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Approximation error of generalized Shannon sampling operators
with bandlimited kernels in terms of an averaged modulus of
smoothness
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Abstract

The aim of this paper is to study the approximation properties of generalized sampling operators in
terms of an averaged modulus of smoothness.
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1 Introduction

For the uniformly continuous and bounded functions f € C(R) the generalized sampling series are given by (t € R; W > 0)

Swft) = i f( « Js(We —k) €Y
" - k=—o00 w ’ ’
where the condition for the operator Sy, : C(R) — C(R) to be well-defined is
Dl lsw—kl<oo (ueR), )
k=-00

the absolute convergence being uniform on compact intervals of R.

If the kernel function is .
. sint
s(t) = sinc(t) := s
Tt

which do not satisfy (2), we get the classical (Whittaker-Kotel'nikov-)Shannon operator,

. > k
Sy f)t) = Z fQ ) sine(We —k).

k=—00

Because sinc(t) € L'(R) the series (S‘SAi/“C f) for an arbitrary function f € C(R) may be divergent. A set of fixed points of the
sampling operator Sf,\i,"c is equal to the Bernstein class BY,, (if p = oo, then B? with o < nW) - the class of those bounded
functions f € LP(R) (1 < p < 00) which can be extended to an entire function f(z) (z € C) of exponential type o ([1] or [2],
43.1), 1. e.,

F@I<e™Mfllc (z=x+iyeC).

The idea to replace the sinc kernel sinc(-) & L*(R) by another kernel function s € L!(R) appeared first in [3], where the case
s(t) = (sinc(t))? was considered. A systematic study of sampling operators (1) for arbitrary kernel functions s with (2) was
initiated at RWTH Aachen by P L. Butzer and his students since 1977 (see [4], [1], [5] and references cited there).

Since in practice signals are however often discontinuous, this paper is concerned with the convergence of Sy, f to f in
the LP(R)-norm for 1 < p < oo, the classical modulus of continuity being replaced by the averaged modulus of smoothness
T(f;1/W),. For the classical (Whittaker-Kotel'nikov-Shannon) operator this approach was introduced by P L. Butzer, C. Bardaro,
R. Stens and G. Vinti (2006) in [6] for 1 < p < co. For time-limited kernels s this approach was applied for 1 < p < oo in [7] and
[8].

In this paper we study an even band-limited kernelss, i.e. s € B}[, defined by an even window function A € C[_; ;;, A(0) =1,
A(u) =0 (Jul = 1) by the equality

1

s(t) :=s(A;t):= f A(u) cos(mtu) du. 3

0
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In fact, this kernel is the Fourier transform of A € L!(R),

s(t) = \/gk’\(nt). @

We first used the band-limited kernel in general form (3) in [9], see also [10]. We studied the generalized sampling operators
Sy : C(R) — C(R) with the kernels in form (3) in [11], [12], [13], [14], [15] and [16]. We computed exact values of operator
norms
ISwll :== sup [ISyfllc
lIflles1
and estimated the order of approximation in terms of modulus of smoothness. In this paper we give similar results for L?(R)
norm in terms of the averaged modulus of smoothness.

2 Preliminary results

In this section we follow the approach of Butzer et al [6] of convergence problems of Shannon sampling series in a suitable
subspace of LP(R).

2.1 Averaged modulus of smoothness

The Bulgarian school under Sendov [17] has introduced a so-called averaged modulus of smoothness 7,(f; 5),. However, in
Sendov and Popov [17] this modulus is only studied for bounded, measurable functions f : [a, b] — R, whereas (at least) in
sampling analysis one needs signals f : R — R (or C). For this purpose Butzer, Bardaro, Stens and Vinti [6] extended the concept
of this averaged modulus to functions belonging to the space

M(R) := {f : R — C; f measurable and bounded on R}.

Let f € M(R) and 6 > 0. The k-th averaged modulus of smoothness for
1 < p < oo is defined as ([6], Def. 1)

T (f50)p = llew(f 55 )l 5)
where w,(f;t;6) is a local modulus of smoothness of order k e N at t € R
0 kh kh k& k&
wi(f;£56) :=sup{| A f (x)]; x — Xt elt-— e+ 0L
where the central difference is given by
0 k k k
B =30 () e+ G -om ©

Classical modulus of smoothness ([18], p.76) is defined for f € C(R) and 6 = 0 by
wi(f;0)c = ‘i}lﬁé lAkf Olles

and for f € LP(R) (1 < p < o00) by
wi(f38), = sup 1 AKf Ol,-
lhi<é
The averaged modulus of smoothness has the following properties ([6], Proposition 4, [19], 4.6.6):
T (f;6)c = wi(f;0)c,

Tk(f;é)oo = wk(f;6)w7 (7)
wi(f;0), <71(f;6), (1<p<o0),
wi(f,h8), <[14+h]*wi(f,8), foranyh>0(1<p <o),

where | x| is the largest integer less than or equal to x € R.

