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Stabilization of heteregeneous Maxwell’s
equations by linear or nonlinear boundary

feedbacks *

Matthias Eller, John E. Lagnese, & Serge Nicaise

Abstract

We examine the question of stabilization of the (nonstationary) hetere-
geneous Maxwell’s equations in a bounded region with a Lipschitz bound-
ary by means of linear or nonlinear Silver-Miiller boundary condition.
This requires the validity of some stability estimate in the linear case that
may be checked in some particular situations. As a consequence we get an
explicit decay rate of the energy, for instance exponential, polynomial or
logarithmic decays are available for appropriate feedbacks. Based on the
linear stability estimate, we further obtain certain exact controllability
results for the Maxwell system.

1 Introduction

Let © be a bounded domain of R? with a Lipschitz boundary I'. In that domain
we consider (non-stationary) Maxwell’s equations with a nonlinear boundary
condition:

OF
o T curl H = 0 in Q := Qx]0, +o0],

OH
ME +curl E =01in Q,

(1.1)
div(eE) = div(pH) =0 in Q,

Hxv+g(Exv)xv=0onX:=TIx]0,+o00],
E(O) = E(),H(O) = H() in €.

Above and below e and p are real, positive functions of class L>°(Q), v is the
exterior unit normal vector to I'. The function ¢ : R?* — R? is assumed to be
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continuous and satisfies

(9(E) —g(F))-(E - F) >0,YE, F € R® (monotonicity),
9(0) =0,
g(E)-E>m|E*VE cR?: |E| > 1,
l9(E)| < M(1+ |E|),VE € R®,

N /N /N
— = =
U o W N

for some positive constants m, M.

The system (1.1) occurs in electromagnetic theory in which E(x,t), H(z,t)
are the electric and magnetic fields at the point = € Q at time ¢, and (z), u(z)
are the electric permittivity and magnetic permeability, respectively, at point z.
When ¢(£) = £, the boundary condition occuring in (1.1) is the classical Silver-
Miiller boundary condition and has its own interest. The classical Silver-Miiller
boundary condition is a first order approximation to the so-called “transpar-
ent” boundary condition. The latter boundary condition, which is non-local,
corresponds to the complete transmission of electromagnetic waves through the
boundary I'" while the Silver-Miiller boundary condition, although dissipative,
allows for reflexions back into the region 2. This system with Silver-Miiller
boundary condition has attracted the attention of many authors and stability
results were obtained under different geometrical conditions in [2, 12, 25] when
e = u = 1. For smooth coefficients ¢, 4 and g not necessarily linear, explicit
decay rates for solutions of (1.1) were recently given in [8] when 2 is a connected
domain with a smooth boundary I' consisting of a single connected component.

The aims of our paper are multiple and may be summarized as follows:
First we concentrate our attention to the linear case. We give a necessary and
sufficient condition for exponential decay of the energy

&) = 5 [ (EAP@.OF + plH . ) do

of the solutions of (1.1) in the case of Silver-Miiller boundary condition. This
condition is actually the validity of a kind of stability estimate that we call
the (e, u)-stability estimate. The second aim is to check this stability estimate
in some particular cases, in other words find sufficient conditions ensuring the
validity of the aforementioned stability estimate. The nonsmooth case will re-
quire special attention since standard regularity results fail [3, 6, 7, 5, 20]. In a
third step we use the so-called Russell’s principle “controllability via stability”
to obtain new controllability results for Maxwell’s equations extending former
results from [26, 15, 16, 22, 12, 23, 24]. Finally, for the general system (1.1)
using Liu’s principle [19], based on the above Russell’s principle and then on
the (g, u)-stability estimate, and with the help of a new integral inequality [8],
we give sufficient conditions on g which lead to an explicit decay rate of the
energy. The main interest of this approach is that the controllability results
in the linear case as well as the stabilization results with general feedbacks are
only based on the (e, u)-stability estimate, an estimate which may be obtained
by different techniques, like the multiplier method [12, 21], microlocal analysis
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[25], combinations of them [8] or any method entering in a linear framework (like
nonharmonic analysis for instance, see [14]). In other words any method proving
the (g, u)-stability estimate directly yields the above mentioned controllability
and stability results.

The schedule of the paper is the following one: Well-posedness of problem
(1.1) is analyzed in section 2 under the above assumptions on €2, € and p and ap-
propriate conditions on g. Section 3 is devoted to the proof of the equivalence
between the (g, u)-stability estimate and exponential stability of (1.1) in the
case of Silver-Miiller boundary condition, we further check this (e, pu)-stability
estimate in some particular situations. We give in section 4 some exact control-
lability results based on the (e, p)-stability estimate. Section 5 is devoted to the
stability results of (1.1) for general nonlinear feedbacks g.

2 Well-posedness of the problem

The main goal of this section is to show the well-posedness of problem (1.1) un-
der appropriate conditions on the mapping g using nonlinear semigroup theory.
To this end we introduce the Hilbert spaces (see e.g. [16, 23])

J(Q,e) ={F € L*(Q)?|div(¢E) = 0 in Q}, (2.1)
H=J(Q,e)x J(Q,pn),

equipped with their natural norm induced by the inner product

(E,E". = / e(z)E(z) - E'(z)dz,VE,E' € J(Q,¢),
Q

(( i )( o ))HZ(E,E/)E-F(EH’)#,V( - )( L ) e

Now define the (nonlinear) operator A from H into itself as follows:

D(A) = {( g > € H|curl E, curl H € L*(Q)?; (2.3)
E x v, H x v e L*(I')? satisfying
Hxv+g(Exv)xv=0onT}, (2.4)
E —e teurl H E
A(E)= (Y (£ e oo
Let us notice that the boundary conditions (2.4) is meaningful due to the
assumption (1.5): Indeed the properties E x v, H x v € L?(T")3 and (1.5) give a
meaning to the boundary condition (2.4) as an equality in L?(I")3.
We then see that formally problem (1.1) is equivalent to
ou
— + AU =0
ot * ! (2.6)
U(0) = U,
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_(F _( Eo
Whe:nU—(H)andUo—(Ho )

We shall prove that this problem (2.6) has a unique solution using nonlinear
semigroup theory (see e.g. [27]) by showing that A is a maximal monotone
operator adapting an argument from section 3 of [8]. But first we recall a
density result from [4] allowing integration by parts.

