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ON THE MULTIPLICITY OF SOLUTIONS FOR A FULLY
NONLINEAR EMDEN-FOWLER EQUATION

MARCO SQUASSINA

ABSTRACT. We are concerned with the existence of two solutions for a fully
nonlinear Emden—Fowler type equation. One solution is obtained via local
minimization while the second solution follows by a mountain pass argument.
A non-existence result in strictly star-shaped domains is also proven.

1. INTRODUCTION

Let M be a C* compact connected manifold of dimension two and g a metric
on M. As known, the problem of finding a conformal metric ¢’ such that the scalar
curvature of (M, g’) is equal to a given function K(x), gives rise to the following
problem (scalar curvature problem, Nirenberg 1974)

—Agu+ Ryu = K(x)e®™, ¢ =eg, (1.1)

where R, denotes the curvature of M and

S 1 9 iy 0
A, ;1 Aot (g) <\/ det(gij)g axj)
is the Laplace-Beltrami operator. Problems like (1.1) are also involved in the study
of stellar structure and in nonlinear diffusion and heat transfer in chemical kinetic.

Starting from these geometrical and physical motivations, let us consider a
smooth bounded domain (2 in R™ with n > 2 and a possibly changing sign function
K in L9(£2) for some ¢ > 1 with £ > 0 a.e. in an open ball B of 2. When n = 2,
the semilinear elliptic equation with exponential growth

—Au=K(z)e* in 2
u=0 on 912,

has been studied in 1974 by Kazdan and Warner in [9] and in 1992 by Brézis and
Merle in [5]. In the case of the p—Laplacian problem (p > 1 and A > 0)

—Apu = AC(x)e* in 2

u=0 on 012, (1.2)
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a complete picture has been given by Aguilar Crespo and Peral Alonso in 1996
in [1]. In particular, it was shown existence of solutions of (1.2) for A small (one
solution for p < n and two solutions for p > n) and nonexistence for values of A
sufficiently large. The case p < n was treated by a fixed point argument, while the
case p > n was investigated by classical critical point methods. (see also [3]). In
this note, we are concerned with the following more general problem at exponential
growth

—div (VeL(z,u, Vu)) + D L(z,u, Vu) = MC(x)e* in 2
u=0 on 0f2.

For nonlinearities of power type problems like (1.3) have been studied in [2] and
recently in [10, 12] by techniques of non-smooth analysis Analogously, in our case
the functional fy : Wy"*(£2) — R associated with (1.3)

/EmuVuda:— /IC e dx, (1.4)

is well defined for p > n, smooth if p > n by the Morrey embedding
Wo(2) — L=(92),

(1.3)

but fails to be regular when p = n unless £ does not depend on u or it is subjected
to some very restrictive growth conditions. Indeed, with natural growth conditions
(see (1.5) and (1.6) below), in general, being

Vs < +o0: W) (02) — L*(£2) but Wy () > L=(£2),
if u € Wy (£2) it may happen that
DoL(w,u, Vu) & WH(02),

so that f) is not even locally Lipschitzian. Therefore we focus on the case p = n
and prove the existence of at least two nontrivial solutions in W, " (£2) of (1.3) for
A positive and small. To solve (1.3) we look for critical points of (1.4) in the sense
of non-smooth critical point theory (see [6, 12] and references therein). The case
p > n may be treated in a similar fashion via classical critical point theory.

We assume that £ : 2 xRxR™ — R is measurable in z for all (s,£) € RxR"™ and
of class O in (s, &) a.e. in §2. Moreover L(x, s, -) is strictly convex, n—homogeneous
with £(z,s,0) = 0 and the following conditions hold:

() there exist a; € L1(£2), r > 1 and by, by, bz, v > 0 such that:
v[€]" < Lz, 8,&) < bols|” + bol€]", (1.5)
|D5£($,S,€)‘ < a’l(x) + b1|§|n7 |v5£($,8,§)| < b2‘§|n_1 (16)

a.e. in £2 and for all (s,£) € R x R"™;
() there exist R > 0 and v > 0 such that:

|s| > R = DsL(z,s,€)s >0, (1.7)
VL(x,5,§) = DsL(x,5,8)s = v[E]" (1.8)
a.e. in {2 and for all (s,£) € R x R™.
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The growth conditions of (J#]) and the assumptions in (%) are natural in the fully
nonlinear setting and were considered in [12] and in a stronger form in [2, 10] also.

