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C-INFINITY INTERFACES OF SOLUTIONS FOR
ONE-DIMENSIONAL PARABOLIC p-LAPLACIAN EQUATIONS

YOONMI HAM & YOUNGSANG KO

ABSTRACT. We study the regularity of a moving interface z = ((¢) of the
solutions for the initial value problem

we = (Juel2ue),
u(z,0) = uo(z),

where ug € L!(R) and p > 2. We prove that each side of the moving interface
is C°.

1. Introduction
We consider the Cauchy problem of the form
(L1) up = (|ux|p_2ux)$ inS:=Rx (0,00)
' u(z,0) = uo(x)

where p > 2. This equation has application to many physical situations, and has
been studied by many authors; see for example [2] and references therein. In the
study of this equation, the velocity of propagation, V(x,t), is very important, and
can be obtained in terms of v by writing (1.1) as the conservation law

In this way we obtain V = —v,|v;|P~2, where the nonlinear potential v(z,t) is
(1.2) v P o201
p—2
By a direct computation, we realize that
(1.3) ve = (p — 2)0|ve|P 2 Vpp + |Ua [P
In [2], it is shown that V satisfies V, < m which can also be written as
1
14 ez )Py > — .
(1.4) (el ) 2 5o
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Without loss of generality, we assume that wug vanishes on R~ and that ug is a
continuous positive function on an interval (0,a) with a > 0. Let

Plu] ={(z,t) € S : u(z,t) > 0}
be the positivity set of a solution u. Then P[u] is bounded from the left in the
(z,t)-plane by the left interface curve x = {(t), where

¢(t) =inf{zx € R: u(z,t) > 0}.

Moreover, there is a time t* € [0, 00), called the waiting time, such that ((t) = 0
for 0 <¢ < t* and ((t) < 0 for ¢t > t*. It is shown in [2] that ¢* is finite (possibly
zero) and ((t) is a non-increasing C! function on (*,00). Actually it is shown that
¢’'(t) < 0 for every t > t*, i.e., a moving interface never stops.

On the other hand, D. G. Aronson and J. L. Vazquez [1] established Theorem 1.1
below.

Let D = {(z,t) : t > t*,{(t) < z <0}, and let v be the pressure for the solution
of the porous medium equation

(1.5) up = (u™)ze in Qr =R x(0,T).
Theorem 1.1. v is a C* function on D, and ((t) is a C* function on (t*,00).
This theorem is proven by finding bounds for v(*) with k& > 2.

The purpose of this paper is to discuss the C'>° regularity of the moving part of
the interface of the solution to (1.1). To accomplish this end, we use some ideas
from [1].

2. Upper and Lower Bounds for v,,

Let ¢ = (z0,t0) be a point on the left interface, so that zo = ((to), v(z,t9) =0
for all x < ((to), and v(x,to) > 0 for all sufficiently small > ((to). We assume
the left interface is moving at ¢q. Thus to > ¢*. We shall use the notation

Rs.y = Rsp(to) = {(z,t) € R?: ((t) < x < C(t) +8,t0 —n <t <ty +n}

Proposition 2.1. Let q be the point as above. Then there exist positive constants
C, 9§, and n depending only on p, q, and u such that

Vex 2 C in R5777/2'

1
Proof. From (1.4) we have, vy, > — . However, from Lemma 4.4
2(p — 1)2[vg [P 2t
in [2], v, is bounded away and above from zero near g, where u(z,t) > 0. O

Proposition 2.2. Let g = (zo,t0) be as above. Then there exist positive constants
Co, 9, and n depending only on p, q, and u such that

Ve < Co in R&,n/2 .
Proof. From Theorem 2 and Lemma 4.4 in [2] we have
(2.1) {(to) = —valoulP=2 =~ = —a

and

(2.2) v = |vg]?
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on the moving part of the interface {z = ((¢),t > t*}. Choose € > 0 such that
(2.3) (p = 1)a — 5pe > 4[(p — 2)* + (p — 1)*|(a + €)e.

