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Abstract

We study generalized least square approximation polynomials which are built from sets of functionals.
We construct sets of functionals for bivariate harmonic functions, univariate holomorphic functions and
sufficiently smooth functions on curves such that the sequences of the generalized least square approximation
polynomials converge uniformly.
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1 Introduction

Let K be the real or complex field. Consider the space P (K?) of all algebraic polynomials in R?. Let P, (K¢) be the subspace consisting
of all polynomials of total degree at most 7. Given a compact subset K C K and f : K — K we denote by || f||x = supyek | f(X)| the
usual supremum norm on K.

A set A C K¢ is said to be determining for the space of functions F, or, for short, F-determining, if p € F and p|4 = 0 force p =0.
Here p|, is restriction of p to A.

Let A be P,(K9)-determining and f : A — K. In [13, Theorem 1], Calvi and Levenberg showed that there exists a unique
polynomial p € P, (K?) which minimizes the quantity

®ralg) =Y la(a)— f@)P, g€ Pa(K). (1
acA

The polynomial p is denoted by A(A, f) and is called the discrete least square approximation polynomial. The authors also proved a
Lebesgue type inequality

1F = AA, )k < (14 CAK)(1+ VA) ) dist (£, Pa (D)), @

where K is a compact set containing A, distg (f,P,(K¢)) denotes the uniform distance from £ to P, (K?) and the constant C(A,K) is
defined by
lgllx < C(AK)llglla: g € Pa(K?).

Examining (2) we see that the uniform error between f and A(A, f) is controlled by the quantity C(A, K)v/#A which depends only on
A and K. This fact had suggested Calvi and Levenberg to give the theory of admissible meshes. It is defined as follows. A sequence of
discrete sets A = {A,, C K : n € N*} is called an admissible mesh in K if there exist constants ¢; and ¢, depending only on K such that

Ipllk <ctllplla,, pEPuKY), n>1, A3)

where the cardinality of A,, grows at most polynomially on #, i.e., #4, < c,n™ for some fixed m € N* depending only on K.

For such a compact set K, if A = {A, C K : n € N*} is an admissible mesh, then no non-zero polynomial in 7, (K?) vanishes on
A,,. Hence we must have m > d since dimPn(Rd )= (";d) ~ n?. This leads to the definition of optimal admissible meshes introduced
in [17]: An admissible mesh A is optimal if #4,, < c3n? for some ¢3 > 0 depending only on K.

Note that admissible meshes are preserved by the operations of taking unions, product and transformation of sets under affine
automorphisms. They are also stable under small pertubation and analytic transformations, see [24, 25]. From computational point of
views, admissible meshes are very useful. It was proved by Calvi and Levenberg that the least square approximation polynomials based
on admissible meshes approximate the smooth functions or holomorphic functions uniformly. Moreover, in [8, 9, 10], the authors
showed that discrete extremal sets of Fekete and Leja types can be exacted from admissible meshes. For standard compact sets, for
instance triangles, quadrangles, disks, cylinders, the authors constructed in [11, 14] low cardinality admissible meshes. General results
on the construction of admissible meshes in compact sets in R? are recently given by Kroo [17, 18, 19]. He used constructive methods
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to get optimal or near optimal admissible meshes on compact sets which are graph domains of polynomials, differentiable or analytic
functions, and on the compact sets which admit Bernstein type or Markov type inequalities. In a recent work [26], Piazzon built optimal
admissible meshes on two classes of compact set in RY.

Observe that the value p(a) is identical with 8, (p), where 8, is the Dirac functional. Hence we can rewrite (1) as

®ra(q) =Y 18a(q) —&l(f)I% g €Pu(K?). 4)
acA

In this note, we replace the 8,’s and P, (K“) by functionals on the space of continuous functions C(K) and a finite dimensional subspace
Q of P(Kd ) respectively. We show that the corresponding sum of squares also attains its infimum at a unique element p € Q. The
generalized least square approximation polynomial p also admits a Lebesgue type inequality. This leads to the notion of generalized
admissible meshes.

