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Positive solutions of nonlinear elliptic equations
in a half space in R? *

Imed Bachar, Habib Maagli, & Lamia Maatoug

Abstract

We study the existence and the asymptotic behaviour of positive so-
lutions of the nonlinear equation Au + f(.,u) = 0, in the domain D =
{(z1,72) € R* : 22 > 0}, with u = 0 on the boundary. The aim is to
prove some existence results for the above equation in a general setting
by using a fixed-point argument.

1 Introduction

In [12], Zeddini considered the nonlinear elliptic problem

Au + f(,u)=0 inD
u>0 inD (1.1)
u=0 ondD,

in the sense of distributions, where D is the outside of the unit disk in R? and f
is a nonnegative function in D x (0, 00) non-increasing with respect to the second
variable. Then, when f is in a certain Kato class, he proved the existence of
infinitely many positive continuous solutions on D. More precisely, he showed
that for each b > 0, there exists a positive continuous solution u satisfying

u(z)

jalno Logla|

Note that the existence results of problem (1.1) have been extensively studied
for the special nonlinearity f(z,t) = p(x)q(t), for both bounded and unbounded
domain D in R™(n > 1), with smooth compact boundary (see for example [3,
4, 5, 6] and the references therein). On the other hand, in [7, 9, 10, 11], the
authors considered the problem

Au + g(,u)=0 in D
u>0 inD (1.2)

u=0 ondD,
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where there is no restriction on the sign of g, and D is an unbounded domain in
R™ (n > 1) with a compact Lipschitz boundary. Then they proved the existence
of infinitely many solutions provided that g is in a certain Kato class. Namely,
they showed that there exists a number by > 0 such that for each b € (0, bo],
there exists a positive continuous solution u in D satisfying

u(@) _

lim —= =
where h is a positive solution of the homogeneous Dirichlet problem Au =
0in D,u=0on dD.
In this paper, we consider the domain

D :Ri = {(.’1?1,.%‘2) S R? : To > 0}7

which has a non-compact boundary. The purpose of this paper is two-folded.
One is to introduce a new Kato class K of functions on D and to study the
properties of this class. The other is to investigate the existence of positive con-
tinuous solutions on (1.1) and (1.2). Indeed, we shall establish some existence
theorems for problems (1.1) and (1.2), when f and g are required to satisfy suit-
able assumptions related to the class K. Note that solutions of these problems
are understood as distributional solutions in D.

The outline of the paper is as follows. In section 2, we prove some inequalities
on the Green’s function G(z,y) = ;= Log(1 + émf;’fg) of the Laplacian in D. In

particular, we establish the fundamental inequality

G(z,y)G(y, 2)
G(z,z)

< Co[z—zG(af,y) + Z—EG(y,z)]

which is called the 3G-Theorem. This enable us to define and study, in section

3, a new Kato class K on D.

Definition A Borel measurable function ¢ in D belongs to the class K if ¢
satisfies

i sup [ L Gla,y)ley)ldy =0, (13)
a~Y2eD J(jg—y|<a)nD T2
. Y
i sup [ L Gla,y)ley) dy = 0. (1.4)
—o0xzeD J(|ly>M)nD T2

To study Problem (1.1) in section 4, we assume that f satisfies:

(H1) f : D x (0,00) — [0,00) is measurable, continuous and non-increasing
with respect to the second variable.

(H2) For all ¢ >0, f(.,¢) € K.

(H3) For all ¢ > 0, V(f(.,c)) > 0, where V = (—A)~! is the potential kernel
associated to A.
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As usual, we denote by B(D) the set of Borel measurable functions in D and
Bt (D) the set of nonnegative functions. C'(D) will denote the set of continuous
functions in D and

Co(D)={veC(D): lim v(r)= lim v(z)=0}.

r—9D |z]— o0

Throughout this paper, the letter C' will denote a generic positive constant
which may vary from line to line.

Theorem 1.1 Assume (H1)-(H3). Then for each b > 0, the problem (1.1) has
at least one positive solution u continuous on D and satisfying

lim @ =b.

xT2—00  TI9

Moreover, we have for x in D,
bry < u(z) < bry 4+ min (5,/ Gz, y) f(y, by2)dy),
D

where § = infoso(a+ [V (., a)]ls)-

Theorem 1.2 Assume (H1)-(H3). Then the problem (1.1) has a unique solu-
tion u € Co(D), satisfying

2 i Y2
Ol 1)z = wl@) < minfo, /D Gl I g e, YeeD.

We point out, that for some functions f of the type f(z,t) = p(z)t—7, with
o > 0, we get better estimates on the solution. Namely for each x € D, we have

1
T+o
u(z) < C—2
(Jz[ + 1)+

for some positive constant C.
In section 5, we consider Problem (1.2) under the following hypotheses:

(A1) The function g is measurable on D x (0, 00), continuous with respect to
the second variable and satisfies

lg(z,t| < t(x,t)  for (z,t) € D x (0, 00),

where 1 is a nonnegative measurable function on D x (0, 00) such that the
function ¢ — ¢ (x,t) is nondecreasing on (0, 00) and lim;_,o ¢ (z,t) = 0.

(A2) The function defined as © — ¥ (x,x3) on D belongs to the class K.

Theorem 1.3 Assume (A1)-(A2). Then (1.2) has infinitely many solutions.
More precisely, there exists bg > 0 such that for each b € (0,bg], there exists a
solution u of (1.2) continuous on D and satisfying
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2 Properties of Green’s function

Lemma 2.1 For x andy in D, we have the following properties:

S@\x

(i) If zoyo < |z —y[?, then max(zz,ys) —y|.

