Chapter VII

Optimization and
Approximation Topics

1 Dirichlet’s Principle

When we considered elliptic boundary value problems in Chapter III we
found it useful to pose them in a weak form. For example, the Dirichlet
problem

—Ayu(z) = F(x) , zeG ,} @)

u(s) =0, s € 0G

on a bounded open set G in R™ was posed (and solved) in the form
u € HY(G) ; / Vu-Vodr = / F(z)v(z)dx , ve Hy(G). (1.2)
G G

In the process of formulating certain problems of mathematical physics as
boundary value problems of the type (1.1), integrals of the form appearing
in (1.2) arise naturally. Specifically, in describing the displacement u(x) at
a point € G of a stretched string (n = 1) or membrane (n = 2) resulting
from a unit tension and distributed external force F'(x), we find the potential
energy is given by

E(u) = (3) /G Vu(z)? dx — /G Fe)u(z) de . (1.3)

Dirichlet’s principle is the statement that the solution w of (1.2) is that
function in H}(G) at which the functional E(-) attains its minimum. That
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170 CHAPTER VII. OPTIMIZATION AND APPROXIMATION

is, u is the solution of
u € Hy(G) : E(u) < E(v) ve Hy(G) . (1.4)

To prove that (1.4) characterizes u, we need only to note that for each
v € H}(G)

E(u—H})—E(u):/G(VU-VU—Fv)dx+(%)/G|Vv|2dm

and the first term vanishes because of (1.2). Thus E(u + v) > E(u) and
equality holds only if v = 0.

The preceding remarks suggest an alternate proof of the existence of a
solution of (1.2), hence, of (1.1). Namely, we seek the element u of H}(G)
at which the energy function E(-) attains its minimum, then show that u
is the solution of (1.2). This program is carried out in Section 2 where
we minimize functions more general than (1.3) over closed convex subsets
of Hilbert space. These more general functions permit us to solve some
nonlinear elliptic boundary value problems.

By considering convex sets instead of subspaces we obtain some elemen-
tary results on unilateral boundary value problems. These arise in applica-
tions where the solution is subjected to a one-sided constraint, e.g., u(x) > 0,
and their solutions are characterized by variational inequalities. These top-
ics are presented in Section 3, and in Section 4 we give a brief discussion of
some optimal control problems for elliptic boundary value problems.

Finally, Dirichlet’s principle provides a means of numerically approxi-
mating the solution of (1.2). We pick a convenient finite-dimensional sub-
space of H}(G) and minimize E(-) over this subspace. This is the Rayleigh-
Ritz method and leads to an approximate algebraic problem for (1.2). This
method is described in Section 5, and in Section 6 we shall obtain related
approximation procedures for evolution equations of first or second order.

2 Minimization of Convex Functions

Suppose F' is a real-valued function defined on a closed interval K (possibly
infinite). If F' is continuous and if either K is bounded or F(z) — +oco as
|| — 400, then F attains its minimum value at some point of K. This
result will be extended to certain real-valued functions on Hilbert space
and the notions developed will be extremely useful in the remainder of this
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chapter. An essential point is to characterize the minimum by the derivative
of F. Throughout this section V is a real separable Hilbert space, K is a
non-empty subset of V and F': K — R is a function.

2.1

We recall from Section 1.6 that the space V is weakly (sequentially) compact.
It is worthwhile to consider subsets of V' which inherit this property. Thus, K
is called weakly (sequentially) closed if the limit of every weakly convergent
sequence from K is contained in K. Since convergence (in norm) implies
weak convergence, a weakly closed set is necessarily closed.

Lemma 2.1 If K is closed and convez (cf. Section 1.4.2), then it is weakly
closed.

Proof: Let x be a vector not in K. From Theorem 1.4.3 there is an zg € K
which is closest to z. By translation, if necessary, we may suppose (z¢ +
x)/2 = 0, ie., x = —xg. Clearly (z,z9) < 0 so we need to show that
(z,x209) > 0 for all z € K; from this the desired result follows easily. Since K
is convex, the function ¢ : [0,1] — R given by

o(t) =1 —t)wo+tz—alf,, 0<t<1,

has its minimum at ¢ = 0. Hence, the right-derivative ¢*(0) is non-negative,
ie.,
(xo —x,z—x9) >0 .

Since & = —xp, this gives (zg, 2) > |lzo||? > 0.

The preceding result and Theorem I1.6.2 show that each closed, convex
and bounded subset of V' is weakly sequentially compact. We shall need to
consider situations in which K is not bounded (e.g., K = V); the following
is then appropriate.

Definition. The function F' has the growth property at x € K if, for some
R>0,y€ K and ||y — | > R implies F(y) > F(x).

The continuity requirement that is adequate for our purposes is the fol-
lowing.

Definition. The function F' : K — R is weakly lower-semi-continuous at
x € K if for every sequence {z,} in K which weakly converges to z € K
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we have F(z) < liminf F(z,). [Recall that for any sequence {a,} in R,
lim inf(a,) = supy>q(infr>r(an)).]

Theorem 2.2 Let K be closed and convex and F' : K — R be weakly lower-
semi-continuous at every point of K. If (a) K is bounded or if (b) F has the
growth property at some point in K, then there exists an xo € K such that
F(xz9) < F(x) for all x € K. That is, F attains its minimum on K.

Proof: Let m = inf{F(z) : z € K} and {z,} a sequence in K for which
m = lim F(z,). If (a) holds, then by weak sequential compactness there is
a subsequence of {z,} denoted by {x,} which converges weakly to z¢ € V;
Lemma 2.1 shows g € K. The weak lower-semi-continuity of F' shows
F(z¢) < liminf F(z,/) = m, hence, F(xy) = m and the result follows. For
the case of (b), let F' have the growth property at z € K and let R > 0
be such that F(x) > F(z) whenever ||z — z|| > R and z € K. Then set
B ={zx €V :|z-z| < R} and apply (a) to the closed, convex and
bounded set B N K. The result follows from the observation inf{F(x) :
ze€ K} =inf{F(z): 2 € BNK}.

We note that if K is bounded then F' has the growth property at ev-
ery point of K; thus the case (b) of Theorem 2.2 includes (a) as a special
case. Nevertheless, we prefer to leave Theorem 2.2 in its (possibly) more
instructive form as given.

2.2

The condition that a function be weakly lower-semi-continuous is in general
difficult to verify. However for those functions which are convex (see below),
the lower-semi-continuity is the same for the weak and strong notions; this
can be proved directly from Lemma 2.1. We shall consider a class of func-
tions for which convexity and lower semicontinuity are easy to check and,
furthermore, this class contains all examples of interest to us here.

Definition. The function F' : K — R is convex if its domain K is convex
and for all z,y € K and ¢ € [0, 1] we have

Ftz + (1 —t)y) < tF(z) + (1 - ) F(y) . (2.1)
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Definition. The function F' : K — R is G-differentiable at x € K if K is
convex and if there is a F'(z) € V' such that

lim % [Fla+tly - o)) - P@)] = F(e)(y — )

t—0t+

for all y € K. F'(x) is called the G-differential of F' at x. If F is G-
differentiable at every point in K, then F' : K — V' is the gradient of F on
K and F is the potential of the function F’.

The G-differential F'(x) is precisely the directional derivative of F' at the
point x in the direction toward y. The following shows how it characterizes
convexity of F.

Theorem 2.3 Let F': K — R be G-differentiable on the convex set K. The
following are equivalent: (a) F is convez, (b) For each pair x,y € K we have

F(z)(y — =) < F(y) — F(z) . (2.2)
(c) For each pair z,y € K we have

(F'(z) = F'(y)(z —y) = 0. (2.3)

Proof: If F is convex, then F(z +t(y —x)) < F(z) + t(F(y) — F(z)) for
z,y € K and t € [0,1], so (2.2) follows. Thus (a) implies (b). If (b) holds,
we obtain F'(y)(x —y) < F(z) — F(y) and F(z) — F(y) < F'(z)(z — y), so
(c) follows.

