0 Gi —2 G L 0
T
0 H — H, M 0,

where again f1, f2,9 are epimorphisms with finite kernels, and the bottom
sequence comes from an exact sequence in C. Let H} := Hs/v(F), and denote
by F' the kernel of g : L — M; then we have a commutative diagram in C

u

0 L Gy —2 4 G, —2 ... tqn 0

S
<

satisfying similar properties. By concatenating the two latter diagrams, we
obtain the desired commutative diagram

0 G 2 Gy, 2 gy el G 0
0 H —2 . Hy —%2 ... =, 0.

3.2 DIVISIBLE GROUPS

Given a divisible algebraic group G and a non-zero integer n, the morphism

ne : G — G factors through an isomorphism G/G[n] —s G. We denote the
inverse isomorphism by

un : G — G/Gn].
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By construction, we have a commutative triangle

G —>G/Gn)],

where g denotes the quotient morphism. Since g yields the identity morphism
in C, we see that u, yields the inverse of the C-automorphism ng of G. As a
consequence, End¢(G) is a Q-algebra.
More generally, we have the following;:

PROPOSITION 3.6. Let G, H be smooth connected algebraic groups, and assume
that H s divistble.

1) Every extension group Ext} (G, H) is a Q-vector space.
(i) Y group Extg /2

(ii) The natural map @ : Home (G, H) — Home (G, H) is injective and in-
duces an isomorphism

v : Q ®z Home (G, H) — Home (G, H), %@f — Q(un ® f).

(iii) If G is divisible as well, then the natural map
Q' : Ext( (G, H) — Ext} (G, H)
induces an isomorphism

7' Q @z Extt (G, H) — BExt (G, H).

Proof. (i) Just note that Ext; (G, H) is a module over the Q-algebra End¢ (H).
(ii) Let f € Home(G, H), and n a positive integer. If y(2 ® f) = 0, then
¥(f) =0, i.e,, f = 0. Thus, f = 0 in view of Lemma 3.1; this shows the
injectivity of .

For the surjectivity, consider a C-morphism f : G — H represented by a C-
morphism f : G — H/H', where H' is a finite subgroup of H. Then H' C H|n]
for some positive integer n, which we may take to be the order of H’. Thus,
we may assume that H' = H[n]. Then the C-morphism ¢ :=u_ o f:G — H
satisfies ¢ = nf, ie., f = 7(% ® ).

(iii) Consider 17 € Extg (G, H) such that v (L ®n) = 0 for some positive integer
n. Then of course v*(n) = 0, i.e.,  is represented by an exact sequence in C

0—H-%F-%G—0,

which splits in C. By Lemma 3.3 and the divisibility of H, it follows that
the push-out by mpy of the above extension splits in C for some m > 0. But
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(mpr)«n = mn (see e.g. [0066, Lem. 1.3.1]), and hence mn = 0. This shows
the injectivity of 1.

For the surjectivity, we adapt the proof of Proposition 3.5. Let n € Exté(G, H)
be represented by an exact sequence in C a

0— H-—=FE =G —0.

Since G is divisible, v is represented by a C-morphism v : E — G/G[m] for some
positive integer m. Replacing n with its pull-back uf,n = (mg&)~'n =y (L @n),
we may thus assume that v is represented by a C-epimorphism v : £ — G.
Likewise, as H is divisible, u is represented by a C-morphism u : H — E/E[n].
Then 7 is represented by the exact sequence in C

0— H % E/E[n] =% G — 0,

where vy, : E/E[n] — G/Gn] is the C-epimorphism induced by v. So we may
further assume that u is represented by a C-morphism u : H — E. By Lemma
3.1, we then have v o w = 0; moreover, Ker(u) and Ker(v)/Im(u) are finite.
In view of Lemma 2.2, we have Ker(v) = Im(u) + E’ for some finite subgroup
E’ C E. This yields a commutative diagram in C

0 —— H —* 5 E e 0
| I
0 —— H/u Y(E') —“— E/F' —2— G 0,

where the bottom sequence is exact, and = (E’) is finite.

We may thus choose a positive integer r such that u=!'(E’) C H[r]. Taking
the push-out by the quotient map H/u~!(E’) — H/H|[r] yields a commutative
diagram in C

0 — H —— E e 0
| | gl
0 —— H/H[r] —2— E/E' +u(H[r])) —2— G 0,

where the bottom sequence is exact again. Thus, rn = (rg).n is represented
by an exact sequence in C. O

REMARKS 3.7. (i) Given two divisible groups G, H, the map

Q' : Exts(G, H) — Exti (G, H)

is not necessarily injective. Indeed, the group Ext¢ (4, G,,) has non-zero torsion
for any non-zero abelian variety A over (say) a separably closed field, as follows
from the Weil-Barsotti isomorphism.
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(ii) We may also consider the natural maps
7" Q®z Exte (G, H) — Exte (G, H)

for n > 2. But these maps turn out to be zero for any algebraic groups G, H,
since Ext¢ (G, H) = 0 (Lemma 4.11) and Ext¢ (G, H) is torsion (Remark 4.12).

As a first application of Proposition 3.6, we obtain:

PROPOSITION 3.8. Assume that char(k) = 0.

(i) The composition of the inclusion U — C with the quotient Q : C — C
identifies U with a full subcategory of C.

(ii) The unipotent radical functor yields an exact functor
Eu : Q — ua

which is right adjoint to the inclusion. Moreover, R, commutes with base
change under field extensions.

(iii) Every unipotent group is a projective object in C.

Proof. (i) Recall that a morphism of unipotent groups is just a linear map of
the associated k-vector spaces. In view of Proposition 3.6, it follows that the
natural map Home (U, V) — Home (U, V) is an isomorphism for any unipotent
groups U, V.

(ii) The functor R, : C — U is exact by Theorem 2.9, and sends every finite
group to 0. By the universal property of @), there exists a unique exact functor
S :C/F — U such that R, = S o Q. Since R, commutes with base change
under field extensions (Theorem 2.9 again), so does S by uniqueness. Thus,
composing S with the inclusion C — C/F yields the desired exact functor.
For any unipotent group U and any algebraic group G, the natural map

Homy, (U, R, (G)) — Hom¢ (U, G)
is an isomorphism. By Proposition 3.6 again, the natural map
Q : Hom¢ (U, G) — Home (U, G)

is an isomorphism as well. It follows that R, is right adjoint to the inclusion.
(iii) Let U be a unipotent group. Then the functor on C defined by

G s Homy (U, Ru(G))

is exact, since the unipotent radical functor is exact and the category U is semi-
simple. Thus, G — Home (U, G) is exact as well; this yields the assertion. O
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3.3 FIELD EXTENSIONS

Let k' be a field extension of k. Then the assignment G — Gy = G ® k'
yields the base change functor

®kk/ : Ck — Ck/.

Clearly, this functor is exact and faithful; also, note that an algebraic group G
is connected (resp. smooth, finite, linear, unipotent, a torus, an abelian variety,
a semi-abelian variety) if and only if so is Gy .

LEMMA 3.9. With the above notation, the functor @ik’ yields an exact functor
@kk/ . Qk — Qk"

Proof. As the composite functor Qy o @ik’ : Cr, — C, is exact and sends every
finite k-group to 0, it factors through a unique exact functor C/Fr — C,. .
This yields the existence and exactness of @, k' O

LEMMA 3.10. Let k' be a purely inseparable field extension of k, and G’ a
k' -group.

