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ABSTRACT.

For an irreducible non-permutation matrix A, the triplet (O, D4, p?)
for the Cuntz-Krieger algebra O4, its canonical maximal abelian C*-
subalgebra Dy, and its gauge action p? is called the Cuntz—Krieger
triplet. We introduce a notion of strong Morita equivalence in the
Cuntz—Krieger triplets, and prove that two Cuntz—Krieger triplets
(04, Da, p?) and (Op,Dg, p?) are strong Morita equivalent if and
only if A and B are strong shift equivalent. We also show that the
generalized gauge actions on the stabilized Cuntz—Krieger algebras are
cocycle conjugate if the underlying matrices are strong shift equiva-
lent. By clarifying K-theoretic behavior of the cocycle conjugacy,
we investigate a relationship between cocycle conjugacy of the gauge
actions on the stabilized Cuntz—Krieger algebras and topological con-
jugacy of the underlying topological Markov shifts.
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1 INTRODUCTION AND PRELIMINARIES

Let A = [A(i,j)]ffj:l be an irreducible matrix with entries in {0,1} with
1 < N € N. We assume that A is not any permutation matrix. In [7], J. Cuntz
and W. Krieger have introduced a C*-algebra O 4 associated to the topological
Markov shift (Xa,04). The C*-algebra is called the Cuntz—Krieger algebra,
which is a universal unique purely infinite simple C*-algebra generated by par-
tial isometries Sy, ..., Sy subject to the relations:

N N
> SiSr=1, S8 =Y A(i,§)S;S;, i=1,...,N. (1.1)
j=1

Jj=1

For t € R/Z = T, the correspondence S; — e2VEItG i = 1,... N gives
rise to an automorphism of O4 denoted by pf. The automorphisms pf, teT
yield an action of T on O4 called the gauge action. Cuntz and Krieger in [7]
have shown that the algebra O, has close relationships with the underlying
dynamical system called topological Markov shift. Let us denote by X4 the
shift space

Xa={(xn)nen € {1,..., N} | A(z,2n11) = 1 for all n € N}, (1.2)

Define the shift transformation 04 on X 4 by 04((n)nen) = (Tnt1)nen, which
is a continuous surjection on X 4. The topological dynamical system (X4,04)
is called the one-sided topological Markov shift for matrix A. The two-sided
topological Markov shift (X 4,5 4) is defined similarly with the shift space

Xa={(@n)nez €{1,...,NY: | A(zp,xps1) = 1 for all n € Z} (1.3)

and the shift homeomorphism 74 (7 )nez) = (Zni1)nez on X 4.

Let us denote by Dy the C*-subalgebra of O4 generated by the projec-
tions of the form: Sj, ---S; S ---Sf ,i1,...,in = 1,...,N. The subalge-
bra D4 is canonically isomorphic to the commutative C*-algebra C(X4) of
the complex valued continuous functions on X4 by identifying the projection
Siy -+ 8;, S5 - -+ 57, with the characteristic function xv, ., € C(Xa) of the
cylinder set Uj,...;, for the word 4y ---4,. Let us denote by K the C*-algebra
K(£%(N)) of compact operators on a separable infinite dimensional Hilbert space
(2(N) and by C its maximal abelian C*-subalgebra of diagonal operators.

In [25], R. F. Williams proved that the topological Markov shifts (X 4,54) and
(XB,ap) are topologically conjugate if and only if the matrices A, B are strong
shift equivalent. Two nonnegative matrices A, B are said to be elementary
equivalent if there exist nonnegative rectangular matrices C, D such that A =
CD,B = DC. We write it as A C%D B. 1If there exists a finite sequence

in

)

of nonnegative matrices Ag, A1, ..., A, such that A = Ay, B = A, and A; is
elementary equivalent to A;41 fori =0,1,2,...,n—1, then A and B are said to
be strong shift equivalent. Hence elementary equivalence generates topological
conjugacy of two-sided topological Markov shifts.
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Let A be an irreducible non-permutation matrix. The triplet (O, Da, p4) for
the Cuntz-Krieger algebra O4, its canonical maximal abelian C*-subalgebra
D4, and its gauge action p? is called the Cuntz—Krieger triplet for the matrix A.
As pointed out in [11], two elementary equivalence matrices A = CD, B = DC
yield an O4 — Op-imprimitivity bimodule via the Cuntz—Krieger algebra Oz
for the matrix Z defined by Z = 1(; %} .

In the first part of the paper, We will introduce a notion of strong Morita
equivalence in the Cuntz—Krieger triplets, and prove the following theorem.

THEOREM 1.1 (Corolary 2.19). The Cuntz—Krieger triplets (Oa, Da, p?) and
(Op,Dg, p?) are strong Morita equivalent if and only if the matrices A and B
are strong shift equivalent.

It is well-known that two unital C*-algebras A and B are strong Morita equiv-
alent if and only if their stabilizations 4 ® K and B ® K are isomorphic by
Brown-Green—Rieffel Theorem [3, Theorem 1.2] (cf. [2], [3], [4]). We will
next study relationships between stabilized Cuntz—Krieger algebras with their
gauge actions and strong shift equivalence for matrices. We must emphasize
that Cuntz and Krieger in [7, Theorem 3.8] and Cuntz in [6, Theorem 2.3]
have shown that the stabilized Cuntz—Krieger triplet (04 ® K, Da ®C, p? ®id)
is invariant under topological conjugacy of the two-sided topological Markov
shifts (X a,54). We will investigate stabilizations of generalized gauge actions
from a view point of flow equivalence.
Let us denote by C(X4,Z) the set of Z-valued continuous functions on X 4.
For f € C(X4a,Z), define a one-parameter unitary group U:(f),t € T = R/Z
in Dy by

Ui(f) = exp(2mv/—1tf), (1.4)

and an automorphism pf 4 on O 4 for each t € T by
Pf’f(si)ZUt(f)Si, i=1,...,N. (1.5)

For f = 1, the action pf 1 is the gauge action denoted by pf. Suppose that
A =CD and B = DC for some nonnegative rectangular matrices C, D. Then
there exist homomorphisms ¢ : C(X4,Z) — C(Xp,Z) and ¢ : C(Xp,Z) —
C(X4,7Z) such that

(op)(f)=fooa, (pov)(g)=goon (1.6)

for f € C(X4,Z) and g € C(Xp,Z). Let us denote by (H*, H{') the ordered
cohomology groups for the one-sided topological Markov shift (X 4,04) which
has appeared in [17] by setting

H* =C(Xa,Z)/{n—nooa|neC(Xa 7)}
and its positive cone

Hf ={[n € oA | n(x) >0 for all z € Xa}.
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The ordered cohomology group (H4, H _{_‘) for (X 4,5 4) has been considered by
Y. T. Poon in [19]. The latter ordered group (H#, H{') has been proved to be
a complete invariant of flow equivalence of the two-sided topological Markov
shift (X4,54) by M. Boyle and D. Handelman in [1]. The two ordered groups
(HA, I—_If) and (HA, Hf) are actually isomorphic ([17, Lemma 3.1]).

In [15], the following result has been proved.

THEOREM 1.2 ([15, Corollary 4.4]). Suppose that A and B are strong shift
equivalent. Then there exist an isomorphism @ : 04 @ K — Op ® K satisfying
P(Da®C) =Dp ®C and a homomorphism ¢ : C(Xa,Z) — C(Xp,Z) of or-
dered groups which induces an isomorphism between (H?, Hf) and (HP, HP)
of ordered groups such that for each function f € C(Xa,Z) there exists a uni-
tary one-cocycle vtf EUM(04 ®K)) relative to p™f ®id satisfying

@ o Ad(wf) o (pM ®id) = ()P ®id)od forteT.

In the second part of the present paper, we will study K-theoretic behavior
of the above isomorphism @ : Oy ® K — Op ® K. Let us denote by €4 :
Ko(O4) — ZV /(id — AY)ZY the isomorphism defined in [6, Proposition 3.1]
satisfying €4 ([14]) = [(1,1,...,1)], where 14 is the unit of O4. We will prove
the following theorem.

THEOREM 1.3 (Proposition 3.10 and Theorem 4.6). Let A and B be elementary
equivalent matrices, and choose matrices C and D satisfying A = CD and
B = DC'. Then there exist an isomorphism ® : O4 @ K — Op ® K satisfying
®(Dy®C) =Dp @C and a unitary representation t € T — ul € M(D4 ®C)
for each f € C(Xa,7Z) such that

® o Ad(ul) o (pi ®id) = (pf’w(f) ®id)o® for fe C(Xa,Z),teT

and the diagram

Ko(O4) 2, Ko(Op)

CAJ( J{EB
ZN /(id — ANZN 29 M JGd — BYZM

1s commutative, where ®ce is the isomorphism induced by multiplying by the
matriz C?.

In the third part of the paper, we will study the converse of the above theorem
for the gauge actions. We will introduce an invariant K$SF(0,) which is
a non-empty subset of Ko(O4). The invariant K$5F(0,) is realized as the
subset of ZV /(id — A")ZY consisting of the classes [v] of vectors v € Z" such

that v =Dt ... D¢ Dt[1,1,...,1] for some strong shift equivalences A =
C1,D1
o D,,C,, (Proposition 5.7). We will then prove the following theorem.
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THEOREM 1.4 (Theorem 5.8). Let A, B be irreducible and non-permutation
matrices. The following two assertions are equivalent.

(i) Two-sided topological Markov shifts (Xa,54) and (Xg,55) are topologi-
cally conjugate.

(ii) There exist an isomorphism ®: O4 @ K — Op ® K and a unitary repre-
sentation t € T — vt € M(Da ®C) such that

dDyRC)=Dp®C, PoAdw)o (pf ®id) = (pP @id)od fort €T,
D (K5F(0a)) = K55 (0p).

The set K§5F(04) is always a non-empty subset of Ko(O4). If in particular
the condition K§F(04) = Ko(O4) holds, the matrix A is said to have full
units. In this case, we have the following corollary.

COROLLARY 1.5 (Corollary 5.12). Suppose that the matrices A and B have full
units. Then the two-sided topological Markov shifts ()_(A, ga) and ()_(B, ap) are
topologically conjugate if and only if there exist an isomorphism @ : O4 QK —
Op ® K of C*-algebras and a unitary representationt € T — vf‘ eEM(Da®C)
such that

P(DaRC)=Dp®C,  PoAd(v)o(p!®id) = (pf ®id) o &.

Throughout the paper, we denote by N the set of positive integers and by
Z 4 the set of nonnegative integers, respectively. For the one-sided topological
Markov shift (Xa,04), a word p = (u1,...,pui) for p; € {1,..., N} is said to
be admissible for X 4 if (u1,...,pr) = (21,...,x) for some element (x,)nen €
Xa. The length of p is denoted by |u| = k. We denote by Br(X4) the set
of all admissible words of length k. We similarly denote by Bji(X.) the set
of admissible words of length k, so that By(X4) = B(Xa). The cylinder set
{(n)neny € Xa | 1 = p1,...,xk = pit for w = (p1,..., k) € Br(Xa) is
denoted by U,,.

This paper is a revised version of arXiv:1604.02763v1, in which the given proofs
of the main results were incorrect.

2 STRONG MORITA EQUIVALENCE FOR CUNTZ-KRIEGER TRIPLETS

There is a standard method to associate a Cuntz—Krieger algebra from a square
matrix with entries in nonnegative integers as described in [7, Remark 2.16] (see
also [23, Section 4]). Now we suppose that A = [A(i, j)]1¥;—; is an N x N matrix
with entries in nonnegative integers. Then the associated graph G4 = (V4, E4)
consists of the vertex set V4 = {vf!,... va} of N vertices and the edge set
Ea = {ai,...,an,}, where there are A(i,j) edges from v} to ’UJA. Hence the

total number of edges is Egj:l A(i, j) denoted by N 4. For a; € E 4, denote by
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t(a;), s(a;) the terminal vertex of a;, the source vertex of a;, respectively. The
graph G4 has the Ny x N4 transition matrix A€ = [AG(i,j)]Z]-V,jA:1 of edges
defined by

AC(i,5) = {1 if #ay) = s(ay), (2.1)

0 otherwise.

