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ON THE SINGULARITIES OF 3-D PROTTER’S PROBLEM
FOR THE WAVE EQUATION

MYRON K. GRAMMATIKOPOULOS, TZVETAN D. HRISTOV,
& NEDYU I. POPIVANOV

ABSTRACT. In this paper we study boundary-value problems for the wave
equation, which are three-dimensional analogue of Darboux-problems (or of
Cauchy-Goursat problems) on the plane. It is shown that for n in N there
exists a right hand side smooth function from C™(Qp), for which the corre-
sponding unique generalized solution belongs to C™(Q0\0), and it has a strong
power-type singularity at the point O. This singularity is isolated at the ver-
tex O of the characteristic cone and does not propagate along the cone. In
this paper we investigate the behavior of the singular solutions at the point
O. Also, we study more general boundary-value problems and find that there
exist an infinite number of smooth right-hand side functions for which the cor-
responding unique generalized solutions are singular. Some a priori estimates
are also stated.

1. INTRODUCTION

Consider the wave equation
1 1
Ou = Agu —uy = E(gug)g + ?u@@ —uy = f (1.1)

in polar or Cartesian coordinates with x1 = gcosy, T2 = gsing, and ¢ in a simply
connected region Q9 C R3. The region

Qo :={(z1,22,8) : 0 <t < 1/2,t < /2P + 23 <1—1t}
is bounded by the disk
Yo = {(x1,20,t) : t = 0,27 + 23 < 1}

and the characteristic surfaces of (1.1):

Y= {(z1,22,8) : 0 < t < 1/2,\/2? + 23 =1—t},
Yoo = {(z1,22,t) : 0 < t < 1/2, /2% + 23 = t}.

In this work we seek sufficient conditions for the existence and uniqueness of a
generalized solution of
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Problem P,. Find a solution of the wave equation (1.1) in Qg, which satisfies the
boundary conditions

P,: ulg, =0, [u+oau]ls, =0, (1.2)
where o € C(Xy).

The adjoint problem is
Problem P},. Find a solution of the wave equation (1.1) in Qg with the boundary
conditions:

*

P,: ulg,, =0, [u+oaullg, =0. (1.3)

The following problems were stated by Protter [22].
Protter’s Problems. Find a solution of the wave equation (1.1) in Q¢ with the
boundary conditions

Pl: wulgyus, =0, P1*:  ulgyus,, =0;

P2: ul|y, =0,uls, =0, P2*: uls,, =0,ulx, =0. (1.4)

The boundary conditions of problem P1* (respectively of P2*) are the adjoint
boundary conditions to such ones of P1 (respectively of P2) for the equation (1.1)
in Q. Protter [22] formulated and investigated problems P1 and P1* in Qg as
multi-dimensional analogue of the Darboux problem on the plane. It is well known
that the corresponding Darboux problems in R? are well posed, but this is not true
for the Protter’s problems in R3. For recent known results concerning the problems
(1.4) see papers of Popivanov, Schneider [20, 21] and references therein. For further
publications in this area see [2, 3, 7, 11, 14, 15, 18]. On the other hand, Bazarbekov
[5] gives another analogue of the classical Darboux problem in the same domain
Qp. Some other statements of Darboux type problems can be found in [4, 6, 13, 16]
in bounded or unbounded domains different from €.

In [1], using Wiener-Hopf techniques for the case a(p) = ¢/p,c # 0, Aldashev
studied the Problems P, and P}. For Problem P,, which we study in this paper,
in [1] he claimed uniqueness of the solution of the class C1(Qg) N C?(£y), but he
did not mention any possible singular solutions.

Next, we present the following well known result (see [24, 19])

Theorem 1.1. For alln € N, n > 4, a,,b, arbitrary constants, the functions
vn(0,,t) = to™ "0 — "% (an cosnp + by sinng) (15)

are classical solutions of the homogeneous problem P1* and the functions

wn (0, ¢, t) = g*”[QQ - t2]”*% (an cosnp + by, sinnep) (1.6)

are classical solutions of the homogeneous problem P2*.

This theorem shows that for the classical solvability of the problem P1 (re-
spectively, P2) the function f at least must be orthogonal to all functions (1.5)
(respectively,(1.6)). Using Theorem 1.1, Popivanov, Schneider [21] proved the ex-
istence of some generalized solutions of Problems P1 and P2, which have at least
power-type singularities at the vertex (0,0,0) of the cone ¥ . For the homoge-
neous Problem P,* (except the case a = 0, i.e. except Problem P2*) we do not
know nontrivial solutions analogous to (1.5) and (1.6). Anyway, in the present
paper we prove results (see, Theorems 6.1 and 6.2), which ensure the existence of
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many singular solutions. Here we refer also to Khe Kan Cher [15], who gives some
nontrivial solutions found for the homogeneous Problems P1* and P2*, but for the
Euler-Poisson-Darboux equation, which are closely connected with the results of
Theorem 1.1.

In order to obtain our results, we give the following definition of a solution of
Problem P, with a possible singularity at (0,0,0).

Definition 1.1. A function u = u(z1,22,t) is called a generalized solution of the
problem

P, : Ou = f, u|21 =0, [|us+ a(x)u]\ZO =0,

in Qo, if: B
1) u € CH{Q \ (0,0,0)), [us + a(x)u]\zo\(om) =0, u‘zl =0,
2) the identity

/[utvt — Uy Vyy — UgyVsy — fU]dT1dTodt = /a(m)(uv)(m, 0)dzydxs (1.7)
Qo E0
holds for all v in

Vo :={v e C*(Qo) : [vs + a(:z:)v”zo =0, v =0 in a neighbourhood of ¥3,}.

To deal successfully with the encountered difficulties, as are the singularities on
the cone X5 o, we introduce the region

Qe=Qn{p—t>e}, ec€l0,1),
which in polar coordinates becomes
Qe ={(0,p,1):t>0,0<p<2me+t<p<1l—t} (1.8)

and we define the notion of a generalized solution of Problem P, in ., e € (0, 1) (see
Definition 2.1). Note that, if a generalized solution u belongs to C*(Q.)NC2(12.) ,
it is called a classical solution of Problem P, in €., € € (0,1), and it satisfies the
wave equation (1.1) in .. It should be pointed out that the case e = 0 is totally
different from the case € # 0.