(i) There exists a smooth k-group G and an epimorphism f : G' — Gy such
that Ker(f) is infinitesimal.

(ii) If G C Hy for some k-group H, then there exists a k-subgroup G C H
such that G' C Gy and Gy /G’ is infinitesimal.

Proof. (i) Let n be a positive integer and consider the nth relative Frobenius
morphism
Fg i G — Q71

Recall that the quotient G’ /Ker(Fyg;, ;) is smooth for n > 0. Since Ker(Fg, ;)
is infinitesimal, we may assume that G’ is smooth. Then F(, Ik is an epimor-
phism in view of [SGA3, VIIA, Cor. 8.3.1].

Next, note that G’ is defined over some finite subextension k" of ¥/, i.e., there
exists a k”-subgroup G” such that G’ = G @~ k’. By transitivity of base
change, we may thus assume that &’ is finite over k. Let ¢ := [k’ : k], then
q = p", where p = char(k) and n is a positive integer; also, k'? C k. Consider
again the morphism £, .5 then by construction, G'?"") = G @ k', where k/
is sent to itself via the gth power map. Thus, G'®") = G}/, where G denotes
the k-group G’ Q- k; here k' is sent to k via the gth power map again. So the
induced map G’ — Gy is the desired morphism.

(ii) As above, we may reduce to the case where k' is finite over k. Then the
statement follows by similar arguments, see [Brl17, Lem. 4.3.5] for details. O

We now are ready to prove Theorem 1 (iv):
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THEOREM 3.11. Let k' be a purely inseparable field extension of k. Then the
base change functor @, k' : C;, — Cy, is an equivalence of categories.

Proof. By Lemma 3.10, every k’-group G’ is isogenous to Gy for some smooth
k-group G. It follows that ®, k" is essentially surjective.

Next, let G, H be smooth connected k-groups, and f : G — H a Cj-morphism,
represented by a Cx-morphism f : G — H/H' for some finite k-subgroup H' of
H.If f,,: Gy — Hy is zero in Cy,, then the image of fir : Gy — Hy /H}, is
finite. By Lemma 2.1, it follows that fy» = 0. This shows that ®, &' is faithful.
We now check that @, &’ is full. Let again G, H be smooth connected k-groups,
and let f € Home,, (G, Hyr). We show that there exists a finite k-subgroup
H' C H and a k-morphism ¢ : G — H/H' such that ¢ represents f. For
this, we may replace H with its quotient by any finite k-subgroup. B
Choose a representative f : Gy — Hy /H" of f, where H"” C Hy is a finite
k’-subgroup. By Lemma 3.10, there exists a k-subgroup I C H such that
H"” C Iy and Iy, /H" is finite; then Ijs is finite as well, and hence so is I.
We may thus replace H by H/I, and f by its composition with the quotient
morphism Hy,/H" — Hy, [T}, = (H/I);s. Then f is represented by a morphism
f : Gk/ — Hy. B

Consider the graph I'(f) C Gy X Hys. By Lemma 3.10 again, there exists a
k-subgroup A C G x H such that I'(f) C Ay and Ay /T(f) is finite. Then
the intersection Ay N (0 x Hy) is finite, since T'(f) N (0 x Hy/) is zero. Thus,
AN(0x H) is finite as well; equivalently, the k-group H' := H N (0 x id)"1(A)
is finite. Denoting by I' the image of A in G x H/H', we have a cartesian

square
A—— GxH

! !

I —— Gx H/H,

where the horizontal arrows are closed immersions, and the left (resp. right)
vertical arrow is the quotient by A N (0 x H) (resp. by H' acting on H via
addition). So T is a k-subgroup of G x H/H', and T'N (0 x H/H') is zero;
in other words, the projection 7 : I' — G is a closed immersion. Since G is
smooth and connected, and dim(T") = dim(A) = dimI'(f) = dim(G), it follows
that 7 is an isomorphism. In other words, I' is the graph of a k-morphism
¢ : G — H/H'. Since the above cartesian square lies in a push-out diagram,

0 A GxH % H/H —— 0
| | al
0 r Gx H/H =% H/H —— 0,

where ¢ : H — H/H' denotes the quotient morphism, it follows that A =
ker(p —q). As I'(f) C Ay, we see that pr = qxr o f. Thus, f is represented
by ks ; this completes the proof of the fullness assertion. O
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REMARKS 3.12. (i) Likewise, the base change functor induces equivalences of
categories U, — U, T — Ty Ly — Ly, and A, — A;,. For tori, this
follows much more directly from the anti-equivalence of T, with the category
of rational representations of the absolute Galois group, see Proposition 4.1.
(ii) In particular, the category U, is equivalent to Uy, where k; denotes the
perfect closure of k in k. Recall from [DG70, Thm. V.1.4.3, Cor. V.1.4.4]
that the category U, is anti-equivalent to the category of finitely generated
modules over the Dieudonné ring D = Dy, which are killed by some power
of the Verschiebung map V. Moreover, the category U, is anti-equivalent to
the category of finitely generated modules over the localization Dy ) which are
killed by some power of V'; see [DGT70, §V.3.6.7].

By work of Schoeller, Kraft, and Takeuchi (see [Sc72, Kr75, Tak75]), the cat-
egory U, is anti-equivalent to a category of finitely generated modules over a
certain k-algebra, which generalizes the Dieudonné ring but seems much less
tractable.

4 TORI, ABELIAN VARIETIES, AND HOMOLOGICAL DIMENSION

4.1 TORI

Denote by T (resp. M, FM) the full subcategory of C with objects the tori
(resp. the groups of multiplicative type, the finite groups of multiplicative type).
Then 7T is stable under taking quotients and extensions, but not subobjets; in
particular, 7 is an additive subcategory of C, but not an abelian subcategory.
Also, F and F M are stable under taking subobjects, quotients and extensions.
Thus, we may form the quotient abelian category M/FM, as in §3.1. One
may readily check that M /FM is a full subcategory of C/F.

Let 7 be the full subcategory of M/F M with objects the tori. Since these are
the smooth connected objects of M, one may check as in Lemma 3.1 that the
inclusion of T in M/F M is an equivalence of categories. The remaining state-
ments of Lemma 3.1 also adapt to this setting; note that we may replace the
direct limits over all finite subgroups with those over all n-torsion subgroups,
since tori are divisible. Also, Proposition 3.6 yields natural isomorphisms

Q ®z Home (T4, To) — Homy (T}, Tb)

for any tori 11, 7T5.
By assigning with each group of multiplicative type G its character group,

X(G) = Homks (Gks 5 Gm,ks)a

one obtains an anti-equivalence between M (resp. F M) and the category of
finitely generated (resp. finite) abstract commutative groups equipped with the
discrete topology and a continuous action of the Galois group I'; see [DG70,
Thm. IV.1.3.6]. Thus, the assignment

XQ:G}—>@®ZX(G) Z:X(G)Q
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yields a contravariant exact functor from M to the category Repg(I') of finite-
dimensional Q-vector spaces equipped with a continuous representation of I"
as above; moreover, every finite group of multiplicative type is sent to 0. This
yields in turn a contravariant exact functor

PROPOSITION 4.1. The functor Xq is an anti-equivalence of categories. In
particular, the category T is semi-simple, and Homy(T1,T%) is a finite-
dimensional Q-vector space for any tori T1,Ts.

