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POSITIVE SOLUTIONS FOR HIGHER ORDER ORDINARY
DIFFERENTIAL EQUATIONS

PAUL W. ELOE & JOHNNY HENDERSON

ABSTRACT. Solutions that are positive with respect to a cone are obtained for
the boundary value problem, u(™ + a(t)f(u) = 0, u(9(0) = w(*=2)(1) = 0,
0 < i < mn—2, in the cases that f is either superlinear or sublinear. The
methods involve application of a fixed point theorem for operators on a cone.

1. INTRODUCTION

We are concerned with the existence of solutions for the two-point boundary
value problem,

u™ +a(t)f(u) =0, 0<t<]1, (1)

uP0)=u"D(1)=0, 0<i<n-2, (2)
where
(A) f:][0,00) — [0,00) is continuous, and
(B) a:[0,1] — [0,00) is continuous and does not vanish identically on any subin-
terval.
We remark that, if u(t) is a nonnegative solution of (1), (2), then u(*~2)(¢) is
concave on [0, 1].

Specifically, our aim is to extend the work of Erbe and Wang [10] to obtain
solutions of (1), (2), that are positive with respective to a cone, in the cases when,
either (i) f is superlinear, or (ii) f is sublinear; that is, in the respective cases when,
either (i) fo =0 and fo = o0, or (ii) fo = o0 and foo = 0, where

f(z) f(=)

fo= lim ——= and fo = lim —-=.
rz—0t I r—o00 I

In the case that n = 2, the boundary value problem (1), (2) arises in appli-
cations involving nonlinear elliptic problems in annular regions; see [1], [2], [12],
[19]. Applications of (1), (2) can also be made to singular boundary value problems
as in [3], [6], [8], [13], [16], [18], as well as to extremal point characterizations for
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boundary value problems in [9], [14], [17]. In these applications, frequently, only
solutions that are positive are useful. The results herein are also somewhat related
to those obtained in [5] and [11].

Our arguments for establishing the existence of solutions of (1), (2) involve con-
cavity properties of solutions that are used in defining a cone on which a positive
integral operator is defined. A fixed point theorem due to Krasnosel’skii [15] is
applied to yield a positive solution of (1), (2).

In Section 2, we present some properties of a Green’s function which will be used
in defining the positive operator. We also state the fixed point theorem from [15].
In Section 3, we provide an appropriate Banach space and cone in order to apply
the fixed point theorem yielding solutions of (1), (2) in both the superlinear and
sublinear cases.

2. SOME PRELIMINARIES

In this section, we state a theorem due to Krasnosel’skii, an application of which
will yield in the next section a positive solution of (1), (2). The mapping to which
we apply this fixed point theorem will include an integral whose kernel, G(t, s), is
the Green’s function for

—y™ = -
yD0) =y D1)=0, 0<i<n-2

Eloe [7] has shown that, for 0 <i <n — 2,

81‘
ﬁG(t, s) >0on (0,1) x (0,1), (4)
as well as the fact that the function
8n72
K(tys) = 55 Glt,9) (5)
is the Green’s function for
1
-y = 07
_ _ (6)
y(0) = y(1) = 0.

We note that

— < <
K(t,s):{ t(l—s), 0<t<s<l,

s(1—1t), 0<s<t<l1, (™)

from which it is straightforward that

K(t,s) < K(s,s),0<t,s<1, (8)
and a nice argument in [10] shows that
K(t,s) >

K(s,s), = <t<

| w

,0<s<1. (9)

NNy
FNy-

h

The existence of solutions of (1), (2) is based on an application of the following

fixed point theorem [15].
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Theorem 1. Let B be a Banach space, and let P C B be a cone in B. Assume
Q1,99 are open subsets of B with 0 € Q1 C Q1 C Qo, and let

T:PnN (QQ\Ql) — P
be a completely continuous operator such that, either

D) [|[Tu]] < |lull,u € PN, and ||Tu| > ||ull, u € P NI, or
(ii) [|[Tull > |lull, v € PN, and |[Tul| < |lull, v € PN INs.

Then T has a fized point in PN (Q2\Q1).

3. EXISTENCE OF SOLUTIONS

We are now ready to apply Theorem 1. We remark that u(t) is a solution of (1),
(2) if, and only if,

1
u(t) = / G(t, s)a(s) f(u(s))ds, 0<t<1.
0
For our construction, we let
B={zeC™20,1]|2?0)=0, 0<i<n-—3},

with norm, ||z| = |2("~?)|,, where | - | denotes the supremum norm on [0, 1].
Then (B, || - ||) is a Banach space.

