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Asymptotic behavior of regularizable minimizers
of a Ginzburg-Landau functional in higher
dimensions *

Yutian Lei

Abstract
We study the asymptotic behavior of the regularizable minimizers of
a Ginzburg-Landau type functional. We also dicuss the location of the
zeroes of the minimizers.

1 Introduction

Let G C R™ (n > 2) be a bounded and simply connected domain with smooth
boundary dG. Let g be a smooth map from AG into S"~! satisfying d =
deg(g, 0G) # 0. Consider the Ginzburg-Landau-type functional

1 1
i p o 2\2
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with a small parameter ¢ > 0. It is known that this functional achieves its
minimum on

W, = {v e WHP(G,R™) : v]pg = g}

at a function u.. We are concerned with the asymptotic behavior of u. and the
location of the zeroes of u. as ¢ — 0.

The functional E. (u, G) was introduced in the study of the Ginzburg-Landau
vortices by F. Bethue, H. Brezis and F. Helein [1] in the case p = n = 2. Similar
models are also used in many other theories of phase transition. The minimizer
ue of E¢(u, @) represents a complex order parameter. The zeroes of u. and the
module |u.| both have physics senses, for example, in superconductivity |u.|?
is proportional to the density of supercoducting electrons, and the zeroes of u,
are the vortices, which were introduced in the type-II superconductors.

In the case 1 < p < n, it is easily seen that W, P(G,S""!) # 0. It is not
difficult to prove that the existence of solution u,, for the minimization problem

min{/ [VulP :u e ng’p(G, STy
G
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by taking the minimizing sequence. This solution is called a map of the least
p-energy with boundary value g. Using the variational methods, we can proved
that the solution u, is also p-harmonic map on G with the boundary data g,
namely, it is a weak solution of the following equation

— div(|Vu[P~2Vu) = u|Vul?.

As e — 0, there exists a subsequence u,, of u., the minimizer of E.(u, G), such
that
Ue, — Up, in WHP(G,R™).

In the case p > n, WyP(G,S""!) = §. Thus there is no map of least
p-energy on G with the boundary value g. It seems to be very difficult to
study the convergence for minimizers of E,(u,G) in W,. Some results on the
asymptotic behavior of the radial minimizers of E.(u, G) were presented in [7].

When p = n, this problem was introduced in [1] (the open problem 17). M.
C. Hong studied the asymptotic behavior for the regularizable minimizers of
E.(u,G) in W, [6]. He proved that there exist {a1,as,...,a;} C G, J € N and
a subsequence u., of the regularizable minimizers u. such that

Uep 5 up,  in WG\ {ar,a0,...,a;},RY) (1.1)

loc

as € — 0, where u,, is an n-harmonic map.

In this paper we shall discuss the asymptotic behavior for the regularizable
minimizers of E.(u,G) on W, in the case p = n. Without loss of generality,
we may assume d > 0. Recalling a minimizer of E.(u,G) on W,, be called the
regularizable minimizer, if it is the limit of the minimizer of the regularized
functional

1 1
Brw6) = [ (VP v oy e o [ - lPP (e 0.)
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on W, in WP, It is not difficult to prove that the regularizable minimizer is
also a minimizer of F.(u,G). In order to find the zeroes of the minimizers, we
should first locate the singularities of the n-harmonic map u,,.

Theorem 1.1 If a; € G,j = 1,2,...,J are the singularities of n-harmonic
map un, then J = d, the degree deg(uy,a;) =1, and {aj}le C G. Moreover,
for every j, there exists at least one zero of the regularizable minimizer u. near
to a;.

Because the module of the minimizer has the physics sense, we have also
studied its asymptotic behavior.

Theorem 1.2 Let u. be a regularizable minimizer of E.(u,G), p = |ue|, then
there exists a constant C' independent of € such that

1
/ [Vp|" <C, and — / (1—p*) <C(1+]|Ing|).
G e Ja
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For any given n > 0, denote G, = G\ U?le(ajm), then as e — 0,
1

o (1—=p°)" —

n
p—1, in Cic(Gy, R).
At last, we develop the conclusion of (1.1) into following

Theorem 1.3 There exists a subsequence us, of u. such that as e — 0,

= Un, in Wl (G\ U {a;},R™).

Ue loc

k

We shall prove Theorems 1.2 and 1.3 in §5 and §7 respectively, and the proof
of Theorem 1.1 will be given in §6.

2 Basic properties of the regularizable minimiz-
ers

First we recall the minimizer of the regularized functional

i 1 . 1
PG =5 (vl + o o[-l reo

on Wy, denoted by ul. As 7 — 0, there exists a subsequence ul* of u] such
that
lim ™ =wu., in W""(G,R"), (2.1)

T —0

and the limit u. is one minimizer of E.(u,G) on W,,, which is named the regu-
larizable minimizer. It is not difficult to prove that ul solves the problem

1
—div[(|Vu? + 7)"2/2Tu] = —u(1 — |u)?), on G, (2.2)
€n
uloc =g
and satisfies the maximum principle: |[u7| < 1 on G. Moreover

Proposition 2.1 (Theorem 2.2 in [6]) For any § > 0, there exists a con-
stant C independent of € such that

lim, o|Vul| < Ce™l,  on G, (2.3)
where G = {x € G : dist(x,0G) > d¢}.

