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Behaviour near the boundary for solutions of

elasticity systems ∗

V. N. Domingos Cavalcanti

Abstract

In this article we study the behaviour near the boundary for weak
solutions of the system

u′′ − µ∆u− (λ+ µ)∇(α(x) div u) = h ,

with u(x, t) = 0 on the boundary of a domain Ω ∈ Rn, and u(x, 0) = u0,
u′(x, 0) = u1 in Ω. We show that the Sobolev norm of the solution in an
ε-neighbourhood of the boundary can be estimated independently of ε.

1 Introduction

Let Ω be a bounded domain in Rn with a C3-boundary Γ, and let ν(x) be the
unit exterior normal of Γ at a point x. For T > 0, we denote by Q the finite
cylinder Ω×]0, T [, and by Σ its lateral boundary Γ×]0, T [. For an open subset
Γ0 of Γ, Σ0 denotes Γ0×]0, T [. For each ε > 0, ωε denotes the ε-neighbourhood
of Γ0 in Ω defined by

ωε =
⋃
x∈Γ0

B(x, ε) ∩ Ω ,

where B(x, ε) is the open ball with center x and radius ε. Functional spaces
and their inner products are denoted as follows

H = [L2(Ω)]n, (u, v)H =
n∑
i=1

(ui, vi)L2(Ω) ∀u, v ∈ H

V = [H1
0 (Ω)]n, ((u, v))V =

n∑
i=1

(∇ui,∇vi)L2(Ω) ∀u, v ∈ V .
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This article is concerned with the behaviour near the boundary for weak
solutions of the system

u′′ − µ∆u− (λ+ µ)∇(α(x) div u) = h in Q

u = 0 on Σ (1.1)

u(0) = u0, u′(0) = u1 in Ω ,

with
{u0, u1, h} ∈ V ×H × L1(0, T ;H) , (1.2)

where λ, µ > 0 are the Lamé constants, and α ∈ C1(Ω) is a real function such
that for all x in Ω and some α0, α(x) ≥ α0 > 0.

Recall that if u is the unique solution of the above system, for the energy
function

E(t) =
1

2
|u′(t)|2H +

µ

2
||u(t)||2V +

(λ+ µ)

2
|α

1
2 (x) div u(t)|2L2(Ω)

there exists a positive constant c such that

sup
t∈[0,T ]

E(t) ≤ cE0 ,

where
E0 = ||u0||

2
V + |u1|2H + ||h||2L1(0,T ;H). (1.3)

We shall prove that the H norm of the solution u of (1.1) in an ε-neighbour-
hood of the boundary can be estimated independently of ε. It will be done
by studying first the behaviour of ∇u in the same neighbourhood. We use
the method developed by J.P. Puel and C. Fabre [7] for solutions of the wave
equation, which is an extension of the multipliers method introduced by F.
Rellich for elliptic equations and used by C. Morawetz in hyperbolic equations.
Their method was also applied to Schrodinger equations, and to equations for
vibrating beams (cf. C. Fabre [4] and C. Fabre - J. P. Puel [6]).

The interest in the above result lies in the fact that this estimate, combined
with other results, allow us to obtain the boundary control as the limit of internal
controls. Then, provided that the internal controls exist we obtain the boundary
control passing to the limit as ε→ 0. This is a way of getting boundary control
when we only have the guarantee that the system is internal controllable.

To use this kind of argument is a powerful tool since we act where it is
convenient and then pass to the limit. In this direction we can cite the work by
M. E. Bradley and M. A. Horn [1] where they control the Von Kármán system
w′′− γ2∆w′+ ∆2w+ b(x)w′ = [w,χ(w)], by showing that the boundary control
which stabilizes its solution when γ 6= 0 also stabilizes the solution to the system
obtained in the limit as γ → 0. Here γ is a parameter which is proportional to
the thickness of the Von Kármán plate.
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2 Geometrical Properties of Ω

Using the fact that Ω is a bounded domain of Rn with a C3−boundary Γ, we
obtain the following lemma.

Lemma 2.1 There exist open sets U1, . . . Um and a positive constant ε0 which
satisfy

• For each ε in ]0, ε0[, ωε ⊂
⋃m
i=1 Ui, where ωε denotes the closure of ωε in

Rn.

• For each x ∈ ωε ∩ Ui, there exists a unique (y, z) ∈ (Γ ∩ Ui)×]0, ε[ such
that x = y − zν(y); i = 1, ...,m.

• There are functions F−1
i : x → (w, z), C2-diffeomorphisms defined from

ωε ∩ Ui onto their image; i = 1, . . . ,m.

