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A THEOREM OF ROLEWICZ’S TYPE FOR MEASURABLE
EVOLUTION FAMILIES IN BANACH SPACES

CONSTANTIN BUSE & SEVER S. DRAGOMIR

ABSTRACT. Let ¢ be a positive and non-decreasing function defined on the
real half-line and U be a strongly measurable, exponentially bounded evolution
family of bounded linear operators acting on a Banach space and satisfing a
certain measurability condition as in Theorem 1 below. We prove that if ¢
and U satisfy a certain integral condition (see the relation 1 from Theorem
1 below) then U is uniformly exponentially stable. For ¢ continuous and U
strongly continuous and exponentially bounded, this result is due to Rolewicz.
The proofs uses the relatively recent techniques involving evolution semigroup
theory.

Let X be a real or complex Banach space and £ (X) the Banach algebra of all
linear and bounded operators on X. Let T = {T'(¢) : ¢t > 0} C £ (X) be a strongly
continuous semigroup on X and wp (T) = lim;—, w be its growth bound.
The Datko-Pazy theorem ([4] , [10]) states that wo (T) < 0 if and only if for all
x € X the maps t — ||T (¢) z| belongs to LP (Ry) for some 1 < p < oo. Let
¢ : Ry — R4 be a non-decreasing function such that ¢(¢) > 0 for all ¢ > 0. If
for each z € X,||z|| < 1 the maps t — o(||T(t)z||) belongs to L'(R;) then T
is exponentially stable, i.e. wo(T) is negative. This later result is due to J. van
Neerven [8, Theorem 3.2.2.]. The Datko-Pazy Theorem follows from this by taking
p(t) = t? (t > 0). Moreover, it is easily to see that the above Neerven’s result
remain true if we replace the strongly continuity assumption about T with strongly
measurability and exponentially boundedness assumptions about T.

A family U = {U(t,s):t>s>0} C L(X) is called an evolution family of
bounded linear operators on X if U (t,t) = I (the identity operator on X) and
U, 7)U (r,s) =U(t,s) for all t > 7 > s > 0. Such a family is said to be strongly
continuous if for every x € X, the maps

(t,s) — U (t,8)x: {(t,s):t>s >0} - X. (1)
are continuous, and exponentially bounded if there are w > 0 and K, > 0 such that
U (t,5)|| < K,e*®™*) forallt>s>0. (2)

IfT={T():t>0} C L(X) is a strongly continuous semigroup on X, then the
family {U (¢,s) : t > s > 0} given by U (¢,s) = T (¢ — s) is a strongly continuous
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and exponentially bounded evolution family on X. Conversely, if I/ is a strongly
continuous evolution family on X and U (¢,s) = U (t — s,0) for all t > s > 0 then
the family T = {7 (¢) : t > 0} is a strongly continuous semigroup on X. For more
details about the strongly continuous semigroups and other references we refer to
[10], [7]. The Datko-Pazy theorem can be also obtained from the following result
given by S. Rolewicz ([13], [14]).

Let ¢ : Ry — R4 be a continuous and nondecreasing function such that ¢ (0) = 0
and @ (t) > 0 for all t > 0. If U={U(t,s):t>s>0} C L(X) is a strongly
continuous and exponentially bounded evolution family on the Banach space X such
that

sup/ (U (t,s)z||)dt = M, < o0, foralzelX, |z|| <1, (3)
s>0Js
then U is uniformly exponentially stable, that is (2) holds with some w < 0.

A shorter proof of the Rolewicz theorem was given by Q. Zheng [18] who re-
moved the continuity assumption about ¢. Other proofs (the semigroup case) of
Rolewicz’s theorem were offered by W. Littman [5] and J. van Neervan [8, pp. 81-
82]. Some related results have been obtained by K.M. Przytuski [12], G. Weiss [16]
and J. Zabezyk [17]. In a very recent paper R. Schnaubelt gives a nice proof of
a nonautonomous version of Datko Theorem using evolution semigroup (see [15,
Theorem 5.4]). Also a very general Datko-Pazy type result in the autonomous case
can be found in [9]. A family U = {U(t,s) : t > s > 0} C L(X) is called strongly
measurable if for all x € X the maps given in (1) are measurable.

In this note we prove the following;:

Theorem 1. Let ¢ : Ry — Ry be a nondecreasing function such that ¢ (t) > 0
forallt > 0 and U ={U (t,s) : t > s >0} C L(X) be a strongly measurable and
exponentially bounded evolution family of operators on the Banach space X. If U
satisfies the conditions:

o (i) there exists My, > 0 such that
[ el glhde < b, <o, vae Xl <ivezo, (@)
&

e (ii) for all f € L*(Ry, X) the maps
t’_’U('v'_t)f(') :R+—>L1(R+,X) (5)

are measurable, then U is uniformly exponentially stable.