In this section we shall present some basic properties of the regularizable
minimizer u.. Clearly it is a weak solution of the equation

1
—div(|Vu|[""?Vu) = E—Hu(l — |ul*), on G, (2.4)

and it is known that |u.| < 1 a.e. on G [6]. We also have

Proposition 2.2 For any § > 0, there exists a constant C independent of e
such that
Vel Lo (B(z,6e/8,R7) < Cel, ifxz e G%.
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Proof. Let y = ze~! in (2.4) and denote v(y) = u(x), Ge = {y =2e ' 1w €
G}, G% ={y € G. : dist(y,0G.) > 6}. Since that u is a weak solution of
(2.4), we have

/ V"2 VoV = / o(l= o), &€ WE(Go,RY),
Ge G
Taking ¢ = v(", ¢ € C§°(Ge, R), we obtain

n n n—1,n—1 2 _ 2 n
/GEV”'C Sn/@wm ¢ |v<||v|+/G|v\ (1 o2,

€

Setting y € G°,B(y,0/2) C G., and ¢ = 1 in B(y,6/4),( = 0 in G\
B(y,d/2),|V(| < C(0), we have

[ mrese@ [ wupiee o).

B(y,6/2) B(y,6/2)

Using Holder inequality we can derive fB(y 5/4) Vo™ < C(5). Combining this
with the theorem of [9] yields

IVollE sy < €O [ (14 |v0l)" < €09
B(y,5/4)

which implies

IVull Lo (B(a,co/s)) < C(8)e "

Proposition 2.3 (Lemma 2.1 in [6]) There exists a constant C' independent
of € such that for e € (0,1),

(n— 1)”/2

E.(u.,G) <d |S™ | Ine| + C. (2.5)

Proposition 2.4 There exists a constant C' independent of € such that
1

— [ 1 =|uf)? <C. (2.6)
en G

Proof. By (3.6) in [6],
/ |V |™ > d(n —1)"2|8" Y| Ing| — C.
G

Applying Proposition 2.3 we may obtain (2.6).
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3 A class of bad balls

Fix p > 0. For the regularizable minimizer u., from Theorem 2.2 in [6] we know
1
lue| > 5 on G\ G**, (3.1)

where G*¢ = {x € G : dist(z,0G) > pe}. Thus there exists no zero of u. on
G\ G*~.

Proposition 3.1 Let u. be a regularizable minimizer of E.(u,G), There exist
positive constants A, u which are independent of € € (0,1) such that if

1

S PP < (32
reM €

where B2 is some ball of radius 2le with I > \, then

ue| > Yz € G’ N B, (3.3)

1
27
Proof. First it is known that there exists a constant 3 > 0 such that for any
reGPfand 0 < r <1,
|G N B(x,r)| > Br".
Next we take
1 BA™

VR _p)7 = T4
4C7 8 16
where C' is the constant in Proposition 2.2.

Suppose that there is a point zo € GP* N B such that |uc(2¢)| < 1/2, then
applying Proposition 2.2 we have

A = min(

1
[ue () — ue(20)| < Ce™Ha — xo| = 7 x € B(zg, Ae) N G**.

Hence )
(1~ (@) P > 1o, Y € Blro, Ae) NG,
1 1
/ (1= [u2)? > —|G" A B(xo, \e)| > s ()" = pe™.  (3.4)
B(xzo, e)NGPe 16 16

Since zo € B'* N G*%, we have (B(xg, \e) N GP°) C (B% N Gr?), thus (3.4)

implies
Lo fu? > e
B2le NGre

which contradicts (3.2) and thus the proposition is proved.

To find the zeroes of the regularizable minimizer u. based on Proposition
3.1, we may take (3.2) as the ruler to distinguish the ball of radius Ae which
contain the zeroes.
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Let A, u be constants in Proposition 3.1. If

1
- (1= Juel?)? < n,
€" JGrenB(z=,2)e)

then B(z°, Ae) is called good ball. Otherwise B(z°, A¢) is called bad ball. From

Proposition 3.1 we are led to

1
lue| > 30 on G\ Ugeep B(2°, Xe), (3.5)

where A is the set of the centres of all bad balls. (3.5) and (3.1) imply that the
zeroes of u. are contained in these bad balls.
Now suppose that {B(z§, Ae),i € I} is a family of balls satisfying

(i)z5€eGreiel
(ll) Gre C UieIB(.Z‘f7>\E)
(i)
B(x$, N\e/4) N B(x§,\e/4) = 0,0 # 5. (3.6)

Let J. = {i € I : B(x%, \e) is a bad ball}.

Proposition 3.2 There exists a positive integer N which is independent of
such that the number of bad balls card J. < N.

Proof. Since (3.6) implies that every point in G*° can be covered by finite,
say m (independent of ¢) balls, from (2.6) and the definition of bad balls,we
have

n .
cT — |Ue
pecard J, < Z/ L)
icJ. Y B(@§,2xe)nGr=

< m (1= Juel?)?
Uies. B(x5,2Xe)NGre

< m/ (1 —|uc|*)? < mCe™
G

and hence card J, < mTC < N.
Similar to the argument of Theorem IV.1 in [1], we have

Proposition 3.3 There exist a subset J C J. and a constant h > X such that

Ul'gJEB(If, )\6) C Ul'gJB(Ij, hé‘),
05 — 25| > 8he, i,jed, i#]. (3.7)
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Proof. If there are two points x1,z2 such that (3.7) is not true with h = A,
we take hy = 9\ and J; = J. \ {1}. In this case, if (3.7) holds we are done.
Otherwise we continue to choose a pair points 3, 24 which does not satisfy (3.7)
and take hy = 9hy and Jy = J. \ {1,3}. After at most N steps we may conclude
this proposition.

Applying Proposition 3.3 we may modify the family of bad balls such that
the new one, denoted by {B(z5, he) : i € J}, satisfies

UiEJEB(va )‘5) - UiEJB(x§> h8)7
A<h; cardJ < card Jq, (3.8)
|xf — a5| > 8he,i,j € Ji # j.

The last condition implies that every two balls in the new family do not intersect.
As e — 0, there exist a subsequence z3* of 5 and a; € G such that

xfk—>ai, i=1,2,...,N; = card J.

Perhaps there may be at least two subsequences converge to the same point, we
denote by
al,ag,...,a]\]?, NQSNl

the collection of distinct points in {a;}'*.

