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Approximate equivalence transformations and
invariant solutions of a perturbed nonlinear wave
equation *

R. N. Ibragimov

Abstract

We discuss the properties of a perturbed nonlinear wave equation
whose coefficients depend on the first-order spatial derivatives. In partic-
ular, we obtain a group of transformations which are stable with respect
to the given perturbation, and derive the principal Lie algebra and its
approximate equivalence transformation. The extension of the principal
Lie algebra by one is obtained by means of a well-known classification of
low dimensional Lie algebras. We also obtain some invariant solutions
and classification of the perturbed equation.

1 Introduction

We consider the nonlinear wave equation

H(w) =D ) —=f(34) =0, )

where D = 0% — aexp {d,u} 02 is a nonlinear operator, a is constant and e f is
an infinitesimal perturbation imposed on the principal part D (u) = 0. For the
sake of simplicity and without loss of generality, we put a = 1.

The classification problem of a family of equations involves the determination
of the principal algebra L, the equivalence algebra E, and extension of L, by
subalgebras of E, to divide the family into disjoint classes. In a recent paper
[11], the nonlinear wave equation uy = f(2,us)uze + g(x,u,) was partially
classified into thirty-three classes of equations and one of them is given there as
the family of the form of (1).

The main goal of this paper is to find invariant solutions to (1). Since the
perturbation destroys the group of transformations admitted by the principal
part, the analysis is rather difficult. However we shall construct symmetries
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which are stable with respect to the perturbation. More specifically, we shall
find a mapping F : (z,¢;u) — (z,¢;u’) which transforms (1) into

Ol O p{a_u} e (2 o) =0, (2)

a2~ 0x2 TP\ ox oz

i.e., the form of (1) is unchanged. Further we construct the principal Lie algebra
which enables us to classify (1). As the result of Lie group classification, we
determine the unknown function f and, thus, find invariant solutions admitted
by (1).

The approximate method of group analysis, used in this paper, was devel-
oped first by Ovsyannikov [7] while the problem of group classification of partial
differential equations according to their symmetries was first considered by So-
phus Lie [4]. The general approach to finding the symmetry group of differential
equations can be found, for example, in [2], [5], [8].

Recently, several papers, which are closely related to the present work, were
published. To name a few, Ames et al [1] investigated the group properties
of quasilinear hyperbolic equation of the form w; = f(ug)ugz,. The inves-
tigation was later generalized by Torrisi at [9], [10] to equation of the form
U = [, Ug)Ugs.

2 Group Classification

We wish to find the approximate equivalence transformations for (1). In this
case, a natural modification of equivalence transformation that involves approx-
imate transformations (as in [3]) is used. Since an equivalence transform is a
nongenerate change of variables x, ¢ and « which transform (1) to the same form
as (2) (generally with different function f(u,)), we apply the Lie infinitesimal
method to calculate the group of equivalence transformations of the system

D (u) —ef = o(e), (3)
Jo=Jft = fu=fu, = 5_10(5)

and suppose that the operator for approximate transformation groups be given
in the form

X = (240, + (7% + et + (n° + en')ou + ¢y,

where £, 77,0 (v = 0,1) are functions of ¢,z and u while ¢ depends on
variables t,x,u,uz,us and f. Thus we rewrite the generator of the group as
X = X% +eX!, where X° is a stable symmetry if it is admitted by unperturbed
equation D (u) = 0. According to [3], we call the corresponding symmetry gen-
erator X a deformation of the operator X" which generates the elements of the
principal Lie algebra L, for D (u) = 0.
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In the extended space with variables (z,t, 4, uz, ut, . .. ), the second prolon-
gation of operator X is

XP = X+ + ()0, + (67 + G0, + (577 + ),
(G + ")y + 20y, + $uDy, + ¥udy, + Vu,0y,, +
Here the following notation is used (v = 0,1 and 0 € {x,t, u, us }):
) =+ ua (0, — 028" — ua0uE") — s (FuT” + UpDuT"),
¢ =t +up(nl — 07" — D) — ua (01" + ur0uE¥), (4)

=277 Uzt + (N, — 2§;’u)ui — 277, Uty — § ud — T ufu2

uu T

% 1% v
=3 Ug Uy — Ty, Ut — 2T, UgUst,

¢ (20, — T — Efug + (1l — 27 Juy
_2£t Uzt + (nuu - 2Ttu)ut 2£tuutu93 - uuu? - Zuu?ul’
*3Tu UtUtt — €uuxutt - 2§uutumt7
o = dy (o) — fidy (70 + ey — fudy (° +e€") — fudh (n° +en')
oy (67 + 260 ) + Fudy (5 +2¢17),
where

dp = Og + foOr + fo105, + fou0f, + fouOy, + fou, 0, +

Since fo = 0V0 € {z,t,u,u;}, i.e., dj = Dy, the infinitesimal invariance criterion
for system (3) becomes
XPIH(w)] ()= ole), (5)