In Section 3, we construct good functionals for the spaces of bivariate harmonic polynomials and univariate holomorphic
polynomials such that the sequence of the generalized least square approximation polynomials converges uniformly. They consist of
nests of points and families of Radon projections.

Section 4 deals with the construction of admissible meshes on smooth curves in R?. The method relies heavily on Markov type
inequalities on curves. Note that if T is an algebraic curve in R?, then the restriction of P, (K¢) to T will form a vector space P, (T)
whose dimension N,, is smaller than dim P, (K¢) in general. Hence the (generalized) optimal admissible meshes for a compact set on
P,(T) should have cardinality O(N,) rather than O(n?). The same situation happens in [12] in which Bos and Vianello constructed
Tchakaloff polynomial meshes on algebraic varieties in RY.

2 Generalized least square approximation

Let Q be a finite dimensional subspace of P(K?). A set of functionals M = {u;, ...,y } in the dual space OF is said to be
determining for Q, or, for short Q-determining, if p € Q and p;(p) =0 for all j = 1,...,m force p = 0. The cardinality of an
O-determining set M can not smaller than the dimensional of Q, that is m > dim Q. Note that if y; = Sai fori=1,...,m, then M is
O-determining if and only if A = {ay,...,a,,} is O-determining.

Theorem 2.1. Let Q be a finite dimensional subspace of P(K?) and let M = {u, lp, ..., m} C 0! be Q-determining. Then, for any
assigned numbers cy,cy, ..., Cm, there exists a unique polynomial p € Q which minimizes the quantity

®(p) = i\uj(p)—cj'lz,
=
ie, ®(p) < ®(q) forevery g € Q\ {p}.

Proof. The proof is adapted from the proof of the Hilbert projection theorem. Let us set o = inf{®(p) : p € Q}. Then there exists a
sequence {p,} in Q such that
a<®(p,)<a+l/n, n>1.

For n,k > 1, we have

m
a(p)+e(p) = Y (In(on) =P+ i(pi) — )
j=1
.- 2 2
= Y 3 (lion) a5 00) — 26, + |y om) ~ 1))
j:l
m
Pn+Pp
= Y (2l e D on) )P
j=1
= oe(PtPy 1 Z| (PP
= D Wi (pa) — 1P|~
It follows that "
+ 2 2 2 2
X 1) 5P = 22(p) +22(p1) — 4oy <dat ST —da= 4D
Hence ”
Jim Z\u, Pa) = (i) =0. ®)

Consider a sesquilinear form defined on Q by

@rm=Y W@, qreo.
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By hypothesis that M is O-determining, we easily check that (-, -) o4 defines a Hermitian inner product on Q. Now, since Q is a finite
dimensional space, it becomes a Hilbert space in which the norm induced by the Hermitian inner product is given by

llgllam =

m
Y lui@)?, qeQ.
j=1
Hence relation (5) implies that there exists lim, ;e p, = p* € Q. Equivalently, lim, e 4;(p,) = p;(p*) for j=1,...,m, and hence
- 2 N 2
a(p") = Y. [1y(p*) — i = lim Y |1;(pw) ;P = a.
j=1 j=1

It remains to prove the uniqueness. Assume that ®(5) = o with j € Q. Repeating the above arguments, we can write

20 = 2(p*)+2(p)
(

(I p") = e+ 15 (B) = 52)
i=1

pPrp, G « .
= 22(7 )+§Zlﬂj(p ) — w;(p)I*
j=1

-~

[\

1 -
2a+ 5 [lp" = plla
It follows that ||p* — p||am = 0, and hence, p* = p. The proof is complete. O

Definition 2.1. Let f be a function such that p;(f) is well-defined for every j = 1,...,m. Then the unique element p € Q which
minimizes the quantity

a(p) = i\u,,(p) ()P
2

is denoted by S(M; f).