(ii) If |z — y|* < w2ya, then 3*2\/51“2 <yo < 3+2‘/5x2.

Proof (i) If 2oy < |z — y|? then |y — 7| > %xg, where T = (1, 322). It
follows that

~ V-1
ly -zl 2 |y - 2]~ o - 2] 2 ——22.
ie., g < \/§2+1 | — y|. Thus, interchange the role of x and y, we obtain (i).
(i) If |z — y|? < 22y2 then |xo — y2]? < 29ys. Hence
3+5 3—V5
[y2 — 5 x| [y2 — 5 z3) <0.

Proposition 2.2 There exists C' > 0 such that, for oll x and y in D

T2Y2 1 zay9
<G(z,y) < = . 2.1
Sl (i + 0 =S¥ =S Ty 21)
LB ) <0+ Glay)) (22)

|z —y|? 4+ daoys T 2 -
Proof Recall that the Green’s function G of A in D is
1 4$2y2

G = —Log(1 . 2.3
(@) = - Loa(1+ 22 (23)

To prove (2.1) and the first inequality in (2.2), we use that

t
T SLogl+) <tWe=0, and fo—yl < (o] + D(lyl+ 1), VayeD.

The second inequality in (2.2) follows from Lemma 2.1. Indeed, if zoys < |z—y|?
then

and if |z — y|? < 22y then

2 G(a,y) < CG(z,y). O

€2

Theorem 2.3 (3G-Theorem) There exists a constant Cy > 0 such that for
all x, y and z in D, we have

Gz, ) G(zy) -
T ) < (o [x—2G(J:, z) + EG(y, z)]. (2.4)
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Proof. Let N(z,y) = %, for x and y in D. Then (2.4) is equivalent to
N(z,y) < Co(N(y,2) + N(z, 7). (2.5)

Using the inequalities —— < Log(1 +t) < t,Vt > 0, we deduce by (2.1) and
T+t

(2.2) that for all z and y in D,
e —y* < N(z,y) < n(lz - y|* + 42p2). (2.6)

Then to prove (2.5), we need to consider two cases:
Case i: x and y in D with zays < |z — y|>. Then by (2.6), for all 2 in D,

N(z,y) < b5mlz —y|? <10m(|z — 2> + [z — y|*) < 10(N (2, 2) + N(z,y)).
Case ii: x and y in D with |2 — y|?> < 29y2. Then by Lemma 2.1,

3—5 _ 3+5

<
g 2=¥2=7

xr9.

If |x — 2|? < @925 or |y — 2|? < Y229, then by Lemma 2.1

3—+5 3 5 3—+v5 3 5
\/_xg <z < ha \/_332, or \/_yz <z < ks \/_yz-
2 2 2 2
Recall that for all @ and b in (0, c0),
ab ab
< mi b) <2——
a+b_m1n(a,)_ a+b’

and for all #,y and z in D, |z —y|? < 4max(|z — 2|?,|z — y|?), then in this case
we have

42510 dxo29

|z —y|?

4$2y2

Log(1+
[z —yl?

) = C'min [Log(1 +

), Log(1 +

)]

|z — 2[?

Which is equivalent to (2.5).
If | — 2]? > w222 and |y — z|> > y229, then using (2.6) and Lemma 2.1, we
obtain

N(z,y) < 5mraye < Clr —zlly — 2]
< Oz =z + |y —2*) <C(N(z,2) + N(y,2)). <

Now we are ready to study the properties of the functional class K.

3 The class K.

Proposition 3.1 Let ¢ be a function in K. Then the function y — y3p(y) is

71
n L.

(D).
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Proof Since ¢ € K, then by (1.3) there exists o > 0 such that

y
sup [ 2 Gla,y)lply)l dy < 1.
z€D J(|z—y|<a)nND T2

Let R > 0 and ay,...,a, in B(O,R) N D with B(O,R) NnDC UlﬁignB(aﬂLaa)-
Then by (2.2), there exists C' > 0 such that for all i € {1,...,n} and y €
B(a;,a)ND

Y
ys < C(a,g)zG(auy)
Hence, we have
Y
/ vleldy < C Z/ 2 Glai,y)|p(y)ldy
B(0,R)ND 1<i<n / (zi—y|<a)ND (ai)2
Y
< Cnsup/ 22 G(z,y)le(y)|dy
2D J(jz—y|<a)nD T2
< On< o &

In the sequel, we use the notation
Y2
loll=su [ L6tz lew)]dy. (3.1)
ze€D JpD T2
Proposition 3.2 If ¢ € K, then ||¢| < +oo.
Proof Let a >0 and M > 0. Then we have

/y_QG(x,yH(p(yﬂdy < / 2 G(a,y)le(y)ldy
D T2 (

|z—y|<a)nD L2

o[ Eaylemldy
(ly|=M)nD L2

+A P G, y)le(y)dy.

lz—y|>a)N(ly|<M)ND L2
By (2.3), we have

/ %Gmmwwwwso/i W2l ()l dy.
(lz—y|>a)N(ly|l<M)ND L2 B(0,M)ND

Thus the result follows immediately from (1.3)), (1.4) and Proposition 3.1.