This paper consists of the Introduction and five more sections. In Section 2, using
some appropriate technics, we formulate the 2-D boundary problems P, ; and P, 2,
corresponding to the 3-D Problem P, . The aim of Section 3 is to treat Problem P, 2.
For this reason, we construct and study the integral equation assigned to the under
consideration wave equation of general form. Also we present results concerning the
classical solutions of Problem P, 2 in €,¢ € (0,1) and give corresponding a priori
estimates. In Section 4 we prove Theorems 4.1 and 4.2 which ensure the existence
and uniqueness of a generalized solution of Problem P, 1 in Q., e € [0,1). Using the
results of the previous section, in Section 5 we study the existence and uniqueness of
a generalized solution of 3-D Problem P,. More precisely, Theorem 5.1 ensure the
uniqueness of a generalized solution of problem P, in Qe € [0,1), while Theorems
5.2 and 5.3 ensure the existence of a generalized solution, satisfying corresponding
a priori estimates for problem P, in the case, where the right-hand side of the wave
equation is a trigonometric polynomial or trigonometric series. Finally, in Section
6 we present some singular generalized solutions which are smooth enough away
from the point (0,0, 0), while at the point (0,0, 0) they have power-type singularity
of the class p~™. Precisely, in Theorem 6.1 we prove the following result:
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Let o > 0 and a € C®. Then for each n € N, n > 4, there exists a function
fnlo,0,t) € C"2(Qy), for which the corresponding generalized solution w, of
problem P, belongs to C™(€\(0,0,0)) and satisfies the estimate

lun(p; . p)| = p~"|cosnp|, 0<p<1. (1.9)

When « = 0 the upper estimate holds, and in this case we have also the following
two-sided estimate

p~"cosnp| < lun(p, ¢, p)l,  |un(p,,0)] < Cp™"|cosngl, (1.10)

with C = const. That is, in the case of Problem P2 the exact behavior of
Un (1, 22,t) around (0,0,0) is (zF + 23)~"/2.

Remark 1.1. In Theorem 6.2 we find some different singular solutions for the
same problem P,. It is particularly interesting that for any parameter a(z) > 0,
involved in the boundary condition (1.2) on ¥, there are infinitely many singular
solutions of the wave equation. Note, that all these solutions have strong singu-
larities at the vertex (0,0,0) of the cone ¥3. These singularities of generalized
solutions do not propagate in the direction of the bicharacteristics on the character-
istic cone. It is traditionally assumed that the wave equation with right-hand side
sufficiently smooth in g cannot have a solution with an isolated singular point.
For results concerning the propagation of singularities for second order operators,
see Hormander [10], Chapter 24.5. For some related results in the case of plane
Darboux-Problem, see [17].

Remark 1.2. In 1960 Garabedian [8] proved the uniqueness of classical solution

of Problem P1. Existence and uniqueness results for a generalized solution of
Problems P1 and P2 can be found in [20, 21].

Remark 1.3. Considering Problems P1 and P2, Popivanov, Schneider [19] an-
nounced the existence of singular solutions of both wave and degenerate hyperbolic
equation. The proofs of that results are given in [21] and [20] respectively. First a
priori estimates for singular solutions of Protter’s Problems P1 and P2, concerning
the wave equation in R3, were obtained in [21]. In [2] Aldashev mentions the results
of [19] and, for the case of the wave equation in R™*! he shows that there exist
solutions of Problem P1 (respectively, P2) in the domain 2., which grow up on
the cones X . like g (ntm=2) (respectively, 5_(”+m_1)), when for € — 0 the cones
Yo :={p =1+ e} approximate ¥z . It is obvious that for m = 2 this results can
be compared with the estimate (1.10) of Theorem 6.1 and the analogous estimate of
Theorem 6.2. More comments, concerning Aldashev’s results [2], we give in Section
6. Finally, we point out that in the case of an equation, which involves the wave
operator and nonzero lower terms, Karatoprakliev [12] obtained a priori estimates
for the smooth solutions of Problem P1 in €.

2. PRELIMINARIES

In this section we consider the wave equation (1.1) in the simply connected region

Qe ={(0,0,t) : 0<t<(1—¢)/2,0< p<2me+t<p<1—t} (2.1)
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which is bounded by the disc ¥¢ := {(0,¢,t) : t = 0,0 < 1} and the characteristic
surfaces of (1.1)

21 = {(Q7907t) 10 < p < 27T,Q:1—t},

Yo ={(0,p,t): 0< p <2m,p=¢+t}

We seek sufficient conditions for the existence and uniqueness of a generalized so-
lution of the equation (1.1) with f € C'(£2), which satisfies the following boundary
conditions:

P,: U‘Emaﬂe =0, [u —l—a(p)u”zomaﬂe =0; (2.2)

P u|22y5 =0, [u+ a(p)u”zomaﬂg =0. (2.3)
Here for the sake of simplicity, we set a(z) = a(|z]) = a(p) € C'([0,1]). The
problem P} is the adjoint one to Problem P, in (..

Now, to obtain our results we define the notion of a generalized solution as
follows.

Definition 2.1. A function u = u(p, ¢, t) is called a generalized solution of Prob-
lem P, in Q., € > 0, if:

1) ue CHQ), ulg oo, = 0; [ue + alo)ully, oo, =0,
2) the identity
1
/ [ugvr — ugvy — ULV — frlododp dt = / oa(o)uv dodp (2.4)
Q. 1Y YoNON.

holds for all v € V. := {v € C1 () : [vs + a(g)v”zomaﬂ =0,0], =0}

The following proposition describes the properties of generalized solutions of
Problem P, in Q..

Lemma 2.1. Each generalized solution of Problem P, in Qg is also a generalized
solution of the same problem in Q. for € > 0.

In view of (1.7), the equality (2.4) holds for each function v € V, with the
property v = 0 in Qg \ Q.. To approximate an arbitrary function v; € V; by such
functions in W3 (Q2.) we make the following steps:

Step 1. Setting va(p, @, t) = '@y (g, ¢, 1), we get

8”02 -
W‘zo -
Step 2. The function vs(g,¢,t) could be approximated in W3 (£2.) by functions,

which satisfy (2.5) and are zero in a neighborhood of the circle {9 = ¢, = 0}. In
fact, such functions are:

0, ”2\22,5 =0. (2.5)

v2m(@a Qpat) = 1)2(@, %tW(m (Q - 5)2 + t2 )7 m — 00,

where 1) € C*°(R!), ¢(s) =0, for s <1 and 9(s) = 1, for s > 2.

Step 3. Each function va, (0, p,t) could be approximated in Wi (£2.) by some
functions, which satisfy (2.5), and are zero in a neighborhood of the cone {o = t+¢}.
Such functions are:

’Uk(gv @, t) = 'UQm(‘Q, ®, t)¢((t —0 + E)k)7 k — 0.



