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PARABOLIC EQUATIONS WITH VMO COEFFICIENTS IN
MORREY SPACES

LUBOMIRA G. SOFTOVA

ABSTRACT. Global regularity in Morrey spaces is derived for the regular oblique
derivative for linear uniformly parabolic operators. The principal coefficients
of the operator are supposed to be discontinuous, belonging to Sarason’s class
of functions with vanishing mean oscillation (VMO).

1. INTRODUCTION

Let Q be a bounded C''! domain in R”, n > 1, and denote by Qr = Q x (0,7
a cylinder in R?"" = R™ x R;. Set Sy = 00 x (0,T) for the lateral boundary of
Qr and denote by x = (2/,t) = (1,...,7pn,t) a point in R**!. We consider the
following regular oblique derivative problem for the uniformly parabolic operator

P with discontinuous coefficients
n

Pu = u; — Z aij(af)DijU = f(z) inQr,

ij=1
Zu=u(z',0)=0 onQ, (1.1)
n
Bu = Zﬁi(ﬂr;)Diu =0 on St.
i=1

There is a vast number of existence results in Holder and Sobolev spaces for initial-
boundary value problems for linear elliptic and parabolic operators with Hoélder
continuous coefficients a (see [16], [21], [22]). In our considerations, we suppose
the coefficients a” belong to the Sarason class of functions with vanishing mean
oscillation VMO (cf. [28]).

Recall that the class VMO consists of functions with bounded mean oscillation
BMO (cf. [20]) whose integral oscillation over balls shrinking to a point converges
uniformly to zero. The interest to the space VMO is due mainly to the fact that it
contains as a proper subspace the bounded uniformly continuous functions. This
ensures the extension of the LP-theory for operators with continuous coefficients
to the case of discontinuous ones. Moreover, the Sobolev spaces W™ (Q) and
Won/9(Q), 0 < 6 < 1 are also contained in VMO, which makes the discontinuity of
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the coefficients a” € V MO more general than those studied before either for elliptic
(a¥ € Wh™(RQ), [24]) or parabolic operators (Dya® € L"2 Dya® € L"+2)/2 [17],
[18)).

In two innovative articles, Chiarenza, Frasca and Longo ([10], [11]) modify the
classical methods for obtaining LP-estimates of solutions to Dirichlet boundary
problem for linear elliptic equations. This allow them to move from a¥(z) € C°(Q)
into a () € VMO. Roughly speaking, the approach goes back to Calderén and
Zygmund (see [5], [6]) and makes use of an explicit representation formula for D?u in
terms of singular integrals and their commutators with variable Calderén-Zygmund
type kernel. We refer the reader to the survey [8], where an excellent presentation of
the state-of-art and relations with another similar results for linear and quasilinear
(cf. [25]) elliptic operators can be found.

Later on, the articles [4] and [29] consider unique solvability in the Sobolev spaces
sz’l, p € (1,00) of the Cauchy-Dirichlet and oblique derivative problem for the
operator P, while [30] presents existence results for initial-boundary value problems
for quasilinear parabolic equations of the type u; —a% (x,t,u)D;ju = f(z,t,u, Du).
An up-to-date overview of the classical and the modern results regarding elliptic
and parabolic equations with discontinuous data can be found in the monograph
[23].

In the present work we are interested of the Morrey regularity of solutions to
(1.1). Let us note that the parabolic Morrey spaces LP* are subspaces of LP for
every p € (1,00) and A € (0,n +2) (A € (0,n) in the elliptic case). Whence the
existence results in the Sobolev spaces Wg’l for elliptic and parabolic operators
with right-hand side f € LP still hold if f € LP*. A natural question which arises
is whether Pu € LP* implies u € szi It is true for elliptic operators, as it is
shown in [27] (see also [14], [13]). For parabolic operators, in a difference, there is
no results concerning the regularizing properties of the operator P in the Morrey
spaces.

The main goal of the present work is to show that the solution of (1.1) belongs
to W;; (Qr) assuming the coefficients of the uniformly parabolic operator P to be
bounded VMO functions and f € LP*(Qr), p € (1,00), A € (0,n +2). The crucial
point of our investigations is the establishment of suitable integral estimates of
singular integral operators and their commutators with variable parabolic Calderon—
Zygmund (PCZ) kernel. The expansion of the kernel into spherical harmonics allow
us to reduce our considerations over integral operators with constant PCZ kernel
which possesses good enough regularity. Constructing a diadic partition of the space
subordinated to the utilized parabolic metric (the standard one or that defined in
[15]) we derive the desired Morrey estimates (see Section 3). In Section 4, there
are established analogous LP* estimates for nonsingular integrals and commutators
making use of a generalized reflection similar to the one used for constructing of half
space Green function. These results are applied later in Section 5 to derive LP*(Qr)
estimates for the second spatial derivatives of the solution of (1.1). The W;i (Qr)
a priori estimate of the solution is established analogously as the W}?J (Qr) estimate
obtained in [29]. Finally, the Morrey regularity of solution implies Holder regularity
of its gradient (see Corollary 5.2), which is finer than the one known in the case
Pu € LP (cf. [29, Corollary 1]).
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2. DEFINITIONS AND PRELIMINARY RESULTS
Consider the regular oblique derivative problem
Pu = uy — a”(x)Diju = f(x) in Qr,
Zu=u(z',0) =0 on Q, (2.1)
Bu=/{(z)D;u=0 on Sr.

where Q7 = Q x (0,T) is a cylinder in R® x R, n > 1, the base Q is bounded C'*+!
domain in R® and T > 0. Set Sp = 9Q x (0,T) for the lateral boundary of Q7.

Throughout the paper the standard summation convention on repeated upper
and lower indices is adopted. Moreover, we set D;u = Ou/dx;, D;ju = 82u/8xi8xj,
us = Dyu = Ou/0t, Du = (Dyu,..., D,u) means the spatial gradient of u, D?*u =
{Dij}#—; stands for its Hessian matrix and = = (2,t) = (z1,...,2n,t) € RrHL
In our further considerations we shall use the notations R**! = R™ x R, R’}rﬂ =
R" x Ry, and D' =R7 x R,

We suppose that P is a uniformly parabolic operator, i.e., there exists a positive
constant A such that

ATHEP? < a¥(x,0)&¢ < AJE)?, aa.x € Qr, VEER™ (2.2)

Besides that, the requirement the coefficients matrix a = {a% }ii—1 to be symmetric,
leads to essential boundedness of a*’s (cf. [29]).

The boundary operator B is prescribed in terms of a directional derivative with
respect to the unit vector field ¢(z) = (¢!(x),...,£"(x),0) defined on Sy. We
suppose that B is a reqular oblique derivative operator (cf. [26]), i.e., the field £ is

never tangential to the boundary Sp:
l(z)-v(x') = (x)v;(z') >0 on Sy ,¢" € Lip(Sr). (2.3)

Here Lip(St) is the class of functions which are uniformly Lipschitz continuous on
St and v(2') = (v1(2'),...,vn(2')) stands for the unit inner normal to 9.

