Chapter III

Boundary Value Problems

1 Introduction

We shall recall two classical boundary value problems and show that an
appropriate generalized or abstract formulation of each of these is a well-
posed problem. This provides a weak global solution to each problem and
motivates much of our latter discussion.

1.1

Suppose we are given a subset G of R" and a function F' : G — K. We
consider two boundary value problems for the partial differential equation

—Apu(z) +u(zr) = F(x) , zeqG. (1.1)

The Dirichlet problem is to find a solution of (1.1) for which v = 0 on 9G.
The Neumann problem is to find a solution of (1.1) for which (du/dv) =0
on JG. In order to formulate these problems in a meaningful way, we recall
the first formula of Green

/ ((Apu)v + Vu - Vo) :/ @v :/ MU - YoU (1.2)
@ aa Ov oG

which holds if G is sufficiently smooth and if u € H?(G), v € H'(G). Thus,
if u is a solution of the Dirichlet problem and if v € H?(G), then we have
u € H}(G) (since you = 0) and (from (1.1) and (1.2))

(uuv)Hl(G) = (Fav)LQ(G) s v E H&(G) . (13)
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Note that the identity (1.3) holds in general only for those v € H(G) for
which v = 0. If we drop the requirement that v vanish on O0G, then
there would be a contribution from (1.2) in the form of a boundary integral.
Similarly, if v is a solution of the Neumann problem and v € H?(G), then
(since yiu = 0) we obtain from (1.1) and (1.2) the identity (1.3) for all
v € HY(G). That is, u € H*(G) and (1.3) holds for all v € H*(G).

Conversely, suppose u € H?(G) N H}(G) and (1.3) holds for all v €
H}(G). Then (1.3) holds for all v € C§°(G), so (1.1) is satisfied in the sense
of distributions on G, and yyu = 0 is a boundary condition. Thus, u is a
solution of a Dirichlet problem. Similarly, if u € H?(G) and (1.3) holds for
all v € HY(G), then C§°(G) C H(G) shows (1.1) is satisfied as before, and
substituting (1.1) into (1.3) gives us

/ YU - yov =0, ve HY(G) .
oG

Since the range of 7q is dense in L?(9G), this implies that y;u = 0, so u is
a solution of a Neumann problem.

1.2

The preceding remarks suggest a weak formulation of the Dirichlet problem
as follows:

Given F € L*(G), find u € H}(G) such that (1.3) holds for all
u € H}(G).

In particular, the condition that u € H?(G) is not necessary for this formu-
lation to make sense. A similar formulation of the Neumann problem would
be the following:

Given F € L?*(G), find u € H'(G) such that (1.3) holds for all
v e HY(G).

This formulation does not require that u € H%(G), so we do not necessarily
have y1u € L?*(0G). However, we can either extend the operator v so (1.2)
holds on a larger class of functions, or we may prove a regularity result to the
effect that a solution of the Neumann problem is necessarily in H?(G). We
shall achieve both of these in the following, but for the present we consider
the following abstract problem:
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Given a Hilbert space V and f € V’, find u € V such that for all
veV

(U?U)V - f(l)) .

By taking V = H}(G) or V. = H'(G) and defining f to be the functional
f(v) = (F,v)p2 () of V', we recover the weak formulations of the Dirichlet
or Neumann problems, respectively. But Theorem 1.4.5 shows that this
problem is well-posed.

Theorem 1.1 For each f € V', there exists exactly one uw € V' such that
(u,v)y = f(v) for allv € V, and we have |Jully = || f]v'.

Corollary If u; and us are the solutions corresponding to fi and fo, then

lur —uzllv = |[f1 — fallvr -

Finally, we note that if V = H}(G) or HY(G), and if F € L?*(G) then
[ fllv: < |F||z2(c) where we identify L?*(G) C V' as indicated.

2 Forms, Operators and Green’s Formula

2.1

We begin with a generalization of the weak Dirichlet problem and of the
weak Neumann problem of Section 1:

Given a Hilbert space V, a continuous sesquilinear form af(-, ) on
V,and f € V', find u € V such that

a(u,v) = f(v), veV. (2.1)

The sesquilinear form a(-,-) determines a pair of operators «, 3 € L(V)
by the identities

a(u,v) = (a(u),v)y = (u, B(V))v , u,veV . (2.2)

Theorem I.4.5 is used to construct o and § from a(-,-), and a(-,-) is clearly
determined by either of a or 3 through (2.2). Theorem 1.4.5 also defines the
bijection J € L£(V',V) for which

f)=U(foyv, feV , veV.
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In fact, J is just the inverse of Ry . It is clear that u is a solution of the
“weak” problem associated with (2.1) if and only if a(u) = J(f). Since J is
a bijection, the solvability of this functional equation in V' depends on the
invertibility of the operator «. A useful sufficient condition for a to be a
bijection is given in the following.

Definition. The sesquilinear form a(-,-) on the Hilbert space V is V-
coercive if there is a ¢ > 0 such that

la(v,v)| > c||v]|? , velV. (2.3)

We show that the weak problem associated with a V-coercive form is
well-posed.

Theorem 2.1 Leta(-,-) be a V -coercive continuous sesquilinear form. Then,
for every f € V', there is a unique u € V' for which (2.1) is satisfied. Fur-
thermore, ||ully < (1/c)[|f|lv'.

Proof: The estimate (2.3) implies that both o and [ are injective, and we
also obtain
la@)llv Zcllollv, veV.

This estimate implies that the range of « is closed. But [ is the adjoint of « in
V, so the range of o, Rg(a), satisfies the orthogonality condition Rg(a)* =
K(B) = {0}. Hence, Rg(a) is dense in V, and this shows Rg(a) = V. Since
J is norm-preserving the stated results follow easily.

2.2

We proceed now to construct some operators which characterize solutions of
problem (2.1) as solutions of boundary value problems for certain choices of
a(-,-) and V. First, define A € L(V,V’) by

a(u,v) = Au(v) , u,v €V . (2.4)

There is a one-to-one correspondence between continuous sesquilinear forms
on V and linear operators from V to V', and it is given by the identity (2.4).
In particular, u is a solution of the weak problem (2.1) if and only if u € V
and Au = f, so the problem is determined by A when f € V' is regarded
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as data. We would like to know that the identity Au = f implies that u
satisfies a partial differential equation. It will not be possible in all of our
examples to identify V'’ with a space of distributions on a domain G in R"™.
(For example, we are thinking of V = H!(G) in a Neumann problem as in
(1.1). The difficulty is that the space C§°(G) is not dense in V.)

There are two “natural” ways around this difficulty. First, we assume
there is a Hilbert space H such that V' is dense and continuously imbedded
in H (hence, we may identify H' C V') and such that H is identified with
H' through the Riesz map. Thus we have the inclusions

Ve H=H <V
and the identity

f)=(f,v)m , feH , veV. (2.5)

We call H the pivot space when we identify H = H' as above. (For example,
in the Neumann problem of Section 1, we choose H = L?(G), and for this
choice of H, the Riesz map is the identification of functions with functionals
which is compatible with the identification of L?(G) as a space of distribu-
tions on G; cf., Section 1.5.3.) We define D = {u € V : Au € H}. In the
examples, Au = f, u € D, will imply that a partial differential equation is
satisfied, since C§°(G) will be dense in H. Note that w € D if and only if
u € V and there is a K > 0 such that

la(u,v)| < Klvllm, veV.
(This follows from Theorem 1.4.5.) Finally, we obtain the following result.