6 M. K. GRAMMATIKOPOULOS, T. D. HRISTOV, & N. I. POPIVANOV EJDE-2001/01

In the special, but main case, when

flo,¢,t) = fiD(0, 1) cosngp + £ (0, 1) sinne (2.6)
we ask the generalized solution to be of the form

u(o, ¢, t) = ull) (o, t) cosnp + ug) (o0,t) sinny (2.7)
If we introduce the function

g, g (1) o 0= 0
u (Qa )7 ung) for f(l) _ fr(L2)7

then, in view of (1.1), we conclude that
- 1 2
O = (o), = ) —ufy) = 5O (2.8)
in Ge ={(o,t) :t > 0,6+t < p<1—t}, which is bounded by the sets
So={(0,t) : t=0,0< p < 1},
S1={(o,t) : 0 =11}, (2.9)
S2e={(et) :e=t+e}
Next, instead of the equation (2.8), consider the more general equation

1
Ly — E(Qu(gl))@ —ulP +d(p, t)yu® = fO, (2.10)

with the same boundary conditions. In this case, the two—dimensional problem
corresponding to P, is

{ Lu® = fMW in @, 2.11)
Po1: 2.11
' 1 — (1) 1 —

ul )|smacg =0, [up’ +a(oul )”sonacg =0

and its generalized solution is defined by

Definition 2.2. A function u™ = u(!(g,t) is called a generalized solution of

problem P, 1 in Ge, € > 0, if:
1) u € CHG.), [us + alo
2) The identity

/[ugl)vt - uél)vg +d(o,t)uMv — fMo)edodt = / oa(oyuMvde  (2.12)
G, SoNOG.

)u]‘somacg =0, “‘slmaGe =0

holds for all v in

VI = {v e CHG.) : [vi + a(p)v]] = 0,v|S25 =0}.

5
By introducing a new function
u®(g,1) = 02uM (g, 1), (2.13)
we transform (2.10) to the equation

1

1
u%—u9+{ﬂ@w+4f]“”—ewﬂx (2.14)

with the string operator in the main part. Substituting the new coordinates
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from (2.14) we derive

Uey + 7 [0PEn) + @0 -] U= 2@ -n-0iFEn  (216)

b
4v2
in D. ={(&n):0<&<n<1—c¢}, where

U(&n) =u® (p(&m),t(&m)),  F(&n) = fD(p(&m),t(En)). (2.17)

Thus, we reduced the problem P, ; to the Darboux-Goursat problem for the more
general equation (2.10) with the same boundary conditions:

: Uen + c(&mU = g(&,n) in D,
Py { U@,n)=0,U, —Ue)(&, &) +a(l-EUEE) =0. (2.18)

In view of the above observations, the wave equation (1.1) transforms finally to the
equation

)

1 —4n? 1 N
U5"+4(2—§_n)2U: 4\/5(2—77—5)21[’(5,77), (2.19)

which is of the form (2.16).

3. THE INTEGRAL EQUATION CORRESPONDING TO PROBLEM F, 2

Set,
(€)= 174 (D (1,1))
Cclg, = Q5 0 5 5
4(12_5_77)2 ) (31)
g(&n) = —4\/5(2—5—77)21’(5,77).

Then the equation (2.19), in new terms, takes the form of the equation in (2.18).
Remark, that if fy(f) € C%Gy), i = 1,2, then g € C(Dy), while if fy(f) € C*(Gy),
i=1,2, then g € C*¥(Do\(1,1)).

In order to investigate the smoothness and the singularity of a solution of the
original 3-D problem P, on X3, we are seeking for a classical solution of the
corresponding 2-D problem P, » not only in the domain D,, but also in the domain

DW= {(&,n):0<E<n<10<E<l—c}, e>0. (3.2)

Clearly, D. ¢ DV.
Consider now the equation from (2.18), i.e.

Uey + c(&,m)U = g(&,n) in DY, (3.3)

where c(£,n) € C(DM), g(&,m) € C(DM), e > 0.
Next, for any (£,70) € Dél), we consider the sets

M:={(n):0<&<&,bo<n<m}, T:={(mn):0<{<n0<n<E}

and we construct an equivalent to the problem P, » integral equation, in such a
way that any solution of the problem F, 2 to be also a solution of the constructed
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integral equation. For this reason, we consider the following integrals:

)
= [f o€ €U ] d dé = /O /£ Uy (€, m) diy dé

o
= /0 [Ue(§,m0) — Ue(&,€0)] d€ = U (€0, m0) — U (&0, 60)

Bo= [ lateon) — etemutem)ands - /go/goUgnéndndé

- / Ue(€,€0) — Ue(€,€)] e = Uleor o) — | V(e ) de.

0 0
On the other side,

o &o
1'1:/0 /OUsn(f,n)dfdn:/o Uy(n,m) dn.

Hence, we see that:

and

o

20 = U(&o,%0) + = Ue(&,6)] dg

o

Ip +2I = U(&,m0) o U(E,§) de.

| e
U0, €0) - /050 a1 - EU(E,€) de,
- e

From the latest relation we obtain

& Mo
U(Eosmo) = / /g (9(E.m) — el m)U(E, )] dn deé
o rm
+2/0 /0[9(5,77)—C(S,n)U(é,n)]dfdn

o
+/ O[(l - £)U(£7£) d£7 for (607770) € Dél)v
0

which is the desired integral equation.
Next, we set

My :=suplg(§, )|, c(e) := suple(§,n)|, Mo := sup|a(f)]
P pM [0,1]

and state the following

(3.4)

(3.5)

Theorem 3.1. Let c(€,n) € C(Dél)), g(&,n) € C(Dgl)), e > 0. Then there exists
a classical solution U(&,n) € Cl(Dgl)) of the equation (3.3) which satisfies the

boundary conditions (2.18) with Ug,(§,n) € C(Dél)) and

|U(€0,m0)] < &oMygle(e) + Ma]f1 exple(e) + My in Dgl),
Sl(l}:;{|U§|, |Up|} < Mglc(e) + M) exple(e) + 2M,).
D¢

(3.6)
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Proof. In order to get our results, we will solve the integral equation (3.4). For this

reason we use the following sequence of successive approximations U, defined by
the formula

om0

o
+2 / / [9(E.m) — (U™ (€, )] dé dn

(3.7)
o
+ [T at-gue g e,
0
U(O)(§07’r]0) = 07 in D;
We will show that for any (&p,70) € DM and n e N
M, M, |mentt
(D) — U™ (g, m0)| < gle(e ()n++ 1)'] o (3.8)
Indeed: 1)
UM (& no)—/£0 /nog(f n)dnd§+2/€o/n9(§ n) dé dn
) 0 0 3 o 0 ) 3
and hence

UM (&0, m0)| < Mg[€o(mo — &) + &) = My&omo < My&o.

