Chapter IV

First Order Evolution
Equations

1 Introduction

We consider first an initial-boundary value problem for the equation of heat
conduction. That is, we seek a function u : [0, 7] X [0, co] — R which satisfies
the partial differential equation

Ut = Ugy , O<x<m,t>0 (1.1)
with the boundary conditions
u(0,t) =0, wu(m,t)=0, t>0 (1.2)
and the initial condition
u(z,0) = uo(x) , O<z<m. (1.3)

A standard technique for solving this problem is the method of separation of
variables. One begins by looking for non-identically-zero solutions of (1.1)
of the form

u(z,t) = v(x)T(t)

and is led to consider the pair of ordinary differential equations
V+x=0 , T'+XT=0

95



96 CHAPTER IV. FIRST ORDER EVOLUTION EQUATIONS

and the boundary conditions v(0) = v(7) = 0. This is an eigenvalue problem
for v(z) and the solutions are given by v,(z) = sin(nz) with corresponding
eigenvalues \,, = n? for integer n > 1 (cf. Section IL.7.6).

The second of the pair of equations has corresponding solutions

To(t) = e ™
and we thus obtain a countable set
Up(z,t) = et sin(nx)
of functions which satisfy (1.1) and (1.2). The solution of (1.1), (1.2) and
(1.3) is then obtained as the series

o0
u(z,t) = Z uge*"%sin(nw) (1.4)
n=1

where the {ug} are the Fourier coefficients

™
uy = }/0 uo(x) sin(nz) dz | n>1,

of the initial function wug(z).

We can regard the representation (1.4) of the solution as a function
t + S(t) from the non-negative reals Rj to the bounded linear operators on
L?[0,71]. We define S(t) to be the operator given by

S(t)up(z) = u(zx,t) ,

so S(t) assigns to each function ug € L?[0, 7] that function u(-,t) € L?[0, 7]
given by (1.4). If t1,to € R{, then we obtain for each uy € L?[0,7] the
equalities

S(t)uo(w) = Y- (uge ™) sin(na)
n=1
S(t2)S(t)uo(z) = Y- (uge™™") sin(na)e
n=1
= Z ug sin(nw)eiﬂ(tl“?)

S
Il
—

= S(t1 + ta)uo(z) .
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Since ug is arbitrary, this shows that
S(t1) - S(t2) = S(t1+t2) ,  t1,8220.

This is the semigroup identity. We can also show that S(0) = I, the identity
operator, and that for each ug, S(t)ug — up in L2[0,7] as t — 0. Finally,
we find that each S(t) has norm < e~! in £(L?[0,7]). The properties of
{S(t) : t > 0} that we have obtained here will go into the definition of
contraction semigroups. We shall find that each contraction semigroup is
characterized by a representation for the solution of a corresponding Cauchy
problem.

Finally we show how the semigroup {S(t) : t > 0} leads to a representa-
tion of the solution of the non-homogeneous partial differential equation

U = Ugzg + f(2,t), O<z<m,t>0 (1.5)

with the boundary conditions (1.2) and initial condition (1.3). Suppose that
for each t > 0, f(-,t) € L?[0, 7] and, hence, has the eigenfunction expansion

Z Fat) sin(nz) | fn(t)zi /07r F(E, D) sin(n€)de . (1.6)

We look for the solution in the form u(z,t) = Y oo u,(t)sin(nz) and find
from (1.5) and (1.3) that the coefficients must satisfy

up, () + nPun(t) = fo(t) , t >0,

un(0) = ud | n>1.

Hence we have
t
un(t) = ule 4 [T p () dr
0

and the solution is given by

u(z,t) = S(t)uo(x +/ / { Z e (t=7) sin(nz) sm(né)}f(f,T) dédr .
But from (1.6) it follows that we have the representation

u(-,t) = S(t)uo(-) + /Ot St—7)f(-,7)dr (1.7)

for the solution of (1.5), (1.2), (1.3). The preceding computations will be
made precise in this chapter and (1.7) will be used to prove existence and
uniqueness of a solution.
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2 The Cauchy Problem

Let H be a Hilbert space, D(A) a subspace of H, and A € L(D(A),H). We
shall consider the evolution equation

w'(t) + Au(t) =0 . (2.1)

The Cauchy problem is to find a function u € C([0, 0o}, H)NC'((0,00), H)
such that, for ¢ > 0, u(t) € D(A) and (2.1) holds, and u(0) = ug, where the
initial value ug € H is prescribed.

Assume that for every ug € D(A) there exists a unique solution of the
Cauchy problem. Define S(t)up = u(t) for t > 0, ug € D(A), where u(-)
denotes that solution of (2.1) with u(0) = wo. If up,v9 € D(A) and if
a,b € R, then the function ¢ — aS(t)ug + bS(t)vp is a solution of (2.1), since
A is linear, and the uniqueness of solutions then implies

S(t)(aug + bvg) = aS(t)ug + bS(t)vo -

Thus, S(t) € L(D(A)) for all t > 0. If ug € D(A) and 7 > 0, then the
function ¢ — S(t + 7)uo satisfies (2.1) and takes the initial value S(7)uo.
The uniqueness of solutions implies that

S(t+ T)ug = S(t)S(T)uyg , ugp € D(A) .

Clearly, S(0) = I.
We define the operator A to be accretive if

Re(Az,z)g >0, x € D(A) .
If A is accretive and if u is a solution of the Cauchy problem for (2.1), then
De(lu(t)[?) = 2Re(w'(t), u(t)) H
= —2Re(Au(t),u(t))g <0, t>0,
so it follows that ||u(t)|| < ||u(0)||, t > 0. This shows that
[1S@uoll < lluoll, w0 € D(A), t=0,

so each S(t) is a contraction in the H-norm and hence has a unique extension
to the closure of D(A). When D(A) is dense, we thereby obtain a contraction
semigroup on H.
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Definition. A contraction semigroup on H is a set {S(t) : t > 0} of linear
operators on H which are contractions and satisfy

St+7)=S8(t)-S(r), S0O)=I,t,7>0, (2.2)
S(-)x € C([0,00),H) , xeH. (2.3)

The generator of the contraction semigroup {S(¢) : ¢ > 0} is the operator
with domain
D(B) = {z € H: lim h™'(S(h) — I)z = D*(S(0)a) exists in H |
h—0t
and value Bz = lim;,_,o+ h~1(S(h) — I)z = D*(S(0)z). Note that Bz is the
right-derivative at 0 of S(¢)x.

The equation (2.2) is the semigroup identity. The definition of solution
for the Cauchy problem shows that (2.3) holds for € D(A), and an elemen-
tary argument using the uniform boundedness of the (contraction) operators
{S(t) : t > 0} shows that (2.3) holds for all x € H. The property (2.3) is
the strong continuity of the semigroup.