2.2 The space AP

Since the sampling series S, f of (1) of an arbitrary LP-function f may be divergent, we have to restrict the matter to a suitable
subspace. Further, since we want to use the 7- modulus as a measure for the approximation error, we have to ensure that it is
finite for all functions under consideration. In [6] was proved that we can define a suitable subspace as follows

Definition 2.1 ([6], Def. 10, [7], Def. 2.1).

(a) Asequence % :=(x;);e; C R is called an admissible partition of R or an admissible sequence, if it satisfies

O0<infA; <supA; <oo, Aj:=Xx;—X_.
JEL i
JEL
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(b) Let X :=(x;)jez C R be an admissible partition of R. The discrete £”(Z)-norm of a sequence of function values fy on X of a
function f : R — C is defined for 1 < p < oo by

1/p
1f llep sy := {Z|f(xj)|ij} :

JEZ
(c) The space AP for 1 < p < oo is defined by
AP :={f € M(R); ||fllzp(zy < oo for each admissible sequence X}.

Il lp(zy is @ seminorm on AP.
It can be shown (see [6], Proposition 18) that if f € AP NR,,.(R) for 1 < p < oo we have

lim 7,(f; 8), =0, ®
where R;,.(R) := {f : R — C, is locally Riemann integrable on R}. We have for 1 < p < oo that B), & W G AP GLP, where
W) = {f € LP;f €AC/,,f"” € L}

loc?

is the classical Sobolev space.
In the following we consider the uniform partitions %, := (j/W);c; C R for W > 0 only. For these partitions we have

1
Uf vy = {WZ

JEZL

iz 1 :
)l | St e W, ©

2.3 Sampling operators

For the classical (Whittaker-Kotel'nikov-)Shannon operator we have (see [6], Corollary 33) that if f € A’ NR;,.(R) for 1 <p < o0
we have ‘

Jim [IS7f = I, = 0. (10
Holds the following theorem:
Theorem 2.1 ([6], Th. 32). Let f € AP for 1 < p < o0, any r € N. Then

. 1
ISwef = Flly < e 7,03 357Dy v

The constants c, are independent of f and W.
The most general kernel for the sampling operators Sy, in (1) is defined in the following way.
Definition 2.2 ([5], Def. 6.3). If s : R — C is a bounded function such that

00
Dl lsw—kl<oo (ueR), (12)
k=-00
the absolute convergence being uniform on compact subsets of R, and

00

Dlsu-k)=1 (ueR), (13)
k=—00
then s is said to be a kernel for sampling operators (1).
The absolute moment of order r =0, 1,2,... of a kernel s is defined by

[oe]

m,(s) =sup M [u—k||s(u—Kk)|. (14)
ueRr k=—o0

The definition formulated above guarantees that operators (1) give approximations for continuous functions f € C(R).

Theorem 2.2 ([1], Th. 4.1). Lets € C(R)NL'(R) be a kernel. Then {Sy },,-, defines a family of bounded linear operators from

C(R) into itself, satisfying

ISwll =sup > Isu— Kl = mo(s) (W >0). (15)
UER j— oo

For f € AP we have:

Proposition 2.3 (cf [7], Proposition 3.2). Let s € M(R) N L*(R) be a kernel. Then {Sy },,+, defines a family of bounded linear
operators from AP into LP, 1 < p < oo, satisfying (1/p+1/q=1)

ISw £ll, < me/“OlIsIE?llf lerwy (W > 0). (16)

If the kernel s is time-limited, i.e. there exists Ty, T; € R, T, < T; such that s(t) =0 for t & [T,, T, ], then if f € AP NR;,.(R)
for 1 < p < 0o, we have (see [7], Th. 4.4)
Jim [18,f = £1l, =0. a”
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3 Bandlimited kernels

In the following we assume that our kernel s in (3) belongs to L!(R), which yields s € B}[, because the Fourier transform of s,