2) Let, by the induction hypothesis (3.8),

_ M, n—
(U = UCD) (o, mo)| < S Lle(e) + Ma]" 165 = Ant
be satisfied. Then, it follows that
1y o Mo )
@ o))l = |- [ [7 e - vy e

&o
2 / /c(@n)(UW—U(”—”><£,n)d£dn+ / a(l—ﬁ)(U‘”)—U‘”‘”)(é,é)dé'

£o €o
<An[c ( g”dnd§+2/ /g”d{dn>+M/ S"dﬁ]
0
_ n 1 ; n+2 Ma n+l
_An|:c < +1O+ n0—§0)+(n+1)(n+2) 0+>+n+10+:|

ntl n n+2 Mo nya
”[C(€)<n+1 T T )(n+2)° )+n+10 }

c(e) M, M
<A n+1 n+1 _ g M nen+1 _ A n+1'
<o [ L Mo gor] = Moopee) 4 MG = A

So, the inequality (3.8) holds and hence the uniform convergence of the sequence
{U™(&,1)}men in D is obvious. For the limit function U € C(D 1)) we obtain
the integral equality (3.4) and U(0,n0) = 0.
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Also, in view of (3.8), we see that

(U (&o,m0)| = | D (OFH —UB)(&,m0)| < & gz %]1\/)[]50
k=0
< €oMyle(e) + Ma] ™" exple(e) + Mal,
and therefore
U (€0,m0)| < EoMyle(e) + Ma]™" exple(e) + Ma].
To estimate the first derivatives of U, by (3.7), we get
Ug(:H)(éo, m0) =a(l = &)U™ (é, &)
o
+ [ ot 60) — cl6 )0 6 o) 39)
0
o
+ [ loteo,m) — eléo, MU €. i,
&o
and
o
UG o) = [ lat€om) —clemU € ml e (310)
Using (3.8) and (3.9), we see that
o 0
% = d d '
U8 ool = | [ a(e.orde + / [ otco.m
< My(éo +no — &) = Mgno < My,
and
(n+1) _ 7(n) 0 (n) _ 77(n—1)
WG =T m)l = |- [ e )0 U D) e )l de
70
= [ el U = U o,m) dn + all - ) (U — U)o, 60)
M o
< Dole(e) + Mo [e(a)( e [T ean <, so]
M,
SF[(HM] ).
So, for the derivative Ug, (&0, m0) We get the estimate:
(Ut (€0,m0)| = Him Ug™ (60, m0)| = |Z U™~ UG ) Gm)l (3.11)

2. [e(e o)F L[ e(e .
< M, z_;) e )—l—k]'M ] [k :_)1 + Ma:| < Myle(e) + Mo~ exple(e) + 2M,].

Using (3.8) and (3.10), we find

€
(U™ = U (€o,m0)] = I—/0 e(&,mo) (U™ — UD€, m0)) &
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c(e)M,

¢o
g[c(s)+Ma]”*1/0 nde < ( M,

<
- n+1)!

i[e(e) + Ma]mgg ™

n!
Therefore, U € C1(D) and
|Uno (€0, 710) < €ole(e) + Ma] ™" exple(e) + Mal, (3.12)
which shows (3.6). Also, by (3.10), it follows that
n:ggl)(éo,no) = 9(&,m0) — c(&,m0)U™ (€0, m0)-

Thus, the function U(&,m0) is a solution of (3.3) and Ug, € C(Dgl)). Finally,
using (3.9) and (3.10), we see that

lim [UHD — U8 4 a(1 - &)UV, m0)

=a(l &) lim (U = UM)(&, &)] =0

i.e. U(&,no) satisfies boundary conditions (2.18). &
The next result is very important for the investigation of the singularity of a
generalized solution of problem P,.

Lemma 3.1. Let c(€,n), g(&,n) € C(Dgl)) and
9(€&m) 20, c(&n) <0 inDY;al€) 20 for0<E<1. (3.13)

Then for the solution U(&,n) of the problem (3.3), (2.18) (already found in Theorem
3.1) we have

U,n) >0, U,y(&n) >0, Ue(&n) >0 inDM. (3.14)

Proof. In view of (3.7), from (3.13) we have

o Mo o M
U(”(éo,no):/o /5 g(é,n>dnd£+2/0 /Og<£,n)d£dnzo.

Suppose that (U™ — UM™=1) (&, 1) > 0 for some n € N. Then

€
U(n+1) U(n) U(”) U(n_l) ,n)dnd
( )(&o,m0) = //g c(&n)( )(&,n) dndE
&o
3 (n) _ p7(n—1)
) /O /O (&)U = U=D)(¢, ) de dn

&o
+/ a(1— U™ —UD)(¢,£)de > 0
0

and
U(éo,m0) = Y (U —T™)(&,n0) > 0. (3.15)
n=0
Since U (&o,no) > 0 for any (£o,70) € D and
Uey(€0,m0) = (1 = &)U (0, o) (3.16)

o

&o
+/0 [9(£,60) — c(€,€0)U (€, 60)] d£+/ [9(€0,m) — c(é0,mMU (&0, m)] dn,

o
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&o
U (€0,170) = / (9(E.m0) — c(€,m0)U (€, m0)] e, (3.17)

we conclude that Ug, > 0 and Uy, > 0 in Dél). &
As an immediate consequence of Theorem 3.1, (3.16) and (3.17), we have the

following

Theorem 3.2. Let c(€,n) € Ck(l_)él)) , 9(&m) € Ck(l_)él)), a € C*((0,1]), where

k>1,e > 0. Then there exists a classical solution U € C”H‘I(DS)) of the problem

Pyo.

4. EXISTENCE AND UNIQUENESS FOR THE 2-D PROBLEM P, ;
Consider the problem
{ Lu® = L(puf) = ufy + d(p, yu® = O in G,
u(l)}smacg =0, [ugl) + a(p)“(l)”somaca =0.

The notion of the generalized solution of the problem P, ; in the domain G, ,
€ (0,1), has been introduced in Definition 2.2.

Theorem 4.1. If d_(p, t), fM (o, t) € C*(Go\ (0,0)), then there exists a generalized
solution u™™) € C?(Gy \ (0,0)) of problem Py in Go, which is a classical solution
of the problem P, 1 in any domain Ge, € € (0,1).

PaI:

)

(4.1)

Proof. In view of (2.13) and (2.15), i.e. u®(o,t) = 0*/?uM(p,t) and ¢ =1—p—t,
n=1— p+t, consider the function

Um)=u? (o(¢ m)t(Em))-
Then Problem P, ; (see (4.1)) becomes P, 2, i.e.