Theorem 2.1 ([4]) Introduce the Hilbert space
W ={FE € L*(Q)3|cwrl E € L*(Q)? and E x v € L*(T")%}, (2.7)

with the norm
I|E|Z = / (|1B* + |cur1E|2)daU—|—/ |E x v|*do.
Q r
Then HY(Q)3 is dense in W.

Lemma 2.2 For all < fl > € D(A), one has

/(curlE-H—curlH-E)dx:/HxV-Eda. (2.8)
Q r

Proof: We first remark that (2.8) holds for all in H'(Q)3 x H(Q)3

E
H
owing to Green’s formula. By density (see Theorem 2.1) it still holds in W x W.
We conclude since D(A) is clearly continuously embedded into W x W. O

We next prove the following density result, which is closely related to Lemma
2.3 of [23].

Lemma 2.3 If g(0) = 0, the domain of the operator A is dense in H.

Proof: Let us denote by P. the projection on J(Q,¢) in L?(2)® endowed with
the inner product (-,-).. As D(Q2)3 is dense in L3(2)3, P.D(Q)? is dense in
J(2,¢). Consequently P-D(Q)® x P,D(2)3 is dense in H = J(2, ) x J(Q, u).

Moreover as in Lemma 2.3 of [23] we can show that for any y € D(2)3, we
have

curl(P.x) = curl x in €,
P.xxv=0onTl.

Since g(0) = 0, we conclude that
P.D(Q)? x P,D(Q)* C D(A).

Therefore the above density result implies that D(A) is dense in H. O
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Remark 2.4 We notice that the above arguments also show that for any x €
C>° ()3, we have

curl(P.x) = curl x in €,
P.xxv=yxxvonl.

Lemma 2.5 Under the above assumptions on g, A is a mazimal monotone
operator.

Proof: We start with the monotonicity: A is monotone if and only if
(AU — AV,U =V )y 2 0,YU,V € D(A).

From the definition of A and the inner product in H, we see that this is equivalent
to

/{curl(E —E)- (H-H)-(E-FE)-curl(H—-H')}dr >0,
Q

/
for all ( f] ) , ( f]’ > € D(A). Lemma 2.2 yields equivalently

ﬁgLJﬂxwa_Emmzmv<§),(gﬁ)epmy

Using the boundary condition (2.4), we arrive at

A@@xﬂ—g@U@%(Exu—ExuMUZQV<g),(g;)EDM)

We then conclude using the monotonicity assumption on g (assumption (1.2)).

Let us now pass to the maximality. This means that for all F > in 'H,

G
: E .
we are looking for < I ) in D(A) such that

u+m(§)(g>. (2.9)

H=G—-pu'culE, (2.10)

Formally, we then have

and
eF +curl(p™ curl B) = eF + curl G. (2.11)

This last equation in F will have a unique solution by adding a boundary
condition on E. Indeed using the identity (2.10), we see that (2.4) is formally
equivalent to

—ptewrl Exv+g(Exv)xv=—-GxvonT. (2.12)
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We now remark that the variational formulation of problem (2.11)-(2.12) is
the following one: Find E € W, such that

a(E,E") = /{EF -E'+G-curl E'} dz,VE' € W, (2.13)
Q
where the Hilbert space W, is defined by
W. ={E € L*(Q)*| curl E € L*(Q)3,div(¢E) € L*(Q) and E x v € L*(T")%},
with the norm
IE|l}y, = / (B> + | curl B|? + |div(5E)|2)dx+/ |E x v|*do.

Q r

and the form «a is defined by
a(EB,E") = /{pf1 curl E - curl B’ + eE - E' + sdiv(eE) div(eE')} dx
Q
+/g(E><1/)~E’><z/da,
r

s > 0 being a parameter appropriately chosen later on.
We now introduce the mapping

A:We = W u— Au,

where Au(v) = a(u,v). As the right-hand side of (2.13) defines an element of
W/, the solvability of (2.13) is equivalent to the surjectivity of A. For that
purpose we make use of Corollary 2.2 of [27] which proves that A is surjective
if A is monotone, hemicontinuous, bounded and coercive. It then remains to
check these properties.

From the monotonicity of g, we directly check that A is monotone. Moreover
the continuity of ¢ leads to the hemicontinuity of .4 while the properties (1.5)
of g implies the boundedness of A. It then remains to show that A is coercive,
ie.,

AE(E)
1E]lw.
From the definition of A it is equivalent to

a(E, E)
[E]|w.
For a fixed E € W, we set

— 400 as || Ellw. — +o0.