In the special case where j = 8, for j=1,...,mand Q = P, (RY), then S(M; f) becomes A(A, f) where A = {ay,...,a,}.
Starting from any ordered basis for Q, we can use the Gram-Schmidt algorithm to construct an orthonormal basis {rj}’j?'zl of Q
with respect to (-, ) o¢. From the projection theorem we have

m

S(Msf) = Y fsrj)prj.

j=1

It is interesting if we can find an orthonormal basis corresponding to the Radon projections in Section 3.
Let K be a Q-determining compact set. Then the map g — ||¢||x := supycg |¢(x)| defines a norm on Q. Since || - || o4 is a norm on
Q, so is the map g — max << |1;(q)|. From the hypothesis that Q is a finite dimensional space, we can find a positive constant
C) =C1(M, Q,K) such that
lgllxk <Cr max [u;(q)l, q€Q. ©)
1<j<m
The following Lebesgue type inequality is similar to (2).

Theorem 2.2. Let Q be a finite dimensional subspace of ’P(]Kd) and let K be an Q-determining compact set. Let F be a subspace
of C(K) that contains Q and M = {y,lp,...,Un} C F! such that M is Q-determining and there exists a positive constant Cy =
Cr (M, F,K) satisfying

[max [1;(Nl<Clflx, feF. (N
<j<m
Then, for each f € F, we have

I1f = SM: )k < (1+2C1Cov/m) disti (£, Q), ®)

where distg (f, Q) = inf{||f —q|lx : g € O}

Proof. For simplicity of notation, we let S stand for S(M; f). We choose i € Q such that || f — | x = distg (f, Q). Observe that
1 =Sllx < [1f = Rllx +[IS = Allx-

Since S — h € Q, relation (6) gives

— < (S — — . —u.
ISl < €1 max (S~ )] = Co max |uj(S) — ().

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Manh - Tung - An 104

On the other hand, for each 1 < j < m, we can write

5(S) — y(h)| < k'g"l\uuswk(mv
< Y ) — R+ ¢ 3 () — m(S)P
k=1 k=1
< 2ﬁ;|uk<f>uk<h>|2
k=1
< 2vim ma ()~ )
< 2Cf ik,

where we use the minimal property of S in the third relation and (7) in the last one.
Combining the above estimates we finally obtain

If =Sk < (1 +2C1C2\/n7) If —hllx = (1 +2C1Czﬂ>diStK(f, Q).
The proof is complete. O

Evidently, if M = {8,,,...,8,,} with a; € K, then we can take C; = 1. It is known that, by Jackson and Bernstein types theorem,
the distance distg (f, Q) will tend to 0 rapidly as dim Q — e when f is sufficiently smooth or holomorphic. Hence, Theorem 2.2 gives
good approximation if the quantity C;C,+/m is not too big. This leads to the following definition.

Definition 2.2. Let Q, be finite dimensional subspaces of 7(K%) such that lim, . m, = o, m, = dim Q,,. Let K be an (U>_, Q,)-
determining compact set. A sequence of discrete sets A = {A, C K : n € N*} is called an admissible mesh in K for {Q,} if there exist
constants ¢4 and c¢5 depending only on K such that

Ipllk <callplla,, PEQn, n>1, ©)

where the cardinality of A, grows at most polynomially on my,, i.e., #4, < c3(m, )% for some fixed & > 0 depending only on K. In the
case where & = 1, A is called an optimal admissible mesh.

3 Construction of good functionals for harmonic and holomorphic polynomials

Throughout this section, D(a, ) denotes the open disk of center a and radius r > 0. The unit disk is denoted by D. We write #,(R?)
for the space of all bivariate harmonic polynomials of total degree at most n. It is well known that

H(R?) = span{1, R(x+yi), 3 (x+yi),..., Rx+yi)", S(x+yi)"},  x=x+iy.

Hence dim 74, (R?) = 2n+ 1. Next we recall the definition of Radon projections.
For any given pair (0,f) € R x [0,1), we denote by 1(0,¢) the line segment of I, where the line passes through the point
(tcosB,tsin ) and is perpendicular to the vector (cos 6,sin 9).