To prove a;€JG, it is convenient to enlarge a little G. Assume G’ C R" is a
bounded, simply connected domain with smooth boundary such that G C G,
and take a smooth map g : (G’ \ G) — S"~! such that § = g on 9G. We
extend the definition domain of every element in {u : G — R" : ulsg = g} to
G’ such that w =g on G’ \ G. In particular, the regularizable minimizer u. can

be defined on G'.
Fix a small constant o > 0 such that
B(G,j,O')C(;/7 j:1,2,...,N2;
4o <laj —a;|, i#j; 4o <dist(G,0G").

Writing A; = {i € J: 25* — a;},j =1,2,..., Ny, we have
UiEAjB(xjkvhsk)CB(aﬁo—)a j:1727~'-7N2
UjeJB(Jijk,hEk) - U;v:QlB(a]‘,O'/Zl)
B(a7*, hey) N B(a5*, hey) =0, d,j € Ji# ]

as long as ey, is small enough. Let u. is the regularizable minimizer of E.(u, G)

and denote df = deg(uc,,0B(z5*, hey)), 15 = deg(ue,,dB(aj,0)), thus

N2
=3 "db, a=>1I~ (3.9)
i€EA; j=1

To prove that the degrees d¥ and lf are independent of e, we recall a
proposition stated in [6] (Lemma 3.3) or [2] (Theorem 8.2).
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Proposition 3.4 Let ¢ : S* 1 — S"7! be a CO-map with deg ¢ = d. Then
[ 19 e 2 (= 1) 02,
Snfl

Proposition 3.5 There exists a constant C which is independent of € such
that
dF| < Cried; ¥ <C=1,2,...,N,.

Proof. Since u = u, is a weak solution of (2.4), applying the theory of the local
regularity in [9], we know u € C(0B(x5", hey)). Since (3.5) implies |u| > 1/2
on dB(x*, hey), thus ¢ = \Tu| € C(0B(z5*, hey),S™1). From Proposition 3.4,
we have

n—1|— —-n U n—
0¥ < 1571 — 1)0 W/ (L,

OB (z5* her) |ul
Since |u| > § on G\ G**, there is no zero of u. in it. Thus
deg(ue,, 0B(x*, hey)) = deg(ue,, O(B(x*, hey) N GPF))

and

@ <15 - e [ (S @)
O[B(a>* hey)nGee] U]
Substituting (2.3) and the fact |u., | > 1 on 8[B(x5*, hey) N GP€] into (3.10), we
obtain
|dF| < Cep 7" |S™ 7 (n— )P (heg)" T < C

where C' is a constant which is independent of €. Combining this with (3.9)
we can complete the proof of the proposition.

Proposition 3.5 implies that there exist a number £; which is independent
of €, and a subsequence of lf denoted itself such that

lf—>kj, as k — oo.

Since l;ﬁ k;j € N, {lf} must be constant sequence for any fixed j, namely lf =

k;. The same reason shows df can be writen as d; which is also a number
independent of ¢, later.

4 An estimate for the lower bound

Write ' = G\ Uj-vle(aj,a). Fixing j € {1,2,..., N2} and taking iy € A;, we
have z;, — a; as € — 0. Thus

Uisea, B(x5, he) C B(xiy,0/4) C B(aj,0) (4.1)

holds with ¢ small enough.

Denote Q; = B(aj,0) \ Usen, B(x5, he), Qjo = B(xi,0/4) \ Uien, B(5, he).
To estimate the lower bound of ||[Vu.|[zn(q,), the following proposition is nec-
essary that was given by Theorem 3.9 in [6].
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Proposition 4.1 Let A, (z;) = (B(zi,s) \ B(z;,t)) NG withe <t < s < R.
Assume that u € W ™(G,R") and § < |u| <1 on Ay (z;). If there is a constant

C' such that )

-
€ AL (xs)

Then for € < €y there holds

(1-|uP)*<C.

/ |vu|n > |di|n/(n—1)(n_ 1)n/2‘Sn—1|1n§ _07
As,t(zi) t

where C is a constant which is independent of € and d; is the degree of u on
each O(B(z;, 1) NG),t <r < s.

Proposition 4.2 Assume CardA; = N. Then

_ g
/ |V |" > / |Vu|" > (n —1)"/2|8" 1||/€j|lng -C (4.2)

J Qj,0

where C' is a constant which is independent of .

Proof. We give the proof following that in [6] (see Theorem 3.10), and the idea
comes from [8]. Suppose z1, 2, ..., zN converge to a;, and d; (i =1,2,...,N)
is the degree of u. around 9B(z;, R). Let RZ denote the set of all numbers
R € [e,0] such that 0B(z;, R) N B(xj,e) = 0 for all ¢ # j and such that for
some collection Jg C {1,2,..., N}, satisfying Jg C Jp if R < R, the family
{B(z;, R) }ic sy, is disjoint and

UY, B(xi,€) C Uies,, B(xi, R') C Uiey, B(zi, R), R <R.

Note that RZ is the union of closed intervals [R},R!],1 < [ < L, whose right

endpoints correspond to a number R = R! such that dB(x;, R) N B(x;, R) #
for some pair i # j € Jg and whose left endpoints correspond to a number R}

such that B(x;, RI=1)\ Uje s, B(z;, Rb) # 0 for i€Jpt. Jr = J!is a constant for
R € [R},RY] and JH! C J! J'*L #£ JI Thus L < N. Moreover, there exists a
constant M = M (h) > 0 such that

R, < Me, RY>o/M, RL™ <MR! (4.3)

foralll=1,2,...,L — 1. Finally, observe that for all R € RZ and J € Jg,

il = 1> dinl < |di g™ Y. (4.4)

i€Jr i€Jr

Applying (4.3)(4.4) and proposition 4.1 we have

L
/Q Vo ? > ZZ|/ V.|

3 =1 ieJ! A]Rl,Ré (:Bl)
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> }j}jwnw 1)"?|d; g | In(R'/RY) —
=1 ieJ!
> 8" (n—1)"?|k;| Y (InR'—InRf) - C

l
> m—wmw%wmmg—a

This and (4.1) imply that (4.2) holds.