Proof. Due to the regularity of Γ, which is the C3-boundary of Ω, by M. Do
Carmo [2] (section 2.7, proposition 1) for each point p ∈ Γ and Xp : U → Γ,
a C3-parametrization of a neighbourhood of p, there exist a neighbourhood
Wp ⊂ Xp(U) of p in Γ and εp > 0 such that the segments of the normal lines
through points q ∈ Wp, with center at q and length 2εp, are disjoint; that is,
Wp has a tubular neighbourhood.

Considering 0 < 2rp < εp where B2rp(p)⊂ Bp, Wp = Bp ∩ Γ and Bp is an
open set of Rn we obtain:

Ω = Ω ∪ Γ ⊂ Ω ∪

⋃
p∈Γ

Brp(p)

 .

Using the compactness of Ω, there exist p1, . . . , pm such that

Γ ⊂
m⋃
i=1

Brpi (pi).

Defining

Ui = B2rpi
(pi); i = 1, . . . ,m and ε0 =

1

2
min {rp1 , . . . , rpm} ,

we conclude that for every ε ∈]0, ε0], ωε ⊂
⋃m
i=1 Ui.

On the other hand, we observe that for each pi ∈ Γ the relatedC3- parametriza-
tion Xi implies that the function

Fi : X−1
i (Γ ∩ Ui)×]0, ε[→ ωε ∩ Ui

(w, z) 7→ Fi(w, z) = Xi(w)− zNi(w) ,
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where ε ∈]0, ε0[ and Ni(w) is the normal vector at point Xi(w), is a C2-
diffeomorphism.

Moreover, according to the choice of the open sets Ui we conclude that for
every x ∈ ωε ∩Ui where ε ∈]0, ε0] there exist a unique normal projection y of x
on Γ and unique z ∈]0, ε[ such that x = y − zν(y). 2

Remark. It follows from the above lemma that if x ∈ ωε ∩ Ui for sufficiently
small ε, the normal projection of x onto Γ is uniquely defined. Furthermore,

p(x) = Xi(ω) = Fi(ω, 0) ,

where Fi(w, z) = Xi(w) − zNi(w).

Lemma 2.2 Let detJFi(w, z) denote the determinant of the Jacobian matrix
of Fi at (w, z). Then

(i) there exist positive constants ε0,m,M , such that ∀(w, z) ∈ X−1
i (Γ ∩ Ui)×

[0, ε0],

m ≤ |detJFi(w, z)| ≤M

(ii) |detJFi(w, 0)| = 1, ∀w ∈ X−1
i (Γ ∩ Ui)

(iii) the function (w, z)→ |det JFi(w, z)| is a C1-function.

(iv) for function v on ωε∩Ui, define v̂(w, z) = (v◦Fi)(w, z). If v ∈ H1(ωε∩Ui)
then

∂

∂z
v̂(w, z) = −∇v(Fi(w, z)) · ν(Fi(w, 0) . (2.1)

Proof. Since Fi(w, z) = Xi(w) − zNi(w) it follows that |detJFi(ω, 0)| =
||Ni(ω)|| and consequently |det JFi(ω, 0)| = 1, ∀ω ∈ X−1

i (Γ ∩ Ui). Besides,
taking into account the regularity of the boundary of Ω, we get that det JFi(ω, z)
is a C1−function. For a εi > 0 small enough we obtain that detJFi(ω, z) does
not change its sign on ]0, εi[, which allow us to conclude (iii). Combining the
two results obtained in (ii) and (iii) we get (i). Finally, from the regularity
of the functions Fi(w, z), observing that ∂

∂z
Fik(w, z) = −Nik(w) and from the

identity

∂

∂z
(v ◦ Fi)(w, z) =

n∑
k=1

∂v

∂xk
(Fi(w, z))

∂

∂z
Fik(w, z) ,

which holds for regular functions v, we obtain (iv). 2
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3 Fundamental Identity

In this section we prove an identity that is essential in the proof of our main
result.

Lemma 3.1 If u = (u1, ..., un) is the solution of (1.1)-(1.2), for every vector
valued function g ∈W 2,∞(Ω,Rn) collinear to the normal vector on Γ, we have

2µ
n∑

i,j,k=1

∫
Q

∂ui

∂xj

∂ui

∂xk

∂gk

∂xj
dxdt+ µ

n∑
i=1

∫
Q

(∇ui · ∇(div g))ui dxdt

+2(λ+ µ)
n∑

i,j=1

∫
Q

α(x) div u
∂ui

∂xj

∂gj

∂xi
dxdt

+(λ+ µ)

∫
Q

α(x) div u(u · ∇(div g)) dxdt (3.1)

= 2
n∑
i=1

∫
Q

hi(∇ui · g) dxdt +
n∑
i=1

∫
Q

hiuidivg dx dt

+µ
n∑
i=1

∫
Σ

|
∂ui

∂ν
|2g · νdΓdt + (λ+ µ)

∫
Σ

α(x)(divu)2g · νdΓ dt

+(λ+ µ)

∫
Q

∇α · g(div u)2 dxdt − 2
n∑
i=1

∫
Ω

u′i(T )(∇ui(T ) · g) dx

+2
n∑
i=1

∫
Ω

u′i(0)(∇ui(0) · g) dx−
n∑
i=1

∫
Ω

u′i(T )ui(T ) div g dx

+
n∑
i=1

∫
Ω

u′i(0)ui(0) div g dx .