The Cuntz—Krieger algebra O4 for the matrix A with entries in nonnegative
integers is defined as the Cuntz—Krieger algebra O ¢ for the matrix A% which
is the universal C*-algebra generated by partial isometries S,, indexed by edges

a;,t=1,..., N4 subject to the relations:
NA NA
> Sy Si =1, SiSa, =Y A%i,j)8,8;, fori=1,...,Na. (22)
j=1 j=1

For a word p = (u1,...,uk), i € Ea, we denote by S, the partial isometry
Sul T Suk'
As in the standard text books [9], [10] of symbolic dynamics, the two-sided
topological Markov shift defined by a square matrix with entries in {0,1} is
naturally topologically conjugate to a topological Markov shift of the edge shift
defined by the underlying directed graph. In what follows, we consider edge
shifts and hence square matrices with entries in nonnegative integers (cf. [9],
[10], [25], etc.). Such a matrix is simply called a nonnegative square matrix.
For a nonnegative square matrix A, the two-sided shift space X 4 is defined by
the two-sided shift space X 4c for the matrix A% which consists of the two-sided
bi-infinite sequences of concatenated edges of the directed graph G 4.
Let A and B be elementary equivalent matrices, and choose matrices C' and
D satisfying A = CD and B = DC. The sizes of the matrices A and B are
denoted by N and M respectively, so that C' is an N x M matrix and D is an
0
D 0
ZQZ[CD O]Z[A 0]
0 DC 0 B

M x N matrix, respectively. We set Z = [

see

] as a block matrix, and we

For the rectangular matrices C' and D, the vertex sets Vo and Vp are defined
by the disjoint union V4 U Vg, and C(i, j) directed edges are defined from the
vertex vl to UJB, and D(j,1) directed edges are defined from the vertex ’U]B to
v, respectively. The former forms a directed graph written Go = (Vg Ec),
and the latter forms a directed graph written Gp = (Vp, Ep), Hene we have
five directed graphs Ga = (Va,F4),Gp = (VB,Ep),Ge = (Vo,Ec),Gp =
(Vpb, Ep) and Gz = (Vz, Ez) associated to the nonnegative matrices A, B, C, D
and Z, respectively. In the identity

Np
A(i,j) = _ Cli, k)D(k, j) fori,j=1,...,Na,
k=1
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the left hand side expresses the number of edges in E4 starting with v and
ending with vf, whereas the right hand side expresses the number of pairs of
edges Fc and Ep starting with v;* through some vertex vP and ending with
vjA. Hence we may take a bijection, which is denoted by wa,cp, from E4 to a
subset of Ec x Ep. The other identity B = DC' similarly admits us to take
a bijection, which is denoted by ¢p pc, from Ep to a subset of Ep x Eg¢.
Let S, Sq,c € Ec,d € Ep be the generating partial isometries of the Cuntz—
Krieger algebra Oz for the matrix Z, so that Y . SeSE + > cp, SaS; =1
and
SiSe= > Z(c,d)SaS;,  SiSa= Y Z(d,c)S.S:

deFEp ceEbc

for c € Ec,d € Ep. Since ScSq # 0 (resp. SqS. # 0) if and only if 4 cp(a) =
cd (resp. B, pc(b) = dc) for a unique edge a € E4 (resp. b € E), we may
identify cd (resp. dc) with a (resp. b) through the map pa.cp (resp. ¢B.pc).
We may then write S.q = S, (resp. Sqc = Sp) where S.q denotes S.Sy (resp.
Sqc denotes SyS.). We define two particular projections Po and Pp in Dy by
Po = ZceEC S.S* and Pp = ZdGED SaSy so that Po + Pp = 1. It has been
shown in [11] (cf. [15]) that

PcOyzPo =04, PpOyzPp=0p, DzPc=Da, DzPp=Dp. (2.3)

As in [11, Lemma 3.10], both Pz and Pp are full projections so that PcOzPp
has a natural structure of O4—Op imprimitivity bimodule that makes O 4 and
Op strong Morita equivalent (cf. [16], [21], [22]).

Let pZ, p, pP be the gauge actions of T on Oz, 04, Op, respectively. Since
ScSq (resp. S4S:) in Oz is identified with S, in O4 (resp. Sp in Op) if
wa,cpla) = cd (resp. g pc(b) = dec, we have

ptzlpcozpc = pgﬁ on Oa, ptZ|PDOZPD = PQB; on Op. (24)

Let A be an irreducible non-permutation matrix. The triplet (O, Da, p?) for
the Cuntz-Krieger algebra O4, its canonical maximal abelian C*-subalgebra
Dy, and its gauge action p? is called the Cuntz—Krieger triplet for the matrix
A. 1In this section we will define the notion of strong Morita equivalence in
Cuntz—Krieger triplets. We will then prove that the Cuntz—Krieger triplets
(Oa,Da,p?) and (Op, Dg, pP) are strong Morita equivalent if and only if the
matrices A and B are strong shift equivalent. Let A, B be irreducible non-
permutation matrices.

DEFINITION 2.1. The Cuntz-Krieger triplets (Oa,Da, p?) and (Op, Dz, p?)
are said to be strong Morita equivalent in 1-step if there exist a Cuntz—Krieger
triplet (Oz, Dz, p?) for some nonnegative matrix Z and projections P4, Pp €
Dz having the following properties:

(1) Pys+ P =1,
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(2) Oz contains both @4 and Op as subalgebras, and
PAOZPA = OA and PBOZPB = OB,

(3) DZPA = DA and DZPB = DB,

(4) pZlpaospa = ph on Oa and pf|p,o,ps = p5, on Op for t € T.

In this case, we say that (Oa,Da,p?) and (Op,Dp, p?) are strong Morita
equivalent in l-step via (Oz,Dgz,p?). If two Cuntz—Krieger triplets
(Oa,Da,p?) and (Op,Dg,p?) are connected through n-chains of strong
Morita equivalences in 1-step, ((’)A,DA,pA) and ((’)B,DB,/)B) are said to be
strong Morita equivalent in n-step, or simply, strong Morita equivalent.

The one-sided topological Markov shifts (X4,04) and (Xp,op) are said to
be eventually conjugate if there exist a homeomorphism h : X4 — Xp and a
nonnegative integer K such that

op (h(oa(@)) =05 (h(@)), =€ Xa,
ok (W opy)) =0k (h™(y),  y€ Xp.

It has been shown that there exists an isomorphism ® : O4 — Op satis-
fying ®(D4) = Dp and ® o pi* = pP o @, ¢t € T if and only if the one-sided
topological Markov shifts (X 4,04) and (Xp,0p) are eventually conjugate ([15,
Corollary 3.5]). The latter condition implies that their two-sided topological
Markov shifts (X4,54) and (Xp,55) are topologically conjugate by [14, The-
orem 5.5] (cf. [14, Theorem 6.7]). Hence an isomorphic Cuntz—Krieger triplets
(04, Da, p?) and (O, Dp, p?) yields a strong shift equivalence between the
underlying matrices A and B.

ProroSITION 2.2. If A and B are elementary equivalent, then their Cuntz—
Krieger triplets (Oa,Da,p?) and (Op, Dy, p®) are strong Morita equivalent
i 1-steps,

Proof. Let A and B be elementary equivalent matrices, and choose matrices C'

and D satisfying A = CD, B = DC. Let Z be the square matrix Z = [g %} .
By the above discussions, there exist projections P¢o, Pp in Dy satisfying Po +
Pp =1 and (2.3) (2.4). O

The main purpose of this section is to study the converse implication of Propo-
sition 2.2.

We henceforth assume that (O4,Da,p?) and (Op,Dp, p?) are strong Morita
equivalent in 1-step via (Oz, Dz, p?) for some matrix Z. We may take two
projections P4, Pp in Dz having the properties (1), (2), (3) and (4) in Definition
2.1. Let us denote by Gz = (Vz, Ez) the directed graph for the matrix Z. The
Cuntz—Krieger algebra Oz is then generated by partial isometries S,,v € Ez
satisfying the relations:

S SySp=1,  Si8,= > Z%y,n)S,S; forvyeEy (2.5)
n

nekz eEz
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where Z%(vy,n) = 1 if t(y) = s(n), and 0 otherwise. We have the following
lemmas.

LEMMA 2.3. Let Sy,v € Ez be the generating partial isometries of Oz satisfy-
ing (2.5). Then we have

(i) PaSyPs = PpS,Pg =0.
(ii) Sy = PaS,Pp+ PpS,Pjy.
(i) PaS, =S,Pp and PgSy = S,Pa.
Proof. By the equality P4 + Pp = 1, we have
Sy = PaS,Ps + P4S,Pp + PpS,Pa + PpS,Pg.

Since PAS, P4 belongs to P4OzP4 which is identified with O4, the condition
(4) of Definition 2.1 gives rise to the equality

p{ (PaSyPa) = pay(PaSyPa). (2.6)
As p?|p, =id and Pa, Pp € Dz, the left hand side for t = 1 of (2.6) equals

PAP?(Sw)PA = —PASWPA.

As pi' = id, the right hand side for ¢t = % equals P4S,P,s. Hence we have
P4S,P4 =0 and similarly PgS,Pg = 0. Therefore we know (i) and hence (ii).
The assertion (iii) follows from (ii) since P4 and Pp are mutually orthogonal
projections. O

LEMMA 2.4.
> SyPaS;=Ps, > S,PpS;=Pa (2.7)
YEEZ ~YEEZ
Proof. By Lemma 2.3, we know S, P4 = PS5, so that
> S,PaS; =Y PyS,S:=Pp. (2.8)
YEEZ yeEEZ

Similarly we see that > S, PpS; = Pa. O

YEEzZ

We notice the identities in the following lemma which immediately come from
Lemma 2.3 (iii).

LEMMA 2.5. For v1,7v2 € Ez, we have the following identities.
(i) S48y, Pa = PsS+, Sy, € Og and S5, 5,,Pp = PgS,, S, € Op.

(ii) S,“PBS»YZ = PAS'YIPBSWQPA € O4 and S’YIPAS’Y2 = PBS»HPASVQPB S
Op.
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LEMMA 2.6. Let 1,72 € Ez. Then PaS.,, #0,PpS,, #0 and Z%(y1,72) = 1
if and only if PaS,,S,, # 0.

Proof. Since the identity
PAS’YlS’Yz = PAS%PBSW = S’Yl‘S’WPA = Z(’yla’72)SV1 S’YzPA (29)

holds, the if part is obvious. It suffices to show the only if part. By the identity
(2.9), we have

(PAS% sz)*(PASM SV2) = (571 S’YZPA)*S’YI SW2PA
= PAS*, 5% S, S, Pa

Y271
- Z Z%(y1,m)PaSz, Sy, Sk, Sy, Pa
mekz

= ZG(71’72)PAS:;2S’YQPA
= ZG(’yla72)(PBSV2)*(PBS’)?)'

The above equalities ensure the only if part. O

LEMMA 2.7. Let y1,7v2,m,n2 € Ez. Then Sy,S+, # 0,8,,8,, # 0, P45, Sy, #
0 if and only if PaSy, Sy, Sn, Sy, # 0.

Proof. Since P4Sy,S+,5,, 50, = Sv,5v,PaSy, Sy,, the if part is obvious. It
suffices to show the only if part. We have
(PAS’YlSV2S771S”]z)*(PAS’YlSV2S771S’772)
:PAS:;2 S:;lsj;z S:1 S’Yl S’Y2S771 S”?ZPA
- Z Z% (1,1 PaS;, S 82, 8¢, SE S Sy Sna Pa
G E€EEZ

=Z%,72) Y Z9(72,C2)PaS;, Sy, S, SE, Sy Sna P
(2€Ez

=Z%(11,72) 2% (v2,m) Z Z%(n1, () PaS;,, Sey SE, Sy Pa

(3€Ez
=Z%(71,72) 2% (2, m) Z (1, m2) Pa S}, Sy, Pa.

The above equalities ensure the only if part. O

Now we are assuming that the Cuntz-Krieger triplets (Oa,Da,p?) and
(Op,Dg, pP) are strong Morita equivalent in 1-step via (Oz, Dz, p?). Recall
that By(X4) denotes the set of admissible words ~; - - -y of Xz with length
k. For k = 2, we see

By(Xa) ={m72 | Z2%m,) =1}.