Proposition 3.3 Let ¢ be a function in K and h be a positive superharmonic
Junction in D.
a) For xg € D,

1
1imsup—/ G(z,y) h(y y)ldy =0 3.2
ELS Tl (2,y) h(y) lp(y)] (32)
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1

lim sup—/ G(x,y) h(y y)|dy = 0. 3.3

b) For all x € D and Cy as in Theorem 2.3,

/D Gz, y) h(y) le(y)l dy < 2Col|pl| k(). (3-4)

Proof Let h be a positive superharmonic function in D. Then by [8;Theorem
2.1, p.164], there exists a sequence (f,), of positive measurable functions in D
such that

(y) = sup /D Gy, 2) fu(z) dz.

Hence, we need only to verify (3.2), (3.3) and (3.4) for h(y) = G(y, z), uniformly
for z € D.
a) Let r > 0. By using Theorem 2.3, we obtain

1
G oy o N E W

< 20 sup/ %266, ) o) dy

¢eD JB(z, ,r)nD &2

Let a > 0 and M > 0. Then by (2.1), we have

Y Yy
/ L G(a,y) o)) dy < / G, y) lo(w)] dy

B(z, ,r)ND T2 B(z, ,7)NDN(|lz—y|<a) L2

+C yale(y)| dy

B(z, ,r)NDN(lz—y|>a)N(ly|<M)
Y
+ 2 Ga.) lolw)] dy.

B(z,,r)NDN(ly|>M) T2

Then (3.2) follows from (1.3), (1.4) and Proposition 3.1. On the other hand, we
have

1
G(z,2) /(|y>M)mD G(z,y) Gy, 2) le(y)l dy

< 2w [ LGy pw)ldy
¢eD J(jy|>m)nD &2

which converges to zero as M — oco. This gives (3.3).
b) By using Theorem 2.3, we obtain

1

s [, 6@ G el dy < 2l
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Corollary 3.4 Let ¢ be a function in K. Then we have

wg/G@wHMMWy<m, (3.5)
xeD JD

| Tl <o (36)
/ yalo(y)ldy < o0, VM > 0. (3.7)
Dn(Jy|<M)

Proof Inequality (3.5) follows from (3.4) with » = 1 in D and Proposition
3.2. Let zp € D. Then by (2.1) and (3.5), we have

/@Tﬂ“”'ﬁd@%—wwfaww>m)

| 0| zeD
which gives (3.6). Inequality (3.7) follows immediately from (3.6).

Proposition 3.5 Let p € K. Then the function

=Lﬂm%@@

is defined in D and is in Cy(D).
Proof Let 29 € D and r > 0. Let 2,2’ € B(xo, 5) N D. Then for M >0
[Vio(z) = Vip(a')]
< [ 16t - 66 iy

IN

2supn/“ cxs,yn¢<yndy+f2supu/' G(€, 1)l () ldy
€€D JB(zo,r)ND £eD J(ly|=M)ND

+/ Gla,y) — G, y) o) dy.
DN(ly—zo|>r)N(Jy|<M)

By (2.1), there exists C' > 0 such that for all x € B(zo,5) N D, for all y €
B(0, M) N (D\B(xo,T)),
G(z,y) < Cya.

Moreover, G(x,y) is continuous on (z,y) € (B(zo, 5)ND) x (D\B(zo,r)). Then
by (3.7) and Lebesgue’s theorem, we have that

/ Gla.v) ~ Gl p)lelwldy 0 as o —a'| 0
D(Jy—zo|2r)N(ly|<M)

Hence, we obtain by (3.2) and (3.3) with h = 1 that V¢ is continuous in D.
Now, we will show that

lim V = i \%4 =0.
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Let zg € 9D and r > 0. Let x € B(xg, 5) N D. Then for M > 0,

V(@) < /D G(z,y) o) dy
< suwp / G(€,1)|o(y)|dy + sup / G (€. 1)o(y)|dy
£eD J B(zg,r)ND £eD J(|ly|>M)ND
+ / G, y)lo(w)\dy.
DN(ly—zo|>r)N(Jy|<M)
Since
/ G, y)lp()ldy < Cs / yolo(w)ldy,
Dn(ly—=zo|>r)N(ly|<M) Dn(ly|<M)

then we obtain by (3.7), (3.2) and (3.3) with ~ = 1 that

li =0.

Let M > 0 and z in D such that |z| > M + 1, then we have

V)| < /D G, y)lo(w)] dy

IN

/ G(z,y) lo(y)| dy + / Gz, y)lo(y)|dy.
(ly|<M)ND

(ly|=M)ND

Since G(z,y) < C%, for |y| < M, then from (3.7) and (3.3) with h = 1,

we deduce that
lim Vp(z)=0
|z|—+o00
Proposition 3.6 Let A\, u be in R and 6 be the function defined on D by
1
(Iyl + )=y

Then 0 € K if and only if A < 2 < p.

0(y) =

Proof Let A <2 < pand a > 0. Then we have

Y2 42919 1
I = / = Log(1+ ) dy
(lz—y|<a)nD T2 lz —y|2” (Jy| + 1)r—yd

Y2 dzoyo 1
Log(1 + ) dy
/(””y'<“>“Dl 2 z =yl (Jyl + Dr—y3

IN

41’2y2 1

Y2
+/ oy Log(1 + ) dy
(l2=vlSa)Dz 72 o=y (g + Dr 23
= Il"‘IQ,
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where
Di={yeD:my<|z—y*} and Dy={y€ D: |z —y|* < zoys}.