1 X
sMx z—l(—) implies s*(x) = 0 for |x| = m. 18
(x) 722"\ x p (x) | x| (18)

For the band-limited functions s € B2 < L?(R) the norm (15) is related to the norm |[s]|, as shown in following.
Theorem 3.1 (Nikolskii inequality; [20], p.124, [21], Th. 6.8). Let 1 < p < co. Then, for every s € B?,

00 1/p
Isll, < su}g{ > |s(u—k)|P} <1 +0)lsll,.
ue

k=—00

From the Nikolskii inequality we see that our assumption s € L!(R) is sufficient for (12) and thus s in (3) is indeed a kernel
in the sense of Definition 2.2.

These types of kernels arise in conjunction with window functions widely used in applications (e.g. [22], [23], [24], [25]),
in Signal Analysis in particular. Unfortunately bandlimited kernels do not have compact support. Many kernels can be defined by
3).

1) A(u) =1 defines the sinc function.

2) A(u) = 1 — u defines the Fejér kernel sz (t) = %siané (cf. [3]).

3) Aj(u) :=cosn(j+1/2)u, j=0,1,2,... defines the Rogosinski-type kernel (see [9]) in the form

1. o1 . o1
ri(t) == 5 (51nc(t+]+§)+smc(t—]— 5))' (19)
4) Ay (u) := cos? o= %(1 + cos mtu) defines the Hann' kernel (see [14])
()= 1 sinct (20)
sy(t) = 21_g
5) The general cosine window
Aca(W) := ) ajcoskmu 2D
k=0
defines the Blackman-Harris kernel (see [15])
1 m
scalt) == 3 Z a (sinc(t — k) + sinc(t + k)), (22)
k=0
provided (here and following | x| is the largest integer less than or equal to x € R)
5] 52 .
Z Ay = Qo1 = 5 (23)
k=0 k=1
We get Hann kernel (20) if we take m =1 in (22).
6) Powers of the Hann window (see [24], formula(25a))
nu
Apm(W) 1= cos™ (7) 24

= Zi’” i (’:) cos ((k - %)nu) , (25)

k=0
give a general Hann kernel in the form
r(l+m)
ty=2" . 26
i) FA+2—OrA+2+0) 26)
From ([14], Prorposition 2) we have that for m=0,1,2,...,and £ <m
1 =m—t¢ m—{
SH,m(t)ZW;( K )SH,e(H'k— T)- 27)

Comparing the window function A ,, in (25) and the general cosine window A, , in (21) we see that the general Hann kernel
in case of m = 2n (n € N) is a special case of the Blackman-Harris kernel. Indeed sy ,, = s¢ o+, Wwhere the parameter vector

2 2
a* € R*! has components a; = 7 (7") and a; = 7 () fork=1,2,...,n.

I"Hann" is the correct name of this window, although the conventional usage is "Hanning". It is named after the well-known Austrian meteorologist Julius Ferdinand
von Hann (1839-1921) (see [23], pp. 95-100, [24])
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4 Sampling operators with kernels, which are linear combinations of translated sinc
functions

Many kernels, we considered for sampling operators Sy, f : C(R) — C(R) are in fact linear combinations of translated sinc-
functions. In this case we can use Theorem 2.1 for the estimates of speed of approximation.
4.1 Hann sampling operators

Let us first consider Hann sampling operators Hy,,, (m=0,1,2,...). The Hann kernel s ,(t) = o(|t]|™™ 1) as |t| — oo (cf. [26])
and we have rapidly decreasing kernels with small truncation error. If we take in (27) £ = 0 we have a linear combination of
sinc-functions because sy , = sinc.

Theorem 4.1. Let Hy,,, (m = 1,2,...) be the Hann sampling operator defined by (1) with the kernel (26). Then for f € A”
(1<p<)

1
1Hwmf = flly < MuTa(f5 370, (28
The constant M,, is independent of f and W. Moreover, if f € AP "R, (R) for 1 < p < oo, we have
lim [[Hy,f = £, =0.
ProOF: According to (27) the sampling series Hy, . f has the form

1

1
(Hyf )(t) = 5 |:(Hw,m—1f)(f - Il/V)+ (Hym-1 f(t + ﬁ)} .

o
We obtain

1 1 1 1 1
HynfXO-FO) = 3 [(Hw,m_lf)(r—W)—f(t—W)+(Hw,m_1f)(r+ﬁ>—f<r+m)