Theorem 2.1 Let A € L(D(A),H) be accretive with D(A) dense in H.
Suppose that for every ug € D(A) there is a unique solution u € C1([0,00), H)
of (2.1) with u(0) = ug. Then the family of operators {S(t) : t > 0} defined
as above is a contraction semigroup on H whose generator is an extension
of —A.

Proof: Note that uniqueness of solutions is implied by A being accretive,
so the semigroup is defined as above. We need only to verify that —A is a
restriction of the generator. Let B denote the generator of {S(¢) : ¢ > 0}
and up € D(A). Since the corresponding solution w(t) = S(t)up is right-
differentiable at 0, we have

h h
S(h)uo—uoz/ u’(t)dt:—/ Au(t)dt,  h>0.
0 0

Hence, we have DT (S(0)ug) = —Aug, so ug € D(B) and Bug = —Aug.

We shall see later that if —A is the generator of a contraction semigroup,
then A is accretive, D(A) is dense, and for every ug € D(A) there is a unique
solution u € C1([0,00), H) of (2.1) with u(0) = ug. But first, we consider a
simple example.
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Theorem 2.2 For each B € L(H), the series > o2 4(B™/n!) converges in
L(H); denote its sum by exp(B). The function t — exp(tB) : R — L(H) is
infinitely differentiable and satisfies

Dlexp(tB)] = B - exp(tB) = exp(tB) - B , teR. (2.4)
If B1,By € E(H) and if By - B = By - By, then

exp(By + By) = exp(By) - exp(B2) . (2.5)

Proof: The convergence of the series in L£(H) follows from that of
o0 ||B\|Z(H)/n! = exp(||B]|) in R. To verify the differentiability of exp(¢B)
at t = 0, we note that

(exp(tB) — I)/t| — B = (1/1) i(tB)" /ml,  t#£0,

n=2

and this gives the estimate
I[(exp(tB) = D)/t] = Bl < (1/1t]) [exp(lt] - |BI)) — 1~ [¢] | B -

Since t +— exp(t||B||) is (right) differentiable at 0 with (right) derivative ||B||,
it follows that (2.4) holds at ¢ = 0. The semigroup property shows that (2.4)
holds at every t € R. (We leave (2.5) as an exercise.)

3 Generation of Semigroups

Our objective here is to characterize those operators which generate contrac-
tion semigroups.

To first obtain necessary conditions, we assume that B : D(B) — H
is the generator of a contraction semigroup {S(¢) : ¢ > 0}. If ¢ > 0 and
x € D(B), then the last term in the identity

R (S(t+h)z—S(t)x) = R (S(h)—1)S(t)x = h~1S(t)(S(h)z—z), h>0,
has a limit as h — 0T, hence, so also does each term and we obtain

D*S(t)z = BS(t)z = S(t)Bx , reD(B),t>0.



3. GENERATION OF SEMIGROUPS 101

Similarly, using the uniform boundedness of the semigroup we may take the
limit as A — 0T in the identity

R (S(t)x — S(t — h)x) = St —h)h  (S(h)x —z), O0<h<t,

to obtain
D™ S(t)x = S(t)Bzx x€D(B),t>0.

We summarize the above.

Lemma For each x € D(B), S(-)x € CY(R], H), S(t)xz € D(B), and

S(t)a:—w:/OtBS(s)a:ds:/OtS(s)Ba:d:p, t>0. (3.1)

Corollary B is closed.

Proof: Let z, € D(B) with x,, — « and Bz, — y in H. For each h > 0
we have from (3.1)

h
R (S(h)z, — ) = h_l/ S(s)Bxy, ds n>1.
0

Letting n — oo and then h — 07 gives DT S(0)x = y, hence, Bz = y.

Lemma D(B) is dense in H; for each t > 0 and x € H, f(f S(s)zds €
D(B) and

t
S(t)a:—a::B/ S(s)xds reH,t>0. (3.2)
0

Proof: Define 2, = [7 S(s)x ds. Then for h > 0
¢ t
R (S(h)x — ap) = hl{/ S(h+s)xds — / S(s)x ds}
0 0

= hl{/ht+h S(s)wds—/OtS(s)wds} .

Adding and subtracting j;h S(s)x ds gives the equation

t+h h
R Y(S(h)xy —a) = b1 /t ’ S(s)xds — h*1/0 S(s)xds
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and letting h — 0 shows that z; € D(B) and Bz; = S(t)z — . Finally, from
t~lx; — x ast — 07, it follows that D(B) is dense in H.

Let A > 0. Then it is easy to check that {e"*S(t) : t > 0} is a contraction
semigroup whose generator is B—\ with domain D(B). From (3.1) and (3.2)
applied to this semigroup we obtain

t
eMS(t)r — @ = / e S(s)(B — Nads, weD(B),t>0,
0
t
e NSty —y = (B—)\)/ e S(s)yds ye H, t>0.
0

Letting t — oo (and using the fact that B is closed to evaluate the limit of
the last term) we find that

= / e S(s)(A— B)zds,  xcD(B),
0
y=(A\- B)/ e S (s)yds ye H .
0

These identities show that A\ — B is injective and surjective, respectively,
with ~
[ =B) "yl < [ e dslyl =AMyl e

This proves the necessity part of the following fundamental result.

Theorem 3.1 Necessary and sufficient conditions that the operator
B : D(B) — H be the generator of a contraction semigroup on H are that

D(B) is dense in H and A — B : D(B) — H is a bijection with [[A(\ —
B) Mgy <1 for all X > 0.

Proof: (Continued) It remains to show that the indicated conditions on B
imply that it is the generator of a semigroup. We shall achieve this as follows:
(a) approximate B by bounded operators, By, (b) obtain corresponding
semigroups {Sx(¢) : t > 0} by exponentiating B, then (c) show that S(¢) =
limy_, o S)(t) exists and is the desired semigroup.

Since A — B : D(B) — H is a bijection for each A > 0, we may define
By =AB(A—B)"}, A >0.

Lemma For each A >0, By € L(H) and satisfies

By=-A+X\A-B)!. (3.3)
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For x € D(B), |[Bx(z)|| < [|Bz| and limy o0 Bx(z) = Bz.

Proof: Equation (3.3) follows from (Byx+\)(A—B)x = A2z, x € D(B). The
estimate is obtained from By = A(A — B) 1B and the fact that A(A — B)™!
is a contraction. Finally, we have from (3.3)

XA = B) 'z —z| = |A'Baz|| < A7 Bz]| , A>0, zeD(B),

hence, \(A—B) !z + x for all x € D(B). But D(B) dense and {\(A\—B)~!}
uniformly bounded imply A(A — B)~!z — z for all z € H, and this shows
Byz = A(A — B)"!Bz — Bz for = € D(B).

Since B,y is bounded for each A > 0, we may define by Theorem 2.2

SA(t):eXp(tB,\) s A>0,t>0.

