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Existence of solutions for elliptic systems with
critical Sobolev exponent *

Pablo Amster, Pablo De Népoli, & Maria Cristina Mariani

Abstract

We establish conditions for existence and for nonexistence of nontrivial
solutions to an elliptic system of partial differential equations. This system
is of gradient type and has a nonlinearity with critical growth.

1 Introduction

The purpose of this work is to extend some results known for the quasilinear
elliptic equation
—Au=u"P"t4+ X u inQ

1.1
u=0 on Jf) (1.1)

to the general system

7AU7 = fl(u) + Zaijuj in
= (1.2)

u; =0 on 9.

First we recall some results for the single equation (1.1) on a bounded domain
QCRN.If2 < p < 2" =2N/(N—2) (the critical Sobolev exponent), then (1.1)
has a nontrivial solution if and only if A < A;(Q), the first eigenvalue of —A.
This is proved by applying the Mountain Pass Theorem for finding nontrivial
critical points for the following functional in the Sobolev space H} ().

o =5 [vuP=3 [ [ P (1.3)

where F(u) = |ulP. Then by the compact imbedding Hi(Q) — LP(Q), ¢
satisfies the Palais-Smale condition (PS). However when p = 2*, ¢ may not
satisfy the Palais-Smale condition (PS) due to the lack of compactness of the
above imbedding. For A < 0, a Pohozaev identity shows that there are no
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nontrivial solutions when 2 is star shaped. For the case 0 < A < A;(f2), Brezis
a nd Nirenberg [1] proved the existence of at least one nontrivial solution when
N > 4. Their proof relies in the fact that ¢ satisfies (PS). (Palais-Smale at
level ¢) if ¢ < ¢* = SN/2 /N, where

S = inf | Vul|3
u€ Dy (RN),|lullz+ =1

which is the best constant in the Sobolev inequality. Moreover, when the value
of S and the optimal functions are explicitly known, it is possible to prove that
if
Sy = inf Va3 + Nu|l3
S W A R 1
then S < S for A > 0. Then, using the Mountain Pass Theorem a critical value
¢ < c¢* is obtained. For a detailed exposition see [12].

Quasilinear elliptic systems have been studied by several authors [4, 5, 6].
For gradient type systems such as (1.2), Boccardo and de Figueiredo [2] used
variational arguments to show the existence of nontrivial solutions. They proved
existence of solutions for the problem

—Apu = Fy(z,u,v) inQ
—Ay = Fy(z,u,v) inQ (1.4)
u=v=0 on 09,

where F' is superlinear and subcritical. In this article, we study the critical case
p=q=2*.

The general problem of finding a condition on the matrix A = (a;;) for which
(1.2) admits a nontrivial solution is still an open question. In this paper, we
present some results toward the solution of this question. For A symmetric with
|All < A1(€2), we prove that the method presented in [1] can be applied. More
precisely, we define appropriate numbers Sg 4 and S such that if Sp 4 < Sp
then (1.2) admits a solution. Furthermore, we show cases where this inequality
holds. We prove also that in some particular cases the condition ||A]| < A1 ()
is necessary. We conclude this paper by showing that Pohoazev’s nonexistence
result may be generalized to problem (1.2) when A is symmetric and negative
definite. We remark that the symmetry of A can be considered as a natural
condition, since the proof of existence is based on the variational structure of
the problem.

Before we state our results, we recall the following definitions [8].

DY2RN,R™) = {u = (uy,...,u,) € L¥ (RY,R") : Vu; € L(RY,RM)}

Let A = (a;5) € R™*™. We shall say that:
i) A is nonnegative (A > 0) if a;; > 0 for all 4, 5.
ii) A is reducible if by a simultaneous permutation of rows and columns, it may

be written in the form
B 0
C D
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where B and D are square matrices. Throughout this article, the Euclidean
norm in R” will be denoted by | - |.

