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Abstract

In this paper, an iterative collocation method based on the use of Lagrange polynomials is developed
for the numerical solution of a class of nonlinear weakly singular Volterra integral equations. The error
analysis of the proposed numerical method is studied theoretically. Numerical illustrations confirm our
theoretical analysis.

1 Introduction

In this paper, we develop an approximation based on iterative collocation method to obtain numerical solutions of the following
nonlinear weakly singular Volterra integral equations,
t

x(t)=g(t)+ J p(t,s)k(t,s,x(s))ds,t el =[0,T], @)

0

u—1
where the functions g, k are sufficiently smooth and p(t,s) = 7, u> 1.
Equations with this kind of kernel have a weak singularity at t = 0 and they are a particular case of the cordial equations, studied
by G. Vainikko in [12, 13, 14, 15]. Actually, as shown in [13], if the core function of a cordial operator is ¢ (s) = s*, then its
kernel is st #k(t,s), which is the kind of kernel we are concerned with. Equations of this type are also the subject of the
article [6].

The cordial integral operators have the interesting property that they are bounded but non-compact, which implies that
some of the classical results for Volterra integral equations (for example, about existence and uniqueness of solution) are not
applicable in this case. However an existence and uniqueness result in C™([0, T ]) was obtained in [12], provided that the core
function satisfies ¢ (x) € L([0, 1]), which is the case of our equation, when u > 0.

The application of polynomial and spline collocation methods to cordial equations was studied in [12, 14] and [15], respect-
ively, where sufficient conditions for convergence were obtained and error estimates were derived. Superconvergence results
for collocation methods were obtained in [6].

Equations of this type arise from heat conduction problems. As it was shown in [5], they may result from boundary value
problems for partial differential equations with mixed-type boundary conditions.

In [4] and [6] the authors were concerned with the numerical solution of linear cordial equations. Here we propose a
computational method for a nonlinear Volterra integral equation with a weakly singular kernel of the same type.

In [3] a similar approach was proposed for nonlinear Volterra integral equations with regular kernels (when p(t,s) = 1).
This case was also well studied in the literature. In particular, Babolian and his co-authors [2] have proposed a Chebyshev
approximation. In [1] and [8] numerical algorithms based on the Adomian’s method were developed. In [16] an approach
was proposed, based on Taylor polynomial approximation, while the homotopy perturbation method was applied to the same
equation in [7]. The authors of [9] have introduced a scheme based on the fixed point method. Finally, the Haar wavelet method
and the Haar rationalized functions method were proposed in [10] and [11], respectively.

In Section 2 of the present work we describe a numerical scheme for the solution of equation 1. In Section 3 we analyze
the convergence and obtain error estimates. Numerical examples that illustrate the performance of the method are presented
in Section 4 and the paper finishes with conclusions in Section 5.

2 Description of the collocation method

T
Let Iy be a uniform partition of the interval I = [0, T] defined by t, = nh, n=0,...,N—1, where the stepsize is given by N h.
Let the collocation parameters be 0 < ¢; < ...... < ¢,; <1 and the collocation points be t,, ; = t, +¢;h, j=1,..,m,n=0,..,N—1.
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Define the subintervals o, = [t,, t,.1[, and oy_; = [ty_1, tx]-
Moreover, denote by 7, the set of all real polynomials of degree not exceeding m.
We define the real polynomial spline space of degree m — 1 as follows:

sCHa,My) = {u:u, =ul, €mnyq,n=0,.,N—1}.

o, m—1>

This is the space of piecewise polynomials of degree at most m — 1. Its dimension is Nm. We consider the space L°°(I) with the
norm
[loll|=inf{C €R: |p(t)] < C forae.tel} < oco.