Remark In fact the following results

/\v“awzwwﬂwﬂwwwmwmw”mf
Q; |we | €

and

Ue
(1= Jue]™) "<C
/S;j ) |u5|

had been presented in the proof of Theorem 3.9 in [6], where C' which is inde-
pendent of €. Noticing

U u.
|”f/‘wgiw7/“ufmvwv—iw
AJ el = Jo, Vel S, IV

n n n n— mn— g
/ S > (n— 1)V kY (Y87 In = — C.
Q; | el €

we have

Theorem 4.3 There exists a constant C' which is independent of €,0 € (0,1)
such that

/ IVue|™ > (n— 1)™2[8" YdIn < — C, (4.5)
UN2 Q; g

1 n 1 n/2|on—1

s |V el +— — uel?)? E(n—) |S |dln +C  (4.6)

where G(, =G\ szl (aj,a).

Proof. From (4.2) and Proposition 2.3 we have

No
1
-1 n/2 Sn—l k1 E < -1 n/2 Sn—l dln=+C
=S < (o= 1

or (E;le kj| —d)Ini < C. It is seen as ¢ small enough

Ny N2
Skl <d=> "k
j=1 j=1



EJDE-2001/15 Yutian Lei 11

which implies

k; > 0. (4.7
This and (3.9) imply
N N,
S kil =Y ki =d. (4.8)
j=1 j=1

Substituting (4.8) into (4.2) yields (4.5), and (4.6) may be concluded from (4.5)
and Proposition 2.3.

From (4.6) and the fact |u.| < 1 a.e. on G, we may conclude that there
exists a subsequence u,, of u. such that

Uep — Uy, WGy, R™) (4.9)
as e — 0. Compare (4.9) with (1.1) we known u, = u, on G,, and

{a; }5\21 = {a; }}7=1~ (4.10)

These points were called the singularities of wu,,.
To show these singularities a;€0G, the following conclussion is necessary.

Proposition 4.4 Assume a € G and o € (0, R) with a small constant R. If
u€ WP (AR, (a),S" HNC’, u=3g

on (G'\ G) N B(a, R) and deg(u,dB(a, R)) = 1, then there exists a constant C
which is independent of o such that

1 1
/ |Vu™ > 27 (n —1)"?8$" Y In= - C. (4.11)
AR,U(“) g

Proof. Similar to the proof of Lemma VI.1 in [1], we may write G as the half
space
{(z1,22,...,2y) : xn > 0}
locally and a as 0 by a conformal change.
Denote S; = 0B(0,t),t € (0, R). Noticing that g is smooth on G’ \ G, we

have

sup [g,| < Cy.

G\G
Taking ¢ sufficiently small such that
(2n—1 _ 1)1/(71—1)

t< (n—1)42 2 7

then

/ |g-r‘n_1 < ‘S;|Cizfl < ‘Sn—1|tn—lc?71 < (TL o 1)(n—1)/2|sn—1|(1 _ 21—n)
Sy

(4.12)
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with R < 1 small enough, where S;” = S; N {z,, < 0}. On the other hand we
can be led to

(n— 172|571 < / oy = / iy / g7
S, S Sy

t

from Proposition 3.4. Here S;” = S; \ S;". Combining this with (4.12) yields

/ s |
S+

t

Y

SHED[ ety (41)

> 20|87 (n — 1)L (4.2)
Integrating this over (o, R), we obtain

R

/ [Vu|™ > 2%|Sn_1|(n — 1)”/2 In =

R,o g

which implies (4.11). To prove k; = 1 for any j, we suppose R > 20 is a small
constant such that

B(aj,R) C G'; B(aj,R)N B(a;,R) =0,i # j. (4.13)

Denote II = {v € Wtn(QV, "~ 1) N C° : deg(v,dB(a;,r)) = kj,r € (0,R),j =
1,2,..., Na}.

Proposition 4.5 For anyv €1l, if k; > 0,5 =1,2,..., Na, then there exists a
constant C = C(R) which is independent of o such that

N»

n n/2 gn—1 ﬁ 1
/Q/|W| > (n =121 k) Jin— —C. (4.14)

j=1

Proof. Write Ag,(a;) = B(aj, R) \ B(aj,0), thus UévilAR’g(aj) C €. From
Proposition 3.4 we have

b=l < =) [ e
< —1 (1—-n)/2 Sn—l (n—=1)/n / S| (n—1)/n
< (=) )
namely

Ll = =y s g e

On the other hand, we may obtain

No
v > / Vol
/;2, jz:; AR,G((Z]‘)
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Ng R
> Z/ / N o dCdr
=170 Sn—1
N> R
> -1 ok [
=1 o
o= /1)y B
—_ -1 n/2 Snfl R n—1 In 2%
(n =S g

which implies (4.14).