— 400 as ||E||lw. — +o0. (2.14)

I ={zel:|(Exv)(z)|>1}, T ={zel:|(Exv)(z) <1}

The properties of g imply that

a(E,E) > /{;Fl|cur1E|2 +¢|E|? + s| div(e E)[*} dx—!—m/ |E x v|*do.
Q r+
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Moreover from the definition of I'~, we have
B, < /(|E\2 + |curl E|? + | div(eE)|*)dx +/ |E x v|?do + |T|.
Q r+

These two inequalities show that there exists a positive constant 5 (independent
on F) such that
a(B, E) = B(||E[fy, — L)

Consequently we have

IT|

E.E
al ) >5(||EHWE—W

— > )7
E]lw.

which leads to (2.14).
At this stage we need to show that the solution E € W, of (2.13) and H

]l‘; belongs to D(A) and satisfies
(2.9). We first show that eF is divergence free (compare with Theorem 7.1 of
[6]) by taking test functions E' = V¢ with ¢ € D(ADP), where D(AD") is the
domain of the operator AP with Dirichlet boundary conditions defined by

given by (2.10) are such that the pair (

D(AP™) = (¢ € H'(Q)|Acd := div(eVe) € L2(Q)),
APy = A.¢,Vp € D(AP™).

In that case (2.13) becomes (the boundary term disappears since ¢ is zero on
I)

/{5E V¢ + sdiv(eE)A. ¢} do = / eF - V¢ du,Yé € D(APT).
@ Q

Since eE and eF have a divergence in L?({2), by Green’s formula in the above
left-hand side and right-hand side (allowed since ¢ is in H!(€2), see for instance
[1]), we obtain

/ div(eE){¢ + sA.¢} dx = 0,Y¢p € D(AP™),
Q

since eF is divergence free. Taking s > 0 such that —s~! is not an eigenvalue

of AP (always possible since AP" is a negative selfadjoint operator with a
discrete spectrum), we conclude that

div(eE) =01in Q.

Using this fact and the identity (2.10), we see that (2.13) is equivalent to
/{eE-E’—H-curlE’} dx—|—/g(E xv)-E xvdo
Q r

= / eF-E dx,VE' € W..
Q
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Taking first test functions E' = P.x with y € D(Q)? by Lemma 2.3 we get
eE —curl H =¢F in D'(Q).

This means that the first identity in (2.9) holds since the above identity yields
curl H € L*(Q).

Now taking test functions B/ = P.x with x € C*(Q)? by Remark 2.4 and
Green’s formula (see Lemma 2.2), we get (2.4).

Finally from (2.10) and the fact that puG is divergence free, pH is also
divergence free. O

Nonlinear semigroup theory [27] allows to conclude the following existence
results:

Corollary 2.6 If g satisfies the assumptions of Lemma 2.5, for all ( ]E{O ) €
0

H, the problem (1.1) admits a unique (weak) solution ( [5 ) e CRy,H). If

Eq

I% > € D(A), the problem (1.1) admits a unique (strong) solution
0

moreover <

( ff ) € Whe (R, H) N L (Ry, D(A)).

We finish this section by showing the dissipativity of our system.

Lemma 2.7 If g satisfies the assumptions of Lemma 2.5, then the energy

£(t) = %/Q{dE(t,x)P -l H(t )} de (2.15)

18 non-increasing and

T
£(S) — £(T) = /S /Fg(E(t) ¥ V) E(t) x vdodt, W0 < S < T < 0. (2.16)

Moreover for < f{o ) € D(A), we have
0

&) = —/Fg(E(t) xv)-E(t) x vdo. (2.17)

Proof: Since D(A) is dense in H it suffices to show (2.17). For ( 50 ) €
0
D(A), we have

(1) = /Q (E(t,2)- B'(ta) + pH(t z) - H'(t,2)} da.
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By (1.1), we get

gm::AmmMMMmemmmmmmr
) (38)),
We conclude by Lemma 2.5. O

3 Exponential stability in the linear case

In this section we find a necessary and sufficient condition for exponential sta-
bility in the linear case (i.e. when g(E) = E). This condition is the validity of
a stability estimate that will be checked in some particular cases.

We start with the following definition.

Definition 3.1 We say that Q satisfies the (e, u)-stability estimate if there exist
T > 0 and two non negative constants Cy,Co (which may depend on T) with
C1 < T such that

T T
lAS@ﬁgQﬂ@+@A(AW@doMn (3.1)

for all solutions ( ff((?) ) of (1.1) with g(E) = E.

Let us give an equivalent formulation of that property:

Lemma 3.2 Q) satisfies the (e, u)-stability estimate if and only if there exist
T > 0 and a positive constant C' (which may depend on T) such that

HHSCA?AW@XVMML (3.2)

for all solutions ( g((?) ) of (1.1) with g(E) = E.

Proof: =-: Since £(t) is non-increasing, the estimate (3.1) implies that

TE(T) < C1E(0) + Cy /T/ |H(t) x v|*dodt.
0 r

By Lemma 2.7 we get

TE(T) < CLE(T) + (C1L + Co) /T/ |H () x v|* dodt.
0 r
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This yields (3.2) with C = G2,

<: From the monotonicity of £ we may write

T
/ £(t) dt < TE(0).
0

Again Lemma 2.7 yields

T T T T ,
/0 E(t)dt < 58(0)+§(5(T)+/0 /F|H(t) « |2 dodt).

Using the assumption (3.2) we obtain

T T T T ,
/0 E(t)dt < 55(0)+5(1+0)/0 /F|H(t) « |2 dordt,

which is nothing else than (3.1). O

We now show that the (e, u)-stability estimate is equivalent to the exponen-
tial stability for a linear feedback.