Then by Theorem 2 in [2], there exists a 6 = d(e) > 0 and n = n(e) € (0,t9 — t*)
such that R, C Plu],

(2.4) (a—€)7T < vy < (a+e)r
and
(2.5) Ve < (a — e)ﬁe

in Rs,,. Then from (2.4) we have

(2.6) (a— )7 (z—¢) < v(z,t) < (a+e)7 (z )
in Rs,, and
(2.7) —(a+e€) <('(t) < —(a—e) in [ty,to]

where t; = tg — n and to = tg + 7. We set
(2.8) ¢*(t) = ¢(t1) = b(t — 1)
where b = a + 2¢. Then clearly ((t) > ¢*(¢) in (¢1,%2]. On Plu], w = vy, satisfies
L(w) = Wt — (p - 2)”U|”Uw|p72w$$ - (3p - 4)|'Ua:|p72vzwz
—[(p —2)* +2(p — 1)?]|va [P 2w?
—3(p — 2)%v|vg [P~ vpww, — (p — 2)%(p — 3)v|v, [P~ *w?
= 0.

We shall construct a barrier for w in Rs,, of the form

o p
¢ m? t + K
== e ew
where o and 3 will be decided later.
By a direct computation we have

Her = (z f{)Q == 2)”|”w|p_2xi—g + (3p — 4)|ve [P v, }
+($_LC*)2{C*/ — - 2)v|vw|p*2%€* + (3p — 4)|v.|P 20, }
~l(p— 2 +2(p ~ 1] foal" " + G
where
G

73(1) - 2)2vvw|vw|pi4¢¢w - (p - 2)2(]7 - 3)v|v$|p74¢3
= — 2)%0|v, [P4 v a p —(p—- a 5
= = 2Pelual o (ual g + ] - 09+ o).

If we choose a and  satisfying

vy > |p — 3| max(a, §),
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then G > 0 in Rs,. Now set A = (w—a()2 and B = ﬁ Then we have
L(¢)

> A{c' a2 (- 20—

<+ (= .~ 2p -2 + 20 - 1)%}}

4B {C 4 o 2= 2o+ (= s = 20 - 27 + 260 - 1719}

C‘*

> A{(p-Da-Gp-Te=2(p-2) +2p~17)(a+ 9 a}
+B{(p =D (5p = 6)e ~2(p 27 + 20~ 1)(a + )
Set
0<a< (p—1)a— (5p = T)e — =0
2[(p—2)2+2(p—1)%(a+¢€)r?
and
(29) (p — 1)(1, _ (5p _ 66)

C2p-27 42— 1+
Then from (2.3), 8 > 0 and L(¢) > 0 in Rs,, for all o € (0, ] and 8.

Let us now compare w and ¢ on the parabolic boundary of Rs,,. In view of (2.5)
and (2.6) we have

R
a— €)p-
Vzz < em%g in Ré,n

and in particular
1

ela —e)r—1
5

UI$(C(t) + 57 t) < in [tht?] .

By the Mean Value Theorem and (2.7), we have that for some 7 € (1, t2)

(B +3-¢"(t) = +(a+26)(t—t) +{ (M)t~ 1)

< 0+ 3e(t —t1) <6+ Gen.
Now set
1 = min{n(e), 6(¢)/6e}.

Since € satisfies (2.3) and 3 is given by (2.9) it follows that
8 (p—)a — (5p — 6¢) L (ati
27 qp-22+2p -1t 9
on [t1,t2]. Moreover from (3.5) and (2.9)
I} e(a — €)71
ot > T >

Let I' = {(z,t) € R? : 2 = ((t),t1 <t < t3}. Clearly I' is a compact subset of R2.
Fix a € (0,a0). For each point s € I" there is an open ball B, centered at s such
that

o(C+6,t) >

>
4

> va:a:(xatl) on (((t1)7C(t1) + 5] .