Finally, we show (c) implies (a). Let z,y € K and define ¢ : [0,1] — R
by

p(t) = Fltx+ (1 —t)y) = Fly+t(z—y), tc01].

Then ¢'(t) = F'(y + t(x — y))(z — y) and we have for 0 < s < t < 1 the

estimate

(' ()= (s)(t—5) = (F'(y+t(x—y) = F(y+sz—y)((t—s)(z—y)) > 0
from (c), so ¢’ is non-decreasing. The Mean-Value Theorem implies that

p(1) — o)  #(t) — ¢(0)

t<1.
1-—t = t—20 ’ 0<it<

Hence, (t) < tp(1) + (1 — t)¢(0), and this is just (2.1).
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Corollary 2.4 Let F be G-differentiable and convex. Then F is weakly
lower-semi-continuous on K.

Proof: Let the sequence {x,} C K converge weakly to z € K. Since
F'(z) € V', we have lim F'(z)(z,,) = F'(z)(z), so from (2.2) we obtain

liminf(F(z,) — F(z)) > liminf F'(z)(z, —2) =0 .
This shows F' is weakly lower-semi-continuous at = € K.

Corollary 2.5 In the situation of Corollary 2.4, for each pair x,y € K the
function
t— Flz+tly—2))(y—z), t €[0,1]

18 continuous.

Proof: We need only observe that in the proof of Theorem 2.3 the function
¢’ is a monotone derivative and thereby must be continuous.

2.3

Our goal is to consider the special case of Theorem 2.2 that results when F
is a convex potential function. It will be convenient in the applications to
have the hypothesis on F stated in terms of its gradient F”.

Lemma 2.6 Let F' be G-differentiable and convex. Suppose also we have

F'(z)(x)

= +o00, re K.
z]|—+oo ||z

Then im0 F'(z) = +00, so F' has the growth property at every point in

Proof: We may assume 6 € K. For each z € K we obtain from Corol-
lary 2.5

F(z) - F(0) = /O " P (t)() dt

N /ol(F'(tw) — F'(6))(z) dt + F'(0)(x) -
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With (2.3) this implies
1
F(z)—-F(6) > /1/2(F’(tw) — F'(0))(z)dt + F'(6) () . (2.4)

From the Mean-Value Theorem it follows that for some s = s(x) € [3,1]

F(e)~ F(0) > (1) (F'(s2)(x) + F'(0) ()

> (3) el {E2 gy}

s

Since |[sz| > (3)||z|| for all z € K, the result follows.

Definitions. Let D be a non-empty subset of V and T : D — V' be a
function. Then T is monotone if

(T(z) -TY)(z-y) =20, zyeD,

and strictly monotone if equality holds only when x = y. We call T' coercive
if
lim (T(m)(m)) = +00
lzll—o0 X [|]|

After the preceding remarks on potential functions, we have the following

fundamental results.

Theorem 2.7 Let K be a non-empty closed, convex subset of the real sep-
arable Hilbert space V', and let the function F : K — R be G-differentiable
on K. Assume the gradient F' is monotone and either (a) K is bounded or
(b) F’ is coercive. Then the set M = {x € K : F(z) < F(y) for ally € K}
is non-empty, closed and convex, and x € M if and only if

reK: Fl(z)(y—x)>0, ye K . (2.5)

Proof: That M is non-empty follows from Theorems 2.2 and 2.3, Corollary
2.4 and Lemma 2.6. Each of the sets M, = {z € K : F(z) < F(y)} is closed
and convex so their intersection, M, is closed and convex. If x € M then
(2.5) follows from the definition of F’(z); conversely, (2.2) shows that (2.5)
implies z € M.
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24
We close with a sufficient condition for uniqueness of the minimum point.

Definition. The function F' : K — R is strictly convez if its domain is
convex and for z,y € K, z # y, and ¢t € (0,1) we have

Fltz+(1—t)y) <tF(z)+ (1 —-t)F(y) .

Theorem 2.8 A strictly convex function F' : K — R has at most one point
at which the minimum is attained.

Proof: Suppose z1,z2 € K with F(z1) = F(z2) = inf{F(y) : y € K} and
r1 # x9. Since %(wl + z9) € K, the strict convexity of F' gives

F ()1 +22)) < (§) (F(1) + Fla2) = inf{F(y) :y € K},
and this is a contradiction.

The third part of the proof of Theorem 2.3 gives the following.

Theorem 2.9 Let F be G-differentiable on K. If the gradient F' is strictly
monotone, then F is strictly convex.

3 Variational Inequalities

The characterization (2.5) of the minimum point u of F' on K is an example
of a variational inequality. It expresses the fact that from the minimum point
the function does not decrease in any direction into the set K. Moreover, if
the minimum point is an interior point of K, then we obtain the “variational
equality” F’(u) = 0, a functional equation for the (gradient) operator F”.

3.1

We shall write out the special form of the preceding results which occur
when F is a quadratic function. Thus, V is a real Hilbert space, f € V', and
a(-,-) : V. xV — R is continuous, bilinear and symmetric. Define F': V' — R
by

Fv) = (%) a(v,v) — f(v), veV. (3.1)
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From the symmetry of a(-,-) we find the G-differential of F' is given by
F'(uw)(v —u) = a(u,v —u) — f(v—u), u,veV .

If A:V — V'is the operator characterizing the form a(-,-), cf. Section 1.5.4,

then we obtain
Fllu)=Au—f, ueV. (3.2)

To check the convexity of F' by the monotonicity of its gradient, we compute
(F'u— F'v)(u —v) = alu —v,u —v) = A(u — v)(u —v) .

Thus, F’ is monotone (strictly monotone) exactly when a(-, ) is non-negative
(respectively, positive), and this is equivalent to .4 being monotone (respec-
tively, positive) (cf. Section V.1). The growth of F' is implied by the state-

ment
lim (“("’”)> = 400 . (3.3)
o] =00 \ V]|

Since F(v) > (3)a(v,v) —||f| - ||v]|, from the identity (3.2) we find that (3.3)
is equivalent to F’ being coercive.
The preceding remarks show that Theorems 2.7 and 2.8 give the follow-

ing.

Theorem 3.1 Let a(-,-) : V x V — R be continuous, bilinear, symmetric
and non-negative. Suppose f € V' and K is a closed convex subset of V.
Assume either (a) K is bounded or (b) a(-,-) is V -coercive. Then there exists
a solution of

ve K: a(u,v—u)> flv—u), ve K. (3.4)

There is exactly one such u in the case of (b); there is exactly one in case
(a) if we further assume a(-,-) is positive.

Finally we note that when K is the whole space V, then (3.4) is equivalent
to
ueV: a(u,v)=f), veV, (3.5)

the generalized boundary value problem studied in Chapter III. For this
reason, when (3.5) is equivalent to a boundary value problem, (3.5) is called
the variational form of that problem and such problems are called variational
boundary value problems.

We shall illustrate some very simple variational inequalities by examples
in which we characterize the solution by other means.
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3.2 Projection

Given the Hilbert space V', the closed convex subset K, and the point ug € V,
we define

(Z(’LL,’U) = (u’U)V ) f(’U) = (UOaU)V ) u,v € V.
Then (3.1) gives the function
F() = (1) {llwo = v|® = Juol?} ,  veV,

so u € K is the minimum of F' on K if and only if
luo = ull < fluo —of,  veK.

That is, u is that (unique) point of K which is closest to ug. The existence
and uniqueness follows from Theorem 3.1; in this case we have the equivalent
of Theorem 1.4.3. The computation

F'(u)(v —u) = (u—vp,v — u)y
shows that u is characterized by the variational inequality
veK: (u—up,v—u)y >0, ve K,

and the geometric meaning of this inequality is that the angle between u—wuyg
and v — u is between —m/2 and 7/2 for each v € K. If K is a subspace of
V, this is equivalent to (3.5) which says u — ug is orthogonal to K. That is,
u is the projection of ug on the space K, cf. Section 1.4.3.

3.3 Dirichlet’s Principle

Let G be a bounded open set in R and V = H}(G). Let F € L*(Q) and
define

a(u,v):/GVu-Vvdm, f(v):/GF(m)v(az)dm, u,veV .