Proof. Given a finite-dimensional Q-vector space V equipped with a continuous
action of I', there exists a finitely generated I'-stable subgroup M C V which
spans V; thus, V = X (T)q, where T' denotes the torus with character group
M. So X is essentially surjective.

Given two tori 17, Ts, the natural isomorphism

Hom (T}, T>) = Hom" (X (T3), X (T1))
yields an isomorphism
Homy(T1,T») = Hom" (X (T2)q, X (Th)q)
in view of Proposition 3.6. It follows that X is fully faithful. O
LEMMA 4.2. (i) Ewvery algebraic group G has a unique mazimal torus, T(QG).
(ii) Fwvery morphism of algebraic groups u: G — H sends T(G) to T(H).
(iii) The formation of T(G) commutes with base change under field extensions.

Proof. (i) This follows from the fact that T3 + T5 is a torus for any subtori
T,,1T5 C G.

(ii) Just note that the image of a torus under any morphism is still a torus.
(iii) Consider an algebraic group G, its maximal torus T, and a field extension
k" of k. If char(k) = 0, then Theorem 2.9 implies that G/T is a an extension
of an abelian variety by a product M x U, where M is finite and U unipotent.
As a consequence, a similar assertion holds for Gy /Ty; it follows that Gy /Ty
contains no non-zero torus, and hence Ty is the maximal torus of Gy.. On the
other hand, if char(k) > 0, then G/T is a 3-step extension of a unipotent group
by an abelian variety by a finite group, in view of Theorem 2.11. It follows
similarly that T is the maximal torus of Gy:. O

By Lemma 4.2, the assignment G — T'(G) yields a functor
T:C—T,

the functor of maximal tori. This functor is not exact, as seen from the exact
sequence
0 — Gn] — G 2% G — 0,
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where G is a non-zero torus and n a non-zero integer. But T is exact up to
finite groups, as shown by the following;

LEMMA 4.3. Every exact sequence in C
OHGli)G2L>G3*>O

yields a complez in C

0 — T(G) ™™ 7(Gs) ™™ T(Gs) —s 0,

where T'(u) is a monomorphism, T(v) an epimorphism, and Ker T'(v)/Im T (u)
is finite.

Proof. We argue as in the proof of Theorem 2.11 (iii). Clearly, T'(u) is a
monomorphism. Also, the group

KerT(v)/ImT(u) = T(G2) Nu(Gy1)/u(T(G1))

is the quotient of a group of multiplicative type by its maximal torus, and hence
is finite.

To show that T'(v) is an epimorphism, we may replace G with v=1(T(G3)),
and hence assume that G is a torus. Next, we may replace G with G2 /T (G2),
and hence assume that T'(G3) is zero. We then have to check that G3 is zero.
If char(k) = 0, then there is an exact sequence

00— MxU—Gy—A—0

as in Theorem 2.9, where M is finite. Thus, every morphism G2 — G3 has
finite image. Since v : G2 — (I3 is an epimorphism, it follows that G3 = 0. On
the other hand, if char(k) > 0, then there are exact sequences

0O—H—>G,—U—>0, 0—M-—H—>A—0

as in Theorem 2.11, where M is finite. This implies again that every morphism
G2 — (3 has finite image, and hence that G3 = 0. O

PROPOSITION 4.4. (i) The functor of mazimal tori yields an exact functor
I : Q — Iv

right adjoint to the inclusion T — C. Moreover, T commutes with base
change under field extensions.

(ii) Ewvery torus is a projective object in C.

Proof. (i) Composing T with the functor 7 — 7T induced by the quotient
functor @), we obtain an exact functor C — T (Lemma 4.3), which sends every
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finite group to 0. This yields an exact functor T : C — 7. The adjointness
assertion follows from the natural isomorphism

Home (T, G) = Hom (T, T(Q))
for any torus T" and any algebraic group G, which yields a natural isomorphism
Home (T, G) =2 Homy (T, T(G))

by using Lemmas 3.1 and 4.3. Finally, the assertion on field extensions is a
direct consequence of Lemma 4.2.
(ii) This follows by arguing as in the proof of Proposition 3.8 (iii). O

4.2 ABELIAN VARIETIES

Denote by A (resp. P) the full subcategory of C with objects the abelian va-
rieties (resp. the proper groups, i.e., those algebraic groups G such that the
structure map G' — Spec(k) is proper). Like the categorye of tori, A is stable
under taking quotients and extensions, but not subobjects; so A is an addi-
tive subcategory of C, but not an abelian subcategory. Also, P is stable under
taking subobjects, quotients and extensions; it also contains the category F of
finite groups. We may thus form the quotient abelian category P/F, which is
a full subcategory of C/F.

Next, let A be the full subcategory of P/F with objects the abelian varieties.
As in §4.1, the inclusion of A in P/F is an equivalence of categories, and the
remaining statements of Lemma 3.1 adapt to this setting. Also, Proposition
3.6 yields natural isomorphisms

@ X7 HOIIlC(AAl7 AQ) i) HOmA(Al, AQ)

for any abelian varieties Aq, As. Since the abelian group Home (A7, Ag) is free
of finite rank (see [Mi86, Thm. 12.5]), Hom 4 (A1, A2) is a finite-dimensional Q-
vector space. Moreover, the category A is semi-simple, in view of the Poincaré
complete reducibility theorem (which holds over an arbitrary field, see [Co06,
Cor. 3.20] or [Brl7, Cor. 4.2.6]).

LEMMA 4.5. (i) Every smooth connected algebraic group G has a largest
abelian variety quotient,

a=aqg:G— AG).
Moreover, Ker(a) is linear and connected.

(ii) Fvery morphism u: G — H, where H is smooth and connected, induces
a unique morphism A(u) : ) — A(H) such that the square

AG

G —— H
S
A@Q) 2 A
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commutes.

(i) For any field extension k' of k, the natural morphism A(Gy) — A(G)g
is an isomorphism if char(k) = 0, and an isogeny if char(k) > 0.

Proof. (i) and (ii) The assertions are direct consequences of Theorem 2.3 (ii).
(iii) By (i), we have an exact sequence

0 — L(G) — G -5 A(G) — 0,
where L(G) is linear and connected. This yields an exact sequence
0 — L(GQ)y — G — A(G)rr — 0.
Thus, L(Gy) C L(G)y and we obtain an exact sequence
0 — L(G)y /L(Gy) — A(Gr) — A(G)ir — 0.

Sinc L(G)y is linear, the quotient L(G)g /L(Gk/) must be finite; this yields
the assertion when char(k) > 0.

When char(k) = 0, we may characterize L(G) as the largest connected linear
subgroup of G. It follows that L(G)r C L(Gp); hence equality holds, and

A(Gr) = A(G)w. 0

REMARKS 4.6. (i) An arbitrary algebraic group G may admit no largest abelian
variety quotient, as shown by the following variant of [Brl7, Ex. 4.3.8]: let A
be a non-zero abelian variety, and choose an integer n > 2. Let

G := (A x A[n?))/diag(A[n]),
where A[n] is viewed as a subgroup of A[n?]. Consider the subgroups of G
Hy 1= (Al x A[?))/diag(Aln]),  Hy = diag(A[n?])/diag(Aln]).