So, using Log(1 +t) <t, for ¢t > 0 and Lemma 2.1, we obtain

yQ—A
Il S / 2 2dy
(lz—y|<a)ND; |z —yl

C/ ———dy < C/ 2,
(|lz—y|<a)NDy ‘x - y| 0

which converges to zero as a — 0.
On the other hand, we have from Lemma 2.1, that there is C' > 0 such that if
NS 1)2

IN

1
(lz +1) < [yl +1 < C(lz| +1).

Ql

Hence
1 (cwy)?

I, < C—/ Log(1 + )dy,
23 (Jz] + 1) Jjayi<a)nDs |z —y|?

where ¢ = 1+ /5. Let v € max(0, \), 2[. Since Log(1+t?) < Ct7,¥t > 0, then

x’y—k inf(o,cz2)
2 / thde < Cmax(aQ_A, a®),
H—A o

L <Cor—r
(] + 1)

which converges to zero as & — 0. Now, we will show that

. Y2 4xay2 1
lim (sup/ —Log(1 + dy) =0.
M=00 \zeD J(jy|2p) T2 S yIQ)(IyI +1)EAyp

By the above argument, for € > 0, there exists a > 0 such that

Y2 42y 1
sup / = Log(1+ ) — dy < e.
z€D J(|y|>M)NDN(Je—y|<a) T2 lz—y2" (ly| + 1)y

Fixing this « and letting M > 1, we have

4 1
XT2Y2 ) /\dy
(lyl + 1)»=2ys

sup/ 5
zeD J(jy|=M)nDA(lz—y|2a) T2 [z =y

y27A
zeD J(jy|>M)nDA(|z—y|>a) 1T — Y2 |y|*
d
< sup / %
lz|<p/2 J(|y|= )0 [T — yl*[y[*
d
+ sup [/ 73 -
wl=n/2 L (v gl <y <alanDn(la—yiza) 12— Y[yl

dy dy
+ 2 l,—2i| + sup 2[y|n—2
(lyl>2lzhnp 1T = Y[yl lze>20 J (< pyi<zhynp [T =y y|*
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1 Log®2lz!
< C(/ ——dy + sup —gf‘2)
(lyl>M)nD YI# lz|>M/2 |T|H
3|z]
0q 312!
< Oy + sup Doy

Mr=2 " sy |o|P2

which converges to zero as M — oo. Conversely, if 6 € K then we have by
Proposition 3.5 that

lim VO(z) = lim VO(z) =0, forx=(0,z2).

z92—0 To—+00

On the other hand, it follows from Lemma 2.1 that

1 4$2y2 1
Volz) = — Log(1 + d
@ = & /D I o T o

1
o
DN(lz—y|?<z2y2) (|y‘ + 1)#7)\342/\

%

1 ng)‘
> ot / dy>Cc—2
2y (] + P2 J gy < Lo, Y (z2 + 1)p=2

where Z = (0, 3z). Hence, it is necessary that A <2 < pu. <
Moreover, we have the following estimates.

Proposition 3.7 There exists C' > 0 such that for all x in D, we have

n—2
X . .
Vo(z) < C(mxle)?, fA<1andp>3 (3.9)
T (Jz| +1)2 L[ A< A=1
Vo(x) < C(m n 1)2Log( o ), if =3 ) u>3 (3.10)
22
Vo(x) gc(mffw, fl<A<2andp>4-\ (3.11)

For the proof, we need the following lemma.

Lemma 3.8 Let A <2, B:={zx € R? |z| < 1}, and

w(r) = /BGB(JU,y)mdy, for x € B,

where Gg is the Green’s function of A in B. Then for each x € B,
1) w(z) < C1— o), if A< 1
2) w(z) <C(1 - |J;\)Log(1_im), ifA=1

3) w(r) <O —|z))2, ifl< A< 2.
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Proof Since

Gp(z,y) = %Log(l + a- |$x| )<;|2_ || ))7

and the function w is radial, then by elementary calculus we have

r

1
1
= L _
C/o I T

where 7V |z = max(r, |z[). Since tLog(7) <1 —t,Vt € [0,1], then we have

<C/ 1—( r\/|;v| 1-(rviz])

1—r

Hence, if [z| < 1 then

and if 2| > 1 then

D! S ! 1-A
ww) < cl-le)([ mdﬂ—/% mdr)—l—/lm'(l—r) dr)
||
< Cl—lel)+ (= o) [ rdr+ (1= el
Which implies the result. &

Proof of Proposition 3.7 Let v : D — B be the Mobius transformation
defined by v(z) = 2* = e — 22%9) where e = (0,1). Then for z,y € D,

|z+el?

G(:E?y) = GB('T*ry*)'

On the other hand, it is easy to see that

1
— (x| + 1) <|z+e|l < (Jx|+1),Vx € D. 3.12
\/ﬁ(H ) <o +el < (o[ +1) (3.12)
Since for z € D, we have 1 — |2*|? = 4”62‘2, then by (3.12) we obtain that
2x9 8xo
—— == <igx")=1—|2%| < ———. 3.13
(i1 =) = H 2= G 19
It follows that
1

Vo) < C / Grla®,y") dy
D

(Jyl + D)rFA (65 (y*))A
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1 1

< 0 f e O s
Since 1 — |£] < |€ —e] < 2,V€ € B, we have
VH(x)<C/G (z* 5);d§ f4—p—X<0
S N ) A=

and

1

Thus the required inequalities follow from Lemma 3.8 and (3.13).