5 The proof of Theorem 1.2

Let ucbe a regularizable minimizer of E.(u,G). Proposition 2.4 has given one
estimate of convergence rate of |u.|. Moreover, we also have

Theorem 5.1 There exists a constant C which is independent of € € (0,1) such

that . .
— [ (1= |u?) <C(1L+1n=-). (5.1)
e" Ja €

Proof. The minimizer u = u] of the regularized functional E] (u,G) solves
(2.2). Taking the inner product of the both sides of (2.2) with v and integrating
over G we have

1
o [P 1aP)
& Ja

—/ div(v "= H/2Tu)u
G

= / (22|72 — / "2 2y, (5.2)
G oG
< / 0227y ? +C/ V2 4 C
G oG
where n denotes the unit outward normal to G and u, the derivative with
respect to n.
To estimate faG v"™/2 we choose a smooth vector field v such that vleg = n.
Multiplying (2.2) by (v - Vu) and integrating over G, we obtain
1
—n/ u(l — |ul?)(v-Vu) = —/ div(v "D 2Vu) (v - Vu)
& Ja G

_ /v(n—2>/2w.(,,.w)_/ =D /2p 12
G oG

2

Combining this with

1 1
— [ u@ =) Vu) = o [ (A= [ul) (v V(|u*)
€ a 2e G

_ 1 C112)2 3

= I G(l |u|*)* dive
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and
/v(n—zvzw.v(y-w)
G
1
= /v(”—2)/2|VU|2divu+_/y'v(vn/z)
G nJa
— /v("—2)/2|Vu|2divu+l/ Un/Q_E/U"/QdiVV
o n Joa nJa
we obtain
1
/ ’U(niz)/Z‘Un‘QS i/(1_|u‘2)2—|—0/ 'Un/2+_/ fun/Q.
oG de™ Jo G " Joq
Thus
[ = [ ol g o)
le. oG
1
< C v<n72>/2+,/ v"? + CEL(u, G).
aaG e

Substituting this into (5.2) yields
= [ RO < €. ).
Let 7 — 0, applying (2.1) and Proposition 2.3 we have
[ P~ ) £ B 6) < 00+ s

which and (2.6) imply (5.1).

Theorem 5.2 Denote p = |uc|. There exists a constant C which is independent
of € € (0,1) such that
IVollne) < C. (5.3)

Proof. Denote u = u.. From the Remark in §4 we know

|V e > (- )2 s

|ul

J

Thus we may modify (4.5) as

u g
P |IV—|" > (n—1)"2|5" ! |dIn = — C.
/u”2 Q |ul €

u
varz [ v [ el o
/UJ.V_Q Q; u2 |ul U2 Q;

=1 j=1%%7
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and Proposition 2.3, we derive

/Nz Vol < C. (5.4)

Uj:l 3

On the other hand, from (2.1) and Proposition 2.1 we are led to

/ Vu.|” = lim IVu.T " < Ce)™(CJe)" < C,
GPeNB(zi,he) =0 JGrenB (x4, he)

for ¢ € A;. Summarizing for ¢ and using (5.4) we can obtain (5.3).

Theorem 5.3 For the o > 0 in Theorem 4.4, then as e — 0,

where G3, = G\ U;»szlB(aj, 30).

Proof. The regularizable minimizer u. satisfies

En

/ |Vu|"?VuVe = i/ ud(1 — |ul?), (5.6)
Go Go

where ¢ € W, (Gy, R") since u. is a weak solution of (2.4). Denoting u =
ul = pw,p = |ul,w = ﬁ in G, and taking ¢ = pw(,( € W&’H(GJ,R”), we
have

| 19wVt v ooVt Ve = = [ 0= 6)

Substituting 2wVw = V(|w|?) = 0 into (5.7), we obtain
1
L1 evpve s vupo = [ o= 6)

Set S = {x € G, : p(x) > 1—&P} for some fixed 3 € (0,n/2) and p = max(p,1—
e7), thus p = pon S. In (5.8) taking ¢ = (1—7p), where 1 € C*(G,, R), 1) =0
on G, \ Gay, 0 < p < 1 on Gy \ G35,% =1 on G3,, we have

1
|l 2w Voot o [ B0 9 (5.9)
Go e Ja,
= [ 1vurevavea - g+ [ 9uru-p)
GU GU
Noticing 1/2 <1< 1 in G, and applying (4.6) we obtain

e T R Ry 2 G | AR CE R CR )
SNG3s
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On the other hand, (2.6) implies

291G\ S| < / (1—12)2 < Cem,
Go\S

namely |G, \ S| < Ce"~2A. Then there exists a small constant g5 > 0 such that
Gs, CSUFE

as € € (0,e9) where E is a set, the measure of which converges to zero. Thus

lim [ (1=p")(1-p)=lm [ (1+p)(1—p)

e—0 Gs e— Gs

By (5.10),

This is our conclusion.

Theorem 5.4 Assume B(x,20) C G, satisfies

1
— (1 —|uc*)* =0, ase — 0, (5.11)
€ B(z,0)

then |u.| — 1 in C(B(x,0), R).

Proof. Since B(z,20) C G, there exists g sufficiently small so that B(z, o) C
G?%0, We always assume € < £q. For z¢ € B(z,0), set o = |u(z0)|. Proposi-
tion 2.2 implies

|ue(z) — ue(x0)| < Celre, ifze B(zg,T€),

where 7 = (1 —a)(NC)~1,C is the constant in Proposition 2.2 and N is a large
number such that 7 < 6. Thus B(zg,7¢) C B(x,0) and

lue(2)] < a+ Cr, if x € B(xg, 7€),
[ - @R = (1= YN - a) e (V)
B(xo,7¢€)

Combining this with (5.11) we obtain (1 — a)"*? = o(1) as ¢ — 0. Thus it is
not difficult to complete the proof of Theorem.
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6 The proof of Theorem 1.1

It is known that the singularities of u,, are in G from the discussion in §3. Since
deg(g,0G) > 0, we can see that the zeroes of u. are also in G . Moreover,
the zeroes are contained in finite bad balls, i.e. B(z5,he),i € J. As e —
0, B(xz§, he) — a;,% € A;. This implies that the zeroes of u. distribute near these
singularities of u,, as € — 0. Thus it is necessary to describe these singularities
{aj},j = 1,27...,N2.

Proposition 6.1 k; = deg(uy,a;).