Under the preceding assumptions, the following is our main result.

Theorem 1.1. There exists A\g > 0 such that (1.3) admits at least two nontrivial
solutions in Wy ™ (£2) for each X < Xo.

This result extends [1, Theorem 4.1] to a more general class of nonlinear elliptic
equations. In particular, quasilinear n—Laplacian problems of the type

—div(a(u)|Vu|"?Vu) + d (u)|Vu|" = AC(z)e*  in 2
u=0 ondf?
admit a pair of solutions for A small and a € C'*(R) satisfying suitable assumptions.

Remark 1.2. In general, problems (1.3) are expected to have no bounded solution
when K > 0 and A > A\* for a suitable A* > 0. See Theorem 5.8 of [1] where this is
showed for problem (1.2) with p = n and

n—1 n—1
)\*max{)\l,< ) )\1}7
e

being A; the first eigenvalue of —A,, weighted by K. See also Proposition 4.1.

Remark 1.3. In general, problems (1.3) have no solution if 2 is an unbounded
domain of R™. See Theorem 3.3 of [7] where this is proved for problems (1.2).

Remark 1.4. Condition KT # 0 is crucial for the multiplicity result to hold. For
example for (1.2), if £ < 0 one finds only one solution. See [1, Section 4].

In particular A small, 2 bounded and Kt # 0 seem to be natural assumptions
in order to get the multiplicity result.

Remark 1.5. By the regularity result of Tolksdorf [13], each bounded weak solution
of problem (1.3) belongs to C1:%(£2) for some o > 0.

2. THE CONCRETE PALAIS-SMALE CONDITION

Let us now recall two basic definitions of abstract critical point theory (see [6]).
Definition 2.1. Let (X,d) be a metric space, f : X — R a continuous function
and v € X. We denote by |df|(u) the supremum of ¢ > 0 such that there exist
0 > 0 and a continuous map

H: Bs(u) x [0,0] - X

such that for all (v,t) € Bs(u) x [0, 9]

d(H(v,t),v) <t f(H(v,1)) < fv) —ot.
We say that the extended real number |df|(u) is the weak slope of f at w.
Definition 2.2. Let (X, d) be a metric space, f : X — R a continuous function
and v € X. We say that u is a critical point of f if |df|(u) = 0.
Definition 2.3. We say that f : X — R satisfies the Palais—Smale condition at
level ¢ (in short (PS).) if each sequence (uy) in X with f(up) — cand |df|(ug) — 0
admits a convergent subsequence in X.

We now return to the concrete case and set f = fy and X = W,""(£2) endowed
with the standard norm [ul|?,, = [, |[Vu|" dz.
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Definition 2.4. A sequence (uj,) C Wy ™ (£2) is said to be a concrete Palais-Smale
sequence at level ¢ € R ((CPS).—sequence, in short) for fy, if fi(un) — ¢,

—div (VeL(z, up, Vup)) + Do L(x, up, Vuy) € WL ()
eventually as h — 400 and

—div (VeL(z, un, Vug)) + Dy L(, un, Vup) — MC(x)e" — 0

strongly in WL (£2). We say that f satisfies the concrete Palais—Smale condition
at level ¢ ((CPS). in short), if every (CPS).—sequence for f\ admits a strongly
convergent subsequence.

Lemma 2.5. Letu € WOI”(Q) be such that |dfx|(u) < +oo. Then
—div (VeL(x,u, Vu)) + DoL(x,u, Vu) — AK(z)e" € W' (1)
and
|- div (VeL(z,u, Vu)) + D L(z,u, Vu) — )\IC(a:)e“H_Ln, < |df|(u).

In particular, if |dfx|(u) = 0 then u solves (1.3) in the distributional space 2'(12).

For the proof of the above lemma, see [12, Theorem 2.3]. It is readily seen that
if fy satisfies (CPS),, then it satisfies (PS)..