Theorem 2.2 If a(-,-) is V-coercive, then D is dense in V', hence, dense
mn H.

Proof: Let w € V with (u,w)y = 0 for all w € D. Then the operator g
from (2.2) being surjective implies w = [(v) for some v € V. Hence, we
obtain 0 = (u,B(v))y = Au(v) = (Au,v)g by (2.5), since u € D. But A
maps D onto H, so v = 0, hence, w = 0.

A second means of obtaining a partial differential equation from the
continuous sesquilinear form a(-,-) on V' is to consider a closed subspace Vj
of V,let i : Vo — V denote the identity and p = ¢ : V' — Vj the restriction
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to Vo of functionals on V, and define A = pA : V — Vj. The operator
A € L(V, V) defined by

a(u,v) = Au(v) , ueV ,vel

is called the formal operator determined by a(-,-), V and Vj. In examples,
Vo will be the closure in V' of C§°(G), so Vj is a space of distributions on G.
Thus, Au = f € V{§ will imply that a partial differential equation is satisfied.

2.3

We shall compare the operators A and A. Assume Vj is a closed subspace
of V, H is a Hilbert space identified with its dual, the injection V — H
is continuous, and Vj is dense in H. Let D be given as above and define
Dy ={u €V : Au € H}, where we identify H C V{. Note that u € Dy if
and only if v € V and there is a K > 0 such that

la(u, v)| < Klvllzr,  veV,

so D C Dqy. It is on Dy that we compare A and A. So, let u € Dy be fixed
in the following and consider the functional

o(v) = Au(v) — (Au,v) g veV. (2.6)

Then we have ¢ € V' and ¢|y, = 0. But these are precisely the conditions
that characterize those ¢ € V' which are in the range of ¢’ : (V/Vp) — V',
the dual of the quotient map ¢ : V' — V/Vj. That is, there is a unique
F € (V/Vy) such that ¢/(F) = Foq = ¢. Thus, (2.6) determines an
F € (V/Vy) such that F(q(v)) = ¢(v), v € V. In order to characterize
(V/Vb), let Vi be the kernel of a linear surjection v : V' — B and denote
by 4 the quotient map which is a bijection of V/V{ onto B. Define a norm
on B by [|4(2)|lB = [|Z[ly/v, so 4 is bicontinuous. Then the dual operator
3+ B" — (V/Vbh)' is a bijection. Given the functional F' above, there is a
unique 9 € B’ such that F' = 4/(9). That is, F = 0 o 4. We summarize the
preceding discussion in the following result.

Theorem 2.3 LetV and H be Hilbert spaces with V' dense and continuously
imbedded in H. Let H be identified with its dual H' so (2.5) holds. Suppose
is a linear surjection of V. onto a Hilbert space B such that the quotient map
4 : V/Vy — B is norm-preserving, where Vy, the kernel of v, is dense in H.
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Thus, we have Vo < H < V. Let A € L(V,V') and define A € L(V,V})
by A = pA, where p: V' — V is restriction to Vy, the dual of the injection
Vo = V. Let Dy ={u €V : Au € H}. Then, for every u € Dy, there is a
unique O(u) € B" such that

Au(v) — (Au,v) g = 0(u)(y(v)) , veV. (2.7)
The mapping 0 : Dy — B’ is linear.

When Vj is a space of distributions, it is the formal operator A that
determines a partial differential equation. When < is a trace function and
Vo consists of those elements of V' which vanish on a boundary, the quotient
V/Vy represents boundary values of elements of V. Thus B is a realization of
these abstract boundary values as a function space and (2.7) is an abstract
Green’s formula. We shall call 0 the abstract Green’s operator.

Example. Let V = HY(G) and v : HY(G) — L?(0G) be the trace map
constructed in Theorem II1.3.1. Then HE(G) = Vp is the kernel of v and
we denote by B the range of 7. Since 4 is norm-preserving, the injection
B < L?(0G) is continuous and, by duality, L?(0G) C B’, where we identify
L?(0G) with its dual space. In particular, B consists of functions on G and
L?(0G) is a subspace of B’. Continuing this example, we choose H = L?(G)
and a(u,v) = (u,v)g1(), 0 Au = —Apu+u and Dy = {u € H'(G) :
Apu € L?(G)}. By comparing (2.7) with (1.2) we find that when G is
smooth 0 : Dy — B’ is an extension of §/0v = v, : H*(G) — L*(9G).

3 Abstract Boundary Value Problems

3.1

We begin by considering an abstract “weak” problem (2.1) motivated by
certain carefully chosen formulations of the Dirichlet and Neumann problems
for the Laplace differential operator. The sesquilinear form a(-,-) led to two
operators: A, which is equivalent to a(-, -), and the formal operator A, which
is determined by the action of A restricted to a subspace V of V. Tt is A that
will be a partial differential operator in our applications, and its domain will
be determined by the space V' and the difference of A and A as characterized
by the Green’s operator 0 in Theorem 2.3. If V is prescribed by boundary
conditions, then these same boundary conditions will be forced on a solution



66 CHAPTER III. BOUNDARY VALUE PROBLEMS

u of (2.1). Such boundary conditions are called stable or forced boundary
conditions. A second set of constraints may arise from Theorem 2.3 and
these are called unstable or variational boundary conditions. The complete
set of both stable and unstable boundary conditions will be part of the
characterization of the domain of the operator A.

We shall elaborate on these remarks by using Theorem 2.3 to characterize
solutions of (2.1) in a setting with more structure than assumed before. This
additional structure consists essentially of splitting the form a(-,-) into the
sum of a spatial part which determines the partial differential equation in
the region and a second part which contributes only boundary terms. The
functional f is split similarly into a spatial part and a boundary part.

3.2

We assume that we have a Hilbert space V and a linear surjectiony: V' — B
with kernel V) and that B is a Hilbert space isomorphic to V/Vj. Let V be
continuously imbedded in a Hilbert space H which is the pivot space iden-
tified with its dual, and let V) be dense in H. Thus we have the continuous
injections Vy < H — Vj and V < H < V' and the identity (2.5). Let
a1:V xV —Kand as : Bx B — K be continuous sesquilinear forms and
define

a(u,v) = a1(u,v) + az(yu,yv) , u,veV.
Similarly, let F € H, g € B, and define
f)=(Fv)g+g(w), veV.

The problem (2.1) is the following: find u € V' such that
a1 (u,v) + az(yu,yv) = (F,v)g + g(yv) , veV. (3.1)

We shall use Theorem 2.3 to show that (3.1) is equivalent to an abstract
boundary value problem.

Theorem 3.1 Assume we are given the Hilbert spaces, sesquilinear forms
and functionals as above. Let Ay : B — B’ be given by

AZSO(QZ)) = al(¢a¢) ) SO’Q;[) €B )
and A:V — Vj§ by

Au(v) = a1 (u,v) , ueV,vel.
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Let Dy ={u €V :Au € H} and 0y € L(Dy, B’) be given by (Theorem 2.3)
a1 (u,v) — (Au,v)g = O1u(yv) , ueDy,veV. (3.2)
Then, u is a solution of (3.1) if and only if
ueV, Au=F, Ow+Ax(yu)=g. (3.3)
Proof: Since as(vyu,yv) = 0 for all v € Vj, it follows that the formal oper-
ator A and space Dy (determined above by ai(-,-)) are equal, respectively,
to the operator and domain determined by a(-,-) in Section 2.3. Suppose u
is a solution of (3.1). Then u € V, and the identity (3.1) for v € V) and Vj
being dense in H imply that Au = F € H. This shows v € Dy and using
(3.2) in (3.1) gives

Oru(yv) + az(yu,yv) = g(yv) , veV.