Denote by Py a linear parabolic operator with constant coefficients aéj that
satisfy (2.2). It is well known from the linear theory (cf. [21]) that the fundamental
solution of the operator Py is given by the formula

1 A yiy;
Fo(y) = { (47T)n/2+/det ag eXp{ B 047— } for 7> 07 (24)
0 for 7 <0,

where ag = {a}} is the matrix of the coefficients of Py and Ay = {AF} = ay*

is its inverse matrix. Hereafter we denote by I'Y and I‘?j the derivatives OI'°/dy;
and 92TV /dy;dy;. In the problem under consideration (2.1), the coefficients of the
operator P depend on x. To express this dependence in the fundamental solution
we define

L exp{ _ AV @yy; (Zq),yiy" } for >0,

M(zig) :{ G (25)

for 7 <0,

where a(z) = {a%(x)} is the matrix of the coefficients of P and A(x) = {A¥(z)} =
a(z)~! is its inverse matrix. The derivatives I'; and I';; are taken with respect to
the second variable y.
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For the goal of our further considerations, besides the standard parabolic metric
p(x) = max(|z'|, [¢|/2), || = (S, x?)l/z we are going to use the one introduced
by Fabes and Riviére in [15]

p<x>=\/ TPV e = ol ). 26)

A ball with respect to the metric d centered at zero and of radius r is simply an
ellipsoid

N
Obviously, the unit sphere with respect to this metric coincides with the unit sphere
in R**1 ie.

061(0) =%, = {x e R 2| = (Xn:xf +t2)1/2 = 1}.
i=1

Let I be a parabolic cylinder centered at some point x and with radius r, that is
I=1.(x)={y e RV |2/ — /| <t — 7| < r?}. It is easy to see that for any
ellipsoid &, there exist cylinders I and I with measures comparable to r"*2 and
such that I C & C I. Obviously, that relation gives an equivalence of the both
metrics and the introduced by them topologies. Later we shall use this equivalence
without making reference to, except if it is necessary.

It is worth noting that (2.6) has been employed in the study of singular integral
operators with Calderén-Zygmund kernels of mixed homogeneity (see [15]).
Definition 2.1. A function k(x) is said to be a parabolic Calderdn-Zygmund (PCZ)
kernel in the space R™T1 if

i) k is smooth on R"T1\ {0};

i) k(ra’,r2t) = r— (2D E(2 t) for each r > 0;

ii1) fp(z):r k(x)doy =0 for each r > 0.

Definition 2.2. We say that a function k(z;y), = € R*1, y € R**1\ {0} is a
variable PCZ kernel, if:
i) k(z;-) is a PCZ kernel (in the sense of Definition 2.1) for a.a. v € R*T;

. B
ZZ) Supp(y):l ' (%) k(l’, y)
Z.

< C(B) for every multiindex (3, independently of

For the sake of the completeness we shall recall here the definitions and some
properties of the spaces we are going to use.

Definition 2.3. We say that the measurable and locally integrable function f be-
longs to BMO if the seminorm

1
151 = sup o / 1F(w) — frldy (2.7)

is finite. Here I ranges over all parabolic cylinders in R"T with radius r, and
centered at some point x and f; = ﬁ J; fy)dy. Then ||f||« is a norm in BMO
modulo constant functions under which BMO is a Banach space.

Definition 2.4. Let f € BMO, ro > 0 and denote

(r0) = sup ﬁ / 150) ~ fudy (2.8)
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We say that f € VMO if v;(rg) — 0 as ro — 0 where the supremum is taken over
all parabolic cylinders I centered at some point x with radius r < ro. The quantity
v¢(ro) is referred to as VMO modulus of f.

The spaces BMO(Qr) and VMO(Qr) can be defined by taking I N Qr and
I, N Qr instead of I and I, in the definitions of || f||. and ¢ (ro).

Having a function f defined in Q7 and belonging to BMO(Q7), it is possible to
extend it to the whole R"*! and the BM O norm of the extension could be estimated
by the BM O norm of the original function. If in addition f € VMO(Qr), then we
may extend it preserving its VMO-modulus, as it follows by the results of Jones [19]

and Acquistapace [1, Proposition 1.3]. The next theorem offers several alternative
descriptions of VMO.
Theorem 2.5. ([28, Theorem 1]) For f € BMO, the following conditions are
equivalent:
(i) fisin VMO;
(ii) f is in the BMO-closure of the space of bounded uniformly continuous
functions;

(i) limy—o If(z —y) — f(2)[l« = 0;

If f is a uniformly continuous function, then its VMO-modulus «;(r) coincides
with the modulus of continuity wy(r). Moreover, for a given f € VMO we can find
a sequence {fx} € L>® N C>®(R™™!) of functions with ¢, (1) = wy, (r), such that
f — fin VMO as k — oo and vy, (r) < v¢(r) for all integer numbers k. In what
follows we use these results without explicit reference.

The problem (2.1) has been already studied in the framework of the Sobolev
spaces W3'(Qr), p € (1,00) (cf. [29], [23]). Precisely, assuming (2.2), (2.3) and
a € VMO(Qr), it is proved that for any f € LP(Qr), p € (1,00), there exists a
unique weakly differentiable function u belonging to L?(Qr) with all its derivatives
DiDju, 0 < 2r+s < 2, such that u satisfies the equation in (2.1) almost everywhere
in @7 and the boundary conditions holds in trace sense.

Our goal here is to obtain finer regularity of that solution supposing that Pu
belongs to the Morrey space LP.

Definition 2.6. We say that a measurable function f € LY, . belongs to the parabolic
Morrey space LP> if for any p € (1,400) and A € (0,n + 2) the following norm is
finite

1/p
1l = (sup 5 [ 17007 29)

where I ranges over all parabolic cylinders in R™*Y of radius r.
To define the space LP*(Qr), we insist the norm

1 1/p
Iflhser = (s 5 [ 1lay) (210
or QrnI

>
to be finite.
. ) oo 2,1
Definition 2.7. We say that the function u lies in the Morrey space WA (Qr),

1<p<oo,0<\<n+2, if it is weakly differentiable and belongs to LP(Qr),
along with all its derivatives D] Diu, 0 < 2r + s < 2. Then the following norm is
finite

Il gy = lullorae + 1D%ullpxer + [ Detllpxr-
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1

For a given measurable function f € L;

operator

we define the Hardy-Littlewood mazimal

M f(x) = sup |17| / |f(y)|dy for a.a. x € R™ (2.11)
I 1

where the supremum is taken over all parabolic cylinders I centered at the point x.
A variant of it is the sharp mazimal operator

f#(z) = sup L / If(y) — frldy for a.a. x € R™T, (2.12)
o 1 Jr

The following lemmas give LP* estimates for f, M f and f#. Their L? variants
are proved in [2]. Analogous LP estimates, but in the space R™ endowed with the
Euclidean metric can be found in [9] and [13]. To prove the LP** estimates below,
we follow the same lines of reasoning as in the paper cited above, making use of the
parabolic metrics p or p and corresponding to them diadic partition of the space:

R =27+ | ¥\ 2FT
k=1
where I is either parabolic cylinder or ellipsoid centered at some point € R*+!

with radius 7. We note that 2¥T means parabolic cylinder (ellipsoid) with the same
center and radius 2¥r.