Let us note that for v1,72 € Ez, the word 712 belongs to B2(X 4) if and only
if 5,5, #0.
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We introduce several directed graphs in this situation. Define edge sets
E;, Es Es, Ep by setting

Ez ={(Am72) € {A} x Ba(Xz) | PaSy, 55, # 0},

Ep ={(B,m72) € {B} x Ba(X7) | PS5, S5, # 0},

Eg ={(A,m) € {A} X Ez | PaS,, # 0},
Ep ={(B,m) € {B} x Ez | PpS,, # 0}

and vertex sets V3, Vi, Vs, Vi Vae Vo Vs Vi Dy setting

={(4,s(n)) € {A} x Vz [ (A,m172) € E4},
= {(A,t(12)) € {A} x Vz | (A;m2) € Ex},
VBS {(B,s(m)) € {B} x Vz | (B,m172) € E},
={(B,t(12)) € {B} x Vz | (B,7172) € E},
={(A4,5(n)) € {A} x Vz | (A,m) € Es},
= {(B,t(n1)) € {A} x Vz [ (A,m) € Eg},
szs {(B,s(m1)) € {B} xVz | (B,m) € Ep},
={(A;t(n)) € {B} xVz | (B,m) € Ep}.

LEMMA 2.8. Keep the above notation. We have
() Vie=Vi = Voo = Vo
(i) Ve = Vs = Vb = Vou:

Proof. (i) We will first show the equality V;, = V},. Take an arbitrary vertex
(A,s(m1)) € Vi, and v2 € Ez with PsS,, Sy, # 0, so that t(y1) = s(y2). We
may find 71,72 € Ez such that S,,S,, # 0 and t(12) = s(71). By Lemma 2.7,
we have S, 5,5+, 5, Pa # 0. Since Sy, 5y,5+, 5y, Pa = PaSy, Sy,5+,Sys, W
have P4S;, Sy, # 0 so that (A4,t(n2)) € V4, and hence (A, 5(71) € VAt Th1s
shows that the inclusion relation V;, C Vj;, holds. Similarly we obtain that
Viy C Vi, so that Vi, = Vjy,.

We will second show the equality Vs, = Vp,. Take an arbitrary vertex
(A,s(11)) € Va,. We see that P4S,, # 0 and hence S,, Pg # 0. Now both
matrices A and B are assumed to be irreducible and not any permutations, so
that Z and hence Z¢ are irreducible and not any permutations. This implies
that Z’Y’EEZ S:/S.Y/ > 1. Hence we may find v2 € Ez such that S,,5,, P # 0
so that t(y2) = s(v1). Since S, S+, P = PgS,,S+,, we have PgS.,, # 0. This
implies that (B,v:) € Ep and (A,t(72)) € Vp,. As t(y2) = s(71), we obtain
that (A,s(71)) € Vp, so that Vi, C Vp,. We see V5, C Vi, similarly so that
Vés = VDt

We will finally show that V;, = V.. Since the condition PyS,, S, # 0
implies P4S,, # 0, we have V;, C Vz,. Conversely, for (4,s(71)) € Vs, we
have P4S,, # 0 so that Sy, Pg # 0. Since Pp = Z’Y'EEZ Sy PaS3,, we may
find 2 € E7 such that S, 5,,Pa # 0. Hence we see that P45, S5, # 0 so that
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(A,s(71)) € Vi, This shows that V;, = Viz,. Therefore (i) has been shown.
(ii) is shown similarly. O

Let us denote by V; and by Vj the first four vertex sets and the second four
vertex sets in Lemma 2.8, respectively. Namely we put

Vi=Vii=Vi=Ve, = Vi
Vg = Vas = Vi = Vi, = V-

For an edge (A,v172) € E;, define its source and terminal vertices by

s(A,7172) = (4, 8(11)) € Vi, t(A,1172) = (A, t(12)) € Vg,

We then have a directed graph (V;, E;) denoted by G ;. We have a directed
graph G5 = (Vj, Ej) similarly. From an edge (A,v1) € Eg, define its source
and terminal vertices by

s(A,m) = (A,s(n)) € Ve, A M) = (At (1)) € Ve,

We have a directed graph G~ = (V3 Ze, Vi) and similarly G5 = (V3 Zn, Vi)
Let A be the vertex transition matrix A : Vi xV; — Z4 of the directed graph
G ; which is defined by

A((A ), (4,0) = [{(Amr2) € B4 | s(n) = u,t(y2) = v}

for (A,u),(A,v) € V. The edge transition matrix A% : E; x E; — {0,1} of
G ; is defined by

1 if t(A,yy2) = s(A,mn),
0 otherwise

A% (172, mme) = {

for (A,v172), (A, mn2) € E;. We similarly have the vertex transition matrices

B,C,D and the edge transition matrices BS,C%, DE of the directed graphs
GB ,G&, G j, respectively.

PROPOSITION 2.9. The matrices A and B are elementary equivalent such that
A=CD and B=DC.

Hence the two-sided topological Markov shifts (X 5,5 ;) and (X5,55) are topo-

logically conjugate.

Proof. For (A,y17y2) with v1,72 € FEz, Lemma 2.6 ensures that (A4,7v1) €
Eg,(B,72) € Ep,Z%m,7) = 1 if and only if (4,7172) € Ej;. Since

t(A,71) = s(B,72) if and only if Z%(y1,72) = 1, we know that A CD,
and B = DC similarly. O
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A directed graph G = (V, E) with vertex set V and edge set F is said to be
bipartite if V and E may be decomposed into disjoint unions V = V; UV, and
E = E12 [ E21 such that

Vi={s(v) €V |y € Ewn}={t(y) €V |~y € En},
Vo={s(v) €V |y € En} ={ty) €V |7 € En}.

Let E; = EfUEp and V; = V;UV3. It is now obvious that the directed graph
G5 = (V;, E3) is bipartite. Let us denote by Z and ZC the vertex transition
matrix and the edge transition matrix of the directed graph G ;, respectively.
Since G ; is bipartite, by the above proposition, we have

- [0 C - [A 0
Z[b o}’ Z[o B]'

We will study the relationship between the two matrices Z and Z. For v € Ez,
denote by S(4 ), S(B,,) the partial isometries PaS,, PpS,, respectively, so that
Sy =5y +51,)-

LEMMA 2.10. Let v1,72 € Ez satisfy Z%(y1,72) = 1.
(i) S(B,y.) # 0 implies S(a 4,y # 0.
(ii) Sta,y.) # 0 implies S(p ) # 0.
Proof. (i) Since S(4,4,)5(B,ys) = PaSy, PBS, = Sy, 55, Pa, we have
(S(a1)5(B.12)) " (S4)S(B12)) = PaiS3,55,54,55, Pa
- Z Z%(v1,m)PaSz, S, S5 Sy, Pa

mekEz

= Z9(11,72) (8.4 S(B.10)-
The above equality ensures the assertion. (ii) is shown similarly. O
LEMMA 2.11. Either of the following two situations occurs:

(1) Both S(a.~) and S(p ) are not zeros for all v € Ez. In this case we have

CC = D% = 7% so that A= B and Z = [g g}
(2) For each v € Ez, either Sca,) = 0,5, # 0 or Sa,) # 0,55, =0
holds. In this case we have Z = Z.

Proof. Suppose that there exists 7o € Ez such that both conditions S(4,+,) 7 0
and S(p ) # 0 hold. Since the directed graph Gz = (Vz, Ez) is irreducible,
for any edge v € Eyz, there exists a finite sequence of edges v1,...,7v, in Ez
such that

Z%(v,m) = Z%(m,72) = - = Z%(yn, m0) = 1.
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By the preceding lemma, any edge n € Ez satisfying Z%(n,vo) = 1 forces that
Sam # 0 and Sp,) # 0. By using this argument repeatedly, we see that
Scay) # 0 and S(p ) # 0. Hence either of the following two cases occurs:

(1) Both S(4.,) and S ) are not zeros for all vy € E.
(2) For each v € Ez, either S4,,) =0 or Sg ) = 0.
Case (1): We have the following equalities.
538y =(5(a )+ S(B,)(Sam + SB.7)
=S{amSam + (s Sey

= Z C‘VG((A/Y)) (Bﬂ/]))S(an)SEKBW)
(BmEeE

+ Z DG((B/Y)) (Aan))S(A,n)S(*A,n)‘
(An)EEs

On the other hand, we have
S8y =Y Z9(1,m)S,S;
nekEz
Z ZG(’%T])(PBSUS;PB + PASWS;;PA)
nekz

= 20 m)SBaySim + D Z°0rnmSamSian:
nekz nekz

Since both S(4 ) # 0 and S(p ) # 0 for all v € Ez, we have

OG((Aa7)7 (an)) = ZG(%U), DG((Bvry)ﬂ (Avn)) = ZG(%U)

for all 7,1 € Ez. Hence we have C% = DS = Z% so that A = B and hence

P - [0 C -« [0 Zz¢ - [0 Z
A—B.ASZ—[~ O},wehaveZ _[ZG O]andhenceZ—{Z 0]

D
Case (2): Suppose that for each v € Ey, either S(4 ) # 0 or S(p ) # 0 occurs.
Since the identity

558y = StamSam + 8(Smy

always holds, the situation S(4.,) # 0 or S,y # 0 occurs. Hence in this
case we see that for each v € Ez, either S4,) = 0,S5,4) # 0 or Sia,) #
0,5,y = 0 occurs. This implies that the edge set Eyz is a disjoint union
Ez = E- U Ep. AS~S(A,V1)S(A,VZ) = O;S(B,M)S(B,W) =0 for all 71,72 € Ez,

0 C 5
have Z = | - hat Z = Z.
we have [D 0} so that O
We thus see the following lemma and proposition.
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LEmMMA 2.12. We have a natural identification between the Cuntz—Krieger
triplets (05,D3,p?) and (Oz, Dz, p?).

Proof. For v € Ez, we have that S, = PaS, + PS,. If P4S, # 0,
then (A,7) € Egs. If PgS, # 0, then (B,v) € Ep. Hence S, belongs to
the C*-algebra C*(S(a,4), S,y | (A7) € Ega, (B,7') € Ep) generated by
S(a~) 8By With (A,7) € Ea, (B,7') € Ef. Hence we have

C*(S(A,'y)as(B,v/) | (A77) S EC’? (B7/-y/) S Eﬁ) = OZ-

Since F; = Es U Ep and V; = Vi U Vp, the algebra C*(S(Aﬁ.y),S(Bﬁ/) |
(A,v) € Eg, (B,7') € Ep) is nothing but O, so that O is identified with
Oz through the correspondence between S(4 ) + Sy € Oz and S, € Oz.
We then have

5y85 =(S(am + S (S + Siy)*
—(PaSy + PpS,)(PaS, + P3S,)*
—PaS, 5% Pa + PpS,S:Pa + PaS,S: Py + PpS,S: Py
—P4S, 5% Py + PpS,5: Pp.

Similarly, by a routine calculation, we have the equalities

1Sy -8y 82, 85,87, =PaSy, PpSy, -+ S, 8% -+ 8%, PpS:, Pa

Tn > n Y271 Y Pyn

+-P5Sy, PaSy, -+ Sy, 5%, - 87, PaSS Py

Yn P,

and

PAS’HSW...S S* ...8* g* P4 :PAS’nPBS'Yz"'S S* --~S:2PBS:;1PA7

In*yp Y21 Yn ™ yp
PpSy, Sy, Sy, S0, - 82,85 Pp =PpS,, PaSy, -+ 8y, 8%, -+-S% PSP

These equalities give us a natural identification between D and Dz.
For t € T, we have

ptZ(S’Y> :ptZ(PAS’Y + PpSy)
—Pap?(5,) + Popf(S,)
=exp(2mv/—1t)Pa S, + exp(2mv/—1t) P S,
=pi (Scaq) + p7 (S(B.2)
=p{ (S(ay) + S(B.)-

Therefore the Cuntz—Krieger triplets (O, Dz, p?) and (Oz, Dz, p?) are nat-
urally identified with each other. O

PROPOSITION 2.13. Z = Z.
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Proof. By Lemma 2.11, we know that the either of the following two cases
occurs:

W 2=y 7. 0 Z-z

0 Z

We assume the first case Z = [Z 0

} . Let Iz denote the identity matrix

whose size is the same as that of Z. By the unitary U = - Iz 1z ,
V2 I, -1z

Z 0
0 —Z
Sp*(Z) denotes the set of non zero spectra of Z. By Lemma 2.12, the Cuntz—

we have UZU* = { } , so that Sp*(Z) = Sp*(Z) U (—Sp* (%)), where

Krieger triplets (04, Dy,p?) and (Oz, Dz, p?) are isomorphic. Hence, as
we noted in the paragraph before Proposition 2.2, the two-sided topological
Markov shifts (X;,5;) and (Xz,5z) become topologically conjugate, so that
Sp*(Z) = Sp*(Z) by a general theory of symbolic dynamics (cf. [10]). This is
a contradiction, and the case (1) does not occur. O

We will next study the bipartite graph G ;7 from the C*-algebraic view point.
For (A,7172) € E;, define the partial isometry

S(Aa%’yz) = PAS’Yl S’Yz'

LEMMA 2.14. The C*-subalgebra C*(S(a,4,+,): (A, 7172) € E3) of Oz is iso-
morphic to the Cuntz—Krieger algebra O ; for the matriz A.