Then G/H;, G/Hj are both isomorphic to A. Also, H; N Hy = 0, and G is not
an abelian variety.

(ii) The assignment G +— A(G) does not preserve exactness of sequences of
smooth connected algebraic groups. For example, consider an elliptic curve E
equipped with a k-rational point of prime order £ > 2. Assume that k contains
a nontrivial £th root of unity; this identifies u, with the constant group scheme
Z/lZ. Consider the quotient

G := (B x Gp)/diag(pue),

with an obvious notation. Then G is a smooth connected algebraic group,
which lies in an exact sequence

0—F—G—G,, —0.

Moreover, the induced map A(E) — A(G) is just the quotient map E — E/p,.
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We now show that the assignment G — A(G) is exact up to finite groups:

LEMMA 4.7. Consider an exact sequence in C
0—)G1L>G2L>G3—>O,

where G1,Gs,G3 are smooth and connected. Then we have a commutative
diagram in C

0—— G — G —— Gy —— 0

0 —— AG)) s A(Gs) 2 A(Gs) —— 0,
where A(v) is an epimorphism, and Ker A(u), Ker A(v)/Im A(u) are finite.

Proof. Clearly, A(v) is an epimorphism. Let L; := Ker(a;) for i = 1,2,3;
then each L; is connected and linear by Theorem 2.3. We have isomor-
phisms Ker A(u) & u=*(L2)/L1, Im A(u) 2 u(G1)/u(G1) N Ly and Ker A(v) =
v=Y(L3)/La. Since u=!(Lz) is linear, Ker A(u) is linear as well; it is also proper,
and hence finite. Also, Ker A(v)/Im A(u) = v~1(L3)/La+u(G1) is a quotient of
v Y(L3)/u(G1) = Ls. Tt follows similarly that Ker A(v)/Im A(u) is finite. O

Next, we obtain a dual version of Proposition 4.4:

PROPOSITION 4.8. (i) The Albanese functor yields an exact functor
A : Q — Aa

which is left adjoint to the inclusion A — C. Moreover, A commutes with
base change under field extensions.

(ii) Fuvery abelian variety is an injective object in C.

Proof. (i) Consider a C-morphism f : G — H and choose a representative by
a C-morphism f : G — H/H', where H' is a finite subgroup of H. This yields
an A-morphism

A(f) : A(G) — A(H/H') = A(H)/an (H'),

and hence an A-morphism A(f) : A(G) — A(H). One may readily check that
A(f) depends only on f, in a covariant way. By Proposition 3.5 and Lemma
4.5, the resulting functor A is exact and commutes with base change under
field extensions.

To show the adjointness assertion, consider a smooth connected algebraic group
G and an abelian variety A. Then the map

Hom4(A(G), A) — Hom¢ (G, A), f+— foag
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is an isomorphism by Lemma 4.5 again. In view of Proposition 3.6, it follows
that the analogous map

Hom4(A(G), A) — Hom¢ (G, A)

is an isomorphism as well.
(ii) This follows formally from (i). O

REMARKS 4.9. (i) Denote by A the dual of an abelian variety A. Then the
assignment A +— A yields a contravariant endofunctor of A, which is involutive
and preserves isogenies and finite products. As an easy consequence, we obtain
a contravariant endofunctor of A, which is involutive and exact. Note that each
abelian variety is (non-canonically) A-isomorphic to its dual, via the choice of
a polarization.

(ii) Let &’ be a field extension of k. Then the assignment

Ar— @ ®R7, A(k/) =: A(k’/)@

yields a functor from A to the category of Q-vector spaces (possibly of infinite
dimension), which preserves finite products. Moreover, each isogeny

f:A— B

yields an isomorphism
A(Kg = B(¥)a,

since this holds for the multiplication maps n4. Thus, the above assignment
yields an exact functor from A to the category of Q-vector spaces.

4.3 VANISHING OF EXTENSION GROUPS

In this subsection, we prove the assertion (v) of Theorem 1: hd(C) = 1. We
first collect general vanishing results for extension groups in C:

LEMMA 4.10. Let G be a smooth connected algebraic group, U a smooth con-
nected unipotent group, A an abelian variety, and T a torus.

(i) Extg(T,G) =0 = Ext¢(G,A) =0 for alln > 1.
(ii) If char(k) = 0, then Extg(U,G) =0 for alln > 1.

(iii) If char(k) = p > 0 and G is divisible, then Ext¢(U,G) = 0 = Ext¢ (G, U)
for allm > 0.

(iv) If G is linear, then Extg (G, T) = 0 for alln > 1. If moreover char(k) = 0,
then Extg(G,U) =0 for alln > 1 as well.
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Proof. (i) Just recall that T is projective in C (Proposition 4.4), and A is
injective in C (Proposition 4.8).

(ii) Likewise, U is projective in C by Proposition 3.8.

(ili) Since U is unipotent, there exists a positive integer m such that pf% = 0.
It follows that both groups Exty' (U, G) and Extg'(G,U) are p™-torsion (see
e.g. [0066, Lem. 1.3.1]). But these groups are also modules over End¢(G), and
hence Q-vector spaces by Proposition 3.6. This yields the assertion.

(iv) By Proposition 2.8 and the long exact sequence for Ext groups, we may
assume that G is unipotent or a torus. In the latter case, both assertions
follows from (i); in the former case, the first assertion follows from (ii) and
(iii), and the second assertion, from the fact that unipotent groups are just
vector spaces. O

Next, recall that hd(C) > 1 in view of Examples 3.4. So, to conclude that
hd(C) = 1, it suffices to check the following:

LEMMA 4.11. For any smooth connected algebraic groups G, H and any integer
n > 2, we have Ext¢ (G, H) = 0.

Proof. Let n € Extg(G, H), where n > 3. Then 7 is represented by an exact
sequence in C

0—H —G — - — G, —G—0,
which we may cut into two exact sequences in C
0—H —G — Gy, — K—0,

0 —K—>G3— - —G, —G—0.

Thus, 1 can be written as a Yoneda product n; U ny, where n; € EXtE(G, K)
and 12 € EXtZ_Q(K, H). So it suffices to show the assertion when n = 2.

Using the long exact sequences for Ext groups, we may further reduce to the
case where G, H are simple objects in C, i.e., G,, simple tori T, or simple
abelian varieties A (Proposition 3.2). In view of Lemma 4.10, it suffices in turn
to check that
(i) Ext3(A,T) =0,
(if) Extg(A, G,) =0 when char(k) = 0,
(iii) Exté(Ga, G,) = 0 when char(k) > 0.

For (i), we adapt the argument of [O066, Prop. 11.12.3]. Let n € Exté(A, T) be
represented by an exact sequence in C

0—T -G — Gy — A—0.
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As above, n = m1 U 12, where n; denotes the class of the extension
0—T -G — K—0,

and 7 that of the extension
0—K— Gy A—0.