Since 7 is a surjection, this implies the remaining equation in (3.3). Similarly,
(3.3) implies (3.1).

Corollary 3.2 Let D be the space of those u € V' such that for some F € H
a(u,v) = (F,v)mg , veV.

Then u € D if and only if u is a solution of (3.3) with g = 0.

Proof: Since Vj is dense in H, the functional f € V' defined above is in H

if and only if g = 0.

4 Examples

We shall illustrate some applications of our preceding results in a variety of

examples of boundary value problems. Our intention is to indicate the types
of problems which can be described by Theorem 3.1.
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4.1

Let there be given a set of (coefficient) functions
aij € L(G), 1<i,j<n; a€Ll™G), 0<j<n,

where G is open and connected in R”, and define

n

a(u,v) = / { Z aij(2)Ou(x)d;v(z) + f:aj(m)aju(m)v(w) } dzx

i,j=1 j=0

u,v € H(G) , (4.1)

where Gou = u. Let F € L*(G) = H be given and define f(v) = (F,v)q.
Let I" be a closed subset of G and define

V={ve H(G):y([)(s) =0, ae scT}.

V is a closed subspace of H!(G), hence a Hilbert space. We let Vo = Hi(G)
so the formal operator A : V — Vj C D*(QG) is given by

Au = — Z 6j(aij8iu) + Z ajaju .
7=0

1,j=1

Let v be the restriction to V of the trace map H(G) — L?*(0G), where
we assume 0G is appropriately smooth, and let B be the range of -, hence
B < L*(8G ~T) < B'. If all the a;; € C'(G), then we have from the
classical Green’s theorem

ou

a(u,v) — (Au,v)g :/ — -v(v)ds ue HXG),veV
aG~T Ova
where
D 3 Bl Yo ag ()
NS iu(s j:1am s)vj(s

denotes the (weighted) normal derivative on G ~ I'. Thus, the operator 0
is an extension of 9/0v4 from H?(G) to the domain Dy = {u € V : Au €
L?(G@)}. Theorem 3.1 now asserts that u is a solution of the problem (2.1)
if and only if u € HY(G), you =0 on T, du = 0 on G ~ T, and Au = F.
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That is, u is a generalized solution of the mized Dirichlet-Neumann boundary
value problem

u(s) =0, sel, (4.2)

=0, s€dG ~T.

If ' = OG, this is called the Dirichlet problem or the boundary value problem
of first type. If I' = (), it is called the Neumann problem or boundary value
problem of second type.

4.2
We shall simplify the partial differential equation but introduce boundary
integrals. Define H = L?(G), Vo = H}(G), and
ay(u,v) :/ Vu- Vv u,veV (4.3)
G

where V is a subspace of H!(G) to be chosen below. The corresponding
distribution-valued operator is given by A = —A,, and 0; is an extension of
the standard normal derivative given by

ou _
ov
Suppose we are given F € L%(G), g € L?(0G), and a € L*(0G). We define

Vu-v.

w(pd) = [ a@piE)ds, e e L06)
f) = (F,v)g + (9,%v) 20000, ©vEV,

and then use Theorem 3.1 to characterize a solution u of (2.1) for different
choices of V.
If V = HY(G), then u is a generalized solution of the boundary value

problem

—Ayu(x) = F(z) , zeqG,

0uls) | o(s)u(s) = gx) , 5 € DG . Y

ov

The boundary condition is said to be of third type at those points s € 0G
where a(s) # 0.
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For an example of non-local boundary conditions, choose V = {v €
HY(G) : y9(v) is constant}. Let g(s) = go and a(s) = ap be constants, and
define ag(-,-) and f as above. Then w is a solution of the boundary value
problem of fourth type

—Apu(x) = F(z) , red,
u(s) = up (constant) , s € 0G (4.5)

</ac agz(j) ds/ /aG ds) +ag - up = go -

Note that B = K in this example and ug is not prescribed as data. Also,
periodic boundary conditions are obtained when G is an interval.

4.3

We consider a problem with a prescribed derivative on the boundary in a
direction which is not necessarily normal. For simplicity we assume n = 2,
let ¢ € R, and define

a(u, v) = /G (81u(D1D + Do ) + Byu(DaD — 1D )} (4.6)

for u, v € V = HY(G). Taking Vo = H}(G) gives A = —A, and the classical
Green’s theorem shows that for u € H%(G) and v € H(G) we have

ou ou\ _
a(u,v) — (Au,v)2(q) = /BG <$ + CE> vds

where

—=Vu-71

or

is the derivative in the direction of the tangent vector 7 = (v, —v1) on 9G.
Thus 9 is an extension of the oblique derivative in the direction v+ c7 on the
boundary. If f is chosen as in (4.2), then Theorem 3.1 shows that problem
(2.1) is equivalent to a weak form of the boundary value problem

—Agu(x) = F(z) , zeG,

ou  Ou
E—ch—g(s), s € 0G .
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4.4

Let G1 and G4 be disjoint open connected sets with smooth boundaries 0G1
and 0Gs which intersect in a C'' manifold ¥ of dimension n — 1. If 1, and
vy denote the unit outward normals on dG; and 0G3, then vi(s) = —va(s)
for s € ¥. Let G be the interior of the closure of G; U G, so that

0G = 0G1 UGy ~ (X ~ 0%) .

For k = 1,2, let 7§ be the trace map H'(G},) — L*(0G},). Define V = H(G)
and note that yiui(s) = Y3ua(s) for a.e. s € ¥ when u € HY(G) and uy, is
the restriction of u to G, k = 1,2. Thus we have a natural trace map

v: HYG) — L*(0G) x L*(%)
U —> (fyoua’Y(%ul’Z) 5

where you(s) = y§ug(s) for s € Gy ~ X, k = 1,2, and its kernel is given by
Vo = Hj(G1) x Hg(Ga). )
Let a; € C1(G1), as € C*(G2) and define

a(u,v):/ a1Vu -V + asVu - Vv , uveV.
G1 G2

The operator A takes values in D*(G; U G2) and is given by

n

— Zaj(al(w)aju(w)) , r€G,
j=1
Au(z) =

n

=Y 9j(azx(2)9ju(x)) , = €Gs.
j=1
The classical Green’s formula applied to G; and G2 gives
6u1 _ 8UQ _
a(u,v) — (Au,v :/ a]— 5 + 0, 22 =
( ) ( )L2(G) pYen 1 (9V1 1 G, 281/2 9

for u € H*(G) and v € H(G). It follows that the restriction of the operator
0 to the space H?(G) is given by du = (9pu, 01u) € L?(0G) x L*(X), where

Oou(s) = ak(s)agky(s) ,ae s€E0Gy~%L, k=12,
k
Ouy (s) Oua(s)

—_— DI
B0 as(s) B0y s e
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Let f be given as in Section 4.2. Then a solution of u of (2.1) is characterized
by Theorem 3.1 as a weak solution of the boundary value problem

up € HY( , Zaal )Ojui(z) = F(z), xze€Gyp,
UQEH , Zaag )Ojus(z) = F(z), x€Gy,
Oouq (s
ai(s) 61V(1 ) =g(s), s€0GL ~ X,
Ous(s
as(s) ;Vg ) =g(s), s€0Gy ~ X,
ui(s) = ua(s) ,
Oui(s) Oua(s)
= .
ai(s) s + as(s) s 0, s €
Since v1 = —vp on X, this last condition implies that the normal derivative

has a prescribed jump on ¥ which is determined by the ratio of ai(s) to
as(s). The pair of equations on the interface ¥ are known as transition
conditions.