(Wga)(2,t) < a(a — €)7 1 in By N Plu).

In view of (2.6) we have

P(z,t) >

a .
e > vge(x,t) in By N Plul.



EJDE-1999/01 C-INFINITY INTERFACES OF SOLUTIONS 5
Since I' can be covered by a finite number of these balls it follows that there is a
v =7(a) € (0,6) such that

o(x,t) > w(z,t) in Rs,y.

Thus for every a € (0, o), ¢ is a barrier for w in Rs,. By the comparison principle
for parabolic equations [4] we conclude that

o g
RO R0

where (3 is given by (2.9) and « € (0, «p) is arbitrary. Now as « approaches zero,

we obtain
2
B < —/B in R.
x—C* €n

in Rs,y,

Uz (@, 1) <

3. Bounds for (6%)31)

In this section we find the estimates of the derivatives of the form

o 3
G ==
o= (2)

By a direct computation we have,

(3.1) Ly(v®) = vt(s) — (p—2)vE~ ) — (A 4+ B)w® — Cv® — D(v®))?
—Bui v, — (0= 2)%(p = 3)(p — Yool v, =0,

xT

where
A = (p—2wE' + (p—2) %0 Bu,,,
B = (3p—4)w™t +3(p — 2)%wP Bu,,,
C = vl {Bp—4)(p—1)+2[(p—2)°
+2(p — 1)’ +6(p — 2)%(p — 3)vv, *vze + 3(p — 2)%},
D = 3(p—2)2%wP 3,
E = [p-2°+200-1)%(p-2)+@-2)?%p-3).

Suppose that ¢ = (zg, o) is a point on the left interface for which (2.1) holds.
Fix € € (0,a) and take dg = do(e) > 0 and 1y = n(e) € (0,to — t*) such that
Ry = Rsy . (to) C Plu] and (2.5) holds. Thus we also have (2.6) and (2.7) in Ry.
Then by rescaling and interior estimate we have

Proposition 3.1. There are constants K € R™, § € (0,d), and n € (0,m0) de-
pending only on p, q, and Cy such that

K
(3) < ;

[0 (z,t)] < o) in Rsy, -
Proof. Set

. (20 0

f JEE— 2 — -

o mln{ 3 ) 3770}7 n Tlo 48’
and define
Rz, 1) ={ (= t)eR2-|x—z|<5 - i<
) - ) . 27 48 —
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t) € Rs,, where s = a+ e and A =T — ((t). Then (Z,¢) € R;, implies that

for (,
t) C Ryp. Since 6o > 37‘5, A < ¢ and ( is non-increasing, we have

R(z,

to—mo=to—n— 4 <t<to+n<to+mno,

T-3=7- 20 = ZO > (15 + 1),
C(to—m)+6+ % <((to—no) -

Also observe that for each (Z,t) € Ry, R(T,t) lies to the right of the line z =
C(t) + s(t —t). Next set z = A( + T and t = A7 + . The function

W(E,T) = Vge (AN + T, AT + 1) = vge(m, 1)

satisfies the equation

v
W, = p—2)~vP 2 We + (3p — 4B~ W
{(p =250l W+ 3 — )W}
(3-2) +H2(p — 20 vse — (p — 2005V

AP = 2)*(p = 3)vvE ™ (v2a)” — (P — 2)02 7% (va0)?]

in the region

_ 2. 11
B={en Rl < - <r<of,
and |[W| < Cy in B. In view of (2.6) and (2.7)
(om g =S A ()
and
_ A
C(t) =) = C@) +s(t—t) <) + -
Therefore,
A A A A 3
Azl -2ca-ccrii-@-2
which implies
(a — €)1 <V 3(a+e)ﬁ '
4 D 2