Also, note that A(w) : A(G2) — A is an epimorphism in A, and hence has
a section, say s. Denoting by Ha the pull-back of s(A) under the Albanese
morphism Gy — A(G3), we have a monomorphism ¢ : Hy — G in C, such that
A(wor): A(Hy) — A is an isomorphism. This yields a commutative diagram
of exact sequences in C

0 T H, H, A 0
I
0 T —— G —— Gy —— A 0.

Thus, 7 is represented by the top exact sequence, and hence we may assume
that A(w) is an isomorphism. Then K is linear in view of Theorem 2.3. Thus,
k1 = 0 by Lemma 4.10 (iv). So n = 0; this completes the proof of (i).

For (ii), we replace T with G, in the above argument, and use the vanishing
of Extg (L, G,) for L linear (Lemma 4.10 (iv) again).

Finally, for (iii), it suffices to show that Extg,(Ga,Ga) = 0. Also, we may

assume that k is perfect, in view of Theorem 3.11. Let n € Exté(Ga,Ga) be
represented by an exact sequence in U,

0 —G, — G — Gy — G, — 0.
Then Proposition 3.5 yields an exact sequence in U,
0—G, — H — Hy, — G, — 0,

and a commutative diagram in U,

0 G, Gy Go G, 0
| | | |
0 Gq Hy H, Gq 0.

where the vertical arrows are isomorphisms in U (here we use the fact that the
quotient of G, by a finite subgroup is isomorphic to G,). As Ext},(G,,G,) =0
(see [DG70, V.1.5.1, V.1.5.2]), the bottom exact sequence is equivalent to the
trivial exact sequence in U, and hence in &. Thus n = 0 as desired. O

REMARK 4.12. When k is perfect, the groups Ext; (G, H) are torsion for all
n > 2 and all algebraic groups G, H, in view of [Mi70, Cor., p. 439]. In fact,
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this assertion extends to an arbitrary field k: indeed, it clearly holds when G
or H is finite, or more generally m-torsion for some positive integer m. Using
Proposition 2.8, one may thus reduce to the case when G, H are simple objects
of C. Then the assertion is obtained by combining Proposition 3.6, Lemma
4.10, and the proof of Lemma 4.11.

5 STRUCTURE OF ISOGENY CATEGORIES

5.1 VECTOR EXTENSIONS OF ABELIAN VARIETIES

In this subsection, we assume that char(k) = 0. Recall that a vector extension
of an abelian variety A is an algebraic group G that lies in an extension

& 0—wU—G—A—0,

where U is unipotent. Then U = R,(G) and A = A(G) are uniquely de-
termined by Gj also, the extension £ has no non-trivial automorphisms, since
Home(A,U) = 0. Thus, the data of the algebraic group G and the extension &
are equivalent.

We denote by V the full subcategory of C with objects the vector extensions
(of all abelian varieties). By Theorems 2.3 and 2.4, the objects of V are those
smooth connected algebraic groups that admit no non-zero subtorus. In view
of Lemmas 4.2 and 4.3, this readily implies:

LEMMA 5.1. (i) Let 0 = G1 — G3 — G35 — 0 be an exact sequence in C,

where Gy is connected. Then Go is an object of V if and only if so are
G3 and Y.

(ii) Let f : G — H be an isogeny of connected algebraic groups. Then G is
an object of V if and only if so is H.

(i) Let k' be a field extension of k, and G an algebraic k-group. Then G is
an object of Vi if and only if Gy is an object of Vi .

In particular, V is stable under taking quotients and extensions, but not sub-
objects; like T and A, it is an additive subcategory of C, but not an abelian
subcategory.

Next, recall from [Ro58] or [MM74, §1.9] that every abelian variety A has a
universal vector extension,

E&(A): 0—UA) — EA) —A—0,

where U(A) is the additive group of the vector space H!(A,04)*; moreover,
dimU(A) = dim A. Also, E(A) is anti-affine, i.e., every morphism from E(A)
to a linear algebraic group is zero (see e.g. [Brl7, Prop. 5.5.8]).

PROPOSITION 5.2. (i) The assignments A — E(A), A — U(A) yield addi-

tive functors
E:A—V, U:A—U,

which commute with base change under field extensions.
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(ii) For any morphism f : A — B of abelian varieties, the induced mor-
phism U(f) : U(A) — U(B) is the dual of the pull-back morphism
f*: HY(B,0p) — HY(A,04). Moreover, U(f) is zero (resp. an iso-
morphism) if and only if [ is zero (resp. an isogeny).

(i) E is left adjoint to the Albanese functor A:V — A.

Proof. We prove (i) and (ii) simultaneously. Let f : A — B be a morphism of
abelian varieties. Consider the pull-back diagram of exact sequences

0 —— UB) —— F A 0
id l fl
0 —— U(B) —— E(B) B 0.

The universal property of £(A) yields a commutative diagram of exact sequences

0 —— U(4) —— E(4) A 0
| ool
0 —— UB) —— F A 0,

and hence another such diagram,

0 —— U(A) —— E(A) A 0

Uu(f) E(

~
—~
~

—

0 — U(B) —— E(B) B 0,

which defines morphisms E(f) and U(f).
Next, let n € HY(B,Op), so that we have a push-out diagram of extensions

0 —— U(B) —— E(B) B 0
I B
0O —— G, —— £E, B 0.

By construction, the pull-back of E, by f is the push-out of {(A) by the map
noU(f) : U(A) — G,. Hence U(f) is the dual of f* : HY(B,0p) — H'(A,04).
As a consequence, U is a covariant functor, and hence so is F.

Since the formation of the universal vector extension commutes with base
change under field extensions, the functors E and U commute with such base
change as well. Clearly, they are additive; this completes the proof of (i).

To complete the proof of (ii), recall the canonical isomorphism

HY(A, 04) = Lie(A),
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where the right-hand side denotes the Lie algebra of the dual abelian variety

(see [Mi86, Rem. 9.4]). This isomorphism identifies f* with Lie(f), where
f : B — A denotes the dual morphism of f. As a consequence,

Uf)=0& f*=0& f=0& f=0,

where the second equivalence holds since char(k) = 0, and the third one follows
from biduality of abelian varieties. Likewise, U(f) is an isomorphism if and
only if f* is an isomorphism; equivalently, f is an isogeny, i.e., f is an isogeny.
(iii) Given a vector extension 0 - U — G — A(G) — 0, we check that the
map

a: Homy(E(A),G) — Homu (A4, A(G)), u+— A(u)

is an isomorphism.

Consider a morphism v : E(A) — G such that A(u) = 0. Then u factors
through a morphism E(A) — R,(G), and hence u = 0 as E(A) is anti-affine.
Next, consider a morphism v : A — A(G). By (i), we have a commutative

square

E(4) 2% B(AG))

| |
A — s AQG).

Also, the universal property of {(A) yields a commutative square

B(AG) —— &
AG) —4 AG).
Thus, w := E(v) o § € Homy(E(A), G) satisfies a(v) = u. O

Denote by V the isogeny category of vector extensions, that is, the full subcat-
egory of C with the same objects as V. Then V is an abelian category in view
of Lemma 5.1. Also, Proposition 3.6 yields natural isomorphisms

Q®z HOmc(Gl, GQ) E) HOmE(Gl, GQ), Q®z EXt(lj(Gl, GQ) E) Ethz(Gl, GQ)

for any objects G1, G2 of V.