4.5

Let the sets G1, G2 and G be given as in Section 4.4. Suppose Yy is an
open subset of the interface ¥ which is also contained in the hyperplane
{x = (2/,2,) : z, = 0} and define V = {v € H}(G) : v{uls, € H'(Z0)}
With the scalar product

(U,U)V = (U?U)Hé(G) + (’Y(%ua’)/(%v)Hl(Eo) ) uwv eV,

V is a Hilbert space. Let v(u) = ¥§(u)|x be the corresponding trace operator
V — LX), so K(v) = H}(G1) x H}(G2) contains C§°(G1 U G3) as a dense
subspace. Let o € L*°(3) and define the sesquilinear form

a(u,v) = /GVU Vo + /Eo aV'(yu) - V'(yv) , u,veV. (4.7)

Where V' denotes the gradient in the first n—1 coordinates. Then A = —A,,
in D*(G1 U G2) and the classical Green’s formula shows that du is given by

_ [ (Ou g, Ou2 / 5
6u(v)—/2<aylv+ay20>+/EOaV(7(u))Vv
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for u € H?(G) and v € B. Since the range of v is dense in L*(Z ~ ), it
follows that if du = 0 then

Ouy (s) N Oua(s)

=0, eEX~Y.
81/1 81/2 5 0

But v1 = —15 on X, so the normal derivative of w is continuous across
¥ ~ ¥p. Since the range of v contains C§°(Xy), it follows that if du = 0
then we obtain the identity

S Buy—  Oug——
V' (yu)V’ +/-—- + 2Oy =0,  wev,
jgoa (Yw)V'(yv) Eanl(’w) 8y2(7v) v

and this shows that yul|x, satisfies the abstract boundary value

_ Oua(s) B Ouy(s)

~Buafu)s) = 22 0ul) ey,
(yu)(s) =0, s € 0¥y NG,
Alls) _ 5 € 0% ~ 0G

(9 141}

where vg is the unit normal on 0%, the (n — 2)-dimensional boundary of
3o.

Let F € L*(G) and f(v) = (F,v)12(g) for v € V. Then from Corollary
3.2 it follows that (3.3) is a generalized boundary value problem given by

—Ayu(z) = F(z) , reGiUGy ,
u(s) = 0 s S € 3G ,
Oui(s)  Oua(s)

= ) = , $ € Y~ X )

ua(s) = uz(s) on o ° ° (4.8)
_ Oua(s)  Ouy(s)
—Ap_qu(s) = oo o ° €Yo,
Ouls) _ g s € 0% ~ G .
81/0

Nonhomogeneous terms could be added as in previous examples and similar
problems could be solved on interfaces which are not necessarily flat.
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5 Coercivity; Elliptic Forms

5.1
Let GG be an open set in R” and suppose we are given a collection of functions
aij, 1 <1, j <n;ja;,0<j <n,in L*(G). Define the sesquilinear form

n

a(u,v) = /G{ Z a;j(x)0u(x)0;9(x) —I—jz;)aj(x)aju(x) M} dz (5.1)

3,j=1

on H'(G). We saw in Section 4.1 that such forms lead to partial differential
equations of second order on G.

Definition. The sesquilinear form (5.1) is called strongly elliptic if there is
a constant cg > 0 such that

n

Re Z aij(az)figj > COZ |£j|2 s ¢E= (51,... ,fn) ceK", zeqG. (52)

i.j=1 j=1

We shall show that a strongly elliptic form can be made coercive over (any
subspace of) H!(G) by adding a sufficiently large multiple of the identity to
it.

Theorem 5.1 Let (5.1) be strongly elliptic. Then there is a Ay € R such
that for every A > Ao, the form

a(u,v) + A/Gu(x)l_)(x) dx
is H(G)-coercive.

Proof: Let K1 = max{|laj|z~(@) : 1 <j <n} and K¢ = essinf{Reao(z) :
x € G}. Then, for 1 < j < n and each € > 0 we have
[(aj0ju, u)r2q)| < KillOjullrzq) - llullz2q)
< (K1/2) (ellojull) + (1/e)lullfzq)) -
We also have Re(aou,u)r2q) > KOHUH%Q(G), so using these with (5.2) in
(5.1) gives
Rea(u,u) > (co — EK1/2)HVU||%2(G)

(5.3)
+(Ko — nK1/2€)HuH%2(G) , uwe HYG).
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We choose € > 0 so that K16 = ¢y. This gives us the desired result with
)\0 = (HK%/QCO) — K().

Corollary 5.2 For every A > Ao, the boundary value problem (4.2) is well-
posed, where

Au = — Z 8j(aij6¢u) + Z ajaju + (CL() + )\)u .

ij=1 j=1

Thus, for every F € L*(G), there is a unique u € D such that (4.2) holds,
and we have the estimate

(A = 2o)ull2e) < [1Fllr2a) - (5.4)

Proof: The space D was defined in Section 2.2 and Corollary 3.2, so we
need only to verify (5.4). For w € D and A > X\¢ we have from (5.3)

(A= 20)l[ullZ2(qy < alu,u) + A(u, w) 2y = (Au, ) 2

IN

[Aullz2(q) - lullz2(@)

and the estimate (5.4) now follows.

5.2

We indicate how coercivity may be obtained from the addition of boundary
integrals to strongly elliptic forms.

Theorem 5.3 Let G be open in R" and suppose 0 < z,, < K for oll x =
(2',x,) € G. Let G be a Cl-manifold with G on one side of OG. Let
v(s) = (v1(s),...,vn(s)) be the unit outward normal on OG and define

Y ={s€0G:v,(s) >0} .

Then for all u € HY(G) we have

/ uf? < 2K/ |70u(s)|2ds+4K2/ 1Bul? .
G p) G
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Proof: TFor u € C(G), the Gauss Theorem gives

/60 Vn(8)sn|u(s)>ds = /GDn(wn\U(w)!Z)dx
= [P+ [ Dl

Thus, we obtain from the inequality

|CL|2 2
2lal|b] < — +2K|b|* , ,be C,

the estimate

/|u|2§/ Vnsn|u(s)|2d8+(1/2)/ |u|2+2K2/ Dyul? .
G oG G G

Since vy, (s)s, < 0 for s € 0G ~ X, the desired result follows.

Corollary 5.4 If (5.1) is strongly elliptic, a;j =0 for 1 < j <n, Reagp(x) >
0, z € G, and if ¥ C T, then the mized Dirichlet-Neumann problem (4.2) is
well-posed.

Corollary 5.5 If a € L*(0G) satisfies
Rea(z) >0, z€0G, Realx)>c>0, ze€X,

then the third boundary value problem (4.4) is well-posed. The fourth bound-
ary value problem (4.5) is well-posed if Re(ap) > 0.