Figure 1: The chord 1(6,1) of the unit circle

The Radon projection Rg(f;¢) of a real (or complex) valued function f defined on D is the line integral of f over I(0,t). More
precisely
: Vi
Ro(f3t) = / fds = / f(tcos@ —ssinB,tsin O + scos 6)ds.
1(6.1) —V1-12
In [15, 16], Georgieva and Hofreither studied interpolation by harmonic polynomials using Radon projections. They found sets of
chords called regular sets which determine harmonic polynomials of total degree at most n uniquely. The authors also investigated the

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Manh - Tung - An 105

convergence of interpolation polynomial of harmonic functions based on Radon projections in the norms L?(dD), L*(D), H*(dD). In
[21, 22, 23], we generalized results of Georgieva and Hofreither and pointed out that the interpolation polynomials based on Radon
projections are continuous with respect to the chords. In a forthcoming paper we are going to construct regular sets of chords of
Hermite type for P, (C) and study the continuity and convergence properties of corresponding interpolation polynomials. This section
is intended to construct certain sets of functionals such that the generalized least square approximation polynomials converge uniformly
to harmonic functions and holomorphic functions.

Proposition 3.1. Ifm > 7Tn, then there exists a set A of m points on D(a,r) such that

2nmw
(

2
1- W)HPHE(:QJ) <llplla, pEHAR).

Proof. Without loss of generality we assume that D(a, r) is the closed unit disk D. For each 0 < k < m — 1 we take a point a;, | on the

S L. . : : 2km
arc eife0+1 of the unit circle joining /% and e'%+1 where 6, = ——— fork=0,...,m. Letus set A = {a,...,an}.
m
By the maximum principle we can find a point a* with |a*| = 1 such that |p(a*)| = || p||p. The point a* must lie on one arc, say

T . . . i 0" - 2r
e eifr1 with 0 < k < m— 1. Hence, if we write a5 1 = ¢/%+1 and a* = ¢'?" with 6, < @ y1,0* < 641 then |@p, 1 — ¢*] < o

Since p € #,,(R?) we can find a trigonometric polynomial 7, of degree at most  such that p(e’®) = T(8), 6 € R. Using the Markov
inequality for trigonometric polynomial we have

p@") —pla)l = [T(@") =T (@) < 1T llj0.2m)|@" — Prcs1|
< nlITllp2n|@" — k1| =nllpllop 9" — Gr1]
< Tl
= m Plp

It follows that ) )
ni niw
Iplla = [p(ag1)| = |p(a”)] = == llplls = (1= =) lpll5-
m m
2nm
Note that the condition m > 7n gives 1 — o > (0 which makes the estimate meaningful. The proof is complete. O
m
Proposition 3.2. Ifm > 7n, then there exists a set M of m Radon projections
M={Rg, (1) :k=0,....m—1}
such that ) )
n 2
Re.(p;sti)]| > —(1— — = R
o xR, (pitp)] = (1= = F)Ipllp, P € HalR)
and
Re, (Fi)l < Xy, £ EC(B)
max (fst; —Iflls, .
o< jem—1 ! 0NN = D
) 2jm .
Proof. We set 0; = — for j=0,...,m— 1 and
m
61 + 60 6+ 6.1 .
:%7 (pj+1:%> 0§]§m—2, Om = Po.

b T
We choose 7; € [cos —,cos 2—] arbitrarily. Consider the set of Radon projections
m m
M= {'Rg/.(jtj) 1j=0,...,m—1}.