Lemma 2.8. (Maximal inequality) Let f € LP*, p € (1,00), A € (0,n+2). Then
there exists a constant C' independent of f such that

M fllpx < Clifllpa- (2.13)

Lemma 2.9. (Sharp inequality) Let f be the same as in Lemma 2.8. Then there
exists a constant C independent of f such that

1£llp.x < CLF*lpx (2.14)

Analogous estimates are valid also in ]Di+1 where the corresponding diadic par-
tition of the space has the form

DI =2r, + | ) 2K\ 2k
k=1

where I, = IN{x, > 0,t> 0} and [ is a parabolic cylinder. Then
||Mpr7,\;]D>1+1 < CHpr,)\;DTla ||f||p,>\;]n>1+1 < CHf#Hp7,\;D1+1~

Lemma 2.10. (John-Nirenberg type lemma) Let 1 < p < 00, a € BMO and I be
a parabolic cylinder. Then

(ﬁ flotw) —art dy) " < cwlal.

Lemma 2.11. [4, Lemma 2.10] Let a € BMO. Then, for any positive integer j
and parabolic cylinder T

lagir — ar| < C(n)jllal|«.

The next lemma gives an important property of the Calderén-Zygmund kernels.
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Lemma 2.12. [4, Pointwise Hormander condition] Let k be a PCZ kernel. Then
for any parabolic cylinder Iy of center xo one has

p(zo — x)

k(x —y) —k(xo —y)| < Ck) —/———————=
| ( y) ( 0 y)| = ( )P(CUO _y>n+3
for any x € Iy and y & 21,.

3. SINGULAR INTEGRAL ESTIMATES IN MORREY SPACES

Let k(x;y) be a variable PCZ kernel. For any functions f € LP*, p € (1,00),
A € (0,n+2) and a € L define a singular integral operator K f and its commutator

Cla, f] by

Kf(x) = lim e k(z;x —y)f(y)dy = lim K. f () (3.1)
Cla, fl(z) = lim e k(z;z —y)la(y) — a(2)]f(y)dy
= lim C. f(2) = K(af)(z) — a(z)K f(x). (3.2)

The aim of this section is to derive LP* a priori estimates for the singular opera-
tors K f and Cla, f]. For this goal we are going to exploit the well known technique,
based on an expansion into spherical harmonics (cf. [5], [6], [10], [4]).

Any homogeneous polynomial p(z), * € RY of degree m, solution of Laplaces
equation Au = 0, is called N-dimensional solid harmonic of degree m. Its restric-
tion to the unit sphere Xy is called N-dimensional spherical harmonic of degree
m.

Denote by Y,, the space of (n+ 1)-dimensional spherical harmonics of degree m.
It is a finite-dimensional space with dimY,, = ¢.,, where

g = (m * ”) - (m - 2) < C(nym"? (3.3)

n n

and the second binomial coefficient is equal to 0 when m = 0,1, i.e., go = 1, g1 = n+
1. Further, let {Y5,,(2)}?™, be an orthonormal base of Y;,. Then {Yy, (z)}7m; >

s=1,m=0
is a complete orthonormal base in L*(¥,,1) and
sup

P B
a_ Ysm
TEX py1 <8$> (x)

If, for instance, ¢ € C°(X,41) then ¢(x) ~ >, bemYsm () is the Fourier series

s,m S

expansion of ¢(x) with respect to {Ys,,(x)}, where

< Cn)ym!PH=D72 "y =12, (3.4)

sup (aﬁy)%@)’ (3.5)

bom = / $()Yam()do,  [bom| < CHM™ sup
bt YEX i1

o0 gm

for every [ > 1 and the notation Es’m stands for )" > 7",
We are in a position now to formulate our result concerning singular operators.

Theorem 3.1. Let k(z;y) be a variable PCZ kernel. Then for any f € LP,
€ (1,00), A € (0,n + 2) and a € L™ the integrals Kf and Cla, f] there exist and

lim |- = K = lim [[Ccla, £] = Cla, £l = 0. (3.6)
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Furthermore, there exists a constant C = C(n, p, k), independent of f, such that

IKflpx < Clifllpas [ICla; flllpx < Cllall][ fllp.a- (3.7)

Proof. By density arguments it is enough to prove the theorem for f € C§°(R"*1).
Let z,y € R"*! and y = % € ¥,+1. Having in mind the homogeneity proper-
ties of the variable PCZ kernel, we can write

p(y)" 2 k(z;y) = k(x39) me

Iﬁmwk@w)=pwrm“”2&mmm@ngx@.
(From the Definition 2.2 ¢3) and the estimate (3.5) it follows

lbomlloo < C (1, Bym~2, (3.8)

Let we note that the function k(z, ) is C>° with respect to § and hence it is equal
to its series expansion. So we consider the integrals

k@)= [ o b = )0 (3.9)

/( Z bsm () Hem (x — y)laly) — alx)]f (y)dy. (3.10)

where Hg,, (x — y) stands for the kernel Yy, (z — y)p(z — y)~ (2. We note that
the series

1> b (@) Ham (@ = 1) F@)] < 1F @)D [bam ool Yermlloc

< Ce —(n+2)|f I Z m- m (n—l)/2

converges for [ > (3n — 1) /4. Hence, by the dominated convergence theorem, we
can write

=Y bonls) [ Hunle = )iy (3.11)
sm (z—y)>e
Identical arguments are valid also for the commutator, so

=S () / L Hemla = 9)la(e) )l )y

It is easy to check that Hgp,(z) is PCZ kernel in the sense of Definition 2.1.
Moreover,
sup |V Hom(2)] < C(n)m (172

TEX 41

according to (3.4). Later on, for all z € R"*! we have estimates also for the
derivatives of Hg, (), that is

DiHem(x) =D (Yam (%) p(x)~ ")

p(z
Dy (L e 2~ Dy (E
DiYom (-5) 55 PA) (n -+ 2)p(@) " Dip(a) Yo (75).

Hence
DiHom ()] < C(n)m" /2 p(g)=(+3) (3.12)
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The derivative with respect to t is calculated analogously
|DyHom ()] < C(n)m+1/2 ()= (1), (3.13)

Now it is easy to see that Hs,,(x) satisfies Hormander type condition.