U+ 1 [106m+ =g U= —=C-n-0"Fem.  (2)
U(Oa 77) =0, (Uﬁ - Ug)(é,f) + a(l - £)U(£7£) =0. (43)

For each ¢ € (0,1) Theorem 3.2 ensures the existence of a classical solution U(§,n) €

C2(D§1)) of the problem P, 2. The inverse transformations lead to a function
uM (g, t) € C*(Go\ (0,0)), which is a classical solution of Problem P, ; in G.. This
solution is also a generalized solution of the same problem in Gy, because each one
of test functions v € Vp is zero in Go\G. for some £ > 0 and, for the concrete v,
(1.6) coincides with (2.4). The proof of the theorem is complete. O

Theorem 4.2. For each fized ¢ € (0,1) there exists at most one generalized solu-
tion of the problem Py 1 in G-..

Proof. If u; and uy are two generalized solutions of P, 1, then for u® =y — uy
we see that

uM e CYG.),
and the identity

/ [ugl)vt - ug,l)vg + d(o, t)uMv)ododt — / oa(o)uMvdo =0 (4.4)
G. SoNAG.

=0, [u+a(r)u?

1)
u |S1ﬂéa - O

]‘Soﬂéa =
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holds for all functiOI}s v E VE(I).
Let h(p,t) € C1(Go \ (0,0)). Set
g(&m) = 52— £ —n]/2h((2 — €= m)/2, (n - €)/2) € CH(DLY),
c(&,m) = L [d(p(E,n), t(&,m) + (2 —n —€) %] € 1 (DY),

and consider the boundary-value problem

‘/577 + C(S? U)V = 9(57 77) iIl D€7 (46)
14 =0, [Vy—Veta(l-OV][ _,=0.
By using the substitutions £&; =1—¢—n, 1 =1 — ¢ — &, and by setting

n=1—¢

V(l)(glanl):V(l_E_nlvl_E_fl)v (48)
the problem (4.6), (4.7) becomes
VD 4 e (e, m) VD = gM (e my) in D, (4.9)

V(1)|51:o =0, [Vn(ll) _ Vg(ll) +ale + él)V(l)H —0 (4.10)

m=£&
where

e m) = 7 [d(€m) + (€ +m +2)2] € CHDL).

But (4.9), (4.10) is the Goursat—Darboux problem P, in the domain D,, for
which Theorem 3.2 holds. Consequently, there exists a classical solution V(1) € C?
of (4.9), (4.10). The inverse transformation leads to a classical solution V = V (¢, 7)
of (4.6), (4.7) in D.. Similar arguments show that v(o,t) = 0= /2V (&(0,t),n(0,1))
is a classical solution of the problem

1
Lv =~ (evo)e —vu +dv =h{e,;?) in G, (4.11)
U|S2,E =0, [v+ O‘(g)vHsomaGE =0, (4.12)

for fixed € € (0,1).
Multiplying (4.11) by a generalized solution u(*) € C'(G.) and integrating by
parts, we find

/ [vtugl) - vgugl) + dvu® — huW]ododt — / oa(o)vu dp = 0. (4.13)
G SoNOGe

Comparing (4.13) and (4.4), we see that

/ h(o, t)uM (o, t) pdodt = 0. (4.14)
G.

But the function h(o,t) € C*(Go \ (0,0)) has been arbitrarily chosen. Thus (4.14)
gives uM)(p,t) =0 in G.. The proof is complete. &

5. EXISTENCE AND UNIQUENESS FOR THE 3-D PROBLEM P,

In this section we consider the wave equation

1 1
Ou := E(QUQ)Q + ?ugogo — U = f(97 ®, t)v (5'1)

subject to the boundary-value problem

Po: Du=finQ, uly o =0, [u+aloullg po =0 (5.2)
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and prove the following results.

Theorem 5.1. For 0 < ¢ < 1 there exists at most one generalized solution of
Problem P, in Q..

Proof. Case 0<e < 1. _If u1,us are two generalized solutions of P, in ). , then
for uM 1= uy —ug € C1 (Q:) we know that

0, [u” +a(e)u® =0;

ul) |210695 = Hzomaﬂg

and the identity

1
[ [0 =~ ] pdospar = [ potonuapas (s
Q. Zoﬁaﬂg

holds for all v € V.. We will show that in the Fourier expansion
WD (p,,6) = 3 {ullD(p,1) cos rp + ull?) (o, sin (5.4)
n=0
the Fourier—coefficients u,(lli)(g, t) =0in Q., i.e. v =01in Q..
Since u(*) € C1(Q.), using

vi(p, ¢, t) = w(p,t)cosnp € Vo or wa(p, ¢, t) = w(p,t)sinng € V;

in (5.3), we derive

2

/ [Ui{?wt —ufJw, — n—zug")w} pdpdt — / pa(p)uPwdp =0 (5.5)

G. p 9GNSy
for all w € Ve(l),n € N,7 = 1,2. From Definition 2.2 it follows that the functions
u,(lli)(g, t) are generalized solutions of the homogeneous problem P, 1 with d(p,t) =
n?p=2 € C*(Gy\(0,0)). Clearly Theorem 4.2 gives ugi)(g, t) =0 in Q. for n € N,
i = 1,2 and thus u® =y —us =0 in Q..

Case ¢ = 0. In this case from Lemma 2.1 it follows that the generalized solution
u® € C1(Q \ (0,0,0)) of Problem P, in Qg is also a generalized solution of the
homogeneous problem P, in ). for each ¢ € (0,1). From the previous case we know
that «V) = 0 in Q. for each £ >0 and thus u® = u; — us =0 in Q. O

Theorem 5.2. Let the function f € C((_lo) nct (520\(0,0,0)) be of the form:
k
FO e 0t) = S {7 (0 1) cosnp + [P (0. Hysinng} . (5.6)
n=0
Then there exists one and only one generalized solution
k
D (0,,6) = 3 {ullV (0,8) cos g + ul?) (0, ) sinnp | (5.7)
n=0
of the problem P,, in Qo, u®) € C%(Qp\ (0, .,0)), which is a classical solution of the
problem P, in each domain Q.,e € (0,1). Moreover, for a fixred n the corresponding
trigonometric polynomial u,, of degree n satisfies a priori estimates: for n = 0:

||U0($1,$2,t)||c1((25) = Z spp|D°‘u0|
laf<1 $2 (5.8)
<8 exp(2Ma)e'/? exp(1/4¢2) | 1§ [l ooa)
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forn € N,

[un (1, 2, )]l 016,y
c1/2 2
< 8exp(2M, )T exp (5 ) (||f(11)|\00(co) + 1,8 )||C°(G )) , (5.9)
where Q. = Qo N {(0,t) : 0+t > €}.