1 1
t——)—2f(t t+—)1,
e ) =2 O+ )|
which gives
1 1
WHnf = £l < Hmorf = Flly + 50205 50
The proof by induction shows that
m 1
1Hwmf = Flly < 1Hwof = fll, + 5 w2(f5 57,

Since Hy, o = Sfj,”c the Theorem 2.1, taking into account the properties of the averaged modulus of smoothness, implies the
following

1 m
1 f = Fllp <75 50 (24 5 ):

The last assertion follows from (28) and (8). n

4.2 Blackman-Harris sampling operators

For the general Blackman-Harris sampling operator Cy,, we have the estimate of speed of approximation via averaged modulus
of smoothness of order 2.

Theorem 4.2. Let Cy,, be the Blackman-Harris sampling operator defined by (1) with the kernel (22), then for f € AP (1 < p < 00)

1
Cnaf = Fllp < MaTalf 7 )pe 29)
The constant M, is independent of f and W. Moreover, if f € AP "R, (R) for 1 < p < oo, we have
Jim [1Gyaf = £, =0.

Proor: The Blackman-Harris kernel (22) is a linear combination of translated sinc-functions. This allows us to give for the
corresponding operator Cy,, the representation

%Zf(%)iak (sinc(Wt —j+k) +sinc(Wt —j — k))
k=0

JEL

D (Zf(%)sinc(Wt —j+k)+Zf(%)sinc(Wt —j- k))

jE€!

m

k=0 JEZ JEZ
m

k=

PN (GBI %) + (St = %)),

0

(Cwaf (1)

N~

N =
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which results

(Cwaf)(0) = f(2)

%gak [((S“"Cf)(t ) (G (RO Ry (gt (30)
k
+ (re-g-2ser )]

If we take LP norm of (31), we get

ICuwaf =11l Z|ak|(||sm°f Fllp+ 3182, £1,).

Now we can use Theorem 2.1, the definition and properties of modulus of smoothness and the properties of the averaged
modulus of smoothness:

1Cuaf = Flly < Sl (555 0y 4 2alFs o), ) < s o, Dl (e + 5 ):
k=0 k=0

The last assertion follows from (29) and (8). |
Some special choices of the parameter vector a for the general Blackman-Harris sampling operator Cy,, allow us to estimate
of speed of approximation via averaged modulus of smoothness of higher order than 2.

Proposition 4.3. For m €N, 1 < { < m the kernel

m—{
Z(—l)j“qj[Af[ sinc(t — j) + A¥ sinc(t + )] 31
=)

s(t) =sinc(t) — 2

with qe R™¢+1, 3™ =1 is a Blackman-Harris kernel s¢ 5 with parameter vector a(q) € R™*".

]OqJ

Proof. The Blackman-Harris kernels are combinations of translated sinc functions. The coefficients of positive and negative
translated sinc functions are equal and the sum of coefficients of both even- and odd-translated sinc functions are equal to 1/2.
We show that all the assertions hold for (31).
Denote .
. (_1)]+Z o0 . . )T .
Sy, (t) 1= sinc(t) — Ero [A7 sinc(t — j) + A7 sinc(t + 7)1, (32)

which allows us to represent the kernel (31) in the form

m—{
S(6) = D q;8me i (O)-
j=0

We get from (32), using the central differences in form (6), the representation

—1)+ j+e 20
Sme,j(t) = sine(t) — ZTLA? [sinc(t — j) + sinc(t + j)] = sinc(t) — 22[11 Z( l)k( ) [sinc(t —j+£ — k) +sinc(t +j+£ —k)].

It is well known that sums of binomial coefficients (2:) with both even and odd k are equal to 2%~!. Using this result we can see
that the sum of coefficients of sinc functions with odd translates is equal to
20-1

220+1 2

and the sum of coefficients of sinc functions with odd translates is equal to
1 92-19 — l

220+1 2’

which indicates that the kernel s, , ; in (32) is a Blackman-Harris kernel and the kernel (31) is Blackman-Harris kernel if

1—

~

n—

qg; =1

.
Il
o

Now we are able to prove the following theorem:
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Theorem 4.4. For Cy, (a€R™) let £, 1 < € < m be fixed. If there exists a parameter vector q € R™ 1, such that we have for
the kernel (22) a representation via central differences (6) in form (31), then for f € AP (1 <p < c0)