It holds for any y € C™([0, T]) that

n Y ((T) (C (™)
y(t, +7h) = sz(r)y(rnz) +e,(7), e,(1)=h ]_[( —c)), @
=1
where 7 €[0,1] and A;(7) = 1_[ are the Lagrange polynomials associate with the parameters c;,j = 1,...,m.
1# ¢~
LetT,=1> |2;1]| be the Lebesgue constants, such that

j=1

I 12,]ll= max {Z 2,5 €10, 1]} :

j=1 j=1

We have from (1) for each j=1,...,m,n=0,...,N—1

x(tnj):g(tnj)-"_f p(tnj,S)k(tnj,S,X(S))dS

tnj

=g(tn])+f p(tnj’s)k(tnj’s:x(s))ds+f p(tnj’s)k(tnj’s:x(s))ds (3)
0 t

_g(tn])"’-zf

Now, for s € [t;,t;,;], we use the following change of variable: s = t; + th with v € [0,1], and for s € [¢,,t,;], we use the
following change of variable: s = t, + th with © € [0, ¢;]. Then, from (3), we have

n

tit1 tnj

(t4),8)k(ty;s s, x(s))ds+f p(tn),$)k(t,;,s,x(s))ds

th

x(ty;) = g(ty) + Z J hp(t, +csh, t; + Th)k(t, +c;h, t; + Th,x(t; + Th))dT

(C))
Cj
+ J hp(t, +c;h, t, + Th)k(t, +c;h, t, + Th,x(t, + Th))dT
0
By substituting the expression of the function p into (4), we obtain
S (R
th)=g(t,;)+ ———k(t, +c;h, t; + th,x(t; + Th))d
<) =8+ 2, | ok et Thox(t + T
¢j u—1 (5)
Mk(tn +c;h, t,+ th,x(t, + th))dt
o (g /
Now, for j =1,...,m, by apply the formula (2) for the function
Yi(r) = k(t, +c;h, t; + Th,x(t; + Th)), we have
k(t, +c;h, t+ Thyx (6 + Th)) = > 4 (D(t, + b, b x(t,)) + €(7) ©)
=1
yme) &
where €,(7) = K" =—— H(’L’ —c)).
j=
Inserting (6) into (5), we obtam for each j =0,..,N—1
T (n+ T
x(ty;) = g(t,;) + ( it ))M k(t, +c;h, t, + clh,x(tnl))kl(r)df) +
i - %
i+7 .
Z; ( (e, ~————k(t, +cih, t; + ch, x(t”))Al(T)df) +o(h™),
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where,

my (n+T) (l+T)
o= ey (T)d’r+2( eresn (T)df).

Since the function k is smooth, then there exists a; > 0, such that for i =0,...,N — 1, we have || yi(m)ll < a;, which implies that

||O(hm)||Shm%( jwd’r+2( Md»;))

(n+c)m — (n+c)m

Sincei+7t <n+c; foralli=0,..,n—1, then foralln=0,..,N—1

. m n—1 1
Il o(h™) || <h™ =L ( ])+;((n+c)))

It holds for any u € S( 1)(I I, ) that

u(t, +h) = Y A(u(t,), 7 €[0,1]. ©)

=1

Now, we approximate the exact solution x by u € S, - 1)(1 Iy ) such that u(t, ;) satisfy the following nonlinear system,

o (7 (ot
ult,;) = g(tn])+lzl:( e k(tn+cjh,tn+clh,u(tnl))kl('r)d’r)+
. gy ©)
ZOZIZE( O mk(tn+cjh, ti+clh,u(t“))ll(’r)d’r).

forj=1,..,m,n=0,...,N—1.
Since the above system is nonlinear, we will use an iterative collocation solution u? € S, - 1)(I ,IIy),q € N, to approximate the
exact solution of (1) such that

wi(t, +th) = > A,()u’(t,;), 7 €[0,1] (10)
j=1

where the coefficients u?(t, ;) are given by the following formula:

m Cj 1
wi(t, ) = g(t,) + Z( ooy ket i, () ¢
1= 0
an

n—1 m .
i+ q
lzl( Loy k(t, +c;h, t; +ch, u?(t; ) A (T)dT ).

i=0

such that the initial values u°(t,, ;) €J (J is a bounded interval).
The above formula is explicit and the approximate solution u? is obtained without solving any algebraic system.
In the next section, we will prove the convergence of the approximate solution u? to the exact solution x of (1).

