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Abstract
We investigate the order of magnitude of the Lebesgue constant of barycentric interpolation on arbitrary
nodes, and explore its role in the order of approximation.
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1 Introduction

Foreachn=1,2,... let X, := {0 = x¢, < X1, <+ < X,, = 1} be an arbitrary partition of the interval I :=[0, 1], and let f (x) be
a function defined on I. The so-called barycentric interpolation operator

i (=D*fF (i)

X=Xk

Bn,O(f:x) = k:on—, n=12,... eh)

=~
Il
o

has been introduced in [1], and extensively investigated by several authors (for a comprehensive survey on the subject, see
J.-P Berrut and G. Klein [2]). Note that each x; may depend on n; we use this short notation instead of x;,, for simplicity of the
formulas.

The most important properties of this linear operator are the order of magnitude of its norm (the Lebesgue constant), and
the convergence-divergence behavior as means of approximation. Of course, everything depends on the choice of the nodes x;.

The error of uniform approximation by this operator is usually measured as a function of the quantity

1
— — >
hy o= max (g —x) =~ @
The best known error estimate is O(h,,), for twice differentiable functions (see Floater and Hormann [6], Theorem 3), which
yields O(1/n) for equidistant nodes. It is conjectured that the latter is the saturation order of the operator B, o(f, x) even for
equidistant nodes (cf. Mastroianni and Szabados [8], Conjecture 2).

In order to increase the rate of approximation, Floater and Hormann [6] generalized the operator (1) in the following way:
let d be a fixed nonnegative integer, and let

n—d
2. Ai()pi(f, %)

B,a(f,x) == ,  n>d 3)

D(x)
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where
n—d ) i+d 1
D(x):= Y A(x), A :=(CDT] ,  i=0,...,n—d, “
i=0 k=i X Xk
and »
pifox) =D fxdl(x),  i=0,...,n—d, ®)
k=i

is the dth degree Lagrange interpolating polynomial of f (x) based on the nodes {xk};f:‘i with the fundamental polynomials
i+d

Ei,k(x):zr[;__f:, k=i,...,i+d;i=0,....,n—d. 6)
k s

s=i

s#k

Obviously, (1) is the special case d = 0 of (3).

An easy calculation yields that this operator can be written in the form

n min(j,n—d) i+d

(1) (x)) 1
Z X=X;j ) Z ) l_[ =]
j=0 i=max(0,j—d) :;3

>d.
D(x) , n=zd

Bn,d(f’x) =

When we know some continuity properties of the function or its derivative, the so-called Lebesgue constant, i.e. the operator
norm, plays an important role. For the operators (1) and (3) it is readily seen to be

min(j,n—d) i+d

n
Z|x3x,-| Py nm+x\

j=0 i=max(0,j—d) ;;}l
Ay(X,) :=sup
B e |D(x)|

(Here the empty product in case d = 0 is defined as 1.)

, n>d. @)

The purpose of this paper is to give estimates for the Lebesgue constants, as well as error estimates of the approximation by
these barycentric operators.

2 Estimates for the Lebesgue constant

For equidistant nodes X,, = {x, = k/n, k=0,1,...,n} and d = 0, Len Bos et al. ([3], Theorems 1 and 2), proved the estimates

2n
44nm

log(n+1) < Ag(X,) <logn+2.

G. Halasz proved that for any system of nodes X,,
Ao(X,) = %logn, n=273,...
holds (see Vértesi [9], Theorem 3.1).
Using a similar but more involved method, we prove the following generalization of this result.
Theorem 2.1. For any d > 0 and any system of nodes X,, we have

Ag(X,) > log%, n=5,6,.... ®

1
2(d + 1)!

Apart from d, this lower estimate is sharp in n, since similar upper estimates are shown for some special nodes (like
quasi-equidistant, extended Chebyshev and Gauss-Lobato nodes); see e.g. [7] and [5].