Vo(x) < C/BGB(x*,@

4 Proofs of Theorems 1.1 and 1.2

For this section, we need some preliminary results. Recall that the potential
kernel V is defined on BT (D) by

Vo(z) = /D Gz, y)é(y)dy, = € D.

Hence, for ¢ € BT(D) such that ¢ € L{ (D) and V¢ € L] (D), we have in
the distributional sense that A(V¢) = —¢, in D. We point out if V¢ # oo, we
have V¢ € Li (D), (see [1], p.51). Let us recall that V satisfies the complete
maximum principle, i.e for each ¢ € BY(D) and v a nonnegative superharmonic
function on D such that V¢ < v in {¢ > 0} we have V¢ < v in D, (cf. [8],

Theorem 3.6, p.175]).

Lemma 4.1 Let h € BY(D) and v be a nonnegative superharmonic function
on D. Then for all w € B(D) such that V(h|w|) < oo and w+ V(hw) = v, we
have 0 < w < v.

Proof We denote by w* = max(w, 0) and w™ = max(—w, 0). Since V(h|w|) <
00, then we have
wt +V(hw') =v+w™ + V(hw").

Hence
V(hwt) <v+V(hw™) in {w" >0}

Since v + V(hw™) is a nonnegative superharmonic function in D, then we have
as consequence of the complete maximum principle that

V(hw') <v+V(hw™) in D,

that is V(hw) < v = w 4 V(hw). This implies that 0 < w < v.
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Theorem 4.2 Assume (H1)-(H3). Let a« > 0 and b > 0. Then the problem

Au+ f(,u)=0 inD
(Pa) u>0 inD

u=ao ondD

has at least one positive solution u, € C(D) satisfying

i )

o —00 CCQ

Proof Let a > 0. It follows from (H2) and Proposition 3.5 that V(f(.,

Co(D). So, in the sequel, we denote
B=a+V(f(,a))w.
To apply a fixed-point argument, we consider the convex set
F={weC(Du{x}):a<w() <, Yz e D}

and on this set we define the integral operator

Tw(z) = o+ - —|—abx2 /D G(z,y) f(y, @w(y))dy7 rz e D.
By (H1), we have
f(y, ww(y)) < fly, @), Vw € F.

(07

Then for w € F
a<Tw(x)<p VreD.

a)) €

As in the proof of Proposition 3.5 we show that the family T'F is equicontinuous
in D U {oo}. In particular, for all v € F, Tw € C(D U {oo}) and so TF C F.
Moreover, the family {Tw(z),w € F} is uniformly bounded in D U {oo}. It
follows by Ascoli’s theorem that T'F is relatively compact in C(DU{oo}). Next,
we prove the continuity of 7' in Y. We consider a sequence (w,) in F' which

converges uniformly to a function w in F'. Then we have
[ Twn(z) — Tw(z)]

o / G,y (v,
D

o+ bxs

(o + by2) (a+by2)w

«

<

wy(y)) — f(ys

(v))|dy-

Since f is continuous with respect to the second variable, we deduce by (4.1),

(H2), (3.5) and the Lebesgue’s theorem that for each z € D U {oo}

Tw,(x) — Tw(x) asn — oco.
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Since TY is a relatively compact family in C(D U {oo}), we have the uniform
convergence, namely

|[Twy, — Tw]eo — 0 asn — oco.

Thus we have proved that T is a compact mapping from F' to itself. Hence, by
the Schauder’s fixed point-theorem, there exists w, € F such that

«
o+ bxo

(o + by2)
a

we(z) = a+ we(y))dy, Yz € D.

/D G(z,y) f(y,

Put uq(z) = Wwa(z), for z € D. Then we have

U () = o+ bxg + /D G(z,y)f(y, ua(y))dy, Vo € D. (4.2)

By (H1), we have for each y € D,

f(y,ua(y) < fly,a). (4.3)

Then we deduce by (H2) and Proposition 3.1 that the map y — f(y,ua(y)) €
Li (D), and by Proposition 3.5, that V(f(.,us)) € Co(D) C L .(D). Apply

loc loc

A on both sides of equality (4.2), we obtain that
Aug + f(.,ue) =0 in D (in the sense of distributions).
Furthermore, it follows from (4.2) that
a+bry <uy(x) < B+ bry, Vo € D. (4.4)
Hence

lim @ (z)

T2—00  To

=b.

Now, using (4.3), (H2), Proposition 3.5 and (4.2), we obtain lim,_sp uq(z) = a.
Then, u, is a positive continuous solution of the problem (P,).

Proposition 4.3 Let f : D x (0,00) — [0,00) be a measurable function sat-
isfying (H1) and aq,aq,b1,by be real numbers such that 0 < a1 < ag and
0 < by <bsg. Ifuy and uy are two positive functions continuous on D satisfying
for each x in D

ui(z) = + biwa + V(f(.,u1))(2),
uz(7) = g + bawa + V(f(.,u2))(x).

