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Sufficient conditions for functions to form Riesz
bases in Lo and applications to nonlinear
boundary-value problems *

Peter E. Zhidkov

Abstract

We find sufficient conditions for systems of functions to be Riesz bases
in L2(0,1). Then we improve a theorem presented in [13] by showing that
a “standard” system of solutions of a nonlinear boundary-value problem,
normalized to 1, is a Riesz basis in L2(0, 1). The proofs in this article use
Bari’s theorem.

1 Introduction

Early results in the study of basis properties of eigenfunctions of nonlinear ordi-
nary differential operators can be found in the monograph by Makhmudov [5].
Because of its difficulty and the small number of publications on this question,
basis properties has been established only for very simple nonlinear ordinary
differential equations. Among the results in this direction, we have the follow-
ing.

In [7, 8], Zhidkov presents an analysis of the equation

—u" + f(u?)u= I, u=u(x), =z (0,1),
w(©0) =u(l) =0, [y u2(x)ds=1,

where A is a spectral parameter, f(s) is a smooth nondecreasing function for
s > 0, and all quantities are real. In these two publications, it is proved that the
eigenfunctions {u,} (n = 0,1,2,...) of this problem have precisely n zeros in
(0,1). Furthermore, each eigenfunction is unique up to the coefficient +1. The
main result states that the sequence of eigenfunctions {u,} (n = 0,1,2,...) is
a Bari basis in Ly = L2(0,1), i.e., it is a basis and there exists an orthonormal
basis {€,} (n =0,1,2,...) in Ly for which Y>> [lun, — €,]|7, < co. Note that
in [7] there are some errors which have been corrected in [9)].

In [10, 11], a modified version of the above nonlinear eigenvalue problem is
studied and similar basis properties for their eigenfunctions are obtained. In
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[12], an analog to the Fourier transform associated with an eigenvalue problem
for a nonlinear ordinary differential operator on a half-line is considered.

The aim in the present publication is to improve the result in [13], where
the following nonlinear problem is considered:

u' = f(u)u, w=u(r), =xec(0,1), (1.1)
u(0) =u(1) =0. (1.2)

Here there is no spectral parameter, and all variables are real. For the rest of
this article, we will assume that

(F) The function f(u?)u is a continuously differentiable for u € R, f(0) > 0,
and f(4o00) = —o0.

It is well known now (and partially proved in [13]) that under assumption (F):
For each integer n > 0 problem (1.1)—(1.2) has a solution w, which possesses
precisely n zeros in (0, 1) and that generally speaking this solution is not unique.

Definition A sequence {u,} (n = 0,1,2,...) of solutions to (1.1)—(1.2) is
called standard if the solution w,, has precisely n zeros in (0, 1).

The main result in [13] states that there exists so < 0 such that for s < s
any standard sequence of solutions {u,} is a basis in H?(0,1). In addition, the
sequence {uy/||tn| ms(0,1)} is a Riesz basis in H*(0,1). Here H*(0,1) is the
usual Sobolev space with negative index s. In the present paper, we improve
this result by showing the above properties of a standard system {w,} in Lo
(see Theorem 1.3 below), by first obtaining a general result on bases in Ly (see
Theorem 1.1 below). We believe that this result is of a separate interest.

Notation

By ¢,C,Cy,Co,C",C", ... we denote positive constants. By La(a,b) we denote
the standard Lebesgue space of square integrable functions on the interval (a, b).
In this space we introduce the standard inner product, and norm:

b
(97 h)Lg(a,b) = / g(x)h(x)dx, ||g||L2(a,b) = (9’9)2/22(%17) .

a

For short notation we will use (-,-) and || - || respectively.
Let I be the space of square summable sequences of real numbers. For a
Banach space X with a norm | - || x, let £(X; X) be the linear space of linear

bounded operators acting from X into X, equipped with the norm

[Allzxxy = sup [l Az]x.
z€X: ||z x=1

We also set || - || = || - lz(L,;1,) for short notation.
Now, for convenience of readers, we define some well-known terms.
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Definition A system {e,} C La(a,b) is called a basis in La(a,bd) if for any
g € La(a,b) there exists a unique sequence {a,} of real numbers such that
9= 0" aney, in La(a,b).