Let us now recall a very useful consequence of Brezis-Browder’s Theorem [4].

Proposition 2.6. Let u,v € W, " (£2) be such that DyL(z,u, Vu)v > 0 and assume
that w € W17 () is defined by

Vo e CX(02): (w,p) = / VeLl(z,u, Vu) - Vodz +/ DyL(x,u, Vu)p de.
o) Ie)
Then DsL(x,u, Vu)v € L*(2) and
(w,v) = / Vel(z,u,Vu) - Vodz —|—/ D L(x,u, Vu)v dz.
fo) 2

For the proof of this proposition, see [12, Proposition 3.1].
The next result will provide compactness of concrete Palais—Smale sequences.

Lemma 2.7. Let (uy) be a bounded sequence in W, ™ (£2) and set
Vo € CX(02) : (wp, @) = / VeL(x,un, Vuy) - Vo dx +/ D L(z,up, Vup)p dz.
2 2

If (wy,) is strongly convergent to some w in W17 (£2), then (up) admits a strongly
convergent subsequence in Wy (£2).

For the proof of this lemma, see [12, Theorem 3.4].

Let us prove that f) satisfies the concrete Palais—Smale condition.
Theorem 2.8. f\ satisfies (CPS). for each ¢ € R.

Proof. Let (uy) be a concrete Palais—Smale sequence for fy at level ¢ € R. We shall
divide the proof into two steps:

I) Let us first show that (uy) is bounded in W, " (£2). Note that in view of (1.7),
by Proposition 2.6 one can take uj as test functions in f{(uyp). Therefore, since
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5 (ur)(un) = o(1) as h — 400, by (1.8) one obtains
Faun) =Fam) =~ f(un)(un) + o(1)
=_ %/QDSE(:E,uh, Vup)up dz + )\/Q/C(x)e““ {% — 1} dx + o(1)
>— %/Qﬁ(a:,uh,Vuh)dﬂc—i—)\/QIC(x)e“h {% - 1} dx

—&-K/ [Vup|™ dz + o(1)
nJjo

Uhp

=2 un g w f20 g1y
p {f)\(uh) —|—)\/QIC(x)e LE} +)\/QIC(I)€ { - } x
+ K/ [Vup|™ dz + o(1)
nJo
as h — 400, which yields
(n+7)fr(up) = )\/ K(z)e" (up, —v —n)dx + u/ |Vup|™ dx + o(1)
Q Q
as h — +o0. Since
5lim eg{g—v—n}zo_, 5lir_‘{l eg{f—’y—n}z—i-oo,
if we set
— —minelle —~ —
C ré_nelﬂge {§ v n},
it results C' > 0 and

(n+ ) falun) > —ACIK ] 2™ (@Y7 +v / Vun|™ dz + o(1)
(93

as h — —+oo, where £ denotes the n—dimensional Lebesgue measure. Being
fa(up) — ¢, we conclude that

v / Vun|" dz < (n +7)e + AC|K ]2 (@)Y + o(1)
(9]

as h — +00, which implies the boundedness of (uy,) in Wy ™ (£2).
IT) By step I, up to a subsequence, one has u; — u in Woln(.Q) for some u and
up — U in L*(£2), 1<s<o0. (2.1)

If we now fix 5 € Wy (£2) with ||Vn]|,, = 1, Hélder and Sobolev inequalities yield
‘/ K(z)(e*r —e")ndx
I7)
< [ et@ietlen < gl da
o
< [ et — e g da (2.2)
Q

B g ) ([ el g )
<ty ([ eman)” ([ eretan) il = ull

1/61 1/8
<elicly ([ enman) ([ et an) s~ s,
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with 1/q+1/81+1/B2+1/B3+1/B4 =1 and ¢ > 0. Since by Trudinger inequality
there exist ¢ p,c2,n > 0 so that:

V3 >0, Yw € Wy"™(R2) : / Al dr < ey, L™ (02)ec2nB IVl
0

the exponential terms in (2.2) are bounded by step I and the last term goes to zero
in view of (2.1). Thus,

sup ‘/QIC(J:)(e“’L —e")ndx| = o(1),

Inll1,n=1

as h — +o0o, which shows that
K(z)e" — K(z)e* in W_l’”/(ﬂ).

