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Reconstruction of sparse exponential sums (Prony’s method)

Function f(x) =
M∑
j=1

cj e
Tjx

We have M , f(`), ` = 0, . . . , 2M − 1

We want cj , Tj ∈ C, where −π ≤ ImTj < π, j = 1, . . . ,M .

Consider the Prony polynomial

P (z) :=
M∏
j=1

(
z − eTj

)
=

M∑
`=0

p` z
`

with unknown parameters Tj and pM = 1.

M∑
`=0

p`f(`+m) =
M∑
`=0

p`
M∑
j=1

cje
Tj(`+m) =

M∑
j=1

cj e
Tjm

M∑
`=0

p` e
Tj`

=
M∑
j=1

cje
TjmP (eTj ) = 0, m = 0, . . . ,M − 1.
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Reconstruction algorithm

Input: f(`), ` = 0, . . . , 2M − 1

• Solve the Hankel system



f(0) f(1) . . . f(M − 1)
f(1) f(2) . . . f(M)

...
...

...
f(M − 1) f(M) . . . f(2M − 2)







p0
p1
...

pM−1


 = −




f(M)
f(M + 1)

...
f(2M − 1)


 .

• Compute the zeros of the Prony polynomial P (z) =
∑M

`=0 p`z
` and

extract the parameters Tj from its zeros zj = eTj , j = 1, . . . ,M .

• Compute cj solving the linear system

f(`) =
M∑

j=1

cje
Tj`, ` = 0, . . . , 2M − 1.

Output: Parameters Tj and cj , j = 1, . . . ,M .
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Reconstruction of M-sparse polynomials
Ben-Or & Tiwari algorithm

Function f(x) =
M∑
j=1

cj x
dj

0 ≤ d1 < d2 < . . . < dM = N , dj ∈ N0, cj ∈ C.

We have M , f(x`0), ` = 0, . . . , 2M − 1, (x`0 pairwise different)

We want coefficients cj ∈ C \ {0}, indices dj of “active” monomials

Consider the Prony polynomial

P (z) :=
M∏
j=1

(
z − xdj0

)
=

M∑
`=0

p`z
`

with unknown zeros x
dj
0 and pM = 1.
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Prony polynomial P (z) :=
M∏
j=1

(
z − xdj0

)
=

M∑
`=0

p`z
`

Then

M∑
`=0

p`f(x`+m0 ) =
M∑
`=0

p`
M∑
j=1

cjx
dj(`+m)
0 =

M∑
j=1

cjx
djm
0

M∑
`=0

p`x
dj`
0

=
M∑
j=1

cjx
djm
0 P (x

dj
0 ) = 0, m = 0, . . . ,M − 1.

Hence

M−1∑
`=0

p`f(x`+m0 ) = −f(x`+m0 ), m = 0, . . . ,M − 1.

Compute p` ⇒ P (z) ⇒ zeros x
dj
0 ⇒ dj ⇒ cj .
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The generalized Prony method (Peter, Plonka (2013))

Let V be a normed vector space and letA : V → V be a linear operator.

Let {en : n ∈ I} be a set of eigenfunctions of A to pairwise different
eigenvalues λn ∈ C,

A en = λn en.

Let
f =

∑

j∈J
cj ej , J ⊂ I with |J | = M, cj ∈ C.

Let F : V → C be a linear functional with F (en) 6= 0 for all n ∈ I.

We have M , F (A`f) for ` = 0, . . . , 2M − 1

We want J ⊂ I, cj ∈ C for j ∈ J
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Prony polynomial

P (z) =
∏

j∈J
(z − λj) =

M∑

`=0

p`z
`

with unknown λj , i.e., with unknown J . Hence, for m = 0, 1, . . .

M∑
`=0

p`F (A`+mf) =
M∑
`=0

p`F

(
∑
j∈J

cjA`+mej
)

=
M∑
`=0

p`F

(
∑
j∈J

cjλ
`+m
j ej

)

=
∑

j∈J
cjλ

m
j

(
M∑

`=0

p`λ
`
j

)
F (ej)

=
∑
j∈J

cjλ
m
j P (λj)F (ej) = 0.