There are several definitions of Riesz bases. In accordance with the classical
paper by N. K. Bari [1], where this concept was introduced for the first time,
we use the following definition.

Definition A basis {e,} in La(a,b) is called a Riesz basis in this space when
the series EOO_O anén, with real coefficients a,,, converges in Lo (a, b) if and only

if Y00 a2 < oc.

Remark It is proved in [1] (see also [8]) that if {e,, } is a Riesz basis in La(a, )
in the sense of this definition, then there exist constants 0 < ¢ < C such that

cZa <H2anen Lz(ab) Za

n=0
for all @ = (ag,a1,as,...) € la. These estimates have been often used to define
Riesz bases.

Definition A system of functions {g,} in Lo(a,b) is called w-linearly inde-
pendent in Ly(a,b) when ZZO:O angn = 0, with a,, are real numbers, holds in
Ls(a,b) if and only if 0 = ap = a1 = ag =

Definition Two systems of functions {h,} and {e,} in Ls(a,b) are called
quadratically close in La(a,b), if 377 o [|hn — €nll7, (44 < o©

Results

Theorem 1.1 Let {h,} be a system of real-valued, three-times continuously
differentiable functions. Assume that for each integer n > 0 the following holds:

(a) hy (m—i—n—ﬂ) = —h,(x) and hn(m—&—x) = hn(m—x) forallx € R

(b) hi,(x) >0, hii(x) <0, and hy(z) <0 for all x € (0, 5577y)

(c) There exist 0 < ¢ < C such that ¢ < hy, (5 (n+1)) < C for all n.

Then, the system {hy} is a Riesz basis in Lo.

Remark Clearly, it follows from Theorem 1.1 that if a system of functions
{h,} satisfies all the conditions of this theorem, except maybe (c), then it is a
basis in Lo.

The next result follows from Theorem 1.1 by taking h.,(z) = h((n + 1)z).

Theorem 1.2 Let h(x) be a real-valued three-times continuously differentiable
function satisfying:
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(a) h(1+z) = —h(z) and h(1/24+x) = h(1/2 — z) for allx € R
(b) W (x) >0, h'(z) <0 and h"'(x) <0 for all z € (0,1/2)

Then, the sequence of functions h,(x) = h((n+ 1)z), wheren =0,1,2,..., is a
Riesz basis in Lo.

The following statement also follows from Theorem 1.1, when applied to
problem (1.1)—(1.2).

Theorem 1.3 Let assumption (F) be valid and f(u?) + 2u®f'(u?) < 0 for all
sufficiently large u. Let {un} be an arbitrary standard sequence of solutions of
(1.1)-(1.2). Then, the sequence {||u,| " u,} is a Riesz basis in Lo.

To prove this theorem in Section 3, we exploit the following theorem.

Theorem 1.4 (Bari’s Theorem) Let {e,} be a Riesz basis in La(a,b) and let
a system {hn,} C La(a,b) be w-linearly independent and quadratically close to
{en} in La(a,b). Then, the system {h,} is a Riesz basis in La(a,b).

This theorem, in a weaker form, was proved by N. K. Bari in [1]. In its
current form it is proved, for example, in [4] and in [8].

We conclude the introduction by pointing out that the concept of a Riesz
basis appeared for the first time in the middle of last century in the papers of N.
K. Bari, as a result of developments in the general theory of orthogonal series
and bases in infinite-dimensional spaces. Currently, this concept has important
applications in areas such as wavelet analysis. Readers may consult [2, 6] for
theoretical aspects of this field and [3] for applied aspects.

2 Proof of Theorem 1.1

Let e, () = v2sinm(n + 1)z, n = 0,1,2,..., so that {e,} is an orthonormal
basis in Lo.