Hence by (2.4) equation (3.2) is uniformly parabolic in B. Moreover, it follows from
Proposition 2.2 that W satisfies all of the hypotheses of Theorem 5.3.1 of [4]. Thus
we conclude that there exists a constant K = K(a,p,C2) > 0 such that

2W(O 0)| < K;

8§ ) — )
that is,

[0v?(z,7)] <

K
S5
Since (Z,t) € Rs,, is arbitrary, this proves the proposition. O
We now turn to the barrier construction. If v € (0, d) we will use the notation

Ry, =R} (to) ={(z,t) e R*: {(t) + 7 < @ < {(t) + 0,0 —n <t < to +n}.
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Proposition 3.2. Let R;, ,, be the region constructed in the proof of Proposition
2.2 with

(3.3) 0<d <

For (z,t) € R{ , , let

G4 e OETTERMFETS Ok

where C* is given by (2.8), and o and B are positive constant less than K /2. Then

there exist 6 € (0,01) and n € (0,1m1) depending only on a, p and Cy such that
Ls(¢,) >0 in R,

for all v € (0,9).

Proof. Choose € such that

(p—1a

13p —23°

There exist d2 € (0,d1) and n € (0,71) such that (2.4), (2.6) and (2.7) hold in Ry, ,,.
Fix v € (0,d2). For (z,t) € R, ,, we have

(3.5) 0<e<

B ! + o 2(p—2)vvp2
L) = G Ao
! o 2(p—2)vwp2
e O

—C¢3 — D(¢3)* — Bvb v, — (p — 2)*(p — 3)(p — )02 Pvy,

where A, B, C, D, and F are as above.
(From (2.6), together with the fact that  — (* > « — { — v/3 we have

- ! s T=C R PN
m-(**m—(-’y/gg(a—i—e)p x—C—7/3§(a+6) 7_7/3—2(11—1—6) .
JFrom (3.3), we have
(3.6) Da,Dj < 1/2DK < DK < (p_41)a I (P—41)6.

Then since |C| is bounded and from (2.4) and (2.6), we have
L3(¢3)

> 2 {(p-1a—(Tp—1)e—|ClY —2D _gY

= yz VP a D € e -
+ﬁ{@—”a—<7p—10>e—|0|<m—c*>—zDﬂ—EW}

-1 13p — 23 _Y
> %{(1’ y Ja P2 6—62(|C|_EE)}
p (p—1a 13p—21 a—

+($_C*)2{ T e &0 -F— )}

where Y = x — ( —v/3 and E = |E[v2~3v2,. Since ¢ satisfies (3.5) we can choose

d = da2(€,p,a,C2) > 0 so small that Lz(¢3) > 0 in Ry, . O
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Remark 3.1. ;From (3.6) the Proposition 3.2 will be true for any «, 8 € (0, K).

Proposition 3.3. (Barrier Transformation). Let 6 and n be as in Proposition 3.2
with the additional restriction that

0
3.7 < —,
(3.7) < o
where € is as in Proposition 3.2. Suppose that for some nonnegative constant 3
(3.8) o (1) < —% 4P in Rs..

z—((t) =)

Then v3) also satisfies

2a/3 +2a/3 .
ey
Proof. By Remark 3.1, for any v € (0,4) since 8 + 2a/3 < K the function
20/3 n B+ 2a/3
r—C—7/3 x—(*
satisfies L3(¢3) > 0 in Rg,n‘ On the other hand, on the parabolic boundary of ng

we have ¢3 > v®). In fact, for t = t; and ¢; +v <z < ¢ + 6, with ¢ = ((t1), we
have

(3.9) v® (z,t) <

¢3(Z‘, t) =

2a +2a/3 4a/3

¢3($,t1) = B / > / b
t—G-7/3 -G rt—G z-Q

while for x = ( + ¢ and t; <t <ty we get, in view of (3.7),

> v(?’)(m,tl)