Therefore, since we have that for all ¢ € C°(£2):
/ VeLl(z,up, Vup) - Vgodm—i—/ DsL(x,up, Vup)p de
o) o)

= /Q K(z)e"odx + (wh, @) +0(1),

with wp — 0 in WL (£2) as h — 400, by Lemma 2.7 up to a further subsequence
(up) strongly converges to u in Wy ™ (£2). O

3. MOUNTAIN PASS CRITICAL POINT AND LOCAL MINIMUM
Proposition 3.1. There exist \g > 0 and Ry > Ry > 0 such that
Yu € Wy () |lullin = Ry = fa(u) > £2(0) (3:1)
Jw e Wy (2) : |wlln = Ro and fi(w) < f2(0) (3:2)
for each X €]0, Agl.

Proof. Note that by (1.5) and arguing as in [1], for each A > 0 we have

fa(u) = /Qﬁ(m,u, Vu)dx — )\/QIC(:U)e“ dz = pap(||Vullrn) (3.3)
where @, : [0, +00[— R is such that
as(IVulla) = vI[Vuly — Aal|Kllge 1V

for each u € Wy (£2), with

1

g—1 a— — n—1 _
a=c, " LT, b:CQ(q 1) () (3.4)

being ¢1, ca > 0 such that

crlu] a2
< Z"(2),
/Qexp{Hqun} dr < 2. 2" (12)

(cf. [8, Theorem 7.15]). In particular, (3.1) follows arguing as in [1]. To prove (3.2),
fix ¢ € C°(B) with ¢ > 0, where B C {2 is the set where K is positive. For each
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7 > 0 it results
fa(re) = / L(z,7¢, TV P) dx — A / K(x)e™ dx
Q Q
<b07’7‘/ |¢|T’ dx + bO/ T”V(b‘n dr — )\TQmax{'r',n}/ K:-i—(x)(meax{'r’,n} dx
2 7] 7]
+)\/ K~ (z)dx.
Q

Then, since KT # 0, we deduce that fy(7¢) — —oco as 7 — +00, thus yielding the
second assertion. O

We now come to the proof of the main result of the paper.
Proof of Theorem 1.1. If we set

6 = {7 e (0.1 Ws™(@): 7(0) =0, v(1) = wf

for some w € W, " (£2) with f(w) < f(0) and

= inf t
ex = inf max H(v(®),

by combining the non-smooth mountain pass Lemma [6] with Proposition 3.1 and
Theorem 2.8, we get a weak solution u; € Wy (£2) of (1.3) with fy(u1) = ¢x >
£2(0). To get a second solution, argue on the truncated functional f] given by

fuw) = [ Lz,u,Vu)de — X | K(z)7(||ul]1,n)e" dz,
0 19,

where 7 € C°°(R) is nonincreasing and

1 fz< R
7(z) = .
0 ifz> Ry

being Ry and R as in Proposition 3.1. Note that since for all u € Woln((l)
fulin > B2 = f5() > v [ [Vul"da,
Q

there results

lim T (u) = +o0.
nunl,wmf*( )

Observe that by Lemma 2.8 and the definition of 7, f] satisfies the concrete Palais—
Smale condition at each level ¢’ such that

d < —)\/ K(x)dz.
0
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If we fix ¢ € C°(B) (recall that £ > 0 a.e. in B) with ¢ > 0, ||¢]|1,» = 1 and
0 < Ry, then there exists ¢y > 0 such that

F(e6) =fr(e0) = [ £w00.090) da =2 [ K(w)er? da
Legomaxirmnt —A/Q/c+(x)(1+g¢) dg;H/Q/c—(g;) da
:g{cogmax{r,n}—l _ )\/QICJF(JJ)(;de} - A/ﬂ/@(x) dz

+)\/QIC’(x)dx< —)\/QIC(x)dx

provided that o > 0 is sufficiently small. Then

c= inf V< =X | K(z)de.
By oy 3 /Q (=)

0
Let us note that there exists a (C'PS).—sequence for f] in Byn (0, Ry). Indeed,

since f] is bounded from below, we find a minimizing sequence (uy) for f] in
Byyin (0, Ry). Of course we have f{(up) — c. Moreover, if it was |df{|(un) # 0, we
would find ¢ > 0 such that |df{|(us) > 0. Then by [6, Theorem 1.1.11] one would

get a continuous deformation
n: BWOI,n (0, Rl) X [0, (S] — BWOLH (0, Rl)
for some ¢ > 0 such that for all ¢t € [0,d] and h € N

X (n(un, t) < fX(up) — ot.