Thus, if F (A`f), ` = 0, . . . , 2M−1 is known, then we can compute the
index set J ⊂ I of the active eigenfunctions and the coefficients cj .
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Application to linear operators: shift operator

Choose the shift operator Sh : C(R)→ C(R), h > 0

Shf(x) := f(x+ h)

Eigenfunctions of Sh

Sh eTjx = eTj(x+h) = eTjh eTjx, Tj ∈ C, ImTj ∈ [−π
h
,
π

h
).

Prony method: For the reconstruction of

f(x) =
M∑
j=1

cj eTjx we need F (S`hf) = F (f(·+h`)), ` = 0, . . . , 2M −1.

Put F (f) := f(x0). F (S`hf) = f(x0 + h`)

Put F (f) :=
∫ x0+h
x0

f(x)dx. F (S`hf) =
x0+(`+1)h∫
x0+`h

f(x)dx.
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Application to linear operators: dilation operator

Choose the dilation operator Dh : C(R)→ C(R),

Dhf(x) := f(hx)

Eigenfunctions of Dh: Dh xpj = (hx)pj = hpjxpj , pj ∈ C, x ∈ R.
We need: hpj are pairwise different for all j ∈ I.

Ben-Or & Tiwari method: For reconstruction of

f(x) =
M∑

j=1

cj x
pj ,

we need F (D`hf) = F (f(h`·)), ` = 0, . . . , 2M − 1.

Put F (f) := f(x0). F (D`hf) = f(h`x0)

Put F (f) :=
∫ 1
0 f(x)dx. F (D`hf) = 1

h`

h`∫
0

f(x)dx.

11



Application to linear operators: Sturm-Liouville operator

Choose the Sturm-Liouville operator Lp,q : C∞(R)→ C∞(R),

Lp,qf(x) := p(x)f ′′(x) + q(x)f ′(x),

where p(x), q(x) are polynomials of degree 2 and 1, respectively.

Eigenfunctions are orthogonal polynomials, where Lp,qQn = λnQn.

where p(x) and q(x) are polynomials of degree 2 and 1, respectively. It is well-known, that
suitably defined orthogonal polynomials Qn are eigenfunctions of this differential operator for
special sets of eigenvalues λn, n ∈ N0, i.e., Lp,qQn = λnQn. For convenience, we list the most
prominent orthogonal polynomials with their corresponding p(x), q(x) and their eigenvalues
λn, n ∈ N in Table 1.

p(x) q(x) λn name symbol

(1 − x2) (β − α− (α + β + 2)x) −n(n + α + β + 1) Jacobi P
(α,β)
n

(1 − x2) −(2α + 1)x −n(n + 2α) Gegenbauer C
(α)
n

(1 − x2) −2x −n(n + 1) Legendre Pn

(1 − x2) −x −n2 Chebyshev 1. kind Tn

(1 − x2) −3x −n(n + 2) Chebyshev 2. kind Un

1 −2x −2n Hermite Hn

x (α + 1 − x) −n Laguerre L
(α)
n

Table 1. Polynomials p(x) and q(x) defining the Sturm-Liouville operator,

corresponding eigenvalues λn and eigenfunctions.

Obviously, Gegenbauer, Legendre, and Chebyshev polynomials are special cases of Jacobi

polynomials, where we have C
(α)
n := P

(α−1/2,α−1/2)
n , Pn := P

(0,0)
n , Tn := P

(− 1
2 ,− 1

2 )
n and Un :=

P
( 1
2 , 1

2 )
n .

We observe easily that for a set of eigenfunctions {Qn : n ∈ N0}, the corresponding eigen-
values are pairwise different and well separated, i.e. λn �= λm for n �= m. Further, we choose
the functional F : C∞(R) → C that returns f at a fixed value x0 ∈ R, i.e., F (f) := f(x0),
with the condition that Qn(x0) �= 0 for all n ∈ N0.

The polynomial f is now an M -sparse expansion of orthogonal polynomials Qn, n ≥ 0, if
it has the form

f(x) =

M�

j=1

cnj Qnj (x) (4.2)

where cnj ∈ C\{0}, 0 ≤ n1 < · · · < nM = N are the indices of the “active” basis polynomials
Qnj in the expansion, and nM = N � M is the polynomial degree of f .

