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Almost lacunary strong (D,µ)- convergence of order α
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Abstract

In this paper we present a new almost strong sequence space of order α generated by real matrix D and
also we examine some properties of this sequence space.

1 Introduction and Background

Let s denote the set of all real and complex sequences ξ = (ξk). By l∞ and c, we denote the Banach spaces of bounded and
convergent sequences ξ= (ξk) normed by ||ξ||= supn|ξn|, respectively.
We now quote the definition of Banach limits.

A Banach limit is a functional ( see, Banach [1]) L : l∞→ R which satisfies the following properties:

1. L(ξ)≥ 0 if n≥ 0 (i.e. ξn ≥ 0 for all n),

2. L(e) = 1 where e = (1,1, . . .),

3. L(Sξ) = L(ξ),

where S denotes the shift operator on l∞, that is, S : l∞→ l∞ defined by S(ξn) = {ξn+1}.
Let B be the set of all Banach limits on l∞. A sequence ξ ∈ ℓ∞ is said to be almost convergent if all Banach limits of ξ coincide.
Let ĉ denote the space of almost convergent sequences. Lorentz [5] has shown that

ĉ =
n

ξ ∈ l∞ : lim
m

tm,n(ξ) exists uniformly in n
o

where

tm,n(ξ) =
ξn + ξn+1 + ξn+2 + · · ·+ ξn+m

m+ 1
.

By a lacunary θ = (kr); r = 0,1,2, ... where k0 = 0, we shall mean an increasing sequence of non-negative integers with
kr − kr−1→∞ as r →∞. The intervals determined by θ will be denoted by Ir = (kr−1, kr] and hr = kr − kr−1. Freedman at al
[4] defined the space of lacunary strongly convergent sequences Nθ as follows:

Nθ =

(

ξ= (ξk) : lim
r

1
hr

∑

k∈Ir

|ξk − L|= 0, for some L

)

.

There is a strong connection between Nθ and the space w of strongly Cesàro summable sequences which is defined by, (see,
Maddox [8])

w=

¨

ξ= (ξk) : lim
n

1
n

n
∑

k=0

|ξk − L|= 0, for some L

«

.

In the special case where θ = (2r), we have Nθ = w.
The space ACθ of lacunary almost convergent sequences and the space |ACθ | of lacunary strongly almost convergent sequences

were introduced by Das and Mishra[3] as follows:

ACθ =

(

ξ= (ξk) : lim
r

1
hr

∑

k∈Ir

(ξk+i − L) = 0, for some L uniformly in i

)

.
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and

|ACθ |=

(

ξ= (ξk) : lim
r

1
hr

∑

k∈Ir

|ξk+i − L|= 0, for some L uniformly in i

)

.

Note that in the special case where θ = 2r , we have ACθ = ĉ and |ACθ |= [ĉ]. which is defined by Maddox [6].

A modulus function ψ is a function from [0,∞) to [0,∞) such that

(i) ψ(ξ) = 0 if and only if ξ= 0,

(ii) ψ(ξ+ρ)≤ψ(ξ) +ψ(ρ) for all ξ,ρ ≥ 0,

(iii) ψ increasing,

(iv) ψ is continuous from the right at zero.

Since |ψ(ξ)−ψ(ρ)| ≤ψ (|ξ−ρ|), it follows from condition (iv) that ψ is continuous on [0,∞).
Ruckle [10] used the idea of a modulus function ψ to construct a class of FK spaces

L(ψ) =

¨

ξ= (ξk) :
∞
∑

k=1

ψ (|ξk|)<∞

«

The space L(ψ) is closely related to the space l1 which is an L(ψ) space with ψ(ξ) = ξ for all real ξ≥ 0.

Maddox [7] generalized the well-known spaces w0, w and w∞ of strongly summable by introducing some properties of the
sequence spaces w0(ψ), w(ψ) and w∞(ψ) using a modulus ψ.