(e fo) = o(e), (6)

where the symbol |(y;ymeans evaluated on the manifold M, defined by (1).
In zero-order approximation (¢ = 0), system (5)—(6) yields the system of
determining equations in the form

6 = exp {un} (G 1w +¢67) =0, 9 =0 (7)
which gives ¢y = 0 and (C(()m))g =0 (V8 € {x,t,u,us}) since f is a differential
variable which is algebraically independent from f,, . Thus ¢ is the function

of u, and f only. Consequently, differentiation of (4) with respect to x and
splitting it into independent parts, yields

o _,0 __0 __0 0 _ ¢0 __
771,.L_TIJ,_T‘Lu_nlu_g‘l/l_g.l,u_o
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In a way similar to the above, we derive the following equations

0 _ .0 _ .0 _ .0 0 _ 0 _
Mot = Tot = Tow = Mew — Eat = & = 0,

o _ .0 o _,0 _,0 _ 0 __
nzu*nuufé‘mu* zu*’ruufguufoa
0 0 _

T, =T, =0

Tz =

from which we find

O =au+ oy (x4 ax(t),
70 = To(t),

n° = Br(t)u+ azx + Ba(2),

where ajand ag are constant coefficients. Similarly, splitting the first of (7) we
obtain

€% = (c5 + o)z + 2,
79 = cst + ¢,
n® = 2cex + (c5 + c)u + cat + c3

with constants ¢i,...,c6. Thus the unperturbed equation (1) is stable with
respect to the group G° of the transformations defined by the following gener-
ators:

X)=09;, X$=0, X3=0, Xi=1td,,
X® = t0; + 20, +udy, X2 =20, + (u+22)0,.

So equation D (u) = 0 is invariant with respect to a group GY, i.e., the un-
perturbed nonlinear wave equation admits G° whenever u solves that equation.
Note that if one rewrites (5) in the form (£ - VH) |(any= 0, it becomes evident
that (5) is the condition for the vector field £ = (£,7) to be tangent to the
manifold M.

In a way similar to the above, we write the invariance condition for (1) up
to the first order where M = {u: 07u = exp{9,u} d2u+¢cf} . After splitting
of the determinant equation

Z(u) —ep =0,
where we denote
Z(w) = (65" +e6i™) = (6" + i Y exp fur} = (677 + i) exp {uus}
into independent parts and solving the resulting equations, we obtain
1

1
T =at+as, & =azx—+ ay,

ast?
nt = asu+ 2(a; — a3)x + 57 + agt + ar,

o =(c1—2¢c3)f +as
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with constants a1, ..., ar. The last equations together with the group G° gener-
ate 13 dimensional approximate Lie algebra of approximate equivalence trans-
formations G''spanned by generators

X} =0, Xy=0, Xi=0, X|=10,
X3 =t0 + 20, +udy, — fOp, X§ =20, + (u+22)0, + f0,
X1 =¢0;, Xi=¢0,, X§=e0, Xij=ctd,,
X1, = e(toy +220,), Xy =e(@0, + [u—22]0,), Xiz=e(t?, + 20;).

It is sufficient, for group classification, to consider the point approximate equiv-
alence transformations corresponding to nontrivial generators X}, X} and X1;.
These transformations are given by

¥ =ajaow, t =ait, [ =e(2a1a2a3+ ajasf),

u' = e(arazast® — 2a;(ay — 1)z + arasu).

To find the principal Lie algebra L, for (1) and to find those functions f for
which L, is extended, we seek the admitted operator in the form Y = X —¢0;.
The invariance condition for (1)

Y@ [H(u)] lon=10
yields the determining equation as
Z(u) —ef' (5 + ¢y = 0.

For the zero order approximation we obtain a similar result as above whereas
for the first order approximation the determining equation takes the form

00— 2r) f + ¢ — exp {u } (e, ¢ + () = F1¢0 = 0. ®)

Substituting wy = exp {uy} g, and considering arbitrary f we split (8) into
independent parts to obtain

' =aix+as, 7' =ast+ ay,
nt = aju+ 2(a; — az)r + ast + ag.
Thus the principal 10 dimensional Lie algebra L, has the basis

Yl = 67“ Y2 = 8137 Y3 = 8t; Y4 = ta’ua
Y5 = EYl, Y6 = EY27 Y7 = EY3, Yg = EY4, (9)
Yg = E(tat — 2x8u), Y10 = 5(1781 + [2% + U] 8u)

We show that these symmetries are admitted by (1) in Appendix 1. If we
consider the function f not arbitrary, then (8) reduces to

(S =27 f +miy — fm2 =0



6 Approximate equivalence transformations EJDE-2001/23

which is equivalent to relation
0+ (cs —c5)f —2¢c6f =0, (10)

where § is a constant.