Proof. Let k be such that
hy = Xy — X

and let y, = x”% Without loss of generality we may assume that n/2 < k < n.
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First we give an upper bound for the denominator D(x) in (4) at x = y;:

—d

ID(y )l =
—d— min(k+1,n—d) n—d
= Z PH G| D S V¥ €75 o B S ¥ ¢S
i=max(0,k—d) i=min(k+2,n—d+1)

=:Dy(y1) + Dy(y) + D3 (yi)

. . b . . .
with the understanding that Za = 0 whenever a < b. Using the fact that in D,(y,) the A;(y;)’s form an alternating sequence
increasing in absolute value when i increases, we get

d+1
)dﬂs(g ) (fd+1<k<n-—1), ©

Di1(¥i) < N Ajega (vl < h

1
T X
while D;(y;) = 0 when 0 < k < d. Similarly, in D;(y;) the A;(y;)’s form an alternating sequence decreasing in absolute value
when i increases, whence

1 2 d+1 )
Dy(¥i) < g2 (vl < m < (E ) (if 0<k<n—-d-1), (10)
k+2 — Jk n

while D;(y,) =0 when n—d <k <n—1. In D,(y;), each A;(y,) contains either the factor y, —x;, =h, /2 or x;.; — Y =h/2,
thus

9 \d+1
pos@+n(: ) an
n
Summarizing the estimates we obtain

d+1
D(y,) < (d+4)(%n) . 12)

Next, we estimate the numerator

min(j,n—d) i+d

n M 1
N(x):= . where M,:= . 13
(=2 = ™ = 2 = 13

j=0 J i=max(0,j—d) s=i J

s#j
We have
i+d 1 (,d.)

— —>2Y  0<i<j, d<0<k-1. 14
|x;:—x,| — d!hd J a4

Using the inequality
Ye—x) < (k=ph, (@d<j<k—1)

we obtain from (13) and (14),

d d

k 2 n
Nz g d|hd+1 Z Z( —1) dlhd+11 &3 2 d1hd+1 IOgZ'

0<j<k— 1

This together with (12) yields the statement of the theorem, since by (2), h, = 1/n. O

It is well-known that the O(log n) behavior for the Lebesgue constant in case of equidistant nodes is attained (for d = 0 see
L. Bos et al. [3], Theorem 2, and for d > 1, L. Bos et al. [4], Theorem 1).

From a numerical point of view, the most important case is the equidistant nodes. However, theoretically it is equally
interesting to investigate how large the Lebesgue constant can be for some other systems of nodes. The analogous situation for
Lagrange interpolation is clear: if we move two adjacent nodes arbitrarily close to each other, then the Lebesgue constant can
be arbitrarily large. The following example shows that in case of barycentric interpolation the situation is similar, although the
construction of a system of nodes with arbitrarily large Lebesgue constant is not that simple.

Theorem 2.2. Leta,, n=1,2,..., be an arbitrary sequence of positive numbers. Then there exists a sequence of nodes X,, n=1,2,...,
such that
N(X,) 2 chay, n=12,...

where c; > 0 depends only on d > 0.
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Proof. Evidently, we may assume that a, > (Zn)(%l, n=1,2,.... Let

k 1
X =——, k=0,1,...,n—2; x,,=1——;
arlel arzliﬂ
when n—d is odd, and
k
x,=——, k=0,1,...,n—1
a™!

when n—d is even, and of course x,, = 1 in both cases. For the denominator in (7) we obtain (w1th y="1 41 )
e T

and+1

[%]71 n—d
DODIE D R+ Ao+ D A
=0 2[5
(5] 24
x —X 4441 _ nal =+ d
< m—lz}‘—kcdaf <y caT <cynalf.
=0T (r—x) ai”
s=2k
As for the numerator, we obtain
itd 7 nd o gy 2d+1
N = aa! <cyna, BT
(}’) Zb’ X|Zl_[|]—8| Caq n n d n
=j—d iy j=d
whence o)
N(y
N(X,) =2 ——= =>c¢q4qa,. O
d( n) D(y) d%n

3 Order of approximation

Concerning the order of approximation, Floater and Hormann ([6], Theorems 2 and 3) proved the following. Let

i [ Xiel7Xi Xi17Xi ; —
/5 = 1+ 15-15352 mm(xi*xi—l ’ Xi+2*xi+1) if d 0’
n .
1 if d>1.