Similar results can be obtained for the example of Section 4.3. Note that
the form (4.6) satisfies

Rea(u,u) = /G{|61u|2 + |82u|2} , ue HY(G) ,

so coercivity can be obtained over appropriate subspaces of H!(G) (as in
Corollary 5.4) or by adding a positive multiple of the identity on G or bound-
ary integrals (as in Corollary 5.5). Modification of (4.6) by restricting V,
e.g., to consist of functions which vanish on a sufficiently large part of 0G,
or by adding forms, e.g., that are coercive over L?(G) or L?(9G), will result
in a well-posed problem.

Finally, we note that the first term in the form (4.7) is coercive over
H}(G) and, hence, over L*(X). Thus, if Rea(z) > ¢ > 0, x € ¢, then (4.7)
is V-coercive and the problem (4.8) is well-posed.



6. REGULARITY 7

5.3

In order to verify that the sesquilinear forms above were coercive over certain
subspaces of H'(G), we found it convenient to verify that they satisfied the
following stronger condition.

Definition. The sesquilinear form a(-, ) on the Hilbert space V' is V -elliptic
if there is a ¢ > 0 such that

Rea(v,v) > c|jv]|} , veV. (5.5)

Such forms will occur frequently in our following discussions.

6 Regularity

We begin this section with a consideration of the Dirichlet and Neumann
problems for a simple elliptic equation. The original problems were to find
solutions in H2(G) but we found that it was appropriate to seek weak so-
lutions in H(G). Our objective here is to show that those weak solutions
are in H%(G) when the domain G and data in the equation are sufficiently
smooth. In particular, this shows that the solution of the Neumann problem
satisfies the boundary condition in L?(0G) and not just in the sense of the
abstract Green’s operator constructed in Theorem 2.3, i.e., in B’. (See the
Example in Section 2.3.)

6.1
We begin with the Neumann problem; other cases will follow similarly.

Theorem 6.1 Let G be bounded and open in R™ and suppose its boundary
is a C*-manifold of dimension n—1. Let a;; € CY(G), 1 < i, j <n, and
aj € CYG), 0 < j < n, all have bounded derivatives and assume that the
sesquilinear form defined by

a(p, ) = /G{ Z aij0ip0;v + Zajajgmﬁ} dz , o, € HY(G) (6.1)
5=0

ij=1

is strongly elliptic. Let F € L*(G) and suppose u € H'(G) satisfies
a(u,v) = / Fodzx , ve HY(G) . (6.2)
G

Then u € H*(G).
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Proof: Let {(¢x,Gk) : 1 < k < N} be coordinate patches on 0G and
{Br : 0 < k < N} the partition-of-unity construction in Section II.2.3. Let
By, denote the support of 8, 0 < k < N. Since u = Y (Bru) in G and each
By, is compact in R", it is sufficient to show the following:

(a) ulp,n¢ € H*(BrNG),1 <k <N, and
(b) Bou € H*(By).

The first case (a) will be proved below, and the second case (b) will follow
from a straightforward modification of the first.

6.2

We fix k, 1 < k < N, and note that the coordinate map ¢ : Q — G
induces an isomorphism ¢}, : H™ (G, N G) — H™(Q4) for m = 0,1,2 by
¢ (v) = v o . Thus we define a continuous sesquilinear form on H'(Q)
by

n

n
a (pr(w), pr(v) = / { Z a;j0;wo;v + Z aj(?jwz_;} dz . (6.3)
GrNG L4 j=1 =0
By making the appropriate change-of-variable in (6.3) and setting wy =
i (w), vi, = @i (v), we obtain

n

o (w, vp) = /Q +{ S ak 0 (wi) 9y (vr) +Za§aj(wk)vk}dy. (6.4)

ij=1 =0

The resulting form (6.4) is strongly-elliptic on Q4 (exercise).
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Let u be the solution of (6.2) and let v € H'(G N Gy) vanish in a neigh-
borhood of dGj. (That is, the support of v is contained in Gy.) Then the
extension of v to all of G as zero on G ~ G, belongs to H'(G) and we obtain
from (6.4) and (6.2)

(i), 2i(v) = aluv) = [ Fgie)dy
Q+

where Fj, = ¢} (F) - J(pr) € L*(Q4). Letting V denote the space of those
v € H'(Q) which vanish in a neighborhood of 9Q, and u, = ¢} (u), we
have shown that u, € H'(Q.) satisfies

a® (ug, vy,) = /Q Frpup dy v €V (6.5)
+

where a”(-,-) is strongly elliptic with continuously differentiable coefficients
with bounded derivatives and Fy € L?*(Q.). We shall show that the restric-
tion of uy to the compact subset K = ¢} ' (By) of Q belongs to H?(Q1 NK).
The first case (a) above will then follow.

6.3

Hereafter we drop the subscript “k” in (6.5). Thus, we have u € H*(Q.),
F e L*(Q,) and

a(u,v) = 0 Fu veV. (6.6)
+

Since K CC @, there is by Lemma I1.1.1 a ¢ € C§°(Q) such that 0 < p(z) <
1 for z € Q and p(z) =1 for z € K. We shall first consider ¢ - u.

Let w be a function defined on the half-space R”. For each h € R we
define a translate of w by

(tThw)(z1, 22, ..., xp) = w(xy + hyxo, ..., Tp)
and a difference of w by
Viw = (taw — w)/h
if h #0.

Lemma 6.2 Ifw,v € L?(Q.) and the distance § of the support of w to OQ
is positive, then

(Thw, v)12(Q.) = (W, T-nV) L2(q.)
for all h € R with |h| < 6.
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Proof: This follows by the obvious change of variable and the observation
that each of the above integrands is non-zero only on a compact subset of

Q+-

Corollary |rwllr2(g,) = wl2(q.)-

Lemma 6.3 If w €V, then

IVrwllzzg,) < l01wll2gy) 0<|hl<d.

Proof: It follows from the preceding Corollary that it is sufficient to con-
sider the case where w € C(G) N'V. Assuming this, and denoting the
support of w by supp(w), we have

x1+h
Viw(z) = h_l/ Ow(t,xa,...,zy)dt w € supp(w) .
1

The Cauchy-Schwartz inequality gives
1+

V()| < b1 ( N

1

h 1/2
|81U}(t, T2, ... ,mn)|2 dt) ’ T e supp(w) ’

and this leads to

x1+h
IVawlBa, ) < h*1/8 ( )/ Ovw(t, @, . .. @)|? dt da
upp(w) Jx

1

h
= h_l/ / 1w (t + 21,29, ..., x,) > dt dx
Q+ /0
h
= h_l/ / Ow(t + z1,. .., x,) > de dt
0 JQ+
h
= hil/ / Oyw(zy,. ..o, > dedt
0 JQ+
= 101wl 12, -

Corollary limy,_,o(Viw) = 1w in L2(Q4).

Proof: {V} : 0 < |h| < ¢} is a family of uniformly bounded operators on
L?(Q4), so it suffices to show the result holds on a dense subset.
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‘We shall consider the forms

n

ap(w,v) = /Q+{ Z (Vhaij)0iwdjv + ]Z:%(Vhaj)(?jwﬁ}

i.j=1

for w,v € V and |h| < 4, § being given as in Lemma 6.2. Since the coefficients
in (6.5) have bounded derivatives, the mean-value theorem shows

|an(w,v)| < Cllwllgqy) - ola @y (6.7)

where the constant is independent of w,v and h. Finally, we note that for
w,v and h as above

a(Vyw,v) + a(w, V_pv) = —a_p(T_pw,v) . (6.8)

This follows from a computation starting with the first term above and
Lemma 6.2.

