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Differential equations with several deviating
arguments: Sturmian comparison method in
oscillation theory, IT *

Leonid Berezansky & Yury Domshlak

Abstract

We study the oscillation of solutions to the differential equation
&(t) + a1(t)z[r(t)] + a2 (t)x[p(t)] =0, t>to

which has a retarded argument r(t) and an advanced argument p(t). We
obtain oscillation and non-oscillation conditions which are closed to be
necessary. We provide examples to show that our results are best possible
and compare them with known results.

1 introduction

This paper is a continuation of the investigation on equations with two devi-
ating arguments started in [4]. We are concerned with the following two basic
problems in the oscillation theory:

1) Sufficient conditions for the existence of a non-oscillatory solution.

2) Sufficient conditions for all solutions to be oscillatory.

Methods of investigation differ significantly for these two problems. For the
first problem, it is enough to prove the existence of a sign preserving solution.
In this case, various fixed point methods are applied, or a monotone sequence
defined which converges to a non-oscillatory solution.

The investigation of the second oscillation problem can not employ methods
that characterize only some solutions of the equation. Thus the proof is usually
done by contradiction, i.e. the assumption that there exists a non-oscillatory
solution is inconsistent with the constraints on the equation parameters.

In the works [7, 8, 9, 15, 16, 18, 19], a constructive method for proving that all
the solutions are oscillatory was proposed and was called Sturmian comparison
method. It is based on the generalization of the classical Sturm comparison
theorem to functional-differential equations and inequalities . This theorem
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was originally formulated for the second order ODE. The Sturmian comparison
method was described in detail in [4]. We give here just a brief description of
the method.

The main idea of the method is to obtain the widest possible set of functional
differential inequalities (the “testing” equations) associated with the equation,
such that at least one of the solutions is a so called “slowly oscillating”. This to-
gether with the Sturmian Comparison Theorem (see Theorem 2.1 in this paper)
yields that all solutions oscillate.

The proposed method is constructive. Indeed, it is enough to find only one
solution which enjoys certain properties instead of checking the fact that all
the solutions of the “test” equation oscillate. Note that the results usually
called Sturmian comparison oscillation theorems [5, 6, 22, 29] are not a part of
Sturmian comparison theorem.

The Sturmian comparison method has been applied to the first order delay
differential equations [9, 10, 15, 16, 18, 19], neutral differential equations [7, 8,
18], the second order delay differential equations [7, 8, 9, 18], impulsive delay
differential equation [1, 2, 3] and difference equations [11, 12, 13, 14, 17].

Note the search for the “slowly oscillating” solutions can be treated as the
search for “big half-cycles” [35] of a given length. Thus this method incidentally
solves a rather difficult problem of the evaluation of the length of sign preserving
intervals [9, 16, 18, 19].

This method turned out to be efficient for the investigation of so called “crit-
ical cases” as well. This means that the oscillation of all solutions of functional
DE with almost constant coefficients is studied in the case when the limit equa-
tion has a non-oscillatory solution (see [20, 21] for the application of Sturmian
comparison method in such cases).

The present paper is a continuation of [4], where the basic ideas of Sturmian
comparison method were described for a rather general functional DE and this
method was applied to DE of the first order with two retarded arguments.

This paper develops the Sturmian comparison method for the mixed differ-
ential equation

(t) + a1 (t)z[r(t)] + a2(t)z[p(t)] =0, ¢ > to, (1.1)

with nonnegative coefficients a;(t), one delayed argument (r(t) < t ) and one
advanced argument (p(t) > t). To the best of our knowledge, oscillation prop-
erties of such equations has not been studied before except special cases of the
autonomous equations [27, 32, 33, 37, 38] and equations with constant delays
[39].

Sufficient conditions for all solutions of (1.1) to be oscillating are obtained
here. The examples presented here show that these conditions are rather sharp.
Further we obtain sufficient conditions for the existence of a non-oscillatory
solution of (1.1). Similar non-oscillation results are obtained for (1.1) with non-
positive coefficients.
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2 Sturmian comparison theorem
Suppose —oo < @, 3 < 00, k = 1,2, and the following assumptions hold:
(A1) The functions ax(t) are continuous on (a, 3), ax(t) > 0.