Proof. It suffices to consider the case of a fixed number n. Let

(11) (1) _ Q1)
uy (0,t) in case F 0= fn 1),
un ' (0,t) in case F\W(p,t) = frn 7 (0,t) .

Then by (5.7) and (5.10), the equation (5.1) becomes

LU, — U - U = F 1), (.11
As in Section 2, we make the substitutions
E=1—p—t, n=1—p0+t, (5.12)
and introduce the new function
UB(,n) = o 2UM (0(¢,m), (€, ). (5.13)

Then (5.11) reduces to (2.18), where
C(fﬂl) = 4(21 :1]n§)2 eC> (DO \ (17 1)) y

9(&m) = 752 —n - OV (&, m) € CHD\(1,1)) (5.14)

(e, m) = £ (0(&,m), 1(E,m)),

and satisfies the Goursat-Darboux problem P, 5. Theorems 3.1 and 3.2 ensure the

existence of a classical solution U2 = U2 (&,m) of this problem with the properties
(3.6).
Case n € N. In view of (3.5), (5.14), it is easy to see that

C(E) = SupDél) | (£ 77)| — 52 )
(5.15)
2i 1i
My :=suppo |75 (2 =1 = OV2F2 (€ m] < A lleo @y »
where DY = {0 <€&<n<1l 0<&<1—¢}, €>0. Hence, on one hand
Theorems 3.1 and 3.2 ensure the smoothness of the solution U of Problem P, 2,
ie.
U@, n) = U@ e 0*(DW), (5.16)
on the other hand, they ensure the a priori estimates:
i i 2 n?
sup e U (€ m)] < 4IA oo o) 2 exp(Ma) exp (%)
(5.17)
2
sup o (U1, 1UCR 1< 315 oo 6oy S exp(2Ma) exp (%)
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Also, by (5.12) and (5.13), we have
UM (0,1) = 072U (Em) -
Since ¢ > ¢/2 for (§,n) € Dgl), by the inverse transformation:

2 exp (%) 15 ooy

ul? (0,8)] < exp(My)

|u(h)( t)] < exp(2M,)=

o exp (%) 18 lowco) » (5.18)

17) n
52 (0,1)] < 2exp(2Ma) 55 exp (%) 1 o -

Therefore, in view of (5.7) and (5.18), we derive

I lun,)q;(@ @, )l coan)

(5.19)

1/2 2 11 12
< exp(2Ma) 5 exp () (154 ooy + 155 oo ) -

Since uy, (0 cos g, psinp,t) = ul )(Q, ©, 1), obviously

£1/2
1,22, < Bexp(2Ma) = exp (5 ) (1l + 152 e

i =1,2. So, the estimate (5.9) holds in ..

Case n = 0. In this case, by (5.6) and (5.7), it follows that f(l)(g,w,t) =
éu)(g, t) and ug(z1,x2,t) = u(()l)(g,cp,t) = u(()u)( ,t). Problem P, - in this case

becomes
U + (€U =g(&n), UP|eo =0, U], ¢ =

where
c(ém) = 22— n— )7 € C=(Do\ {1,1})
and
o) = suple€n)| < 1+ My < 711 oo
b 4e2 =13 (Go)*
Arguments similar to the previous case lead to (5.8). &

The following theorem is an immediate consequence of Theorems 5.1 and 5.2

Theorem 5.3. Let the function f € C*(Qq) be of the form
Fp.t) Z{ £)cosmi -+ £ (p.1)simmic) (5:20)

Suppose that the Fourier coefficients fn (p,t) and f,(f)(p, t) satisfy

1 11
| lloep ey = exp <4—> 15 e

Z —exp( ) (1589w + 1782l < o0

(5.21)
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Then there exists one and only one generalized solution u € C* (QE) of the problem
P, in Q. and the a priori estimate

”U”cl(fzg) < 8exp(2Ma)|| flexp (<) (5.22)

holds. If the series (5.20) is finite, then u € C?*(Q \ (0,0,0)) and it is a classical
solution of the problem P, in Q,e € (0,1)

Remark 5.1. Condition (5.21) is valid for each € € (0, 1), if there exists a function
¥ with ¥ (n) — oo as n — oo such that

oo

1
> —expm?(m) (1 oo + 15 ooy ) <00 (5:23)

n=1

Remark 5.2. As we see, the norm (5.21) on the right-hand side of (5.22) tends
to infinity as € — 0. At this point, it is reasonable to remained that, according to
Theorem 6.1 (see, the discussion in Introduction) the estimate (5.22) is satisfied also
by the generalized solutions which have singularities at the point (0,0, 0). Therefore,
the left-hand side of (5.22) tends to infinity as € — 0. The above phenomenon is
subject to the new paper [9].

6. ON THE SINGULARITY OF SOLUTIONS OF PROBLEM P,

For the wave equation

1 1
Uu = E(ng)g + ?uapga — U = f(97 (p,t) (6'1)

we consider again the boundary-value problem P,, i.e.

P,: Ou=fin Qo, u‘zl =0, [u +a(g)u]|zo =0 (6.2)
and begin with the following interesting result of this section
Theorem 6.1. Let a(g) > 0, o € [0,1]; a(o) € C([0,1]). Then for each n € N,
n > 4, there exists a function f,(0,¢,t) € C"2(Qo), for which the correspond-

ing generalized solution u,, of the problem P, belongs to C™(£\(0,0,0)) and the
estimate

lun(p, ¢, p)| = %Iun@pm,o)l +p "[cosnp| = pT"[cosng|, 0<p<1, (6.3)
holds. In the case ap) = 0 the upper estimate
—1/2 p %
i) <o (o) leosnel (@0 €Df (64)
holds, where c,, = const and
D= {(p,t):0<p—t<p+t<p(p—t)},p<21 — 1

Thus, for a(g) = 0 we have two-sided estimates, which in the limit cases t = p and
t =0 are:

=" cosngl < [un(p, 0, 0)l,  lun(p,0,0) < Cp~"|cosngl,  (6.5)

with C' =const. That is, in the case of Problem P2 the exact behavior of u,(x1,x2,t)
around (0,0,0) is (x3 + x3)~"/2.
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Proof. Note that, by Theorem 1.1, the functions
wn (0, ¢, t) = 07" (0% — t*)"2(an cosnp + by sinng),n > 4,

are classical solutions of Problem P with a = 0,where obviously w, € C"~2(£).
We consider the special case of Problem P, :

Ou =0 "(0* —t>)" 2 cosng  in Q, (6.6)

u|El =0, [u+ O‘(g)u”zo\(o,o,o) =0. (6.7)