After this lengthy preparation we continue with the proof of Theorem
6.1. From (6.6) we have the identity

a(Vi(pu),v) = {a(Vr(pu),v) + a(pu, V_pv)} (6.9)
+{a(u, pV_pv) — a(pu, V_pv)} = (F,oV_pv)r2(q.)

for v € YV and 0 < |h| < 6, 0 being the distance from K to 0Q. The first
term can be bounded appropriately by using (6.7) and (6.8). The third is
similarly bounded and so we consider the second term in (6.9). An easy
computation gives

CL(’LL, QOV_h’U) - a(gpu, v—hv)

= { Z Qi ((%uajgov_hv - &wuv_h(ajv)) - Z ajajgou(v_hv)} .

Q+ =1

j=1
Thus, we obtain the estimate
la(Vr(pu),v)| < Cllvllgigy) veV,0<|h <6, (6.10)

in which the constant C' is independent of h and v. Since a(-,-) is strongly-
elliptic we may assume it is coercive (Exercise 6.2), so setting v = Vj(pu)
in (6.10) gives

cllVa(ew)llz .y < ClValpwllag,y »  0<Ihl <4, (6.11)
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hence, {V,(¢u) : |h| < &} is bounded in the Hilbert space H'(Q,). By
Theorem 1.6.2 there is a sequence h, — 0 for which V;, (pu) converges
weakly to some w € H'(Qy). But Vj, (¢u) converges weakly in L'(Q,) to
01(pu), so the uniqueness of weak limits implies that 01 (pu) = w € HY(Q).
It follows that 97 (¢u) € L*(Q4), and the same argument shows that each
of the tangential derivatives 0u, 3u, . ..,02_ju belongs to L?(K). (Recall
¢ = 1lon K.) This information together with the partial differential equation
resulting from (6.6) implies that a,, - 92(u) € L?(K). The strong ellipticity
implies a,, has a positive lower bound on K, so 02u € L?*(K). Since n
and all of its derivatives through second order are in L?(K), it follows from
Theorem I1.5.5 that u € H?(K).

The preceding proves the case (a) above. The case (b) follows by using
the differencing technique directly on Gyu. In particular, we can compute
differences on Gyu in any direction. The details are an easy modification of
those of this section and we leave them as an exercise.

6.4

We discuss some extensions of Theorem 6.1. First, we note that the result
and proof of Theorem 6.1 also hold if we replace H*(G) by H}(G). This
results from the observation that the subspace H}(G) is invariant under mul-
tiplication by smooth functions and translations and differences in tangential
directions along the boundary of G. Thus we obtain a regularity result for
the Dirichlet problem.

Theorem 6.4 Let u € H}(G) satisfy
a(u,v) :/ Fov v e HY(G)
G

where the set G C R™ and sesquilinear form a(-,-) are given as in Theorem
6.1, and F € L*(G). Then u € H%(G).

When the data in the problem is smoother yet, one expects the same to
be true of the solution. The following describes the situation which is typical
of second-order elliptic boundary value problems.

Definition. Let V be a closed subspace of H*(G) with H}(G) < V, and let
a(-,-) be a continuous sesquilinear form on V. Then a(-,-) is called k-regular
on V if for every F' € H*(G) with 0 < s < k and every solution v € V of

a’(u7v) = (Fav)L2(G) ) veV
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we have u € H*"$(Q).

Theorems 6.1 and 6.4 give sufficient conditions for the form a(-,-) given
by (6.1) to be O-regular over H'(G) and H¢(G), respectively. Moreover, we
have the following.

Theorem 6.5 The form a(-,-) given by (6.1) is k-regular over H*(G) and
HY(G) if 0G is a C***-manifold and the coefficients {a;j,a;} all belong to
Cl-i—k(@)_

7 Closed operators, adjoints and eigenfunction ex-
pansions

7.1

We were led in Section 2 to consider a linear map A : D — H whose
domain D is a subspace of the Hilbert space H. We shall call such a map
an (unbounded) operator on the Hilbert space H. Although an operator is
frequently not continuous (with respect to the H-norm on D) it may have
the property we now consider. The graph of A is the subspace

G(A) = {[z, Ax] : x € D}

of the product H x H. (This product is a Hilbert space with the scalar
product

([z1, 2], [y, yel ) mxr = (1, y0) | + (22,92)m -

The addition and scalar multiplication are defined componentwise.) The
operator A on H is called closed if G(A) is a closed subset of H x H. That
is, A is closed if for any sequence x,, € D such that z, — = and Az, — y in
H, we have z € D and Ax = y.

Lemma 7.1 If A is closed and continuous (i.e., ||Az||g < K||z||g, z € H)
then D is closed.

Proof: If x, € D and z, — = € H, then {z,} and, hence, {Ax,} are
Cauchy sequences. H is complete, so Az, — y € H and G(A) being closed
implies z € D.

When D is dense in H we define the adjoint of A as follows. The domain
of the operator A* is the subspace D* of all y € H such that the map
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x+— (Az,y)g : D — K is continuous. Since D is dense in H, Theorem 1.4.5
asserts that for each such y € D* there is a unique A*y € H such that

(Az,y) = (z,A%y) , zreD,yeD". (7.1)

Then the function A* : D* — H is clearly linear and is called the adjoint of
A. The following is immediate from (7.1).

Lemma 7.2 A* is closed.

Lemma 7.3 If D = H, then A* is continuous, hence, D* is closed.

Proof: If A* is not continuous there is a sequence z,, € D* such that
|zn|| = 1 and ||A*z,|| — co. From (7.1) it follows that for each z € H,

(@, A"xn)m| = [(Az, zn)m| < [[Az||a ,

so the sequence {A*xz,} is weakly bounded. But Theorem 1.6.1 implies that
it is bounded, a contradiction.

Lemma 7.4 If A is closed, then D* is dense in H.

Proof: Lety e H,y # 0. Then [0,y] ¢ G(A) and G(A) closed in H x H
imply there is an f € (H x H)' such that f[G(A)] = {0} and f(0,y) # 0. In
particular, let P : H x H — G(A)* be the projection onto the orthogonal
complement of G(A) in H x H, define [u,v] = P[0, y], and set

fx1,22) = (w,z1)m + (v, 22)H 1,22 € H .
Then we have
0= f(z,Az) = (u,z)g + (v, Ax) g , zecD

sov € D* and 0 # f(0,y) = (v,y)x. The above shows (D*)* = {0}, so D*
is dense in H.
The following result is known as the closed-graph theorem.

Theorem 7.5 Let A be an operator on H with domain D. Then A is closed
and D = H if and only if A € L(H).



7. CLOSED OPERATORS, ADJOINTS ... 85

Proof: 1If Ais closed and D = H, then Lemma 7.3 and Lemma 7.4 imply
A* € L(H). Then Theorem 1.5.2 shows (A*)* € L(H). But (7.1) shows
A= (A*)*, so A€ L(H). The converse in immediate.

The operators with which we are most often concerned are adjoints of
another operator. The preceding discussion shows that the domain of such an
operator, i.e., an adjoint, is all of H if and only if the operator is continuous.
Thus, we shall most often encounter unbounded operators which are closed
and densely defined.

We give some examples in H = L?(G), G = (0,1).