COROLLARY 5.3. (i) The functors E : A — V, U : A — U vyield exact
functors
E:A—YV, U:A—U,

which commute with base change under field extensions. Moreover, E is
left adjoint to the Albanese functor A:Y — A.
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(ii) The universal vector extension of any abelian variety is a projective object

of V.

Proof. (i) This follows from Propositions 3.5 and 5.2.
(ii) We have canonical isomorphisms for any object G of V:

Homy(E(A),G) =2 Q®z Homy(E(A),G) 2 Q @z Hom 4 (A, A(G)),

where the first isomorphism follows from Proposition 3.6, and the second one
from Proposition 5.2. Using Proposition 3.6 again, this yields a canonical
isomorphism

Homy (E(A), G) = Homy(A, A(G)).

Since the Albanese functor A is exact (Proposition 4.8), it follows that the
functor G — Homy (E(A), G) is exact as well. O

Next, let G be an object of V. Form and label the commutative diagram of
exact sequences in C

0 —— U(A) —~— E(A) A 0
q 5| al
oOo—— U — G A 0,

where U = U(G), A = A(G), and v = 7 classifies the bottom extension. This
yields an exact sequence in C

€: 0—UA) 2 UXxEA) —G—0.
PROPOSITION 5.4. Keep the above notation.
(i) & yields a projective resolution of G in V.
(ii) For any object H of V, we have an exact sequence

0 — Homy (G, H) —2+ Homy (U(G), U(H)) x Homa(A(G), A(H))

5 Homy (U(A(G)), U(H)) — Ext} (G, H) — 0,
where o(f) == (U(f), A(f)), and ¢(u,v) := uoyg —vm o U(v).

Proof. (i) This holds as U, U(A) are projective in C (Theorem 2.9), and E(A)
is projective in C (Proposition 5.2).

(ii) In view of (i), this follows readily from the long exact sequence of extension
groups

0 — Homy (G, H) — Homy (U x E(A), H) — Homy (U, H) — Ext},(G, H) — 0

associated with the short exact sequence £. o
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As a direct consequence of Proposition 5.4, we obtain:

COROLLARY 5.5. The following conditions are equivalent for an object G of V:
(i) GZ E(A) in Y for some abelian variety A.
(ii) Homy(G,G,) = Exty,(G, G,) = 0.

As a further consequence, we describe the projective or injective objects of V:

COROLLARY 5.6. (i) The projective objects of ¥ are the products V x E(A),
where V' is unipotent, and A is an abelian variety.

(ii) The injective objects of ¥ are the abelian varieties.

Proof. Let G be an extension of an abelian variety A by a unipotent group U.
(i) If G is projective in V, then Exty,(G, G,) = 0. In view of Proposition 5.4, it
follows that the map Homy, (U, G,) — Homy (U(A), G,), u + uo~ is surjective.
Equivalently, v is injective; hence so is § : E(A) — G. Identifying E(A) with
a subgroup of G, it follows that G = U + E(A), and U(A) C U. We may
choose a complement V' C U to the subspace U(A) C U; then G =2V x E(A).
Conversely, every such product is projective by Proposition 5.2. This yields
the assertion.

(ii) If G is injective in ¥, then Ext%,(B, G) = 0 for any abelian variety B. Thus,
we have an exact sequence B

0 — Homy (B, U) — Homy (B, G) — Homy(B, A) —2 Extd (B, U) — 0.

Moreover, Exty,(B, U) = Homy, (U (B),U), as follows e.g. from Proposition 5.4.
Since Homy (B, A) = Hom 4 (B, A) is a finite-dimensional Q-vector space, so is
Homy, (U(B),U).

When k is not a number field, i.e., k is an infinite-dimensional Q-vector space,
this forces U = 0, since U(B) # 0 for any non-zero abelian variety B. Thus, G
is an abelian variety.

On the other hand, when k is a number field, there are only finitely many
isomorphism classes of abelian varieties that are isogenous to any prescribed
abelian variety (see [MW93] for a quantitative version of this finiteness result).
As a consequence, we may choose a simple abelian variety B, not isogenous to
any simple factor of A. Then Homy (B, A) = 0; as above, this yields U = 0,
i.e., G is an abelian variety.

Conversely, every abelian variety is injective in V by Proposition 4.8. O

We now describe the structure of V and V in terms of linear algebra. Let
D be the category with objects the triples (A,U,7), where A is an abelian
variety, U a unipotent group, and y : U(A) — U a morphism; the D-morphisms
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from (A1,U1,71) to (Az,Us,2) are those pairs of C-morphisms v : Uy — Us,
v : A1 — As such that the square

UA) 2 pia,)

g |
U, —— U

commutes. We also introduce the ‘isogeny category’ D, by allowing v to be a
C-morphism in the above definition (this makes sense in view of Corollary 5.3).
Next, define a functor

D:V—D

by assigning to each object G the triple (A(G), R, (G), ), where v : U(A(G)) —
R, (G) denotes the classifying map, and to each morphism f : G; — Ga, the
pair (A(f),U(f)). By Corollary 5.3 again, we may define similarly a functor

D:Y —D.

PROPOSITION 5.7. With the above notation, the functors D and D yield equiv-
alences of categories.

We omit the easy proof.

5.2 SEMI-ABELIAN VARIETIES

Recall that a semi-abelian variety is an algebraic group G that lies in an ex-
tension
& 0—T —G—A—0,

where T is a torus, and A an abelian variety. We now adapt part of the results
of §5.1 to this setting, leaving the (easy) verifications to the motivated reader.
The algebraic groups T' = T(G) and A = A(G) are uniquely determined by G,
and the extension £ has no non-trivial automorphisms. Thus, the data of G and
of the extension £ are equivalent. Moreover, recall the natural isomorphism

¢ : Exts (A, T) — Hom" (X (T), A(ks)),
which arises from the Weil-Barsotti isomorphism
Extl, (Ar,,Gmk,) — A(ks)
together with the pairing
Exté (A, T) x X(T) — Exte, (Ak,,Gmr,)

given by push-out of extensions via characters of T'.
Denote by S the full subcategory of C with objects the semi-abelian varieties.
Then the analogue of Lemma 5.1 holds in view e.g. of [Brl7, §5.4] (but there
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is no analogue of the universal vector extension in this setting). Thus, the
isogeny category of semi-abelian varieties, S, is an abelian category. As for
vector extensions of abelian varieties, we have natural isomorphisms

Q ®z Home(G1, Ga) = Homs(G1,Ga), Q@7 Extd(Gr,G2) = Ext5(Gh,Go)

for any objects G1,G2 of §. This yields a natural isomorphism

o

Extg (A, T) — Hom" (X (T')q, A(ks)qg)-

Note that the assignment R
Ar— A(kS)Q

yields an exact functor from A to the category of Q-vector spaces equipped
with the discrete topology and a continuous representation of I', as follows e.g.
from Remarks 4.9.

