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Bilinear spatial control of the velocity term in a
Kirchhoff plate equation *

Mary Elizabeth Bradley & Suzanne Lenhart

Abstract

We consider a bilinear optimal control problem with the state equation
being a Kirchhoff plate equation. The control is a function of the spatial
variables and acts as a multiplier of the velocity term. The unique optimal
control, driving the state solution close to a desired evolution function, is
characterized in terms of the solution of the optimality system.

1 Introduction

We consider the problem of controlling the solution of a Kirchhoff plate equation.
The motion with appropriate boundary conditions describes the motion of a
thin plate which is clamped along one portion of its boundary and has free
vibrations on the other portion of the boundary. We consider bilinear optimal
control, acting as a multiplier of a velocity term, is a function of the spatial
variables x and y.

Given control

he Uy ={heL>®Q);—M < h(z,y) < M},
the ‘displacement’ solution w = w(h) of our state equation satisfies

wy + A%w = h(z,y)w; on Q =Q x (0,T)
w(x7ya O) = wOl(xvy)a wt('xa Z/,O) = wOQ(xvy)

ow
w:E:O on ¥y =T x (0,7), (1.1)
Aw+ (1—p)Biw=0 on 3 =Ty x(0,T),

0Aw

o +(17,LL)BQU):O OH21:F1X(O,T),
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where Q C R? with C? boundary, 9Q = ToUT'y, ToNT'y = 0, T # 0, v = (n1,n2)
is the outward unit normal vector on 0f2, and

Biw = 2n1nowgy — n%wyy — ngwm,
0

Bow = 5 [(n% — N3 Way + n1n2(Wwy, — wm)] .

The direction 7 in Byw is the tangential direction along I'y. The plate is clamped

along I'y and has free vibrations along I';. The constant p, 0 < u < %, represents

Poisson’s ratio.

We take as our objective functional

J(h) = 3 </Q(w—z)2dQ+5/Qh2(x,y)dQ)

where z is the desired evolution for the plate and the quadratic term in h
represents the cost of implementing the control with weighting factor G > 0.
For convenience, we assume that

z e C([0,T]; L*(Q)),
z € C([0,T); L*(2)).

We seek to minimize the objective functional, i.e., characterize an optimal con-
trol h* € Uy such that

00 = e, T

For background on plate models and control, see the books by Lagnese and
Lions [15], Lagnese [13], Lagnese, Leugering, and Schmidt [14], Kormornik [11],
Li and Yong [18], and Lions [19]. The bilinear control case treated here does
not fit into the Riccati framework [17]; even though the objective functional is
quadratic, the state equation has a bilinear term, hw;. See [4, 6, 8, 9, 10, 12, 16]
for control papers involving Kirchhoff plates. Bilinear control problems similar
to the problem here were introduced in three papers by Ball, Marsden, and
Slemrod [1-3], and in Bradley and Lenhart [5] (with control acting through the
term hw). Note that in a recent paper by Bradley, Lenhart and Yong, the case
of h(t)w; was treated [7].

In section 2, we show well-posedness of our state problem. In section 3, we
show the existence of an optimal control by a minimizing sequence argument.
In section 4, we derive a characterization for optimal controls, in terms of the
solutions of an optimality system. The optimality system consists of the state
equation coupled with an adjoint equation, and it is derived by differentiating
the objective functional and the map h — w(h) with respect to the control. In
section 5, we prove that the optimal control is unique for small time, T, provided
that initial data are taken to be sufficiently smooth.
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2 Well-posedness of the State Equation

We will begin by proving existence, uniqueness, and regularity results for the
state equation. We first define our solution spaces:

HZ (Q) = {w € H*(Q)|w = (89_1: =0on ro}

and
H = HE (Q) x L*(Q).

Note that the bilinear form on ngo (Q),
a(u,v) = / {AWAY 4+ (1 — 1) Qway Uy — Wazlyy — WyyWee b dQ
Q

induces a norm on Hg () which is equivalent to the usual H? norm on HZ ()
(see [12]).

+(h)) is a weak solution to

Definition Given h € Uy, w = w(h) = (w(h),w
= (wo1,woz2) and W satisfies

(1.1) if w € C([0,T]; H), w(0)

T T
/0 <wtt,¢>dt+/0 a(w,gb)(t)dt—/@hwtd)dﬁdt

for all ¢ € HE (), and (-, -) denotes the duality pairing between [HZ (Q)]" and
HE ().