Remark 1. We note that, for each x € B,

2D <], 0<i<n-—2. (10)
We will seek solutions of (1), (2) which lie in a cone, P, defined by
1
P={zeB|z"2(t)>00n0,1], and min 22 (t) > —|z|}.
Fe<d 4
Remark 2. We note here that, if x € P, then () (t) >0 on [0,1] and
(t _ l)n7i72

, 1
@) > = 4
20 2 ) T

(n
on [5,3],0<i<n—2. As a consequence
1

@ (¢) >

on[3,3],0<i<n-—2.

Theorem 2. Assume that conditions (A) and (B) are satisfied. If, either
(i) fo=0 and foo = 00 (i.e., f is superlinear), or
(ii) fo = o0 and foo =0 (i.e., f is sublinear),

then (1), (2) has at least one solution in P.

Proof. We begin by defining an integral operator 7' : P — B by

1
Tu(t) = /0 G(t,s)a(s)f(u(s))ds, weP, (11)

and we seek a fixed point of T in the cone P for the respective cases of f superlinear
and f sublinear.
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Before dealing with these cases, we make a few observations. First, if u € P, it
follows from (8) that

1 an72
T = [ 6t s)als) flu(s) ds
0
= [ Kt9ae) s s
1
< [ Ksar) ds
so that
ITull = |(Tw)™ )] ./ K (s, 8)a(s) f(u(s)) ds.
In fact,

WW=LK@QWHMW%- (12)

Next, if u € P, it follows from (9) and (12) that

min (Tw)™ 2(t) = min /o K(t,s)a(s)f(u(s))ds

1 3 L 3
75t<% 15t<3

1 1
> 3 /O K(s, s)a(s)f (u(s)) ds

1
> ZHTUH'

Moreover, properties of G(t, s) give that (Tu)("~2)(t) > 0, so that Tu € P, and in
particular T : P — P. Also, the standard arguments yield that T is completely
continuous.

We now turn to the cases of the theorem.

(i) Assume fo = 0 and fo, = oco. First, dealing with fy = 0, there exist n > 0
and H; > 0 such that f(z) < nz, for 0 < < Hy, and

So, if we choose u € P with ||u|| = Hi, and if we recall from Remark 1
that |u|eo < ||ul|, we have from (8),
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(Tu)" (1) = / K (t, s)a(s) f (u(s)) ds

IA

1
/ K(s,s)a(s)f(u(s))ds

A\ IN
\\o
=
= @
°’° )
CIJ
QA —
i N—
S
= 9

A
=
(e
INA
~
A
—

As a consequence || Tul| = [(Tu) "2 (t)|oo < |Ju||. Thus, if we set
O ={zeB||z| < Hi},
then
ITu|| < ||ull, for u € PN IN;. (13)

Next, dealing with foo = oo, there exist A > 0 and Hy > 0 such that
f(z) > Az, for x > Hy, and

n=2 '4n1/K s)ds > 1.

Now, let Hy = max{2H1, (n — 2)!4""1H,} and set
={z € B||jz| < Hz2}.

So, if w € P with ||u|| = Hz, and if we recall from Remark 2 that u(t) >

WHUH > H, on [%, %], we have

TG = [ EG s r) ds

/f K(l, s)a(s) u(s) ds

>
1
> / K(3.5)a o) gyl s
i 1
= m/l K(§ s)a(s) ds||ull
2
> ull,

so that ||Tu|l > |lu|. Consequently,

| Tul|| > ||u|l, for u € P N INs. (14)

Therefore, by part (i) of Theorem 1 applied to (13) and (14), T has a fixed
point u(t) € PN (Q2\Q1) such that Hy < |lu|| < Ha, and as such, u(t) is a
desired solution of (1), (2). (We remark that the arguments carry through,
if we had set Ho = max{Hi, (n — 2)!4" 1 H,} and if Hy = Hj, then there
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is a solution v € P with ||u|]| = H;.) This completes the case when f is
superlinear.

(ii) Now, assume fy = 0o and foo = 0. Dealing with fy = oo, there exist 7 > 0
and Ji > 0 such that f(x) > 7z, for 0 < x < Jy, and

il T
_n 1 -
(n—2)14n1/% K(2,s)a(3) ds >1

This time, we choose u € P with |ju|| = J1. Since |u|oo < ||u|| = J1, we have
fu(s)) > fu(s), 0 < s < 1. Also, we know u(s) > WHUH, $1<s<3
Thus,

TG = [ EGsar) ds

> [%K<§,s>a<s>nu<s>ds

i il
> G [, Ko dsl
> ul,

and in particular, | Tu| > |lul|. Setting
O ={zeB| || <1},

we conclude

| Tul|| > ||u|l, for u € P NINy. (15)
~ For the final part of this case, we deal with foo = 0. There exist A > 0 and
Ja > 0 such that, f(z) < Az, for z > Jo, and

5\/0 K(s,s)a(s)ds < 1.