Firstly we prove the following Lemma which is essentially contained in [1, The-
orem 2.1].

Lemma 1. Let U be a strongly continuous and exponentially bounded evolution
family of operators on X such that

Sup/oogo(HU(t,s):z:H)dt:MSO(:Z:) < oo, foralzeX (6)

s>0
Then U is uniformly bounded, that is,

sup [[U (1, €)]| = C < oc.
t>£>0
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Proof of Lemma 1. Let x € X and N (x) be a positive integer such that M, (z) <
N (z) and let s >0, ¢t > s+ N. For each 7 € [t — N, t], we have
Ny g )T (B s)all < e D1y ) U (7T (ry8) 2l (7)
< Ko |lU (u,8) 2],

for all u > s. Here K, and w are as in (2).
From (6) follows that ¢ (0) = 0. Then from (7) we obtain

N () (IIU(t,S)xII) _ /:"(p (1[tN,t] (u) ||U(t75)$> du ®)

KwewN KwewN

IN

/mwwvw@xmm:ﬂu@»

We may assume that ¢ (1) = 1 (if not, we replace ¢ be some multiple of itself).
Moreover, we may assume that ¢ is a strictly increasing map. Indeed if ¢ (1) =1

and a := fol ¢ (t) dt, then the function given by

fotgp(u)du, if 0<t<1
o (t) = at
at+1—a
is strictly increasing and @ < ¢. Now ¢ can be replaced by some multiple of ¢.
From (8) it follows that

||U (t7 S)H S KwewN(z), for all z € X.

, if t>1

Now, it is easy to see that

sup |U (t,€) z|| < 2K,e*N® .= C(z) < 00, for all z € X. (9)
t>£>0

The assertion of Lemma 1 follows from (9) and the Uniform Boundedness Theorem.
O

It is clear that (3) follows by (6), but isn’t clear if them are equivalent. In the
proof of Theorem 1 we also use the following variant of Jensen inequality, see e.g.
[11, Theorem 3.1].

Lemma 2. Let & : Ry — R4 be a convex function and w : Ry — Ry be a
locally integrable function such that 0 < [~ w(t)dt < co. If w® € L'(Ry) and
f: Ry — Ry is such that the map t — ®(f(t)) belongs to L*(R) then

Jo w®f@dty _ fo~ wt)®(f(t))dt
(I)( IS w(t)dt ) = S wtydt
Proof of Theorem1. Let U = {U (t,s) : t > s > 0} be a evolution family of bounded

linear operators on X. We consider the evolution semigroup associated to ¢/ on
L'(Ry, X). This semigroup is defined by

U(s,s—t)f(s—t), if s>t>0
0, if 0<s<t’

(10)

(11)

for all f € L' (R4, X). Firstly we will prove that T (¢) acts on L'(R,,X) for
each t > 0. Indeed, if f, are simple functions and f, converges punctually almost
everywhere to f on R when n — oo, then using the measurability of the functions
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given in (1) it follows that for all n € N the maps ¥(t) f,, are measurable. From (4)
and Lemma 1 it follows that

H(E@)fn)(s) = (FH ) < K[ fuls =) = f(s = )] = 0 as n — o0
almost everywhere for s € [t,00), that is, the function in (11) is measurable.
On the other hand

A WUWW@:[|W@&%ﬁ@*MW§CWMWWm<w

i.e. the function T(t)f belongs to L*(R,, X). The functions defined in (5) are
measurable for each f € L'(R,, X), hence the maps
t—Z()f: Ry — L'(Ry, X) (12)

are also measurable. We do not know at this stage if the measurability of the
function in (12) can be obtained using only the measurability of functions in (1).
We may suppose that ¢(1) = 1 (if not, we replase ¢ by some multiple of itself).
The function

t
t— O(t) := / plu)du: Ry — Ry
0
is convex, continuous on (0, c0) and strictly increasing. Moreover
D(t) <e@(t) foralte]l0,1].
Without loss of generality we may assume that

sup [T ()] < 1.
t>0

Let f € C.((0,00),X), the space of all continuous, X-valued functions defined
on Ry with compact support in (0, 00), such that

[ flloo := sup{|[f ()| : t € (0,00)} < 1.
Using Lemma 2 (in inequality (10) we replce w(-) by exp_;) and the Fubini
Theorem it follows that

/0 @ (|0 expoy Fll e, )

_ /Ooocp (/:Oe—@—t) ||U(s,s—t)f(s—t)||ds) dt

- Aw¢<AWf”W@+¢of@m@)ﬁ
Aw<lmeg@mU@+&of@>mﬁdg

/000 </000 eg‘P(U(Hf,i)f(&)l)dt) de

< M [ S a
0
< M, <o
Let g € L'(Ry, X) with [|gll;1 =, x) < 1 and f, € Cc((0,00), X) such that

|| fulloo < 1 and exp_; -f, — g in LY(R4, X). Let (fn,) be a subsequence of (f,)
such that exp_1- f,,, converges at g, punctually almost everywhere for ¢ € Ry, when

IN

IN
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k — oo. Using the above estimates with f replaced by f,,, and the Dominated
Convergence Theorem, it follows that

o0
/0 OIS ()l 1. )t < M,y < .