Proof. We first notice the identity

Z S(Awlw)SEFAnm): Z P45y, 55,575,575, Pa = Pa

(A,mv2)€EE; Y1,72€Ez2

holds. We also have

S€A771’72)S(AN1V2)

=P4S;, 8%, Sy, Sya Pa

= Z Z%(11,¢1)PaSs, Se, SE Sy, Pa
G1€EEy

= Y Z90n.72)Z%(y2,m)PaSy, Sy, Pa

mekEz

= Y Z%m1,7%2)Z2%(v2,m) Z€ (n1,12) PaSy, Sy, Sy, Sy, Pa
n,m€Ez

For (A,m172), (A,mmn2) € Ej, the condition t(A,v172) = s(A,min2) holds if
and only if Z%(y2,7;) = 1. Hence we know

Z%(v1,72) 2% (v2,m) Z% (1, m2) = A (3172, muma).-
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By the above equalities, we have

SEKA,WWZ)S(Amvz) = Z AG(%%a 771772)5(,4,771772)5@7”17,2),
(Amn2)€E 4

thus proving that the C*-subalgebra C*(S(4,y,+,); (4,7172) € Ej) of Oz is
isomorphic to the Cuntz—Krieger algebra O ; for the matrix A. (]

LEMMA 2.15. The C*-subalgebra C*(S(4,4,+,); (A,7172) € E3) of Oz is noth-
ing but PAOzP4. Hence the Cuntz—Krieger algebra O is isomorphic to O4.

Proof. Since S(a~,v,) = PaSySy,Pa for (A,m17) € Ejz, we have
C*(S(Amire); (A, 1172) € Ej) C PaOzPa. We will show the converse inclusion
relation. Take an arbitrary fixed X € Oz with P4 X P4 # 0. Let Pz be the
dense x-subalgebra of Oz algebraically generated by S,y € Ez. We may find
X, € Pz such that | X — X,.|| = 0. Since | PaX Pa—PaXpPal| < ||X —Xn|| —
0, it suffices to show that P4X,Pa belongs to C*(S(4,4,4,); (A, 7172) € Ej).
By [7, Lemma 2.2], any element of the subalgebra Pz is a finite linear
combination of elements of the form §,S5;S5;S; for some admissible words
= (1, m), v = (V1,...,vn) in Xz. Assume that PsS,5;S;S;Ps # 0.
Since PoS; = S;Pp, we have

PaS, = PpS,, -

g _ {Sﬂ1 Sy, Pa if mis even, (2.10)

18y -+ S, Pp if mis odd.

The assumption P4S,,5;5}S;Pa # 0 forces the numbers m,n to be both even,
or both odd.

Case 1: m,n are both even.
We have

PAS,Si8; S5 Pa
=PuSu, SusPaS15 8, Pa - PaS,,, Sy, PaSiS; Pa
S, S, Pa---8S;.5,. PaS,,S;, Pa
:S(AaHIHZ)S(A,H3H4) ce S(A,Mmfll‘m)PASiS;PAS{A,l/n,lun) . S{A,V3V4)SZ<A,V1V2)'

Now we have

PaSiS;Pa= Y PaSiSiS;SiPa= > SiaijSias
JEEZ jeEz

so that PsS5,5;S;S;Pa is a finite linear combination of products of the
elements S(A17172),S(*‘A 12) for (A,v172) € FEj; and hence it belongs to

cr (S(Av’YlW); (A, 7172) S EA)'
Case 2: m,n are both odd.
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Similarly to Case 1, we have
PAS,,5;:8{S,Pa
:S(AHU'I;UQ) T S(A7#m72#m71)S(Avﬂmi)SEKA,VnZ‘)SEKA,anzl/nfl) T SEKA,Vll/Q)

so that PaS,,5;S;S;; Pa belongs to C*(S(4,~,.); (A,7172) € Ej). O

PROPOSITION 2.16. The Cuntz—Krieger triplet ((’)A,’DA,/)A) for the matriz A
is isomorphic to (Oa,Da, p?).

Proof. By Lemma 2.14 and Lemma 2.15, we know that
O = C"(S(Amm); (Am72) € Ez) = PaAOzPy = Oa. (2.11)

Under the identification between C* (S 4,+,); (A,7172) € Ez) and P4OzPy
in Lemma 2.15, the C*-subalgebra

C™(Samna) * Sarm-11)S A 19 SAmna)
(A,7172)s -5 (A Yn—17m) € E)
of C*(S(a,4172); (A,7172) € E ) generated by the projections

*

Stamrz) S A1) S Ay i) S (A yr2)

for (A,7172),...,(A,Yn—17) € Ej; is naturally identified with the C*-
subalgebra PyDz P4 of Dz, so that D; = D4. By regarding the generating
partial isometry S +,+,) for (4,7172) € E; as an element of PAOzPa = Oa,
we have

P%(S(A,'u'm)) :€2Wﬁ2tS(A,wlvz)
:PA62W\/TUS'YI 627“/?”572
:PAPtZ(S% )ptZ(sz)
:ptZ(PAS’YlS’Yz>'

Since PaS., Sy, € PaOzPs = 04 and pZ|p,0,p, = p4y on O, we have

ptZ(PAS’YlS’Yz) = pg‘t(PAS’YlS’m) = pg‘t(S(A,'nvz))
so that p‘ét = pby for all t € T and hence p‘a = pA. O
We thus have

PROPOSITION 2.17. Suppose that the Cuntz-Krieger triplets (Oa,Da, p*) and
(OB, Dg, p?) are strong Morita equivalent in 1-step. Then the two-sided topo-
logical Markov shifts (Xa,54) and (Xp,0p) are topologically conjugate.
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Proof. Assume that the Cuntz-Krieger triplets (04, D, p?) and (Op, D, p?)
are strong Morita equivalent in 1-step. By Proposition 2.9, the matrices A, B
are elementary equivalent so that their two-sided topological Markov shifts
(X 4,04) and (X3,53) are topologically conjugate. Proposition 2.16 with [15,
Corollary 3.5] ensures that the ons-sided topological Markov shifts (X 4,0 ;)
and (X4,04) are eventually conjugate and hence strongly continuous orbit
equivalent in the sense of [15]. Since the latter property yields topological con-
jugacy of their two-sided topological Markov shifts, the two-sided topological
Markov shifts (X 5,5 ;) and (Xa,5.4) are topologically conjugate. Similarly we
know that the two-sided topological Markov shifts (X 3,55) and (Xa,55) are
topologically conjugate. Therefore we get the assertion. O

Now we reach one of the main results of the paper.

THEOREM 2.18. Let A, B be irreducible non-permutation matrices. The Cuntz—
Krieger triplets (Oa,Da, p?) and (O, Dy, pP) are strong Morita equivalent if
and only if their two-sided topological Markov shifts (X a,54) and (Xg,oR) are
topologically conjugate.

Proof. The if part comes from Proposition 2.2. The only if part follows from
Proposition 2.17. o

By the Williams’s fundamental theorem on topological Markov shifts which
states that two irreducible matrices A and B are strong shift equivalent if and
only if their two-sided topological Markov shifts (X,54) and (Xp,o5) are
topologically conjugate ([25]), we obtain the following corollary.

COROLLARY 2.19. Let A, B be irreducible non-permutation matrices. The
Cuntz-Krieger triplets (O4,Da, p) and (Op,Dp, pP) are strong Morita equiv-
alent if and only if the matrices A and B are strong shift equivalent.

3 STRONG SHIFT EQUIVALENCE AND CIRCLE ACTIONS ON Oy4

It is well-known that two unital C*-algebras A and B are strong Morita equiv-
alent if and only if their stabilizations A ® K and B ® K are isomorphic by
Brown—Green—Rieffel Theorem [3, Theorem 1.2] (cf. [2], [3], [4], [20]). We will
next study relationships between stabilized Cuntz—Krieger algebras with their
gauge actions and strong shift equivalence matrices. We will investigate stabi-
lizations of generalized gauge actions from a view point of flow equivalence.
Recall that for a function f € C(Xa,Z) and t € T, an automorphism
pif € Aut(Oy) is defined by pif(S) = Uy(f)Sii = 1,...,N,t € T for
the unitary U;(f) = exp(2ny/—1tf) € D4 as in (1.5). It is easy to see that the
automorphisms pf’f,t € T yield an action of T to Q4 such that pf’f(a) =a
foralla € Da. For f € C(X4,Z) and n € Z,, let us denote by f™ the function
(@) = S0 floiy(x)), = € Xa. We know that the identity

P (S.) = U(f™) S, (3.1)
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for f € C(Xa,Z),pp = (pt1,---,n) € Br(Xa),t € T holds (cf. [15, Lemma
3.1]).

For a C*-algebra A without unit, let M (A) stand for its multiplier C*-algebra
defined by
M(A) ={ace A |aA C A, Aa C A}

where A** denotes the second dual (A*)" of the C*-algebra A. An action «
of T to A extends to M(A) and is still denoted by «. For an action a of T
to A, a unitary one-cocycle us,t € T relative to « is a strongly continuous
map t € T — uy € U(M(A)) to the unitary group U(M (A)) satisfying uits =
usas(ug), s,t € T. The following proposition has been proved in [15].

PROPOSITION 3.1 ([15, Proposition 4.3]). Let A and B be elementary equivalent
matrices, and choose matrices C and D satisfying A = CD and B = DC. Then
there exist an isomorphism ® : O4 @ K — Op ® K satisfying ®(Da @ C) =
Dp ® C and a homomorphism ¢ : C(X4,Z) — C(Xp,Z) of ordered groups
such that for each function f € C(Xa,Z) there exists a unitary one-cocycle
ul € UM (04 @ K)) relative to pf @ id such that

® o Ad(uf) o (o @id) = (PP @id)o® forteT. (3.2)

In this section, we will first review the proof in [15] of the above proposition to
investigate the K-theoretic behavior of the above isomorphism ® : O4 ® K —
Op ® K. The proof of the above proposition is based on the the proof of [11,
Proposition 4.1], in which Morita equivalence of C*-algebras has been used (cf.
2], [3], [4], [5], (8], [12], [16], [18], [24]).
Let A and B be elementary equivalent matrices, and choose matrices C' and
D satisfying A = CD and B = DC. As in the previous section, the
equality A(i,j7) = Zkle C(i,k)D(k,j) for i,j = 1,...,Na forces that the
cardinal numbers of the two sets {a € Ea | s(a) = v',t(a) = v{'} and
{(c,d) € Ec x Ep | s(c) = v, t(c) = s(d), t(d) = vjA} coincide. Hence
we may take a bijection from E4 to the above subset of Fc x Ep. We fix it
and write it as w4, cp. By the other equality B = DC, one may take a bijection
0 C
D 0]
as a block matrix, and use the same notation as in the previous sections.
For an arbitrary fixed function f € C(X4,Z), we may regard it as an element
of D4 and hence of Dz by identifying it with f ®0in Dy ® Dp = Dy. As

written ¢p pc from Ep to a subset of Ep X E¢ similarly. We set Z = {

exp(2mv —1t(f @ 0)) = exp(2nv—1tf) ® Pp € U(Dz),
the automorphism pZ/®° of O for ¢ € T defined by (1.5) satisfies

pZI90(5.) = exp(2rV/—1tf)S. for ¢ € Ec, (3.3)
p{T%0(8q) = Sy for d € Ep. (34)
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Fix ¢ € E¢ and d € Ep such that t(c) = s(d), and let a € E4 be the unique
edge satisfying o4 cp(a) = cd. Let b € Ep be the unique edge in Ep satisfying
vp,pc(b) = de, in a similar way. The equalities (3.3), (3.4) imply

pi ! (Se8a) = exp(2nV/=Ttf)SeSa = pi (Sa),
pZI9Y(8,8,) = Sgexp(2mV/—1tf)Se = Sgexp(2mv/—1tf)S% S,
We set o(f) = > yep, SafSi € Dz. As Ppp(f)Pp = ¢(f), we see that
©(f) € Dp and hence ¢(f) € C(Xp,Z) satisfies
Z Sqexp(2nV/—1tf)S] = exp(2nvV—1to(f)) € U(Dp).
d€ED

We similarly set ¢(g) = >_.cp. ScgSi € C(Xa,Z) for g € C(Xp,Z). We thus
see the following lemma.