Thus, the function to be minimized is

E(v):(%)/sz:l|6jv|2daz—/Gdeaz, vel .

In the applications this is a measure of the “energy” in the system. Take K
to be the whole space: K = V. The point u at which E attains its minimum
is characterized by (3.5). Thus, the solution is characterized by the Dirichlet
problem (1.1), cf. Chapter III.
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3.4 Free Boundary Problem

We take the space V, the form a(-,-) and functional f as above. Let g €
H}(Q) and define

K ={ve H}Q):v(z) > g(z) ae zcG}.

Since a(-,-) is V-coercive, there exists a unique solution u of (3.4). This
solution is characterized by the following:

u>ginG, u=0ondG,

—Apu—F >0in G, and (3.6)

(u—g)(—Apu—F)=0in G .
The first follows from u € K and the second is obtained from (3.4) by setting
v =u+ ¢ for any ¢ € C§°(G) with ¢ > 0. Given the first two lines of (3.6),
the third line follows by setting v = ¢ in (3.4). One can show, conversely,

that any u € H'(G) satisfying (3.6) is the solution of (3.4). Note that the
region G is partitioned into two parts

Go=A{z:u(z)=g(@)} , Gi={z:u(r)>g(@)}

and —A,u = F in G4. That is, in Gy (G4 ) the first (respectively, second)
inequality in (3.6) is replaced by the corresponding equation. There is a free
boundary at the interface between Gy and G ; locating this free boundary
is equivalent to reducing (3.6) to a Dirichlet problem.

3.5 Unilateral Boundary Condition

Choose V = H'(G) and K = {v € V : v > g1 on G}, where g1 € H}(G) is
given. Let F(-) € L?(G), g2 € L?(0G) and define f € V' by

f(v):/dew—l—/ govds , veV
e} oG

where we suppress the trace operator in the above and hereafter. Set
a(u,v) = (u,v)g1(g). Theorem 3.1 shows there exists a unique solution
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u € K of (3.4). This solution is characterized by the following:

—Apu+u=Fin G,
u > g1 on 0G ,
Ou > g on 0G , and (3.7)
ov
0
(%—gg)(@t—gﬁ—OOﬂ@G.

We shall show that the solution of (3.4) satisfies (3.7); the converse is left to
an exercise. The first inequality in (3.7) follows from v € K. If ¢ € C§°(G),
then setting v = u + ¢, then v = u — ¢ in (3.4) we obtain the partial
differential equation in (3.7). Inserting this equation in (3.4) and using the
abstract Green’s formula (Theorem III1.2.3), we obtain

/B%(U_u)dsz/ g2(v —u) ve K. (3.8)

a Ov aG
If w € HY(G) satisfies w > 0 on G, we may set v = u + w in (3.8); this
gives the second inequality in (3.7). Setting v = g; in (3.8) yields the last
equation in (3.7). Note that there is a region I'g in G on which u = g;, and
Ou/0v = g2 on OG ~ I'y. Thus, finding u is equivalent to finding I'g, so we
may think of (3.7) as another free boundary problem.

4 Optimal Control of Boundary Value Problems

4.1

Various optimal control problems are naturally formulated as minimization
problems like those of Section 2. We illustrate the situation with a model
problem which we discuss in this section.

Example. Let G be a bounded open set in R® whose boundary 9G is a
C'-manifold with G on one side. Let F' € L?(G) and g € L?(0G) be given.
Then for each control v € L?(0G) there is a corresponding state y € H'(G)
obtained as the unique solution of the system

—Apy+y=F inG
(4.1)

—=g+v on 0G
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and we denote the dependence of y on v by y = y(v). Assume that we
may observe the state y only on 0G and that our objective is to choose v
so as to place the observation y(v)|sq closest to a given desired observation
w € L*(0G). Each control v is exerted at some cost, so the optimal control
problem is to minimize the “error plus cost”

T(v) = /BG ly(v) — w2 dz + C/ac (]2 dz (4.2)

over some given set of admissible controls in L?(0G). An admissible control
u at which J attains its minimum is called an optimal control. We shall
briefly consider problems of existence or uniqueness of optimal controls and
alternate characterizations of them, and then apply these general results to
our model problem.

We shall formulate the model problem (4.1), (4.2) in an abstract setting
suggested by Chapter III. Thus, let V and H be real Hilbert spaces with
V dense and continuously imbedded in H; identify the pivot space H with
its dual and thereby obtain the inclusions V' <— H < V’. Let a(-,-) be
a continuous, bilinear and coercive form on V for which the corresponding
operator A : V — V' given by

a(u,v) = Au(v) , u,veV

is necessarily a continuous bijection with continuous inverse. Finally, let
f € V' be given. (The system (4.1) with v = 0 can be obtained as the
operator equation Ay = f for appropriate choices of the preceding data; cf.
Section II1.4.2 and below.)

To obtain a control problem we specify in addition to the state space
V and data space V' a Hilbert space U of controls and an operator B €
L(U,V"). Then for each control v € U, the corresponding state y = y(v) is
the solution of the system (cf. (4.1))

Ay = f+ Bv, y=1yv) . (4.3)

We are given a Hilbert space W of observations and an operator C € L(V, W).
For each state y € V there is a corresponding observation Cy € W which
we want to force close to a given desired observation w € W. The cost
of applying the control v € U is given by Nv(v) where N € L(U,U’) is
symmetric and monotone. Thus, to each control v € U there is the “error
plus cost” given by

J(v) = |[Cy(v) — wlify + No(v) . (4.4)
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The optimal control problem is to minimize (4.4) over a given non-empty
closed convex subset U,q of admissible controls in U. An optimal control is
a solution of

U € Upg : J(u) < J(v) forall ve Uy . (4.5)
4.2

Our objectives are to give sufficient conditions for the existence (and possible
uniqueness) of optimal controls and to characterize them in a form which
gives more information.

We shall use Theorem 2.7 to attain these objectives. In order to compute
the G-differential of J we first obtain from (4.3) the identity

Cy(v) —w=CA 'Buv+CA f —w
which we use to write (4.4) in the form
J(v) = |CA™ Bulffy + No(v) +2(CA™ Bo,CA™ f —w)w + [|CA™ f —w]]Fy -

Having expressed J as the sum of quadratic, linear and constant terms, we
easily obtain the G-differential

J' (v)(p) = 2{(CA_1BU,CA_1B¢)W (4.6)
+Nv(p) + (CA™ B, CA™ f — w)w |
= 2{(Cy(v) — w,CA™' Bo)w + Nu(p)} .
Thus, we find that the gradient J’ is monotone and
(3) 7 @)(@) > No(v) — (comst.)[v]v ,
so J' is coercive if N is coercive, i.e., if
No(v) >clollyy ;v € Uaa, (4.7)
for some ¢ > 0. Thus, we obtain from Theorem 2.7 the following.

Theorem 4.1 Let the optimal control problem be given as in Section 4.1.
That is, we are to minimize (4.4) subject to (4.3) over the non-empty closed
convez set Uyq. Then if either (a) Uyq is bounded or (b) N is coercive over
U.q, then the set of optimal controls is non-empty, closed and convex.
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Corollary 4.2 In case (b) there is a unique optimal control.

Proof: This follows from Theorem 2.9 since (4.7) implies J is strictly mono-
tone.

4.3

We shall characterize the optimal controls by variational inequalities. Thus,
u is an optimal control if and only if

w € Uyq: J (w)(v—u) >0, v € Uyq ; (4.8)

this is just (2.5). This variational inequality is given by (4.6), of course, but
the resulting form is difficult to interpret. The difficulty is that it compares
elements of the observation space W with those of the control space U;
we shall obtain an equivalent characterization which contains a variational
inequality only in the control space U. In order to convert the first term on
the right side of (4.6) into a more convenient form, we shall use the Riesz
map Ry of W onto W' given by (cf. Section 1.4.3)

Rw(z)(y) = (z,y)w , z,yeW

and the dual C' € L(W', V') of C given by (cf. Section 1.5.1)
C'(f)(@)=f(C(z)), feW zeV.
Then from (4.6) we obtain
(3) 7)) = (Cy(w) — w,CA™ Bo)w + Nu(v)
= Rw (Cy(u) — w)(CA ' Bv) + Nu(v)
= C'Rw (Cy(u) — w)(A™*Bv) + Nu(v) , u,ve U .