(A2) The functions r(t), p(t) are monotone increasing on («, 8) with continuous
derivatives and r(t) < t,p(t) > t.

We can extend functions r(t), p(t), without loss of monotonicity and differen-
tiability, in such a way that the range of these functions include [«, 5]. Then
there exist continuously differentiable functions g(t), s(t) such that r[g(t)] =t
and p[s(t)] =t for t € (a, 5).

In this and the next sections, we assume that conditions (A1) and (A2) hold
for (1.1). We define the following differential operators on the set of continuous
functions on [s(a), ()] with continuous derivatives on («, 3):

(I2)() = 2'(t) + ar(D)x[r(t)] + az(D)z[p(t)], t € (o, B), (2.1)
(y)(t) = =y'(t) + ¢ (Darla(®)]yla(®)] + s’ O)az[s@)yls(B)], € (o, 8). (2.2)

Here ay(t), k = 1,2 are continuous functions on (r(«),p(8)). Let us define the
following differential inequalities and equations:

+
lq

(lz)(t) <0, te(a,p), (2.3)
(lz)(t) =0, te(a,pf), (2.4)
(Iy)(t) >0, te (a,B). (2.5)

Definition (see [9]) An interval («, ) is called a regular half-cycle for (2.5) if

r(B)>a, B> pla),

and there exist a solution y(t) of (2.5) such that

y(a) = y(ﬂ) =0, y(t) >0, te (aaﬂ)a
y(t) <0, te (s(a),a)U(B,q(B)).

The definition of regular half-cycle for (2.3) and (2.4) is similar.

Definition (see [9]) a) A solution x(t), to < ¢t < oo of a differential equation
or inequality is called non-oscillatory if there exists T such that z(¢t) #0,¢t > T
and oscillatory otherwise.
b) An oscillatory solution z of a differential equation or inequality is called
reqular oscillatory if for every T there exists its regular half-cycle (o, ), > T
and quick oscillatory otherwise.

The following theorem is a general Sturmian comparison theorem [4, Theo-
rem 1] which is formulated for (1.1).
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Theorem 2.1 Suppose («, ) is a regular half-cycle for (2.5) ,
ai(t) 20, te(B,q(B)); azt) =20, te(s(a),a)), (2.7)

0, te (Oé, (a))a &Q(t)’ (aa (ﬂ))a
SCER T SICECES (el i
and at least one of (2.7)-(2.8) is strict on some subinterval of (o, B). Then (2.3)

has no positive solutions on (s(a),q(3)).
Corollary 2.2 Suppose (2.5) has a regular oscillatory solution on (tg, 00) and
ap(t) > ap(t) >0, k=1,2, t>tp.

Then (2.83) has no positive solution on (tg, 00).

Remark Theorem 2.1 is concerned with the behavior of solutions of mixed
differential equations and inequalities on a finite interval and not on a half-
line. Therefore one can obtain from Theorem 2.1 not only explicit conditions of
oscillation but also estimations of the length of the sign-preserving intervals of
solutions. In this paper we will not consider this problem.

3 Construction of the testing equations

Lemma 3.1 Let r(8) > o, p(a) < 0 and for continuous functions ¢(t), m(t)
assume the following conditions hold:

0< / p(s)ds<m, te(a,f); 0< [Q p(s)ds <, t e (s(a),a); (3.1

[fewas=r o< [Votas< I tew@ar 62

s)ds = T, < s)ds < —, e (rla),D); .
@ 4 (t) v 2

m(t) > cotf s)ds, te (r(B),p), (3.3)

) so(t)cot o, <>ds t€ (@ p(a)). |

Then the interval («, 3) is reqular half-cycle for (2.5) where ax(t) defined by

a(t) a(t)
qd (t)ai[q(t)] = csc/ o(s)dsexp (— /t m(s)ds)