Cuaf = Flly < Mo 200 (33
The constant M, is independent of f and W. Moreover, if f € A’ NR;,.(R) for 1 < p < oo, we have
Tim [[Cyaf = £, =0.
Proor: The representation (31) allows us to give for the corresponding operator Cy, , the representation
. 1 o _ ko , k
(Cuaf HO) = (S F)O) = 357 ;(—1)“@ (A2 S+ 7+ A% S fE - 30),

which results

: RS o : k k
CrafXO=1(0) = (SN0 == 7 2D ay [Af‘}w((si;"cf)(ﬂrW)—f(t+W)) (34)

o . k k 1 o k. o k
+ A (e -y - - W))] - g LD e (AT )+ A Fet ).
=0
If we take LP norm of (35), we get

m—{ m—{
. o 1
Cuaf = Fllp <USF = £y (1 Y laul) + 1820 £ 1l 557 D 4l
k=0 k=0

Now we can use Theorem 2.1, the definition and properties of modulus of smoothness and the properties of the averaged

modulus of smoothness: . .
1 — 1 &

ICwaf = Fllp < T2(F3 50 (Cu (12 0ad) + 5 |qk|) :
k=0 k=0

The last assertion follows from (33) and (8). n
We give some examples, how to apply Theorem 4.4. If we take m = 3, then there exist one Blackman-Harris operator, for
which we have the estimate of order of approximation via T-modulus of smoothness of order 6.

Corollary 4.5. Take m = 3 and { = 3 in Theorem 4.4. Then we have the estimate of order of approximation of the corresponding
sampling operator Cy, ,« in terms of T-modulus of smoothness of order 6. The corresponding parameter vector a* is in form:

1
a* = —(22,15,-6,1).
32

For m = 3 and { = 2 we have a family, depending on one parameter q, of sampling operators.

Corollary 4.6. Take m =3 and { = 2 in Theorem 4.4. Then we have the estimate of order of approximation of the corresponding
sampling operator Cw,a, in terms of T-modulus of smoothness of order 4. The corresponding parameter vector, depending on a
parameter q € R, is in form

1

15(10+29,8-9,-2-2q,9).

Some choices of the parameter g in Corollary 4.6 give us sampling operators with special properties.

Remark. If we take ¢ = 0 in Corollary 4.6, then we have the case, corresponding to m = 2 and £ = 2 in Theorem 4.4. If we take
q = —1 in Corollary 4.6, then the sampling operator EW,L ,» defined by (1) with the kernel s(t) = 2s. , , (2t) is interpolating (see
[16D.

aq=

4.3 Subordination by Rogosinski-type sampling operators

The Rogosinski-type sampling operators give us the opportunity to represent other sampling operators with even bandlimited
kernels s € B}r. Indeed, in [9] we proved the following subordination equalities

Swf =2 s(j+1/2)Ry,f, (35)
j=0

Swf —fF =2 5G +1/2) Ry f — f)- (36)
j=0

By (16) we have for f € AP, 1 < p < o0, satisfying (1/p+1/g=1)

IRw,if NI, < m I 1 lopuy (W > 0). (37)
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For the operator norm we proved (see [12] or [9], Th. 3), that
43, 1 2 .
molr) =Rl = 22y = Z U+ D+ (=01,

We can show, that

2j

2
Il =23 (=1 (SeiCe + 1) = Sci(®)) = ZIn(i+ D+0(1) (G=0,1,...)
=0

where the integral sinc is defined by

Sci(x) := J sinc(v)dv.

So we need
[ @)

D 1sG +1/2)|log(j +1) < 00

Jj=0

for (35). To use (36) we need
D IsG+1/2)IG+1)* < oo,
=0

as the proof of the following theorem suggest.

Theorem 4.7. Let Ry,; (j = 0,1,2,...) be the Rogosinski-type sampling operator defined by (1) with the kernel (26), then for
feAN (1<p<o)

1
IRy, f = fll, < M;T,(f; W)p. (38)
The constant M; is independent of f and W. Moreover, if f € A* NR;,(R) for 1 < p < oo, we have
Tim [IRy,,f = fll, = 0.

Proor: The Rogosinski-type kernel (19) is a aritheoremetic mean of two translated sinc-functions. This allows us to give for
the corresponding operator Ry, ; the representation

1 . 2j+1 . 2j+1
RusF O = 5 (S + 20y + (53— 200,

The rest of the proof is analogous to the proof of Theorem 4.2. [ |
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