LEMMA 3.2 ([15, Lemma 4.1]). For f € C(Xa,Z),9 € C(XB,Z) and t € T,
we have

pEI0(S8a) = pi (Sa), pPTFN(SuS) = p7 T (S),  (35)
p20%9(8,8.) = pP9(S,),  pZ0%9(8,8,) = piP9(S,) (3.6)

where a € Ex,b € Ep and ¢ € E¢,d € Ep satisfy pacpla) = cd and
vp,pc(b) = de, respectively.

We note that the homomorphisms ¢ : C(X4,Z) — C(Xp,Z) and 9 :
C(Xp,Z) — C(Xa,Z) satisty the equalities

(Yo)(f)=fooa, (poth)(g) =goon

for f € C(X4,Z) and g € C(Xp,Z) ([15, Lemma 4.2]).
By [11, Proposition 4.1], one may find partial isometries v4,vp € M(Oz @ K)
such that

viva =vhvp =1®1, vAvh = Po®1, vpvy = Pp ® 1. (3.7)
Since
Ad(v}) 040K -0z K and Ad(vg): 0K —>0z0K (3.8)
are isomorphisms satisfying

Ad(w}) (D4 ®C)=Dz®C and Ad(vy)(DPp®C)=Dz®C.

By putting
w=wvpvy € MOz ® K), (3.9)
P =Ad(w): 040K = 0K, (3.10)
uM = w (p? @id)(w)  for f € C(Xa,7Z), (3.11)
uP? = w(p?*® @id)(w*) for g € C(Xp,7), (3.12)
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they satisfy (D4 ® C) = Dp ® C and the equalities

® o Ad(u) o (oM ®id) = (PP ©id)o®  for f € O(X4,Z),
Do (p?’w(g) ®1id) = Ad(uf’g) o (pf’g ®id)o® for g € C(Xp,7Z).

The above discussion is a sketch of the proof of Proposition 3.1 given in [15].
In what follows, we will reconstruct partial isometries v4,vp satisfying (3.7)
to investigate the K-theoretic behavior of the map ® : O ® K — Op ® K in
the following section. The idea of the reconstruction is due to the proof of [2,
Lemma 2.5] (cf. [11, Proposition 4.1]).

We are assuming that A = CD, B = DC. Keep the notation as in the preceding
section. Put Fo = {c1,...,¢en.} and Ep = {d3,...,dn, } for the matrices C
and D respectively. For k = 1,..., Np, take c(k) € E¢ such that c¢(k)dy €
Bs(Xz) so that we have

SerySe(r) = Sa, S, -

(&

Similarly for [ = 1,..., N¢, take d(I) € Ep such that d(l)¢; € Ba(Xz) so that
we have

S;(Z)Sd(l) 2 SCL S:l .

Put
U():PC, Uk:Sc(k)SdkS;k fOI“kZl,...,ND, (313)
Ty = Pp, T, = Sq1)Se,S;, forl=1,...,Nc. (3.14)
We then have
Np Np Np
S UUR = 8,85, Sty SeteySan S, = > Sa,Si, = P,
k=1 k=1 k=1

N¢ N¢ N¢
SOTIT = 8eS5 Sy SawySeSe, = Y SeS5, = Po.
k=1 =1 =1

We decompose the set N of natural numbers into disjoint infinite subsets N =
U352, N;, and decompose Nj for each j once again into disjoint infinite sets N; =
U?;ONjké Let {e; ;}ijen be a set of matrix units which generate the algebra
K = K(¢*(N)). Put the projections f; = _,cy, €ii and fj, = Zz‘eNjk €i,i, both
of which converge in the strong operator topology on ¢?(N). Take a partial
isometry sj, ; such that s .s; ; = fj,s;.,;85, ; = [j, and put s;;, = s7_..
We set forn=1,2,...,

Np
Un = § Uk & Sny,ny Wp = PC oy Sng,n + Un,
k=1

N¢
tn:ZTl@)Sm,na zn:PD®Sno7"+tn‘
=1
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LEMMA 3.3. Keep the above notations.
(i) wiw, =1® f,, and wy,w), < Po ® f.
(i) 2fzn=1® fr and zp2% < Pp ® fp.
Proof. (i) Since ufu, = Pp ® fp, we have
wpwy, =Po @ fnt+ujun =Pc® frn+Pp® frn=1& fn.

On the other hand, we know that w,(Pc ® Sn.ny) = (Po ® Spng)us = 0 so that
we have

Np
wnw; = PC & fno + unu:z = PC & fno + Zsc(k)sdkS;kS:(k) ® fnk
k=1

AS fnos fry, < fn, we have
(ii) is shown similarly. O
We will reconstruct and study the isometry v4 in (3.7). Let f, »,, be a partial
isometry satistying f; . fn,m = fm, fomfnm = fn. We put
vy =w; = Po ® 814,1 + U1,
U2n = (Pc®f"7v2n*1v§n71)(PC®fn,n+l) for 1 < TLEN,
Van—1 = Wn(1 @ fr, — 3, _oUapn_2) for2<neN.
LEMMA 3.4. Keep the above notation.
(i) v3,_gvon—2 + 03, (V-1 =1® fn.
(ii) von—103, 1 + V2003, = Po ® fn.
Proof. (i) As wiw, =1® f,, we have
V3 _oV2n—2 + V3, _1V2n—1
:U;n—202n72 + (1 ® fn — v;n—2v2n72)w;wn(1 ® fn — U;n—202n72)
=05, _oVon—2 + 1@ fr, — V3, _oVan_2
=1Q® fn.
(ii) We have
V2n—1V3, 1 + V2nVsa,
:’U2n—1U;n71 + (PC & fn - ’U2n—1’U§n71)(PC ® fn)(PC & fn - U2n—1’U§n71)
=Von—1V5,_1 + Po ® fn — van—1v5,_;
=Pc® fn
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By the above lemma, one may see that the summations 220:1 Vop_o and
220:1 van—1 converge in M(Oz ® K) to certain partial isometries written ve,
and v,q respectively in the strict topology of the multiplier algebra of Oz ® K.
Similarly we obtain a partial isometry va = > .-, v, in M(Oz ® K) in the

strict topology. Therefore we have the next lemma.

LEMMA 3.5. The partial isometries vey,Voq and vy defined above satisfy the
following relations:

(i) vA = Vod + Vey-
(i) v} Vod + Uiy Ver = 1@ 1.
(ill) voq}y + Vewtl, = Po ® 1.
(iv) viva=1®1 and vavy = Pc®1.

We put

o o
qocd = Z 'U2n—1(PC & 1)’();”71, qud = Z U2n—1(PD & 1)7}57171

n=1 n=1
so that

0S, + a8 = voqv?, and hence ¢S, + ¢ 4 veyv?, = Po @ 1.
We will show the following lemma.
LEMMA 3.6. va(p?®° @1d)(v%) = ¢S, + (Us(—f) © 1)¢2, + veyv?, .

Proof. We notice that pZ f@O(SC) = U(f)S. for ¢ € Ec and pZ’fEBO(Sd) =5y
for d € Ep. As va,—1v3, 1 € Dz ® C, we have (p; 2,§®0 ® id)(van—1v5,_1) =
Van—1v3,_, and hence (pZ7®° @ id)(vey) = vey. We then have

UA(PtZ’f@O ®id)(vh) = voa(pi 7o ®id)(v54) + veu (P} ;oo ®id)(vZ,)

Z Van—1( ’f®0 ®id)(v3,,_1) + Veu vy,

Since
Np
n(Pc®1)=Pc®s,1 and v (Pp®1)= Z Se(k)Sap Sy, @ 814,15
k=1
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we have
(27 @id)(v}) = (Pe @ 1)of + (077 @ 1d)((Pp @ 1)v})
Np
= (Pc ®1)v] + Z Sy, SSthZ’feBO(Sz(k)) ® S, 1
k=1
Np
= (Pc ®1)v] + Z SanSa, SeUt(—f) ® 87, 1
k=1
= (Pc @ 1)v] + (Pp @ 1)v] (Us(—f) ® 1),
so that

v (pf 7 @id)(v}) = v1(Pe ® 1)v} + vi(Pp @ 1)} (Uy(—f) ® 1)
=v1(Pc ® 1)v] + (Ug(—f) ® 1)v1(Pp @ 1)v7.

For 2 <n € N, we have
U2n—1(PC & 1) = (PC ® Sng,n)(l ® fn - ’U;n_Q’UQn—Q)a

Np
U2n—1(PD ® 1) - Z(Sc(k)sdksék & Snk,n)(l & fn - ’U;n—QUQn—Q)’
k=1
and hence
(p77*° @id)((Pp @ 1)v3, ;)
Np
=(1@ fn — V3 ov2n—2) Y Sa, 5,070 (k) ® Shpm
k=1
Np
=(1® fn— V3, ov2n—2) Y Sa, S5, iy U(—f) ® i,
k=1
=(Pp ® vz, 1 (U(—f) @ 1)
so that

v?nfl(p57f®0 02y ld)(vgnfl)
:’Ugnfl(PC X 1)’[);"_1 + 'U2n71(PD & 1)’0;”_1(Ut(*f) & 1)
:’U2n—1(PC ® 1)?};71—1 + (Ut(_f) & 1)“271—1(PD 0 1)1};71—1'
Therefore we have
voa(p T ®1d)(v],) = ¢S5y + (Us(—f) ® 1)a2

and hence
valpP T @1d) () = ¢S5+ (Ui(= ) @ 1)aly + veuvl,-
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By using t,,, z,, instead of u,,w, respectively, we similarly obtain a partial
isometry vp in M(Oz ® K) in the strict topology. We then have the following
lemmas.

LEMMA 3.7.

(i) The partial isometry va(pZ 70 @id)(vy) for f € C(Xa,Z),t € T belongs
to M(Da ®C) and satisfies

valpl IR0 g id) () = va(pP T @ id) (w0 )va(pP P @ id) (v})

for f1,f2€ C(Xa,Z),t €T.

(i) The partial isometry vg(p?°®! @id)(v%y) for g € C(Xp,Z),t € T belongs
to M(Dp ® C) and satisfies

va(p] " @ id) (vp) = vs(pl P ©1d) (s (pf P @ id)(vp)

fOT 91,92 € C(Xsz)vt eT.

Proof. (i) Since the projections ¢%;, g2, ve, v}, all belong to the multiplier alge-
bra M (Da®C) of D4®C, the preceding lemma ensures that the partial isometry
va(p? 70 @id)(vY) belongs to M (D4 ®C). As Uy(f1+ f2) = Ui(f1)Us(f2), the
desired equality follows.

(ii) is shown similarly. O

LEMMA 3.8.
(i) (p?°% @id)(va) = va for g € C(Xp,Z),t € T.
(i) (27 @id)(vg) = vp for f € C(Xa,Z),t € T.
Proof. (i) Since p?"®9(S,) = 8., p?0%9(8y) = e2™V=1t98, we have
(" (UR) =p{" (Se) SaS3,)
=Se(nye?™V 98y, S eV
=Se(k)Sa,Sa, = Uk-
Hence (p?°% @ id)(un) = up so that (p7°%? @ id)(wy) = w,. We then have
(ptZ’OQBg ®id)(vy) = (ptZ’OQBg ®1d)(Pc ® s14,1 +u1) = Po ® 8151 + U1 = v1.