To continue we shall need the dual operator A" € L(V, V') given by
Az(y) = Ay(z), =zyeV,

where V" is naturally identified with V. Since A’ arises from the bilinear
form adjoint to a(-,-), A’ is an isomorphism. Thus, for each control v € U we
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can define the corresponding adjoint state p = p(v) as the unique solution
of the system

A'p=C'Rw(Cy(v) —w) ,  p=p(v). (4.9)
From above we then have
(3) 7/ ()(v) = A'p(u)(A~'Bv) + Nu(v)
= Bu(p(u)) + Nu(v)
= B'p(u)(v) + Nu(v)
where B’ € L(V,U’) is the indicated dual operator. These computations lead

to a formulation of (4.8) which we summarize as follows.

Theorem 4.3 Let the optimal control problem be given as in (4.1). Then
a necessary and sufficient condition for u to be an optimal control is that it
satisfy the following system:
u€ Uy, Aylu)=f+Bu,
Ap(u) = C' Ry (Cy(u) — w) (4.10)
(B'p(u) + Nu)(v —u) >0, all ve Uy .-
The system (4.10) is called the optimality system for the control problem.

We leave it as an exercise to show that a solution of the optimality system
satisfies (4.8).

4.4

We shall recover the Example of Section 4.1 from the abstract situation
above. Thus, we choose V = HY(G), a(u,v) = (u, )1y, U = L?*(0G) and
define

flv) = /GF(a:)v(az) dz + /aGg(s)v(s) ds , velV,
Bu(v):/aGu(s)v(s)ds, velU,veV.

The state y(u) of the system determined by the control u is given by (4.3),
ie.,
—Apy+y=F in G,

(4.11)
9y =g+4+u on 0G .
ov
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Choose W = L?(0G), w € W, and define

Nu(v) = c/aGu(s)v(s)ds , u,veW , (¢c>0)
Cu(v)E/BGu(s)v(s)ds, ueV,veW.

The adjoint state equation (4.9) becomes

—App+p=0 in G
op (4.12)

5, — Y- won 0G

and the variational inequality is given by
uEUad:/ (p+cu)(v—u)ds >0, v € Uyq - (4.13)
oG

From Theorem 4.1 we obtain the existence of an optimal control if U,q is
bounded or if ¢ > 0. Note that

T(v) = /aG ly(v) —w|2ds—|—c/80|v|2ds (4.14)

is strictly convex in either case, so uniqueness follows in both situations.
Theorem 4.3 shows the unique optimal control u is characterized by the
optimality system (4.11), (4.12), (4.13). We illustrate the use of this system
in two cases.

4.5 U, = L*(9G)

This is the case of no constraints on the control. Existence of an optimal
control follows if ¢ > 0. Then (4.13) is equivalent to p + cu = 0. The
optimality system is equivalent to

—Apyty=1F, —App+p=0 inG
oy 1 op
8V_g—<c>p, 5y YW on oG

and the optimal control is given by u = —(1/¢)p.
Consider the preceding case with ¢ = 0. We show that an optimal control
might not exist. First show inf{J(v) : v € U} = 0. Pick a sequence {wy,} of
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very smooth functions on &G such that w,, — w in L?(0G). Define y,, by

—ApYm +Ym = F in G

Ym = Wy on O0G
and set v, = (Oym/0v) — g, m > 1. Then v, € L?(0G) and J(v,,) =
||wm — wH%Q(ac) — 0. Second, note that if u is an optimal control, then
J(u) = 0 and the corresponding state y satisfies

-Apy+y=F in G

y=w on 0G .

Then we have (formally) u = (0y/0v) — g. However, if w € L?(0G) one does

not in general have (9y/dv) € L*(0G). Thus u might not be in L?(0G) in
which case there is no optimal control (in L?(9G)).

4.6

U = {v € L?(0G) : 0 < v(s) < M ae.}. Since the set of admissible
controls is bounded, there exists a unique optimal control w characterized
by the optimality system (4.10). Thus, u is characterized by (4.11), (4.12)
and

if 0<u< M, then p+cu=0
if u=0, then p>0, and (4.15)

if u=M, then p+cu<0.

We need only to check that (4.13) and (4.15) are equivalent. The boundary
is partitioned into the three regions determined by the three respective cases
in (4.15). This is analogous to the free boundary problems encountered in
Sections 3.3 and 3.4.

We specialize the above to the case of “free control,” i.e., ¢ = 0. One
may search for an optimal control in the following manner. Motivated by
(4.11) and (4.14), we consider the solution Y of the Dirichlet problem

-AY+Y =F in G,
Y =w on 0G.
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If it happens that

Y
Oga——ggM on 0G , (4.16)
Oov
then the optimal control is given by (4.11) as
_or _
Y= o

Note that u € Uyq and J(u) = 0.

We consider the contrary situation in which (4.16) does not hold. Specif-
ically we shall show that (when all aspects of the problem are regular) the
set ' ={s € 0G : 0 < u(s) < M, p(s) = 0} is empty. This implies that the
control takes on only its extreme values 0, M; this is a result of “bang-bang”
type.

Partition I' into the three parts I'g = {s € T' : y(s) = w(s)}, 'y =
{seTl :y(s) >w(s)} and T'_ = {s €' : y(s) < w(s)}. On any interval
in 'y we have p = 0 (by definition of I') and % = 0 from (4.12). From
the uniqueness of the Cauchy problem for the elliptic equation in (4.12), we
obtain p = 0 in G, hence, y = w on 0G. But this implies y = Y, hence
(4.16) holds. This contradiction shows I'g is empty. On any interval in I'}
we have p = 0 and % > 0. Thus, p < 0 in some neighborhood (in G)
of that interval. But Ap < 0 in the neighborhood follows from (4.12), so
a maximum principle implies % < 0 on that interval. This contradiction
shows I'y is empty. A similar argument holds for I'_ and the desired result

follows.

5 Approximation of Elliptic Problems

We shall discuss the Rayleigh-Ritz-Galerkin procedure for approximating
the solution of an elliptic boundary value problem. This procedure can
be motivated by the situation of Section 3.1 where the abstract boundary
value problem (3.5) is known to be equivalent to minimizing a quadratic
function (3.1) over the Hilbert space V. The procedure is to pick a closed
subspace S of V and minimize the quadratic function over S. This is the
Rayleigh-Ritz method. The resulting solution is close to the original solution
if S closely approximates V. The approximate solution is characterized
by the abstract boundary vlaue problem obtained by replacing V with S;
this gives the (equivalent) Galerkin method of obtaining an approximate
solution. The very important finite-element method consists of the above
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procedure applied with a space S of piecewise polynomial functions which
approximates the whole space V. The resulting finite-dimensional problem
can be solved efficiently by computers. Our objectives are to describe the
Rayleigh-Ritz-Galerkin procedure, obtain estimates on the error that results
from the approximation, and then to give some typical convergence rates that
result from standard finite-element or spline approximations of the space.
We shall also construct some of these approximating subspaces and prove
the error estimates as an application of the minimization theory of Section 2.

5.1

Suppose we are given an abstract boundary value problem: V is a Hilbert
space, a(-,+) : V x V — K is continuous and sesquilinear, and f € V'. The
problem is to find u satisfying

ueV:alu,v) = fv), veV. (5.1)

Let S be a subspace of V. Then we may consider the related problem of
determining ug satisfying

us € S : a(us,v) = f(v), ves. (5.2)

We shall show that the error us — u is small if S approximates V sufficiently
well.