« {m(t) sin /S(t) p(s)ds + o(t) cos /s(t)

t

p(s)ds .

t

o(s)ds exp (/(t) m(s)ds)

X {m(t) sin /tq(t) o(8)ds — p(t) cos /té‘!(t) gp(s)ds}. (3.4)
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Proof. By direct calculations one can check that the function
t t
y(t) := sin/ o(s)ds x exp/ m(s)ds

is a solution of the equation (Iy)(t) = 0. Conditions (3.1)-(3.3) and p(8) > a
make (a, §) an regular half-cycle for (2.5).
From Theorem 2.1 and Lemma 3.1 we obtain the following theorem.

Theorem 3.2 Suppose for some functions ¢(t), m(t) conditions of Lemma 3.1
and (2.7)-(2.8) hold, where a;(t) are given by (3.4) and at least one of (2.7)-
(2.8) is strict on some subinterval. Then (2.8) has no positive solution on

(r(a),p(B)).

Corollary 3.3 Suppose the conditions of Theorem 3.2 hold for a sequence of
intervals (o, B;), a; — o0o. Then all solutions of (1.1) are oscillatory.

Remark. No limitations are imposed on the coefficients ax(¢) of (1.1) outside
the set U2, (a, B;) in Corollary 3.3.

Corollary 3.4 Let r(t) — oo, ftio w(s)ds = oo, and

q(t) -
0< / o(s)ds < T, t > to, (3.5)
s(t) 2
t

q(t)
m(t) > max{ — o(t) cot/ p(s)ds; p(t) cot/t @(s)ds},t >to.  (3.6)

s(t)

Assume also that for every T there exists a > T such that
«@ T t
0< / p(s)ds < 5 te (s(a),a), 0< / p(s)ds < m, t € (a, ),
t a

where 3 is defined by ff o(s)ds = . If
ak(t) > dk(t)7 k= 1,2, t> t07 (37)
where a; are defined by (3.4), then all solutions of (1.1) are oscillatory.

On the one hand the following statement gives a new clear proof of the follow-
ing well-known [33] fundamental oscillation criterion for autonomous equation
with mixed deviations

) +az(t —7)+ax(t+0)=0, 7>0,06>0,a,>0, k=12 (3.8)

On the other hand this statement demonstrates the sharpness of Theorem 3.2,
which in particular case (an autonomous equation) enables one to obtain nec-
essary and sufficient conditions of oscillation of all solutions of (1.1).
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Corollary 3.5 Suppose for the characteristic quasi-polynomial of (3.8)
F(\) := A+ a1 exp{—A7} + azexp{Ao}
the following condition holds
{F(A) >0, forall e (—o0,00)}. (3.9)
Then all solutions of (3.8) are oscillatory.

(It is obvious that (3.9) is also necessary for oscillation of all solutions as
well).

Proof. It is easy to see that the equation
F'(\) :==1—a17e ™ + ag0e™ =0 (3.10)

has a unique root Ag and inf_.ocr<oo FI(A) = F(Xg). Indeed, for every A we
have .
lim F'(\) =+c0, lim F'(\)=-o00, F (A)>0.

A—~+o00 A——00

Equation (3.8) implies

Cond. (39) <~ {F(/\()) > O} — U()\O + ale—)\DT + a2e/\oa) >0
—oXo+1 ., (3.11)
EE— o .

= oA+ oa1e 7 + (a17e” T — 1) > 0 = a; >
T+o0
Similarly we have

—T>\0—1

Ao 3.12
T+o0 € ( )

Cond. (3.9) <= 7F()\g) > 0 <= ay >

Consider two possible cases for a;. Assume first a; > % Then the equation
y'(t) +ay(t—7)=0

has no eventually positive solutions and therefore the inequality
y' () +ayt-7)<0

has no such solutions. Then (3.8) has no eventually positive solutions. Assume

now that a; < % Then

1
F'(—=)=1-aite+ agoexp{ — E} > 0.
T T

Since F'(A\g) = 0 and F"'(\) > 0 for all A, we obtain

1
A _Z. 3.13
o<~ (3.13)
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Put ¢(t) :=v, m(t) := —X in Theorem 3.2, where v > 0 is a sufficiently small
number which will be chosen below. Then (3.13) implies