Lemma For each A > 0, {S\(t) : t > 0} is a contraction semigroup on H
with generator By. For each x € D(B), {S\(t)z} converges in H as A — oo,
and the convergence is uniform for t € [0,T], T > 0.

Proof: The first statement follows from
IS\ = e exp(A2(A = B) 1)) < e MeM =1,

and D(S\(t)) = B\Si(t). Furthermore,
Sa(t) — S,(t) = /0 " DuSu(t — 5)Sa(s) ds

- /Ot Sult = $)Sx(s)(Bx— Bu)ds ,  pA>0,
in £L(H), so we obtain
|SA(t)x — Su(t)s|| < t||Bxx — Buz|| Au>0,t>0, ze D(B).
This shows {S)(t)x} is uniformly Cauchy for ¢ on bounded intervals, so the

Lemma follows.

Since each S\ () is a contraction and D(B) is dense, the indicated limit
holds for all x € H, and uniformly on bounded intervals. We define S(t)x =
limy o0 Sx(t)x, z € H, t > 0, and it is clear that each S(¢) is a linear
contraction. The uniform convergence on bounded intervals implies ¢ +—>



104 CHAPTER IV. FIRST ORDER EVOLUTION EQUATIONS

S(t)x is continuous for each z € H and the semigroup identity is easily
verified. Thus {S(¢) : t > 0} is a contraction semigroup on H. If x € D(B)
the functions S)(-)Bxz converge uniformly to S(-)Bz and, hence, for h > 0
we may take the limit in the identity

h
S\h)z —a = [ Sy(t)Bradt
0
to obtain
h
S(h)w—w:/ S(t)Bzdt xe€D(B), h>0.
0
This implies that D*(S(0)x) = Bz for z € D(B). If C denotes the generator
of {S(t) : t > 0}, we have shown that D(B) C D(C) and Bz = Cz for all
x € D(B). That is, C is an extension of B. But I — B is surjective and
I — C is injective, so it follows that D(B) = D(C).
Corollary 3.2 If —A is the generator of a contraction semigroup, then for

each uy € D(A) there is a unique solution u € C*([0,00), H) of (2.1) with
u(0) = ug.

Proof: This follows immediately from (3.1).

Theorem 3.3 If —A is the generator of a contraction semigroup, then for
eachug € D(A) and each f € C1([0,00), H) there is a unique u € C*([0, 0), H)
such that u(0) = wug, u(t) € D(A) fort >0, and

u'(t) + Au(t) = f(¢t) , t>0. (3.4)
Proof: It suffices to show that the function

o) = [ 8¢-nidr, 120,

satisfies (3.4) and to note that g(0) = 0. Letting z = ¢t — 7 we have
t
(g(t +h) —g(t))/h = /0 S()(f(t+h—z)— f(t—2)h~"dz

t+h
—I—hil/ S)f(t+h—2)dz
t
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so it follows that ¢'(t) exists and

t
gt = [ SE(E=2)dz+50)1(0)

Furthermore we have

a0 =gt = [T st n i - [ i)
= (50— D [ 5~ sty dr

+ht /tH_h S(t+h—7)f(r)dr . (3.5)

Since ¢/(t) exists and since the last term in (3.5) has a limit as h — 07, it
follows from (3.5) that

/Ot S(t — 7)f(r) dr € D(A)

and that g satisfies (3.4).

4 Accretive Operators; two examples

We shall characterize the generators of contraction semigroups among the
negatives of accretive operators. In our applications to boundary value prob-
lems, the conditions of this characterization will be more easily verified than
those of Theorem 3.1. These applications will be illustrated by two examples;
the first contains a first order partial differential equation and the second is
the second order equation of heat conduction in one dimension. Much more
general examples of the latter type will be given in Section 7.

The two following results are elementary and will be used below and
later.

Lemma 4.1 Let B € L(H) with |B|| < 1. Then (I — B)™ € L(H) and is
given by the power series Y oo o B™ in L(H).

Lemma 4.2 Let A € L(D(A), H) where D(A) < H, and assume (u — A)~! €
L(H), with p € C. Then (A — A)~' € L(H) for X\ € C, if and only if
[I—(u—A)(p—A)"Y"t e L(H), and in that case we have

A=A = (=AM T = (p= V-4
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Proof: Let B=1— (un— A)(u— A)~! and assume B~ € L(H). Then we
have

A=A p-ATB =[A=—p)+(p-A)(p—A4)"'B"!
[(A=w)(p—-A)"+1B =1,

and

(u—A)'BTT A= A) = (p— AT BT = p) + (1 — A)]
(- A) BB - A) =1, on D(4).

The converse is proved similarly.

Suppose now that —A generates a contraction semigroup on H. From
Theorem 3.1 it follows that

lA+ A)z|| > Al|=|| , A>0,xzeD(A), (4.1)
and this is equivalent to
2Re(Az,z)g > —||Az|?/\ A>0, zeD(A).

But this shows A is accretive and, hence, that Theorem 3.1 implies the
necessity part of the following.

Theorem 4.3 The linear operator —A : D(A) — H is the generator of a
contraction semigroup on H if and only if D(A) is dense in H, A is accretive,
and A + A is surjective for some A\ > 0.

Proof: (Continued) It remains to verify that the above conditions on the
operator A imply that —A satisfies the conditions of Theorem 3.1. Since A
is accretive, the estimate (4.1) follows, and it remains to show that A + A is
surjective for every A > 0.

We are given (u+ A)~! € L(H) for some p > 0 and ||u(p+ A)71 < 1.
For any A € C we have ||[(A — p)(u + A)7Y| < |\ — u|/p, hence Lemma 4.1
shows that I — (A — u)(\ + A)~! has an inverse which belongs to £(H) if
|\ — p| < p. But then Lemma 4.2 implies that (A + A)~! € £(H). Thus,
(u+ A)~! € L(H) with g > 0 implies that (A + A)~! € L(H) for all A > 0
such that |\ — u| < p, i.e., 0 < A < 2u. The result then follows by induction.
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Example 1. Let H = L?(0,1), ¢ € C, D(A) = {u € H*0,1) : u(0) =
cu(1)}, and A = 9. Then we have for u € H'(0,1)

1 I
2 Re(Au, u) g :/0 (Ou-a+3a-u) = [u(1)? — |u(0)]? .

Thus, A is accretive if (and only if) |¢| < 1, and we assume this hereafter.
Theorem 4.3 implies that —A generates a contraction semigroup on L?(0, 1)
if (and only if) I 4+ A is surjective. But this follows from the solvability of
the problem

u+O0u=f, u(0) = cu(l)

for each f € L%(0,1); the solution is given by

Gla s>‘{[e/(6_c)]6(“)’ 0<s<z<l,
T efe—le ™, 0<z<s<1.