7.2

Let D = H}(G) and A = i0. If [un, Au,] € G(A) converges to [u,v] in
H x H, then in the identity

1 1
/ Auppdr = —i/ u, Dpdz | v e C°(G)
0 0

we let n — oo and thereby obtain

1 1
/ Ugodx:—i/ uDpdzx , v € C5°(Q) .
0 0

This means v = i0u = Au and u, — v in H(G). Hence u € H}(G), and
we have shown A is closed.
To compute the adjoint, we note that

1 1
/ Auv dz :/ ufdz, u € Hi(Q)
0 0

for some pair v, f € L%(G) if and only if v € H'(G) and f = i0v. Thus
D* = H'(G) and A* = i0 is a proper extension of A.

7.3

We consider the operator A* above: on its domain D* = H!(G) it is given by
A* = i0. Since A* is an adjoint it is closed. We shall compute A** = (A*)*,
the second adjoint of A. We first note that the pair [u, f] € H x H is in the
graph of A** if and only if

1 1
/ A*Uﬂdx:/ vfdr , ve HY(G) .
0 0
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This holds for all v € C§°(G), so we obtain i0u = f. Substituting this into
the above and using Theorem I1.1.6, we obtain

1 1 -
1/0 o(va)dr = /0 [(z@v)ﬂ - v(z@u)} dr =0,

hence, v(1)@(1) — v(0)z(0) = 0 for all v € H(G). But this implies u(0) =
u(1) = 0, hence, u € H(G). From the above it follows that A** = A.

7.4
Consider the operator B = id on L?(G) with domain D(B) = {u € H*(G) :
u(0) = cu(1)} where ¢ € C is given. If v, f € L?(G), then B*v = f if and
only if
1 1
/i@u-z‘;dw:/ufdw, ueD.
0 0

But C§°(G) < D implies v € HY(G) and idv = f. We substitute this
identity in the above and obtain

1
0= z/ O(uv ) de = iu(1)[p(1) — c8(0)] , ueD.
0

The preceding shows that v € D(B*) only if v € H(0,1) and v(1) =
cv(0). It is easy to show that every such v belongs to D(B*), so we have
shown that D(B*) = {v € H(G) : v(1) = ¢v(0)} and B* = id.

7.5

We return to the situation of Section 2.2. Let a(-, -) be a continuous sesquilin-
ear form on the Hilbert space V' which is dense and continuously imbedded
in the Hilbert space H. We let D be the set of all u € V such that the map
v — a(u,v) is continuous on V' with the norm of H. For such a u € D, there
is a unique Au € H such that

a(u,v) = (Au,v)g , ueD,veV. (7.2)

This defines a linear operator A on H with domain D.

Consider the (adjoint) sesquilinear form on V' defined by b(u,v) = a(v,u),
u,v € V. This gives another operator B on H with domain D(B) determined
as before by

b(u,v) = (Bu,v)qm , ueDB),veV.
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Theorem 7.6 Assume there is a A > 0 and ¢ > 0 such that
Re a(u,u) + Mul3 > c|jull} uev. (7.3)

Then D is dense in H, A is closed, and A* = B, hence, D* = D(B).

Proof: Theorem 2.2 shows D is dense in H. If we prove A* = B, then by
symmetry we obtain B* = A, hence A is closed by Lemma 7.2.

Suppose v € D(B). Then for all u € D(A) we have (Au,v)yg = a(u,v) =
b(v,u) = (Bv,u)y, hence, (Au,v)g = (u, Bv)y. Thisshows D(B) < D* and
A*|pgy = B. We need only to verify that D(B) = D*. Let u € D*. Since
B + ) is surjective, there is a ug € D(B) such that (B + A\)ug = (A" + \)u.
Then for all v € D we have

(A4 Nv,u)g = (v, (B+ Nu)g = a(v,up) + A(v,uo) g
= (A4 Nv,uo)y -

But A+ is a surjection, so this implies u = up € D(B). Hence, D* = D(B).
For those operators as above which arise from a symmetric sesquilinear

form on a space V which is compactly imbedded in H, we can apply the

eigenfunction expansion theory for self-adjoint compact operators.

Theorem 7.7 LetV and H be Hilbert spaces with V' dense in H and assume
the injection V. — H is compact. Let A : D — H be the linear operator
determined as above by a continuous sesquilinear form a(-,-) on V which we
assume s V -elliptic and symmetric:

a(u,v) = a(v,u) , u,v eV .
Then there is a sequence {v;} of eigenfunctions of A with
Avj = \jv; |Uj|H =1,
(vi,v;)E =0, i £, (7.4)
O< M<K Ay > 400 asn— +o0,
and {v;} is a basis for H.

Proof: From Theorem 7.6 it follows that A = A* and, hence, A~ € L(H)
is self-adjoint. The V-elliptic condition (5.5) shows that A= € L(H,V).
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Since the injection V <« H is compact, it follows that A~!: H -V — H is
compact. We apply Theorem 1.7.5 to obtain a sequence {v;} of eigenfunc-
tions of A~! which are orthonormal in H and form a basis for D = Rg(A™1).
If their corresponding eigenvalues are denoted by {x;}, then the symmetry
of a(+,-) and (5.5) shows that each p; is positive. We obtain (7.4) by setting
Aj = 1/p; for j > 1 and noting that lim;_, p; = 0.

It remains to show {v;} is a basis for H. (We only know that it is a basis
for D.) Let f € H and v € D with Au = f. Let > bjv; be the Fourier series
for f, > c;jv; the Fourier series for u, and denote their respective partial
sums by

n n
Up — Z Cj?)j 5 fn = Z ijj .
j=1 Jj=1

We know lim,, o0, = u and lim, o fr, = foo exists in H (cf. Exercise
1.7.2). For each j > 1 we have

b]' = (Au,vj)H = (u,Avj)H = )‘jcj s
so Au, = f, for all n > 1. Since A is closed, it follows Au = f,, hence,
f =lim,,_, fr as was desired.
If we replace A by A 4+ X in the proof of Theorem 7.7, we observe that
ellipticity of a(-, -) is not necessary but only that a(-,-)+ A(-, -) g be V-elliptic
for some A € R.

Corollary 7.8 Let V and H be given as in Theorem 7.7, let a(-,-) be con-
tinuous, sesquilinear, and symmetric. Assume also that

a(v,v) + )\|v|%{ > CHUH%/ , veV

for some A\ € R and ¢ > 0. Then there is an orthonormal sequence of
eigenfunctions of A which is a basis for H and the corresponding eigenvalues
satisfy =A< A1 <A << A\, = 400 as n — 400,

We give some examples in H = L*(G), G = (0,1). These eigenvalue
problems are known as Sturm-Liouville problems. Additional examples are
described in the exercises.

7.6

Let V = H}(G) and define a(u,v) = fol Oudv dz. The compactness of V —
H follows from Theorem IL.5.7 and Theorem 5.3 shows a(-,-) is H}(G)-
elliptic. Thus Theorem 7.7 holds; it is a straightforward exercise to compute
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the eigenfunctions and corresponding eigenvalues for the operator A = —9?
with domain D(A) = H}(G) N H%(G):

vi(z) = 2sin(jrz) , A= (jm)?, j=123,....

Since {v;} is a basis for L?*(@), each F € L*(G) has a Fourier sine-series
expansion. Similar results hold in higher dimension for, e.g., the eigenvalue

problem
{ —Apv(z) =M(z), z€qG,

v(s) =0, s € 0G ,

but the actual computation of the eigenfunctions and eigenvalues is difficult
except for very special regions G C R™.