Theorem 3.3 Q satisfies the (e, p)-stability estimate if and only if there exist
two positive constants M and w such that

E(t) < Me™"€(0), (3.3)
for all solutions < IE{%?) > of (1.1) with g(E) = E.

Proof: Let us start with the necessity of (3.3): By (3.2) and the identity (2.16)
of Lemma 2.7 we have

E(T) < C(E(0) — &(T)).

This estimate is equivalent to

E(T) < ~€(0),

with v = 155 which is < 1.
Applying this argument on [(m — 1)T, mT], for m = 1,2,--- (which is valid
since Maxwell’s system is invariant by a translation in time), we will get

E(MT) <~AE(m—1)T) <--- <y™E0),m=1,2,---
Therefore we have
E(mT) < e “mTE(0),m=1,2,---

with w = & ln% > 0. For an arbitrary positive ¢, there exists one positive
integer m such that (m — 1)T < t < mT. By the nonincreasing property of &,
we conclude that

E(t) <E((m —1)T) < e~m=DTE(0) < Ze™@!€(0).

=2 |~
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Let us pass to the sufficiency: From the boundary condition (2.4) and Lemma

2.7, for any T > 0, we may write
T T
/ / \H(t) x v dodt / / E(t) x v]2 dodt
o Jr o Jr
= £(0) - &(T).

With the help of (3.3), we get

/T/ |H(t) x v]*dodt > £(0)(1 — Me™*T). (3.4)
0 r

The exponential decay (3.3) also implies

e—wT

T 1—
/ £(t)dt < MEO) 1=
0

w

Consequently for all C'y > 0, we may write

M(1— e wT)
w

T

/ E(t)dt < C1E(0) + < - 01) £(0). (3.5)
0

Choosing T large enough so that 1 — Me™“T > 0 and C; < min{M, T},

(3.4) and (3.5) yield (3.1) with

—wT
Cy = (M - Cl> (1 — Me_WT)_l.
w
O
Let us now give some examples of domains satisfying the (e, u)-stability es-
timate for some particular coefficients € and pu. More precisely we assume that
Q) is a Lipschitz polyhedron, in the sense that 2 is a bounded, simply connected
Lipschitz domain with piecewise plane boundary. We further suppose that €2 is
occupied by an electromagnetic medium of piecewise constant electric permit-
tivity € and piecewise constant magnetic permeability u, i. e., we assume that
there exists a partition P of 2 in a finite set of Lipschitz polyhedra 1,--- ,Q;
such that on each ;, ¢ = €; and yt = p;, where €; and p; are positive constants.
We first start with examples inspired from [11, 21]. For that purpose we
make the following definition.

Definition 3.4 We say that Q is (e, u)-substarlike if there exists o € W2°°(Q)
satisfying

Ap(2)|E]? = 2(D*p(2)€) - € > alé>,VE € R3,V ace. 2 € Q, (3.6)
Op
5 >0 onT, (3.7
D2 (ip —2,) <0 on FLYF € Fony, (3.8)
0
2 (ip — pi,) < 0 on FYF € Fip, (3.9)

al/iF
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for some positive real number o.. Hereabove and below, for any interior interface

a (written in short F' € Fint) the different indices ip and i are such that

F =Q;.NQy and are fized once and for all. For a fized subdomain §2;, v; is
F

the exterior unit normal vector along its boundary.

Before giving some examples of domains being (e, u1)-substarlike, let us show
that this (geometrical) property and a density result (which could be interpreted
as a geometrical property, cf. [20]) guarantee that Q satisfies the (g, u)-stability
estimate. To formulate that result we recall that the space PH'(Q, P) of piece-
wise H! (scalar) function in (2 is defined by

PHY(Q,P) :={ue L*(Q)|ujg, € H' (), Vj=1,---,J}.

Theorem 3.5 If Q is (e, p)-substarlike, PH(Q, P)3 N W, is dense in W, and
PHY(Q,P)>NW, is dense in W, then ) satisfies the (e, j1)-stability estimate.

Proof: It suffices to show that the estimate (3.1) holds for any strong solution

( fl((?) ) of (1.1) with g(F) = E and appropriate constants T',C1, Cs.
Fixing a function ¢ € W2°°(Q) from Definition 3.4 we define the multiplier
m = V. We now prove that the following estimate holds for all £ > 0:

1/ d R,
< = : - .
E(t) < - /qudt {(Bx H)-m} do+ 310, (3.10)
where we set
B = [ @lH P4 elE x o) do,
r
_ [m(z) - v(z)|* 4 |m(z)[?
b= o)

The proof of that estimate follows the line of Lemma 8.20 of [13] but adapted
to our setting. Indeed starting from

d
I::/e,u—{(ExH)-m} dx
and using the first two identities of (1.1) we get
I= / {p(curl H x H) -m+ e(curl E x E) - m} dz.
Q

Assume for a moment that E (resp. H) belongs to PH(Q,P)3 N W, (resp.
PHY(Q,P)3NW,). Using the standard identity

1
curl Hx H=(H-V)H — 5V|H\2,
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we obtain
I= —% /Q {uVIH]> -m+eV|E]*-m} dz+ 1,(H) + I.(E),
where for shortness we have set
I,(H) = /Qu((H -V)H) -mdx.
Using Green’s formula we get

1
I = 5/{,u|H|2—|—5\E|2}divmda: (3.11)
Q

~ 5 | EIBE+ plH ) - v) do

1
- 3 > [ EBP + plHP e (m - viy) do
FeFint

+1u(H) + I(E),

where [h]p means the jump of the function h through the interface F, i.e.,
(hlF = hip — ha_.
Using Green’s formula we also transform I,,(H) as follows:

3
I(H) = - Z/{ZNHiaj(miHj)dx

,5=1

+/u(H~u)(H-m)da

* Z /F[M(H'ViF)(H-m)]Fdo.