We further analyze the classifying relation (10) to obtain non-equivalent
forms of f. To this end we consider two different cases (see Appendix 2 for
more details).

Case 1 . If 6 = 0, then for v = <% (¢cg # 0) we obtain the eleventh
symmetry, namely

Y11 =2(1 —y)axdy + (1 — 279)t0: + (221 + 2 [1 — ] w) 0y

In other words, the equation

2 2

admits 11 dimensional Lie algebra.
In particular, for v = %, we have Y1 = %Y10~

Case 2 . If § # 0, the eleventh symmetry is given by

3 The adjoint group and invariant solutions

Now we are ready to construct the adjoint group of the algebra Liy and thus
find some approximate invariant solutions. We start by giving the definition of
inner automorphism. See [3] or [7] for more details.

Definition 1 Let Xy,...,X, be the selected basis of the vector space L,.
Accordingly, the structure constants cfw are known and any X € L is writ-
ten as X = e"X,. Hence, the elements of L, are represented by vectors

e=(e',...,e"). Let L2 be a Lie algebra spanned by the following operators
E,=c),e" 0, p=1,...r (12)

with the Lie Bracket defined by formula [X;, X5] = X1 X2 — X2X;. The al-
gebra L# generates the group G# of linear transformations of {e#}. These
transformations determine the automorphism of the algebra L, known as inner
automorphism. The group G4 is called group of automorphism of L,, or the
adjoint group of L,..

We now consider the commutators of Lo given in the follwiong table
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X, X,] X, X, X; | X4 | X5
X1 0 —6(2X5 — Xz) 0 0 €X5
X2 8(2X6 — XQ) 0 28X6 0 0
X3 0 72€X6 0 €X4 0
X4 0 0 —8X4 0 —EXG
X5 7€X5 0 0 €X6 0
X6 —eXg 0 0 0 0
X, 2Xs — Xo 0 2Xs | 0 0
X 0 0 X, | 0 | —Xg
X —X; 0 X; | Xe 0
X0 —Xs 0 0 0 0

[Xin] X6 X7 XS Xg X10
X1 EXG —(2X6 - XQ) 0 X5 X6
Xo 0 0 0 0 0
X3 0 —2X5 Xy | X5 0
Xy 0 0 0 — X6 0
X5 0 0 Xe 0 0
X6 0 0 0 0 0
X7 0 0 0 0 0
X3 0 0 0 —Xi0 0
Xy 0 0 Xi0 0 0
X0 0 0 0 0 0

To find the transformations that give rise to the adjoint group of L(, we seek
the generators of the adjoint algebra L{} in the form (12), i.e., E, = cﬁye"éex,

p=1,...,10,where the structure constants are given by [X,, X, | = c;\WX,\.

find (see Appendix 3)

E; = (e? +€")0.2 + (g€® + )5 + (e€® — 2¢7 — 2ee? 4 €')0,s,
E; = 2661666 — 661862 + 2663866,
E; = —c€%0,0 +cet*d,a — 2706 + €200 — €205,
Es = €04 — €06 — €°0,0,
E; = —ce'0,5 4+ 0.0 + €20,
Eg = —561866,
E; =2¢'9.6 — €'0.2 + 2¢30,s,
Es = —€30.4 — 0.6 + 20,10,
Eg = —61865 + 63665 + 64856 + 686610,
Eig = —¢'0,.

‘We

We further solve Lie equations for these operators to obtain the following
adjoint transformations which give rise to the adjoint group elements of the
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algebra Lg:

6/1 _ 61,
aE
e? = 2(ag — aSasar)e’ — 2easasze® + (= — 1)e7,
€
e =e3,

et = (e + Daze* — ([e + 1] a3)(as + ase)e?,
€
e’ = —case' +a5e’ + (ﬂ —1)e?,
€
e =aj(2e [e' + €] ar — 2a3 [ee® + 7] + as [ee® + €'%]) + as(ce + €®)—

cage’ + 2a7(e’ + €) — age’ + age’ —arpe’ —2e” + €' + €,

¢ =T,
¢ =8
¢ = 9

€0 = age® — age® + 0.

We now construct some regular invariant approximate solutions for (11). To
this end we seek the approximate invariants for operator X in the form

J(z,t,u,e) = Jo(z,t,u) + eJi(x, t, u)
which are determined by equation
X.J = o(e). (13)
Thus (13) splits into
XoJo =0 and XgJ1 =-—-X1Jo.