Lemma 3.2. Let Iy be a cylinder centered at xg with radius r. Consider x € Iy
and y & 21y. Then the PCZ kernel Hgp(x) satisfies

Hem(x —y) — Hem (zo — <C(n m(”H)/QM. 3.14

Moz~ 9) ~ Hom(o — )| < Cln) Pl (3.14)
The proof is analogous to that of Lemma 2.12 making use of (3.12) and (3.13).

Lemma 3.3. Let f and a be the same as above. Then the singular integrals

,Csmf(x) =PV Hsm(x - y)f(y)dy,

Rn+1

Csmla, fl(x) = P.V. Hsm(z —y)[aly) — a(z)] f(y)dy

Rn+1
satisfy the estimates
(Ko f)#(2) < Cm™ (M(f17)(@)) " (3.15)

n+1

(Coml, F)/#(@) < Cllall{ (M(KCam fI7) @) P +m™* (M(FP))P ), (3.16)

where the constants depend on n, p, A but not on f.

Proof. For arbitrary xq € R™*! and cylinder I centered at zq with radius », we
construct the operator

1
T /I Komf (9) — (Ko f)1] da
_ L / Ko (9) — Komar f (20) + Kamar f(20) — (Ko /)1 d
1/,
< % /I Ko £ (9) — Komar f (20)] d,

where Kynar f(20) = [, _p0)sar Hom (2o — y) f(y)dy. We define (21)¢ = R\ 21

and write f(z) = f(z)x21(z) + f(@)x @0 (x) = fi(z) + f2(z). Hence
(K ) (20) <= / K f1 )]y
+ |f| /I Ko fo(y) — Kamar f(@0)|dy = Jy + Jo.

Thus,

C 1/17/ 1/p C
< = P -_v
s G (fra) " ([rmbiorar) = S,

C Al < COM(FP)0))

<
]|1/p
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after applying [15, Theorem 1] and taking the supremum with respect to I. The
second integral gives

C
J2 S |I|/] < /(QI)C |Hsm(y - 5) - Hsm(xo - €)| |f(€)|d£> d
< Omm+D/2 |}| (/21)0 wmg)dg) dy

comenS [ O

2k+11\2k ] p(xo — &)

< Cm /2 f) e (] 1d5)w (/ If(f)l”dé“)l/p
= tm " st (Qk’l“)n"'?’ ok+1] ok+1T

< Cm(/2_2 Z L e L £ (€)|Pde v
2 (2k(n+3) 25H1T] Jorrag

< CmmH)/2 (M(Iflp)(xo))l/ ’

where we have applied Lemma 3.2 for the cylinder I centered at zy and containing
y while £ € (2I)¢. The final inequality has been reached after taking the supremum
with respect to I. Since zy was chosen arbitrary, the estimate (3.15) holds true for
any z € R*FL

As it concerns the commutator we shall employ the idea of Stromberg (see [31])
which consists of expressing Cq,[a, f] as a sum of integral operators and estimating
their sharp functions. Precisely

Comla, fl(x) = Ksm(a —ar) f(z) — (a(z) — ar)Ksp f(2)
= Ksm(a —ar) fx21(x) + Ksm(a — ar) fxare(x) — (a(x) — ar)Ksn f(z)
= A(z) + B(z) + C(x).

Now for any p > 1 and ¢ € (1,p) we have

Gl :ﬁ/‘A((E)_AI|dx< |I| /|K5m - fle( )‘dl‘

1/q , 1/¢
(//Cgm —aq)fxar(zx )|qu) (/ 19 dz)
|1\ I
1/p (p—q)/pq
<t ([ iswrar) ([ o - arrrag) T

as follows from [15, Theorem 1]. Further the John-Nirenberg type lemma and
Lemma 2.11 applied to the second integral yield

la(y) — aI|pq/(pfq)dy < / la(y) — a21|pq/(pfq)dy +/ laor — al‘pq/(pfq)dy
21 21

21
< C(p,q)al P~

and hence

1/p
G1 < Cllall <|21[ /H f(y)l”dy> < Clalls (M(|fP)(w0)) "
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To estimate the sharp function of B(x) we proceed analogously as we did for K, f

1 2
Go= /1 Ba) = Blde < /1 |B(z) — B(xo)|da.

The integrand above satisfies

|B(z) = B(xo)| = |Ksm(a — ar) fx2r)e () = Kem(a — ar) fx 21y (20)|
< / Ham (1 — ) — Ham (20 — 9)] |a() — axl|f )|y

(21
la(y) — az\lf(y)\dy

p(xo —y)™+3

O T S A T B
< C(n)mtH/2y / dy / i dy ,
<Ol 2nye p(To —y)"*3 @ne p(To —y)" 3

+ L =1, as consequence from the Hérmander pointwise estimate since = € I and
S

< Clum ™ 2p(ay ~ z) [
(2I)e

’

1
P
y e (21 )C. The first integral above is estimated directly

()P
dy = / 7(131
e P(To — "+3 Z ok+1p\or g P(To — y)" T3
(2k+1,,,)n+2 1 2n+2

pd <
=2 @ ]y, TN S

while the second one is estimated by the help of Lemmas 2.10 and 2.11

‘a’( _al|p / —a1|p/
1aty) = arf” 7@
/(2I)c p(wo — ”+3 Z okt1p\okr P(To — )3

]. /
— P d
(ri)n-l-?) /2k+1[ |a’(y) CL]‘ Yy

1 , ,
— P d 1y — Py
(2kpyn+s </2k_+11 |a(y) — agerf|” dy + /2k+11 |agr+1r — ar| y)

M(|f17) (o),

k=1
C(n,p") (k+1)? _ C(n,p) ,
< 4 < b
=2l kZ o < =2 lall?
Hence
n 1
G < C(n, p)ym ™72 |a||, (M(| f17) ()",
Finally,

Gs =7 [10(@) = Cilde < 7 [ late) = arlln f (@)l

1 ) 1/p’ 1 1/p
<2 ( m/j|a(:z:) —ar|? dx) ( m/Ilcsmf(as)l”dx>

< C(p)llall. (M(|Kom f17) (20)) /7.

Combining G1, G2, G3, taking the supremum with respect to I and having in mind
that the point was chosen arbitrary we get (3.16). O
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The above lemma and the sharp inequality yield LP* estimates for the integral
operator K, f and its commutator.

Lemma 3.4. Let f, a, Kgnf and Cspla, f] be as above. Then

1K sm fllpn < Cm D2 £\ (3.17)
|Camlas flllpx < C T2 ]| £]]p,x (3.18)

where the constants depend on n, p, A but not on f.