7.7

Let V = HY(G) and choose af(-,-) as above. The compactness follows from
Theorem I1.5.8 so Corollary 7.8 applies for any A > 0 to give a basis of
eigenfunctions for A = —§? with domain D(A) = {v € H?(G) : v'(0) =
V(1) = 0}:

vo(xr) =1, wj(x)=2cos(jmz),j>1,

Aj = (jm)?, ji>0.

As before, similar results hold for the Laplacean with boundary conditions
of second type in higher dimensions.

7.8

Let a(-,-) be given as above but set V = {v € HY(G) : v(0) = v(1)}. Then
we can apply Corollary 7.8 to the periodic eigenvalue problem (cf. (4.5))

—0%v(z) = Mv(z) 0<z<1,
v(0) =v(1), 2(0)='(1).
The eigenfunction expansion is just the standard Fourier series.

Exercises

1.1. Use Theorem 1.1 to show the problem —A,u = F in G, v = 0 on 9G is
well-posed. Hint: Use Theorem I1.2.4 to obtain an appropriate norm
on H}(G).
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1.2. Use Theorem 1.1 to solve (1.1) with the boundary condition du/ov+u =
0 on 9G. Hint: Use (u,v)v = (u,v)g1(q) + (YU, 1) 2(ac) on H'(G).

2.1. Give the details of the construction of a, 3 in (2.2).
2.2. Verify the remark on H = L?(G) following (2.5) (cf. Section 1.5.3).

2.3. Use Theorem I.1.1 to construct the F' which appears after (2.6). Check
that it is continuous.

2.4. Show that a(u,v) = fol ou(x)0v(z)dx, V = {u € HY(0,1) : u(0) = 0},
and f(v) = v(1/2) are admissible data in Theorem 2.1. Find a formula
for the unique solution of the problem.

2.5. In Theorem 2.1 the continuous dependence of the solution u on the data
f follows from the estimate made in the theorem. Consider the two ab-
stract boundary value problems Aju; = f and Asus = f where f € V/,
and Ay, A2 € L(V, V') are coercive with constants ¢j, co, respectively.
Show that the following estimates holds:

Jur —uz|| < (1/c1)|[(A2 — Ar)uall ,
Jur —uz|| < (1/crca)| A2 — Ad| || f] -

Explain how these estimates show that the solution of (2.1) depends
continuously on the form a(-,-) or operator A.

3.1. Show (3.3) implies (3.1) in Theorem 3.1.

3.2. (Non-homogeneous Boundary Conditions.) In the situation of Theorem
3.1, assume we have a closed subspace Vi with Vj € V3 C V and
ug € V. Consider the problem to find

weV, u—ueVy, alu,v)=f(v), vel.

(a) Show this problem is well-posed if a(-,-) is Vi-coercive.

(b) Characterize the solution by u —ug € V1, u € Dy, Au = F, and
u(v) + az(yu,yv) = g(yv), v € V1.

(c) Construct an example of the above with Vy = H}(G), V = H(G),
Vi ={v eV :v|r =0}, where I' C 9G is given.
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4.1.

4.2.

4.3.

4.4.

5.1.

5.2.

5.3.

5.4.

6.1.

6.2.

6.3.
6.4.
6.5.
6.6.

7.1.

7.2.

Verify that the formal operator and Green’s theorem are as indicated
in Section 4.1.

Characterize the boundary value problem resulting from the choice of
V ={v € HY(G) : v = const. on Gy} in Section 4.2, where Gy C G is
given.

When G is a cube in R", show (4.5) is related to a problem on R" with
periodic solutions.

Choose V in Section 4.2 so that the solution u : R® — K is periodic in
each coordinate direction.

Formulate and solve the problem (4.8) with non-homogeneous data pre-
scribed on 0G and 3.

Find choices for V in Section 4.3 which lead to well-posed problems.
Characterize the solution by a boundary value problem.

Prove Corollary 5.4.

Discuss coercivity of the form (4.6). Hint: Re([;, %ﬂ ds) = 0.

Show (6.4) is strongly-elliptic on Q.

Show that the result of Theorem 6.1 holds for a(-,-) if and only if it
holds for a(-,-) + A(+,)r2(g)- Hence, one may infer coercivity from
strong ellipticity without loss of generality.

If u € HY(G), show V},(u) converges weakly in L?(G) to 01 (u).

Prove the case (b) in Theorem 6.1.

Prove Theorem 6.5.

Give sufficient conditions for the solution of (6.2) to be a classical solu-
tion in C2(G).

Prove Lemma 7.2 of Section 7.1.

Compute the adjoint of 9 : {v € HY(G) : v(0) = 0} — L*(G), G =
(0,1).
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7.3. Let D < H*(G), G = (0,1), a1(-),a2(:) € CY(G), and define L : D —
L?(G) by Lu = 8?u + a10u + agu. The formal adjoint of L is defined
by

L*v(p) = /01 v(z)Ly(x) dx | veL*G), ¢ €CP Q) .

(a) Show L*v = d*v — 8(a1v) + agv in D*(G).
(b) If w,v € H%(QG), then [y (Lut — uL*v)dz = J(u,v)\ﬁzé, where
J(u,v) = v0u — udv + ajud.

(c) D(L*) = {v € H*(@Q) : J(u,v)|*=4 = 0, all u € D} determines the
domain of the L?(G)-adjoint.

(d) Compute D(L*) when L = 4+ 1 and each of the following:
() D = {u:u(0) ='(0) = 0},
(i) D= {u:u(0) = u(l) =0},
(i) D = {u:u(0) =u(1), ¥/(0) =u/(1)}.
7.4. Let A be determined by {a(-,-),V,H} as in (7.2) and Ay by {a(-,-) +
Ay )m,V,H}. Show D(Ay) = D(A) and Ay = A+ Al

7.5. Let H;,V; be Hilbert spaces with V; continuously embedded in H; for
j = 1,2. Show that if T' € L(Hy,Hs) and if Ty = Ty, € L(V1,Va),
then Ty € L£(V1, Va).

7.6. In the situation of Section 6.4, let a(-,-) be O-regular on V and assume
a(-,-) is also V-elliptic. Let A be determined by {a(-,-),V, L*(G)} as
n (7.2).
(a) Show A~! € L(L*(G),V).
(b) Show A~! € L(L*(G), H*(G)).
(c) If a(-,-) is k-regular, show A™P € L(L*(G), H?>T*(Q)) if p is suffi-
ciently large.
7.7. Let A be self-adjoint on the complex Hilbert space H. That is, A = A*.
(a) Show that if Im(A) # 0, then A— A is invertible and | Im(\)| ||z||z <
(A= A)z|| g for all z € D(A).
(b) Rg(A — A) is dense in H.
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(c) Show (A — A)~' € L(H) and ||(A — A)7 || < |Im(N)|7L.

7.8. Show Theorem 7.7 applies to the mixed Dirichlet-Neumann eigenvalue
problem

—0%v = \(z) , 0<xz<1,0(0)=2(1)=0.
Compute the eigenfunctions.

7.9. Show Corollary 7.8 applies to the eigenvalue problem with boundary
conditions of third type

—0%v(z) = M(z) , 0<z<1,
ov(0) —hv(0) =0 , 0ov(l)+hv(l)=0,
where h > 0. Compute the eigenfunctions.
7.10. Take c¢ = 1 in Section 7.4 and discuss the eigenvalue problem Bv = Awv.

7.11. In the proof of Theorem 7.7, deduce that {v;} is a basis for H directly
from the fact that D = H.