Among other generators, (11) admits the generators

Z, = c(t0y — 220y,), (14)
Zo = (0 + t0y) + 21, (15)
Z3 = (0 +t0y) + e(x0y + (u+ 22)0y). (16)

Operators (14)—(16) are linear combination of generators Yo, Y3, Y7, Yg and
Yy given in (9).
The operator (14) has the following functionally independent invariants:

hi =2 quad he= texp{;}

X
and the corresponding approximate invariant solution is given by

u:2ycln(%)7



EJDE-2001/23 R. N. Ibragimov 9

where y satisfies the equation

y/
9 (y’)2 exp{—2x?} cAy
" s _ il A
Y ery Y Y + 2x

The functionally independent invariants

t2 t2 t2
h1=x+6y1(x,5—u) and hgz(;—u)—&—syg(x,?—u)
are determined by operator (15). Consequently, assuming that y; and yo are
equal to zero, the corresponding approximate invariant solution is given by

where y satisfies the equation

y"(x) = exp{y'(z)} — cA.
Similarly, we find functionally independent invariants

hi =t+egi(t,tx —u),
he = (xt —u) + e[zt — u + 2x] + g2 [t, 2t — u))

for the last operator (16) and thus, assuming the function g; and go to be zero,
find the corresponding approximate invariant solution

2 t
u:l—fg—xt—i—élsAeXp{—i}—i—t—i—c,

where A and c are arbitrary constants.

4 Conclusion

In this paper a nonlinear wave equation with an infinitesimal perturbation has
been considered. The construction of the principal Lie algebra, the equiva-
lence transformation, the approximate principal Lie algebra, the approximate
equivalence transformation and the approximate invariant solutions have been
obtained. We have determined the function f from which the approximate
principal Lie algebra extends by one and also we constructed some approximate
invariant solutions for (1).

The problem of finding the optimal system of one-dimensional subalgebras
of L1g and the invariant solutions still remain open questions as well as finding
the Lagrangians and conservation laws for (1). We hope to return to these
questions in a forthcoming paper.
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Appendix 1

As an example, we show that approximate symmetries (9) leave (1) invariant.
Let us consider the last two generators

Yy =e(td; — 220,) quad Yo =e(xd, + [22 + u] 0y)
We have
Yg[32] (utt — exp {u:c} Ugx — Ef(uw) = O) |(utt:cxp{ux}umm)

= ¢ —exp {un} (P gy + "), (A1)

where we compute

= —Ugy-

tt T T
() _ @ _g e _
Hence the right hand side of (A1) becomes

Uy — 2 exp {ux} Ugy + €XP {ux} Uz |(utt:exp{uz}um): 0.

Similarly,
Y[120] (uer — exp{ug} Uy —ef(uz) = 0) |(uttZEXP{uw}uzw)

=" — exp {un} (P uge + ), (A 2)

where
C{tt) = _2utta faj) = _27 C{xm) = 0.

Hence the right hand side of (A2) becomes
—2ugs 4+ 2xXP {Us } Uz | (uy—exp{us yuze)= 0-

Thus the generators Yo and Y1 leave (1) invariant.

Appendix 2

We use the relation (10) to determine non-equivalent forms of f.
Case 1. If § = 0, solution of (10) is given by

f = AeXp {’Y} u$7
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€6 —Cs
2C3 :

where v = Since (1 — 27y)cg = ¢5, we obtain

™ = (1 —2y)cet +c1, €°=2(1—)cex + c2,
n° = 2cex 4 2(1 — v)cou + cat + c3,
fl = a17 + as, = ast + ag,
nt = aju+ 2(a; — a3) + ast + ag.

Thus for any v € R (¢g # 0) the extended symmetry is given by
Y11 =2(1 —y)axdy + (1 — 27)t0 + (22 4+ 2[1 — v] u)0y.

Case 2. If § # 0, (10) yields

0
f= Sy + 2cg exp {7} ug.

Then
n° = 2cex + 2c6(1 — 7)u — yegt® + cat + c3,
€ =21 —y)egr +c2, 70 = (1—27)cet +c1.

Thus the eleventh symmetry is

it2)8u.

Y11 =21 —7)z0; + (1 —29)td + 2z +2[1 — 7] u — 5
6

Appendix 3

As an example, we determine the generator F;. The rest follow in the similar
manner. Let p=1and A\,v =1,...,10. We write the Lie brackets as

(X1, X,] =}, X
For v = 2, we have
(X1, Xo] = ¢, X\ = el X1 4+ o Xo + -+ 19X

and so we obtain
ey =¢ quad &y = 2.

Further we find

cis =¢ (for v =5),
g =¢ (for v =6),

&S, =-2 quad &, =1 (forv=7),
g =1 (forv=29),

and finally ¢§ ;o =1 (for » = 10) . Thus generator (12) has the form

E; = (e€® +€")0,2 + (c€° + )05 + (e — 2e7 — 2c€? + €')0,6.
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