3 Convergence analysis
In this section, we assume that the function k satisfies the Lipschitz condition with respect to the third variable: there exists
L > 0 such that

|k(f,5,}’1)_k(t’5,.)’2)|SL|J’1_J’2|, (12)
for all t,s € I, where L is independent of t and s.

The following result gives the existence and the uniqueness of a solution for (1).

Lemma 3.1. Let g € C([0, T]), k(t,s,u) € C(AT x R), where AT = {(t,s) €R?>:0<t < T,0<s < t}. Let
? € C(AT xR).

Assume that equation
1
& =k(0,0, 5); +g(0) (13)
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has a unique solution £* € R, and that
a’(0,0)

1 >
7 A+u

VYA :Re(A) >0, (14)

where
dk
a*(oy 0) = _(0’ 0’ u)
du et
Moreover; let k satisfy
k(t,s,u)| < co+ cqlul, (15)

with < < 1.
Then there is a unique solution x* € C([0, T]) of (1), such that x*(0) = &*.

Proof. The result follows from Theorems 7.1 and 7.5 of [12], taking into account that in our case ¢ (x) = x*~1,with u > 1, and
therefore the linear integral operator V; (using the same notation as in [12]) is defined by

t i1
Vyu(t) = . tTu(s)ds,
hence the spectrum of this operator is
1
O'O(V¢,) ={0}u {m : A €C,Re(A) = 0},
which is used to obtain condition 14. |

Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied and let x* be a solution of (1). Moreover, let g € C™([0,T]) and
k € C"(AT x R), for some natural m.
Then x* € C™([0, T]).

Proof. The result follows from Theorem 8.1 of [12]. |

The following result gives the existence and the uniqueness of a solution for the nonlinear system (9).

Lemma 3.3. If n 1)

<1 then the nonlinear system (9) has a unique solutionu € S;

(I,T1y). Moreover, the function u is bounded.

Proof. We will use the induction combined with the Banach fixed point theorem.

(i) On the interval o, = [t,, t;], the nonlinear system (9) becomes

m < u—1
u(to,) = g(te,) + Z( ((TC)_)M k(to +c;h, to+ b, u(toz))xl(f)df.)
=1 0 J

We consider the operator ¥ defined by
¥ :R™" — R™
x = (Xg, 0 X)) = W(X) = (W(X), ..., Wy (X)),

such that for j =1, ..., m, we have

;(x) zg(to’j)—i-Z(f (ZC)/;’: k(to+cih, to+¢h, xl)kl('r)d’r).
=1 \Jo j

Hence, for all x, y € R™, we have

LT,
() —¥(y)l< Tllx =yl

Since % < 1, then by Banach fixed point theorem, the nonlinear system (9) has a unique solution u on the interval o,.

(ii) Suppose that u exists and is unique on the intervals o;,i =0,...,n—1 for n > 1, we show now that u exists and is unique
on the interval o,,.
On the interval o, the nonlinear system (9) becomes

m cj u—1
u(t, ;)= G(t"’i)-’-Z(J %k(tn +c;h, t, +ch, u(tnl))ll(’r)d'r) (16)
=1 0 J

where,
e

Gt,,) = g(tn)+ 2 32 (fo Egrk(t, + b, b +ch,u(t))A(7)d ).
i=0i=1

We consider the operator ¥ defined by:

¥ R" — R™
X = (%1, 00, X)) ¥ U(x) = (T (x), ..., T, (x)),
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such that for j =1, ...,m, we have

U;(x) = G(t,;)+ Z (J ! Mk(tn +jh, t, +qh, x,)AZ(T)dT)
=1

o (mtcpw

Hence, for all x, y € R™, we have

G0 — w()ll< %nx—yn.