Theorem 5.1 Let a(-,-) be a V-coercive continuous sesquilinear form and
feV'. LetS be a closed subspace of V. Then (5.1) has a unique solution
u and (5.2) has a unique solution us. Furthermore we have the estimate

lus — u|| < (K/c¢)inf{]|ju —v||: v € S}, (5.3)

where K is the bound on a(-,-) (cf. the inequality 1.(5.2)) and c is the coer-
civity constant (cf. the inequality I11.(2.3) ).

Proof: The existence and uniqueness of the solutions u and us of (5.1) and
(5.2) follow immediately from Theorem III.2.1 or Theorem 3.1, so we need
only to verify the estimate (5.3). By subtracting (5.1) from (5.2) we obtain

a(us —u,v) =0, veS. (5.4)
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Thus for any w € S we have
a(us — u,us —u) = a(us — u,w — u) + a(us — u, us — w) .
Since us —w = v € S it follows that the last term is zero, so we obtain
cllus —ul* < Kllus —ul| Jw—ul,  weS.

This gives the desired result.

Consider for the moment the case of V' being separable. Thus, there is a
sequence {v1,v2,vs,...} in V which is a basis for V. For each integer m > 1,
the set {vi,v2,...,vp} is linearly independent and its linear span will be
denoted by V,,. If P, is the projection of V into V,,,, then lim,,, ,o Pprv =v
for all v € V. The problem (5.2) with S =V}, is equivalent to

Um € Vit a(um,v;) = f(v5) , 1<ji<m.

There is exactly one such wu,, for each integer m > 1 and we have the
estimates |luy, — u|| < (K/c)||u — Ppnull. Hence, limy,,_yo0 U, = w in V' and
the rate of convergence is determined by that of {P,,u} to the solution u
of (5.1). Thus we are led to consider an approximating finite-dimensional
problem. Specifically u,, is determined by the point = = (x1,x2,...,2) €
K™ through the identity u,, = Y ;v z;v;, and (5.2) is equivalent to the mxm
system of linear equations

a(vi,vj)z; = f(vg) , I<j<m. (5.5)
i=1

Since a(-, -) is V-coercive, the m xm coeflicient matrix (a(v;, v;)) is invertible
and the linear system (5.5) can be solved for . The dimension of the system
is frequently of the order m = 10% or 103, so the actual computation of
the solution may be a non-trivial consideration. It is helpful to choose the
basis functions so that most of the coefficients are zero. Thus, the matrix
is sparse and various special techniques are available for efficiently solving
the large linear system. This sparseness of the coefficient matrix is one of
the computational advantages of using finite-element spaces. A very special
example will be given in Section 5.4 below.
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5.2

The fundamental estimate (5.3) is a bound on the error in the norm of the
Hilbert space V. In applications to elliptic boundary value problems this
corresponds to an energy estimate. We shall estimate the error in the norm
of a pivot space H. Since this norm is weaker we expect an improvement on
the rate of convergence with respect to the approximation of V' by S.

Theorem 5.2 Let a(-,-) be a continuous, sesquilinear and coercive form on
the Hilbert space V', and let H be a Hilbert space identified with its dual and
in which V is dense, and continuously imbedded. Thus, V — H — V',
Let A* : D* — H be the operator on H which is determined by the adjoint
sesquilinear form, i.e.,

a(v,w) = (A*w,v)g , weD"  veV

(cf. Section II1.7.5). Let S be a closed subspace of V' and e*(S) a corre-
sponding constant for which we have

inf{||lw —v|| : v e S} <e*(5)|A"w|x , w e D* . (5.6)
Then the solutions u of (5.1) and us of (5.2) satisfy the estimate

lu — ug|gr < (K?/c)inf{|lu —v| : v e Ste*(9) . (5.7)

Proof: We may assume u # ug; define g = (u — us)/|u — us|g and choose
w € D* so that A*w = g. That is,

a(v,w) = (v,9)m , veV,
and this implies that
a(u — ug,w) = (u—us, 9) g = |u — ug|m -
From this identity and (5.4) we obtain for any v € S
=yl = a(u—tigyw—) < Kllu—q]| 1w —2]| < Kllu—uylle(S)|A"wl

Since |A*w|g = |g|g = 1, the estimate (5.7) follows from (5.3).
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Corollary 5.3 Let A: D — H be the operator on H determined by a(-,-),
V, H, ie.,
a(w,v) = (Aw,v)g , weD,veV.

Let e(S) be a constant for which
inf{|lw —v|| : v € S} <e(S)|Aw|x , weD.
Then the solutions of (5.1) and (5.2) satisfy the estimate
[ — sl < (K?/c)e(S)e"(8)|Aulr - (5.8)

The estimate (5.7) will provide the rate of convergence of the error that
is faster than that of (5.3). The added factor e*(S) arising in (5.6) will
depend on how well S approximates the subspace D* of “smoother” or “more
regular” elements of V.

5.3

We shall combine the estimates (5.3) and (5.7) with approximation results
that are typical of finite-element or spline function subspaces of H'(G). This
will result in rate of convergence estimates in terms of a parameter h > 0
related to mesh size in the approximation scheme. The approximation as-
sumption that we make is as follows: Suppose H is a set of positive numbers,
M and k > 0 are integers, and S = {S}, : h € H} is a collection of closed
subspaces of V C H'(G) such that

inf{|lw —v|[g1(@) : v € Sp} < th_1||w||Hj(G) (5.9)

forallh € H,1<j<k+2,and w € H/(G)NV. The integer k + 1 is called
the degree of S.

Theorem 5.4 Let V be a closed subspace of H(G) with H}(G) C V and
let a(-,-) : V. xV — K be continuous, sesquilinear and V -coercive. Let S
be a collection of closed subspaces of V' satisfying (5.9) for some k >0, and
assume a(-,-) is k-reqular on V. Let F € H*(G) and define f € V' by
f(w) = (F,v)g, v € V, where H = L*(G). Let u be the solution of (5.1)
and, for each h € H, uyp, be the solution of (5.2) with S = Sy,. Then for some
constant ¢; we have

Hu — uhHHl(G) < Clhk+1 , heH. (510)
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If in addition the sesquilinear form adjoint to a(-,-) is 0-regular, then for
some constant co we have

H’LL — uh||L2(G) < Cghk+2 , heH. (511)
Proof: Since F € H*(G) and a(-,-) is k-regular it follows that u € H**2(G).
Hence we combine (5.3) with (5.9) to obtain (5.10). If the adjoint form
is O-regular, then in Theorem 5.2 we have D* C H?*(G) and lwllg2@) <
(const.)[|[A*wl|12(z). Hence (5.9) with j = 2 gives (5.6) with e*(Sy) =
(const.)h. Thus (5.11) follows from (5.7).

Sufficient conditions for a(-,-) to be k-regular were given in Section III.6.
Note that this permits all the hypotheses in Theorem 5.4 to be placed on the
data in the problem (5.1) being solved. For problems for which appropriate
regularity results are not available, one may of course assume the appropriate
smoothness of the solution.

5.4

Let G be the interval (0,1) and V a closed subspace of H!(G). Any function
f € V can be approximated by a piecewise-linear fy € V; we need only to
choose fy so that it agrees with f at the endpoints of the intervals on which
fo is affine. This is a simple Lagrange interpolation of f by the linear finite-
element function fj, and it leads to a family of approximating subspaces of
degree 1. We shall describe the spaces and prove the estimates (5.9) for this
example.

Let P={0=129p <21 < --- < zny < zny4+1 = 1} be a partition of G
and denote by p(P) the mesh of P : p(P) = max{z;4; —z; : 0 < j < N}
The closed convex set K = {v € V : v(z;) = 0,0 < j < N+ 1} is
basic to our construction. Let f € V be given and consider the function
F(v) = (1)|0(v — f)|%) on V, where H = L?(G). The G-differential is given
by

F'(uw)(v) = (0(u— f),00)n , u,veV .

We easily check that F’ is strictly monotone on K; this follows from Theorem
I1.2.4. Similarly the estimate

F'(v)(v) = ||l — (0f,0v)m 2 |0vff — |0f|m|0vln . veV,

shows F' is coercive on K. It follows from Theorems 2.7 and 2.9 that there
is a unique uy € K at which F' takes its minimal value on K, and it is
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characterized in (2.5) by
ure K: (O(ug— f),0v)p =0, veK .