Since — A generates a contraction semigroup, the initial boundary value prob-

lem
Owu(z,t) + Oyu(z,t) =0, 0<z<1l,t>0 (4.2)
u(0,t) = cu(l,t)
u(z,0) = up(z) (4.4)

has a unique solution for each ug € D(A). This can be verified directly.
Since any solution of (4.2) is locally of the form

u(z,t) = F(z —t)
for some function F'; the equation (4.4) shows
u(z,t) = uo(x —t), 0<t<z<1.
Then (4.3) gives u(0,t) = cup(l —t), 0 <t <1, so (4.2) then implies
u(z,t) = cup(l+x —1t), r<t<z+1.
An easy induction gives the representation

u(z,t) = c"up(n + = —t) , n—1l+z<t<n+1,n>1.
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The representation of the solution of (4.2)—(4.4) gives some additional
information on the solution. First, the Cauchy problem can be solved only if
ug € D(A), because u(-,t) € D(A) implies u(-,t) is (absolutely) continuous
and this is possible only if ug satisfies the boundary condition (4.3). Second,
the solution satisfies u(-,t) € H'(0,1) for every ¢t > 1 but will not belong
to H2(0,1) unless dug € D(A). That is, we do not in general have u(-,t) €
H?(0,1), no matter how smooth the initial function ug may be. Finally, the
representation above defines a solution of (4.2)—(4.4) on —oco < t < oo by
allowing n to be any integer. Thus, the problem can be solved backwards
in time as well as forward. This is related to the fact that —A generates a
group of operators and we shall develop this notion in Section 5. Also see
Section V.3 and Chapter VI.

Example 2. For our second example, we take H = L%(0,1) and let A =
—0? on D(A) = H}(0,1) N H%(0,1). An integration-by-parts gives

1
(Au,u) g :/ |Oul|? | ue D(A),
0
so A is accretive, and the solvability of the boundary value problem
u—0*u=f, u(0)=0, u(l)=0, (4.5)

for f € L?(0,1) shows that I + A is surjective. (We may either solve (4.5)
directly by the classical variation-of-parameters method, thereby obtaining
the representation

1
u(e) = [ Gla.s)f(s)ds,

sinh(1 — z) sinh(s)
sinh(1 ’

sinh(1 — s) sinh(x)
sinh(1) ’

or observe that it is a special case of the boundary value problem of Chap-

0<s<z<1
G(z,s) =
0<z<s<1

ter II1.) Since —A generates a contraction semigroup on L?(0,1), it follows
from Corollary 3.2 that there is a unique solution of the initial-boundary
value problem

Ou —0*u=0, 0O<z<1,t>0

u(0,t) =0, wu(l,t)=0, (4.6)

u(z,0) = up(z)
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for each initial function uy € D(A).
A representation of the solution of (4.6) can be obtained by the method
of separation-of-variables. This representation is the Fourier series (cf. (1.4))

1 > )
u(z,t) = 2/0 Z ug(s) sin(ns) sin(nz)e " " ds (4.7)
n=0

and it gives information that is not available from Corollary 3.2. First, (4.7)
defines a solution of the Cauchy problem for every ug € L?(0,1), not just for
those in D(A). Because of the factor e~™* in the series (4.7), every derivative
of the sequence of partial sums is convergent in L?(0,1) whenever ¢ > 0, and
one can thereby show that the solution is infinitely differentiable in the open
cylinder (0,1)x (0, 00). Finally, the series will in general not converge if ¢t < 0.
This occurs because of the exponential terms, and severe conditions must
be placed on the initial data ug in order to obtain convergence at a point
where ¢ < 0. Even when a solution exists on an interval [T, 0] for some
T > 0, it will not depend continuously on the initial data (cf., Exercise 1.3).
The preceding situation is typical of Cauchy problems which are resolved
by analytic semigroups. Such Cauchy problems are (appropriately) called
parabolic and we shall discuss these notions in Sections 6 and 7 and again in
Chapters V and VI.

5 Generation of Groups; a wave equation

We are concerned here with a situation in which the evolution equation can
be solved on the whole real line R, not just on the half-line R™. This is the
case when —A generates a group of operators on H.

Definition. A unitary group on H is a set {G(t) : t € R} of linear operators
on H which satisfy

Gt+7)=G)-Gr), GO =1, treR, (5.1)
Gz e C(R,H), acH, (5.2)
Gy =1, teR. (5.3)

The generator of this unitary group is the operator B with domain

D(B)={z € H: lim h™!(G(h) — )z exists in H}
h—0
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with values given by Bz = limj .o h~}(G(h) — I)x = D(G(0)z), the (two-
sided) derivative at 0 of G(t)z.

Equation (5.1) is the group condition, (5.2) is the condition of strong
continuity of the group, and (5.3) shows that each operator G(¢), t € R, is
an isometry. Note that (5.1) implies

Gt)-G(—-t)=1, teR,
so each G(t) is a bijection of H onto H whose inverse is given by
G lt)=G(-t), teR.

If B e L(H), then (5.1) and (5.2) are satisfied by G(t) = exp(tB), t € R
(cf., Theorem 2.2). Also, it follows from (2.4) that B is the generator of
{G(t) : t € R} and

D(|G(®)z|?) = 2Re(BG(t)z, G(t)x)y , =z € H,teR,

hence, (5.3) is satisfied if and only if Re(Bz,z)g = 0 for all x € H. These
remarks lead to the following.

Theorem 5.1 The linear operator B : D(B) — H is the generator of a
unitary group on H if and only if D(B) is dense in H and A\ — B is a
bijection with [[A\(X — B) ™| gy <1 for all X € R, A # 0.

Proof: 1If B is the generator of the unitary group {G(t) : t € R}, then
B is the generator of the contraction semigroup {G(t) : t > 0} and —B is
the generator of the contraction semigroup {G(—t) : ¢ > 0}. Thus, both B
and — B satisfy the necessary conditions of Theorem 3.1, and this implies the
stated conditions on B. Conversely, if B generates the contraction semigroup
{S4(t) : t > 0} and — B generates the contraction semigroup {S_(¢) : ¢ > 0},
then these operators commute. For each zy € D(B) we have

D[S (t)S_(—t)xo] =0, t>0,
so S4(t)S_(—t) =1, t > 0. This shows that the family of operators defined

by
c) {S+(t) , t>0
S_(-t), t<0
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satisfies (5.1). The condition (5.2) is easy to check and (5.3) follows from
L=[G@) - G0 < I[GQ)I - |G < llG@l < 1.

Finally, it suffices to check that B is the generator of {G(¢t) : ¢ € R} and
then the result follows.

Corollary 5.2 The operator A is the generator of a unitary group on H if
and only if for each ug € D(A) there is a unique solution v € C*(R, H) of
(2.1) with u(0) = up and ||u(t)|| = ||uol|, t € R.