2a/3 164 2a/3
¢3(<+67t) 2 (5—’7/3 €+5_€* (5+667’]
2a/3 5 a/3

212 5 3) )
z = §+5—C*+ 5 2V (C+0d,t)

Finally, for x = ( + v, t1 <t <ty we have
2 2

/3, B %%;39 ——ll—;2M®K+7J)
=/3 C+y=¢ v (+yv—¢
By the comparison principle we get

¢3 >v® in R},

) =
¢3(<+ 7t) v

for any v € (0,6), and (3.9) follows by letting ~ | 0. O

Proposition 3.4. Let ¢ = (zo,to) be a point on the interface for which (2.1) holds.
Then there exist constants Cs, § and n depending only on p, q and u such that

(&)

Proof. By Proposition 3.1 we have, by letting o = 0,
B 26

< — in Rs, /2.
T — C* — €n mn 5,m/2
Even though the equation (3.1) is not linear for v(®), a lower bound can be obtained
in a similar way. t

<C3 in R(;m/g.

v(?’)(m, t) <
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4. Main Result

In this section we prove the interface is a C*° function in (¢*, 00). We follow the
methods in [1]. First we find the estimates of the derivatives of the form

, o\’
G) = (2L
v = (8:1:) v

for j > 4. For the porous medium equation, we have [1] the following equation:

Ly = vt(j) — (m = Dwold) — (24 j(m — 1)v,0) — ¢ jvpe0?
i
C¥ w020 —
1=3

for j > 3 in Plu], where j* = [j/2] + 1, and the ¢,,; and d,,; are constants which
depend only on their indices, but whose precise values are irrelevant. Note that
L; is linear in v, On the other hand for the p-Laplacian equation by a direct
computation we have the following equation for j > 4,

41) L@ = o — (p—2ut %) — ((j — 2)A + B)ol) — Gy

—F(v,0q,...,007Y) =0

where A and B are as before, and C); involves only v and derivatives of order < j.
Note that equation (4.1) is linear in v\9). We also follow the method in [1]. Hence
our result is

Proposition 4.1. Let g = (x9,to) be a point on the interface for which (2.1) holds.
For each integer j > 2 there exist constants C;, 6 and n depending only on p, j, q

and u such that
Pl J
(5) °

The proof is done by induction on j. Suppose that ¢ = (xg,%o) is a point on
the left interface for which (2.1) holds. Fix € € (0,a) and take do = do(e) > 0 and
no = n(e) € (0,tg — t*) such that Ry = Rs, . (to) C Plu] and (2.5) holds. Thus
we also have (2.6) and (2.7) in Ro. Assume that there are constants Cj € R for
k=3,...,7 — 1 such that

(4.2) |v(k)| <Cr onRy for k=3,...,57—1.

Observe that (4.2) hold for k£ = 3 by Proposition 3.4.
By rescaling and interior estimates, we have

< C]‘ n R(;m/g.

Proposition 4.2. There are constants K € R™, § € (0,d), and n € (0,m0) de-
pending only on p,q and Cy, for k € [2,5 — 1] with j > 4 such that

. K
@ (. 8)] <
09 ,8)] < -

— ()

m R(gm.

Proof. Set 95
0= min{?oﬂsno}, n=mn — -
and define

R(z,1) = {(ac,t) ER?: |z -7 < %,f—i <t§f}
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t) € Rs,, where s = a+ e and A =T — ((t). Then (Z,¢) € R;, implies that

for (,
t) C Ryp. Since 6o > 37‘5, A < ¢ and ( is non-increasing, we have

R(z,
to—mo=to—n— 4 <t<to+n<to+mno,
P 3—7o D IO L gy,

C(to—m)+6+25 <((to—mo)-

Also observe that for each (Z,t) € Ry, R(T,t) lies to the right of the line z =
C(t) + s(t —t). Next set z = A + 7 and t = A7 + ¢. The function