1 v
t)y=—Xp>— > .
m() 0 T tan vt

Hence (3.3) holds. Thus, Theorem 3.2 implies that under the conditions

e}\gT
m{—/\o sinve +vcosvo} = Pi(v)
e*)\gd‘

(3.14)

as > {=XosinvT —vcosvr} = Py(v),

sinv(r + o)
all solutions of (3.8) are oscillatory.
It is easy to see that

—>\0T —1

—Xgo +1
lim Py (t) = eror 207 T 7
T+o

: — 7}\00’
v—0 T+o0 ’ E%Pﬂt)ie

Inequalities (3.11) and (3.12) are sharp and so (3.14) holds for v € (0,1p). Then
Corollary 3.5 is proven.

Next we will obtain from Theorem 3.2 an explicit condition for oscillation
not only in terms of pointwise estimations but in terms of the integral average
estimations as well. To avoid unwieldy formulations we will omit the estimation
for the length of sign-preserving intervals of solutions.

Theorem 3.6 Let r(t) — oo and assume that there exist functions b;(t), j =
1,2, such that:

a;(t) > bi(t) >0, j=1,2, t > to; (3.15)

the following limits exist and are finite:

t p(t)
Blj = thm b](S)dS, B2j = thm bj (s)ds, j = ]., 2, (316)
with
Bi1 4+ Bss > 0; (317)

the following system has a positive solution {x1;x2}:

—(B11Baz — BiaBa1)x1w2 — Biiwy + Baza +1=0
Inx; — Biix1 — Biaxe2 <0 (318)
Inxzo + Boix1 + Bosxs < 0.

Then all solutions of (1.1) are oscillatory.
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Proof. In view of the first inequality in (3.18) the system
(1B11 — 1)ay — x2B12az =0
—x1Bo1a1 + (SL’QBQQ + 1)0&2 =0 (319)

ar +as =1

has a solution {a1; a0}, a; >0, j = 1,2 (we omit the details).
In Theorem 3.2, denote functions m(t) > 0 and ¢(t) as follows:
o(t) == vayx1q (t)b1]q(t)] — vasmas’ (t)be[s(t)], (3.20)
m(t) := x1q ()bi[q(t)] + z25'(£)b2[s(t)], (3.21)
where v > 0 is a sufficiently small number which will be chosen below. Note

that ¢(t) defined by (3.20) is not necessarily nonnegative for all . Nevertheless,
from (3.20)-(3.21) we obtain

q(t)

tlim o(s)ds = vayz1B11 — vaszaBia = vag > 0,
t
thm @(s)ds = voqr1B21 — vasroBoy = vag > 0, (322)
— 00 S(t)
q(t) t
thm m(s)ds = ZElBll + $2B127 thm / m(s)ds = I‘lBQl + JZQBQQ.
—oo fy =% Js(t)

(3.23)

Furthermore, [ ¢(s)ds = oo and (3.1), (3.2) hold for ¢t > T, where T is
sufficiently large.
The inequality

varaiq (£)bi[q(t)] — vagwss' ()ba[s(t)] < vau [21q/ ()brlg(t)] + 28" (£)ba[s(1)]]

implies that for sufficiently large ¢

q(t) q(t)
w(t) cot/ p(s)ds <vaym(t) cot/ p(s)ds
¢ ¢
vaq tanrva;
= ®
tanvag gan j;q o(s)ds

< mf(t).