Proof. For initial data
{
u0, u1, h

}
∈
[
H1

0 (Ω)×H2(Ω)
]n
×V ×L1(0, T ;V ) let

2∇u · g = (2∇u1 · g, . . . , 2∇un · g) ,

where

2∇ui · g = 2
n∑
k=1

∂ui

∂xk
gk .

Multiplying (1.1) by 2∇u · g we obtain

n∑
i=1

∫
Q

u′′i (2∇ui · g) dx dt− µ
n∑
i=1

∫
Q

∆ui(2∇ui · g) dxdt

−(λ+ µ)
n∑
i=1

∫
Q

∂

∂xi
(α(x) div u) (2∇ui · g) dxdt (3.2)
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=
n∑
i=1

∫
Q

hi (2∇ui · g) dxdt .

Integrating by parts with respect to t, by Gauss Theorem,

2
n∑
i=1

∫
Q

u′′i (∇ui · g) dx dt

= 2
n∑
i=1

∫
Ω

u′i(T ) (∇ui(T ) · g) dx− 2
n∑
i=1

∫
Ω

u′i(0) (∇ui(0) · g)dx (3.3)

+
n∑
i=1

∫
Q

(u′i)
2

div g dx dt .

Using the fact that
∂ui

∂xk
= νk

∂ui

∂ν
on Γ , (3.4)

by Green and Gauss Theorems we have

−µ
n∑
i=1

∫
Q

∆ui(2∇ui · g) dxdt (3.5)

= −µ
n∑
i=1

∫
Q

|∇ui|
2 div g dx dt + 2µ

n∑
i,j,k=1

∫
Q

∂ui

∂xj

∂ui

∂xk

∂gk

∂xj
dxdt

−µ
n∑
i=1

∫
Σ

(
∂ui

∂ν

)2

g · ν dΓdt .

Finally, by (3.4) and by Gauss theorem we have

−(λ+ µ)
n∑
i=1

∫
Q

∂

∂xi
(α(x) div u) (2∇ui · g) dxdt (3.6)

= 2(λ+ µ)
n∑
k=1

∫
Q

α(x) div u
∂

∂xk
(div u)gk dxdt

+2(λ+ µ)
n∑

i,k=1

∫
Q

α(x) div u
∂ui

∂xk

∂gk

∂xi
dxdt .

−2(λ+ µ)

∫
Σ

α(x) (div u)
2
g · ν dΓ dt .

= −(λ+ µ)

∫
Q

(div u)
2

(∇α(x) · g)dxdt − (λ+ µ)

∫
Q

(div u)
2
α(x) div g dx dt

+(λ+ µ)

∫
Σ

α(x) (div u)
2
g · ν dΓdt .
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+2(λ+ µ)
n∑

i,k=1

∫
Q

α(x) div u
∂ui

∂xk

∂gk

∂xi
dxdt .

−2(λ+ µ)

∫
Σ

α(x) (div u)
2
g · ν dΓdt .

Replacing (3.3), (3.5) and (3.6) in (3.2) it follows that

2
n∑
i=1

∫
Ω

u′i(T ) (∇ui(T ) · g) dx− 2
n∑
i=1

∫
Ω

u′i(0) (∇ui(0) · g) dx (3.7)

+
n∑
i=1

∫
Q

(u′i)
2

div g dx dt− µ
n∑
i=1

∫
Q

|∇ui|
2

div g dx dt

+2µ
n∑

i,j,k=1

∫
Q

∂ui

∂xj

∂ui

∂xk

∂gk

∂xj
dxdt− µ

n∑
i=1

∫
Σ

(
∂ui

∂ν

)2

g · ν dΓdt

−(λ+ µ)

∫
Q

(divu)
2

(∇α(x) · g) dxdt− (λ+ µ)

∫
Q

(div u)
2
α(x) div g dx dt

+2(λ+ µ)
n∑

i,k=1

∫
Q

α(x) div u
∂ui

∂xk

∂gk

∂xi
dxdt− (λ + µ)

∫
Σ

α(x) (div u)
2
g · ν dΓdt

=
n∑
i=1

∫
Q

hi (2∇ui · g) dxdt .