VUD(e, ) =00 DA+ T, A +T) = 0U D (2,1)

satisfies the equation

G-1) _ _ oY p—27,(i-1) - p—11,(i—1)
v {p =25V +[G -9 A+ By v}
(4.3) ~[(p = 20021 + (p — 2)*00E 20 + (j — 2)A+ BIVI Y

Gy = (G = DAs + BV 4 AP, .. o0
in the region
1 1
= 2. < _= <
B {(g,T)eR €< 35—+ <To},

and |[W| < Cj in B. In view of (2.6) and (2.7)

0 IO 2 (=GO
and
_ _ _ A
(O < C1) < O +sE—1) <O+ 5.
Therefore
A A A A - 3\
1T 5O -gsr-(O)=sT+5 (0=
which implies
(a=977 v _3atart
4 — AT 2

Hence by (2.4) equation (3.2) is uniformly parabolic in B. Moreover, it follows from
Proposition 2.2 that W satisfies all of the hypotheses of Theorem 5.3.1 of [4]. Thus

we conclude that there exists a constant K = K(a,p,C1,...,Cj—1) > 0 such that
gv(jfl)(o 0)| < K;
8§ ) —_ )
that is,
N = K
U (z,7)] < =.
0@ D < 5
Since (Z,t) € Ry, is arbitrary, this proves the proposition. O

We now turn to the barrier construction. If v € (0, d) we will use the notation

R}, =R} (to) ={(z,t) e R*: ((t) +y <& < ((t) + d,t0 —n <t <to +n}.
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Proposition 4.3. Let R;, ,, be the region constructed in the proof of Proposition
2.2 with For j > 4 and (z,t) € R] let

d1,m?
e
+ ﬂ*
z—((t)=7/3  z— ()
where C* is given by (2.8), and o and B are positive constant. Then there exist
d €(0,61) and n € (0,m) depending only on a, p, Ci,...,Cj_1 such that

Lj(¢;) >0 in R,

(4.4) @j(z,t) =

for all v € (0,9).
Proof. Choose € such that

(4.5) 0<6<(j—2)(p—2)+6p—8'

There exist d2 € (0,d1) and n € (0,71) such that (2.4), (2.6) and (2.7) hold in Ry, ,,.
Fix v € (0,02). For (z,t) € R, ,, we have

N @ 1_2(p—2)vv£*2 -

L6) = Grraap (€ ey U4+ B
e fa e ey (@=C=9/3)?
($—<—7/3)2 {CPJ( C ’7/3) a F}
B [ 202 Ol ot
+(m—§*)2{c — + (j —2)A+ B — Cy( C)}

where A, B, Cp; and F are as before. ;From (2.6), together with the fact that
x—C*>x—(—~v/3 we have

3
2 —(a—l—e)p%l .

(ate)7=
a+e€)r— =
y—=v/3 2

L QU E— B0 (gt
- T x—(—7/3 r—C—7/3

Then from (2.4), (2.6) and (4.2), we have

@ 1)
() > —((i— _ _ — . el
L) > e {a (=D -2+ 0= 9)e = 621Gl + 2171
B ,
+m {a— (G —2)(p—2) +6p—8) — 52(|Cyp;[}
Since € satisfies (4.5) we can choose § = d2(€,p, a, C2) > 0 so small that L3(¢3) > 0
in Rg,n‘ O

Hence as in we have the following proposition whose proof can be found in [1].

Proposition 4.4. (Barrier Transformation). Let 6 and n be as in Proposition 4.3
with the additional restriction that

0
4.6 < = )
(4.6) 1< &
where € is as in Proposition 4.3. Suppose that for some nonnegative constant (3
(4.7) W@ty < — 4P in R,

z—((t)  x—CH(t)

Then v9) also satisfies
2a/3 . 8+ 2a/3
z— () x— ()

(4.8) 0D (z,1) < in R, .
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Then as in [1], we can prove the C*° regularity of the interface.
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