Proof. We are going to estimate the LP** norms of the sharp functions of the cor-
responding operators in order to employ the sharp inequality (Lemma 2.9). Let we
note that (3.15) holds true for any ¢ € (1,p). Therefore, the maximal inequality
(Lemma 2.8) asserts

/ |(Ksm )F (@) [Pdz < O +0P/2 / |M(If[P) P/ () da
I I
< Cm(n+1)p/2r>\HM(|f|q)H:D/q < Cm(n+1)p/27“)‘”|f|qu/q

/N’ /A
< Cm("+1)p/2r>‘\|f||p7x

Dividing of 7* and taking the supremum with respect to r we get

1o £)# llpn < Clr, p)m V2 f 0

and the assertion follows from Lemma 2.9.
The LP estimate for the commutator follows analogously. After using (3.16)
for ¢ € (1,p) and applying the maximal inequality we arrive to

/I |(Comla, S (@)Pde < Cln,p|allzr {ICom fIIE 5+ m D2 11 )
and by the help of (3.17) we get
[(Csmlas N#lpx < Cn,p)lallem™ D72 Flpx
which leads to the assertion after applying Lemma 2.9. [

Lemma 3.5. Denote by Ksmef and Csmela, f] the nonsingular integral operators
with constant PCZ kernel

—y) = Hsm(x —y) forplx —y) >¢
0 for p(z —y) <e.

Then for any functions a and f as above, we have

HICsmeprA < C(n7p)m(n+l)/2||f||P,)\ (319)
[Comela, fllpx < C(n, p)m ™ D/2 all ]| ]lp,a- (3.20)

Moreover

gii% ”ICSmEf - ICsmf”p,)\ = Ehi% ”Csms [a, f] - Csm[av f]

o = 0. (3.21)
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Proof. Fix an ellipsoid & = E.(x¢) = {y € R"™': p(xg —y) < ¢} and set for &, /o
the ellipsoid centered at the same point with radius €/2. Hence

C
Ksmef(wo) = m |’C5m5f(l'0)|dy

55/2

C c
< — .
< o [ Woond @ty + iy [ Woamed a0) = Km0l

The density f could be written as a sum of the kind
f(x) = f(@)xe. (x) + f()xee (@) = fi(z) + falz)

which allows us to write K f = Ksm f1 + Ksm fo and hence

C
K:smsf(xO) :WL ”Csmfl(y)‘dy

e/2

C
+ W / ‘K:smf2(y) - Ksm&f(xO)’dy = El + E2~

55/2

The first integral is analogous to J; from Lemma 3.3 and hence
1
By < C(M(1f|7)(x0)) "

for any ¢ € (1, p).
The second integral is analogous to J; and hence

By < Cm+D/2 (M (| £19) (o)) /*

for any g € (1,p).

Since the point xy was chosen arbitrary, the estimates hold true for any 2 € R**+1.
Using the same arguments as in the proof of Lemma 3.4 we get the desired estimates
(3.19) and (3.20).

It is known from [15] and [4] that the limits

&11_1)% Ksmef(l') = ]Csmf(w)v &11_{% Csms[a; f](l’) = Csm[aa f](x)v

there exist in LP. This allows us to assert that taking ¢ — 0 in (3.19) and (3.20)
we get exactly (3.17) and (3.18), respectively, and the assertion (3.21) follows. O

Now, after giving the proofs of several helpful results, we shall turn back to the
proof of Theorem 3.1.

First of all, the spherical expansion of the kernel leads to expansions of the
nonsingular integrals K. f and C.[a, f], that is

Kof(x) = bom(2)Kame f(2), (3.22)
Cela, fl(z) = D bsm(@)Comela, f1(x) (3.23)

In Lemma 3.5 we show that K. f and Csme[a, f] are bounded in LP** uniformly
with respect to €. Moreover, the series

> bsmKame Fllpa < Cllfllpa Y m-2Hnan/2He=1),

s,m m=1
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Zl\bémcme fllox < Cllalll| fllp mew n+1)/2+(n-1)

m=1

are totally convergent in LP**, uniformly in ¢ for [ > (3n + 1)/4. Whence

1K fllpx < W fllpxs [ICe[as fllpx < Cllall][ fllp.x
with C' = C(n D, A, k). Setting

stm amf ) C[av.ﬂ(m) = stm(x)csm[aa f](x)a

we obtain through Lemma 3.4

IS llpx < Cllfllpas lIClas flllpa < Cllall[1fllp.a-

Finally, the dominated convergence theorem, applied in LP** to the series expansions
(3.22) and (3.23) gives

hm K f(z) =lim Z bom (2)sme f(x Z bem (z hm Ksme f(2)

—stm smf ) f(x)a

lim C.[a, f]( stm ) lim Comela, f1(z) = Cla, f)(x).

This completes the proof of Theorem 3.1. O

Theorem 3.6. Let Q be a cylinder in R"™ and k(z;y) be a variable PCZ kernel
defined in Q. Let f € LPMQ), 1 <p<o0,0<A<n+2anda € BMO(Q). Then
Kf and Cla, f] belong to LP Q) and

lim [ f — Kf 0 = 0 (3.24)
tim [1C.fa, /]~ Cla, f)lxq = 0 (3.25)
uniformly with respect to €. Moreover, the following estimates hold true
IKflpxe < Cllflloxe (3.26)
ICla, flllp.xe < Cllallll fllpxe (3.27)

where the constants depend on n,p, A and the kernel k.
Proof. Define the functions

E(I ) _ k(iE,y) fOI‘ T E Q7 Yy € RnJrl \ {O}a
v= 0 elsewhere,

- flz) forz e Q,
Flay = {717
0 for z £ Q.
Define the operator Kf(z) = [gni1 k(z, 2 —y) f(y)dy. So we can consider Kf as a
restriction of K f on Q Wthh means
1K f = Kfllpng < 1K f = Kfllpa-

Then (3.24) follows from (3.6).
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The extension theorems for BMO functions (cf. [19], [1]) allow to define a €
BMO(R™1) such that a|o = a. Arguments similar to those already applied for
Kf lead to (3.25). Finally

1S o < IKFllpx < Cllfllpr = Cllflpre-

The estimate (3.27) follows in the same manner. [J

Theorem 3.7. Let k(z;y) be a variable PCZ kernel and a € VMO N L™ (Q) with
VMO modulus ~,(r) defined by (2.8). Then for any € > 0 there exists a positive
number rog = ro(e,v,) such that for any r € (0,r9) and any parabolic cylinder
I, C Q one has

ICla, flllpxsz. < Cell fllpair, (3.28)
for any function f € LP(I,.).
Proof. As it was pointed out above, by the equivalence of the topologies induced
by the standard parabolic metric and the metric (2.6), we may prove the theorem
in ellipsoids instead of parabolic cylinders. For this goal we consider &, centered at
ro and of radius r

I \2 _ 2
(JL' -130) + (t TIO) < 1} and 870 — Rl \57

57“ = {l‘ S Rn+1l D)