FeFint
Leibniz’s rule yields
3
I,(H) = - Z /,uHiHjajmi de — | H-mdiv(uH)dzx
Q Q

—|—/,u(H-V)(H-m)do

r
S T R e e
FeFint

Inserting this identity into (3.11) and introducing the 3 x 3 matrix
M = divmlI — 2Dm,

we have obtained

2 = / (UMH -H+eME - E)dx — 21y — I int(E) — I int(H) — Teqt, (3.12)
Q
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where we have set

Loimt(H) = > | {luHPIr(m - vip) = 2[u(H - v, )(H - m)|p} do,
FeFint
Tt = [ Am o€l + W HP) = 2:(m- B)(E-v)
~2p(m - H)(H -v)} do,
Iy = /Q(E -mdiv(eE) + H - mdiv(uH)) dz.

From the assumption (3.8) (resp. (3.9)) as well as the properties of E (resp.
H) through the interior interfaces we readily show that I. ;n:(E) < 0 (resp.

I, int(H) < 0). Combined with (3.12) we get

21 > /(uMH-H+eME~E) dz — 21y — L.
Q

At this stage we remark that the assumption (3.7) guarantees that m-v > 0
on I', therefore by Lemma 8.21 of [13] we get

Iemt S Rllgmty

Finally by the assumption (3.6) we arrive at
21 > a/ (u|H|? 4 €| E|?) dx — 21y — R1I2,,.
Q

By the density assumptions this inequality remains valid in W, x W, and,
therefore, for any strong solution of (1.1) since D(A) is continuously embedded
into W, x W,. From the property div(eE) = div(uH) = 0 it actually reduces
to (3.10).

We now take advantage of the estimate (3.10). From the boundary condition
(2.4) (recalling that g(F) = E) we have

0
Iea:t

< M/ |H x v|?do, (3.13)
r

where M = max,cr max{u(z),e(z)}. Integrating the estimate (3.10) from 0 to
T and taking into account (3.13) we have

/TS(t) dt < l/ ep{(E(T) x H(T)) — (E(0) x H(0))} - mdz (3.14)
0 @ Jo
RiM

+ 2c S

|H x v|?do.
Since we readily check that

/ cp(E(t) x H()) - mdz| < CE() < CE(0),
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with C' = (max; p1;€;) maxzeq |m(z)| (which is independent of T'), we arrive at

R\M
/ Et)dt < —g( )+ = |H x v|* do. (3.15)
2 o
This proves the estimate (3.1) by choosing T large enough, i.e., T > % O

Remark 3.6 We gave in [20, Thm 5.1] sufficient conditions on €2, P and ¢; im-
plying the density of PH! (92, P)3NW. into W, in particular this density always
holds in the homogeneous case i.e. €; = ¢y, for all j = 1,---,J. Examples of
non-homogeneous structures satisfying these conditions are easily built.

We now give some examples of domains which are (e, p1)-substarlike:

Example 3.7 Assume that the domain € is strictly star-shaped with respect
to the origin 0 and that the subdomains are nested in the following sense: the
origin belongs to 2; and

Q]‘ N Qj+1 = 8QJ \an_l,Vj > 2.

Then ¢(z) = |x|?/2 directly satisfies (3.6) and (3.7), while (3.8) and (3.9) are
equivalent to
gj <ejprand pj <pipaVji=1,---,J

Example 3.8 Assume that the domain € is strictly star-shaped with respect
to the origin 0 and that the subdomains are around the origin in the sense that
the origin belongs to the boundary of all subdomains Q;. Then p(z) = |z|?/2
directly satisfies (3.6) and (3.7), while (3.8) and (3.9) are trivially satisfied.

For these two above examples, particular partitions can be given for which in
addition to the above assumptions, the density results hold for adequate choice
of g; and p;.

An example of a non star-shaped domain which is (e, u)-substarlike is now
built using arguments similar to those in [21]. Indeed we remark that a domain
Q is (e, u)-substarlike if there exists ¢ € W>(Q) satisfying (3.7), (3.8) and
(3.9), as well as

Ap=1, in Q, (3.16)

As(p) < % (3.17)

where \;(¢),i = 1,2,3, denote the eigenvalues of the matrix D%y enumerated
in increasing order.
Indeed if such a function exists we see that

Ap(z)|€]*> — 2(D?p(2)€) - € > (1 — 2X3(p))|€2, VE € R,V ae. z € Q,

which directly yields (3.6).
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In [21] the assumption (3.17) is replaced by the stronger one
Ai(p) > 1/4. (3.18)
Indeed this assumption yields (3.17) since

As(p) =1 = Ai(p) = Aa(p) < 1= 2M (o).
The advantage of (3.18) is that it is easier to check.

Example 3.9 We first take the 2D domain Q with vertices A = (—1—4/2,11),
B = (1—5/2,3}1)7 C= (1 _6/2a_5)7 D= (1+5/2v_5)a E = _Aa F = -B,
G =—C, H= —D with 6 > 0 such that § < 2. We define the function ¢ defined
by

. 1
Blw) = el + P2),
where P = R f when f is the holomorphic function

1 .22
f(Z) - 577@%,
with zyp = —1 + 0. Then one readily checks that for § small enough ¢ satisfies
(3.7), (3.16) as well as (3.18). Moreover taking an interface I on the line z = —1
one checks that

dp
— 1.
pe < 0 on

Defining Q) = QN {z:z; < —1} and Qy = QN {z : 21 > —1}, we see that (3.8)
and (3.9) hold if
€1 S 135 and H1 S 2.