There are two further sub-cases to be considered:
(I) We suppose first that f is bounded. Then, there exists N > 0 such that

f(z) < N, forall 0 < z < co. Let Jp = max{2J1,Nf01 K(s,s)a(s)ds}. Then, for
u € P with |lu]| = Jo, since |u|e < ||ul] and K (¢, s) < K(s,s), 0 <s,t <1, we have

(Tu)"2(t)

/0 K (t, s)a(s) f (u(s)) ds

IN

1
N/o K(s,s)a(s)ds
Jo

A
=
e}
IA
~
AN
—

Consequently, [|[Tul| < ||ul|.

(IT) For the second sub-case, suppose that f is unbounded. Then, there exists
Jo > max{2Jy, Jo} such that f(z) < f(J2), for 0 < x < J,. We now choose u € P
with |Ju|| = J2. Again, recalling |u|o < |lul| and K (¢,s) < K (s, s) leads to
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1
(Tu)"D(t) = / K (t, s)a(s) f (u(s)) ds

1
< / K(s,5)a(s)f(J>) ds
0
1
< 5\/ K(s,s)a(s)dsJa
0
< Jluf, 0<t<1.

Thus, |[Tul| < [ul].

We conclude from each sub-case, (I) and (II), if we set
Dy ={z € B||z| < J2},

then

|1Tul|| < ||ull, for u € PN INs. (16)
Therefore, by part (ii) of Theorem 1 applied to (15) and (16), T has a fixed point

u(t) € PN (Q2\Q1) such that Ji < [lul| < Jz, and u(?) is a sought solution of (1),

(2)

. This completes the argument for the case of f sublinear.
The proof is complete. O

REFERENCES

[1] C. Bandle, C. V. Coffman and M. Marcus, Nonlinear elliptic problems in annular domains,

J. Diff. Eqns. 69 (1987), 322-345.

[2] C.Bandle and M. K. Kwong, Semilinear elliptic problems in annular domains, J. Appl. Math.

Phys. 40 (1989), 245-257.

[3] F. Bernis, On some nonlinear singular boundary value problems of higher order, Nonlin.

Anal., in press.

[4] A. Callegari and A. Nachman, A nonlinear singular boundary value problem in the theory of

pseudoplastic fluids, STAM J. Appl. Math. 38 (1980), 275-281.

[5] C.J. Chyan, Positive solution of a system of higher order boundary value problems, PanAm.

Math. J., in press.

[6] C.J.Chyan and J. Henderson, Positive solutions for singular higher order nonlinear equations,

Diff. Eqns. Dyn. Sys. 2 (1994), 153-160.

[7] P. W. Eloe, Sign properties of Green’s functions for two classes of boundary value problems,

Canad. Math. Bull. 30 (1987), 28-35.

[8] P. W. Eloe and J. Henderson, Singular nonlinear boundary value problems for higher order

ordinary differential equations, Nonlin. Anal. 17 (1991), 1-10.

[9] P. W. Eloe and J. Henderson, Focal points and comparison theorems for a class of two point

boundary value problems, J. Diff. Eqns. 103 (1993), 375-386.

[10] L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary differential

equations, Proc. Amer. Math. Soc. 120 (1994), 743-748.

[11] A. M. Fink, J. A. Gatica and G. E. Hernandez, Eigenvalues of generalized Gel’fand models,

Nonlin. Anal. 20 (1993), 1453-1468.

[12] X. Garaizar, Existence of positive radial solutions for semilinear elliptic problems in the

annulus, J. Diff. Egns. 70 (1987), 69-72.

[13] J. A. Gatica, V. Oliker and P. Waltman, Singular nonlinear boundary value problems for

[14]

[15]
(16]

second-order ordinary differential equations, J. Diff. Eqns. 79 (1989), 62-78.

D. Hankerson and J. Henderson, Positive solutions and extremal points for differential equa-
tions, Appl. Anal. 39 (1990), 193-207.

M. A. Krasnosel’skii, “Positive solutions of operator equations”, Noordhoff, Groningen, 1964.
C. D. Luning and W. L. Perry, Positive solutions of negative exponent generalized Emden-
Fowler boundary value problems, SIAM J. Appl. Math. 12 (1981), 874-879.



8 P.W. ELOE & J. HENDERSON EJDE-1995/03

[17] K. Schmitt and H. L. Smith, Positive solutions and conjugate points for systems of differential
equations, Nonlin. Anal. 2 (1978), 93-105.

[18] S. Taliaferro, A nonlinear singular boundary value problem, Nonlin. Anal. 3 (1979), 897-904.

[19] H. Wang, On the existence of positive solutions for semilinear elliptic equations in the annulus,
J. Diff. Eqns. 109 (1994), 1-7.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DAYTON, DAYTON, OH 45469-2316 USA
E-mail address: eloe@udavxb.oca.udayton.edu

DISCRETE AND STATISTICAL SCIENCES, AUBURN UNIVERSITY, AUBURN, AL 36849-5307 USA
E-mail address: hendej2@mail.auburn.edu