Theorem 2.1 (i) Let w(0) = (wo1,wo2) € H and h € Uns. Then the system
(1.1) has a unique weak solution w = w(h) = (w,w;).

(ii) In addition, if (wo1,we2) € Do where

Dy = {(w01,w02) € (H Q) N HE, (Q)) x HZ,(Q) :

Awpy + (1 — p)Biwor =0 on Iy,
8Aw01
ov

+ (1 - /J)BQU)Ol =0 on Fl}
for h € Uy, then the weak solution satisfies
w € O([0, T); (H*(2) N HE () x HE, (Q))

and wy € C([0,T); L2(2)).
Furthermore, (1.1) holds in the L? sense.
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Proof. (i) To write the system in semigroup form, we define the operator A:
Aw = A?w with domain

D(A) = {w e HYQ)N HE () : Aw+ (1 - p)Biw =0 on Ty
0Aw
and 5 + (1 = p)Baw =0 on Fl}.
Then define operator A : H*(€2) x HE (€2) — H by

. 0 I|. .
Aw{_A O}fw with D(A) = Dy .

Then the stated equation (1.1) can be written as
w(t) = Aw(t) + Bw(t)

@(0) = by = {w‘”}

L
dt
Wo2

0
hwt
strongly continuous unitary group on H. Since B is a bounded perturbation of
A on H, by standard semigroup theory [20], we have the conclusion of (i).

(ii) Assume that Wy € Dy and h € Ups. From variation of parameters [20]
and (i),

with Bw(t) = { ( t)} Using skew-adjointness, the operator A generates a

B(t) = My + /0 A7) B (r)dr, (2.1)

where e4? represents the semigroup generated by A. Proceeding to formally

differentiate (2.1) in the ¢ variable and defining a new variable & = (v1,vs) = 22,
we seek a solution of the form:

t
i) = Ay + Ba(t) + [ AT Ba(r)dr,
0

Setting
t
Fi = Aeig + Bio(t) + / Ae=7) Bi(T)dr, (2.2)
0

we seek a fixed point of F', i.e. we seek a unique point ¥ € C([0,T];H) such
that
Fo =0

Note that

! A(t—7) R~ ! d A(t—7) R~ ! A(t—1) d ~
Ae Bw(t)dt=—- | — (e Bw(T)) dr+ | e — Bw(r)dr

T 0

t
= —Bi(t) + e [ 0 } +/ A=) [h 0 } dr,
0

thQ Wrr
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where wgs = wi(x,y,0). Thus from (2.2), F' can be rewritten as

t
F(0) = Ae?Mig + e [ 0 } +/ eAt=T) [ 0 ] dr.
0

hw02 h'UQ

Since wg € D(A) and h = h(z,y) € Uy C L®(Q), F : C([0,T;H) —
C([0,T); H) is bounded. We now verify that F' is a contraction on C([0,T]; H)

for small Ty for 0 <t < Ty,
t
A(t—7) 0 d
/0 c [h(vu - 1122)] g

sup / |h(vi2 — v22)(T) || L2(qydT

0<t<T0

[ F'91 — Foallc(jo,mo)m) < ‘
C([0,To];H)

< ToM |91 — D2l (jo,10):7) -

Taking Ty < 47, we have the F is a contractive mapping on C([0, Ty], H). To
complete the proof, we set 9(7p) (with ¥ being the fixed point) as the new initial
data and repeat the argument to obtain F as a contraction on C([Ty, 2Tp], H).
Repeating this procedure yields the result on [0, T.

We observe first that

(we, wye) € C([0,T]; H),
and then hw; € L?(Q) with equation (1.1), gives
A?w € O([0,T); L*(2)).
By standard elliptic theory, w € C([0,T]; H*(Q) N H (Q)). O

We now present an a priori estimate needed for the existence of an optimal
control.

Lemma 2.1 (A4 priori estimate) Given w(0) € H and h € Uy, the weak
solution to (1.1) satisfies

@]l o,rymy < (14 MT)Y2e2MT|5(0) 4. (2.3)

Proof. Since Dy is dense in H, there exists a sequence, {w(0)"} in Dy, such
that
w(0)" — w(0) strongly in H.