Proof. Denote Q' =G’ \ U;VilB(aj,a). Combining (4.6) and
/ Vu " = / g < ¢,
GG NG

/ |Vu.|" < C+ (n—1)"?S""}d|Ino|, (6.1)
Q/

we have

where C'is a constant which is independent of €. For R in (4.13), from (6.1) we

have
/ [Vu ™" < C.
AR,o‘(aj)

Then we know that there exists a constant » € (o, R) such that

[ v e
OB(aj,r)

by using integral mean value theorem. Thus there exists a subsequence u., of
ue such that
Uep, — Up, in C(0B(aj,r))

as € — 0, which implies
k; = deg(ue, 0B(aj,0)) = deg(un, a;).

Proposition 6.2 k; =0 or k; =1.

Proof. From the regularity results on n-harmonic maps (see [3][5] or [9]), we
know u, € C°(G,,R"). Set

= ’
w:{g on G'\ G,

U, on G,

then w € II. Using Proposition 4.5 and (4.7) we have

N3
a1
[Ivel = =S o T —em. (62)
QO =1 g
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On the other hand, (6.1) and (4.9) imply
Ue, — w, in WE(Q R™).

k )

Noting this and the weak lower semicontinuity of [, [Vu|", applying (6.1) we
have

1
|Vw|™ < n_mgwo/ |V, |* < (n—1)"28"|dIn —+ C. (6.3)
Q (94

Combining this with (6.2), we obtain

N n 1 Ny n No
O kT —din=<C or > kT <d=)k
P 7 i=1 i=1
for o small enough. Thus (k;/("_l) —1)k; < 0 which implies that the Proposition

holds.
Proposition 6.3 k; >0, j=1,2,...,Ns.

Proof. Suppose k; =0 and ks, k3, ..., kn, > 0. Similar to the proof of Theo-
rem 4.3 we have

/ V" > (n— 125" Vdn Z — ¢,
US2,Q; €

By this we can rewrite (4.6) as

1
/ Vol + o [ (0= PP < Co)
G\UY2,B(a;.0) 4e™ Jq

Thus similar to the proof of Theorem 5.3 we may modify (5.5) as
1
— (1= Juel*)? =0 (6.4)
€% JG\U 2, B(a;,30)
as € — 0. Noticing
G N B(ay,0) C GNB(ai, R) C G\ UN2,B(a;,R) C G\ U2, B(a;,30)

we have )
— (1 — |uc®)? — 0. (6.5)
€ GNB(a1,0)

On the other hand, the definition of a; implies that there exists at least one bad

ball B(x§, he) such that
G N B(x§, he) C GN B(ay,0).

Applying the definition of bad ball we obtain

1 1
= = (1 fuf?)? = >0
€% JGnB(a1,0) €% JanB(a§,he)

which is contrary to (6.5). This contradiction shows k; > 0.

(1= |ue?)? =
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Remark We may conclude k; = 1,5 =1,2,..., Ny from Proposition 6.2 and
Proposition 6.3. Noticing d = Z;le k;, we obtain

Ny=d, 1=kj=Y d.

P€EAN;

Thus on one hand, although the number of the singularities of n— harmonic
maps is indefinite (see Theorem A and Theorem C in [3]), we can say that for
this n— harmonic map u,, the limit of the regularizable minimizer u., in W1
as k — oo, the number of its singularities is just the degree d by applying (4.10).
On the other hand, there exists at least one iy € A; such that d;, # 0. Then we
know that there exists at least one zero of u. in B(x5 , he) by using Kronecker’s
theorem.

Theorem 6.4 a; € G, j=1,2,...,d.

Proof. Suppose a; € 3G, asg,as,...,aq € G. Set

i d 4 _ | up onGo,
0 = 6\ Bla, ) - Uiy Blag,o), w={ o %0
Using Proposition 4.5 on €2, we have
n n/2|qgn—1 1
[Vw|™ > (n—1)"?|S""|(d - 1)In = — C(R). (6.6)
o

o

Taking u = w, a = a1 in Proposition 4.4 we have
1
/ [Vw|™ 22%(n—1)"/2|5”_1\1n— -C.
AR, (a1) o
Combining this with (6.6) yields
1 1
|Vw|™ > (d+27 —1)(n —1)"?|S" In = — C.
% o
Compare this to (6.3) we obtain
1 1
d+27 —1—-d)ln=<C
o

where C' is a constant which is independent of ¢. It is impossible as o small
enough, so a; € G.

7 The proof of Theorem 1.3

Theorem 7.1 Let u. be the regularizable minimizer of E.(u,G). Then there
exists a subsequence u., of us such that

Ugy, = Unp, in Wlm/(G \ U?:l{aj}’ Rn)

loc
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Proof. Step 1: Suppose the ball B(xo,20) C G\U}_,{a;}, where the constant
o may be sufficiently small but independent of e. Since (4.6) implies

E.(uc, B(xg,20) \ B(zg,0)) < C,

we know there is a constant r € (0,20) such that

1
/ Ve 4 / (1— [u-2)? < C(r), (7.1)
9B (zo,r) € OB(zo,r)

by applying the integral mean value theorem. Thus, there exists a subsequence
Ug, of us such that

Uey, — Up, in C(OB(xzo,r),R"),

which leads to
Ue,,
|te,. |
Step 2: Denote p = |u.| on B = B(xg,r). It is not difficult to prove that the
minimizer w of the problem

— Uy, in C(0B(zo,7),R"). (7.2)

min{/ Vul” e WL (B, S1)) (7.3)
B

[uel

exists. Noting u. be a minimizer of E.(u,G), we have
Bue B <, [ V(oo + 5 [ 0= o
€ €9 i~ n = p 4€7L B p *