Next, we obtain a description of § in terms of linear algebra. Let £ be the
category with objects the triples (A, M, ¢), where A is an abelian variety, M a
finite-dimensional Q-vector space equipped with a continuous action of I', and
¢: M — A(ks)g a I-equivariant linear map; the £-morphisms from (A4;, M1, ¢1)
to (Aa, M, co) are those pairs (u,v), where u : Ay — As is a A-morphism and
v : My — Mj a I'-equivariant linear map, such that the square

M2 L) A\Q(ks)(@
M1 L) A\l (kS)Q
commutes. Then one may check that the assignment
G — (A(G), X(T(G))g, c(G)a)
yields an equivalence of categories S — £. Moreover, the sequence

0— HOmg(Gl, GQ) i) HOIDF(MQ, Ml) X HOmA(Al, AQ)

5 Hom" (My, A (ks)g) — Exts(G1,Ga) — 0

is exact for any semi-abelian varieties G1, G2, where £(G;) = (A;, M;, ¢;) for
i=1,2,0(f) = (XgoD)(f),A(f)), and ¥(u,v) := cy ou — Vo cy.

Yet there are important differences between the isogeny categories of vector
extensions and semi-abelian varieties. For example, the latter does not have
enough projectives in general:

PROPOSITION 5.8. (i) If k is not locally finite, then the projective objects of
S are the tori.

(ii) If k is locally finite, then the product functor T x A — S yields an
equivalence of categories.
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Proof. (i) Let G be a semi-abelian variety, extension of an abelian variety A
by a torus T'. Denote by ¢ : X (T') — A(ks) the classifying map, and by

co: X(T)g — Alks)g

the corresponding Q-linear map; recall that ¢ and cg are I'-equivariant.
If G is projective in C, then Exté(G, T’) = 0 for any torus 7”. Thus, we have
an exact sequence

0 — Home (A, T") — Home (G, T") — Home (T, T") ~25 Ext:(A, T') — 0.
Moreover, the boundary map 0 may be identified with the map
Hom" (X (I")q. X (T)g) — Hom" (X (I")q, A(k,)g). f— cgo f.

Since 0 is surjective, and X (T")g may be chosen arbitrarily among finite-
dimensional Q-vector spaces equipped with a continuous representation of T',
the map cg is surjective as well. In particular, the abelian group A(k,) has
finite rank. In view of [FJ74, Thm. 9.1], this forces A to be zero, i.e., G is a
torus.

(ii) This follows readily from Proposition 2.5 and Corollary 2.13. O

5.3 PRODUCT DECOMPOSITIONS

In this subsection, we first prove the remaining assertions (ii) and (iii) of The-
orem 1. Then we describe the isogeny category C in characteristic 0, and its
projective or injective objects in arbitrary characteristics.

PROPOSITION 5.9. (i) If k is perfect, then the product functor M xU — L
yields an equivalence of categories.

(ii) For any field k, the product functor T x U — L yields an equivalence of
categories.

Proof. (i) This follows readily from Theorem 2.4 and Proposition 2.5.
(ii) This is a consequence of (i) in view of Theorem 3.11. O

PROPOSITION 5.10. If char(k) > 0, then the product functor S x U — C yields
an equivalence of categories.

Proof. Let G be a smooth connected algebraic group. By Corollary 2.13, there
exists a finite subgroup F' C G such that G/F = S x U, where S is a semi-
abelian variety, and U is unipotent. Thus, the product functor II is essentially
surjective.

Next, let S, S5 be semi-abelian varieties, and Uy, U; smooth connected unipo-
tent groups. We check that II induces an isomorphism

Homg (1, S2) x Home (Uy, Us) — Home (S x Uy, So x Us),  (@,%) — @ x ).
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Assume that ¢ x 1) = 0. Choose representatives ¢ : S1 — S2/55 and ¢ : Uy —
Uy /U, where S5, Uj are finite. Then ¢ x 9 : Sy x Uy — (S2 x Uz2) /(S5 x Uj)
has finite image, and hence is zero by Lemma 2.1. So ¢ = ¢ = 0.

Let v € Homg (S; x Uy, Sy x Us) be represented by v : Sy x Uy — (Sa x Uz)/F,
where F is finite. Then F C S} x U} for some finite subgroups S, C S,
U, C Us. Thus, we may assume that F' = S, x Uj. Then the composite
morphisms

Sl — Sl X U1 l> Sg/Sé X UQ/Ué — UQ/UQ/,
U1 — Sl X U1 l> Sg/Sé X UQ/Ué — Sg/Sé

are zero by Lemma 2.1 and Proposition 2.5. Thus, v = ¢ X 1 for some mor-
phisms ¢ : S1 — S2/5%, ¢ : Uy — U /U3, O

Combining Propositions 5.8 (i) and 5.10, we obtain readily:

COROLLARY 5.11. If k is locally finite, then the product functor
TxAxU—C

yields an equivalence of categories.

REMARKS 5.12. (i) With the notation of the above corollary, each of the cat-
egories T, A, U admits a description of its own. By Proposition 4.1, T is
equivalent to the category of Q-vector spaces equipped with an automorphism
of finite order. Also, the isomorphism classes of abelian varieties over a fi-
nite field are classified by the Honda-Tate theorem (see [Ho68, Tat66]); their
endomorphism rings are investigated in [Wa69]. Finally, the structure of U
(obtained in [DG70, §V.3.6.7]) has been described in Remark 3.12.

(ii) Combining Lemma 2.2, Theorem 2.4 and Lemma 3.10, one may show that
the product functor M/IM x U/IU — L/T yields an equivalence of cate-
gories. Here Z denotes the category of infinitesimal algebraic groups, and ZM
(resp. ZU) the full subcategory of infinitesimal groups of multiplicative type
(resp. unipotent).

Next, assume that char(k) = 0. Then every algebraic group is isogenous to a
fibered product E X 4 S, where FE is a vector extension of the abelian variety A,
and S is semi-abelian with Albanese variety isomorphic to A (see e.g. Remark
2.10). This motivates the consideration of the fibered product ¥ x 4 S: this is
the category with objects the triples (F, S, f), where E is a vector extension
of an abelian variety, S a semi-abelian variety, and f : A(E) — A(S) an A-
isomorphism. The morphisms from (1, S1, f,) to (s, Sa, f.) are those pairs

)
of C-morphisms u : E1 — Fs, v : S; — So such that the square

AE) 2% A(By)

Ll L

A(Sy) 22 A(Sy)
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commutes in A.
PROPOSITION 5.13. If char(k) = 0, then C is equivalent to Y X4 S.

The proof is similar to that of Proposition 5.10, and will be omitted. Note that
the descriptions of ¥V and § in terms of linear algebra, obtained in §5.1 and
85.2, can also be reformulated in terms of fibered products of categories.
Returning to an arbitrary field k, we obtain:

THEOREM 5.14. The projective objects of C are:
o the linear algebraic groups, if char(k) = 0.
o the semi-abelian varieties, if k is locally finite.

o the tori, if char(k) > 0 and k is not locally finite.

Proof. Let G be a smooth connected algebraic group. As a consequence of
Theorem 2.9 and Proposition 5.10, we have an exact sequence in C

0—U—G—5—0,

where U is smooth, connected, and unipotent, and S is a semi-abelian variety.
If G is projective in C, then Ext;(G,T’) = 0 for any torus 7. Since
Homg (U, T") = 0 (as a consequence of Proposition 2.5) and Extg (U, T") = 0 (by
Lemma 4.10), the long exact sequence for Ext groups yields Exté(S ,T) =0 as
well. By arguing as in the proof of Proposition 5.8, this forces either A(S) to
be zero, or k to be locally finite.