Similarly, the inequality
vonw1q (£)bilq(t)] — vanwss' (t)ba[s(t)] > —vas [w1q' (H)bi[a(t)] + w25 (£)ba[s(t)]]

implies

t

t

o(t) cot/ p(8)ds > — vay cot/ o(s)ds
s(t) s(t)

Vo tan vas

2= t
tanvas tan fs(t) o(s)ds

> —m(t).
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Hence m(t) > —(t) cot St(t) ©(8)ds. Therefore (3.6) holds. Denote

q(t)

q(t)
D (t,v) := csc/ s)ds exp { —/ m(s)ds vy,
s(t) t

q(t) t
Dy(t,v) := csc/ ©(s)dsexp {/ m(s)ds}vas.
s(t) s(t)

Then -
Gl(V) = hm Dl(t7l/) = EXp(—.’ElBll — LL'QBlQ) " !

t—oo SlIll/,
sin (3.24)
Ga(v) := hm Dy(t,v) = exp(x1Ba1 + xlng)

sinv’
Condition (3.18) implies Gr(v) <1 v € (0,19), k = 1,2. Hence

Di(t,v) <1, ve(O,uv), k=12 t>T>1

and therefore
q(t)ailq(t)] > Di(t,v)q' (t))b1e(t)]
s'(t)azla(t)] > Da(t,v)s' ())ba[s(t)]-
for v € (0,1p), t > T. The right-hand sides of (3.4) can be rewritten in the form
Hy(t,v) + D1(t,v)q (t))b1][q(t)], and Hy(t,v) 4+ Da(t,v)s'(t))ba[s(t)], where

(3.25)

q(t)

¢(s)dsexp (— /tq(t) m(s)ds)
{/(t) ds—ua2}+<p {cos/(t) ds—l}]

Hy(t,v) := csc/
®)

and

csc/ s)dsexp /St)m(s)ds
X [m / s)ds —vay } — o(t){cos /f(t) p(s)ds — 1}}

It is easy to check that lim; .. H;(t,v) = 0,4 = 1,2, v € (0,19). Hence (3.7)
holds and therefore all solutions of (1.1) are oscﬂlatory.

Example Consider the equation

t
2/ (t) + %x (;> + %x(t +7)=0, t>1t5 >0, (3.26)
where > 1, 7 > 0, aj,az > 0. Put b1(¢) := a1(t) = a1/t and ba(t) := ax(t) =
ag/t in Theorem 3.6. Then B11 = a1 IHILL7 B12 = az ID/J,, 321 = B22 = 0.
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System (3.18) turns into the system

—a1z1lnp+1=0

Inzy —a1z1Inp —asxalnpu <0

Inze <0
which is equivalent to the system
1
T =
arlnp

—Infa;Inpy] — 1 < zga3lnp
Inzo <0

and this in turn is equivalent to the system

1
Xr1 =
a;lnp
—Infa;Inpy] —1 < <1
aslnp 2

The last system has a solution if and only if

—Infa; Inp] —1

<1< a1pu* > (3.27)

asInp elnp’

Thus, (3.27) is sufficient for oscillation of all solutions of (3.26). Note that (3.27)
does not depend on 7.

Remark. It will be shown in Section 4 that if a;u® < 1/(elnp) then (3.26)
has a non-oscillatory solution.

Example Consider the equation

, ay t a ay

where aj,a2 >0, 4 >1,0<a<1,0< 3 <1. In Theorem 3.6, Let

a A a
bi(t) = ai(t) = —, b(t) := T Sax(t) = t—g t>T,
where T is sufficiently large, A is an arbitrarily large positive constant. Then
Bi1 = a1lnp, Bis = Alnpu, Bsy = Bss = 0. One can repeat now all calculations
in the previous example. Cond.(3.27) is ajpu? > eliﬂ which holds for every

ay > 0 if A is sufficiently large. Therefore, all solutions of (3.28) are oscillatory
for any {a1 >0, ag > 0}.
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This result is rather unexpected. Indeed, for as = 0 the condition a; >
eliw is necessary and sufficient for oscillation of all solutions for the “reduced”

equations
’ aq t
t)+—y(—]=0
v+ -y (u)

For a; = 0 the "reduced” equation

/ az ay
z (t)—|—t—ﬂz(t—|—t )=0
has a non-oscillatory solution for every as > 0,0 <a<1,0< < 1.