Then for all £14*+? € ¢[0,1] it holds

[LF 2

n—d
)

(15)

(d+1)
If = Bua (Il < B, ( If ||) |

d+1

We intend to give an error estimate where the Lebesgue constant A4(X,,) of the operator B, ; appears, and the class of

functions is wider than in the above estimate (15). In fact, in the next theorem we assume only the continuity of @ instead of
the boundedness of f@*2 as above.

Theorem 3.1. For any system of nodes X, we have

(d+1)(d+2)

IF =Bl < ool @, ) (2

AgX)+[1+ (—1)”*41/3,1)

where w(f@,-) is the modulus of continuity of f@ € C[0,1].

Proof. Using the formula (14) from [6], as well as the notation (4), we have

E(x) := D(x)|f (x) —Bnq(f, %) = Z( D fIxss- s Xiga, x] (16)
i=0
(1]
< Z [f D20 -« > Xaipa> X 1= f [ X415+ -+ X2igga1, Xl
i=0
_ 1 \yn—d
+%'|f[xn—d""»xmx]l
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where f[...] is the divided difference of order d + 1 of f with the corresponding nodes. Here, using the definition of divided
differences we can reduce the order of divided differences to d:
Flxoi1se s Xoird> X1 = F[ X0, -5 X044

f[xzi;---;x2i+d’x]= >
X — Xy

_ Flxoi1s e Xoiar X1 — f[Xoi15 -+ o5 Xoid11]
FlXoi15 > Xoipar1, X1 = >
X = Xojtd+1

and

f[xnfdJrl:'--,xn’x]_f[xnfdi-“;xn]

X —Xnp—q

FlXneds e Xp,x] =

In the second formula we also used the symmetry of the divided differences. Thus

[ n—d—1

E(x) < 22: f [xai415 - o5 Xaivas X1 = f [ X0, - o5 Xoipa l (gipas — X20) a”n
=0 |G = x2)(x = X3i1441)]
[ n_g_l ] |f [Xz" ) X2'+d] —f[X2~+1, .. :x2'+d+1]|
+ Z i i i i
=0 lx — X441l
L+ D 1 aias e X X1 = F gy ooy Xl
2 |x_xn7d|
n—d—1
_1 ]{ ) 0y ) /UG )
Tdl A |G = 25:)(x — X3 4a11)] lx — Xgi g4l
L1 +ED F D) - F OB
2 d!|x —x,_4]
(=] @ @
<L {(d+1)hnw(f A€i=nil) | o ,Ini—CiI)}
T dl A [ = 3 ) (3 = X311.441) X — Xai4a41]
LD 0@ ja—p)
2 dllx—x,_ql ’
where the 7,, {;, a, B are intermediate values in the corresponding intervals,
|€i - "h| < max(XZi: oo Xoitd+1s X) - min(x2i’ s X2i4d+1s X)
=max((d + Dh,, |x — x5, |x —Xgi0q91) = M,
In; = il < Xai1441 — %o < (d + 1Ry,
and
la—B| <1—min(x,x,_4).
Now if M = (d + 1)h,,, then
d+ Dh,w(f9D, €, —n, 1 1
( Y, o(f*, 18 —nyl) <(d+ 1)20)(f(d),hn){ i } )
[ — 22 )(x = X314441)] [x =25 |x —Xpi1441]
while if M = |x — x,;| = (d + 1)h,, then using the inequality
o(fDT)<2Tw(fD,t)/t (0<t<T) (18)

we get
(d + Dh,(f D, 18, —n,]) o 2d+ De(f9,h,)
| — x50 (¢ = Xopq4)] | — X3 1d.41] ’