Let u div g = (u1 div g, . . . , un div g), where ui div g =
∑n
j=1 ui

∂gj
∂xj

. Now, multi-

plying (1.1) by u div g we get

n∑
i=1

∫
Q

u′′i ui div g dx dt− µ
n∑
i=1

∫
Q

∆uiui div g dx dt

−(λ+ µ)
n∑
i=1

∫
Q

∂

∂xi
(α(x) div u)ui div g dx dt (3.8)

=
n∑
i=1

∫
Q

hiui div g dx dt .

Using integration by parts we obtain

n∑
i=1

∫
Q

u′′i ui div g dx dt (3.9)

=
n∑
i=1

∫
Ω

u′i(T )ui(T ) div g dx−
n∑
i=1

∫
Ω

u′i(0)ui(0) div g dx .

−
n∑
i=1

∫
Q

|u′i|
2

div g dx dt .
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and by Green’s Theorem

−µ
n∑
i=1

∫
Q

∆uiui div g dx dt (3.10)

= µ

n∑
i=1

∫
Q

|∇ui|
2

div g dx dt+ µ

n∑
i=1

∫
Q

∇ui · ∇ (div g)ui dxdt.

Since u = 0 on Γ, by Gauss Theorem we have

−(λ+ µ)
n∑
i=1

∫
Q

∂

∂xi
(α(x) div u)ui div g dx dt (3.11)

= (λ+ µ)

∫
Q

α(x) (div u)
2

div g dxdt

+(λ+ µ)

∫
Q

α(x) (div u)u · ∇ (div g) dxdt .

Then, from (3.8)-(3.11), it follows that

n∑
i=1

∫
Ω

u′i(T )ui(T ) div g dx−
n∑
i=1

∫
Ω

u′i(0)ui(0) div g dx

−
n∑
i=1

∫
Q

|u′i|
2

div g dx dt+ µ

n∑
i=1

∫
Q

|∇ui|
2

div g dx dt (3.12)

+µ
n∑
i=1

∫
Q

∇ui · ∇ (div g)ui dxdt+ (λ+ µ)

∫
Q

α(x) (div u)2 div g dx dt

+(λ+ µ)

∫
Q

α(x) (div u)u · ∇ (div g) dxdt

=
n∑
i=1

∫
Q

hiui div g dx dt

Adding (3.7) and (3.12), and using that
[
H1

0 (Ω) ∩H2(Ω)
]n
× V × L1(0, T ;V )

is dense in V ×H × L1(0, T ;V ), we obtain (3.1). 2

Lemma 3.2 Let u be the solution of (1.1) with initial data satisfying (1.2),
and let vr = θru, where {θr}1≤r≤m is a C∞ partition of the unity relative to
the open sets U1, . . . , Um. Then vr = (vr1 , . . . , vrn) is the solution to

v′′r − µ∆vr − (λ+ µ)∇(α(x) div vr) = hr in Q

vr = 0 on Σ (3.13)

vr(0) = θru
0, v′r(0) = θru

1 on Ω ,
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where

hr = θrh− 2µ∇θr · ∇u−µu∆θr − (λ+µ)α(x)divu∇θr − (λ+µ)∇(α(x)u ·∇θr)

and supp vr ⊂ Ur × [0, T ]. Furthermore, if ε0 is the minimum between the two
epsilons found in Lemmas 2.1 and 2.2, the function

G(ε) =


1
ε

∫ T
0

∫
ωε∩Ur

∑n
i=1 |∇vri(x, t) · ν(p(x))|2 dxdt, ε ∈]0, ε0]∫ T

0

∫
Γ∩Ur

∑n
i=1

∣∣∣∂vri∂ν

∣∣∣2 dΓ dt ε = 0 ,

where Fr(Wr×]0, ε[) = ωε ∩ Ur, is continuous on [0, ε0].

Proof. The continuity of G on [0, ε0] follows from Lemma 2.2. 2

Lemma 3.3 Let δ be a positive number. Then there exists a real number γ∈
]0, δ[, and there exist positive decreasing functions ρε ∈ W 2,∞(0, ε), where ε =
δ + γ, such that

ρε(ε) = 0 ρ′ε(ε) = 0 and ρ′ε = −
1

δ
, in [0, δ] . (3.14)

Furthermore,

||ρε||L∞(0,ε) ≤ C1, ||ρ
′
ε||L∞(0,ε) ≤

C2

ε
, ||ρ′′ε ||L∞(0,ε) ≤

C3

ε2
(3.15)

for positive constants C1, C2, C3, and

γ

2

∫ ε

0

|ρ′′ε (z)|2z2dz =
9

16
. (3.16)

Proof. Let γ be the positive value when solving for x in

1 +
x

δ
+

1

3
(
x

δ
)2 =

9

8
. (3.17)

Then γ =
(√

7
6 − 1

)
3
2δ which belongs to the interval ]0, δ[. Put ε = γ + δ, and

define ρε : [0, ε]→ R, by

ρε(z) =

{
1− γ

2δ −
z
δ
, z ∈ [0, δ]

1
2γδ (δ + γ − z)2 , z ∈ [δ, δ + γ] .