,
From the properties of BMO and VMO functions (see Theorem 2.5), it follows
that for any € > 0 there exists a number r¢(g,v,) and a continuous and uniformly
bounded function g with modulus of continuity wgy(r) < €/2 and ||a — g« < /2.
Fix an ellipsoid &, C @, such that r € (0,79) and construct a function

g(z) for z € &,
g(arg + %o _%),to + 2 _t-to ) for x € E¢

p(z—z0

h(z) =

p(zo—z)?

which is uniformly continuous in R"*! and its oscillation in £ equals the oscillation
of g over the surface 9&,. Then the oscillation of h in R"*! is no greater than the
oscillation of ¢ in &,,. Then

ICla, f]”p,)\;&» <|Cla — g, f]”p,)\;& + [IClg, f]”p,)\:,gr'

The first norm could be estimated according to (3.27). For the second one we
employ the constructed above function. Whence

ICla, flllpxe. < C(lla— gl + [[hll) [ fllpxe.
<C(lla—glls+ wg(TO)) ||f||p,>\;5r < Ca”f”p)x;fw

4. NONSINGULAR INTEGRAL ESTIMATES IN MORREY SPACES

Suppose now that the coefficients of the operator P are defined in ]D)T“l and
construct a generalized reflection T in the next manner. Denote by a”(y) the last
row of the matrix a = {a"} and define

a"(y',t)
anmn (y/7 t) ?
for any 2’,y" € R’} and any fixed ¢ € Ry. Obviously, T maps R’} into R” and

k(z,T(x)—y) turns out to be nonsingular kernel for any z,y € Drffl. The following
LP estimates concerns integrals with kernels like that.

T2ty t) =2 — 2z, T(x) =T(2' t;2,t), (4.1)
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Theorem 4.1. Let f € LPAD'™), a € L>(D™) and

Rf@) = [ b T@) =)y

Cla. i) = [ Mo () = laly) = ala) )y

be integral operators with nonsingular kernels. Then there exist constants depending
onn, p and X, such that

||I(:f||p,)\;]D)i+1 < CHf||p,>\;Di+l (4.2)
1Cla Al nprss < CllalallFl e (43)
Proof. For all x = (x1,...,2n,t),x, > 0 we define T = (z1,...,—x,,t) for any

t € Ry. Then there exist two positive constants C; and C5 depending on n and A,
such that

Cip(Z —y) < p(T(x) —y) < Cop(Z —y)
for every x,y € D™ (cf. [10], [4]). We consider again the expansion in spherical

harmonics of k(z;T(x) — y). For the numbers s and m as in (3.3) and (3.4), we
have

YS T(x
k(CC T Zbgm p( (EL‘) _y n+2 stm sm ( )*y)

=3 bem(@) Haom(T(z) — y) f(y)dy = stm Kam f(z).

Dyt
(From the properties of the spherical harmonics (3.3) and (3.4), it follows
(=172 m(n=1)/2
2 =0 T2
p(T(z) —y)" p(& —y)"

|Hsm(T(x) - y)| S C

Consider the operator

_ f(y)
Rf(x) = /ID)T’l o = )2 dy (4.4)

for which | K f| < C(n, A)m=D/2|Rf|. We choose zo = (z”,0,t), " € R"1 t €
R, and consider a cylinder I = I,.(x() centered at x¢ with radius r. As usual 271
means Ik, (xg) for any integer k, I, = I N{x, > 0,t >0} and I_ = IN{z, <
0,t > 0}. Then we can write f(x) as

f(z) = f(x)xar, (z) + Z (@) xartrp \orr, (T Z Jr(z

It follows from [4, Lemma 3.3] that,
||Rf0||g’1+ § HRJIOHZDKH § C(n7p)||f0||§,]mi+l

=c [ VP < Coup NP o

oI,
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Later on,

\Rfi(w)] < / £ (y)]

o+t p(T —y)nt?

where p(Z — y) > ple —y) > r(2¥ — 1) > 2¥ 1y since 2 € I,, ¥ € I_ and
y €2k, \ 2F1, . Hence

R < ( / W) IXrsr\20r, () dy)

p(T —y)t2

p
1
S @iy (/2k+11+ If(y)dy>

/

1 p/p
< — 1 P
< Gy ( Lo dy) ( f, i) dy>

é C(n7p7 )\)2k(k_(n+2))rk_(n+2)||f||§ Dt
AsDy

and

A k(A—(n+2)) p
| IRF)Pdy < Cr ;2 I xipma-

The series above is convergent since A < n + 2 and therefore
1B F 1 pnes < Clp Nl s (45)
(From the expansion of K f it follows

||ICf||p,)\;]D)i+1 < Z ||bsmHooHKsmf||p,>\;Di+1
s,m

< C(n,p, A\ M)l A Z =2+ (n=1)/2+(n—1)
m=1

for any [ > 0. So the series converges for a suitable choices of [ which proves (4.2).
The commutator could be written as a sum of integral operators analogously as
it was already done for KCf

Cla, f1(x) = bsm(2)Camla, f1(=).

Moreover, using similar arguments as those for K f, we get

Conla gl < =2 [ 1Dl g
| ol D+ p(T —y)nt2 |f(y)|dy
Denote by

Ruf@) = [ O )iy

1 p(E—y)"
From [3, Theorem 2.1] we have that for any ¢ € (1,p) there exists a constant C(q)
such that

[(Raf)# (20)] < Cllall. { (M(RIF)?(20)""" + (M| (20)) "}
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for every zg € ]DT'I. Let o = (2”,0,0), » > 0, f € LP*. Hence

(Raf )Py <Clal{ [ (r(RIf) ()" "ay
I I
+ [ Qa7 dy} = Clallztn + ).

It is easy to see that

(RIfl(@) = ( /L. %@)

a/d’
dy O -
(‘/DiJrl p(j _ y)n+2> (‘/DiJrl p(i _ y)n+2 dy) S CR(‘f| )( )7

Ju< [ IM(R(S1) @) de < o[ M(R(FI)I

IN

whence

I, p/g,\DYH
A

< PIRUADI)S g

<N i ST s

as follows from Lemma 2.8 and (4.5). Analogous arguments allow us to estimate
Jo. Using the sharp inequality, we get

[Comlas Ul aprtr < Cm(n_l)/2||a||*\|f||p,x;m>j_+1-

The representation of the commutator Cla, f] as Fourier series gives

€T, Al sprer < Cllallelfllp pprr Y m—/2-204 )

m=1
and the series converges for [ > (3n — 1)/4 which proves (4.3). O

Corollary 4.2. Let I, be a parabolic cylinder in Riﬂ, a € VMO N L>®(I,) with
VMO modulus v,(r). Then for every e > 0 there exists a positive number ro(€, V),
such that for every f € LP (1), r < rq is fulfilled

ICla, flllp.xir. < O, A Ael| fllpair, -
The proof is analogous to that of Theorem 3.7.