Similarly, if M = |x — Xy;.4.1] = (d + 1)h,,, then

(d + Dh, (D, 1& —nil) _ 2(d + Do (f @, h,)

|(c = x2) (¢ = Xopq41)] | — x5

Also
oD, ln =) _ (d+Dolf®,h,)
[ = Xpi4qe1] |2 — x5 .
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Next, if 0 < x < x,,_4, then |a — ] < 1 —x and we obtain
|f(d)(a) f(d)/j)| w(f(d): 1— xn—d) + w(f(d)’ Xn—d —X)
|X Xp— d| Xp—q —X Xpn—q —X
< (d + 1)w(f(d): hn) + w(f(d);xnfd _X)
B Xp—q —X Xn—q —X '
Here we estimate the second term as
w(f(d)> Xn—d _X) % if Xp—qg — X < hn}
e e S
Xpg—X o if x,g—x=h
where in the last line we have used the inequality (18) again.
Finally, if 0 < x,_4 < x <1, then [a — | < 1—x,_4 < (d + 1)h,, and hence
If (@) = F@B) S+ Do (f9,h,)
|x_xn7d| - X —Xp_q .
Collecting these estimates, we obtain in all cases
f ()~ f(d)ﬁ)l (d+2)o(f 9, h,) N 20(f 9, h,)
|X Xn— dl |X_xn7d| hn )
Now substituting the obtained estimates in (17) we get
n d— l]
d+1)(d+2 1
B(x) < @FDU*2) )( L o(FD,h,) Z ( ) (19)
o — 3] |x — Xgiyds1l
i [d+2)o(fD,h,) | w(f9,h,)
+H[1+(=1)"1 L £
[1+1) ]( d!|x —x,_4] d'h,
_2d+ 1)(d +2) @ i @(f O hy)
<— ,h [1+(—D)™ .
w(f )Z * O =g
To estimate M; in (13) we use (2) to get
s min(j,n—d) 1 . 2d
T iy G DM+ d =t T dihd
Thus (19) yields
o(f 9, h,)

E(x) < (d+1)(d+2) W(FD R )Z

i +[1+( D)=

|x dih,

Using the estimate

DG >
~ dhd+1 (14 8,)
(see [6], p. 323 and the inequality (17) there) we finally obtain

(d+1)(d+2) (f(‘” h )E(x)

|f(x)_Bn,d(f7x)< 2d-1 D( )

+H1+ (1" 1Bh (D, )

(d+1)(d+2)

<ol @, n) (S

AgCX) + 1+ (—1)"*‘11/5,1) .
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4 Approximation of piecewise convex/concave functions for equidistant nodes

The presence of the Lebesgue constant in the previous theorem causes an an extra factor in the error estimate which is at least
O(logn). Under some mild restriction on the structure of a continuous function, in case of d = 0 we can eliminate the effect of

the Lebesgue constant as shown in the next theorem.

Theorem 4.1. Let 0 =qa, < a; < --- < a; = 1 be a fixed partition of the interval [—1, 1], and assume that f € C[0,1] is convex or
concave in each of the intervals I; := [a;_;,q;], j = 1,2,...,s. Then for the equidistant nodes E, = {k/n, k=0,1,...,n} we have

If =Bl <co(f, 1)

L=
n

where the constant ¢, > 0 depends only on s.

Remark. This theorem has been stated in [8], but in the case s > 2 the proof contained an error.

Lemma 4.2. Let f(x) be a convex or concave function in the finite interval [a, b], and let X,, = {2, < -+ < 2,,} C [a, b] be an

arbitrary system of nodes. Then we have

S'f[zo’x]|+|f[zm’x]|’ Xe[a’b]\Xm'

D (14 f 7 x]
k=0

Proof. Denoting b, := f[z,x], k=0,...,m, we have

- 1
2=
k=0

m—1
1
<3 (|bo| + E by — bisr [ + Ibml) .
k=0

By assumption, f(x) is convex (or concave) on [a, b], therefore the sign of

D=1 f 7 x]
k=0

m—1
bo+ ) (—1) (b — byyr) + (—1)"b,,
k=0

by — brs1 = fl21: X1 = 2141, X1 = —f (21 2115 X (&1 — 21)

is constant, whence the telescoping sum yields the statement of the lemma. O

Proof of Theorem 4. Using (16) with d = 0 we obtain

n

D=1 fIxx]

k=0

1

1) =Bualf, 0 = 55

where D in (4) takes the form

D(x):=

o (—1)F
Z X — X

k=0

Fix an x € [a;_;,a;), and let x; = i/n be a nearest node to x. If x < x; then

j—1>
3 1 2

D(x) > 1 1t >
Tl —x)—x+1/n) T 3(x;—x) "