In 1999, E. Savas [11] defined the class of sequences which are strongly almost Cesàro summable with respect to modulus as
follows:

[ĉ(ψ, p)] =

¨

ξ : l imn
1
n

n
∑

k=1

ψ(|ξk+i − L|)pk = 0, for some L, uniformly in i

«

and

[ĉ(ψ, p)]0 =

¨

ξ : l imn
1
n

n
∑

k=1

ψ(|ξk+i |)pk = 0, uniformly in i

«

.

where p = (pk) is a sequence of strictly positive real numbers and ψ be a modulus.
By a µ-function we understood a continuous non-decreasing function µ(u) defined for u≥ 0 and such that µ(0) = 0,µ(u)> 0,

for u> 0 and µ(u)→∞ as u→∞, (see, [12], [13]).

On the other hand in [2] a different direction was given to the study of lacunary statistical convergence of order α, 0< α≤ 1
where the notion of lacunary statistical convergence was introduced by replacing hr by hαr in the denominator in the definition of
lacunary statistical convergence.

In the present paper, we introduce and study some properties of the following sequence space of order α that is defined using
the µ- function and modulus.

2 Main Results

Let µ and ψ be given µ-function and modulus function, respectively and p = (pk) be a sequence of positive real numbers.
Moreover, let D = (dnk)(n, k = 1,2, ...) be a real matrix, a lacunary sequence θ = (kr) and 0< α≤ 1 be given. Then we define
the following sequence space,

N̂α
θ
(D,µ,ψ, p)0 =

¨

ξ= (ξk) : lim
r

1
hαr

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pk
= 0, uniformly in i

«

,

where hαr denote the αth power (hr)α of hr , that is hα = (hαr ) = (h
α
1 , hα2 , hα3 , ....).

If ξ ∈ N̂α
θ
(D,µ,ψ)0, the sequence ξ is said to be lacunary strong (D,µ)- almost convergent of order α to zero with respect to

a modulus ψ. When µ(ξ) = ξ for all ξ, we obtain

N̂α
θ
(D,ψ, p)0 =

¨

ξ= (ξk) : lim
r

1
hr

∑

n∈Ir

ψ(

�

�

�

�

�

∞
∑

k=1

dnk(|ξk+i |)

�

�

�

�

�

)pk = 0, uniformly in i

«

.
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If we take ψ(ξ) = ξ, we write

N̂α
θ
(D,µ, p)0 =

(

ξ= (ξk) : lim
r

1
hr

∑

n∈Ir

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

pk

= 0, uniformly in i

)

.

If we take pk = p, for all k, we have

N̂α
θ
(D,µ,ψ)0 =

¨

ξ= (ξk) : lim
r

1
hαr

∑

n∈Ir

f
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�p
= 0, uniformly in i

«

.

If we take D = I and µ(ξ) = ξ respectively, then we have

(N̂α
θ
)0 =

(

ξ= (ξk) : lim
r

1
hαr

∑

k∈Ir

ψ(|ξk+i |)pk = 0, uniformly in i

)

.

If we define the matrix D = (dnk) as follows:

dnk :=

�

1
n , if n≥ k,
0, otherwise.

then we have,

N̂α
θ
(C ,µ,ψ)0 =

¨

ξ= (ξk) : lim
r

1
hαr

∑

n∈Ir

ψ
�

�

�

�

�

�

1
n

n
∑

k=1

µ(|ξk+i |)

�

�

�

�

�

�pk
= 0, uniformly in i

«

.

In the next theorem we establish inclusion relations between ŵα(D,µ,ψ, p) and N̂α
θ
(D,µ,ψ, p)0. We now have

Theorem 2.1. Let ψ be a any modulus function and let µ-function µ, p = (pk) be a sequence of positive real numbers, a real matrix
D and the sequence θ be given. If

ŵα(D,µ,ψ, p)0 =

¨

ξ= (ξk) : lim
m

1
m

m
∑

n=1

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pk
= 0, uniformly in i

«

.

then the following relations are true :
(a) If lim infr qr > 1 then we have ŵα(D,µ,ψ, p)0 ⊆ N̂α

θ
(D,µ,ψ, p)0,

(b) If supr qr <∞, then we have N̂α
θ
(D,µ,ψ, p)0 ⊆ ŵα(D,µ,ψ, p)0,

(c) 1< lim infr qr ≤ limsupr qr <∞, then we have N̂α
θ
(D,µ,ψ, p)0 = ŵα(D,µ,ψ, p)0.