Then
0 <wug(x) —ui(z) <ag—ap+ (by —b1)xe, VzeD.
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Proof Let h be the function defined on D as

f(zu(x))—f(z,uz(x)) if ’U,](IE) ;ﬁ ’U,Q(LL')
u

h((E) _ us (z)—u1 (z)
0 if uq ()

Then h € BT(D) and
ug(x) —ur(x) + V(h(ug — u1))(z) = aa — a1 + (b — by)zo.
Now, since
V(hlug —u1]) S V(f(,u1)) + V(f(,u2)) <up + uz < oo,
we deduce the result from Lemma 4.1.
Proof of Theorem 1.1 Let (a,,) be a sequence of positive real numbers, non-
increasing to zero. For each n € N, we denote by u,, the continuous solution

of the problem given by the integral equation (4.2) with @ = «;,. Then, by
Proposition 4.3, the sequence (u,,) decreases to a function u. Since

Up () — ap = bxg + /D G(z,y) f(y, un(y))dy > bxy > 0. (4.5)

Then the sequence (u, — «,) increases to u and so u > 0 in D. Hence,

u = inf u,, = sup(u, — an,)
n n

is a positive continuous function in D. Using (H1) and applying the monotone
convergence theorem, we get

u(x) = bxg + /D G(z,y)f(y,u(y))dy, Vx e D. (4.6)

Then, it follows from (4.6) that V (f(.,u)) € Li (D). On the other hand, since u

loc
is positive in D, then by (H2) and Proposition 3.1, the function y — f(y,u(y)) €
L{ (D). Applying A on both sides of equality (4.6), we conclude that u satisfies
Au+ f(,u)=0 in D.

Since for x in D and n in N,

0 <up(x)—ap <u(z) <up(zr) and lim =,

we deduce that
lim u(z) =0 and lim u(@) =b.
z—0D T2—00 T

Thus, u € C(D) and u is a positive solution of the problem(1.1). Now, let

5= inf (a+ IV /(. all).
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Then by (H3) and (H1),6 > 0. By (4.4) we have that
bro < u(x) < bxo + 4.

By (H1) and (4.6),

by < u(x) < bxg + /D G(z,y) f(y, by2)dy.

Which implies that

bre < u(x) < bry + min(d, /D G(z,y) f(y, by2)dy).

Corollary 4.4 Let 0 < by < by and f1 and fy be two nonnegative measurable
functions in D x (0, 00), satisfying the hypotheses (H1)-(H3), such that 0 < f1 <
fa. If we denote by u; € C(D) the positive solution of the problem (1.1) with
f=1f; andb=10;, j € {1,2}, given by (4.6), then we have

0 <wug—uy < (b —b1)xa+ V(fa(.,u2) — fi(.,u2)) in D.
Proof It follows from (4.6) that

up =bixo + V(f1(,u1)) and  wus = boxe + V(fa(., uz)).
Let A be the nonnegative measurable function defined on D by

h(z) = fl(z’uil(ggifz(@)ul(ﬂ”)) if uy (z) # uz(z)
0 if uy(x) = ua(x).

Then h € BT(D) and we have

Uz — U + V(h(UQ — ul)) = (b2 — bl)l‘g + V(fQ(.,UQ) — fl(.,’u,g)).

Now, since

V(hlug — u1) V(fi(su2)) +V(fi( u1))
V(f2(yu2)) + V(fi(. ur))

= Uz t+u; <00

IAIA

and (b2 —b1)xa+V (f2(.,u2) — f1(., u2)) is a nonnegative superharmonic function
on D, we deduce the result from Lemma 4.1. &

Example Let ¢ > 0, A < 1— 0 and p > max(2,3 — ). Suppose that the
function f satisfies (H1), (H3) and such that

1

f(y,t) < m
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Then for each b > 0, there exists C' > 0 such that the problem

Au+ f(,u)=0 inD
u>0 in D
u=0 ondD

i M)y,
T2—00 I9

has a continuous solution w in D satisfying

brs <u(x) < Cze, Ve D.

Proof of Theorem 1.2 Let o > 0 and (b,) be a sequence of positive real
numbers, non-increasing to zero. If 1, ,, denotes the positive continuous solution
of the problem (P,) given by (4.2) for b = b,,, then for each z in D

(@) = o + buzs + /D G 9)F (Y, e () dy, (47)

and if u,, denotes the positive continuous solution of the problem (1.1) given by
(4.6) for b = by, then

() = by + /D G(,y) F(y, wn (y))dy, ¥ € D. (48)

By Proposition 4.3, the sequence (u,,) decreases to a function v and by (H1) the
sequence (u, — bpxs) increases to u. Then w is a positive continuous function
in D. Using the monotone convergence theorem, we deduce that u satisfies

uw) = [ Gf )iy, Ve eD. (19)
Moreover, from Proposition 4.3 and (4.3), we have
u(z) <uan(z) <a+VfI(,a)(z), VYzeD. (4.10)
Then it follows from Proposition 3.5 that

li = 1 =0.

Now, by (4.10) and (H1), we have

/ Gl (0. 6)dy < ulx) <5 i€ D,
D

where 6 = iI;fO(oz +|IVf(.,alls). Then, we get from (2.1) that

Z2 Y2
C(|x‘ =+ 1)2 /D <‘y| + 1)2 fly,0)dy <u(x), VreD.
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Hence we deduce from (H2) and (3.6) that

G T < vl (4.11)

Since f is non-increasing with respect to the second variable, then we have

) < mins, [ Gla) flo. gtz ).

Finally, we intend to show the uniqueness of the solution. Let u and v be
two solutions of (1.1) in Cy(D). Suppose that there exists x9 € D such that
w(zo) < v(xp). Put w =v —u. Then w € Cy(D) and satisfies

Aw + f(.,v) — f(,,u) =0, in D.