Since vag_ 105, 1, Vi, _oUan—2 € Dz ® C and the restriction of pZ°% @ id to
Dy ®C is the identity, we easily know that

(7% @id)(van) = van,  (p7"%? ®id)(v2n—1) = v2n—1 forn €N,

We thus have (p?°%? @id)(v,) = v, for all n € N and hence (p?°% @id)(va) =

VA-
(ii) is shown similarly. O
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We put
w=wvpvy € MOz ® K),
ut = w* (p? T @id)(w)  for f e C(Xa,Z),
™ = w(p? ™ @id)(w')  for g € C(Xp,2).
By Lemma 3.8, we have

up = vavg (o ©1d) (05) (0T @ 1d) (1) = va(p T @id)(vh) (3.15)

and similarly u;¢ = vg(p?°®? @ id)(vy).

LEMMA 3.9.

(i) For each f € C(Xa,Z), the unitaries ui"' t € T give rise to a unitary
representation of T in M (D4 ® C) which satisfies uj T2 =y T2
for f1, f2 € C(Xa,Z).

(ii) For each g € C(Xp,Z), the unitaries uf’g,t € T give rise to a unitary
representation of T in M(Dg ® C) which satisfies up 919> = w9y 92
for g1,92 € C(Xp,Z).

Proof. (i) By Lemma 3.6 and (3.15), we have

U TS =0 (o @ i) (w3 (o7 @ 1) (0]
=(goa + (U= F) @ Dagy + vewvdy) (@ + (Us(=f) @ Doy + veu?,)
=t + (Urra(=1) © 1)agy + veuvl, = uil
The equality u; /T2 = w12 immediately follows from Lemma 3.7. (ii)
is shown similarly. O

We thus have

ProrosiTION 3.10. Let A, B be nonnegative irreducible and non-permutation
matrices. Suppose that they are elementary equivalent, and choose matrices
C and D satisfying A = CD, B = DC. Then there exist an isomorphism & :
040K = Op®K satisfying ®(Da®C) = Dp®C, and unitary representations
teT — u™ € M(Dy®C) for each f € C(Xa,Z) andt € T — ul? €
M(Dp ®C) for each g € C(Xp,Z) such that

® o Ad(u) o (oM @id) = (PP @id)o @ for f € C(Xa,Z),
Do (p9 @id) = Ad(WP) o (P9 @id)o ®  for g € C(Xp,Z).

Proof. As in the proof of [15, Proposition 4.3], the map ® = Ad(w) where
w = vpv} gives rise to an isomorphism ¢ : 04 ® K — Op ® K such that
(I)(DA ®C) =Dp ®C and

Do Ad(u?’f) o (pf’f ®id) = (pf"p(f) ®id) o ®.

The other equality is shown similarly. O
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Since both homomorphisms ¢ : C(X4,Z) — C(Xp,Z) and ¢ : C(Xp,Z) —
C(Xa,Z) satisty (1) = 1,9(1) = 1, we have the following corollary.

COROLLARY 3.11 (cf. [7, Theorem 3.8], [6, Theorem 2.3]). Let A, B be ir-
reducible mon-permutation matrices. Suppose that the two-sided topological
Markov shifts (Xa,54) and (Xp,55) are topologically conjugate. Then there
exist an isomorphism @ : O4 @ K — Op ® K of C*-algebras satisfying
&(Dy ®C) = Dp ®C, and unitary representations t € T — v{* € M(Da ®C)
andt € T — vP € M(Dp ®C) such that

@ o Ad(vi) o (p ®@id) = (pf ®id) 0 @,
Do (p @id) = Ad(vP) o (pP @ id) o

where p{ and pP are the gauge actions on O 4 and Op, respectively.

REMARK 3.12. We must emphasize that Cuntz—Krieger in [7, Theorem 3.8]
and Cuntz in [6, Theorem 2.3] have shown that the stabilized Cuntz—Krieger
triplet (04 ® K,D4 ® C, p* ® id) is invariant under topological conjugacy of
the two-sided topological Markov shifts (X ,54). Hence the above corollary
is weaker than their result.

Before ending this section, we will introduce a notion of strong Morita equiva-
lence in the stabilized Cuntz-Krieger triplets. The triplet (04 ®K, D4®C, pA®
id) is called the stabilized Cuntz—Krieger triplet. Two stabilized Cuntz—Krieger
triplets (04 ® K, D4 @ C, p? ®@id) and (Op @ K,Dp & C, pP ®id) are said to
be strong Morita equivalent in 1-step if there exist a stabilized Cuntz—Krieger
triplet (Oz ® K,Dz ® C, p? ®1id) and isomorphisms of C*-algebras

Pp: 020K — 040K, Pp:0,0K — 0K
satisfying

@A(DZ(X)C):DA@C, (I)B(DZ@)C):DB ®C,
pf @id =(P5' o pf @ido ®p)o (Py' 0 pft @ido D)
=@, op ®ido®4) o (D5 0 pP @ido ®p).

If two stabilized Cuntz—Krieger triplets (04 ® K,Da ® C, p* ® id) and (Op ®
K,Dp®C, pP ®id) are connected by n-chains of strong Morita equivalences in
1-step, they are said to be strong Morita equivalent in n-step, or simply strong
Morita equivalent.

ProOPOSITION 3.13. Let A and B be irreducible and not any permutation matri-
ces. Suppose that A, B are elementary equivalent. Then the stabilized Cuntz—
Krieger triplets (04 @ K, DA ®C, p? ®id) and (Op @ K,Dp ®C, pP ®id) are
strong Morita equivalent in 1-step.
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0 C
D 0
By Lemma 3.8, the following identities hold

(020 @ id)(v4) = va, (6710 & id)(v) = vp.

Proof. Let Z = . Take isometries va,vp € M(0z®K) satisfying (3.7).

Define ® 4 = Ad(v4), ®p = Ad(vp). As in (3.8), they give rise to isomorphisms
4:0,0K — 040K, Pp:02,00K — 0p®K
satisfying
P4(DzRC)=D4s®C, (D7 ®C)=DpRC.
Since we see

pZ,OEBl(SC> _ Sc, ptZ,OEBI(Sd) _ 6277\/?”de

plt0(S,) = 2V pP0(5,) = Sy

force C,de D, we havefor t @ K € Oz Q K

((pt @id) 0 B 4)(2 ® K) :(pf’0691 ®id)(va(z ® K)v})
va(p/ ! @id)(z @ K)v
=B, 0 (pP"" @id)(z ® K).

Z,091

Hence we have (p{ ®id)o®4 = ® 40(p; ®id) and similarly (pf ®id)o®p =

®p o (pP'* @id). Since
pf @id = (p'*° ®@id) o (o7 ®@id) = (o ®id) o (p*° ® i),
we know the assertion. (]

Therefore we have the following corollary.

COROLLARY 3.14. If A, B are strong shift equivalent, then the stabilized Cuntz—
Krieger triplets (04 @ K, D4 ®C, pA ®id) and (Op @ K,Dp ®C, p? ®id) are
strong Morita equivalent.

4 BEHAVIOR ON K-THEORY

In this section we will study the behavior of the isomorphism ® : O4 ® K —
Op ® K in Proposition 3.10 on their K-groups ®. : Ko(O4) — Ko(Op) under
the condition A = CD,B = DC.

Recall that A = [A(i,j)]i\fj:l is an N x N matrix with entries in nonnegative
integers. Then the associated graph G4 = (Va, E4) consists of the vertex set
Va = {vf',...,v4} of N vertices and edge set E4 = {ai,...,an,}, where
there are A(i,j) edges from v{* to v/!. Denote by t(a;),s(a;) the terminal
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vertex of a;, the source vertex of a;, respectively The graph G4 has the
Na x N4 transition matrix A = [A% (i, )] A /L, of edges defined by (2.1). The
Cuntz—Krieger algebra O 4 is defined as the Cuntz—Krieger algebra O 4¢ for the
matrix AY which is the universal C*-algebra generated by partial isometries
Sa;yt = 1,..., N4 subject to the relations (2.2). We similarly consider the
Np x Np matrix B¢ with entries in {0, 1} for the graph G = (Vz, Eg) of the
matrix B with vertex set Vp = {vP, ..., 05} and edge set Eg = {b1,...,bn,},
so that we have the other Cuntz-Krieger algebra Opgc for the matrix B¢ which
is denoted by Op.

Now we are assuming that A = C'D and B = DC for some nonnegative rectan-
gular matrices C' and D. Both A and B are also assumed to be irreducible and
not any permutations. Since A = C'D, the edge set E 4 is regarded as a subset
of the product Fc x Ep of those of Ec and Ep. As in Section 2, we may take
a bijection ¢4 cp from E4 to a subset of Ec x Ep. For any a; € E4, there
uniquely exist c¢(a;) € Ec and d(a;) € Ep such that 4 cp(a;) = c(ai)d(a;).
We write it simply as a; = ¢(a;)d(a;). Similarly, for any edge b; € Ep, there
uniquely exist d(b;) € Ep and ¢(b;) € E¢ such that 95 pc (bl) = d(bl)c( ), snn-
ply written b; = d(b;)c(b;). We define the N4 x Np matrix D = [D(i, l)] o NA

by e R A B T R O
N 1 if ) =

Dliyy =+ i) =db). (4.1)
0 otherwise.

LEMMA 4.1. The matriz Dt : ZN4 — ZN5 induces a homomorphism from
ZNAJ(id — (AG))ZN4 to ZN# /(id — (BC)")ZNE as abelian groups.

Proof. Fori=1,...,Ngsandl =1,..., Ng, we know that both

&

[ASD](i,1) ZAG” 4, 1) and [DBG](i,l):ZBﬁ(i,k)BG(k,l)

B
—

are the cardinal number of the set {c € Ec | d(a;)cd(b;) € B3(Xz)}. Hence we
have A“D = DBY. We then have that D*(id — (A%)")ZN4 c (id — (B)*")zN»
so that D! induces a desired homomorphism.

We denote by ® 5, the above homomorphism from ZN4 /(id — (AG)t)ZNA to
ZN5 /(id — (BS))ZN# induced by Dt.

Let us denote by [ 4] the class of the vector eNA = (0,... ,O,i,(), ...,0) €
ZNA in 7N /(id — (AG) )ZN4 . Tt was shown in [6] that the correspondence
eac : Ko(Opa) — ZN4/(id — (A%)")ZNA defined by eqa([Sq,S5]) = [eN4]
yields an isomorphism of abelian groups. We then have

PROPOSITION 4.2. Suppose that A=CD,B=DC. Let ®: O, K - Op®K
be the isomorphism constructed in the proof of Proposition 3.10 such that ® =
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Ad(w) with w = vy for the isometry va as well as vp defined before Lemma
3.5. Then the diagram

Ko(OAG) KO(OBG)

T
eAGl leBG

ZN4 /(id — (AG)yzZNa 2B, 7Ns /(iq — (BG)")ZN>
15 commutative.