Lemma 2.1 Let g satisfy condition (a) of Theorem 1.1 with n > 0 and let g be
positive in (0, %H) Then in the expansion

o0
g9() = Z Cmem(-),
m=0
understanding in the sense of Lo, one has co = ... =cp—1 =0 and ¢, > 0.
Proof We follow the arguments in the proof of a similar statement in [13]. We

have the above expansion in Ly (0, -i5) with ¢,, = 0if m # (n+ 1)(1+1) — 1
for all integers [ > 0 (this occurs because the functions {€(,11)(m+1)—1}m form

an orthogonal basis in Ly(0, 57)). Therefore, ¢g = ... = ¢,-1 = 0. We
observe that each e(,41)(m+1)—1 becomes zero at the points n+r1’ nlﬂ, L
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Furthermore, due to condition (a) of Theorem 1.1 the function g is odd with
respect to these points and each function e(,41)(m41)—1(%) is odd. Thus this
expansion also holds in each space LQ(%H, niﬂ), Lg(ni“, niﬂ), s La(Gi, 1).
Finally, ¢,, > 0 because e, (z) and g(z) are of the same sign everywhere. O

Due to Lemma 2.1, we have the following sequence of expansions:

h() = apen(-) in Ly, (2.1)
m=0
withag =...=a)_;=0and a] >0,forn=0,1,2,....

Lemma 2.2 Under the assumptions of Theorem 1.1, the coefficients in (2.1)
satisfy

ny— n m —
(@) Moty ma1)—1] < §(m+ 1)~?

for allm and m. In addition, a?nﬂ)( =0ifm=20+1forl=0,1,2,....

m+1)—1
Proof The second claim of this lemma is obvious because e(nﬂ)@”g),l(:ﬁ) is
odd with respect to the middles of the intervals (0, n+r1), (n+r1’ niﬂ), s (G 1)
and the function h,(z) is even so that i1y (2042) -1 = (e(n+1)(2142)—1, hn) = 0.
Let us prove the first claim. Due to the properties of the functions h, and
€(n+1)(m+1)—1, With m = 2, we have

fol hy(z) sinm(n + 1)(m + l)xdx‘
fol hp(x)sinm(n + 1)zdz
f01/2(n+1) hp(x)sinm(n + 1)(m + 1)mdx‘

(GZ)_l‘a?n+1)(m+l)71‘ =

fol/Q(nH) hp(x)sinm(n + 1)zdz
( - fol/Q(nH) Rl (z)cosm(n+1)(m + 1)xdm‘
= (m+1)"

fOI/Q(nH) h!,(z) cosm(n + 1)zdz

1 S
fo h/n<2(n+1))cos

1 s
In hy (5rry) cos Bds

Due to the conditions of Theorem 1.1, h;(m) is a positive non-increasing

w(m;rl)sds‘
1
= (m+1) :

concave function on (0,1). Therefore,

) 1
S ™8 s 4
/0 h;l(m) cos —-ds > h%(o)/o (1 —s)cos 5 ds= ﬁh%(o)'

Using the same properties of h/,, one can easily see on its graph that

1 1/(m+1)
1 1
‘/ h;( S )COS ﬂ—(m—"_ )S hfn(o)/ cos wds
0 2(n+1) 0 2

ds‘

IA

2,
= mhn(o) .
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Detailed arguments leading to a similar estimate are considered in [13]. We
easily obtain now

n\— n ™ —
(am) " Hagor1ymeny—1l < §(m+ )72,

which completes the proof. ]

From the conditions on Theorem 1.1, we have 0 < ¢ < |a;| < C. Then to
prove this theorem, it suffices to prove that the system {h,,} with h,, = (a”)~'h,
is a Riesz basis in Ls.

Lemma 2.3 Let {g,} be a sequence of functions such that g, satisfies condition
(a) on Theorem 1.1 and is positive in (0 Then the system {gn} is w-
linearly independent in L.