Proof: This is immediate from the proof of Theorem 5.1 and the results of
Theorem 2.1 and Corollary 3.2.

Corollary 5.3 If A generates a unitary group on H, then for each ug €
D(A) and each f € CY(R,H) there is a unique solution u € CY(R,H) of
(3.3) and u(0) = ug. This solution is given by

u(t) = G(t)uo + /01t Glt—1)f(r)dr, teR.

Finally, we obtain an analogue of Theorem 4.3 by noting that both +A
and — A are accretive exactly when A satisfies the following.

Definition. The linear operator A € L(D(A), H) is said to be conservative
if
Re(Az,z)g =0, z e D(A) .

Corollary 5.4 The linear operator A : D(A) — H is the generator of a
unitary group on H if and only if D(A) is dense in H, A is conservative,
and A+ A is surjective for some A > 0 and for some A < 0.

Example. Take H = L?(0,1) x L%*(0,1), D(A) = H(0,1) x H'(0,1), and
define
Alu,v] = [—i0v,i0u] , [u,v] € D(A) .

Then we have

(Alu, o], [u, v])m = z‘/ol((%-ﬂ—au-z‘)) . [we] € D(A)
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and an integration-by-parts gives

=1
=0, (54

=0

2Re(Alu,v], [u,v]) g = i(u(zx)v(x) — u(xz)v(z))

since u(0) = u(1) = 0. Thus, A is a conservative operator. If A # 0 and
[f1, f2] € H, then

Au, v] + Alu,v] = [f1, fo] , [u,v] € D(A)
is equivalent to the system
—0%u+Nu = \fy —idfa,  w€ H0,1), (5.5)
—iOu + v = fa, ve HY0,1) . (5.6)

But (5.5) has a unique solution u € Hg (0, 1) by Theorem II1.2.2 since \f; —
i0fy € (H})' from Theorem I1.2.2. Then (5.6) has a solution v € L?(0,1)
and it follows from (5.6) that

(iN)Ov = Af1 — N € L*(0,1) ,

sov € H'(0,1). Thus A + A is surjective for A # 0.
Corollaries 5.3 and 5.4 imply that the Cauchy problem
Du(t) + Au(t) = [0, f(t)] , teER,
) () = [0, f(2)] (5.7
u(0) = [uo, vo]

is well-posed for ug € H}(0,1), vo € H'(0,1), and f € C1(R, H). Denoting
by u(t), v(t), the components of u(t), i.e., u(t) = [u(t), v(t)], it follows that
u € C?(R, L%(0,1)) satisfies the wave equation
Otu(z,t) — Ou(x,t) = f(x,t) , 0<z<l,teR,
and the initial-boundary conditions
u(0,t) = u(1,t) =0
u(z,0) = ug(x) , Owu(z,0) = —ive(z) .

See Section VI.5 for additional examples of this type.
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6 Analytic Semigroups

We shall consider the Cauchy problem for the equation (2.1) in the spe-
cial case in which A is a model of an elliptic boundary value problem (cf.
Corollary 3.2). Then (2.1) is a corresponding abstract parabolic equation
for which Example 2 of Section IV.4 was typical. We shall first extend the
definition of (A + A)~! to a sector properly containing the right half of the
complex plane C and then obtain an integral representation for an analytic
continuation of the semigroup generated by —A.

Theorem 6.1 LetV and H be Hilbert spaces for which the identity V. — H
18 continuous. Leta : V xV — C be continuous, sesquilinear, and V -elliptic.
In particular

a(w,0)| < Kl o], wuveV,
Rea(u,u) > c|ul?, ueV,
where 0 < ¢ < K. Define
D(A) = {u € V: a(u,v)] < Kulol , veV},
where K,, depends on u, and let A € L(D(A),H) be given by
a(u,v) = (Au,v)g , ueD(A),veV.

Then D(A) is dense in H and there is a 6, 0 < 6y < w/4, such that for each
A€ S(m/2+0y) = {2z € C: |arg(2)| < 7/2+6p} we have (A\+ A)~ € L(H).
For each 6, 0 < 0 < 6y, there is an My such that

INA+A) o < My . AeSO+7/2). (6.1)
Proof: Suppose A € C with A = o + 47, 0 > 0. Since the form u, v —
a(u,v)+A(u,v) g is V-elliptic it follows that A+ A : D(A) — H is surjective.

(This follows directly from the discussion in Section III.2.2; note that A is
the restriction of A to D(A) = D.) Furthermore we have the estimate

olulf; < Re{a(u,u) + Au,u)g} < |[(A+ Nulglulg ,  we D(A),
so it follows that

le(A+A)7H <1, Re(N)=¢2>0. (6.2)
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From the triangle inequality we obtain
Il lulfy = K} < [Tm((A + Aw,w)n| ,  uwe DA, (6.3)
where 7 = Im()\). We show that this implies that either
[ Tm((X + A)u, u)g| > (I71/2) ulf; (6.4)

or that
Re((A + Au,u) g > (¢/2K)|7| |ul? . (6.5)

If (6.4) does not hold, then substitution of its negation into (6.3) gives
(I71/2)|Jul?; < K|jul?. But we have

Re((\ + A)u,u) g > clul)?
so (6.5) follows. Since one of (6.4) or (6.5) holds, it follows that
(A + Au,w)i| = (¢/2K)|7|[ulfy ,  weD(A),
and this gives the estimate
TN+ A)7Y| <2K/c, A=oc+ir,0>0. (6.6)
Now let A = 0 + i7 € C with 7 # 0 and set p = ¢7. From (6.6) we have
(e + ) < 2K /clul
so Lemma 4.1 shows that
I = N = )+ AT < L= X = pl2K elpl] !

whenever |o|/|T| = (A — p)/|p] < ¢/2K.
From Lemma 4.2 we then obtain (A + A)~! € £L(H) and
MY+ A7 < @K/o)(lol/I7] + 1) = 2K]o| /clr) 7",
A=o+irt, |ol/|t] <c/2K . (6.7)
Theorem 6.1 now follows from (6.2) and (6.7) with 6y = tan=!(c/2K).
From (6.2) it is clear that the operator —A is the generator of a contrac-

tion semigroup {S(t) : t > 0} on H. We shall obtain an analytic extension
of this semigroup.
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Theorem 6.2 Let A € L(D(A),H) be the operator of Theorem 6.1. Then
there is a family of operators {T(t) : t € S(6p)} satisfying
(a) T(t+7)=T(t)-T(1), t,7 € S(6y) ,

and for x,y € H, the function t — (T(t)z,y)u is analytic on S(0y);
(b) forte S(6y), T(t) € L(H,D(A)) and

dr(t) .
= A-T(t)e L(H);

(c) if 0 < e < Bo, then for some constant C(e),
[T@ < CEItAT@)]| < Cle) ,  t€S(00—¢),
and forx € H, T(t) >z ast — 0, t € S(6y — ).
Proof: Let 6 be chosen with 6y/2 < 6 < 6y and let C' be the path consisting
of the two rays |arg(z)| = m/2 + 0, |z| > 1, and the semi-circle {e® : [t| <

0 + 7/2} oriented so as to run from oo - e~4™/2+0) o oo - HT/2H0),
If t € S(260 — 6p), then we have

|arg(At)| > |arg A| — |argt| > 7/2+ (6 — 0) , AeC, MN>1,
so we obtain the estimate
Re(At) < —sin(0g — 0) |\t te S(20 —0y) .