Remark In [36, Theorem 1] the same oscillation condition (3.27) for (3.26)
is implied as in our Theorem 3.6. However, for (3.28) one can derive from
[36] only condition (3.27) for oscillation of all solutions. Further, our condition
{a1 > 0, az > 0} covers all cases.

4 Non-oscillation conditions

In this section we apply some well known results [25, 28, 34] to the delay differ-
ential equation

z'(t) + En:ak(t)x[rk(t)] =0, t>to, (4.1)
k=1

and to the advanced differential equation
2(t) =Y be(Hz[p(t)] =0, > to. (4.2)
k=1

We assume for (4.1), ( 4.2) conditions (A1), and (A2) hold.

Lemma 4.1 [.) FEquation (4.1) has a non-oscillatory solution if and only if
there exists a function u(t) > 0 and t1 > to such that

t

u(t) > Zak(t) exp { u(s)ds}, t=>t.
k=1

T (t)

2.) If m =1 and lim;_,, sup ff(t) a(s)ds < 1/e, then (4.1) has a non-oscillatory
solution.

Lemma 4.2 1.) FEquation (4.2) has a non-oscillatory solution if and only if
there exists a function u(t) > 0 and t1 > to such that

m P (1)
u(t) > Zbk(t) exp {/ u(s)ds}, t=>t.
k=1 ¢

2.) If m =1 and lim;_, o sup ftp(t) b(s)ds < 1/e, then (4.2) has a non-oscillatory
solution.
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Theorem 4.3 Suppose ay(t),as(t),r(t),p(t) are uniformly continuous on the
interval [tg, c0),

lim sup[t —r(t)] =7 < oo, lim sup[p(t) —t)] =p < o0, (4.3)
t—oo t—o0
and there ezists a non-oscillatory solution of the delay differential equation

y'(1) + a1 (y[r()] + az(t)y(t) = 0. (4.4)

Then there exists a non-oscillatory solution of (1.1).

Proof. Lemma 4.1 implies the existence of a function ug(t) > 0 and t; > tg
such that

uo(t) > ay(t) exp { /(t) ug(s)ds} + ax(t), t>ti. (4.5)

Consider the space Cltg, 00) of all continuous and bounded functions on [tg, 00)
with supremum norm || - || and consider the operator

t p(t)
(Au)(t) == a1 (t) exp { /(t) u(s)ds} + az(t) exp { — /t u(s)ds}.

Let S = {u € C:0<u(t) <ug(t)}. Equation (4.5) implies 0 < (Au)(t) < ug(t).
For u € S, denote the integral operators

t

p(t)
(Hu)(t) = / w(s)ds, (Ru)(t) = /t u(s)ds.

7(t)
Inequalities (4.3) imply
[(Hu) ()] < rlluoll,  |(Ru)(®)] < plluoll-

Hence the sets HS and RS are bounded in the space Cltg, 00). For u € S, we
obtain

r(tz2) to
Hu)(to) — (Hu)(ty)]| < u(s)ds u(s)ds
[(Hw) (1) — ( ><1>|_|[(t1) (s) |+|/t1 (s)ds|
<Juoll(lr(t2) — r(t1)] + [tz — 2]

and
[(Ru)(t2) — (Ru)(t1)] < [Juoll(Ip(t2) — p(t1)] + [t2 — ta]).

Hence the families HS and RS are equicontinuous. Then the sets HS and RS
are compact. Therefore, the set AS is also compact.

Schauder’s Fix Point Theorem implies that there exists a solutiog u € S of
the equation u = Au. Therefore, the function z(t) = z(t1) exp{— ftl u(s)ds},
t > t1, is a positive solution of (1.1).
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Corollary 4.4 Suppose ai1(t), as(t), r(t), and p(t) are uniformly continuous on
[to, ), (4.3) holds and

t s
1
lim Sup/ a1(s) exp {/ az(7)dr}ds < =. (4.6)
oo ) r(s) €
Then (1.1) has a non-oscillatory solution.