Let p € H,. By the maximum principle we can find a point a* = ¢/®" with ¢, < @* < ¢ such that |p(a*)| = || p||;. From the
mean-valued theorem for integration, there exists a point x* € I(6y,#;) such that

Ro (pitk) =24/ 1 =12 p(x"). (10)

T T 2 1
J1=12> /1 —cos?2 — =sin— > = = = —, 11
k= €os 2m st 2m — w2m  m (1n

T T . . . . L. L. ;
Since € [cos —,cos 2—], the chord (6, ) is contained in the circular segment which is cut off from D by the chord joining ¢'% and
m m

It is easily seen that

€'+ Hence a*,x* are both in this circular segment. It follows that

; ; T _2r
la* —x*|| < |e'P+ —e'P| =2sin— < =—.
m= m
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Qi1 .
€ el Pk

Figure 2: An illustration of objects in the proof of Proposition 3.2

From Markov inequality for bivariate harmonic polynomial polynomials in [28] we can write

27n
Ip(a”) = p(x)| < [IVpliplla” — x| < nllpliplla” - x|l < —=pl5.
Hence 5 5
nm nmw
P = Ip(a") = =5 plly = (1= =) [l (12)
Combining (10), (11) and (12) we obtain
2 2nm

)| > ) > = (11— =2 =
o AX | [Ro,(p31))| = [Re,(p3t)] = — (1= ==) | pll

It remains to show the inequality for f € C(D). We use the mean-value theorem again to get
[Re, (fitj)| <2y/1=17 sup [f(x)|<2\/1-7}|f]5-
x€l(0.t)) ’

By construction, we have

Hence )
T .
[Ro, (£t < I f g 0<j<m—1.
This completes the proof. O

To get uniform approximation, we need a version of Jackson-type theorem for harmonic polynomials. The following result probably
known. For completeness we give a proof.

Lemma 3.3. Let f be harmonic in D(a,r) and continuous in D(a,r) such that f|3p(a ) is of class CP with p € N*. Then

1
distyy, ) (f, Ha(R?)) = o(-5)-

Proof. Without loss of generality we assume that D(a, r) is the unit disk. Since f|yp is of class CP, Theorem 3 in [20, p. 57] enables
us to find a trigonometric polynomial 7;, of degree at most n such that
i 1
0
1£(e™) = Ta(8)lljo.2m = o(5)-

We write 7,(0) = X4_ , cxe™*® with ¢_ = & for 0 < k < n. Define

n
pn(rcos@,rsin@) = Z ckr|k‘e’ke.
k=—n
Then p,, is an element of Hn(]Rz) and pp|sp = Tp,. Hence, by the maximum principle, we have

. 1
1f = Palls = 1£(€™) = Tu(®)jp.2m) = o).
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Proposition 3.4. Let A = {A, C D(a,r) : n € N*} be the optimal admissible mesh for H,(R?) constructed in Proposition 3.1 such that
#A, = O(n) and #A, > Tn. Let f be harmonic in D(a,r) and continuous in D(a,r) such that f|yp, ) is of class CP with p € N*. Then

1
ILf = S[An: 1l B, :”(W>~
Moreover, if f is a harmonic function in a neighborhood of D(a,r), then there exists p € (0,1) such that
1
lim sup <Hff S[An;f]\|5(a7r)> " <p.
n—soo
Proof. We set m, = #A,. Then 7n < m, < Cn where C is a positive constant. By construction we have
27n
1P, 2 (1= =) [l P E Ha(R?).
n

Evidently, ||g|la, < || gHE(a’r) for any g € C(D(a, r)). Hence, applying Theorem 2.2 we obtain

2my, .
Hf_S[Amf]Hﬁ(ar) < (1 + m\/nTn)dlStﬁ(a,r) (f’an(RZ)) (13)
Since 7n < my, < Cn, we have
2my, 2 2
_ =M _ 22 < 2 _ .
(1 )V = (1 g ) Vi < (14 1—27[/7)\/@ o(v/n)

From Lemma 3.3 and (13), we conclude that

1
£ = S[An: Al 5ar) = "(W)

The first part of the proposition is proved. B
Under the hypothesis that f is a harmonic function in a neighborhood of D(a, r), the main theorem in [3] guarantees the existence
of p € (0,1) such that

1
timsup (distzyq ) (f ,Hn(RZ))) " <p. (14)

n—soo
Combining the last relation with (13) we get the desired estimate. The proof is complete. O