Now Theorem 2.1 yields that f(x) can be uniquely recovered using the values

F (Lk
p,qf) = Lk

p,qf(x0) =

M�

j=1

cnjλ
k
nj

Qnj (x0), k = 0, . . . , 2M − 1.

We will show that these values Lk
p,qf(x0), (k = 0, . . . , 2M − 1) can be determined uniquely

by the derivative values f (m)(x0) for m = 0, . . . , 4M − 2, and this assertion holds not only for
sparse but for all expansions of orthogonal polynomials f .

Theorem 4.1 Let f ∈ C∞(R) be an arbitrary polynomial of degree N ∈ N and let Lp,q :
C∞(R) → C∞(R) be the Sturm-Liouville differential operator as given in (4.1). Then, for
each fixed x ∈ R, the values Lk

p,qf(x), k = 0, . . . , 2M − 1, can be determined uniquely by the

derivative values f (m)(x), m = 0, . . . , 4M − 2, and we have

Lk
p,qf(x) =

2k�

�=1

g�,k(x) f (�)(x)

for k ≥ 1. Here g1,1(x) = q(x), g2,1(x) = p(x), and for k ≥ 2, g�,k(x) satisfies the recursion

g�,k(x) = �

�
�− 1

2
p��(x) + q�(x)

�
g�,k−1(x) (4.3)

+ ((�− 1)p�(x) + q(x))g�−1,k−1(x) + p(x)g�−2,k−1(x), � = 1, . . . , 2k,

12
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Sparse sums of orthogonal polynomials

Function f(x) =
M∑
j=1

cnj Qnj (x).

We want: cnj ∈ C \ {0}, indices nj of “active” basis polynomials Qnj

Now, f can be uniquely recovered from

F (Lkp,qf) = Lkp,qf(x0) =
M∑

j=1

cnjλ
k
njQnj (x0), k = 0, . . . , 2M − 1.

Theorem.
For each polynomial f and each x ∈ R, the values Lkp,qf(x), k =

0, . . . , 2M−1, are uniquely determined by f (m)(x), m = 0, . . . , 4M−2.

If p(x0) = 0, then Lp,qf(x0) reduces to Lp,qf(x0) = q(x0)f
′(x0), and

the values Lkp,qf(x0), k = 0, . . . , 2M − 1, can be determined uniquely

by f (m)(x0), m = 0, . . . , 2M − 1.
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Example: Sparse Laguerre expansion

Operator equation

x(L
(α)
n )′′(x) + (α + 1− x)(L

(α)
n )′(x) = −nL(α)

n (x)

Sparse Laguerre expansion

f(x) =
6∑
j=1

cnj L
(0)
nj (x) (with α = 0)

Given values: f(0), f ′(0), . . . , f (11)(0).

Example 4.4 Sparse Laguerre expansions
The Laguerre polynomials with parameter α are solutions of the second order differential

equation

x(L(α)
n )��(x) + (α + 1 − x)(L(α)

n )�(x) = −n L(α)
n (x),

with eigenvalues λn = −n. Using Theorems 2.1 and 4.1 a sparse Laguerre expansion of the
form

f(x) =
M�

j=1

cnj
L(α)

nj
(x)

with cnj
∈ C\{0} and active indices 0 ≤ n1 < · · · < nM = N can be reconstructed from

f (m)(x0), m = 0, . . . , 4M − 2. Here, x0 has to satisfy L
(α)
n (x0) �= 0 for all n ∈ N0. If we choose

x0 = 0, formula (4.3) simplifies to

g1,1(0) = α + 1,

g�,k(0) = (� + α)g�−1,k−1(0) − �g�,k−1(0), k > 1, � = 1, . . . , k,

g�,k(0) = 0, k ≥ 1, � �∈ {1, . . . , k}.