Since X < 1, then by Banach fixed point theorem, the nonlinear system (16) has a unique solution u on the interval o,

O
Corollary 3.4. Under the condition % < 1, the following conditions of Lemma 3.1 are fulfilled:
1. Equation (13) has a unique solution £* € R.
2. Inequality (15) is satisfied, moreover % <L
Proof. 1. We consider the operator ¥ defined by
V:R— R
1
& +— ¥(x) =k(0,0, E)ﬁ +g(0),
Hence, for all £, &, € R, we have
L
|‘P(€1) _‘P(€2)| < Elgl - gzl,
Since ﬁ < Ll:’“ < 1, then by Banach fixed point theorem, Equation (13) has a unique solution £* € R.
2. We have,
k(t,s,u)| < |k(t,s,u)—k(t,s,0)| + |k(t,s,0)|< L + ¢y,
[k(t,s,w)| < |k(t,s,u) —k(t,s,0) +|k(t,s,0)| Jul + ¢
—
such that ¢, = max{|k(t,s, 0)|,(t,s) €I x I}.
Hence the inequality (15) is satisfied, moreover < = ﬁ < % < 1.
O

Remark 1. Under our assumptions and by Lemma 3.1, Lemma 3.2 and Corollary 3.4, to prove the existence and uniqueness
solution for Equation (1), we need only to show the condition (14).

The following result gives the convergence of the approximate solution u to the exact solution x.

Theorem 3.5. Let f,k be m times continuously differentiable on their respective domains. If I < 3, then the collocation solution
u converges to the exact solution x, and the resulting error function e := x — u satisfies:

llell < CRh™,
where C is a finite constant independent of h.
Proof. From (9) and (7), using (12), we obtain
LT, LT, &
le(t)l Sahm+7’"en+“—r;2((i+1)~—i“)ei an
i=0

where a is a positive number and e, = max{le(t,;),l =1,..,m},n=0,..,N—1.
Then, from (17), e, satisfies forn=0,...,N —1,

n—1

LT LT
ey S ah™+ e, + (i 4+ 1) —i*)e,,
n pn &

which implies that,

a

e”s1—ﬁhm+(1 er) Z((l+1)“—l“)e.
w

Let C, = er and C, = %, it follows that
W o

C n—1 ) )
e, < Ch™ + H—ZZ):((1+1)“—lﬂ)ei.
p
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Hence, for £ = max{e,,n =0,....,N — 1}, we deduce that
E < Ch™+ CyE.
Since C, < 1, we obtain

e
1-G,

Which implies, from (2) and (8), that there exists C > 0 such that

)
lell < T + 1 [ Ja—c)
1

G [l 1+
<T h™+h" 1—c;).
m1-C, m! !:1[( 1)
m
Thus, the proof is completed by setting C =T, 15_1@ + ”x:n—,)” [T(a—cp. O
j=1

The following result gives the convergence of the iterative solution u? to the exact solution x.
Theorem 3.6. Consider the iterative collocation solution ul,q > 1 defined by (10) and (11). If % < %,

condition uo(tn’ j) € J (bounded interval), the iterative collocation solution u?,q > 1 converges to the exact solution x. Moreover, the
following error estimate holds

then for any initial

lu! —x|| <dp?+ Ch™
where d, C are finite constants independent of h and p < 1.
Proof. We define the error e? and £7 by e?(t) = u?(t)—x(t) and £9(t) = ul(t)—u(t), where u is defined by lemma 3.3. It follows
that
el=E14u—x. (18)
We have, from (9) and (11), foralln=0,...,N—1and j=1,...m

LT, <A LT,
|69t ) < =2 DTG+ 1) — it JEd + g, (19)
e K
where &1 = max{|€q(tn,l)| ,l=1...m} forn=0,...,N — 1, it follows from (19) that,
n—1
LT LT
1< UG+ 1) Mg + e
n unt pry u n

We consider the sequence n? = max{£¢,n =0,...,N —1} forqg > 1.
Then, 17 satisfies,

n—1

LT, < LT,
n® < BTG+ 1) — it =yt
pnt p

LT, LT,

< _mnq + _m,r)q—l.
u u
Hence,
nq < an_l: (20)
&
where p =

1+Fm’ since % < %, then p < 1.

u
Which implies, from (20), that for all ¢ > 1, that
! <pniTt <p*nT? <L < pin® < pd|E°). 1)

Since, u’(t, ;) € J, the function u° is bounded.
Hence, there exists M > 0 such that

19N = Nlu® —ull < Jlu® — x|l + llu—xI| < M. (22)