5. A PRIORI ESTIMATES, EXISTENCE AND UNIQUENESS

Theorem 5.1. Suppose a’/ € VMO(Qr) and conditions (2.2), (2.3) to be fulfilled.
Then for every f € LPA(Qr), 1 <p < o0, 0 < X\ < n + 2, the problem (2.1) has a
unique solution u € W;i (Qr). Moreover, it satisfies

lullwa1 () < Cllflprer (5.1)

where the constant depends on n,p, \, A, T,0Q and the VMO-moduli of a*.
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Proof. We begin with the establishment of the a priori estimate (5.1). Let u €
W2(Qr) be a solution of (2.1). Its existence follows from [29] having in mind
that LP*(Qr) is a subspace of LP(Qr) for every p € (1,00). To estimate the LP*
norms of the derivatives D;;u of this solution we use their representation inside the
cylinder (cf. [4]) and near the boundary (cf. [29]).

Step 1: Interior estimate. By density arguments, we consider u € C§° (RT‘l)
and u(2’,0) = 0. For « € supp u the following interior representation formula holds

(cf. 4])

Dyu(e) =PV. [ Tyj(aio =) { (@) = ") Dusly) + )}

(5.2)
+ f(:zc)/E Tj(z;y)nidoy,

where T';; are the derivatives of the fundamental solution (2.5) with respect to the
second variable, and n; is the i — th component of the outer normal of the surface

St
As it is shown in [15], I‘gj is a constant PCZ kernel. Later on, from the bound-
edness of the fundamental solution (cf. [21])

(;y)ﬁm;y)

it follows that I';;(x;y) is a variable PCZ kernel. Define

sup
YEX 11

<C(B,A)

Kijf(z) = P.V. Lij(x; 2z —y) f(y)dy,

]Rn+1

Cilaufl(@) = PV. [ Tis(asa = plaly) - (@) f(0)dy

Rn+1
= Kij(af)(z) — a(z)(Ki; f) ().
Hence for x € supp u
n
Diju(z) = Y Cijla"™, Du(z) + Kij f () +f(33)/ Lj(z;y)nidoy.
hok=1 Snt1
Consider parabolic cylinder I with radius r. From Theorems 3.1 and 3.7 it follows
||D2U |;D,>\;I <C ('Ya(ra)HDzquJ\;l + ||f”p7>\;1) : (5.3)
Choosing r smaller, if necessary, such that Cvy,(r) < 1, we get
||D2u oI S Cfllpar < Clifllp e

where the constant depends on n,p, A, 4 (7), || DT||cc. To estimate u; we employ
the equation

U = a¥ (gc)Diju + f(LL')
and the boundedness of the coefficients. Hence,
l[wellpar < C”“”OOHDz“HpA;I + 1 fllpxr
< CHpr,)\;QTv

where C' = C(n,p, A, A, | DT||os, a(r), llallo,@r ), where [lallco,or = max [[a®|.qx
where the maximum is taken over 4,7 =1,...,n.
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The estimate of the solution follows from the representation u(z) = fg us(2’, s)ds
and the Jensen inequality, which give

[ullpxir < cr?|f lpAQr
where the constant depends on the same quantities. Combining the estimates above
we get that for any parabolic cylinder I, such that I N Sy = (), we have
lullwzsry < Cllfllpascr (5.4)
DA

Considering a cylinder @' = Q' x (0,T) with " € Q, making a covering of @’
by parabolic cylinders I,,, a € A, considering a partition of the unit subordinated
to this covering, applying (5.4) for each I, and using the interpolation inequality
to lower order terms we get

iz < CIflpxser + +Hlullpxer), (5.5)

where Q" = Q" x (0,T) and Q' € Q" € Q and the constant depends on n, p, A, A,
T, |IDT o, Ya(r), llallo.or-

Step 2: Boundary estimate. Let us suppose now u € Cg"(D’j_“). Define the
semycilinder

By ={zeD?": 2| <R, z,>0, 0<t<R?}

with a base Q; = {|2/| < R, z,, > 0} and S, = {|2"| < R, x, = 0,0 < t < R?}.
Consider the problem

Pu =, —a’(z)Diju= f(z) ae. in By,
Zu = u(z',0) = Oon O, (5.6)
Bu = ¢*(z)Dsu = Oon Sy

Than we have the following boundary representation formula for the second spatial
derivatives of the solution of (5.6) (cf. [29])

Diju(z) = Lij(z) — Jij(x) + Hij(x)

where

Ij(x) = PV. / T,y (s — y)Flasy)dy + £(x) / L, (s y)nadoy,
By Snt1
wj=1,...,n;

Jis(z) :/ Loy (@:T(2) — oot — ) F(@sg)dy, 6,j = 1,...on—1;

Tn@) = Ju@) = [ S TaleT@) /st - 7) (ﬁf:))lm;y)dy

+ =1

1=1,...,n—1;

/B Z Tos(2;T(z) —y t —7) (aaTJff)y <agx(:))sF(x;y)dy;

+1,s5=1

H;j(xz) =P.V. i Gij(z;2" =y xp, t — 7)g(y", 7)dy" dr
+

+g(x//at) / Gj(x;y//axna’r)nido—(y“ﬁ)'
pan
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In the above expressions T'(z) is given by (4.1) and

) (pmle) gl )

Oy, am(z)’ 7T ann(x)
gy, ) = [f’“ (0) — ¢* (y”m)} Dru(y”, ) — £%(0) [(Fk “F)|
F(zyy) = f(y) + [a"*(y) — a"*(2)] Dpru(y)

and G =I'Q where Q is a regular bounded function.
We will use in the sequel the following notations

Rifw) = [ Dot — e = rw)dy

Jwno,

Colaufla) = [ Tis(aT(a) =o't = 7)lalw) = alw)f ().
+
Hence
Lij(z) = Kij f(2) + Cij[a"*, Dppu] (2), i, =1,...,m;
JU(I) :Etjf(x)+5lj[ahk thu](gj)a 7’5]: 1,,71
Note that the components of the vector g @) are bounded so the integrals J;, and

Jnn can be presented as a sum of nonsmgular integral operators, exactly as J;;,
1,j # n. jFrom Theorems 3.1 and 4.1 it follows

1 Tijllpxss < C (I1flpxiss +Ya(R)ID?ullp 5, ) ,
[ Tiillpxsss < C (I1fllpxiBs +Ya(R)||D*u

To estimate the LP* norm of H;; we suppose that the vector field £ is extended in
B preserving its Lipschitz regularity. This automatically leads also to extension
in B4 of the function g

glw) = [£(0) — ¢"(@)] Dyulz) = £*(0)(Ti + F)(@). (5.8)

Moreover, since G is a product of the fundamental solution I" and a regular
function Q, the derivatives G;; possess properties similar to that of I';;. Now using
[29, Theorem 1] we write

(5.7)

|p7>\;B+) :

