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Abstract

In this paper we present a new almost strong sequence space of order a generated by real matrix D and
also we examine some properties of this sequence space.

1 Introduction and Background

Let s denote the set of all real and complex sequences & = (&;). By I, and ¢, we denote the Banach spaces of bounded and
convergent sequences & = (&) normed by ||&|| = sup, |&,|, respectively.
We now quote the definition of Banach limits.

A Banach limit is a functional ( see, Banach [1]) L : [, — R which satisfies the following properties:
1. L(§)=>0ifn>0 (i.e. £, > 0 for all n),
2. L(e) =1 wheree=(1,1,...),
3. L(S§)=L(&),
where S denotes the shift operator on I, that is, S : I, — [, defined by S(&,) = {&,.1}-

Let B be the set of all Banach limits on [,. A sequence & € £, is said to be almost convergent if all Banach limits of £ coincide.
Let ¢ denote the space of almost convergent sequences. Lorentz [5] has shown that

= {{ €l :limt,, (&) exists uniformly in n}

where

gn + ‘Sn-f-l + €n+2 +-o+ €n+m
tm,n(g) - m+1 .

By a lacunary 6 = (k,); r = 0,1,2,... where k, = 0, we shall mean an increasing sequence of non-negative integers with
k, —k,_, = o0 as r — oo. The intervals determined by 0 will be denoted by I, = (k,_;,k,] and h, =k, —k,_,. Freedman at al
[4] defined the space of lacunary strongly convergent sequences Ny as follows:

N, = {iz(c‘;k):li?lhl2|£k—L|=O, for some L}.

I kel,

There is a strong connection between N, and the space w of strongly Cesaro summable sequences which is defined by, (see,
Maddox [8])

w= {g:(gk):liP%ng—u =0, for some L}.
k=0

In the special case where 6 = (2"), we have Ny = w.
The space ACy of lacunary almost convergent sequences and the space |ACy| of lacunary strongly almost convergent sequences
were introduced by Das and Mishra[3] as follows:

1
ACy = {§ = (&) : lim W Z(gk“ — L) =0, for some L uniformly in i} .

T kel,
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and

1
|ACy| = {E =(&): limh—ZIEkﬂ-—Ll =0, for some L uniformly in i}.

T kel,

Note that in the special case where 6 = 2", we have AC, = ¢ and |ACy| = [¢]. which is defined by Maddox [6].

A modulus function 1) is a function from [0, ©0) to [0, ©0) such that
i) Y(&)=0ifand onlyif £ =0,

(i) Y(E+p)<YPE)+y(p)forall&,p =0,

(iii) v increasing,

(iv) v is continuous from the right at zero.

Since [Y (&) — Y (p)| < ¢ (| — pl), it follows from condition (iv) that ¢ is continuous on [0, o).
Ruckle [10] used the idea of a modulus function ¢ to construct a class of FK spaces

L(y) = {5 = (&) Y (&N < oo}

k=1

The space L(v) is closely related to the space [; which is an L(v)) space with (&) = & for all real £ > 0.

Maddox [7] generalized the well-known spaces w,, w and w, of strongly summable by introducing some properties of the
sequence spaces wy (), w(vp) and w, (¢) using a modulus .

In 1999, E. Savas [11] defined the class of sequences which are strongly almost Cesaro summable with respect to modulus as
follows:

[E(y,p)]= {i : limnlzw(likﬂ- — L|)Pk =0, for some L, uniformly in i}
=

and
1 n
[e(y.p)lo = {5 lim, > (il =0, uniformly in i} :
k=1
where p = (p,) is a sequence of strictly positive real numbers and 1) be a modulus.
By a u-function we understood a continuous non-decreasing function w(u) defined for u > 0 and such that u(0) = 0, u(u) > 0,
for u> 0 and u(u) — oo asu — oo, (see, [12], [13]).

On the other hand in [2] a different direction was given to the study of lacunary statistical convergence of order @, 0 < a <1
where the notion of lacunary statistical convergence was introduced by replacing h, by h? in the denominator in the definition of
lacunary statistical convergence.

In the present paper, we introduce and study some properties of the following sequence space of order a that is defined using
the u- function and modulus.