Obviously (4.6) and |uc| > 1/2 on B imply
1 e
o [V vl <c,
2" Jp ' lue B

/ [Vw|™ S/ Vosr< e (74)
B B

||

thus

Applying this we may claim that

/ |Vu5|”§C’6)‘+/ |[Vw|™, (7.5)
B B

for some A > 0. Its proof can be seen in §8.
Step 3: Let w™ is a solution of

luel

min{/ (Vw2 + )2 :w e Wi (B,S™ 1}, 7e€(0,1). (7.6)
B

It is easy to see that w” solves

—div(v("/2Vw) = w|Vw|?0(""D/2 oy, = |[Vw]? 4 7. (7.7
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[ue |

as 7 — 0. Noticing %= € W4 (B, S"!) we have
[uel

/B|W\n < /B(|W|2+T)”/2 (7.8)

v s [avpme e s
B luel B

| |

IA

by using (7.4), where C' is a constant which is independent of £, 7. Then there
exist w* € Wi (B, S™ 1) and a subsequence of w” such that
luel

w” % w*,  in WHT(B,R™). (7.9)
Noting the weak lower semicontinuity of | 5 |Vwl["™, we have
[ <t [ ver (7.10)
B B
< MHO/ V| gEHO/(|VwT|2+T)"/2.
B B
The fact that w” solves (7.6) implies
EHO/(WM\?M)”/? < lim/(|Vw*|2+T)"/2 :/ |V, |",
B —0/p B

where w, is a solution of (7.3). This and (7.10) lead to
/ V" gn_mHO/ V| gﬁmo/ V| g/ Vw. . (7.11)
B B B B

Since w* € Wi (B, S™ 1), we know w* also solves (7.3), namely

[uel
/|Vw*|”:/ V|,
B B

Combining this with (7.11) yields

lim [ [V :/ V|,
T—0 B B
which and (7.9) imply

Vuw™ — Vw*, in L"(B,R"). (7.12)

Step 4: Similar to the discussion of Step 3, we may derive the following
conclusion: Let u” be a solution of

min{/ (IVul + )2 s u e Wh(B,S" 1)}, T e (0,1). (7.13)
B



22 Asymptotic behavior of regularizable minimizers EJDE-2001/15

Then u” satisfies

/ V" < C, (7.14)
B
where C' is which is independent of 7, and u” solves
—div(v™2/2V0) = u|VuPo™=2/2 y = |Vu? 4 7. (7.15)
As 7 — 0, there exists a subsequence of u” denoted itself such that
Vu" — Vu*, in L™(B,R"), (7.16)

where u* is a minimizer of [, [Vu|™ in W}-"(B, S"~1). It is well-known that u*
is a map of the least n-energy, and also an n-harmonic map.

Fix R > 20 such that B(zo,R) C G\ Uj_,{a;}. Applying the regularity
results on the map of the least n-energy (for example, Theorem 3.1 in [5]), we
have

sup |Vu*|" < sup |Vu*|" = Cp. (7.17)
B(zo,) B(zo,R)

It is obvious that Cj is a constant which is independent of 7.
Step 5: From (7.7) subtracts (7.15). Then

—div(v("=/29w — v(""D/2Yy) = w|Vw|2o("2/2 | Vul?e""D/2 (7.18)
Multiplying both sides of (7.18) by w — u and integrating over B we obtain
_/ (Uén—Q)/QwV _ v(n—2)/2uy)(w _ u)
aB
—l—/ (v("=2/29w — D20V (0 — u)
B
= / (w|Vw|?0" =272 — u|Vu20"=2/2) (w — u),
B
where v denotes the unit outside-norm vector of B. Thus
| / (=229 — v D20V (w — u)|
B
< / (022, — D2 ) (w — u))| (7.19)
oB

" / (W] Va2 — | Vu2o=D/2) (1w — u)|
B

+ [ @lVwlel D72 wiTuPon2i 0 - )
B
= L+ 1+ Is.

First we give an estimate for I;. Let w = w" is a solution of (7.6). Integrating
both sides of (7.7) over B, we have

_/ vé"”)“w,,:/ w| V|22,
OB B
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which and (7.8) imply

| / oD 2, | < / w2 < C. (7.20)
oB B

An analogous discussion shows that for the solution u = u” of (7.13) which
equips with (7.14), we may also obtain

[ w22y, g/ V" < C. (7.21)
OB B
Applying (7.20)(7.21) we derive
sup\w—um/ vgn—2>/2wy|+\/ W=D/ 1y (7.92)
OB 0B

< Csuplw—ul = C’sup|
oB

L

IN

u’ﬂ|a
| s\

where C' is independent of €, 7. For the estimate of I3, we have

I (D2 | 2p(n2/2) (7.23)

A
5
=3
|
£
<
£

A
—

<
£
3
<
g
£)

For estimating I5, we multiply both sides of (7.15) by (u—w) and integrate over
B, then

— / 02, (- w) + / v =D2GuV (u — w)
oB B
= / V20 =2/ 2y (y — w) = / (Vu20=2/2(1 — uw).
B B
Thus, we have
I, < / V2022 |y — w|? = 2/ Va2 =2/2(1 — uw)
B B
< 2| D2y, (u — w)| + 2 / v =D2uV (u — w)].
B

OB

Noting (7.21) we may derive

B < Coupl un|+2|/ (=227 (4 — w)|. (7.24)

|u sl
Step 6: Substituting (7.22)-(7.24) into (7.19) yields
| / (v("=2/29w — D20V (w — u)]|

< C’sup\| | — Up| +2|/ =22 uV (u — w)|

42 [ DR - oD,
B
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Letting 7 — 0 and applying (7.12)(7.16) we obtain

|/ (|vw*|(n—2)/2vw* _ |Vu*|(n—2)/2vu*)v(w* _ u*)|
B

Ue

< Csup| —un\+2\/ \Vu*\"_1V(u*—w*)\+2/ V| — V[,
oB B B

|ue |

Using Lemma 1.2 in [4], we have
2"—1/ V' — V| < |/ (Vw2727 0" — |V (D27 V (w* ")),
B B