Proposition 3.5. Ler M, be the set of Radon projections constructed in Proposition 3.2 such that #M,, = O(n) and #M,, > Tn. Let f
be harmonic in D and continuous in D such that f|yy, is of class CP with p € N*. Then

1
I =St Al = o 27 )

Furthermore if f is a harmonic function on a neighborhood of D then there exists p € (0,1) such that
1
timsup (11~ Mo flll5) " <.
n—yoo

Proof. As in the proof of Proposition 3.4, we can use Theorem 2.2 and Proposition 3.2 to write

m2 2
17 =SIMuflls < (14 g o v )dists (F Ha(R2))

my —27n) my

(HM\/W)distﬁ(fﬂn(Rz))

my —27n
= O(vn)distg (f. Ha(R)),
where m,, = #M,, with 7n < m, < Cn. Hence the desired estimates follows directly from Lemma 3.3 and relation (14), and the proof is
complete. O

In the proof of Proposition 3.2, we use the maximum principle, mean-value theorem for integration and the Markov inequality
for harmonic polynomials. These three properties also hold for homomorphic polynomials in C. Hence we can repeat the proof of
Proposition 3.2 to obtain the following result. We states it without proof.

Proposition 3.6. Let m > 7n and
M= {ng(~;lk) k=0,....m— 1}

be the set of m Radon projections constructed in Proposition 3.2. Then

2 27n
. . > . . —
o [Re;(pit))] 2 —(1===)lrlz; P EPulC)
and
max [Re,(fit;)| < Zl\fll5, £ eC(D)
o<jem—1 ! 0NN = D :
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Proposition 3.7. Let M, be the set of Radon projections constructed in Proposition 3.6 such that #M,, = O(n) and #M,, > Tn. Let f
be a holomorphic function in a neighborhood of D then there exists p € (0, 1) such that

1
lim sup (||ff S[Mrﬂf]”ﬁ) " <p.
n—soo

Proof. Repeating the arguments in the proof of Proposition 3.5, we use Theorem 2.2 and Proposition 3.6 to get

1f = SIMa: flllg < O(v/n)dist; (f, Pa(C)).- (15)

Suppose that f is holomorphic in a neighborhood of D(0, r) with r > 1. From the classical Bernstein theorem in [1] we have

1
. . a1
limsup <dlst5(0 n (fs 77,,(@))> <-.
n—soo ’ r
Combining the last estimate with (15) we get the desired relation. The proof is complete. O

4 Admissible meshes on curves

This section is devoted the study of admissible meshes on curves in R?. Using the classical method, we show that curves that admitting
tangential Markov inequality always contain admissible meshes.

Proposition 4.1. Let T be a smooth curve in RY. If T admits a tangential Markov inequality of the form

|Drp|lr < C(degp)’|lpllr. p PR, (16)

or
I(pop) llap < Cldegp)'lpllr, pe PR, 17

where p : [a,b] — RY is a parameterization of T, then there exists an admissible mesh A = {A,} on T for P,(RY) with #A, = O(n").
Proof. We first assume that (17) holds. We set m = 2([C(b—a)n'] +1) and

b—a)j .
An:{p([j):tj:a+%7.]:05"'am}'

b
For arbitrary p € P,(R?), let || p|r = p(p(t*)) with t* € [a,b]. We can find j such that [ —¢;| < 2% 1t follows that
m

PO =P D < (P sl 1"
_ Clo-anlplr _ ol
- m - 2
Hence
Il > lp(p)| = [p(p(ey)| - 1200 — 12l

If (16) holds, then we choose a parameterization p : [a,b] — RY of T. By definition we have

(pop®)'] _ 1(pop®)'

[Drp(p (1)) = > ., 1€ la,bl,
e’ ()]l M
where M = sup{||p’(¢)|| : @ <t < b}. It follows that
1(pop) llwp) < CM(degp)[Ipllr, p € PRY). (18)
The last equality is analogous of (17). Using (18) we can construct admissible meshes. The proof is complete. O

Corollary 4.2. Let Py, P»,...,P; be univariate real polynomials and
T ={(te"0,. .. "Wyt clab]}.
Then there exists an admissible mesh A = {A,} on T for Py(R¥ 1) with #A, = 0(n®d+1),

Proof. We set
p(t) = (t,e"® . L)) reR.