This yields the contradiction f](n(up,t)) < ¢ for sufficiently large values of h. Thus
(up) is a (CPS).—sequence. Since f] satisfies (CPS)., there exists us € Wy (£2)
with uy # 0 such that uj, — ug in Wy ™" (£2). This yields

X = i T < =X | K(x)dx.

)=, min K<) [ K)o
0

Since f{ = f) in a neighbourhood of ug, of course uy solves problem (1.3) and

faluz) < f1(0). Moreover, being fx(u1) > f1(0), one obtains ug # uy. O

4. A NON-EXISTENCE RESULT

Assume now that £ does not depend on z, £L(s,&) is of class C! in R x R™ and,
additionally, that the vector valued function

V§£(S,€) = (%(576)3 7%(536))

3
is of class C! in R x R™ (see [11]). We recall that a smooth bounded domain
2 C R™ is said to be strictly star—shaped with respect to the origin if x - v > 0 for
a.e. x € 02, where v denotes the outer normal to 0f2.

Proposition 4.1. Assume that §2 is strictly star—shaped with respect to the origin,
D,L <0 and K is constant and posz'iive. Then there exists \* > 0 such that (1.3)
admits no solution u € C?(2) N CL(2) for each A > \*.
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Proof. Assume by contradiction that (1.3) has a solution u € C%(£2) N C1(2). By
applying the Pucci-Serrin identity [11, formula 5] to

F(u,Vu) = L(u, Vu) — Ae",

with h(z) = x and a = 0, since L(s, ) is n—homogeneous, we obtain

(n—l)/ L£(0,Vu)(x-v)daA"t + A Kax-vda#"*
a9

o0 (4.1)
= )\n/ Ke" dx
Q

where /#"~1 denotes the Hausdorff measure. Integrating (1.3), since x - v > 0 on
the boundary 042, by (1.5) and (1.6) we obtain

/ Ae" da::/ —div (VeL(u, Vu)) da:—l—/ D,L(u,Vu) dx
e Q I7;
g—/ VeL(0, V) - vdam™?
o0

g/ |VeL(0, V)| do#" !
o2

n—1

<(/89 ‘Vgﬁ(O,VUNn/ (z-v) d%"—l) B (/89(37 L)~ (D) djf"‘l)

3=

n—1

<cl,n(/m|vu|"(x-u)d%”*1) " (/m(x.,,)%n—l) d%nfl)%

1

n—

<eon( [ L0, V)@ v)ydamt) T (/m(x.y)—w—n d%pn_l)%

on
which implies

n

(A /Q Ke® d:z:) ”’1

1
A= c;i/nnfl ( /an(x )~ d%ﬂn_1> "

In particular, by (4.1) we obtain

< A/ L£(0,Vu)(z-v)d#" ",
o0

where we set

n

n—1 n—1
u _ u <
- ()\/QICe dm) £ AB n)\/QICe dz <0,

where B = [, K- vds#""!. Since the map ¢ : [0, +0o[— R given by

n—1

p(z) = z7T + AB — nx

achieves its absolute minimum at xo = A"~! with p(x¢) = AB — A"~1, we get

fag(m . V)—(n—l) d%n—l
Joo Ko -vdan=1

N

n
A< €5

In particular, by setting

A — cgnfcm(x v D dan !

’ Joo Ko -vdzn=t

the assertion follows. O
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Remark 4.2. For the lagrangian
1
‘C PES) = - n7
(2,5,€) = ]

it was shown in [7] by an approximation procedure that the non-existence of smooth
solutions (C?) implies the non-existence of bounded solutions.

Remark 4.3. By Proposition 4.1 assumption (1.7) seems to be natural in order to
get existence of solutions of (1.3).
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