From (21) and (22), we conclude that
IE9]) < Tn? < LM p°.
~—~—

d
On the other hand, from Theorem (3.5), we have ||[u —x|| < Ch™ and therefore by (18) we obtain

lle!ll < 11890 + llu— x|l < dp® + Ch™.
Thus, the proof is completed. |
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4 Numerical Examples

To illustrate the theoretical results obtained in the previous section, we present the following examples with T = 1. All the exact
solutions x are already known.
In all the examples, we have a*(0,0) = 0, hence the condition (14) is satisfied.
In each example, we calculate the error between x and the iterative collocation solution u? for N = 10,20 and m = 2,3,5 at
t =0,0.1,...,,1. In all the examples, we choose, ¢ =5, uo(tnj) =1, and we use the collocation parameters c; = m%rl,j =1,..,m.

1

Since the condition 2 < 1 is essential to guarantee the convergence of the numerical method, we checked that it is satisfied

2

in all the numerical examples. Moreover, I, = 3, I, = 7 and [ = 31.

Example 4.1. Consider the following integral equation

. _ stexp(z)
with k(t,S,Z) = Z00+exp@)’ u

x(t)zg(t)+J

t

0

p(t,s)k(t,s,x(s))ds, t €[0,1].

= 2 and g(t) is chosen such that the exact solution of this equation is x(t) = In(1 + t2). The

absolute errors are presented in Table 1. The experimental orders of convergence (EOC) by using the maximum error |ley]| =
max{|x(t;) —ui(t)|,i=0,...,N} for N =5,10,15,20 and m = 1,2, 3,4 are given in Table 3.

Table 1: Absolute errors for Example 4.1

N =10 N =10 N =10 N =20 N =20 N =20
t m=2 m=3 m=5 m=2 m=3 m=5
0 2.21x107° [ 6.98x107° | 1.66x107% || 5.55x107* | 4.38x 1077 | 3.56 x 10~°
0.1 | 210x107° [ 241x10° [ 3.39x10°°% [[ 5.33x10* [ 2.65x107° | 247 x 1071
02 ] 189x107° [ 3.70x10™> [ 527 x 1078 || 4.83x107* | 4.38x10°° | 9.09 x 107
03] 160x107° [ 440x10™> [ 5.01x10°°% || 413x107% [ 5.39x10°° | 2.44 x 107?
04 ] 1.28x107° [ 453x10° [ 3.02x10°8 [[ 3.33x10* [ 5.690x10° | 2x1071°
05 ]965x10*% [ 425x10™° [ 223 x10°% || 2.54x107* [ 541 x10°° | 6.6 x 10~
0.6 | 6.79x10™* | 3.71x10™ | 9.3x107° 1.81x107* | 4.78x107° | 2.3x 107
0.7 | 436x10™* | 3.07x10™ | 4.5x107° 1.18 x107* | 3.99x107° | 6 x 1071°
0.8 | 2.38x107* [ 2.44x10™> | 2.6 x107* 6.69x 107 | 3.19x107° | 3.20 x 10~
0.9 | 837x10° [ 1.87x10™> | 2.3x 107 2.66x107° | 2.46x107° | 2.50 x 10~°
1 4.06x 10 | 1.74x107° | 1.77x 1077 || 5.13x107° | 2.05x107° | 2.42x 1078

Example 4.2. Consider the following integral equation

x(t)zg(t)+J

t

0

p(t,s)k(t,s,x(s))ds, t €[0,1].

with k(t,s,z) = m, u =2 and g(t) is chosen so that the exact solution of this equation is x(t) = m The absolute errors
are presented in Table 2. The experimental orders of convergence (EOC) by using the maximum error |ley || = max{|x(t;) —
ui(t;)],i=0,...,N} for N =5,10,15,20 and m = 1,2, 3,4 are given in Table 3.
Table 2: Absolute errors for Example 4.2
N=10 N=10 N =10 N=20 N=20 N =20