Theorem 5.1 declares that the problem (6.6), (6.7) has at most one generalized
solution. On the other hand, from Theorem 5.2 we know that for this right-hand
side there exists a generalized solution in €2y of the form

un(0, p,t) = uM (0,1) cosnp € C" 1 (Q\(0,0,0)),

which is classical solution in €., € € (0,1). By setting ug)(g, t) = Q%unl (o0,t) and

substituting

the problem (6.6), (6.7), in view of
Un(&,m) = ul (0(&,m), t(€,m)), (6.9)
becomes a Goursat-Darboux problem P, s :
Un,en + c(&,mUn = g(§,m), (6.10)
Un(0,7) =0, [Upy— Upne+a(l - §)Un]\n:§ =0. (6.11)
The coefficients
1 —4n? _
c(é,n) = ———= c C®(DW), n>4, 6.12
(€1 = gg— gz € C=(DL) (612)
L [a-9a =" -
wmwﬂ“ﬂLﬁ%qg} € cmH(DW) (6.13)

are defined by (3.1). It is obvious that in this case ¢(£,n) < 0, g(&,n) > 0 in DS)
with € in (0,1). Thus, for a(€) > 0, in view of Theorem 3.1 and Lemma 3.1, we
formulate the following result.

Proposition 6.1. There exists a classical solution U(¢,n) € C™(Dy \ (1,1)) for
the problem (6.10), (6.11) for which

UEmn) >0, Ug&n) >0, U (&n) >0 in DO

Let

K = /D<1> g*(&m)dndé > 0. (6.14)

1/2
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From (6.10) for 0 < € < 1/2 it follows that
0<K< [ g dnds
b

= [ Vestendnds+ [ | clenpvienslemnde =1 + .
D, D.

(6.15)
where
1—¢
:/o / (Ueng)(&,m) dn dg
1—¢
= [ Wwete ot ) - Vet Oate N~ [ Wean)€.m) dnde
0
By (6.13), it is obvious that g(£,1) = 0. So,
1—¢
ne- [ vdeoueod- [ Ca)enade (019

Since

| Wesn)(€m e i

/1 / (Uegn) (€ dfdn+/1 5/1 (Uegn)(€,m) dé di

- / (U gn) (. 1) — (Ug) (0,m)] di
1
+ [ o)t <) = Wono.mldn — [ | Ugeo(emas i

l—e 1
:/O (Ugy)(n,m) dn+/H(Ugn)(1 —&,m)dn— /Dén(Ugsn)(é,n) dg dn,

equation (6.16) becomes

n=-f (U6, €)9(€.€) + U(E, ), (6,6)] de
0 (6.17)

—/1_ U(l—E,n)gn(l—E,n)dnJr/ (Ugen)(&,m) d€ dn.

DM
An elementary calculation shows that
Ling [A=00-0)]"F [ a-m) ]’
ge(E, ——n——2"2{ ] { ] <0, (618
(&) =—(n—3) - o (618)

gn(§,n) = —(n — %)2”_% [
and

9e(£,6) = gy (£,6) = (1 —2n)(1—€&)" "5, (6.20)
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From (6.17) and (6.15) it follows that
O0<K<L+1I

—— [ e nte ) + Ul nete 60 e 621)

1
- [ va-cnga e+ [ Ulg+edlendcan
1—¢ D.

Also, it is easy to check that g¢,(&,n) + ¢(§,1)9(&,n) = 0. Thus,

1—¢
0<K<L+l—— /O Ue(£,€)g(&,€) + U (£, €)ge (£,€)] de

. (6.22)
- /1_ U(l - &, 77)971(1 — &, 77) dn7
where, as it is easy to check,
1
The function U (€, n) is a classical solution of (6.10), (6.11) in D,, ¢ € (0,1) with
Uele,€) = 51U €)le + 3001~ OU(E6) (624
When we substitute (6.23) and (6.24) in (6.22), we get
K<L +1,
1 l—e 1 1-¢
——3 | weoveekd-; [ at-ouEonod
1
_/1_5 Ul —e&,n)gy(1 —e,n)dn (6.25)

1 l1—e
) -e1-0) - /O a(1 - EU(E E)gl&,€) de

1
- / Ul —¢e,m)gy(1—e,n)dn.
1—¢

According to Proposition 6.1 and the choice of right-hand side of (6.8), we have

U(&m) > 0,U,(&n) > 0,a(€) >0,9(€,m) > 0,g,(&,m) <0in DY,

which together with (6.25) implies

1
1
K<h+IL<- U(l—¢e,m)gy(1—e,n)dn— 5(9U)(1 —&,1—¢)

= [ vt -ealo0-emldn- 5600212
! 1
<[ va-elg0-enldn - 3600 -=1-2)

—{U(l—e,l)—%U(l—s,l—e) g(l—¢e,1—¢),
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because g(1 —e,1) = 0. Since g(1 —¢,1 —¢) = %5”*%, we see that
0<K< [U(l—s,l)— %U(l—s,l—s)] %5”_%.
For £ =1—¢,n=1 we have p =t =¢/2 and so
0 < 4Ked ™ < 4 (g g) - %ug”(g,m. (6.26)

Finally, the inverse transformation gives
€ € 1 5 W A —m 1
ug) (5, 5) > iug)(e,O) +CieT">Cie™ 0<e< 3’
with C; = 25 K. Multiplying the function u, by C’l_l, we see that (6.3) holds.

In order to obtain an upper estimate of the singular solution, we consider the
case a(p) = 0. In this case (6.25) gives
1

I +12=/D(1) gQ(é,n)dédn=—%(Ug)(l—s,l—s)—/ (Ugn)(1 —e,n)dn

1—¢

Put
K, = / g*(&,m) dé dn > 0.
fae)

0

Then for 0 < § < € < 1 we have

Ki>h+1>
1 1
— 5@ —e -2+ [ U= el - ey
l—e
1 1
>y e l-2)+ [ U-e1-olg,1-nldn
1-6
1
>y -el-9+ [ UG-e1-dlg,0-cnla 62
1-6
> L (U)(1~ &, 1) + (gU)(1 —£,1-9)

> U —e,1-0) [g(l—e,l—é)—%g(l—e,l—e)

= AMgU)(1 —¢,1-9),
where the constant A > 0 is such that
1-XNg(l—¢€,1-6)>g(l—g,1—¢). (6.28)
Using the explicit formula (6.16) for the function g(£,7n), we see that the last in-

equality is equivalent to
5 \" 2 ,
(1-=2x (E n 6> > 27"tz (6.29)

which implies

1 /e+6\" 2
<1-—-—= . .
0<A<1 2<25> (6.30)
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A necessary condition, for (6.30) to be satisfied is