Extending this domain into a prism Q = Qx] — 1,1[ divided by the two
subdomains ©; = Q;x] — 1,1[, we check that

o(x) = p(x1,22) + 23/4,

satisfies (3.7), (3.16) (3.18) and (3.8) and (3.9) under the above assumptions on
€ and p.

Note further that for this example the density of PH!(Q,P)? N W, (resp.
PHY(Q,P)?>NW,) into W, (resp. into W,,) always holds.

All these examples are based on the multiplier technique, we finish this
section by giving one coming from microlocal analysis which, up to now, is only
applicable for smooth coefficients € and pu.

Example 3.10 Suppose that €2 is a connected domain with a smooth boundary
I' consisting of a single connected component and assume that ¢ = 4 = 1. Then
Q satisfies the (1, 1)-stability estimate. Indeed thanks to Lemma 4.1 of [25] the
estimate (3.1) holds with C7 = 0 provided the set ker A is reduced to {0}, this
last property being proved using Proposition 3.18 of [1].

Note that this example could be deduced from Proposition 4.1 of [8] but
there the estimate (3.1) is obtained using the multiplier technique as well as
microlocal analysis.
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4 Exact controllability results

Using the results of the previous section we deduce the exact controllability
of the heterogeneous Maxwell’s system, thereby extending earlier results from
[16, 12, 21, 23]. More precisely for all (Eg, Hy) € H, we are looking for a time
T > 0 and a control J € L%(I'x]0,T[)® such that the solution (E, H) of

Eaa—]f —curl H =0 in Qr := Qx]0,T7,
u—H +curl E =0 in Qr,
ot (4.1)
div(eE) = div(uH) =0 in Qr,
Hxv=Jon Xy :=Tx]0,T,
E(0) = By, H(0) = Hy in Q,
satisfies

E(T) = H(T) = 0. (4.2)

Theorem 4.1 If Q satisfies the (e, p)-stability estimate, then for T > 0 suffi-
ciently large, for all (Eo, Hy) € H there exists a control J € L?(X1)? satisfying

J-v=0 on X, (4.3)

such that the solution (E,H) € C([0,T],H) of (4.1) is at rest at time T, i.e.,
satisfies (4.2).

Proof: In fact, it follows as in Theorem 1.1 of [17] that the estimate (3.2) of
Lemma 3.2 implies the observability estimate

T
(@0, o) I3, < C/ / |©(t) x v|*dodt, V(Po,¥) € F, (4.4)
o Jr
with the same T and C' as in (3.2), where (®, ¥) is the solution of
0P
EE —curl¥ =0 in Qr,

,uaa—‘f 4 curl® =0 in Qr,
div(e®) = div(p?) =0 in Qr,
Uxv=0onXrp,
D(T) = o, U(T) = ¥y in Q,
and where
F={(®9,¥) € H: ® x v|g, € L*(Z7)%}.

As is well-known, the observability estimate (4.4) implies exact controllability
of (4.1) in time T. The control J of minimum norm in L?(Xr)? that steers
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the solution of (4.1) from (Ey, Hy) to (0,0) at time T is constructed according
to J.-L. Lions’ Hilbert Uniqueness Method. However, for purposes of deriving
our decay rates for the nonlinear system (1.1), we shall need to work with the
control constructed according to Russell’s principle that steers the solution of
(4.1) from (Ey, Hp) to (0,0). The control time T for this control will in general
be greater than the 7" appearing in the observability estimate (4.4), however.
Although the construction of a feasible control via Russell’s principle is quite
standard, we include it for the sake of completeness. Moreover for further pur-
poses we prefer to solve the inverse problem: Given (Py, Qo) € H, we are looking
for K € L*(37)3 satisfying (4.3) such that the solution (P, Q) € C([0,T],H) of

opP .
5@ —CUI'IQ =0in QT,

uaa—? +curl P =0 in Qr,

(4.5)
div(eP) = div(pQ) = 0 in Qr,
Q xv=K on X,
P(T) = Py,Q(T) = Qo in 9,
satisfies
P(0) =Q(0) =0. (4.6)

Indeed if the above problem has a solution the conclusion follows by setting
E(t) = —P(T —t), H(t) = Q(T — ).

We solve problem (4.5) and (4.6), using a backward and an inward Maxwell
system with Silver-Miiller boundary conditions: First given (Fy, Ip) in H, we
consider (F,I) € C([0,T],H) the unique solution of

F
5887 —curl/ =0 in Qr,

u—j +curl £ =0 in Qr,
ot (4.7)
div(eF) = div(u) =0 in Qr,

Ixv—(Fxv)xv=0onXr,
F(T) = Fo, I(T) = I in Q.

Its existence follows from Corollary 2.6 by setting £(t) = —F(T —t) and H(t) =
I(T —t). Moreover applying Theorem 3.3 to (E(t), H(t)) we get

E(F(t),1(t)) < Me~“T=VE(Fy, Iy). (4.8)

Second we consider (G,J) € C(]0,T],H) the unique solution of (whose ex-
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istence and uniqueness still follow from Corollary 2.6)

e—G —curlJ =0 in Qr,

ot

u—J +curl G =0 in Qr,
ot (4.9)
div(eG) = div(pJ) =0 in Qr,
Jxv+(Gxv)xv=0onXr,

G(0) = F(0), J(0) = I(0) in €.