The assertion of Theorem 1, follows now, using a variant of Neerven’s result (see
the begining of our note). We recall that U is uniformly exponentially stable if and
only if wo (%) is negative [3, Theorem 2.2]. O

See also [2], [6] and the references therein for more details about the evolution
semigroups on half line and their connections with asymptotic behaviour of evolu-
tion families of bounded linear operators acting on Banach spaces.

Acknowledgement. The authors would like to thank the anonymous referee for
his/her valuable suggestions and for pointing out references [15] and [9].

REFERENCES

[1] C. Buse and S. S. Dragomir, A Theorem of Rolewicz’s type in Solid Function Spaces, Glasgow
Mathematical Journal, to appear.

[2] C. Chicone and Y. Latushkin, Evolution Semigroups in Dynamical Systems and Differential
Equations, Mathematical Surveys and Monographs, Vol. 70, Amer. Math. Soc., Providence,
RI, 1999.

[3] S. Clark, Y. Latushkin, S. Montgomery-Smith and T. Randolph, Stability radius and internal
versus external stability in Banach spaces: An evolution semigroup approach, SIAM Journal
of Control and Optim., 38(6) (2000), 1757-1793.

[4] R. Datko, Extending a theorem of A.M. Liapanov to Hilbert space, J. Math. Anal. Appl., 32
(1970), 610-616.

[5] W. Littman, A generalisation of a theorem of Datko and Pazy, Lect. Notes in Control and
Inform. Sci., 130, Springer Verlag (1989), 318-323.

[6] N.V. Minh, F. Rabiger and R. Schnaubelt, Exponential stability, exponential expansiveness,

and exponential dichotomy of evolution equations on the half-line, Integral Eqns. Oper. The-

ory, 3R (1998), 332-353.

R. Nagel (ed), One Parameter Semigroups of Positive Operators, Lecture Notes in Math.,

no. 1184, Springer-Verlag, Berlin, 1984.

[8] JJM.AM. van Neerven, The Asymptotic Behaviour of Semigroups of Linear Operators,
Birkh&user Verlag Basel (1996).
[9] J. van Neerven, Lower semicontinuity and the theorem of Datko and Pazy, Integral Eqns.

Oper. Theory, to appear.

[10] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,
Springer Verlag, 1983.

[11] J. E. Pecéri(’l7 F. Proschan, & Y. L. Tong, Convex Functions, Partial Orderings and Statistical
Applications, Academic Press (1992).

[12] K.M. PrzyLuski, On a discrete time version of a problem of A.J. Pritchard and J. Zabczyk,
Proc. Roy. Soc. Edinburgh, Sect. A, 101 (1985), 159-161.

[13] S. Rolewicz, On uniform N —equistability, J. Math. Anal. Appl., 115 (1886) 434-441.

[14] S. Rolewicz, Functional Analysis and Control Theory, D. Riedal and PWN-Polish Scientific
Publishers, Dordrecht-Warszawa, 1985.

[15] R. Schnaubelt, Well-posedness and asymptotic behaviour of non-autonomous linear evolution
equations, preprint,
http://www.mathematik.uni.hale.de/reports.

[16] G. Weiss, Weakly [P-stable linear operators are power stable, Int. J. Systems Sci.,20(1989),
2323-2328.

[17] A. Zabczyk, Remarks on the control of discrete-time distributed parameter systems, SIAM
J. Control, 12 (1974), 731-735.

[18] Q. Zheng, The exponential stability and the perturbation problem of linear evolution systems
in Banach spaces, J. Sichuan Univ., 25 (1988), 401-411.

=



6 CONSTANTIN BUSE & SEVER S. DRAGOMIR EJDE-2001/70

CONSTANTIN BUSE
DEPARTMENT OF MATHEMATICS, WEST UNIVERSITY OF TIMISOARA
BD. V. PARVAN 4, 1900 TIMISOARA, ROMANIA.

E-mail address: buse@timl.math.uvt.ro

SEVER S. DRAGOMIR
SCcHOOL OF COMMUNICATIONS AND INFORMATICS, VICTORIA UNIVERSITY OF TECHNOLOGY
PO Box 14428, MELBURNE CiTy MC 8001,, VICTORIA, AUSTRALIA.

E-mail address: sever@matilda.vu.edu.au

URL: http://rgmia.vu.edu.au/SSDragomirWeb.html