If A(S) =0, then G is linear, and hence G = T x U in C by Proposition 5.9.
Moreover, tori are projective in C by Proposition 4.4; thus, we may assume
that G is unipotent. If char(k) = 0, then every unipotent group is projective,
as follows e.g. from Lemma 4.10. If char(k) > 0 and G # 0, then there exists
an exact sequence

0—H—G—G,—0

in C. Since Ext:(G,G,) = 0 = Ext3(H, G,), it follows that Ext (G, G,) = 0.
But this contradicts Example 3.4 (i), hence G = 0. -

On the other hand, if k is locally finite, then G 2T x A x U in C (by Corollary
5.11) and it follows as above that U is zero. Conversely, every semi-abelian
variety is projective in C, by Corollary 5.11 again. O

COROLLARY 5.15. If char(k) > 0, then C has no non-zero projective objects.
Proof. Let G be a projective object of C. By the claim in the proof of Theorem
2.9 (iii), the (abstract) group Hom¢ (G, H) is divisible for any divisible group

H. By arguing as in that proof, it follows that G is linear. Also, for any torus
T, the group Hom¢ (G, T) is finitely generated and divisible, hence zero.
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Next, we show that G is connected. Indeed, the quotient G/GV is finite and
étale, hence contained in a torus 7. As Hom¢(G,T) = 0, this yields the
assertion.

In view of Theorem 2.4, we obtain an exact sequence

00— M —G—U—0,

where M is of multiplicative type, and U is unipotent and connected. We now
show that U is projective in the unipotent category . Indeed, given an exact
sequence U; — Us — 0 in U and a morphism ¢ : U — Us, we may lift the
composition ¢ : G — U — Uz to a morphism v : G — U;. Then yv(M) =0
(Proposition 2.5) and hence « factors through a morphism ¢ : U — Uj, which
lifts ¢.

Let F be an infinitesimal subgroup of U such that U/F is smooth; then U/F
is an object of U, and one easily checks by using Proposition 3.5 that U/F is
projective in Y. In view of Proposition 5.10 and Theorem 5.14, it follows that
U/F is zero, hence U is infinitesimal. If U # 0 then there exists an epimorphism
U — a, and hence a non-zero morphism U — A for some (supersingular)
abelian variety A. Since Hom¢ (G, A) = 0, this yields a contradiction. Thus,
U = 0, i.e.,, G is of multiplicative type, hence contained in a torus, hence
Z€ro. o

THEOREM 5.16. The injective objects of C are the semi-abelian varieties if k is
locally finite, and the abelian varieties otherwise.

Proof. Let G be an injective object of C, and
0— G —G—G2—0

an exact sequence in C. Since hd(C) = 1, the map Extg(H,G) — Extl(H, G2)
is an epimorphism for any object H of C. Thus, every quotient of G is injective.
In particular, so is the largest semi-abelian quotient S (in view of Remark 2.10
and Theorem 2.11).
We now adapt the argument of Corollary 5.6. Recall that S lies in a unique
extension

0—T—8S—A—0,

classified by a I'-equivariant morphism ¢ : X (T) — A(ks). Since S is injective
in C, we have Exté (B,S) = 0 for any abelian variety B, and hence the con-

necting homomorphism 0 : Home(B, A) — Exté(B,T) is surjective. Under
the isomorphisms

Home (B, A) = Q @7 Home (B, A),  Ext$(B,T) 2= Q @z Hom" (X (1), B(ks))

(Proposition 3.6 and §5.2), the map 9 is identified with the composition of the
natural map

Q @z Home (B, A) — Q @z Hom' (A(k,), B(ks))
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with the map

~

v : Q ®z Hom' (A(ks,), B(ks)) — Q ®z Hom" (X(T), B(k,)), u—> uoc.

Next, consider a free abelian group M of finite rank, equipped with a continuous
action of I'. Then for any abelian variety B, the tensor product By, ®z M is
a ks-abelian variety equipped with the diagonal I'-action, and descends to a
unique k-abelian variety B(M). Replacing B with B(M), it follows that the
corresponding map

O(M) : Q @z Homg, (Bx, ®z M, Ay,) — Q @z Hom" (X (T) @z M, B(k,))

is surjective as well. As QwzHome, (B, , Ax,) and QwzHom(X (T), B(k,)) are
direct sums of continuous, finite-dimensional I'-modules, and M is arbitrary, it
follows that the natural map

Home,_ (Bi., Ay,) — Hom(X (T), B(ks))

is surjective over the rationals.

In the case where k is not locally finite, recall from [FJ74, Thm. 9.1] that
the group B (ks) has infinite rank for any non-zero abelian variety B. Since
Home, (Bg,, Ax,) has finite rank, it follows that X (7) = 0, i.e., S is an abelian
variety. We now distinguish between two subcases.

If char(k) = 0, then G is a vector extension of A, and hence is injective in the
category V. Thus, G = A in view of Corollary 5.6.

If char(k) > 0, then G =2 A x U in C for some split unipotent group U, which
must be injective in C. If in addition U # 0, then it follows that G, (a quotient
of U) is injective in C as well. But Ext}(G,,G,) # 0 in view of Example 3.4,
a contradiction. Thus, G = A again.

Finally, in the case where k is locally finite, we have G 2T x A x U in C with
an obvious notation. As above, we obtain that U = 0; on the other hand, T
and A are injective in C by Corollary 5.11. This completes the proof. O

REMARK 5.17. The category C has no non-zero injective objects. This result
should be well-known, but we could not find it in the literature; also, it does not
seem to follow from Theorem 5.16, as the relation between injective objects in
C and C is unclear. So we sketch a direct proof: let G be an injective object of
C. For any positive integer n which is prime to char(k), the n-torsion subgroup
G|[n] is finite and étale, hence isomorphic to a subgroup of some torus 7,,. The
inclusion G[n| C G extends to a morphism 7,, — G, and hence G[n] is contained
in the maximal torus T'(G). Likewise, G[n] is isomorphic to a subgroup of an
abelian variety A,, and hence is contained in the largest abelian subvariety of
G. Since this abelian variety intersects T(G) along a finite subgroup, it follows
that G[n] = 0 for n > 0.

If char(k) = 0, then there is an exact sequence

0 — R,(G) —G— H—0,
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where HY is a semi-abelian variety. Since n R.(@) is an isomorphism, we have
Gln] = H{n| for all n; it follows that H is finite. Thus, G = Ry (G) + F for
some finite group F', which embeds into some torus 7. As above, it follows
that FF =0, i.e., G is unipotent. If G # 0, then Exté (A, G) # 0 for any abelian
variety A, a contradiction.

If char(k) = p > 0, then there is an exact sequence

0—H —G—U—70,

where HY is again a semi-abelian variety, H/H° is of multiplicative type, and
U is unipotent. Thus, H[n] & G[n] for all n prime to p, and hence H is finite.
It follows as above that H = 0, i.e., G is unipotent. If G # 0, then G contains a
copy of ay,, which embeds into some abelian variety; this yields a contradiction.
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