Denoting by @" the solution of (1.1) with initial data w(0)™ and control h, then
121 has the additional regularity from Theorem 2.1(ii). Using wj’ as a multiplier
n (1.1), we obtain

O—/ / wihw + A%w"w) — h(wi)?) dQ dt

*1d
Q - — Q
//th ddt—i—/o thaw ,wh)dt — //hw75 dQ dt .
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Consequently, we have

1

n\2 1 o™
5/Q(wt) (2.9,5) A2+ Sa(w", w")(s)

1 n 1 n n ® n

— w20y + salwpy, ) + / / h(wp)? 2 dt
2 2 o Jao

< Yo+ ar [ an )2

_2’U} H A w H .

Gronwall’s Inequality implies

0 " MO KIE émT
sup {/Q(wt) (z,y,t) dQ + a(w",w )(S)} < [J@(0)™]3,(1 + 2MT)e“MT,

0<s<T
(2.4)
which gives the desired result for smooth approximations. Now we can pass to
the limit and obtain (2.3) for w.

3 Existence of Optimal Controls

We now prove the existence of an optimal control by a minimizing sequence
argument.

Theorem 3.1 There exists an optimal control h* € Upy, which minimizes the
objective functional J(h) over h in Upy.
Proof. Let {h™} be a minimizing sequence in Uy, i.e.,

lim J(h") = inf J(h).

n—oo heUnr
By Lemma 2.1, for w" = w(h"),
16" | o777y < Cre@MT.
On a subsequence, we have
w" = w*  weakly* in L>([0,T]; HZ (),
wi — w;  weakly* in L>([0,T]; L*(Q)),
wy, — wj, weakly* in L=([0,T]; (HE,(Q))'),
R" — h* weakly in L*(Q).

The convergence of the w, sequence follows from the PDE (1.1) and the estimate
from Lemma 2.1
In weak form, w™ satisfies

/O (. @) + a(w™, ) (B)dt = /Q W b, (3.1)
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where we now allow that ¢ = ¢(x,y,t) in L?([0,T],’H) and ¢; in L*(Q). In the
convergence as n — 00, the only difficult term is on the RHS of (3.1). Examining
the RHS we see that

T
RHS = / [ 1t oot e
T
— [ [ e ey (a0 2
0 Q
+/Q]’Ln(177y) (w”(z,y,T)qS(x,y,T) 7w01¢('xay70)) an

where we have used the fact that wg, = we; for all n. Now by a standard
result from semigroup theory (see, for example [20]), we know that w™(z,y,t) €
C([0,T], H,), which implies that w"(z,y,T) € Hf () C C(), since Q C R?
As a consequence, we may pass with a limit on this equation to obtain

T
RHS — — / / h* (z, y)w* (z,y,t) ¢y (z,y, t) dQ dt
0 Q

+ A h*(xvy) (w*(xa yaT)d)(xvyuT) - w01¢(1',y, 0)) dQ as n — Oo0.

From this we obtain w* = @w(h*), which is the weak solution of (1.1) with
control A*. Since the objective functional is lower semi-continuous with respect
to weak convergence, we obtain

)= i, S0

and h* is an optimal control.

4 Necessary Conditions

We now derive necessary conditions that any optimal control must satisfy. To
derive these necessary conditions, we must differentiate our functional J(h) and
w = w(h) with respect to h. The differentiation of J results in a characterization
of optimal controls in terms of the optimality system.

Lemma 4.1 The mapping
h € Uy — w(h) € C([0,T]; H)
1s differentiable in the following sense:

w(h + el) — w(h)

— ) weakly* in L=([0,T); H),
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as € — 0, for any h,h + el € Uy;. Moreover, the limit ¢ = (1, 9) is a weak
solution to the following system
Pre + A% — hapy = bwy  in Q
@/J(x,y,o) :wt(mvyvo) =0 in

0
¢:8—1z//)20 on X (4.1)
AP+ (1—p)Bip =0 on Xy

o

£y +(1—p)Byp =0 on .

Proof. Denote by w® = w(h + ef) and w = w(h). By (1.1), (w° — w)/e is a
weak solution of

(u} —w) +A2<w —w)zh(w —w) +lwf i Q
€ o € € .

with homogeneous initial and boundary conditions. Using the proof of Lemma
2.1 with source term fw§, we obtain

CMT

Hﬁf—w

< will 2 €
¢ lleqomin
But we have a priori estimates on w;,
10w | 2@y < Tlllsoll 0.7y < (14 MT)Y2eC2MT15(0) |1,
using Lemma 2.1 on w*. Hence on a subsequence, as ¢ — 0,

we —w

— ) weakly* in L*°([0,T]; H).