Gij*29=PV. Gij(x;a" =y an, t —7)g(y", 7)dy" dr
St

[ iGysgric<o( [ jgracs [ |pgpas)
BinI BinI BinI

1 1
<orM= lg|Pdx + — |Dg|Pdx ),
Y Y
" JBinI " JBinI

where [ is a parabolic cylinder with radius r. Taking the supremum with respect
to r we get

1Gij %2 gllpxiz, < C (lgllpximy + 1Dgllpxs,) -
The second integral in H;; is a product of g and bounded surface integral, hence

1 1
il 5. < O (510l s + 51091 0 )
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Taking the supremum with respect to r we get
| Hij

lpaBs < C(||g||p,>\;B+ + ”DQHPQ\;BJ'
An immediate consequence of (5.8) is the bound
9llpxis < H[[k(o) - ék(y)]Dku(y” pxsBy T ClTk * Fllp B, -
Denoting by [|£||rip(s,) the Lipschitz constant of £, we have

11£(0) = W) Dxu)llp. x5, < CR [lluipiso) [ Dullpxis,

Later,
1Tk * Fllpxs, < Tk * fllpas, + 1Tk * @) = ane(@)] Drrul) lp.s, -

The convolution Ty, * f can be considered as Riesz potential [16, Lemma 7.12] and
the estimate is achieved as in [29, Theorem 1]

/ Ty # f]Pdz < CRY / fPde < CR| s,
B+ﬁI

B NI

Taking again the supremum with respect to r, we get
IT% * fllpxiy < CR||fllp.xiB. -

It is known from the properties of the fundamental solution that 'y, € LllOC and
it behaves like p(z)~ (1. Multiplying and dividing by p(x — y) we can apply the
theorems for integral operators with singular kernels. Note that p(z —y)~ ("2 is a
non-negative measurable function and we can apply [3, Theorem 0.1]. By the same
technique as above, one gets

|a"* (y) — a"*(2)|| Dpru(y)]
B, p(z —y)m+?
ITx * Fllpxz, < CR([[flpnn: +Ya(R)ID?*ullprn,)
I9llp. i, < C(R*|Dullprs, + RIfllprn, + Bya(R)|D?ullp x5, )-

Further, the Rademacher theorem asserts existence almost everywhere of the deriva-
tives Dy % € L>(Q7). Thus,

Dyg(x) = —Dpt*(2) Dyu(z) + [£¥(0) — £%(2)]Dpu — £5(0)(Trp  F).

The LP norm of the last term is estimated according to Theorem 3.1 while the
others two are treated as above. Hence

IDgllpxis, < C(I1Dullpxs, + B2D*ullp.5, + 1fllpxs, +Ya(R)D*ullp x5, ) -

Finally, applying the Gagliardo-Nirenberg interpolation inequality to || Dul|, 5, , we
obtain

Ui+ [a"*(-) — "* ()] Dpru(-)| < CR

dy,

1
[ Dullp,x;5, <C (g|u||p,A;B+ + 5|D2u||p,A;B+> :

Choosing € = R(R + 1) for R small enough we get

1
||Hij||p,>\;B+ <C <R||Up,>\;B+ + Hf||p,A;B+ + (R+’Ya(R))||D2Up,>\;B+> .

p7A;B+) )

Combining the last inequality with (5.7), we get

||D2u

1
o <€ (glulbns, + 1 loe, + (R +() 0%



EJDE-2001/51 PARABOLIC EQUATIONS WITH VMO COEFFICIENTS 23

whence, taking R small enough (recall v,(R) — 0 as R — 0), one obtains

ID%ullpxip, < C (nf

1
s + e ).

Expressing u; from the equation we get
1
foudpaz, <€ (o, + bz, ) (5:9)

Now, writing u(z) = [}

o Us(%', s)ds and making use of Jensen’s inequality and (5.9)
we obtain

lullp.ris, < CR*lurllpan, < C (B[ flpxis, + Rlu

|p,>\;B+) :

Hence, choosing R smaller, if necessary, we get |up.x;5, < C| flp.r;p, and there-
fore

pxiBy < Cllfllpxor (5.10)

for each solution to the problem (5.6). Making a covering {B,}, a € A of the
boundary St such that Q7 \ Q" C J,c4 Ba, considering a partition of the unit
subordinated to this covering and applying the estimate (5.10) for each B, we get

||U||W;:;(QT\Q/) < C(n,p, A, AT [ DT oo, va (1), lallso) [/ llp.xi@ - (5.11)

w25, < CIIf)

The estimate (5.1) follows from (5.5) and (5.11).
Step 3: Ezistence and uniqueness. The uniqueness of the solution v € W;; (Qr)
of the problem under consideration follows trivially from the a priori estimate (5.1).
The existence of the solution can be proved by the method of continuity, as it is
done in [29]. For this goal we connect the solvability of (2.1) with the solvability
in W;i (Qr) of the problem

Hu=u; — Au= f(x) ae. in Qr,
Tu=u(z',00=0 on Q, (5.12)
Bu= (¢ (x)Diu=0 on Sr.

Obviously, for any f € LP*(Qr) the above problem is uniquely solvable in sz’l (Qr)
(cf. [21]). In the representation formula of the solution of (5.12) the commutators
disappear, so it is not difficult to establish the appropriate LP*(Qr) estimates
which ensure solvability in Wi;(QT) of (5.12). O

Let us recall that when u € W2 its derivatives D;u are Holder continuous
functions for p > n + 2 (see [21], [29, Corollary 1]). It is worth noting that the
Morrey regularity of the solution implies a Holder regularity of D;u for values of p
smaller than n + 2.

Corollary 5.2. Suppose a”’ € VMO(Qr), f € LPNQr), p € (1,00), A € (0,n+2)
and the conditions (2.2) and (2.3) to be fulfilled. Let u € W;i (Qr) be a solution
of the problem (2.1). Then

i) u€ CY(Qp) with a = n+_1 + # forp>n+1)(n+2-X);

ii) Du € C%?(Qrp) with B =1+ % - "T'f2 for A > max{0,n + 2 — p}.
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Proof. The assertion ¢) follows directly from Theorem 5.1 and [12, Theorem 4.1].
The second assertion could be achieved by the parabolic Poincaré inequality [7,
Lemma 2.2]

/ |Du — (Du)gpnr | dxdt < rp/ (Jue? + |D?ul?) dzdt
QrnI QrnI

< O ullwzs op)-

This implies that the gradient Du belongs to the space of Campanato £PPH(Qr).
It is well known (cf. [12, Theorem 3.1], [23, § 3.3.2]) that for p+A € (n+2,n+2+p)
the space LPPTA(Q7) coincides with C%#(Q,) with B=(p+ X —(n+2))/p. O

Acknowledgements. The author is very indebted to the referee for the valuable
remarks which led to improvement of the paper.
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