t m=2 m=3 m=>5 m=2 m=3 m=>5

0 4.44%x 10 | 1.87x10™° | 530 x 107 555x107° | 2.34x107° | 3.10x 107

0.1 | 1.75x107* [ 1.77x10™> | 2.39x 10°® 3.85x107° [ 226 x107° | 1.60 x 10~

0.2 | 291x107* [ 1.39x10™> | 3.29x 107® 6.86x107° | 1.87x10° | 1.70x 107°

03 | 3.68x107* [ 6.42x107° | 2.22x 1078 8.99x107° [ 1.01x107° | 5.00x 1071

0.4 | 3.81x10*% [ 3.66x10° | 5.70x 10~° 9.62x 107 | 2.13x 1077 | 9.00 x 107

0.5 | 3.23x10™* [ 1.30x10™ | 3.50 x 10™° 8.45x107° | 1.44x107° | 1.00x 107

0.6 | 210x107* [ 1.84x 10> | 4.57x107° 5.79x107° [ 2.23x107° | 5.00x 107 °

0.7 | 7.62x10™ [ 1.84x10™ | 3.15x 10° 2.46x 107 | 2.36x107° | 9.00 x 1071°

0.8 | 441x10™ [ 1.45x10™ | 1.31x107® 6.59x10° [ 1.94x107° [ 2.20x 10™°

09 | 1.30x10™* [ 9.14x10° | 2.90 x 107° 2.97x107° | 1.27x107° | 3.00x 1071

1 1.50x 107 | 7.79x107° | 1.52x 1078 3.97x 10 | 8.50x 1077 | 7.00 x 107

Example 4.3. Consider the following integral equation

x(t)zg(t)+J

t

0

p(t,s)k(t,s,x(s))ds, t €[0,1].
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Table 3: Experimental ordres of convergence (EOC) of Examples 4.1-4.3

N m=1|m=2| m=3| m=4 N m=1|m=2 | m=3 | m=4
5 5

10 | 0.99 1.98 2.97 3.92 10 | 0.98 1.94 3.01 4.05
15 | 0.99 1.98 2.98 3.93 15 | 0.99 1.96 2.99 3.92
20 | 0.99 1.98 2.98 3.95 20 | 0.99 1.96 2.99 3.94

with k(t,s,z) = %, u = 1.03 and g(t) is chosen such that the exact solution of this equation is x(t) = 1—t0. The absolute

EOC of Example4.1

errors are presented in Table 4.

EOC of Example4.2

Table 4: Absolute errors for Example 4.3

N=10 N=10 N =10 N =20 N =20 N =20

t m=2 m=3 m=>5 m=2 m=3 m=>5

0 335x1077 | 1.81x 107 | 7x 102 420x1078 | 7x10712 2.00 x 1012
0.1 | 833x107 [ 540x107° | 4x107!! 1.67x1077 [ 2x 107 3.00x 1071
02| 1.32x107° [ 930x1071° | 1.7x 107 2.80x1077 | 4x 1071 2.3x 10710
03[ 1.79x107° | 1.28x10™° | 7.00x 1071 || 4.08 x1077 | 5x 107" 1.3x 1071
0.4 | 223x107° [ 1.59x10™° | 2.4x1071° 522x 107 | 6 x 107! 1.3x107%
05 265x10° [ 1.90x10™° | 1.3x107 6.30x 1077 | 8x 107! 3x 107!
0.6 | 3.04x10° [ 221x10™° [ 3x107! 7.29x 1077 | 2x 10710 2x 1071
0.7 [ 3.39x107° | 239x10™° | 6x107T 819x1077 | 1.1x107® [ 3.00x 107
0.8 [ 3.69x10° [ 265x10™° | 1.4x107 8.99x 1077 | 1.00 x 107 | 3.00 x 107"
09 [ 395x107° | 2.88x10™° | 8x107!T 9.68x1077 | 1.2x1071® [ 8x 107

1 3.85x107° [ 290 x10™° | 1.99x107® 9.85x 1077 | 2x1071° 5.12x 1077

5 Conclusion

In this paper, we have used an iterative collocation method based on the Lagrange polynomials for solving a class of nonlinear
weakly singular Volterra integral equations (1) in the spline space Sf:l)(HN). The main advantages of this method that, is easy
to implement, has high order of convergence and the coefficients of approximate solution are determined by using iterative
formulas without solving any system of algebraic equations. The numerical examples confirm that the method is convergent

with a good accuracy.
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