Let Q = {z € D,w(xz) > 0}. Then Q is an open nonempty set in D and by
(H3) we deduce that Aw > 0, in Q with w = 0 on 9. Hence, by the maximum
principle ([2], p.465-466), we get w < 0 in Q. Which is in contradiction with
the definition of 2. O

We close this section by giving another comparison result for the solutions
u of the problem (1.1), in the case of the special nonlinearity f(x,t) = p(z)q(t).
The following hypotheses on p and ¢ are adopted.

i) The function p is nontrivial nonnegative and is in K NC} .

(D),0<y<1.

ii) The function ¢ : (0,00) — (0,00) is a continuously differentiable and non-
increasing.

In the sequel, we define the function @ in [0, 00) by

bl
Q(t):/o @ds.

From the hypothesis adopted on ¢, we note that the function @ is a bijection
from [0, 00) to itself. Then we have the following theorem.

Theorem 4.5 Let u be the positive solution of
Au(z) + p(r)g(u(z)) =0 =z € D, u e Cy(D). (4.12)

Then q(0)Vp <u < QY (Vp) in D.
Proof Since v < § in D and q is non-increasing, we deduce from (4.9) that
(Vi) < u(o) = [ Glagplylatulw)dy. e € D.
D

To show the upper estimate, we consider the function v defined in D by

v=Q(u)—Vp.
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Then v € C?(D) and
1 q'(u)
q(u) q*(u)

In addition, since Vp € Cy(D), we deduce that v € Cy(D). Thus, the maximum
principle implies that v < 0.

Av = Au+p— |Vul? > 0.

Corollary 4.6 Let A < 2 < u. Suppose further that the function p satisfies

p(y) <0(y) VyeD,

where 0(y) = 1/((|y| + 1)*~*y2). Let u be the positive solution of (4.12). Then
there exists C' > 0 such that for each x € D,

1 —
5% <u(x) <Q '(ryu(2)),Vz € D,

where 7y, 15 the right hand function in the inequalities of Proposition 3.7.

Proof The lower estimate is obtained from (4.11). Using Theorem 4.5, the
upper estimate follows from the monotonicity of @' and Proposition 3.7.

Example Let A <2, u>4— X and o > 0. Suppose further that the function
p satisfies

1
p(y) < ( for y € D.

[yl + 1) =ryy
Then the equation

Au+pu==0 inD, ue Cy(D)

has a unique positive solution u € C**7(D) which for each x € D it satisfies:

2—X
1 €T xm .
l) ol (|w\—7—1)2 S u(x) S Cm, if 1 < A < 2.
1o i 2(lz[+1)*\1 55 5f ) —
ll) C (|$‘-2i-1)2 < U(ZZ’) < C(‘Iljl)u% Log( z3 )] b s ifA=1.

1

1+o
ey 1 Zo Tq .
i) & EESE <wu(z) < Ci(‘@H—l)lio Jif A< 1.

5 Proof of Theorem 1.3

Let
Co(D) :={w e C(D): lim w(x)=0}.

|z|— o0

Then Cp(D) is a Banach space with the uniform norm ||w||e = sup,cp |w(z)|.
Let (g be a positive function belonging to K and let

Fy:={pe K: |p()| <polx), Ve € D}.
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Lemma 5.1 The family of the functions

{/D LG y)ew)dy. o € B

Z2
is uniformly bounded and equicontinuous on D U {oo}. Consequently it is rela-
tively compact in Co(D).

Proof Let T be the operator defined on Fy as

To(z) = /D 2 G, y)ply) dy

x2

Then for all ¢ € Fp,
Y
| Te(z)| < / 2 G(x,y)poly) dy .-
D T2

Since ¢g € K, from Proposition 3.2, [|[T¢|lc < |l¢o] for all ¢ € Fy. Thus the
family T'(Fy) = {T'p, ¢ € Fo} is uniformly bounded. -
Now, we prove the equicontinuity of T'(F) on D U {oco}. Let zg € D and

r > 0. Let x, 2’ € B(xo, 5) N D and ¢ € Fy, then for M > 0,

Yy
To(@) - To@)| < 2sup / P G, y)poly) dy
z€D J B(xo,r)ND *2

+2 sup /( Y2 )0 (y)dy

zeD J(|ly|>M)ND *2
Gy Ghy)
/

+/ [y200(y)dy-
(lzo—y=r)N(ly|<M)ND T2 Ty

By (2.1), there exists C' > 0 such that for all x € B(xo,5) N D, for all y €
B(0, M) N (D\B(zg,T)),

z—zG(ﬂs,y)wo(y) < Cyze0(y)-

Moreover, G(f;y) is continuous on (z,y) € (B(wo, 5) N D) x (D\B(zo,7)). Then
by Proposition 3.1 and Lebesgue’s theorem, we have

G(x, Gz,
| (x,y) (x/ y)|yw0(y)dy_>07
2

/(woy>r>ﬂ(|y<M)ﬂD T2
as |z — 2’| — 0. Then it follows from (3.2) that
Tp(x) = To(2')] = 0 as |z —2| =0

uniformly for all ¢ € Fy. On the other hand, to establish compactness we need
to show that
lim Te(xz) =0, uniformly for ¢ € Fy.

|z =00
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Let M >0 and z in D such that |z| > M + 1, then

Te@) < | 26 y)e)dy
D T2
< / 2 G, y)oly) dy + / Y2 G, y)poly) dy.
(lyl<M)ND T2 (ly|>M)ND T2

Since lim ;| 4o Y2 G(;Z’y) = 0 uniformly for [y| < M, and Z2G(z,y) < Ly3, for

|z —y| > 1, then from Proposition 3.1, Lebesgue’s theorem and (3.3) with h = 1,
we deduce that

lim Tp(z)=0

|#]—=+o0

uniformly for all ¢ € Fy. Finally, by Ascoli’s theorem, the family T'(Fp) is
relatively compact in Co(D).