Proof. We note that K = K(¢?(N)) has a countable basis and N is decomposed
such as N = U72,N; where Nj is also a disjoint infinite set such as N; =
U2 (N, with disjoint infinite sets N;, for every k = 0,1,2,.... We write N,
as Nj, = {jx(0), jk(1), 5k(2), ... }. In particular for j = 1,k = 0, we denote by
n=1g(n) forn=0,1,2,... so that Ny, = {0,1,2,...}. Let pr,n=0,1,2,...
be the sequence of projections of rank one in K such that ZZO:O pn = f1,- By
[6, Proposition 3.1], the group Ko(O 4¢) is generated by the projections of the
form

Sa. 5% ® pg, 1=1,...,Ng.

ai™~a;

Denote by 14 the unit of O 4¢ so that [14] = Zf;“l [Sa; Sk ®@pglin Ko(Oyc). Let

ai™~a;

® = Ad(w) : O ®K — Opce @K be the isomorphism constructed in the proof
of Proposition 3.10. Hence ®, : Ko(Oac) — Ko(Ope) satisfies ®.([S,, S, ®
p5]) = [w(Sa,; Sk ®pg)*w*]. To complete the proof of the proposition, we provide

a; Ma;

the following two lemmas. O

Let I(7) be the number [ = 1,..., N¢ satisfying ¢; = ¢(a;) so that d(I(i)) € Ep
satisﬁes Tl(z) = Sd(l(i))Sc(ai)Sz(ai) n (314) We put Sll(i)vlﬂ = Slz(i)7151,10 and

SlOvll(i) = S’L(i),lo'
LEMMA 4.3. Keep the above notation.
(1) w(Sa; 55, @ po)w” = vp(Sa,; 55, ® $1,10P5510.1)V5-

(i) vB(Sa; 595, ® 51,10P0510,1)0 = Sa@(i)Se(a)Sd(a:) Sa(a Setan Sy ©
S1133),10P0510,1;(4) -

Proof. (i) The unitary w is given by w = vgv¥. We know va = > | v, and

v1 = Po ®s151 + chv:Dl Ui ® s1,,1- As pgs1,1 =0for k=1,..., Np, we have

V4 (Sa, 5, ®po)va = v7(8a,S;, ®po)vr
= (Pc ® $14,1)" (84,5, ® po)(Pc @ s10,1)
= SaiS; ® 81,10P05510,1-
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(ii) For ¢ € E¢c = {e1,...,¢cng} and a; € Ea, we note that S} S, =
S Sc(a)Sd(ay) if 1 = c(a;), otherwise zero. Hence we have

* *
vB(Sa, Sy, @ 51,10P0510,1)Vp

Nc NC’ *
- (ZTZ ® 311,1> (Sai e, ® 51,10P0510,1) (Z Ty ® 811,,1>
=1

I'=1
N¢
* * * * *
= Su)Se, S5 Sa. S5 SerSe Sy © 51,,18110P6510,157, 1
=1

=Sa(1(1)) Se(a) Sd(a) Sa(as) Se(as) d(i()) @ Sligsy»10P3510,110;) -

LEMMA 4.4, Sy(a) S0 = Si DG, 1)Sy,S;-

Proof. In the algebra Ogc, we have 211\231 Sp, Sy, = 1. As by = d(by)c(br), it im-
plies that 211\231 Sd(bl)SC(bL)S:(bl)S;(bl) = Pp in Oz. By multiplying Sd(ai)S;(ai)
to the equality we have

Np
Z Sd(ai)S;(ai)Sd(bl)SC(bL)S:(bL)S;(bl)sd(ai)ss(ai) = Sd(ai)S;(ai)'
1=1
Since X
Sd(ai)S;(ai)Sd(bz) = D(ia Z)Sd(bl)a
we have
Np
> DG DS e SiwSicon) = Satan) Sican)-
=1
As Sy, = Sq,)Se(v,), We get the desired equality. O

Proof of Proposition 4.2:
By using Lemma 4.3, we have the equalities in Ky(Opgq):

(I)*([SaiS;_ ®p6]) = [Sd(l(l))SC(GI)Sd(al)S;(aI)S:(aI)S;(l(z)) ® Sll(i)110p6810711(i)]'
Since

[Satu(iy)Se(an) Satai) Satan Setan) Sau(y) © 11y, 10P0510, 1105
=[Sa(a:)Sq(ar) @ fropof1,]  In Ko(Ope),

and flopﬁflo = Do, We have
P, ([Sa:Sa, @ pol) = [Sd(as)Sacar) @ Pol-

As €46 ([Sa; Sk, @pg]) = [e] 4] and epa ([Sh, S5, @ o)) = [e;”], By using Lemma
4.4, we complete the proof of Proposition 4.2. o
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Let S4 and R4 be the Ny x N matrix and N x N4 matrix defined by

i ) =vd if v4 = s(a;
sAu,j):{l o Rm,i):{l A

0 otherwise, 0 otherwise,

fori=1,...,Nqand j=1,..., N, respectively. We then have A = R4S4 and
AC = SAR4. We similarly have the matrices Sp, Rp for the other matrix B
such that B = RgSp and B¢ = SpRp. The matrix S% : ZV4 — Z" induces
a homomorphism ZN4 /(id — (A%)")ZN4 — ZN /(id — AY)ZN of abelian groups
which is actually an isomorphism since its inverse is given by a homomorphism
induced by RY%. The above isomorphism is denoted by gt . We have an
isomorphism ®g: : ZV®/(id — (BS)")ZN? — ZM/(id — BY)ZM in a similar
way.

Now we are assuming that A = CD,B = DC so that AC = CB and hence
CtA* = B!C*. The matrix C* : ZV — ZM induces a homomorphism from
ZN /(id — AYZN to ZM /(id — BY)ZM as abelian groups, which is denoted by
®oe. It is actually an isomorphism with ®p¢+ as its inverse. We notice the
following lemma. The second assertion (ii) is pointed out by Hiroki Matui.
The author thanks him for his advice.

LEMMA 4.5. (i) The diagram

ZNA /(id — (AG)H)zZNa 224y gNe j(id — (BS)')ZNe

" Jos

ZN J(id — ANzZN 29y ZM(d — BYyzM

P

18 commutative.
(ii) @Sz([(l, 1,....,0))=1[1,1,...,1)].

Proof. (i) Since ® 4 is induced by the matrix D, it suffices to prove the equality
DSp = SAC. Let (i,j) bei =1,...,Nqand j = 1,..., M so that a; € Ex
and vf € V. Let k be such that t(a;) = v{'. Hence we have

[54C1(6,4) = Y Sa(i.n)C(n, j) = C(k. j)

which is the number of edges of E¢ leaving v,’f and terminating at ’UJB . On the

other hand,
Mp

[DS5](i,4) = Y D(i,1)S5(1, j)-

=1

It is easy to see that the above number is also C(k, j).
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(ii) Since A = RaSa, for each k = 1,..., N4 with ax, € E4 there exists a
unique 4 = 1,..., N such that s(az) = v{*. Hence sz\; Ra(i k) = 1 so that
we have for each j =1,..., N

N N Na
DA =YY Ralisk)Salk, j)
=1 i=1 k=1
s (zm >) Salk.5)
k=1 \i=1
3SR
k=1
We then see
Na Na Na
Oge ([(1,1,...,1)]) = [(Z Sa(k, 1),ZSA(k,2), > Sa(k,N))]
k=1
ZAtlz ZAtQZ ZAth
= [(1, 1,...,1)] in2zZ"/3d - At)ZN.
O
Put
ea=Pgi 0eq0: Ko(Oa) = 2N /(id — ANZY, (4.2)

which is an isomorphism of groups such that e4([14]) = [(1,1,...,1)]. We thus
reach the following theorem:

THEOREM 4.6. Suppose that two nonnegative irreducible matrices A, B satisfy
A = CD,B = DC for some nonnegative rectangular matrices C,D. Let ® :
04K — O ®K be the isomorphism constructed in the proof of Proposition
3.10 such that ® = Ad(w) with w = vpvY for the isometry va as well as vp
defined before Lemma 3.5. Then the diagram

Ko(O4) 2, Ko(Op)

ml lEB
ZNJ(id — A)ZN 2y ZM JGd — BYZM
is commutative, where all maps are isomorphisms of abelian groups.

We write A B if A=CD, B= DC. Recall that A, B are said to be strong

shift equlvalent in n-step if there exist a finite sequence of square matrices
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Aj,...,A,_1 and two finite sequences of rectangular matrices C1,...,C, and
D1,..., D, such that

A=4, ~ A A =~ A .., A, =~ A, =B.
OCDl 1, 1CD2 25 ) 1

1 2,
This situation is written
A ~ - =~ B. (4.3)
Cy1,D, Chn,Dnp

R. F. Williams proved that two-sided topological Markov shifts (Xa,64) and
(Xp,op) are topologically conjugate if and only if A and B are strong shift
equivalent in n-step for some n ([25]). Hence we have the following corollary.

COROLLARY 4.7. Suppose that two matrices A, B are strong shift equiva-
lent in n-step for some two sequences of rectangular matrices C1,...,Cy and
D1, ...,Dy, asin (4.3). Then there exist an isomorphism @ : O4 @K — Op®K
of C*-algebras and a unitary representation t € T — v € M(Da ® C) such
that

B(DA®C)=DpRC, PoAd(w?)o(p?®id) = (pf ®id) o &,
and the following diagram is commutative

Ko(O4) -, Ko(Op)

| [

@ ot
ZN /(id — At)ZN D=2 g M q — BYZM.

We note that the inverse of
D,y LN /(id — ANZN — ZM /(id — B*)ZM s given by
q)(DanQDl)t : ZM/(id — Bt)ZM — ZN/(id — At)ZN.

5 CONVERSE AND INVARIANT

In this section, we will study the converse of Corollary 3.11 by using Corollary
4.7. We fix a projection p; of rank one in K.

PROPOSITION 5.1. The following assertions are equivalent.

(i) There exist an isomorphism & : O4 @ K — Op @ K of C*-algebras and a
unitary one-cocycle uy € M(Op ® K),t € T relative to pP @ id such that

P(DyRC)=Dp®C, Po(p ®id) = Ad(us) o (pP ®@id) o ®, (5.1)
. (1a®@p1]) = 15 ®p1] in Ko(Op). (5.2)

(ii) There exist an isomorphism ¢ : Og4 — Op and a unitary one-cocycle
v € U(Op),t € T relative to pP on Op such that

¢(Da)=Dp and @op =Ad(v)oplop, teT. (53)
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Proof. The implication (ii) = (i) is obvious by putting & = ¢ ® id and
ug = vy ® 1. We will show the implication (i) = (ii) in the following way.
By [13, Proposition 3.13], the condition @,([14 ® p1]) = [1p ® p1] in Ko(Op)
ensures that there exists a partial isometry V € Op ® K satisfying the following
conditions:

V(DB ®C)V* CcDp®C, V*(DB ®C)VCD3®C,
VV*=1p & p1, V*V:¢(1A ®p1).

Put ¥ = Ad(V) 0P : 04 @K — Op ® K. It is straightforward to see that

V(04 ®Cp1) =0p®Cp1, ¥ (Da®Cp1) =Dp & Cpy,
U(1la®p1) =1®@p;.
It is clear that U, = @, : Ko(O4) — Ko(Op). We identify Op ® Cp; with Op.
Put the partial isometry v; = Vuy(pP ®id)(V*) € Op ® K. Since v, = (1 ®

p1)v:(1p ® p1), by this identification, v; belongs to Op. Define ¢ : Oy — Op
by setting ¢(a) = U(a ® p1) for a € O4. It then follows that

o(pit(a)) @ p1 =V&(p(a) @ p1)V*
=V(Ad(us) o (pf @id) o ®)(a @ p1)V*
=Vuy(pf @1d)(V*)(pf @id)®(V(a @ p1)V*)(pf @id)(V)u; V*
=vi((pf ®id) 0 ¥)(a ® p1)v;
=(Ad(v;) o (pf 0 9)(a)) @ p1

so that we have p(p(a)) = (Ad(v¢) o pP o ¢)(a). Since we have

(pf @1d)(®(1a @ p1)) =(Ad(uf) o P o (pf! ©id))(1a @ p1)
=u;P(1a ® p1)ur = ufV* Vuy,
we have
vepy’ (vs) =Vur(py? ®1d)(V)(py @id)(Vus(pd @1d)(V7))
=Vu(py @1d)(V*V)(pi’ @id)(us)(pf’ 0 p7 @id)(V*)
=Vue(py @id)(@(14 @ p1))(py ®id)(us)(piy, ®id)(V7)
ViV Vui(pf @ id)(us)(pf, @ id)(V*)
=Vuy(pf ®@id)(us)(pf,, ©id) (V")
=Vurys(pp s @id)(V*)

=Vt+s-
Hence vy, t € T is a unitary one-cocycle relative to p®. o
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REMARK 5.2. Let v; in Op be a unitary one-cocycle relative to pP satisfying
(5.3). For a € Da, we see that ¢(pi*(a)) = Ad(ve)(pP(p(a))). As pit(a) = a
and ¢(a) belongs to Dp so that we have p(a) = Ad(v:)(p(a)). Hence vy
commutes with any element of Dp. This implies that v; belongs to Dp and
hence it is fixed by the action p®. Therefore a unitary one-cocycle vy in Op
relative to pP satisfying (5.3) automatically belongs to Dp and yields a unitary
representation ¢ € T — v, € Dp. Since the unitary u; in (5.1) is given by
us = v ®1 from the unitary v; satisfying (5.3), the unitary one-cocycle u; in the
statement (i) of the above proposition can be taken as a unitary representation
t €T — u, € M(Dp ®C) which is fixed by the action pP ® id.