We now take P =G — F and Q = J — I. From (4.7) and (4.9), the pair (P, Q)
satisfies (4.5) with

K=—-(Gxv)xv—(Fxv)xwv. (4.10)
Let us further consider the mapping A from H to H defined by
A((Fo, Io)) = (G(T), J(T)).

We show that for 7 > 0 such that d := Me 7 < 1, the mapping A — I
is invertible by proving that ||A|[z(3,7) < 1. Indeed using successively the
definition of A, Lemma 2.7, the initial conditions of problem (4.9) and the
estimate (4.8) we have

IA((Fo, Io)lI7, = 2E((G(T),J(T))) < 2£((G(0), J(0)))
< 28((F(0),1(0))) < 2Me™“TE(Fy, Iy) = d||(Fo, Io)||%.

Consequently |[Al|z4,7) < Vd < 1.
Since A —1 is invertible for any (Py, Qo) € H, there exists a unique (Fy, I) €
‘H such that

(o @n) = (P, QD) = G0 (D) = (PO D) = (8= DR ).

4.11

The proof will be complete if we can show that K € LQ(ZT)g’.NFQr that

purpose, we remark that Lemma 2.7 (identity (2.16) applied to (FE,H) and
(G, J)) yields

E((F(T), I(T)) - £((F(0),1(0)) = / |F(t) x v]? dodt,
£((G(0), J(0)) — E((G(T), J(T)) = /2 G(t) x v|? dodt.

Summing these two identities and using the initial conditions of problem (4.9),
the final conditions of (4.7) and the definition of A, we obtain

|
B
=
=3
=
3
|
B
Q
=3
=
=3

/ (|F x v|? + |G x v|*) dodt
T

INA
ML’_‘
S
S
e
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Using the identity (4.11) and the boundedness of (I — A)~! we finally arrive at
the estimate

1
/ (IF x v + |G xvf)dodt < S|[(T=A)"(Po, QllF  (4.12)
X
1
< — (P, 2.
< 2(1_\/3)2\“ 0, Qo) |7
This proves that K given by (4.10) belongs to L?(X7)3. O

Remark 4.2 The sufficient conditions on 2, €, ;4 given in section 3 which guar-
antee that € satisfies the (e, p)-stability estimate are weaker than those found in
[23, §6.2] to insure the validity of some observation estimates (leading to exact
controllability results). Consequently the conjunction of Theorem 4.1 with the
results from section 3 improves some exact controllability results from [23].

5 Stability in the nonlinear case

Liu’s principle [19] consists in estimating the energy of the direct system by
boundary terms using a retrograde system with final data equal to the final
data of the direct system. These boundary terms are then estimated using
Russell’s principle and the properties of g. For our system the application of
this principle is essentially based on the validity of the (e, u)-stability estimate.
In a second step we use a new integral inequality to deduce decay rates of the
energy using appropriate nonlinear feedbacks g.

We start with the new integral inequality obtained similarly to Theorem 9.1
of [13] and proved in detail in [8].

Theorem 5.1 Let £ : [0,+00) — [0, +00) be a non-increasing mapping satisfy-
mg
| otemyar <re(s).vs 2o, (1)
S
for some T > 0 and some strictly increasing convex mapping ¢ from [0,+00) to

[0, +00) such that $(0) = 0. Then there exist t; > 0 and ¢; depending on T and
E(0) such that

E(t) < ¢! (W) V>, (5.2)
1
where ¥ is defined by
1
1
w(t) = /t S dee> 0 (5.3)

Remark 5.2 Theorem 5.1 yields exactly the same decay rate as in Theorem
9.1 of [13] when ¢(t) = 1< for some a > 0 (case leading to polynomial decay).

We now give the consequence of this result to our Maxwell system.
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Theorem 5.3 Assume that g satisfies the assumptions of Lemma 2.5 as well
as

1B +19(B)* < G(g(B) - E),¥|E| <1, (5-4)

for some concave strictly increasing function G : [0,00) — [0,00) such that
G(0) = 0. If Q satisfies the (g, u)-stability estimate, then there exist cy,c3 > 0
and Ty > 0 (depending on T, £(0) and |I'|) such that

-1
E(t) < 3G (%) Wt > T, (5.5)
for all solution ( f[((?) > of (1.1), where 9 is given by (5.3) for ¢ defined by
Bls) = TITIG (). (5.6)

Proof: Thanks to Lemma 2.3 it suffices to prove (5.5) for data in D(A). In
that case let g,g)) be the solution of (1.1) and consider (P, Q) the solution
of problem (4.5) and (4.6) with Py = E(T) and Qo = H(T) with T" > 0
sufficiently large (whose existence was established in Theorem 4.1). By (1.1)
and (4.5) we may write

0 = / {eP-(E' —etewl H) + puQ - (H' 4 p~ ' curl B)

T

+eE - (P — e tewrlQ) + pH - (Q + ' curl P)} dxdt.

By integration by parts in t and Lemma 2.2 this identity becomes

T

0 = [ [P 2w+ nee) - 1)

0

+ {(Hxv)-P+(Q xv)-E}dodt.
S

Using the boundary and initial/final conditions in (1.1) and (4.5), we obtain

1
g(T):—§ . {9(Exv)-Pxv+E-K}dodt.