Proof of Theorem 1.3 Let 8 € (0,1). Then, by (Al),(A2) and Lemma 5.1,

the function

Ty(z) = /D Y2 G y) (y, Byn) dy

T2

is continuous on D satisfying

lim Tg(z) =0 and ginBTg(x):OVxGE.

|| =00

Moreover, the function 3 — T3(z) is nondecreasing on (0,1). Then, by Dini
Lemma, we have

lim sup/ yﬁG(w,y)w(yﬁyz) dy = 0.
B—0xeD Jp T2

Thus, there exists 8 € (0,1) such that for each x € D,

Wl =

%2 G, y)v(y, Byz) dy <
D T2

Let by = %ﬂ and b € (0, by]. In order to apply a fixed-point argument, set
— b 30
S={weC(DU{x}): 2 <w(z) < E,xED}.

Then, S is a nonempty closed bounded and convex set in C'(D U {cc}). Define
the operator I" on S as

1
Tw(z) =b+ o i Gz, y)g(y,yow(y))dy, x=€ D.

First, we shall prove that the operator I' maps S into itself. Let v € S, then for
any x € D, we have by (Al) that

| o

3b
Tu@)~# < 5 [ L) v(y. o) dy <
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It follows that & < T'w < 2 and by Lemma 5.1, I'(S) is included in C(DU{o0}).
SoT'ScCS.

Next, we shall prove the continuity of " in the supremum norm. Let (wy)g
be a sequence in S which converges uniformly to w € S. It follows from (A1)
and Lebesgue’s theorem that

VezeD, Twg(r)—Tw(x) ask — +oo.

Since T'(S) is a relatively compact family in C(D U {oo}), then the pointwise
convergence implies the uniform convergence. Thus we have proved that I'
is a compact mapping from S to itself. Now the Schauder fixed-point theorem
implies the existence of w € S such that 'w = w. For z € D, put u(x) = zow(x).
Therefore we have

u() = bea + /D Gl 1)a(y, uly)) dy.

Since g(y, u(y)) < y2¥(y, y2), then we have by (As) and (3.7) that y — g(y, u(y)
is in L] (D). Applying A in both sides of the above equation, we get

Au+g(,u) =0, inD.

Tt is clear that u is a solution of (1.2), continuous on D,

b
—x9 <u(x) < S—xg and lim ——= =0b.
2 T2—+00 To

Example Let ¢ > 0 and A < 2 < u. Let p be a measurable function in D

such that o
)| < , Yz eD.
O Qe

Then there exists by > 0 such that for each b € (0, by], the problem

Au(z) + p(x)u’ ™ (z) =0, ze€D
u(z) >0, ze€D
ulgp =0

has a solution u continuous on D and satisfying

References

[1] K. L. Chung, Z. Zhao: From Brownian Motion to Schrédinger’s Equation.
Springer,Berlin (1995)



24

2]

[11]

[12]

Positive solutions of nonlinear elliptic equations EJDE-2002/41

R. Dautray, J. L. Lions, et al: Analyse mathématique et calcul numérique
pour les sciences et les techniques, Coll. C.E.A Vol 2, L’opérateur de
Laplace, Masson (1987)

A. L. Edelson: Entire solutions of singular elliptic equations, J. Math. Anal.
Appl. 139, 523-532 (1989)

A. V. Lair, A. W. Shaker: Entire solutions of a singular semilinear elliptic
problem, J. Math. Anal. Appl. 200, 498-505 (1996)

A. V. Lair, A. W. Shaker: Classical and weak solutions of a singular semi-
linear elliptic problem, J. Math. Anal. Appl. 211, 371-385 (1997)

A. C. Lazer, P. J. Mckenna: On a singular nonlinear elliptic boundary-value
problem, Proc. Amer. Mat. Soc. 111, 721-730 (1991)

L. Maatoug: Positive solutions of a nonlinear elliptic equation in {z € R? :
|z| > 1}. Potential Analysis. 16(2), 193-203 (2002).

S. Port, C. Stone: Brownian motion and classical Potential theory. Probab.
Math, Statist, Academic Press, New York, 1978.

U. Ufuktepe, Z. Zhao: Positive solutions of nonlinear elliptic equations in
the Euclidien plane. Proc.Amer. Math. Soc. Vol. 126, 3681-3692 (1998)

Z. Zhao: On the existence of positive solutions of nonlinear elliptic
equations-a Probabilistic Potential theory approach. Duke. Math. J. Vol
69, 247-258 (1993)

7. Zhao: Positive solutions of nonlinear second order ordinary differential
equations. Proc. Amer. Math. Soc. Vol. 121 (2), 465-469 (1994).

N. Zeddini: Positive solutions of singular elliptic equations outside the unit
disk, Electron. J. Diff. Eqns. No. 53, 1-20 (2001).

IMED BACHAR (e-mail: Imed.Bachar@ipeigb.rnu.tn)
HABIB MAAGLI (e-mail: habib.maagli@fst.rnu.tn)
LAMIA MAATOUG (e-mail: Lamia.Maatoug@ipeit.rnu.tn )

Département de Mathématiques, Faculté des Sciences de Tunis,
Campus universitaire 1060 Tunis, Tunisia.