This shows that the (improper) integral
1
T(t) = —,/ MO+ AN, te S(20 - 6) (6.8)
2wt Jo
exists and is absolutely convergent in £L(H). If z,y € H then

1

(O, y)n = 5 [ O+ A y)udr
2w Jo

is analytic in ¢t. If C’ is a curve obtained by translating C to the right, then

from Cauchy’s theorem we obtain

(T, = —— / AN A )X

o
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Hence, we have

T(t) = i/ NN + A)HaN

2

since z,y are arbitrary and the integral is absolutely convergent in L(H).
The semigroup identity follows from the calculation

1
21

_ (2%)2 [/,eA/T(A’—i—A)l{/CeM(A— X)ldA} AN
_/(/YeAt()\—i—A)l{/,e)‘,T()\—)\’)ld)\’}dA]
1

= —/ MDA+ A)TTAA=T(t+7) ,
21 Jo

T)T(r) = ( )2 / | /C XM 4 A) T (A A) L dAdN

where we have used Fubini’s theorem and the identities
A+ATTNV+AT =0 =X) N+ -+ 47,

/ MA=XN)"td =0 / AT = N) N = —2mie .
C !

Since 6 € (0y/2,6)) is arbitrary, (a) follows from above.
Similarly, we may differentiate (6.8) and obtain
dT(t) 1

_ L At -1
- /C A + A)~d (6.9)

1 AL 1
= — I—AMN+ A d\
2m./ce[ (A+A4)7Y]

_ —/ MA+ A)Ldr
C

271
Since A is closed, this implies that for ¢t € S(26 — 6y), 09/2 < 0 < 6y, we
have
dT(t)

= AT(t) € L(H)

so (b) follows.
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We next consider (c). Letting 6§ = 6y — €/2, we obtain from (6.1) and
(6.8) the estimate

1 -
TN < 5= [ 1] 10+ 4)

< %/ eRe)\tM )
— 27 Jo |A|

Since Re A\t < —sin(e/2) - |At] in this integral, the last quantity depends only
on e. The second estimate in (c) follows similarly.

To study the behavior of T'(¢) for ¢t € S(6y — €) close to 0, we first note
that if x € D(A)

Tt)r —x = i/ A+ A=A DHzdx
21 Jo

_ —/ MO+ A) T Az dA/A
C

21

and, hence, we obtain the estimate

My i d|tA|
The — ol < 111 Me sin(e/2)| M| _} e
1Tt -l <[5 [ e e
Thus, T'(t)x — = as t — 0 with ¢ € S(6p — ). Since D(A) is dense and
{T'(t):t € S(6p — €)} is uniformly bounded, this proves (c).

Definition. A family of operators {T'(t) : t € S(6p) U {0}} which satisfies
the properties of Theorem 6.2 and T'(0) = I is called an analytic semigroup.

Theorem 6.3 Let A be the operator of Theorem 6.1, {T'(t) : t € S(6y)} be
given by (6.8), and T'(0) = I. Then the collection of operators {T'(t) : t > 0}
is the contraction semigroup generated by —A.

Proof: Let uy € H and define u(t) = T'(t)up, t > 0. Theorem 6.2 shows
that u is a solution of the Cauchy problem (2.1) with u(0) = ug. Theorem
2.1 implies that {T'(¢) : t > 0} is a contraction semigroup whose generator
is an extension of —A. But I + A is surjective, so the result follows.

Corollary 6.4 If A is the operator of Theorem 6.1, then for every ug € H
there is a unique solution u € C([0,00), H) N C*((0,00), H) of (2.1) with
u(0) = ug. For each t >0, u(t) € D(AP) for every p > 1.
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There are some important differences between Corollary 6.4 and its coun-
terpart, Corollary 3.2. In particular we note that Corollary 6.4 solves the
Cauchy problem for all initial data in H, while Corollary 3.2 is appropriate
only for initial data in D(A). Also, the infinite differentiability of the so-
lution from Corollary 6.4 and the consequential inclusion in the domain of
every power of A at each ¢ > 0 are properties not generally true in the sit-
uation of Corollary 3.2. These regularity properties are typical of parabolic
problems (cf., Section 7).

Theorem 6.5 If A is the operator of Theorem 6.1, then for each ug € H
and each Holder continuous f : [0,00) — H:

[f(t) = f(DOI<K({E—-7)*, 0<71<t,

where K and o are constant, 0 < a < 1, there is a unique u € C([0,00), H)N
C1((0,00), H) such that u(0) = ug, u(t) € D(A) fort >0, and

u'(t) + Au(t) = f(t) , t>0.
Proof: It suffices to show that the function

t
o) = [ T-nfar.  t=0,
0
is a solution of the above with ug = 0. Note first that for ¢ > 0
t t
ot) = [ T(t- 1))~ f@)dr+ [ T(t=r)dr-50).
0 0
from Theorem 6.2(c) and the Holder continuity of f we have
|A-T(t = 7)(f(r) = F))Il < C(0o) K[t — 7|*7",
and since A is closed we have g(t) € D(A) and
¢
Ag(t) :A/O Tt =7)(f(r) = f@)dr + (T =T(@))- f(2) -

The result now follows from the computation (3.5) in the proof of Theorem
3.3.
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7 Parabolic Equations

We were led to consider the abstract Cauchy problem in a Hilbert space H
u'(t) + Au(t) = f(t), t>0; u(0) =wuo (7.1)

by an initial-boundary value problem for the parabolic partial differential
equation of heat conduction. Some examples of (7.1) will be given in which
A is an operator constructed from an abstract boundary value problem.
In these examples A will be a linear unbounded operator in the Hilbert
space L?(G) of equivalence classes of functions on the domain G, so the
construction of a representative U(-,¢) of u(t) is non-trivial. In particular,
if such a representative is chosen arbitrarily, the functions ¢ — U(z,t) need
not even be measurable for a given z € G.

We begin by constructing a measurable representative U (-, ) of a solution
u(+) of (7.1) and then make precise the correspondence between the vector-
valued derivative u/(t) and the partial derivative 9,U (-, t).

Theorem 7.1 Let I = [a,b], a closed interval in R and G be an open (or
measurable) set in R™.