Thus

Ue

(2=t — 2)/ [Vw* — Vu*|"* < Csup| — Up| + 2|/ |Vu* "IV (u* — w®)).
B 0B B

e |
Denote ¢¥(¢) = [ |Vw* — Vu*|" and let ¢ — 0, then
(2" = 2)9(e) < o(1) +2(Co| B))" D" (w(e) /" (7.25)

holds by using (7.2), where Cy is the constant in (7.17).
We claim that for some small constant ¢ > 0, the following holds:

() — 0, ase—0. (7.26)

Suppose (7.26) is not true, then there exists 7 > 0, for any £y > 0, such that as
€ < g we have ¢(e) > 27 > 7 or

(w(s))(”_l)/” > =D/ e < g, (7.27)
Taking o small enough so that
2(Col Blaro, 1)) "/" = (277 — 1),
we obtain from (7.25)

1/n n—1)/n 2(0 |B|)(n71)/n
(W) ()" — =

= W) (E) I — Sr D = o(1),

(7.28)

Substituting (7.27) into (7.28) we derive (¢)(¢))'/™ = o(1), which is contrary to
(7.27).

Step 7: Noting the weak lower semicontinuity of the functional | 5 |Vul|™,
from (4.9) we are led to

/\Vunlnﬁli_mg,ﬁo/ Ve, [".
B B
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Combining this with (7.5) and (7.26) we obtain

[V <t o [ (V< e [ Vel
B B

tim, [ [Vurp = /\vu ",

er—0

IN

Recalling the definition of v* in Step 4, and noticing w,, € W&;"(B, Sn1) we
know that u, is also a minimizer of [, |Vu|™ and

lim / |Vusk_|":/ |Vun\":/ |Vu*|™, (7.29)
ee—0/p B B

which and (4.9) imply
Vu., — Vu,, in L"(B,R").
Combining this with the fact

Ug, — Up, in L"(B,R"),

which can be deduced from (4.6), we derive

Uep — Up, in WE(B,R").

Then it is not difficult to complete the proof of this theorem.

8 The proof of (7.5)

To prove (7.5), we will introduce a comparison function first. Consider the
functional

1 1
B.8) = 5 [ (9P + 172+ o [ =,

Tt is easy to prove that the minimizer p; of E(p, B) on VV\ZLI (B, R") exists and
satisfies

—div(v"=2/2Vp) = ! (1— p) on B, (8.2)
plos = |u5|> (8.3)

where v = |[Vp|? + 1. Since 1/2 < |u.| < 1 on B, it follows from the maximum
principle that
1/2 <|uc| <p1 <1 (8.4)
on B.
Applying (4.6) we see easily that

E(p1, B) < E(|u.|, B) < CE.(u., B) < C. (8.5)
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Multiplying (8.2) by (v - Vp), where p = p;, and integrating over B, we

obtain
1
_/ v(n—2)/2(y,vp)2+/ U(H—Q)/QVp.V(y.Vp): _n/(1_p)(y.vp), (8.6)
OB B € JB

where v denotes the unit outside norm vector on 0B. Using (8.5) we have
| [po"=D/2VpV (v - Vp)| < C [o =22 Vp? + 1| [ o"=2/2y . Vo

SO+ L [,v- V)| <C+ L[ |div(vw™/?) — v 2divy|
C+ 5 Jopv™?
(8.7)

Combining (8.3)(7.1) and (8.5) we also have
= fB =) (v Vp)| < 5| [(1 = p)*divv — [,5(1 = p)?|

< ot [ (L= p)?|divv| + 55 [,5(1—p)? < C.
Substituting this and (8.7) into (8.6) yields
1
[ w220 w2 <ot L / /2, (8.8)
OB n.JoB

Applying (8.3)(7.1) and (8.8), we obtain for any ¢ € (0, 1),
faB w2 = fa U(n_Q)/Q[l +(7-Vp)* + (v Vp)?]
= op V"2 (7 VIue])® + (v - Vp)?]
< f(?B ,U(n72)/2+f (n—2) /2(V vp)
fé)B (n 2)/n(f (T . V|u5|)")2/"
<CO)+ (£ +26) [, V"2
where 7 denotes the unit tangent vector on dB. Hence it follows by choosing

6 > 0 so small that
/ 2 < C. (8.9)
oB

Now we multiply both sides of (8.2) by (1 — p) and integrate over B. Then

1
/ (22|72 4 — / (1-p)?= —/ v D2 Vp) (1 - p).
B € JB B

From this, using (7.1)(8.3)(8.4) and (8.9) we obtain
E(p1, B) < C|(v- Vp)(1 = p)|
<O fop v 20 fop (1= p)? " (8.10)

< Ol Jop(L = luc])?IV" < Ce
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Since u. is a minimizer of E.(u, B), we have
E.(ue, B) < E.(prw, B)

(8.11)
=1 [V + p3[Vw[)"/2 + & [ (1= p?)?,

where w is a solution of (7.3). On on hand,
Js(Vp1 + R [Vw?)da — [5(p3|Vwl?)" 2 do
n 1 n— n—
=5 [ Jo (V1] + o1 Vw[?) "2/ 25 + (pF [V [?) (" =D/2(1 - 5)]ds|V pu | da
< C [(IVp]" + | Vpr P V| =D/2)da.
(8.12)
On the other hand, by using (8.10) and (7.4) we have
/ |Vp1\2|Vw\("_2)/2 < (/ |vp1|4n/(n+2))(n+2)/2n(/ ‘Vw‘n)(n—2)/2n < CZ-I)\.
B B B
(8.13)
Combining (8.11)-(8.13), we can derive
1 n n A
E.(ue, B) < = | p7|[Vw|™ + Ce?,
nJp

where A is a constant only depending on n. Thus (7.5) can be seen by (8.4).
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