2 Main Results

Let u and 1 be given u-function and modulus function, respectively and p = (p,) be a sequence of positive real numbers.
Moreover, let D = (d,)(n,k = 1,2,...) be a real matrix, a lacunary sequence 6 = (k,) and 0 < a < 1 be given. Then we define
the following sequence space,

D ducbilE )

k=1

NED, 4, p)o = {g = (£ :lim hi > ) =0, uniformly in i} ,

r nel,

where h% denote the ath power (h,)* of h,, that is h* = (h?) = (h¢,hS, kS, ....).
If&e ]\75’ (D, u, )y, the sequence & is said to be lacunary strong (D, u)- almost convergent of order a to zero with respect to

a modulus ¢. When u(&) = & for all £, we obtain

D duEil)

k=1

Ng(D,v,p)o = {E =(&): li;nhlzw(

T nel,

)Pk =0, uniformly in i} .
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If we take (&) = &, we write

Pk

Zdnkuugkﬂn

rneI k=1

Ng(D,u,p)o = {5 = (&) : lim -~ Z = 0, uniformly in 1}

If we take p, = p, for all k, we have

nk“('gkﬂ I)

Ng(D,M,qp)o = {E =(&): hm— Zf( ) =0, uniformly in i} .

r nel,

If we take D = I and u(&) = & respectively, then we have

(Ng)oz{z—(ak) lim > (il =0, umformlymz}

r kel,

If we define the matrix D = (d,;) as follows:

1 if n>k,
0, otherwise.

then we have,

Ng(C,u,lp)O = {E =(&): hrn — Zl/)( )pk =0, uniformly in i} .

r nel,

e W)
n k=1

In the next theorem we establish inclusion relations between w*(D, u, 4, p) and Ng‘(D, W,%, p)o- We now have

Theorem 2.1. Let v be a any modulus function and let u-function u, p = (p;) be a sequence of positive real numbers, a real matrix
D and the sequence 6 be given. If

wa(D,u,w,p)oz{g—(m lim — Zw( nkuugkﬂl)) =0, uniformlyini}.

n=1

then the following relations are true :

(a) Ifliminf, q, > 1 then we have W*(D, u, ¥, p)y € N (D, 1, P

(b) If sup, q, < 00, then we have N§(D, u, vy, p)o € W*(D, 4, %, p)o,

(c) 1 < liminf, g, <limsup, q, < 0o, then we have Ng(D,u, Y, p)o =W*(D, U, Y, po-

Proof. (a) Let us suppose that & € w*(D,u,vy,p). There exists &6 > 0 such that q, > 1+ 6 for all r = 1 and we have
h,./k. > &/(1+ &) for sufficiently large r. Then, for all i,

ZM )"

rnl

Zdnkuuw)

> —Zw At )”
- kahggw( €| )”
g (1+5)aha§w( b€ )"

Hence, & € Ng(D,u,lp,p)O. (b) If limsup, g, < oo then there exist M > O such that ¢, < M forall r > 1. Let & €
Ng‘(D, u,,p), and ¢ is an arbitrary positive number, then there exists an index j, such that for every j > j, and all i,

Ry = > )" <

] nel,

Zdnkuuakﬂn
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Thus, we can also find K > 0 such that R; <K forall j =1,2,.... Now let m be any integer with k,_; < m < k,, then we obtain,

for all i
)waZM

r—1 p=1

m

P

n=1

Zdnkuu&kn

k=1

nk“’('gkﬂ')‘) _11+I2

where

lkaZZM

r=1 j=1 nel;

)"

nk“('gkﬂl)

nk“('ngD

b= ZZM )

=1 j=jo41 n€l;

It is easy to see that,

L= ZZw( nkuugkﬂn)"

r=1 j=1 nel;

= (Zw( nkuugkﬂn) - +Zw( nkuugkﬂn)
r— nely neI

< k“ —— (R +...+ h R)),

S k JOk Sup1<z<)0Rz:
jok;;

Tk

Moreover, we have for all i

)Pu

nk“('gk-ﬂ |)

D ducttlE )

k=1

1
L = e Z v‘/’(

- ZGZM

r 1}—]g+1 J nel;

)'ny

IN
™
R =
M=
=

IA
)

Il
™
)
R
A
™
=

Thus I < J“ K + ¢.M. Finally, & € w*(D, u, Y, p).
The proof of (c) follows from (a) and (b). This completes the proof. O

Theorem 2.2. Let 0 < a < 8 <1 and p be a positive real number, then Ng(D,u,llJ)o c Ng(D,u,t/J)O.

Proof. Let & =(&,) € N¥(D,u,1)),. Then given a and f8 such that < a < 8 < 1 and a positive real number p, we write
k 0 0

5o | )

r nel,. r nel,
and we get that Ng(D,pL,’L/J)O QNf(D,u,lp)o. O

Zdnkuugkﬂn Zdnkuugkm)

The proof of the following result is a consequence of Theorem 2.2.
Corollary 2.3. Let 0 < a < 3 <1 and p be a positive real number. Then

i) If a =B, then Ng(D, u, ) = N (D, 1, 9)o-
ii) Ng(D,u,w)O C Ny(D, 1, ), for each a € (0,1]and 0 < p < oo.
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