X=X X=Xy

Evidently, a similar inequality holds if x > x;, i.e. we have

2
D(x)> ———.
3lx — x|

(20)

21

(22)

(23)

Next we give an upper estimate for the sum on the right hand side of (21). Individual terms of this sum can be easily

estimated, since using (18) we get

olf, lx=x) _ 20(,1/n)
—xd —x]

If [xe x]l <

IThe author is grateful to Professor Walter E Mascarenhas (Sao Paolo) for pointing out this mistake.
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Based on this estimate, separating the nodes in the 1/n-neighborhood of the a;’s, we partition the rest of the sum into
several parts according to the position of the nodes:

D =1 f[xpx] 24)
k=0

Jj—1 s
k
s(Z PR DIED DY )(_1)f[xk,x]
(=1 ay_1+1/n<xp<qg—1/n  xk€l;  (=j+1ai_1+1/n<xp<a;—1/n
+4sw(f,1/n)
Ix—x;|

To estimate the middle sum here, we use the Lemma on the interval I; (with equidistant nodes). Denoting the smallest and
largest node in I; by x,, and x,, respectively, we get

D1 f L x]| S 1L, X1+ FLx,, ] (25)
<9 max @D _ 40l lx—xiD) _ 4o(f,1/n)
osksn  |x — x| |x — x;] 5 —x;]

where we used inequality (18) with T =[x — x| = t = |x — x;]-

Finally, we estimate the rest of the sums in (24). Since f (x) is convex (or concave) in any interval [a,_, +1/n,a,—1/n], 1 <
¢ < j—1, choosing the largest node x,, in this interval and writing y, = x, — 1/(2n) we obtain again by the Lemma

w(f, %, —Yi)

Z (D f x5y
Yo — Xy

ap_1+1/n<xx<ap—1/n

<c + <cno(f,1/n),

1<{¢{<j—1.Thus

> (D flxex]

ap_1+1/n<xp<ag—1/n

<

> DD x]—fIxe )

ap_1+1/n<xp<a;-1/,

+2c,;nw(f,1/n).

Now

> DI x]—fIxe v

ap_1+1/n<xp<ap—1/n
> &
— X

X
ap—1+1/n<xyp<a;—1/n

<IFG)—=fol-

Z (_1)kf|:xk:.yl]

+(x—y,) T
k

ap—1+1/n<xi<ag—1/n

> v
ap_1+1/nexp<a—1/n X Xk

< PO =Ll I G) = fGl  20(f,1/n)

X=Xy Xy = Ye B |X—Xi|

Here

L F0-£00)

- X —X,

If ()= fF (ol -

+2nw(f,1/n).

Denoting the smallest node greater than or equal to a,_; + 1/n by x,,, we get by Abel summation

Z (_1)kf[xk7.yl:|

X — Xy

x —
< Ye

max
X—Xx, v<t<u

(x—y0)

DD ]
k=v

ap_1+1/n<xg<ap—1/n

w(f»yl_xt)
Yo —X¢

< |f[xv’yZ]| + max |f[xt’y2]| < 2Cs +2 max < 2C5n0)(f, 1/n)
v<t<u v<t<u
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Collecting the above estimates we get

w(f,1/n)

lx —x;]

> Vx| < (not 1/ +

a1 <Xk =aq

), £=1,2,...,j.

Evidently, the same estimates hold for j+1<{ <s.

Thus we obtain from (21) and (23),

(nw(f,l/n)+ M) <cw(f,1/n), x€l.

| — x|

CS
£ =B I < (s

O
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