€

Similar to the proof of Theorem 3.1, we obtain that 1; is a weak solution of
(4.1). O

We obtain the existence of an adjoint solution and use it in the differentiation
of the map h — J(h) to obtain our characterization of an optimal control.

Theorem 4.1 Given an optimal control h* in Up; and corresponding state so-
lution w* = w(h*) to (1.1), there exists a unique weak solution

p=(p,pe) € C([0,T]; H)
to the adjoint problem:
pee + APp+hpy =w* —z inQ

0
= a—f =0 on¥ (4.2)
Ap+(1—p)Bip=0 on¥%;
OA
a—yp—l—(l—u)ng:O on ¥

p(z,y, T) = pe(x,y, T) =0 (transversality condition).
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Furthermore

h*(z,y) = max(— M,min(— %Awap(x7y,t)dt,M)>. (4.3)

Proof. The proof of existence of the solution to the adjoint equation is similar
to the proof of existence of solution of the state equation since the source term
(w* — 2) € C([0,T], L3(£2)). However, since p(z,y,T) = 0, there is a difference
in the constant in the a priori estimate:

s { [ 020+ a0}

0<s<T

<Jlw* = 213 0.7y, L2 (0 (1 + 2MT)e“ M.

We now proceed to characterize the optimal control in terms of the state
W = (w,w) and and adjoint p = (p,p¢). Let h* 4 el be another control in Uy,
and @ = w(h* 4 &f) be the corresponding solution to the state equation. Then
since J achieves its minimum at h*, we have

J(h* +el) — J(h*)

0< lim
e—0* g
E ok € *_ 9
= lim (w d ) (“’ tw z>dQ+ﬁ/(2eh*+5£2)dQ
e—0* Q g 2 2 Q

/Qw(w*—z)dQ—i—ﬁ/ﬂh*éle.

Substituting in from the adjoint equation (4.2) for w* —z and then using v PDE
(4.1), we obtain

T T

0 d d h*p, d h*0dSQ)

s/o (4, Prc) t+/0 a(t,p) ”/J’ ” Q+ﬁ/ﬂ
T
0

:/ <¢tt,p>dt+/0Ta(w,p)dt—/thh*de—i—ﬁ/Qh*édQ

:/Qg(ﬁh*Jr/oT(w;p)dt) ds.

Using a standard control argument based on the choices for the variation ¢(z,y),
we obtain the desired characterization for h*:

h*(x,y) = max(— M, min ( - %/wap(m,y,t)dt,M)).
0
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5 Uniqueness of the Optimal Control

We now characterize the optimal control as the unique solution to the optimality
system

1 /7
wtt—i-AQw:max(—M,min(—B/ w,fp(x,y,s)ds,M))wt
0
in@Q=Qx(0,7)

1 (T
P + A%p = —max(—M,min(— E/ wfp(x,y,s)ds,M))pt—f—w* —zin @
0

__Ow  Op B
wfpfafayfo onYy =Ty x (0,7, (0S)
Av+(1—-—p)Biw=Ap+(1—pu)Bip=0 on¥%; =T x(0,7)
0A 0A
a—:"+(1—u)32w=8—f+(1—u)32p:o on ¥, =T x (0,T)
w($7y70) = wOl(may)7 wt(xayvo) = U)OQ(J),y) on Qa

p(z,y,T) =pi(x,y, T) =0 onQxT.

The existence of solutions to (OS) is given by Theorems 2.1 and 4.1. We now
prove uniqueness, provided that time T is sufficiently small and that the condi-
tions on initial data are as in Theorem 2.1(ii).

Theorem 5.1 The solution to the optimality system, (0S), is unique for T
sufficiently small, optimal control h € Uy; and initial data such that (w1, wo2) €
Dy, as in Theorem 2.1(ii).

Proof. Since z; € C([0,T]; L*(9)), an extension of Theorem 2.1(ii) gives p; €
C([0,T); H*(Q)). Also, Theorem 2.1(ii) directly implies

wy € C([0,TT; HE, ().