This shows that for each f € V, there exists exactly one fo € V which
satisfies
fo—fEK, (8f0,8U)H:0, ve K. (5.12)

(They are clearly related by fo = f —uy.) The second part of (5.12) states
that —02fy; = 0 in each subinterval of the partition so fy is affine on each
subinterval. The first part of (5.12) determines the value of fj at each of the
points of the partition, so it follows that fy is that function in V which is
affine in the intervals of P and equals f at the points of P. This fj is the
linear finite-element interpolant of f.

To compute the error in this interpolation procedure, we first note that

0folt +10(fo — NI = 1014
follows from setting v = fo — f in (5.12). Thus we obtain the estimate

10(fo — )lu < |0f|u -
If g = fo — f, then from Theorem II1.2.4 we have
Tjt1 Tjt1
|l de < aup)? [ ogPde, 0<i <N
zj zj

and summing these up gives

|f = folu <2u(P)|0(fo — flu - (5.13)

This proves the first two estimates in the following.

Theorem 5.5 For each f € V and partition P as above, the linear finite-
element interpolant fo of f with respect to P is characterized by (5.12) and
it satisfies

00— Pl < 10f1i - (5.14)
and
[fo— fla < 2u(P)|0f]x - (5.15)
If also f € H*(G), then we have
0(fo — Nl < 2u(P)|8*flu (5.16)

\fo— flu < 4u(P)*|0*flu - (5.17)
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Proof: We need only to verify (5.16) and (5.17). Since (f — fo)(z;) = 0 for
0 < j < N + 1, we obtain for each f € H*(G)NV

N Tj+1
ot~ =3 [ (0o — 1o~ fdo = @F, fo— N
j=07s

and thereby the estimate

0(fo — OIE < |fo— fluld®flu -

With (5.13) this gives (5.16) after dividing the factor |0(fo — f)|z. Finally,
(5.17) follows from (5.13) and (5.16).

Corollary 5.6 For each h with 0 < h < 1 let Py be a partition of G with
mesh u(Pp) < h, and define Ly to be the space of all linear finite-element
function in H(G) corresponding to the partition Py. Then L = {Lj : 0 <
h < 1} satisfies the approximation assumption (5.9) with k = 0. The degree
of L is 1.

Finally we briefly consider the computations that are involved in imple-
menting the Galerkin procedure (5.2) for one of the spaces Ly above. Let
Py = {z9,21,...,2N4+1} be the corresponding partition and define £; to be
the unique function in Lj which satisfies

1 ifi=j, .
0(2) {0 AN EINES 2 Y (5.18)

For each f € H'(G), the interpolant f, is given by

N+1

fo=>_ flze; .
=0

We use the basis (5.18) to write the problem in the form (5.5), and we must
then invert the matrix (a(¢;,¢;)). Since a(:,-) consists of integrals over G
of products of ¢; and ¢; and their derivatives, and since any such product
is identically zero when |i — j| > 2, it follows that the coefficient matrix is
tridiagonal. It is also symmetric and positive-definite. There are efficient
methods for inverting such matrices.



6. APPROXIMATION OF EVOLUTION EQUATIONS 195

6 Approximation of Evolution Equations

We present here the Faedo-Galerkin procedure for approximating the solu-
tion of evolution equations of the types considered in Chapters IV, V and VI.
As in the preceding section, the idea is to project a weak form of the problem
onto a finite-dimensional subspace. We obtain thereby a system of ordinary
differential equations whose solution approximates the solution of the orig-
inal problem. In the applications to initial-boundary-value problems, this
corresponds to a discretization of the space variable by a finite-element or
spline approximation. We shall describe these semi-discrete approximation
procedures, obtain estimates on the error that results from the approxima-
tion, and give the convergence rates that result from standard finite-element
or spline approximations in the space variable. This program is carried out
for first-order evolution equations and also for second-order evolution equa-
tions.

6.1

We first consider some first-order equations of the implicit type discussed
in Section V.2. Let M be the Riesz map of the Hilbert space V,, with
scalar-product (-,-),,. Let V be a Hilbert space dense and continuously
imbedded in V;, and let £ € L(V,V’'). For a given f € C((0,00),V,)
and uyg € V,,, we consider the problem of approximating a solution u €
C([0,00), Vin) N CL((0,00), Vi) of

MU (t) + Lu(t) = f() , t>0, (6.1)
with u(0) = ug. Since M is symmetric, such a solution satisfies
Dy(ut), u(t))m + 26(u(t), u(t)) = 2f()(u(t)) ,  t>0, (6.2)

where £(-,-) : V x V — R is the bilinear form associated with £. This gives
the identity

t t

I, +2 [ euts),ui)ds = ol +2 [ F)u(sNds >0,
(6.3)
involving the V,,, norm || - ||, of the solution. Since the right side of (6.2) is
bounded by THfH%% + T~ Y|ulj2, for any given T > 0, we obtain from (6.2)

Dy(e™ T |lu(t)7,) + e T20(u(t), u(t)) < Te T (0)]3,
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and from this follows the a-priori estimate

t t
a2 [ Uus),uls)) ds < elluol*+Te [ 1), ds,  0<e<T.
’ ’ (6.4)
In the situations we consider below, £ is monotone, hence, (6.4) gives an
upper bound on the V,,, norm of the solution.
In order to motivate the Faedo-Galerkin approximation, we note that a
solution w of (6.1) satisfies

(W (£),0)m + L(u(t),v) = FE)(w), vEV,t>0. (6.5)

Since V is dense in V,,, (6.5) is actually equivalent to (6.1). Let S be
a subspace of V. Then we consider the related problem of determining
us € C([0,00),5) N C((0,00),S) which satisfies

(ul(t),v)m + L(us(t),v) = f(t)(v) , vesS,t>0 (6.6)

and an initial condition to be specified.
Consider the case of S being a finite-dimensional subspace of V; let
{v1,v2,...,0n} be a basis for S. Then the solution of (6.6) is of the form

m

us(t) = Z x;(t)v;

=1

where z(t) = (z1(t), 22(t), ..., 7m,(t)) is in C(]0,00),R™) N C1((0,0),R™),
and (6.6) is equivalent to the system of ordinary differential equations

m m

> (Wi v)mi (8) + D Llvi,vi)ai(t) = fF(H)(v;) ,  1<j<m. (6.7)

i=1 =1

The linear system (6.7) has a unique solution z(¢) with the initial condition
x(0) determined by us(0) = > z;(0)v;. (Note that the matrix coefficient
of 2/(t) in (6.7) is symmetric and positive-definite, hence, nonsingular.) As
in the preceding section, it is helpful to choose the basis functions so that
most of the coefficients in (6.7) are zero. Special efficient computational
techniques are then available for the resulting sparse system.
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6.2

We now develop estimates on the error, u(t) —us(t), in the situation of Theo-
rem V.2.2. This covers the case of parabolic and pseudoparabolic equations.
It will be shown that the error in the Faedo-Galerkin procedure for (6.1) is
bounded by the error in the corresponding Rayleigh-Ritz-Galerkin procedure
for the elliptic problem determined by the operator £. Thus, we consider
for each t > 0 the L-projection of u(t) defined by

up(t) € S L(ug(t),v) = L(u(t),v) , vesS. (6.8)

Theorem 6.1 Let the real Hilbert spaces V' and V,,, operators M and L,
and data uy and f be given as in Theorem V.2.2, and let S be a closed
subspace of V.. Then there exists a unique solution u of (6.1) with u(0) = ug
and there exists a unique solution us of (6.6) for any prescribed initial value

us(0) € S. Assume u € C(]0,00),V) and choose us(0) = up(0), the L-

projection (6.8) of u(0). Then we have the error estimate
¢
[[u(t) = s (O)llm < fu(t) = ue(t)llm +/0 lu'(s) = up(s)llmds , t=0. (6.9)