Then ρε ∈ W 2,∞(0, ε) and satisfies (3.14),(3.15). To show that ρε satisfies
(3.16), we use (3.17) as follows

γ

2

∫ ε

0

|ρ′′ε (z)|2z2 dz =
γ

2

∫ δ+γ

γ

1

γ2δ2
z2 dz

=
1

2

(
1 +

γ

δ
+

γ2

3δ2

)
=

9

16
.
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4 Behaviour of the Solution u in ωε×]0, T [

Our goal in this section, which contains the main result of this work, is to
study the behaviour of the solution u of the elasticity system given in (1.1) in
ωε×]0, T [.

Theorem 4.1 There exist positive constants C and ε0 such that every solution
u of (1.1) where (1.2) holds with α1 < µ/(3n(λ+ µ)) satisfies

1

ε

n∑
i=1

∫ T

0

∫
ωε

|∇ui(x, t) · ν(p(x))|2 dxdt ≤ cE0 ∀ε ∈]0, ε0] .

Furthermore, C and ε0 depend only on the positive number T, the function α(x),
the geometry of Ω, and the Lamé constants.

Proof. Without loss of generality assume that Γ0 = Γ. Let u be the solution
of (1.1) and define vr = θru where {θr}1≤r≤m is a C∞ partition of the unity
relative to the open sets U1, . . . , Um given in lemma 2.1. According to Lemma
3.2, vr is the solution of (3.13) and the function G is continuous on [0, ε0]. Let
δ0 ∈ [0, ε0] be a value such that

G(δ0) = max
ε∈[0,ε0]

G(ε) .

If δ0 = 0, we obtain

max
ε∈[0,ε0]

G(ε) =
n∑
i=1

∫ T

0

∫
Γ∩Ur

∣∣∣∣∂vri∂ν

∣∣∣∣2 dΓ dt .

But, considering the trace theory developed by M. Milla Miranda [9], we get

∂vri
∂ν

= θ|Γ
∂ui

∂ν

and consequently,

max
ε∈[0,ε0]

G(ε) ≤ c∗
n∑
i=1

∫ T

0

∫
Γ

∣∣∣∣∂ui∂ν

∣∣∣∣2 dΓ dt .

On the other hand, proceeding as in J. L. Lions [8] (chapter IV - pages 224, 225),
that is, using the multiplier method, we obtain that ∂ui

∂ν
∈ L2(Σ), i = 1, 2, ..., n

and
n∑
i=1

∫ T

0

∫
Σ

∣∣∣∣∂ui∂ν

∣∣∣∣2 dΓdt ≤ cE0 .

Then, we conclude that
max
ε∈[0,ε0]

G(ε) ≤ cE0 .
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If δ0 ∈] ε02 , ε0[, we have

max
ε∈[0,ε0]

G(ε) ≤
2

ε0

n∑
i=1

∫ T

0

∫
ωδ0∩Ur

|∇vri(x, t)|
2 dxdt ≤ cE0

where c, in both cases, is the desired constant. We can then restrict ourselves
to the case 0 < δ0 <

ε0
2 .

As δ0 > 0, according to lemma 3.3, there exists a real number γ ∈]0, δ0[. Put
ε = γ + δ0, then there exists a decreasing function ρε ∈W 2,∞(0, ε) such that

ρε(ε) = 0, ρ′ε(ε) = 0, and ρ′ε = −
1

δ0
in [0, δ0] (4.1)

and (3.15) and (3.16) are satisfied. Let us consider now the following vector
valued function

gε(x) = ρε(z)ν(y), x ∈ ωε ∩ Ur, where x = y − zν(y). (4.2)

Noting that ∂z
∂xk

= −νk we have

∂gεj
∂xk

(x) = −ρ′ε(z)νk(p(x))νj(p(x)) + ρε(z)
∂νj

∂xk
(p(x)), x ∈ ωε .

So, we obtain

div gε(x) = −ρ′ε(z) + ρε(z) div ν(p(x)), x ∈ ωε

and

∇(div gε)(x) = ρ′′ε (z)ν(p(x)) − ρ′ε(z) div(ν(p(x)) + ρε(z)∇(div ν(p(x))) .