COROLLARY 5.3. If there exist an isomorphism @ : O4 @ K — Op ® K of
C*-algebras and a unitary one-cocycle u; in M(Op ® K) relative to pP @ id
such that

H(Da®C)=Dp®C,  Po(p)®id) = Ad(us) o (p? ®id) o &,
P.([1a ®@pi1]) = [1 ® p1] in Ko(OB),

then two-sided topological Markov shifts (X4,54) and (Xg,o5) are topologi-
cally conjugate.

Proof. Suppose that there exist an isomorphism @ : O4 @ X — Op ® K and a
unitary one-cocycle u; in M(Op ® K) relative to pP ® id satisfying the above
equalities. Proposition 5.1 tells us that there exist an isomorphism ¢ : O4 —
Op and a unitary one-cocycle v; € U(Op),t € T relative to pP on Op satisfying
(5.3). Hence the one-sided topological Markov shifts (X4,04) and (Xp,0p)
are strongly continuous orbit equivalent by [14, Theorem 6.7]. It also implies
topological conjugacy of their two-sided topological Markov shifts (X 4,5 .4) and
(Xp,55) by [14, Theorem 5.5]. O

DEFINITION 5.4. An isomorphism £ : Op ® K — O4 ® K of C*-algebras is
said to be induced from strong shift equivalence if there exist a strong shift

equivalence A =~ --- & B and a unitary one-cocycle u; in M (04 ® K)
Cy,Dq Chn,Dnp

relative to pi* ® id such that
EDp®C)=Da®C,  Eo(pf ®id) = Ad(us)o (pi* ®id) 0§,
&= 621 o®(p,...0,D,)t O €B : Ko(Op) = Ko(Oa).

In this case, we say that £ : Op ® K — 04 ® K is induced from strong shift

equivalence A ~ --- =~ B.
C1,D1 CrnyDn

We will define the strong shift equivalence invariant subset K5(04) of
Ky(O4) as follows.

DEFINITION 5.5.

KSSE(04) = {[p] € Ko(O4) | there exist a square matrix B and
an isomorphism £ : Op ® K — O ® K induced from
strong shift equivalence such that &, ([15]) = [p] in Ko(O4a)}.
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We note that the class [14] in K¢(O4) of the unit 14 of O4 always belongs to
the set KgSE(OA), because we may take B = A and £ = id.

PROPOSITION 5.6. Suppose that there exists a topological conjugacy be-
tween (Xa,64) and (Xp,65). Then there exists an isomorphism 1
Ko(Oa) — Ko(Op) satisfying n(K5°7(04)) = K59 (Op). Hence the pair
(Ko(Oa), KgSE(OA)) is an invariant under topological conjugacy of two-sided
topological Markov shifts.

Proof. Suppose that (Xa,54) and (Xp,55) are topologically conjugate so

that A =~  --- ~ B for some nonnegative rectangular matrices
Cl,Dl Cn,7Dn

C1,D1q,...,Cy,D,. By Corollary 4.7, the strong shift equivalence induces
an isomorphism g4 : O4 ® K — Op ® K and a unitary one-cocycle u; in
M (Op ® K) relative to pP @ id such that

§a(Da®C) =Dp®C, &pa o (p;4 ®id) = Ad(us) o (pf @id) o €pa,
gBA* = (I)(Clan)t : KO(OA) — Ko(OB).

Put 7 = £pax - Ko(Oa) = Ko(Op). Take an element [p] € K5°F(04). There
exist a square nonnegative matrix A’ and an isomorphism €44 : Oy @ K —

0 A®K of C*-algebras induced from strong shift equivalence A’ =~ --- =
c{,p; ¢,D,

A such that £44/.([1a/]) = [p] in Ko(O4). Then the isomorphism g4 0 €aar :
O4 ® K — Op ® K is induced from strong shift equivalence

cip, e, eipcnp,

B

such that n([p]) = (€54 © £aa)+([La]) in Ko(Op) so that n(p]) € KSP(Op).
O

Suppose that two matrices A, B are strong shift equivalent in n-step such as
(4.3). The matrix B in (4.3) is given by B = D,,C,, so that (4.3) is written as

~

~ ... ~ D,C,. (5.4)
C1,D1 Cpn,Dn

We set the following sequence SSE,,(A4),n = 1,2,... of subsets of the group
ZN

SSE,,(A)
={vez" |v=D}---D! |Di1,1,....1]", A ~ -+ ~ D
{UE |U 1 n—1 n[ ) ’ ] ’ C1.Ds ChiDy ncn}a
where [1,1,...,1]" denotes (the row size of D,,) X 1 matrix whose entries are

all 1’s. We define the sequence Kifg]?n(A), n =1,2,... of subsets of the group
ZN /(id — AYZN by

K3E (A) = {[v] € 2V /(id — ANZN | v € SSE,(A)}, n=1,2,....

alg,n
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We then define the subset KSPE(A) of ZN /(id — AY)ZN by

alg

Kl (4) = UpZ KJh (4).

By Corollary 4.7, we have the following proposition

PROPOSITION 5.7. Let €4 : Ko(Oa) — ZN /(id — AY)ZN be the isomorphism
defined in (4.2). Then we have

ea(K5°P(00)) = K3 (A).
Proof. For [p] € KSSF(04), there exist a nonnegative square matrix B with a

strong shift equivalence A ~ --- &~ B, an isomorphism £ : Op ® K —
C1,D1 Cn7Dn

04 ® K of C*-algebras and a unitary one-cocycle u;,t € T relative to p? ® id
such that

EDPp@C)=Da2C, £Eo(pf ®id) = Ad(us)o (pr @id)o&,  (5.5)
& = 621 °o®p,..p,p,) © €8 Ko(Op) = Ko(Oa) and  &([1]) = [p]-

(5.6)
Since ep([15]) = [[1,1,...,1]}] in ZM /(id — BY)ZM , we have
eal[p]) =ea o &([15])
=®p, ..p,py)t © €8([18]) = ®(p,...p,pyy (11, 1,.--,1]%)
so that ez ([p]) € Kglng(A) and hence e (K§5F(04)) C Kglng(A)
Conversely, take an arbitrary element [v] € Kglng(A) We may find a strong shift
equivalence A ~ --- = D,C, such that v= (D, --- Dng)t[l, 1,..., 1]

C1,D, Cpn,Dn
Put B = D,,C,,. By Corollary 4.7, there exist an isomorphism ¢ : Op @ K —
04 ® K of C*-algebras and a unitary one-cocycle u;,t € T relative to p? ® id
satisfying (5.5) and & = €' o P(p,..0,p1) 0 €8 : Ko(Op) = Ko(Oa). Put
[p] = &([15]) which belongs to K§5B(04). By the same equalities as (5.7),
(5.8), we get ea([p]) = ®(p,..p,py)e([1,1,...,1]") which is the class of [v].

This shows that e (K55F(04)) D KSISgE(A) O

THEOREM 5.8. Let A, B be nonnegative irreducible and non-permutation ma-
trices. The following two assertions are equivalent.

(i) Two-sided topological Markov shifts (Xa,54) and (Xp,55) are topologi-
cally conjugate.

(ii) There exist an isomorphism @ : O4 QK — Op @ K of C*-algebras and a
unitary one-cocycle uy in M(Op ® K) relative to pP @ id such that

H(Da®C)=DpC,  Po(p)®id) = Ad(us) o (p? ®id) o &,
D,(K5°P(04)) = K3°F(Op) in Ko(Op).
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Proof. (i) = (ii): The assertion follows from Corollary 3.11 and Proposition
5.6.

(i) = (i): Suppose that there exist an isomorphism ¢ : O4 @ K - Op @ K
of C*-algebras and a unitary one-cocycle u; in M(Op ® K) relative to pP ®
id satisfying the conditions of (ii). Take a projection p; of rank one in K.
Put the projection p = ®(14 @ p1) € Op ® K. As [14] € K§SE(O4) and
. (K§5E(04)) = KSSE(Op), the class [p] = . ([14]) of pin Ko(Op) belongs to
K§SE((’) ). One may take a nonnegative square matrix B’ and an isomorphism
v: 0p®K — Op ® K with a unitary one-cocycle u} in M (Op' ® K) relative to
pf/ ® id induced from strong shift equivalence B C% -+ =~ B’ satisfying

1,1 ny,Mn

YD ®C)=Dp ®C,  yo(pf @id) = Ad(u}) o (pF ®id) 0~,
Y([p]) = 1] in Ko(Op).

Then the isomorphism yo @ : O4 ® K — Op ® K satisfies the conditions

(yo®)(Da®C)=Dp ®C,
(Yo ®) o (p ®id) = Ad(y(ur)up) o (pf ®@id) o (v0 P),
(vo®@)u([1a]) =[1p] in Ko(Op).

By Corollary 5.3, the two-sided topological Markov shifts ():( 4,04) and
(Xpr,0p1) are topologically conjugate. Since (Xp,op) and (Xp/,0p/) are
topologically conjugate, so are (X4,54) and (Xp,55). O

REMARK 5.9. The unitary one-cocycle u; in M(Op ® K) in (ii) of the above
theorem can be taken as a unitary representation t € T — u; € M(Op ® K)
by Corollary 3.11.

DEFINITION 5.10. A nonnegative square matrix A = [A(i, )], is said to
have full strong shift equivalent units in Koy-group if KZISgE(A) = ZN/(id —
AYZN . We simply call it that A has full units.

By Proposition 5.7, A has full units if and only if K§5F(04) = Ko(Oa). Since
the subset K55F(04) C Ko(O4) is invariant under topological conjugacy of
two-sided topological Markov shifts by Proposition 5.6, we have

PROPOSITION 5.11. Suppose that two-sided topological Markov shifts (Xa,54)
and (Xp,ap) are topologically conjugate. Then A has full units if and only if
B has full units.

As a consequence of Theorem 5.8, we have the following corollary.

COROLLARY 5.12. Suppose that both A and B have full units. Then the fol-
lowing two assertions are equivalent.

(i) Two-sided topological Markov shifts (Xa,54) and (Xp,55) are topologi-
cally conjugate.
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(ii) There exist an isomorphism ® : 04 QK — Op @ K of C*-algebras and a
unitary one-cocycle u; in M(Op ® K) relative to pP ®id such that

P(Da®C)=Dp®RC, do(p @id) = Ad(us)o (pf ®id) o ®.

EXAMPLE 5.13.

1. If Ko(O4) =0, then A has full units.

2. Let A be the 1 x 1 matriz [N] whose entry is N with 1 < N € N. Then
the matriz A has full units. For any 0 <k < N —1, let C be the 1 x (k+ 1)
matriz [1,...,1, N—k| and D the (k+1) x Imatriz (1,1,...,1)*. Then A= CD
and D'[1,...,1)" = k+ 1. Hence [k +1] € Z/(1 — N)Z so that K3, "(A) =
Z/(1 = N)Z = Ko(Oa).

There is no known example of irreducible, non permutation matrix A such that
A does not have full units.
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REMARK 5.14. After submitting the paper, there were several progress in the
following papers related to this paper:

1. T. M. Carlsen and J. Rout, Diagonal-preserving gauge invariant isomor-
phisms of graph C*-algebras, preprint, arXiv: 1610.00692 [mathOA].

2. K. Matsumoto, State splitting, strong shift equivalence and stable isomor-
phism of Cuntz—Krieger algebras, preprint, arXiv: 1611.06627 [mathOA].

In the paper 1, the converse implication of [7, Theorem 3.8] was proved, In the

paper 2, strong shift equivalence class of the matrix A was described in terms
t
of (04, DA,,OA) and (OAt,DAt,pA ).
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