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Sep 5 — Subdivision as a linear process

basic concepts, notation, subdivision matrix

Sep 6 — The Laurent polynomial formalism

algebraic approach, polynomial reproduction

Sep 7 - Smoothness analysis

Holder regularity of limit by spectral radius method

Sep 8 — Subdivision surfaces

overview of most important schemes & properties

Subdivision Schemes for Geometric Modelling — DRWA 2011 — Alba di Canazei



The functional setting

initial data 9 = (f°)

mask a = (a;);c7

A</

refinement rule fﬁ7+l =) . Q;_ Qkf]g

parameter value (t )ZezjeN

niecewise linear functions F7 with Fj(tg) = f,f

imit function SPf° = lim;_, FJ

consider initial data §° = (6;0)jcz = (...,0,1,0,...)
basic limit function ¢q = S°6°

by linearity of the scheme SPf° =3, ¢a(- — k) f2
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Basic limit function

Examples

polygon subdivision

o

SR

Chaikin’s corner cutting

cubic B-spline scheme

interolating 4-point scheme
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Convergence

if the sequence (F7),. of piecewise linear
functions converges (uniformly) for any initial
data, then the scheme S, is called convergent

the limit is necessarily a continuous function
necessary conditions for S, to be convergent

even/odd coefficients of the mask sum to 1

& a(z) =(T+2)b(z) and b(1)=1

1 is the single dominant eigenvalue of the local
subdivision matrix
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s " Conve rgence

Example
scheme with mask a=[-7,7,16,16,7,-71/16

even/odd coefficients sum to 1 ( 7 16 -7 0)

: L e e . -7 16 7 O
loCal subdivision matrlx S = 0 7 16 _7
eigenvalues: 1,7, 5+ 210 \O -7 16 7 )

necessary conditions for convergence satisfied

still, the scheme does not converge

more analysis needed!
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Convergence

Theorem

the scheme S, converges, if and only if the scheme
Sy Is conftractive, i.e. Sgofo = 0 for any initial data

remember: S, is the scheme for the differences
the scheme S, is contractive, if

max|f/ T < pmax|fl|, w<1

and that is the case if

61l = max (Y [bail, X ooyl ) < 1
( ()
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Contractivity

Examples
general primal 3-point a=[ w, Y2, 1-2w, V2, w ]
difference scheme b= w, V2—w, V2—w, w ]

A AN T | VA
| |

u“=iwi-r 72—wi<1 f

Sy is contractive, hence the scheme converges

scheme with mask a=[-7,7,16,16,7,—-71/16
difference scheme b=[-7,14,2,14,-7]1/16
|bl|=max (7+2+7,14+14)/16=7/4>1

Sy 1s not contractive, but ...
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Contractivity

Example
scheme with mask a=[-1,1,8,8,1,-1]/8

difference scheme b=[-1,2,6,2,-11]/8

2)/8 =1

|b]| = max(1+6+1,2+2)/8

Sy 1s not contractive, but ...

consider 2 steps of the scheme, i.e. the scheme
Sb with symbol b(z) b(z?)

mask b*>=[1,-2,-8,2,7,16,32,16,7,2,-8,-2,1]/ 64
|6?|| = max (1+7+7+1, 2416+2, 8+32+8) /64 < 1

S2 is contractive, hence the scheme converges
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onvergence

Theorem

the scheme S, converges, if and only if the scheme
Sy IS contractive
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where b¢ are the coefficients of the scheme S¢
with symbol b(z)= b(2)b(z2) -+ b(22"")

9 Subdivision Schemes for Geometric Modelling — DRWA 2011 — Alba di Canazei



|of nnnnnnnn Smoothness

Theorem

it the scheme S, converges, then the limit curves of
the scheme S, with symbol

a(z) = (1 ;“ Z>mb(z)

are C"-continuous

Sy is the scheme for the m-th divided differences

and
(S FOY M) = gpo(a™ £9)

10
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s " Smoothness

Example

4-point scheme
symbol: a(z) = 112b(2), b(z) = —1+4Z 22(1 4 2)3

’)CI/
K

m
1Hiao

fSy: b=[-1,1,8,8,1,-1

this scheme converges (see above)

the limit curves of the 4-point scheme are C*-continuous

. . . 3
to check C*-continuity, consider a(z) = (1";2) c(2)
but ¢=[-1,3,3,-1]1/4 = |lc||=1
and ¢2=[1,-3,-6,10,6,6,10,-6,-3,11/16 = ||c?||="1

likewise for ¢! = S, not contractive = no C*continuity
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Isgz;z:;a | Holder regularity

Definition
a function ¢ is called Holder reqular of order n +
(neN, O<a<1),ifitis n times continuously

differentiable and ¢ is Lipschitz of order o, i.e.
6 (2 + h) — (M (2)] < c|h|®
for all x and h and some constant c

remember: a function that is Lipschitz of order 1 is
not necessarily differentiable

Holder regularity of order n+1 is weaker than
being n+1 times differentiable
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|°* '''''''' - Lower bound on Holder regularity