Consequently, we have that w, p, w;, and p; are all bounded functions over Q.
Suppose we have two weak solutions corresponding to two optimal controls,
h and h:

w = (wth)aﬁ = (papt)aw = (wth)vﬁ = (ﬁ7]_)t)

We then have that (w—1w) and (p—p) are weak solutions to the following system
of equations

(w — w)tt + A2(’LU — E) = hwt — wa in Q
—(p =D — A*(p—P) = hp; — hp, + (W —w) in Q
(w—w)(t=0)=0; (w—w)(t=0)=0 inQx {0}
(p=p)t=T)=0; (p—ph(t=T)=0 inQx{T},
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where we denote
T
h:max(—M,min(/ wtpdt,M))7 (5.1.a)
0

E:max(—M, min(/thpdt,M)). (5.1.b)
0

Also, we have homogeneous boundary conditions as in (OS). (Here, we have
multiplied through the p-equation by -1.) Multiplying the w-equation by (w —
w); (resp. the p-equation by (p — P);) and integrating by parts over £ x [0, ¢]
(resp. over Q2 x [t,T]) we obtain

5 [ (=m0 + (- P?(0) a0
%“(w_mw_w)(tﬂ a(p—p— D)V (5.2)

// hw; — hivy)(w — ) ;dTdS)

+ /Q / ((hpe — D) (D — P)r + (@ — w)(p — B)e)drd2.

To estimate the RHS of equation (5.2), we note that
hw; — hiw; = h(w —w); + W (h — h),
hpe = hp, = h(p = D)i + D, (h — h).

Consequently, we have

/Q/Ot |(hw; — W) (w — @)e| dr dQ

s// [17]((w = @)e)? + b — Fl[@el | (1 — D[] dr d2

<C// >+ |h —hl||(w—)|] drdQ (h and w; are bounded)

SC/Q/O (w — ),)? dr d2 (5.3)

¢
+ C(/Q |h — h? 9 1/2(/52/0 ((w— E)t)szdQ)l/z (Hélder’s in space)

t
gg//((w—w)t)QdeQ—i-g/|h—ﬁ|2dQ.
2 QJo 2 Q

Similarly, for we have for the p-term

’ o 3¢ [ (T, c .,
/Q/t I(hpt—hpt)(p—p)tldrdﬂgT/Q/t ((p—P)e) deQ+§/Q|h—h|(5dsz).
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We now estimate the h-term using equations (5.1.a)-(5.1.b).

|h—m2d9

fBQ/’/ wyp — wtpdT‘dQ

52/‘/ w—W)p+ (p - p)wth]’d

<21 w-maar) + ([ - pman)aa) (53)
gé{/{/thwmﬂhATﬁm+lf@—m%jéimprﬂ}
<C’// >+ (p—P)?) drdQ.

In the previous to the last inequality we used Hélder’s in time, and in the last
inequality the boundedness of p and w;. Bounding the last term in equation
(5.2), we have

té[zw—w@—MﬂMQ (5.6)
< %/Q/tT(w—@)QdeQ—k/Q/tT((p—T))t)2deQ.

Putting together equations (5.2)-(5.6),

3 | (=m0 + (- 00) do
+5a(w —w,w —w)(1) + salp —p.p— DY) (5.7)

2

= C/ / w):) dT+/T((p—ﬁ)t)2dT/0T((w_m)t)sz
Jr/o (»=p) dT”L/OT(wW)ZdT}dQ.

Now taking a supremum in time on both sides of the inequality, we have that

sup {% /Q ((w—w))%(t) + ((p — P)e)(t)) d

0<t<T

+%a(w —ww —w)(t) + %a(p Y ﬁ)(t)}

fSwpaTAUW—@M%ﬂ+m%@M%ﬂ

0<t<T
+(p—P)2(t) + (w —w)2(t)] d2
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Using Poincare’s inequality,
/Q [(w—m)*(t) + (p — P)*(1)] 42 < a(w — W, w —W)(t) + alp — P, p — D)(1)-

Finally, by taking 7" such that CT < %, we have that

<io {/Q (((w =)o) (1) + ((p = P))?(1)) A2

0<t<T
+a(w—w,w—w)(t)+alp—D,p— ﬁ)(t)} <0,
which implies
(w-w)=(p-p)=(w-w)=(p-p)=0=w=band p=p
This completes present proof. O

Remark: In [7], we were able to solve the corresponding bilinear control prob-
lem, but with the controlled velocity coefficient, h(t), being a function of time
only. A main difference between our result here and that result is in the proofs
of the existence and the uniqueness of the optimal control. The case of the
controlled velocity coefficient, h(z,y,t), is an open problem at this time.
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tional Science Foundation.
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