Proof. Substituting y(t) by z(t) exp{— ftto as(s)ds} in (4.4), we obtain

5(t) + ar(t) exp | / oo} @) =0

Lemma 4.2 and (4.6) imply that (4.4) and therefore (1.1) has a non-oscillatory
solution.

Remark. Corollary 4.4 implies that if

—Infa;Inp] —1

<l<=aqu*<
aslnp elnp

then (3.26) has a non-oscillatory solution. This implies that conditions of The-
orems 3.6 and 4.3 are sharp for oscillation and non-oscillation of (1.1).

Remark. Corollary 4.4 improves some results in [26].

Corollary 4.5 Suppose a1 (t), az(t), r(t), and p(t) are uniformly continuous on
[to,00), (4.3) holds and

/OO a1(s)ds < . (4.7

to

Then (1.1) has a non-oscillatory solution.

Proof. Condition (4.3) implies

t—oo

t s
lim sup/ a1(s) exp {/ az(7)dr }ds
r(t) 7(s)

t
1

< erllazll i sup/ a1(s)ds =0< —.
t—oo r(t) e

Hence (1.1) has a non-oscillatory solution.

Theorem 4.6 Suppose ftzo a1(s)ds = oo and x is a non-oscillatory solution of
(1.1). Then lim; .o z(t) = 0.
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Proof. Suppose z(t) >0, t > ¢; and r(t) > ¢1, t > to. Then @(t) <0, ¢ > to.

Denote u(t) = —2, ¢ > to. Then u(t) > 0, t > t. After substituting

z(t) = z(t2) exp { f/t u(s)ds}, t>to, (4.8)

into (1.1) we have

t p(t)
u(t) = ay(t) exp { /(t) u(s)ds} + as(t) exp{ — /t u(s)ds}, t >ty (4.9)

Hence u(t) > a1(t) and therefore ftio u(s)ds = co. Equality (4.8) implies, that
lims—, o0 z(t) = 0.
Consider now the mixed differential equation

2'(t) — ar(O)lr(t)] — as(alp(H)] = 0, ¢ > to. (4.10)

Theorem 4.7 Suppose a1 (t), az(t), r(t), and p(t) are uniformly continuous on
[to, 0), (4-3) holds and

y'(t) — a1 (ty(t) — az(t)ylp(t)] = 0, t > to, (4.11)

has a non-oscillatory solution. Then (4.10) has a non-oscillatory solution.

Proof. In the space Cltg, ), consider the operator

t p(t)
(Bu)(t) :=a1(t)exp { — /(t) u(s)ds} + as(t) exp { /t u(s)ds}.

Lemma 4.2 implies that there exists a nonnegative solution ug(¢) of the inequal-
ity
p(t)
w(t) > a1 (1) + as(t) exp { / u(s)ds), ¢t
t

Let S = {u:0 < u(t) < up(t)}. As in the proof of Theorem 4.3, we obtain
BS C S, and the set BS is a compact. Therefore, the equation u = Bu has a
nonnegative solution u. Hence a function

x(t) = x(t1) exp {/t u(s)ds}, t=>to,

is a positive solution of (4.10).

Corollary 4.8 . Suppose ay(t),as(t),r(t),p(t) are uniformly continuous on
[to,0), (4.3) holds and

p(t) p(s) 1
tlim sup/ as(s) exp {/ ay(t)dr}ds < ~.
— 00 t s e

Then (4.10) has a non-oscillatory solution.
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The proof of this corollary is similar to the proof of Corollary 4.4.

Corollary 4.9 Suppose ai(t), as(t), r(t), and p(t) are uniformly continuous
on [tg,00), (4.3) holds and ftzo az(s)ds < co. Then (4.10) has a non-oscillatory
solution.

Theorem 4.10 Suppose f:}o az(s)ds = oo and x is a non-oscillatory solution
of (4.10). Then lim;_, o x(t) = 0o.

The proof of this theorem is similar to the proof of Theorem 4.6.

Acknowledgement The authors are very grateful to the referee whose valu-
able remarks helped us improving this article.
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