(a) Ifu € C(I,L*(Q)), then there is a measurable function U : I — R such
that
u(t) =U(-t), tel. (7.2)

(b) If u € CY(I,L*(Q)), U and V are measurable real-valued functions on
G x I for which (7.2) holds for a.e. t € I and

u'(t) =V (,t), ae tel,
then V = 0,U in D*(G x I).
Proof: (a) For each t € I, let Uy(-,t) be a representative of u(t). For each

integer n > 1, let a = tg < t; < .-+ < t, = b be the uniform partition of I
and define
Uo(l‘,tk) , e <t <y, k=0,1,...,n—1
Un(z,t) =
Up(z,t), t=ty.
Then U, : G x I — R is measurable and

lim (|[Un(-,) = u(®)llz2) =0,

n—oo
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uniformly for ¢t € I. This implies

lim // U — Up? dadt = 0
m,n—oo J1 Ja

and the completeness of L?(G x I) gives a U € L*(G x I) for which

lim// U — Uy, |*dxdt =0 .
n—oo I1JG

It follows from the above (and the triangle inequality)

[ 1u(t) = U )3y e = 0
I

so u(t) = U(+,t) for a.e. t € I. The desired result follows by changing w(t)
to Up(+,t) on a set in I of zero measure.

(b) Let ® € C§°(G x I). Then ¢(t) = ®(-,t) defines ¢ € C§(I, L*(Q)).
But for any ¢ € C§°(I, L?>(G)) and u as given

- [ @®), ¢ )z dt = [ @ @) o) dt

I

and thus we obtain

—/I/GU(x,t)Dt@(m,t)dmdt:/I/GV(w,t)Q(m,t)dmdt.

This holds for all ® € C§°(G x I), so the stated result holds.

We next consider the construction of the operator A appearing in (7.1)
from the abstract boundary value problem of Section II1.3. Assume we are
given Hilbert spaces V' C H, and B with a linear surjection v : V — B
with kernel V. Assume v factors into an isomorphism of V/V{ onto B, the
injection V' — H is continuous, and Vj is dense in H, and H is identified
with H'. (Thus, we obtain the continuous injections Vy — H < V{ and
V < H < V'.) (Cf. Section III.2.3 for a typical example.)

Suppose we are given a continuous sesquilinear form a; : V XV — K and
define the formal operator 4; € L(V, V) by

Arju(v) = a1 (u,v) , ueV,velp.

Let Dy = {u € V : A1(u) € H} and denote by 0; € L(Dy, B’) the abstract
Green’s operator constructed in Theorem II1.2.3. Thus

a(u,v) — (Aru,v)g = d1u(y(v)) , ueDy,veV.
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Suppose we are also given a continuous sesquilinear form as : B x B — K
and define Ay € £(B, B’) by

Asu(v) = as(u,v) , u,v € B .
Then we define a continuous sesquilinear form on V' by
a’(u7v) =a (’LL,’U) + ag(’Y(U),’Y(’U)) ) U,V € V.

Consider the triple {a(-,-),V, H} above. From these we construct as in
Section 6 an unbounded operator on H whose domain D(A) is the set of all
u € V such that there is an F' € H for which

a(u,v) = (F,v)g , velV.

Then define A € L(D(A),H) by Au = F. (Thus, A is the operator in
Theorem 6.1.) From Corollary II1.3.2 we can obtain the following result.

Theorem 7.2 Let the spaces, forms and operators be as given above. Then
D(A) C Do, A = Ailpay, and u € D(A) if and only ifu € V, Aju € H,
and Oyu + Az(y(u)) =0 in B'.

(We leave a direct proof as an exercise.) We obtain the existence of a weak so-
lution of a mixed initial-boundary value problem for a large class of parabolic
boundary value problems from Theorems 6.5, 7.1 and 7.2.

Theorem 7.3 Suppose we are given an abstract boundary value problem
as above (i.e., Hilbert spaces V, H, B, continuous sesquilinear forms ai(-,-),
as(+,), and operators vy, &1, A1 and Az) and that H = L*(G) where G is an
open set in R™. Assume that for some ¢ > 0

Re{ai(v,0) + az(y(0).7(0) | > ellolf} . weV.

Let Uy € L*(G) and a measurable F : G x [0,T] — K be given for which
F(,t) € L*(G) for allt € [0,T] and for some K € L*(G) and a, 0 < a < 1,
we have

|F(z,t) — F(z,7)| < K(x)[t —7|*, ae z€G,tel0,T].
Then there exists a U € L*(G x [0,T)]) such that for all t > 0
UGty eV, U t) + AU(t) = F(-,t) in L*(G) }

(7.3)
and U, t) +A(vU(-,t)) =0 in B,
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and
lim/ U (,8) — U(z)2dz =0 .
G

t—0

We shall give some examples which illustrate particular cases of Theorem
7.3. Each of the following corresponds to an elliptic boundary value problem
in Section III.4, and we refer to that section for details on the computations.

7.1

Let the open set G in R", coefficients a;;, a; € L*°(G), and sesquilinear
form a(-,-) = ai(-,-), and spaces H and B be given as in Section III.4.1.
Let Uy € L?(G) be given together with a function F : G x [0,7] — K as in
Theorem 7.3. If we choose

V={ve HY(G) :yv(s) =0, ae. scTl}

where T' is a prescribed subset of G, then a solution U of (7.3) satisfies

oU — Z 6j(aij6¢U) + Zaj(?jU =F in LZ(G X [O,T]) s

i,j=1 j=0
U(s,t) =0, t>0, ae. sel', and (7.4)
M:o, t>0, ae. s€dG~T,

ovy

where . .

ou

W 0§ )

wa =1
denotes the derivative in the direction determined by {a;;} and the unit
outward normal v on 0G. The second equation in (7.4) is called the boundary
condition of first type and the third equation is known as the boundary
condition of second type.

7.2

Let V be a closed subspace of H!(G) to be chosen below, H = L*(G),
Vo = H}(G) and define

al(u,v):/GVu-W, u,v €V .
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Then A; = —A, and 0 is an extension of the normal derivative 9/dv on
0G. Let o € L*°(0G) and define

arlpt) = [ a@e@EE s, g€ LH06) .

(Note that B C L*(0G) C B' and Asp = a - ¢.) Let Uy € L*(G) and F be
given as in Theorem 7.3. Then (exercise) Theorem 7.3 asserts the existence
of a solution of (7.3). If we choose V = H'(G), this solution satisfies

U — AU =F in L*(Gx[0,7T)),

(7.5)
w Ya(s)U(s,t) =0, t>0, ae secdG

If we choose V = {v € HY(G) : yv = constant}, then U satisfies

U —AU=F in L*(Gx[0,T)),
Ul(s,t) =up(t) t>0, ae se€0G,
U (s,t)

/ ———=ds+ a(s)ds-up(t) =0, t>0.
ac  Ov aG

(7.6)

The boundary conditions in (7.5) and (7.6) are known as the third type and
fourth type, respectively. Other types of problems can be solved similarly,
and we leave these as exercises. In particular, each of the examples from
Section III.4 has a counterpart here.