1
’n—+1)

The proof of this lemma is rather simple. We refer the reader to the proof
of similar statements in [8, 11, 13]. O

Let b, = (a”)"'a”,, and let Id be the unit operator in Ls. For positive

n m’

integers m, let B,, be the operator mapping e,, into b?n+1)(m+1)716(n+1)(m+1)*17
B, € L(La; Lo). Also let B=Y"""_, B,,. Then for each m,

HBm” < Slip|b?n+1)(m+1)—1| = an-

Furthermore, by Lemma 2,

oo

ol

oo T (o]
by, < 2z+1—2g—/ 2¢ + 1) %de = 7/8;
1 ;( ) 2 ( ) /

oo 1/2

hence, B € L£(Ls; L2) and ||B| < /8 < 1. Therefore, the operator A = Id+B
has a bounded inverse A=1 = Id+ Y7 (—1)"B". Note also that Ae,, = h,.
Hence, as proved in [4], {h,} is a Riesz basis in L5(0,1). For the convenience
of the reader, we present a short proof of this statement.

Take an arbitrary v € Lo and let u = A7y = ZZOZO Cnen € Lo where
cn, are real coefficients. Then, > 2 2 < oo because {e,} is an orthonor-
mal basis in Lo. Since the series ZZOZO cpén converges in Lo, we have v =
Au =300 Jepde, =500, cnhy, where all infinite sums also converge in Ly.
Therefore, in view of Lemma 2.3, the system {h,} is a basis in Ly and, if
Znoozo c2 < oo, then the series ZZOZO cnhy converges in Lo. Conversely, let a
series u = Y " cyhy converge in Lo. Then A~'u = Y77 cne, in Lo; hence
S o2 < oo. Thus, {h,} is a Riesz basis in L, and the proof of Theorem 1.1
is complete.

3 Proof of Theorem 1.3

As was proved in [13], any solution w, of problem (1.1)—(1.2), that possesses
precisely n zeros in (0,1), satisfies condition (a) of Theorem 1.1. In addition,
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Uy, is strictly monotone (u],(z) # 0) in the interval (0, M) Let @ > 0 be an

arbitrary number such that f(u?) < 0 and f(u?) + 2u?f’(u?) < 0 for all u > .

Let {u,} be an arbitrary standard system of solutions of problem (1.1)—(1.2).

We assume that u,(z) > 0 for = € (0, n+r1) for each n which is possible without

loss of generality due to the invariance of (1.1) when u(x) is replaced by —u(x).

Due to the standard comparison theorem max,e(ou, (1/2(n+1)) | f(u?)] — +00
1

as n — oo; hence un(m) — 400 as n — oo. For n sufficiently large, we

denote by x,, € (0, m) the point for which w,(x,) = u. Then

1 2(n4) / 1
o)~ u= dr = ~n o N In
gy 7= [ vhEde = ) gy — o)
for some Z,, € (xn, m) Since u,(z,) > u! (%) (because f(u?) < 0 for

u > u and, therefore, u!! (z) < 0 for x € (z, m)), we derive

3
u;l(xn) > S

2 G/t

for all sufficiently large n. Since in view of (1.1), sup, max,eo,q,|un ()| <
C’, we have min, ez, [t (#)| > un (5575 ) (n + 1) for all sufficiently large n.

2(n+1)
Therefore,

0<z, < (n+1)" un( (3.1)

—1
2(n+1) )
for all sufficiently large n.

Using u,, and n large, we now want to construct a function h,, that satisfies
the conditions of Theorem 1.1. Introduce the linear function ,,(x) = %x which
is equal to 0 at © = 0 and to T = u,(x,) at © = x,,. Multiply (1.1), with u = u,,
by 2u/ (x) and integrate the result from 0 to x. Then

{[un (@) + F(up(x))} =0, z€R, (3-2)

where F(s) = — [, f(t)dt. Due to condition (F), F(u?) — 400 as u — oo,
therefore, without loss of generality, we can assume that @ > 0 and is large
enough so that [af(w?)| > |uf(u?)| and F(u?) > F(u?) for all u € [0,%). Then
from (3.2), it follows that

up (zn) < up(z), z€[0,2,), (3.3)

for all sufficiently large n. By (3.3), we have

Tn
u= / un (x)dx > zpul (T,);
0

therefore,

l(20) < — = U () (3.4)

n



8 Riesz bases in Lo EJDE-2001/74

for all sufficiently large n.