Theorem
the scheme S, with symbol a(z) = (%ﬂ)mb(z)
generates limit curves with Holder regularity
r > m—log,(||b%]|)/¢ forany/
Examples
4-point scheme a(z) = (1“2LZ)4_1+;22_22
m=4, b=[-1,4,-1] = r=4-log,(4)=2

cubic B-spline scheme a(z) = (174%)42%

m=4,b=[2] = r=4-log,(2t)/¢=3

13
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Example
general primal 3-point

2 _ 2
a(z) = (1—2|—z> 4w (2 8chéj)z—|—4wz

m=2,¢=1, b=[4w,2—-8w,4w] = r =2 -log,(||b]|)
m=2,{=2, .
b’=[16w?, 8w(1-4w), B

8w(1-2w), 4(1-4w)?, ...] /
= r22-log(I0?)/2

larger ¢, ...
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| Support

suppose the mask a is supported on [0, N],
l.e.a;=0fori<Oandi>N

all masks are of this kind after an index shift
fine the initial data f ( .,0,1,0,...)

remember: f3+1 =Ykra,_ 2kf,ﬁ

hence, f' is supported on [0, N]

likewise, £/ is supported on [0,(27=1) N]
assume primal parameterization tg = /27

the support of the basic limit function ¢, is [0, V]

15
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I F’" ) Support
for arbitrary initial data f°, the limit function is
Sgo]:o = 2. Pa (- — k)f/?

assume the su

I\ﬁlll 1 1 A

ortof . is [0, N1, then the
Ya L 4 17

010
-~
values of the limit function S2° f©

on [0,1] are determined by the N control points

ng_|_1>f9N_|_27---7f8
on [0,%] are determined by f1 . 1, fiyio, -5 /0
on [¥2,1] are determined by f1 ., flyis,. -\ f1
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Example
cubic B-spline scheme with N=4

[+ Ao\ (i \uO

/=3

: 125

= > o)

= z I fg |

2 2 72
\ 4 )\

ud = (f9;,..., 1Y) determines S°f° on [0,1]
Aou® determines the values on [0, 2]
A, uP determines the values on [12,1]

17 Subdivision Schemes for Geometric Modelling — DRWA 2011 — Alba di Canazei



I%E%:f | Another local limit analysis

suppose the mask a of a convergent scheme
is supported on [0, N]

consider the local Nx N subdivision matrices A, A,
take any x €[0,1] with binary representation
z = 0.i1i5i304...  With i,€{0,1)
then the limit value Sgofo(;r;) is given (NN times) by
v A A A, A ud

with uO — (f9N+l’ ,f(()))
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| Joint spectral radius

Definition
the joint spectral radius of two matrices Ag, A, is

15U (max{HAi Ay Ai IV iy € (o, 1}})

p(Ag, A1) = limsup
k

is bounded by the spectral radii and the norms of
Ay and A,

max{p(AO)ap(Al)} < P(AO;Al) < max{||AOHoo7 HAl”oo}

does not dependent on the chosen matrix norm

is usually very hard to determine exactly

19
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Holder regularity

Theorem

the scheme S, with symbol a(z) = (1J2rz)mb(z)
generates limit curves with Holder regularity
r=m—log,(u), where p is the joint spectral radius

of the local matrices B,, B; from the scheme S

in practice, the lower and upper bounds on p are
used to get upper and lower bounds on r

the lower bound then is the same as before,

k .o
because ||b¥|| = max{||Bik---BZ-QBi1||OO i, € {0, 1}}

20
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Holder regularity

Example

cubic B-spline scheme a(z) = (1T+Z)4z%

b=[2] = By=B1=(2) = p=2 = r=4-log,(2)=3

scheme gives C? limit curves, whose second derivatives
are Lipschitz of order 1; sometimes called C3~°

. 4
4-point scheme a(z) = (HQ'Z) —144z—2°

Z

b=[—1,4,—1] = BO:(_41 _1>, Blz(_l _41>
1Boll=IIB:[|=p(Bo)=p(By) =4=p = r=4—log,(4)=2

scheme gives C>~¢ limit curves

21

Subdivision Schemes for Geometric Modelling — DRWA 2011 — Alba di Canazei



Faculty
of Informatics

Holder regularity

Example

dual 4-point scheme

evaluate local cubic interpolant in a dual fashion

a=[-5,-7,35,105,105,35,-7,-5

divide m=5timesby (1+2)/2 = b=[-5,18,-5]/4

|Boll=IIB:l|=p(Bo)=p(B))=4.5=p = r=5-10g,(4.5)

scheme gives C'*®3 limit curves

22
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basic limit function ¢, and support size

if all but N+ 1 consecutive mask coefficients are
zero, then N is the support size of the mask and
the basic limit function

a scheme S, converges if the difference
scheme S, is contractive

the norm of b or the ¢-iterated scheme b¢ is less
than one

a scheme is C"-continuous, if the scheme for
the m-th divided differences converges
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|of ........ Summary

the norm of b¢ leads to a lower bound on the
Holder reqgularity of the limit functions

lower and upper bound are given by joint

spectral radius analvsis
r’\v\—\—l Al 1 ANAJAT A JI u.lu.]JlJ

given a scheme S, divide a(z) by as many factors
(1+2)/2 as possible, say m such factors

for the remaining scheme S, with support size N,
consider the local Nx N subdivision matrices B, B;

determine the joint spectral radius p=p(B,, B;)

Holder regularity of limit curves is r = m—log, (i)
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