Next, we use identity (3.1) taking as function g the family of functions gε
defined in (4.2), replacing u by vr the solution of (3.13) and observing that
supp vr ⊂ Ur × [0, T ].

From the above equalities, Lemma 2.2, and taking into account that Fr(Wr×]0, ε[) =
ωε × Ur, we get by lemma 3.1 the following expression

−2µ
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′ε(z)

∣∣∣∣∂v̂ri∂z
(w, z, t)

∣∣∣∣2 |detJFr(w, z)|dz dw dt (4.3)

−µ
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′′ε (z)
∂v̂ri
∂z

(w, z, t)v̂ri(w, z, t)|det JFr(w, z)|dz dw dt

+(λ+ µ)
n∑
i=1

∫ T

0

∫
ωε∩Ur

α(x)ρ′′ε (z) div vr(vr · ν(p(x))) dxdt

= R1 +R2 .
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where R1 is given by

−2µ
n∑

i,j,k=1

∫ T

0

∫
ωε∩Ur

ρε(z)
∂vri
∂xj

∂vri
∂xk

∂νj

∂xk
(p(x)) dxdt

−µ
n∑
i=1

∫ T

0

∫
ωε∩Ur

ρε(z)(∇vri · ∇(div ν(p(x))))vri dxdt

−2(λ+ µ)
n∑

i,j=1

∫ T

0

∫
ωε∩Ur

α(x)ρε(z) div vr
∂vri
∂xj

∂νj

∂xi
(p(x)) dxdt

−(λ+ µ)

∫ T

0

∫
ωε∩Ur

α(x)ρε(z) div vr(vr · ∇(div ν(p(x)))) dxdt

−2
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρε(z)ĥri(w, z, t)
∂v̂ri
∂z

(w, z, t)v̂ri(w, z, t)|detJFr(w, z)|dz dw dt

+
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρε(z) div ν(Fr(w, 0))ĥri(w, z, t)|det JFr(w, z)|dz dw dt

+

∫
Σ

{µ
n∑
i=1

|
∂vri
∂ν
|2 + (λ+ µ)α(x)|div vr|

2}ρε(0)dΓ dt

+(λ+ µ)

∫ T

0

∫
ωε∩Ur

ρε(z)(∇α(x) · ν(p(x)))|div vr|
2 dxdt

+2
n∑
i=1

∫
Wr

∫ ε

0

ρε(z)v̂ri(w, z, T )
∂v̂ri
∂z

(w, z, T )|detJFr(w, z)|dz dw

−2
n∑
i=1

∫
Wr

∫ ε

0

ρε(z)v̂ri(w, z, 0)
∂v̂ri
∂z

(w, z, 0)|detJFr(w, z)|dz dw

−
n∑
i=1

∫
ωε∩Ur

ρε(z) div ν(p(x))v′ri (T )vri(T ) dx

+
n∑
i=1

∫
ωε∩Ur

ρε(z) div ν(p(x))v′ri (0)vri(0) dx

and R2 is given by

−µ
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′ε(z) div ν(Fr(w, 0))
∂v̂ri
∂z

(w, z, t)v̂ri(w, z, t, )×

|detJFr(w, z)|dz dw dt

−2(λ+ µ)
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

α(Fr(w, z))ρ′ε(z) div vr(Fr(w, z), t)
∂v̂ri
∂z

(w, z, t)×

νi(Fr(w, 0))|det JFr(w, z)|dz dw dt
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+(λ+ µ)

∫ T

0

∫
ωε∩Ur

α(x)ρ′ε(z) div ν(p(x)) div vr(vr · ν(p(x))) dx dt

−
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′ε(z)ĥri(w, z, t)v̂ri(w, z, t)|det JFr(w, z)|dz dw dt

+
n∑
i=1

∫
ωε∩Ur

ρ′ε(z)v′ri(T )vri(T ) dx −
n∑
i=1

∫
ωε∩Ur

ρ′ε(z)v′ri(0)vri(0) dx .

Note that the expression for R1 collects the terms which involves ρε(z) and the
expression R2 the terms related to ρ′ε(z).