Take a sufficiently small A € (0, %) and define a continuous function wy (z)
equal to u)/(z) for z € [x,, 2(n1+1)] such that «/(z) < wi(x) < 0 for = €
[n — A, x,] and wy(z) = 0 for x € [0, 2, — A). We define g;(z) to be equal to
un(x) for x € [z, m], and for = € [0, z,,) to be given by the rules:

#@) = e - [
s = )= [ o, (3.5)

Then g (x) is three times continuously differentiable in [0 ] and satisfies

1
? 2(n+1
condition (b) of Theorem 1.1. It is easy to see that if A >0 ié suﬁ)iciently small,
then ¢1(z, — A) and ¢}(x, — A) are arbitrary close to w,(z,) and ul,(z,),
respectively, and ¢} (x) is arbitrary close to u!! (z,,) for all x € [0, x,, — A]. Now,
due to our choice of w > 0, for A > 0 and sufficiently small, g;(0) is arbitrary

close to )

U (Tn) — Tpul, (25) + %u%(mn) . (3.6)

This expression is negative because

0 = un(0) = up(xn) — Tpul (z,) + / d:c/ ul (t)dt
0 T

where the last term in the right-hand side of this equality is larger than the last
term in (3.6), due to our choice of @ and (1.1). We have defined a function g (z)
satisfying g1 (0) < 0.

Take now a sufficiently small A € (0, %) and a continuous function wy(z) <
0 which is equal to u!/(z) for x € [z, ] and to O for z € [0, z, — A), such

1
n 2(n+1)
that

/” ’ wa(z)dr = ull (xy,).
Tn—A

Then, defining the function go(x) just as g;(x) in (3.5) with the substitution of
wy in place of wy and of gs in place of g1, we get that if A > 0 is sufficiently small,
then go(z, —A) and gh(x,, — A) are arbitrary close, respectively, to u,(z,) and
ul, (zn,), and g4 (z) = 0 for 0 < z < x,, — A. Therefore, due to (3.4), g2(0) > 0
if A > 0 is sufficiently small, for all sufficiently large n. We have defined a
function go(x) satisfying g»(0) > 0.

Now, consider the family of functions gx(z) = Agi(x) + (1 — N)g2(x) where
A € [0,1]. Clearly, there exists a unique Ag € (0, 1) such that gy, (0) = 0. Extend
9, () continuously on the entire real line by the rules:

ng(n— +2) = —gn (@), ng(ﬁ +x) = QAO(%%M — )

+1
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and denote the obtained function by h,,(x). This function satisfies conditions (a)
and (b) of Theorem 1.1. In addition, by Theorem 1.1(b), A/ (x,) < hl/(z) <0
for all x € [0, x,,).

So far, we have constructed h,, for n sufficient large. For small values of n,
we use arbitrary functions h,, satisfying the conditions of Theorem 1.1. There-
fore the sequence {h,} (n = 0,1,2,...) satisfies the conditions (a) and (b) of
Theorem 1.1.

Let o, = [hn(m)]_l. Then, by Theorem 1.1, the system {a,h,} is a
Riesz basis in Ly. Furthermore, by Lemma 2.3, the system {c,u, } is w-linearly
independent in Lg. Also, due to (1.1) and by construction, there exists C7 > 0
such that

Wl ()] = max [uf(u?)] <
u€[0,u]
and
max (B )| = |15 ea)| = [ )| = [ )| < Co

for all n sufficiently large. Hence,
|, () = i ()| < Coan
for all n sufficiently large and all z € [0, z,,]. Hence, due to (3.1),
lotntin, — anhn||? < Cazd < Cy(n+1)~1

for all n sufficiently large. Therefore, the systems {a,u,} and {ayh,} are
quadratically close in Ly. In view of Bari’s Theorem, the proof of Theorem 1.3
is complete.
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