2n+1

1< % <o 1. (6.31)

Using (6.31), we can find an upper estimate for the generalized solution u,, in this
concrete case. To do that we consider the domain

DFi={(&n): 1-n<1-¢<p(l-n}, (6.32)

where 1 <y < 22:-1 — 1. Observe that

, L l—g+1-n\""2| . 1 /1+p\""7
‘D“f{l (i) }‘1 ;(51) =ae

For A = C,,, the inequalities (6.29) and (6.28) are satisfied and so, by (6.27), we see
that

U(fﬂ?) §2_n+5/2K10;1 < 2_§_nn)>n_§7(§7n) GD”. (633)

(1-901-
By (6.9) and (6.8), the inequality (6.33) transforms to

ul? (0,t) < 4K, C},* <m> - (6.34)

which is satisfied for
(t)e DY ={0<p—t<p+t<pulp-1t)}.
Finally, (6.34) implies

ulV(g,t) < 4KICM_1/)_1/2 (m) for (o,t) € DY, (6.35)

which coincides with the estimate (6.4)
Note that C,, =1/2 on {t = 0} and so

ulD(p,0) <8K1p™™, 0<p<l, (6.36)
which is the upper estimate in (6.5). The proof of theorem is complete.
We conclude this section with
Theorem 6.2. Let (o) > 0 for p € [0,1], « € C"7?[0,1]. Then for n € N,
n > 4 there exists a function fn1(0,¢,t) € C""2(Qg) (different from the function

of Theorem 6.1) such that for the corresponding to it generalized solution u, of the
problem P,

un(p, ,t) € C" (S0 \ (0,0,0)),

wn(py9,9) = Uun(2p,,0) + " cosnp| = p' " cosngl.  (6.37)
Proof. The functions
vn(p, @, t) = tp ™ (p? — t2)"3/2(ay, cosnep + by, sinny)
are classical solutions of Protter’s problem P1*. We consider the problem

Ou = tp~"(p? — t2)" 3/ cos ngp (6.38)
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uls,, = 0, [ug + a(p)u]|20\(0’0)0) =0. (6.39)

According to Theorem 5.1, the problem (6.38), (6.39) has at most one generalized
solution. Simultaneously Theorem 5.2 for this right-hand side ensure the existence
of a generalized solution in Qg , which is of the form

un(0, ¢,t) = ull (0, t) cosnp € C"1(Q\(0,0,0))

and is a classical solution in Q, € € (0,1).
Using the substitutions ug)(g, t) = Q%ug)(g, t), (6.8) and (6.9), the problem
(6.38), (6.39) becomes a Goursat-Darboux problem

Un,en + c(§&;mUn = g(§,m), (6.40)
Un(0,7) =0, [Uny—Ung+a(l—U] 0, (6.41)

where ¢(&, ) is defined by (6.12), while
g&m) =2""F -2 -n-F " [(1-nA-" * eC"2DY). (6.42)

From (6.10) and (6.42) it follows that ¢(&,n) <0 g(&,n7) > 0 in DY for e € 0,1).
Hence Theorem 3.1 and Lemma 3.1 imply the following proposition.

n=¢

Proposition 6.2. There exists a classical solution U(&,n) € C™1(Do\ (1,1)) for
the problem (6.40), (6.41) for which

UEmn) >0, U(&En) >0, Ul&n) >0 in DY,

An elementary calculation shows that g(&,£) = 0,

(6.6 = —ge(6,0) = 51 -8 F 20 (6.3
9en(€,m) + c(§,m)g(§,m) = 0. (6.44)
Since
_ 1 n-3 n- %}
(&) = gln) | g + g - T
and
_ eg(l—e,m) 1 1 3
forn. =1-— 532;? we have
gn(l—¢e,m)>0forl—e<n<mn, (6.45)
gn(l—¢e,m) <0form. <p<1. (6.46)

To show (6.37), let

m:/,f@m%m>a
)
2

Then
1
0< K, < / gA(&,n)dedn, 0<e< =.
DWW 2
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Using arguments similar to those of Theorem 6.1, we arrive to (6.17) . By (6.44),
we get

0<ka< [ gemdedy
D.

—— [ va-emg-eman- | U6, 009(6.6) + U(E.)gn(,6)] de

—E€
Since g(¢,&) = 0, the above inequality becomes

Ne

1—¢
0<Ky<— / U E)gn(.6)de — [ U - e.m)gy(l—e,mydn

1—¢

- / U(l—e,m)gy(1—e,m)dn.

Following the steps of the proof of Theorem 6.1 and using the Proposition 6.2, we
find

Ne

1
o<K2g/ U(l—s,n>|gn<1—e,n>|dn—/ U(1 - e,1)|gn(1 — & )] di

e 1—¢
MNe

S/ U(l—&l)lgn(l—s,n)ldn—/ U(l-¢e,1—-¢)lgy(1—¢,m)|dn

e 1—¢

=U(1l—-¢,1)-U(l—¢,1—¢)|g(l—¢e,n).

By (6.42), it follows that g(1 —&,7.) < e" % and so
0<Ky<[U1l-¢61)—U(l—¢e,1—¢)e" 2.
Finally, using (6.9), it follows that
0< Ko< [ (5.5) —ue0) 2,
ie.
uP(e,0) > ulP (20,0) + Kso' ™" > K3' ™", Ky = 217" Ko,
and so the estimate (6.37) holds. The proof of Theorem 6.2 is complete. &

Remark 6.1. In [2], Theorem 2, Aldashev considers the following type problems:
Find a solution of the homogeneous wave equation (Ju = 0 in g, satisfying one of
the the non-homogeneous boundary conditions:

Pl wulg, =70(x), ulg, =o01(x)
P2 oy, =wvo(z), ulg, =o1(x).

Under certain conditions, imposed on the functions 7y, o1, g, he asserts that both
Problems P1’and P2’ are solvable in the class C'(€) N C?(£p).

Comparing these conclusion with Theorems 6.1, 6.2 and the results presented
in [21], it is not difficult to see the appearing contradiction. Indeed, applying the
Duhamel’s formula to the non-homogeous wave equation (6.6) in 2y with homoge-
neous Cauchy initial datas on ¥y, we find the solution of this problem in C™~1(Qy),
expressed by explicit formulas (see, [23], pp. 226-234). Therefore, the problem (6.6),
(6.7) transforms to the problem P2’ with vo(z) = 0 and 01 € C"1(Z)). But the
last problem cannot be solved in C(€), because, by Theorem 6.1, for a = 0 the
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unique generalized solution of Problem P, has a power-type singularity of the form
p~ ™ (see, (6.3)) at the point (0,0,0).
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