Taking into account the regularity of the functions α, ρε and of the normal
vector ν, and considering that

∂vri
∂ν

= θr|Γ
∂ui

∂ν
and div vr|Γ = θr|Γ div u|Γ (4.4)

we have a positive constant C1 such that |R1| ≤ C1E0.
On the other hand, observing that:

∂vri
∂xj

(x) = −
∂v̂ri
∂z

(w, z)νj(Fr(w, 0)) +Dwv̂riDxjw

where

Dwv̂riDxjw =
n−1∑
k=1

∂v̂ri
∂wk

(w, z)
∂wk

∂xj
,

we can write

div vr(x) =
n∑
j=1

{−
∂v̂rj
∂z

(w, z)νj(Fr(w, 0)) +Dwv̂rjDxjw}. (4.5)

Using the Hölder inequality, we have

|v̂ri(w, z, t)|
2 ≤ z

∫ z

0

∣∣∣∣∂v̂ri∂z
(w, s, t)

∣∣∣∣2 ds.
From this inequality, and using in (4.5) an analogous argument to the one used
by C. Fabre and J. P. Puel in [6] (page 196) we conclude that there existsC2 > 0
such that

|R2| ≤ C2E0. (4.6)

From (4.3), (4.4) and (4.6) we find a positive constant C3 independent of ε,
δ0 and u for which,

−2µ
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′ε(z)

∣∣∣∣∂v̂ri∂z
(w, z, t)

∣∣∣∣2 |detJFr(w, z)|dz dw dt (4.7)
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≤ µ

n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′′ε (z)
∂v̂ri
∂z

(w, z, t)v̂ri(w, z, t)|detJFr(w, z)| dz dw dt

−(λ+ µ)

∫ T

0

∫
ωε∩Ur

α(x)ρ′′ε (z) div vr(vr · ν(p(x))) dxdt + C3E0 .

But using (4.5) we have

−(λ+ µ)

∫ T

0

∫
ωε∩Ur

α(x)ρ′′ε (z) div vr(vr · ν(p(x))) dxdt (4.8)

= (λ + µ)
n∑

i,j=1

∫ T

0

∫
Wr

∫ ε

0

α(Fr(w, z))ρ′′ε (z)
∂v̂ri
∂z

(w, z, t)νi(Fr(w, 0))v̂rj (w, z, t)×

νj(Fr(w, 0))|det JFr(w, z)| dz dw dt

−(λ+ µ)

∫ T

0

∫
Wr

∫ ε

0

α(Fr(w, z))ρ′′ε (z)
n∑
i=1

Dwv̂riDxiw ×

(v̂r(w, z, t) · ν(Fr(w, 0)))|det JFr(w, z)| dz dw dt .

Using the Cauchy-Schwarz inequality and (4.1) we prove that

(λ + µ)
n∑

i,j=1

∫ T

0

∫
Wr

∫ ε

0

α(Fr(w, z))ρ′′ε (z)
∂v̂ri
∂z

(w, z, t)νi(Fr(w, 0)) ×

v̂rj (w, z, t)νj(Fr(w, 0))|det JFr(w, z)| dz dw dt (4.9)

≤ (λ + µ)α1n{
1

γ

∫ T

0

∫
Wr

∫ ε

δ0

n∑
i=1

∣∣∣∣∂v̂ri∂z
(w, z, t)

∣∣∣∣2 |detJFr(w, z)| dz dw dt}1/2 ×

{γ

∫ T

0

∫
Wr

∫ ε

δ0

n∑
i=1

|ρ′′ε (z)|2|v̂ri(w, z, t)|
2|detJFr(w, z)| dz dw dt}1/2

≤ (λ + µ)α1nG(δ0)1/2(
9

4
G(δ0) + C4E0)1/2 ,

where the last inequality comes from (3.16) and the identity

v̂rj (w, z, t)|detJFr(w, z)|1/2

=

∫ z

0

∂v̂rj
∂z

(w, s, t)|det JFr(w, z)|1/2ds+

∫ z

0

v̂rj (w, s, t)
∂

∂z
(|detJFr(w, s)|

1/2)ds .

Now, using an analogous argument to the one used in C. Fabre and J.P. Puel
[6](page 197) we get

(λ+ µ)|
∑n
i=1

∫ T
0

∫
Wr

∫ ε
0
α(Fr(w, z))ρ′′ε (z)[Dwv̂riDxiw]×

(v̂r(w, z, t) · ν(Fr(w, 0)))|det JFr(w, z)| dz dw dt | ≤ C5E0 . (4.10)
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So, by (4.8)-(4.10) we have

−(λ+ µ)

∫ T

0

∫
ωε∩Ur

α(x)ρ′′ε (z) div vr(vr · ν(p(x))) dxdt (4.11)

≤
3

2
(λ+ µ)α1nG(δ0) + C6(λ + µ)α1nG(δ0)

1
2 E

1
2
0 + C7E0 .