By Theorem 3.2 in [5], there is a constant C = C(a, b,T) such that, for all P € P(R4*1),
I8/l < C(deg PY*“Vliglliypy, 8= Pop. (19)

Applying Proposition 4.1 we can construct an admissible mesh A = {A,, : n € N*} on T with #4,, = O(n0@+1)),
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A sharp estimate is obtained in [4]: If Q is a univariate real polynomial, then there is a constant C = C(a,b, Q) such that for all
P € P(R?) we have
1(P(t,e2D)) [l < C(deg P)*||P(t,e2D)| 4] (20)

Using Proposition 4.1 we can construct an admissible mesh B = {B,, : n € N*} on y = {(t,¢2(")) : 1 € [a,b]} with #B, = O(n*). Here
we note that dim P,,(y) = dimP,(R?) = O(n?).

Corollary 4.3. Let Q a univariate real polynomial and y = {(t,e2")) : t € [a,b]}. Then there exists an admissible mesh B = {B,, : n €
N*} on ¥ for P,(R?) with #B, = O(n*).

Corollary 4.4. Let K be a smooth compact algebraic curve in R? without boundary. Then there exists an optimal admissible mesh
A={A,CK:neN'}

Proof. 1t is known that dim P, (K) = O(n) when n is sufficiently large (see [2]). The main theorem in [6] asserts that K admits the
tangential Markov inequality of the form

IDrplx < M(degp)|pllk. pePR®RY).

By Proposition 4.1, we can construct an optimal mesh A = {A, C K : n > 1} such that #4,, = O(n). O

On the other hand, if K is an arc of a smooth algebraic curve K in R? in which we allow end points of K, then K behave just as the
Markov inequality of [—1, 1]. The following inequality was proved in [6, Proposition 6.1],

IDrplx < M(degp)?|pllk, pEPR?).
By Proposition 4.1, we have the following corollary.

Corollary 4.5. Let K be an arc of a smooth algebraic curve K in R2. Then there exists an admissible mesh A = {Ay,CK:n>1}
such that #A, = O(n?).

Finally, when the algebraic curves are not smooth, it can admit the tangential Markov inequality, but the exponent is bigger. In [7,
Theorem 3] the authors showed that if y = {(x,x") : x € [0, 1]} where r = [/m, [ > m positive integers, is in the lowest term, then

|Drplly < C(degp)®™|Iplly, p € Pa.

Proposition 4.1 guarantees the existence of an admissible mesh A = {4, C 7: n € N*} such that #4,, = O(n>™).

In the above results, we have constructed admissible meshes on some kind of curves. If the compact curves admit Jackson-type
theorems, then we can use Theorem 2.2 to obtain uniform approximation results. Here we only deal with smooth compact algebraic
curves in R? without boundary. We recall the definition of Ragozin [27]. Let K be such a curve. For 0 < o <1 and kK > 0. We
say that a function f : K — R belongs to C©(®) (K) if for each x € K there exists a chart @ : (—1,1) — K with x € intg((—1,1)) and
fope Ck’(‘x)(—l, 1),ie.,

wp 1Y) (e _
sre(—1,1),s%t s —|

In [27, Section 2], Ragozin proved the following approximation property

disty (f,Pa(RY)) = O(nk%) @D

Corollary 4.6. Let K be a smooth compact algebraic curve in R? without boundary. Let A = {A,} be the optimal admissible meshes
constructed in Corollary 4.4. Let f € C*(®) (K) with0 < o < 1. Then
1
If—S(An: f)llx = 0(m)~

Proof. From Theorem 2.2 we get
1 =S )k < (142044, ) distk (£, Pa(R?)).

Since #A,, = O(n), relation (21) implies the desired relation. The proof is complete. O
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