Proof. (a) Let us suppose that ξ ∈ ŵα(D,µ,ψ, p). There exists δ > 0 such that qr > 1 + δ for all r ≥ 1 and we have
hr/kr ≥ δ/(1+δ) for sufficiently large r. Then, for all i,

1
kαr

kr
∑

n=1

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

≥
1
kαr

∑

n∈Ir

ψ

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

=
hαr
kαr

1
hαr

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

≥
δα

(1+δ)α
1
hαr

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn
.

Hence, ξ ∈ N̂α
θ
(D,µ,ψ, p)0. (b) If lim supr qr < ∞ then there exist M > 0 such that qr < M for all r ≥ 1. Let ξ ∈

N̂α
θ
(D,µ,ψ, p)0 and ϵ is an arbitrary positive number, then there exists an index j0 such that for every j ≥ j0 and all i,

R j =
1
hαj

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn
< ϵ.

Dolomites Research Notes on Approximation ISSN 2035-6803



Savaş 55

Thus, we can also find K > 0 such that R j ≤ K for all j = 1, 2, . . . . Now let m be any integer with kr−1 ≤ m≤ kr , then we obtain,
for all i

I =
1

mα

m
∑

n=1

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk|)

�

�

�

�

�

�pn
≤

1
kαr−1

kr
∑

n=1

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn
= I1 + I2

where

I1 =
1

kαr−1

j0
∑

j=1

∑

n∈I j

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

I2 =
1

kαr−1

m
∑

j= j0+1

∑

n∈I j

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

It is easy to see that,

I1 =
1

kαr−1

j0
∑

j=1

∑

n∈I j

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

=
1

kαr−1

�∑

n∈I1

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn
+ ...+
∑

n∈I j0

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

≤
1

kαr−1

(h1R1 + ...+ h j0 R j0),

≤
1

kαr−1

j0kαj0 sup1≤i≤ j0 Ri ,

≤
j0kαj0
kαr−1

K .

Moreover, we have for all i

I2 =
1

kαr−1

m
∑

j= j0+1

∑

n∈I j

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn

=
1

kαr−1

m
∑

j= jo+1

� 1
h j

∑

n∈I j

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�pn
h j

≤ ϵ
1

kαr−1

m
∑

j= j0+1

h j ,

≤ ϵ
kαr

kαr−1

,

= ϵqαr < ϵ.M .

Thus I ≤
jo kαjo
kαr−1

K + ϵ.M . Finally, ξ ∈ ŵα(D,µ,ψ, p).
The proof of (c) follows from (a) and (b). This completes the proof.

Theorem 2.2. Let 0< α≤ β ≤ 1 and p be a positive real number, then N̂α
θ
(D,µ,ψ)0 ⊆ N̂β

θ
(D,µ,ψ)0.

Proof. Let ξ= (ξk) ∈ N̂α
θ
(D,µ,ψ)0. Then given α and β such that < α≤ β ≤ 1 and a positive real number p, we write

1

hβr

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�p
≤

1
hαr

∑

n∈Ir

ψ
�

�

�

�

�

�

∞
∑

k=1

dnkµ(|ξk+i |)

�

�

�

�

�

�p

and we get that N̂α
θ
(D,µ,ψ)0 ⊆ N̂β

θ
(D,µ,ψ)0.

The proof of the following result is a consequence of Theorem 2.2.

Corollary 2.3. Let 0< α≤ β ≤ 1 and p be a positive real number. Then

i) If α= β , then N̂α
θ
(D,µ,ψ)0 = N̂β

θ
(D,µ,ψ)0.

ii) N̂α
θ
(D,µ,ψ)0 ⊆ N̂θ (D,µ,ψ)0 for each α ∈ (0,1] and 0< p <∞.
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