Proceeding in the same way we did to obtain (4.9) we get

µ

n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′′ε (z)
∂v̂ri
∂z

(w, z, t)v̂ri(w, z, t)|detJFr(w, z)| dz dw dt

≤
3

2
µG(δ0) + C8µG(δ0)1/2E

1/2
0 . (4.12)

Finally, using the fact that ρ′ε(z) ≤ 0 we have

−2µ
n∑
i=1

∫ T

0

∫
Wr

∫ ε

0

ρ′ε(z)

∣∣∣∣∂v̂ri∂z
(w, z, t)

∣∣∣∣2 |detJFr(w, z)| dz dw dt

≥ 2µG(δ0) . (4.13)

Replacing the inequalities (4.11)-(4.13) in (4.7) we obtain

2µG(δ0)

[
1

4
−

3

4
n

(λ+ µ)

µ
α1

]
≤ C9G(δ0)1/2 E

1/2
0 + C10E0 .

Since α1 <
µ

3n(λ+µ) , there exists ζ0 > 0 such that

0 < ζ0 <
1

4
−

3

4
n

(λ+ µ)

µ
α1

and consequently there exists C > 0, independent of ε, u and δ0 such that

max
ε∈[0,ε0]

G(ε) ≤ CE0 .

So, in any case, there exists C > 0 independent of ε, u and δ0 such that

1

ε

n∑
i=1

∫ T

0

∫
ωε∩Ur

|∇vri(x, t) · ν(p(x))|2 dxdt

≤ C{||u0||
2
V + |u1|

2
H + ||h||2L1(0,T,H)}, ∀ε ∈]0, ε0] .

But since u =
∑m
r=1 vr, Theorem 4.1 is proved. 2

From the above theorem we obtain the following result.
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Theorem 4.2 There exist positive constants C and ε0 such that every solution
u of (1.1) where (1.2) holds with α1 ≤

µ
3n(λ+µ) satisfies

1

ε3

n∑
i=1

∫ T

0

∫
ωε

|ui(x, t)|
2 dxdt ≤ CE0 ,∀ε ∈]0, ε0] .

Furthermore, C and ε0 depend only on the real positive number T , the function
α(x), the geometry of Ω, and the Lamé constants.

Proof. Let u = (u1, . . . , un) be the solution of (1.1) with (1.2) and let ε0 be the
minimum between the two epsilons found in Lemmas 2.1 and 2.2. Considering
{θr}1≤r≤m a C∞ partition of the unity relative to the open sets U1, . . . , Um
given in Lemma 2.1 we obtain u =

∑m
r=1 uθr. Then, for every ε ∈]0, ε0] we

obtain∫ T

0

∫
ωε

|ui(x, t)|
2 dxdt =

∫ T

0

∫
ωε

|
m∑
r=1

uiθr|
2 dxdt

≤ C11

m∑
r=1

∫ T

0

∫
ωε∩Ur

|ui|
2|θr|

2 dxdt

≤ C11

m∑
r=1

∫ T

0

∫
ωε∩Ur

|ui|
2 dxdt

= C11

m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

|ûi(w, z, t)|
2|detJFr(w, z)| dz dw dt

≤ C12

m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

|ûi(w, z, t)|
2 dz dw dt , (4.14)

where ûi(w, z, t) = ui(Fr(w, z), t). Since

ûi(w, z, t) =

∫ z

0

∂ûi

∂s
(w, s, t) ds ,

it follows that

|ûi(w, z, t)|
2 ≤ z

∫ z

0

∣∣∣∣∂ûi∂s
(w, s, t)

∣∣∣∣2 ds .
Consequently from (4.14) we have∫ T

0

∫
ωε

|ui(x, t)|
2 dxdt

≤ C12

m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

(z

∫ z

0

∣∣∣∣∂ûi∂s
(w, s, t)

∣∣∣∣2 ds)dz dw dt
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≤ C12

m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

z

∫ ε

0

∣∣∣∣∂ûi∂s
(w, s, t)

∣∣∣∣2 ds dz dw dt
= C12(

m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

∣∣∣∣∂ûi∂s
(w, s, t)

∣∣∣∣2 ds dw dt)(∫ ε

0

z dz)

= C13ε
2
m∑
r=1

∫ T

0

∫
Wr

∫ ε

0

|∇ui(Fr(w, s), t) · ν(Fr(w, 0))|2 ds dw dt

where the last equality comes from (2.1). Therefore,∫ T

0

∫
ωε

|ui(x, t)|
2 dxdt ≤ C14ε

2
m∑
r=1

∫ T

0

∫
ωε∩Ur

|∇ui(x, t) · ν(p(x))|2 dxdt

≤ C14ε
2

∫ T

0

∫
ωε

|∇ui(x, t) · ν(p(x))|2 dxdt .

Then, we obtain the desired result from Theorem 4.1, in view of

1

ε3

∫ T

0

∫
ωε

|ui(x, t)|
2 dxdt ≤ C14

1

ε

∫ T

0

∫
ωε

|∇ui(x, t) · ν(p(x))|2 dxdt.
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Paran. Mat. (2a série), vol. 11, No. 2, 131-157, 1990.
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