Proof: The existence-uniqueness results are immediate from Theorem V.2.2,
so we need only to verify (6.9). Note that u(0) = up necessarily belongs to
V, so (6.8) defines uy(0) = us(0). For any v € S we obtain from (6.5) and
(6.6)

(' () = us(t), V)m + L(u(t) — us(t),v) =0,

so (6.8) gives the identity
(' () = up(£), v)m = (ug(t) = wp(t), v)m + L(us(t) — ue(t), v) .
Setting v = u4(t) — ug(t) and noting that £ is monotone, we obtain
Dyl|us(t) = ue(t)ll, < 2l1u’ (t) = wp () lm|lus () = we(t)l|m -

The function t — ||us(t) — we(t)||m is absolutely continuous, hence differen-
tiable almost everywhere, and satisfies

Dellus(t) = ue(t)llm = 2llus(t) = we(t)llmDellus(t) — ue(t) m -

Let Z = {t > 0: |lus(t) — ue(t)||m = 0}. Clearly, for any ¢ ¢ Z we have from
above

Dylus(t) = ue(t)llm < Ju'(t) = wp(t)[lm - (6.10)
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At an accumulation point of Z, the estimate (6.10) holds, since the left side
is zero at such a point. Since Z has at most a countable number of isolated
points, this shows that (6.10) holds at almost every ¢t > 0. Integrating (6.10)
gives the estimate

[[us(t) = we@)]lm < /Ot [/ (s) = up(s)llmds ,  t>0,

from which (6.9) follows by the triangle inequality.

The fundamental estimate (6.9) shows that the error in the approxima-
tion procedure is determined by the error in the £-projection (6.8) which is
just the Rayleigh-Ritz-Galerkin procedure of Section 5. Specifically, when
u € C1((0,00),V) we differentiate (6.8) with respect to ¢ and deduce that
uy(t) € Sis the L-projection of «'(t). This regularity of the solution u holds
in both parabolic and pseudoparabolic cases.

We shall illustrate the use of the estimate (6.9) by applying it to a second
order parabolic equation which is approximated by using a set of finite-
element subspaces of degree one. Thus, suppose S = {S, : h € H} is a
collection of closed subspaces of the closed subspace V of H!(G) and S is of
degree 1; cf. Section 5.3. Let the continuous bilinear form a(-,-) be V-elliptic
and O-regular; cf. Section I11.6.4. Set H = L?(G) = H', so M is the identity,
let f =0, and let £(-,-) = a(-,-). If u is the solution of (6.1) and wuy, is the
solution of (6.6) with S = Sy, then the differentiability in ¢ > 0 of these
functions is given by Corollary IV.6.4 and their convergence at t = 07 is
given by Exercise IV.7.8. We assume the form adjoint to a(:,-) is O-regular
and obtain from (5.11) the estimates

[u(t) = ue®)ll12) < c2h®[[Au®)r2(q) - (6.11)
/() = w2y < 2h?®[|Aut)l2@) , >0
The a-priori estimate obtained from (6.3) shows that |u(t)|z is non-increasing

and it follows similarly that |Au(t)|z is non-increasing for ¢ > 0. Thus, if
ug € D(A?) we obtain from (6.9), and (6.11) the error estimate

Ju(t) — un(t)llr2q) < cah®{I|Auolr2q) + tIlA%uoll 26} - (6.12)

Although (6.12) gives the correct rate of convergence, it is far from optimal in
the hypotheses assumed. For example, one can use estimates from Theorem
IV.6.2 to play off the factors t and || Av'(¢)|| z in the second term of (6.12) and
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thereby relax the assumption ug € D(A?). Also, corresponding estimates can
be obtained for the non-homogeneous equation and faster convergence rates
can be obtained if approximating subspaces of higher degree are used.

6.3

We turn now to consider the approximation of second-order evolution equa-
tions of the type discussed in Section VI.2. Thus, we let A and C be the
respective Riesz maps of the Hilbert spaces V' and W, where V is dense
and continuously embedded in W, hence, W' is identified with a subspace
of V. Let B L(V,V'), up € V, u3 € W and f € C((0,00), W'). We shall
approximate the solution u € C([0, ), V)NC*((0,00), V)NCL([0,00), W)N
C?((0,00), W) of

Cu' (t) + Bu'(t) + Au(t) = f(t) , t>0, (6.13)

with the initial conditions u(0) = g, ©/(0) = u1. Equations of this form were
solved in Section VI.2 by reduction to an equivalent first-order system of the
form (6.1) on appropriate product spaces. We recall here the construction,
since it will be used for the approximation procedure. Define V,, =V x W
with the scalar product

([z1, z2]; [y1, 92]) = (@1, 91)v + (22, 92)w [z1,21), [y1, 1] €V x W,
so V), =V’ x W'; the Riesz map M of V,,, onto V/, is given by
M([z1,x29]) = [Ax1,Cxs] , [z1,22] € Vi .
Define V; =V x V and £ € L(V;,V]) by
L([z1,z2]) = [-Axg, Ax1 + By , [z1,22] € Vp .

Then Theorem VI.2.1 applies if B is monotone to give existence and unique-
ness of a solution w € C*([0, 00), Vi) of

Muw'(#) + Lw(t) = [0, f(#)], t>0 (6.14)

with w(0) = [ug,u1] and f € C*([0,00), W’) given so that ug,u; € V with
Aug + Buy; € W'. The solution is given by w(t) = [u(t),u/(t)], t > 0;
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from the inclusion [u,u'] € C*(]0,00),V x W) and (6.14) we obtain [u,u] €
C1([0,00),V x V). From (6.4) follows the a-priori estimate

t
[u®) I + IOy +2 [ Bu/(s)(a/(5)) ds
t
< ellfuoll? + ur ) + Te [ 1f@)pds . 0<e<T,

on a solution w(t) = [u(t),u/(t)] of (6.14).

The Faedo-Galerkin approximation procedure for the second-order equa-
tion is just the corresponding procedure for (6.14) as given in Section 6.1.
Thus, if S is a finite-dimensional subspace of V, then we let w; be the solu-
tion in C1([0,00),S x ) of the equation

(Wh(t),0)m + L(w(t),v) = [0, fB)](v), wveSxS,t>0, (6.15)

with an initial value ws(0) € S x S to be prescribed below. If we look at the
components of ws(t) we find from (6.15) that ws(t) = [us(t),u(t)] for t >0
where us € C?([0,00),9) is the soluton of

(ug(t)vv)W + b(uls(t)7v) + (us(t)vv)V = f(t)(v) , vES,t>0. (616)

Here b(-,-) denotes the bilinear form on V' corresponding to B. As in Sec-
tion 6.1, we can choose a basis for S and use it to write (6.16) as a system of
m ordinary differential equations of second order. Of course this system is
equivalent to a system of 2m equations of first order as given by (6.15), and
this latter system may be the easier one in which to do the computation.

6.4

Error estimates for the approximation of (6.13) by the related (6.16) will be
obtained in a special case by applying Theorem 6.1 directly to the situation
described in Section 6.3. Note that in the derivation of (6.9) we needed only
that £ is monotone. Since B is monotone, the estimate (6.9) holds in the
present situation. This gives an error bound in terms of the L-projection
wy(t) € S x S of the solution w(t) of (6.14) as defined by

L(wy(t),v) = L(w(t),v) , veSxS. (6.17)

The bilinear form #(-, -) is not coercive over V; so we might not expect w(t)—
w(t) to be small. However, in the special case of B = A for some € > 0 we
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find that (6.17) is equivalent to a pair of similar identities in the component
spaces. That is, if e(t) = w(t) — wy(t) denotes the error in the L-projection,
and if e(t) = [e1(t), e2(t)], then (6.17) is equivalent to

(ej(t),v)y =0, velS,j=12. (6.18)

Thus, if we write wy(t) = [ug(t),ve(t)], we see that u(t) is the V-projection
of u(t) on S and v,(t) = w)(t) is the projection of v'(t) on S. It follows from
these remarks that we have

[u(t) — we(®)]|v < mf{[lu(t) —vflv :v e S} (6.19)

and corresponding estimates on u'(t) — uj(t) and u” (t) — uj (t). Our approx-
imation results for (6.13) can be summarized as follows.