Our final objective of this chapter is to demonstrate that the weak solu-
tions of certain of the preceding mixed initial-boundary value problems are
necessarily strong or classical solutions. Specifically, we shall show that the
weak solution is smooth for problems with smooth or regular data.

Consider the problem (7.4) above with F' = 0. The solution u(-) of the
abstract problem is given by the semigroup constructed in Theorem 6.2 as
u(t) = T(t)up. (We are assuming that a(-,-) is V-elliptic.) Since T'(t) €
L(H,D(A)) and AT(t) € L(H) for all ¢ > 0, we obtain from the identity
(T'(t/m))™ = T(t) that T'(t) € L(H,D(A™)) for integer m > 1. This is an
abstract regularity result; generally, for parabolic problems D(A™) consists
of increasingly smooth functions as m gets large. Assume also that a(-,-) is
k-regular over V (cf. Section 6.4) for some integer k¥ > 0. Then A~! maps
H*(G) into H?*3(G) for 0 < s < k, so D(A™) C H*** whenever 2m > 2+ k.
Thus, we have the spatial regularity result that u(t) € H?>T*(G) for all t > 0
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when af(-,-) is V-elliptic and k-regular. One can clearly use the imbedding
results of Section II.4 to show U(-,t) € CP(G) when 2(2 + k) > 2p + n.

We consider the regularity in time of the solution of the abstract problem
corresponding to (7.4). First note that A™ : D(A™) — H defines a scalar
product on D(A™) for which D(A™) is a Hilbert space. Fix ¢t > 7 > 0 and
consider the identity

(1/h)(u(t + h) —u(t)) = A7"[(A/h) (T +h —7) = T(t = 7)) A™u(t)]

for 0 < |h| < t — 7. Since A™u(7) € H, the term in brackets converges in
H, hence u/(t) € D(A™) for all ¢ > 0 and integer m. This is an abstract
temporal regularity result. Assume now that a(-,-) is k-regular over V.
The preceding remarks show that the above difference quotients converge to
u'(t) = Q,U(+,t) in the space H**(G). The convergence holds in CE(G) if
2(2+ k) > 2p + n as before, and the solution U is a classical solution for
p > 2. Thus, (7.4) has a classical solution when the above hypotheses hold
for some k > n/2.

Exercises

1.1. Supply all details in Section 1.

1.2. Develop analogous series representations for the solution of (1.5) and
(1.3) with the boundary conditions

(a) ug(0,t) = uy(m,t) = 0 of Neumann type (cf. Section III.7.7),

(b) w(0,t) = wu(m,t), uy(0,t) = uy(m,t) of periodic type (cf. Section
II1.7.8).

1.3. Find the solution of the backward heat equation
Ut + Uge =0, O<z<m,t>0

subject to u(0,t) = u(m,t) = 0 and u(z,0) = sin(nx)/n. Discuss the
dependence of the solution on the initial data u(z,0).

2.1. If A is given as in Section IIL.7.C, obtain the eigenfunction series rep-
resentation for the solution of (2.1).
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2.2.

2.3.
24.

3.1.

3.2.

3.3.
3.4.

4.1.
4.2.

4.3.

4.4.

4.5.
4.6.

5.1.

5.2.
5.3.

Show that if u,v € C*((0,T), H), then

Dy(u(t), o) = (W (©),0(®) i + (e (), 0<t<T.
Show (2.3) holds for all x € H.
Verify (2.5).

If {S(t)} is a contraction semigroup with generator B, show that {e=*S()}

is a contraction semigroup for A > 0 and that its generator is B — A.

Verify the limits as ¢ — oo in the two identities leading up to Theorem
3.1.

Show B(A — B)™! = (A — B)"!B for B as in Theorem 3.1.

Show that Theorem 3.3 holds if we replace the given hypothesis on f
by f:RT — D(A) and Af(-) € C([0,00), H).

Prove Lemma 4.1.

Show that the hypothesis in Theorem 4.3 that D(A) is dense in H is
unnecessary. Hint: If z € D(A)*, then z = (A\+A)z for some z € D(A)
and z = 6.

Show that (4.1) follows from A being accretive.

For the operator A in Example 4(a), find the kernel and range of A + A
for each A > 0 and ¢ with |¢| < 1.

Solve (4.5) by the methods of Chapter III.

Solve (4.5) and (4.6) when the Dirichlet conditions are replaced by Neu-
mann conditions. Repeat for other boundary conditions.

Show that operators {S;(¢)} and {S_(¢)} commute in the proof of The-
orem 5.1.

Verify all details in the Example of Section 5.

If A is self-adjoint on the complex Hilbert space H, show iA generates
a unitary group. Discuss the Cauchy problem for the Schrodinger
equation u; = iA,u on R™ x R.
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5.4.

6.1.

6.2.

6.3.

6.4.

7.1.

7.2.

7.3.

7.4.

7.5.

7.6.

7.7.

CHAPTER IV. FIRST ORDER EVOLUTION EQUATIONS

Formulate and discuss some well-posed problems for the equation d;u +
Bu=0for 0 <z <1andt>D0.

Verify all the estimates which lead to the convergence of the integral
(6.8).

Finish the proof of Theorem 6.5.

Show that f(t) = [J F(s)ds is Holder continuous if F(-) € LP(0,T; H)
for some p > 1.

Show that for 0 < ¢ < 0 and integer n > 1, there is a constant c.,, for
which |[t"A™T'(t)|| < cen for t € S(0y — €) in the situation of Theorem
6.2.

In the proof of Theorem 7.1(a), verify lim,, o ||Un(+,t) —u(t)|| = 0. For
Theorem 7.1(b), show ¢ € C§°(I, L*(Q)).

Give a proof of Theorem 7.2 without appealing to the results of Corol-
lary I11.3.2.

Show that the change of variable u(t) = e*uv(t) in (7.1) gives a cor-
responding equation with A replaced by A + A. Verify that (7.4) is
well-posed if a;(-,-) is strongly elliptic.

Show that (7.3) is equivalent to (7.5) for an appropriate choice of V.
Show how to solve (7.5) with a non-homogeneous boundary condition.

Show that (7.3) is equivalent to (7.6) for an appropriate choice of V.
Show how to solve (7.6) with a non-homogeneous boundary condition.
If G is an interval, show periodic boundary conditions are obtained.

Solve initial-boundary value problems corresponding to each of exam-
ples in Sections 4.3, 4.4, and 4.5 of Chapter III.

Show that u(t) = T'(t)ug converges to ug in D(A™) if and only if uy €
D(A™). Discuss the corresponding limit lim, 5+ U(-,¢) in (7.4).