Since K is a tangential vector, we may write F- K = E, - K, where the subscript
7 denotes the tangential component. Since |E;| = |E X v|, Cauchy-Schwarz’s
inequality in R? allows us to transform the last estimate into

E() < % {lg(E x V)||P x v| + |E x v||K|} dodt. (5.7)

T
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Let us remark that the estimate (4.12) and the final conditions on (P, Q)
yield

2 2 1
/ET(|F P 1Gx ) dodt < B

This estimate, the definition (4.10) of K, of P (P = G — F) and Cauchy-
Schwarz’s inequality lead to

) 2
/ET \K|?dodt < 7(1_\/3)25@) (5.8)

) 2
/ZT P x v?dodt < 7(1_\@25@). (5.9)

We now estimate each term of the right-hand side of (5.7) as follows: Intro-
duce
5 o= {(z.t) € 7| Bz, t) x v(z)| > 1},
¥y = {(z,t) € Zp||E(z,t) x v(z)| < 1}

By Cauchy-Schwarz’s inequality we may write

I

T

19(E x )||P x v|dodt < (/ P x y\gdadt)%(/ (B x )| dodt)}.
=5 =f

T

The assumptions (1.4), (1.5) and the estimate (5.9) lead to
/ |9(E x V)||P x v|dodt < c4g(T)%(/ (E x v)-g(E x v)dodt)?,
P =7
for some positive constant ¢4. By (2.16) we arrive at

/Z+ 9(E x 0)||P x v| dodt < cx€(T)HEO) —ET)E. (5.10)

T

Similarly by Cauchy-Schwarz’s inequality, the estimate (5.9) and the as-
sumption (5.4) we have

D=

/_ |g(E x v)||P x V|d0dt§(/ |P x l/|2d0'dt)%(/ lg(E x v)|? dodt)

T 2 T

\/§ 1/ 1
< E(T)? G(Exv) -g(FE xv))dodt)2.
—1—\/8()(2; (( ) - g( )) dodt)

Jensen’s inequality then yields
V2 ! !
E x v)||P x v|dodt < ———|3p|28(T)2 -
/Z;Ig( NP xvldodt < = mlte(r)

1 3
(G <|ET| 2;(E xv) g(E xv) dadt)) .
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By (2.16), we arrive at

We proceed similarly for the second term of the right-hand side of (5.7).
First Cauchy-Schwarz’s inequality yields

/ |g(E x v)||P x v|dodt <
-

T

/ |E x v||K|dodt < (/ |K|2dadt)%(/ |E x v|? dodt)?.
- . .

T ET ET

The assumption (5.4) and the estimate (5.8) directly lead to

V2
1-Vd

Again Jensen’s inequality and (2.16) yield

/2* |E x v||K|dodt < ; i/imzﬂég(T)é (G (%j(ﬂ»%  5.12)

The assumption (1.4), the estimate (5.8) and (2.16) lead similarly to

/_ |E x v||K|dodt < 5(T)%(/ G((E xv)-g(E x v)) dodt)?.
o P

T

=

/+ |E x v||K| dodt < csE(T)*(£(0) — £(T))?, (5.13)

for some constant cs.
The estimates (5.10), (5.11), (5.12) and (5.13) into the estimate (5.7) give

E(T)* < eo{(E(0) — E(T))= + (G (|77 (£(0) — £(T))))*}.
for some positive constant c¢g (depending on T" and |I'|). This finally leads to

£0) = E£(0)—&(T)+E(T)
< max{1,¢}{(£(0) = E(T)) + G (|| ~'T~1(E(0) — £(T)))}-

As % < %, the concavity of G yields a constant ¢; (depending contin-

uously on T, £(0) and |T'|) such that

£(0) —&(T)
T|T|

£(0) — &(T)

< C7G( T|F|

).

These two estimates lead to

£(0) = &(T)

5(0) < CSG( T‘F| )a

for some ¢z > 0 (depending on T, £(0) and |T'|).
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Using this argument in [¢t,¢ 4+ T instead of [0, 7] we have shown that
E(t) < ¢ HE®) — E(t+T)),Vt >0, (5.14)

when we recall that ¢ was defined by (5.6).
We conclude by Theorem 5.1 since Lemma 5.1 of [8] shows that the estimate
(5.14) guarantees that £ actually satisfies (5.1). O

Corollary 5.4 Assume that g satisfies the assumptions of Lemma 2.5 as well
as

B+ g(E)|" < esg(E) - E,V|B| <1, (5.15)

for some positive constant cg and g > 1. IfQ satisfies the (e, pu)-stability estimate

and q = 1, then there exist two positive constants K and w which may depend
on T,|T| and £(0) such that

E(t) < Ke “'£(0), (5.16)

for all solution < IE{E?) ) of (1.1).

If Q satisfies the (g, p)-stability estimate and q > 1, then there exist a positive
constant K1 which may depend on T, |T'| and £(0) such that

Et) < Ki(1+1t) 7T, (5.17)
for all solution ( IE{E?) ) of (1.1).

Examples of functions g leading to an explicit decay rate (5.5) are given in
[8]. Let us give the following illustration (compare with Examples 2.1 and 2.2

of [8])
Example 5.5 Suppose that g satisfies (1.5) and (1.2) to (1.4) as well as
E-g(E) > co| BP*Y, |g(E)| < Col B, V|E| <1, (5.18)

for some positive constants cg, Cp, o € (0,1] and p > . Then g satisfies (5.15)
with ¢ = pail — 1 (which is > 1). By Corollary 5.4 we get an exponential decay

if p=a =1 and the decay T if p+ 1> 2a. A function ¢ satisfying all
these assumptions is given by

_ [ |E|*T'E B <1,
9(B) = { E if |E| > 1,

for some o € (0,1]. In that case (5.18) holds for p = a.
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