Theorem 6.2 Let the Hilbert spaces V. and W, operators A and C, and
data ug, w1 and f be given as in Theorem VI.2.1. Suppose furthermore that
B = eA for some € > 0 and that S is a finite-dimensional subspace of V.
Then there erists a unique solution u € C([0,00),V) N C?([0,00), W) of
(6.13) with u(0) = up and u'(0) = uy; and there exists a unique solution
us € C2([0,00), S) of (6.16) with initial data determined by

(us(0) — ug,v)y = (us(0) —ug,v)y =0, veS.
We have the error estimate

(Ilu(t) = us(OIF + [l (2) — wl () [I)"?

< (llult) = ue@®IF + [l (8) — wp (D) [5) "/ (6.20)
t
+/0 (Il (s) = up(s)IF + lu"(s) = wf (s)I[fy) /2 ds , =0

where uy(t) € S is the V -projection of u(t) defined by
(up(t),v)v = (u(t),v)v , velS.
Thus (6.19) holds and provides a bound on (6.20).

Finally we indicate how the estimate (6.20) is applied with finite-element
or spline function spaces. Suppose S = {S}, : h € H} is a collection of finite-
dimensional subspaces of the closed subspace V of H'(G). Let k + 1 be the
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degree of S which satisfies the approximation assumption (5.9). The scalar-
product on V is equivalent to the H'(G) scalar-product and we assume it
is k-regular on V. For each h € H let up, be the solution of (6.16) described
above with S = Sj, and suppose that the solution u satisfies the regular-
ity assumptions u,u’ € L>®([0,T], H**2(@)) and v" € L'([0,T], H* 2(Q)).
Then there is a constant ¢y such that

(lu(t) = wn @)1 + [l (2) = uf, (D)17)?

< cohFt! | heH,0<t<T. (6.21)

The preceding results apply to wave equations (cf. Section VI.2.1), vis-
coelasticity equations such as VI.(2.9), and Sobolev equations (cf. Section
VL3).

Exercises

1.1. Show that a solution of the Neumann problem —A,u = F in G, Ou/dv =
0 on 0G is a u € H'(G) at which the functional (1.3) attains its mini-
mum value.

2.1. Show that F : K — R is weakly lower-semi-continuous at each x € K
if and only if {x € V : F(z) < a} is weakly closed for every a € R.

2.2. In the proof of Theorem 2.3, show that ¢'(t) = F'(y +t(x —y))(z — y).
2.3. In the proof of Theorem 2.7, verify that M is closed and convex.
2.4. Prove Theorem 2.9.

2.5. Let F be G-differentiable on K. If F’ is strictly monotone, prove directly
that (2.5) has at most one solution.

2.6. Let G be bounded and open in R™ and let F': G x R — R satisfy the
following: F'(-,u) is measurable for each u € R, F(x,-) is absolutely
continuous for almost every z € GG, and the estimates

|F(z,u)| < alx) +bul* ,  |0uF(z,u)| < c(x) + blul

hold for all u € R and a.e. x € G, where a(-) € L(G) and ¢(-) € L*(G).
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(a) Define E(u) = [ F(z,u(z))dz, u € L*(G), and show
— / OuF (z,u(@))v()dz ,  wve LXG) .
G
(b) Show E’ is monotone if 9, F(z, ) is non-decreasing for a.e. z € G.
(c) Show E’ is coercive if for some k > 0 and co(-) € L?(G) we have
OuF (z,u) -u > klu|® — co(z)|ul ,

for u €¢ R and a.e. z € G.

(d) State and prove some existence theorems and uniqueness theorems
for boundary value problems containing the semi-linear equation

—Apu+ f(z,u(xz)) =0 .

2.7. Let G be bounded and open in R™. Suppose the function F' : G X
R™*1 — R satisfies the following: F(-, ) is measurable for 4 € R"*1,
F(z,-) : R""! — R is (continuously) differentiable for a.e. x € G, and
the estimates

|F(z,4)] < a(x —I—bZ]uj\ y Ok F(z,0)] < e(x —I-bZ]uJ]

as above for every k, 0 < k < n, where 0 = Biuk‘

(a) Define E(u) = [4 F(z,u(z), Vu(z)) dz, u € H'(G), and show
E'(u)(v) /Z@quVu)av( )dx | u,v € HY(Q) .
7=0
(b) Show E’ is monotone if

Z(ajF(m,uo,ul, oy tp) — 05 F (2, v0,v1, ..., vn))(uj —vj) >0
i=0

for all @,9 € R"*! and a.e. z € G.
(c) Show E' is coercive if for some k > 0 and co(+) € L?*(G)

Z 0;F(x,0)u; > k Z |u]~|2 —¢co(x) Z ||
§=0 §=0 §=0

for & € R"™! and a.e. x € R™.
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(d) State and prove an existence theorem and a uniqueness theorem
for a boundary value problem containing the nonlinear equation

Zﬁij(x,u, Vu) = f(z) .
§=0

3.1. Prove directly that (3.4) has at most one solution when a(-, -) is (strictly)
positive.

3.2. Give an example of a stretched membrane (or string) problem described
in the form (3.6). Specifically, what does g represent in this applica-
tion?

4.1. Show the following optimal control problem is described by the abstract
setting of Section 4.1: find an admissible control u € U,q C L?*(G)
which minimizes the function

T(u) = / ly(u) — w2 dz + c/ luf? da
G G
subject to the state equations
-Apy=F+u inG,
{ y=0 on 0G .

Specifically, identify all the spaces and operators in the abstract for-
mulation.

4.2. Give sufficient conditions on the data above for existence of an optimal
control. Write out the optimality system (4.10) for cases analogous to
Sections 4.5 and 4.6.

5.1. Write out the special cases of Theorems 5.1 and 5.2 as they apply to
the boundary value problem

{ —9(p(z)0u(z)) +q(x)u(z) = f(z) , O0<z<1,
u(0) =u(1)=0.

Give the algebraic problem (5.5) and error estimates that occur when
the piecewise-linear functions of Section 5.4 are used.
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5.2. Repeat the above for the boundary value problem
—0(p(x)9u(x)) + q(z)u(z) = f(=) ,
{u’(O) =u'(1)=0.
(Note that the set K and subspaces are not exactly as above.)

5.3. We describe an Hermite interpolation by piecewise-cubics. Let the in-
terval G and partition P be given as in Section 5.4. Let V < H?(G)
and define

K={veV:v(z;)=v(z;)=0, 0<j<N+1}.
1

(a) Let f € V and define F(v) = (5)|0*(v — f)|2(c)- Show there is a
unique uy € K : (0%(uy — f),aZ’U)L2(G) =0,veK.
(b) Show there exists a unique fo € H?(G) for which fy is a cubic

polynomial on each [z, z;11], fo(z;) = f(z;) and fi(z;) = f'(z;)
for j=0,1,...,N + 1.

(c) Construct a corresponding family of subspaces as in Theorem 5.4
and show it is of degree 3.

(d) Repeat exercise 5.1 using this family of approximating subspaces.
5.4. Repeat exercise 5.3 but with V = H3(G) and
K={veV:v(z;)=0, 0<j<N+1}.
Show that the corresponding Spline interpolant is a piecewise-cubic,
fo(zj) = f(x;) for 0<j < N +1, and fo is in C*(G).
6.1. Describe the results of Sections 6.1 and 6.2 as they apply to the problem
Opu(x,t) — 0y (p(x)0zu(x, t)) = F(x,t) ,
u(0,t) = u(l,t) =0,
u(z,0) = ug(z) .
Use the piecewise-linear approximating subspaces of Section 5.4.

6.2. Describe the results of Sections 6.3 and 6.4 as they apply to the problem
O2u(,t) — Du(p(2)Dsu(z, 1)) = Fla,1) |
u(0,t) = u(1,t) =0,
u(z,0) = up(z) , Owu(zr,0) =ui(z) .
Use the subspaces of Section 5.4.