For example, for M = 2, this leads to the triangular matrix

G =




(1 + α) 0 0
−(1 + α) (1 + α)(2 + α) 0
(1 + α) −3(1 + α)(2 + α) (1 + α)(2 + α)(3 + α)




in the preprocessing step of Algorithm 4.3. Let us give a small numerical example. For α = 0
and given values f(0), f �(0), . . . , f (11)(0) of the function

f(x) =

6�

j=1

cnj Lnj (x),

we use Algorithm 4.3 to calculate approximations ñj , c̃nj of the original parameters nj , cnj for
j = 1, . . . , 6, as shown in Table 2.

j nj cnj
ñj c̃nj

1 142 −3 142.0000000018223 −2.999999999999987
2 125 −1 125.0000000494359 −1.000000000000034
3 91 2 90.9999998114290 2.000000000000063
4 69 −3 69.0000003316075 −3.000000000000058
5 53 −1 53.0000003445395 −0.999999999999988
6 11 2 10.9999999973030 2.000000000000004

Table 2. Numerical evaluation of indices of active basis polynomials and coefficients of a
sparse Laguerre expansion using Algorithm 4.3.

Here, since we know that the orders nj of the polynomials are integers, we have rounded the
values ñj to the next integer before proceeding with the last step of Algorithm 4.3. While the
degree of the polynomial f(x) is 142, the 12 function and derivative values f (m), m = 0, . . . , 11,
are sufficient for reconstruction of the sparse expansion.

Example 4.5 Sparse Legendre expansions
We consider sparse Legendre expansions that have already been studied in [22]. The n-th

Legendre polynomial Pn satisfies the operator equation

(1 − x2)P ��
n (x) − 2xP �

n(x) = −n(n + 1)Pn(x). (4.5)

15
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Application to linear operators: Recovery of sparse vectors

Choose the operator D : CN → CN

Dx := diag(d0, . . . , dN−1) x

with pairwise different dj .

Eigenvectors of D: D ej = djej j = 0, . . . , N − 1.

We want to reconstruct

x =
M∑

j=1

cnj enj cnj ∈ C, 0 ≤ n1 < . . . < nM ≤ N − 1.

We need F (D`x), ` = 0, . . . 2M − 1.

Let F (x) := 1Tx :=
∑N−1

j=0 xj . Then F (D`x) = 1TD`x = aT` x,

where aT
` = (d`0, . . . , d

`
N−1), ` = 0, . . . 2M − 1.
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Example: Sparse vectors

Choose
D = diag(ω0

N , ω
1
N , . . . , ω

N−1
N ),

where ωN := e−2πi/N denotes the N -th root of unity.

Then an M -sparse vector x can be recovered from

y = F2M,N x,

where F2M,N = (ωk`N )2M−1,N−1k,`=0 ∈ C2M×N .

More generally, choose σ ∈ N with (σ,N) = 1 and

D = diag(ω0
N , ω

σ
N , . . . , ω

σ(N−1)
N ),

Then an M -sparse vector x can be recovered from

y = F̃2M,N x,

where F̃2M,N = (ωσk`N )2M−1,N−1k,`=0 ∈ C2M×N .
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Numerical issues

Let f =
∑
j∈J

cjej with J ⊂ I and |J | = M , Aen = λnvn for n ∈ I.

Algorithm (Recovery of f)

Input: M , F (Akf), k = 0, . . . , 2M − 1.

• Solve the linear system

M−1∑

k=0

pkF (Ak+mf) = −F (AM+mf), m = 0, . . . ,M − 1. (1)

• Form the Prony polynomial P (z) =
M∑
k=0

pkz
k. Compute the zeros

λj , j ∈ J , of P (z) and determine vj , j ∈ J .

• Compute the coefficients cj by solving the overdetermined system

F (Akf) =
∑

j∈J
cjλ

k
j vj k = 0, . . . , 2M − 1.

Output: cj , vj , j ∈ J , determining f .
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Numerical issues II (Generalization of [Potts,Tasche ’13])

Numerically stable procedure for steps 1 and 2:

Let gk := (F (Ak+mf))M−1m=0 , k = 0, . . . ,M − 1 and

G := (F (Ak+mf))M−1k,m=0 = (g0 . . .gM−1) and G̃ = (g1 . . .gM ).

Then (1) yields
Gp = −gM ,

Let C(P ) be the companion matrix of the Prony polynomial P (z) with
eigenvalues λj , j ∈ J . Then

G C(P ) = G̃,

Hence λj are the eigenvalues of the matrix pencil

zG− G̃, z ∈ C.

Now apply a QR-decomposition or SVD-decomposition to (g0 . . .gM ).
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