Statement of results

Theorem 1.1 Let p = 2* = 2N/(N — 2). Let [] be a norm on R™ such that
F(u) = [u]P is differentiable. Define f; = %&-F, and assume that A € R™™ is
symmetric, with || A]| < A1 (). Set

S = i f v i27
F= e :1,2/ LI

Sk a(Q) = /|Vu2|2 /Au,u)
’ u€H(Q, Rn) jn F(u)=

Then: 1) Sr is attained by a function u € DV2(RN R™).
2) If Sp.a(R2) < Sg then (1.2) admits at least one nontrivial weak solution.

As a consequence of this theorem, we have the existence of solutions for the
following case.

Corollary 1.2 Let p, A and f; satisfy the conditions of the Theroem 1.1 with
[u] = |ulg = (X0, |ui|9)Y9 for some ¢ > 2. Moreover, assume that N > 4 and
that a;; > 0 for some i. Then (1.2) has a nontrivial weak solution.

Theorem 1.3 Let us assume that (1.2) admits a nonnegative nontrivial solu-
tion u € HE(Q,R™), and that f;(u) > 0, with f;(u) > 0 for u > 0. We denote by
Lmin and fmax the smallest and the largest eigenvalues of A, respectively. Then

1) If A is symmetric and positive definite, then pmin < A1(€2).
2) If A >0 is irreducible, then fimax < A1(€).
3) If a;j > 0 for every i,j, and A is symmetric, then || A| < A1(£2).

Using a Pohozaev-type identity [10] we shall prove as in [11] the following
nonexistence result.

Theorem 1.4 Let F' € C'(R™) be homogeneous of degree p = 2* = 2N/(N —2)

and define f; = %&F. Assume that A is symmetric and negative definite, and
that Q is star shaped. Then u =0 is the unique classical solution of (1.2).

2 The Brezis-Lieb Lemma

We shall use the following version of the Brezis-Lieb lemma [3].
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Lemma 2.1 Assume that F € C1(R™) with F(0) = 0 and ‘gTF‘ < ClulP~t.
Let (ug) C LP(Q), (1 < p < o0). If (ug) is bounded in LP(Q) and ux — u a.e.

on 1, then
klgr;(}(/QF(uk) —F(uk—u)) = /QF(u)

Proof We first remark that v € L?(Q) and |ju, < liminf |jugl|, < co. We
claim that for a fixed € > 0 there exists c¢(¢) such that for a,b € R™, it holds

|F'(a+b) — F(a)| < elal’ + c(e)|b? (2.1)

Indeed, writing

n 1 ) n 1
IF(a+b) — Fa)] = Z/ %(aert)bidt ch/ la -+ btP~ by dt
=170 Z =170

and using that zy < ¢(8)z? + &y (z,y > 0) we obtain

nool
Fla+b) - Fa)| < cz/ (Fla+ bt|P + c(@)[b;|P) dt

i=170

Moreover, as (z + y)P < 2P~1(2P + yP) (x,y > 0), we obtain:

noo4l
|Fla+b)— F(a)] < 2°-'C Z/ Z(|al? + 7|bP) + c(B)|bs|Pdt

i=1"0

and (2.1) follows. Letting a = ug(z) — u(z), b = u(x) we obtain
|F(ug) — Fug —u)| < elup —ul? + c(e)|ulP
We introduce the functions:
fi = (IF(ue) = F(u, — u) = F(u)| - elug —ul?)*

As |F(u)| < K|ul?, then |ff| < (K+c(e))|ul’. By Lebesgue theorem [, fi — 0.
Since |F(ug) — Fup — u) — F(u)] < fi + e|ug — ulP, we obtain

limsup/ |F'(ug) — Fup —u) — F(u)] <ec
k—oo 9]

with ¢ = supy, [lux — ul[} < co. Letting € — 0, the result follows.

Remark In particular, this result holds for F' is homogeneous of degree p.
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3 Proofs of results

For the proof of part 1) of Theorem 1.1 we shall use the Lemma 3.1 below,
which is a version of the concentration compactness lemma in [9].

Let F: R" — R be a C' function homogeneous of degree p = 2*, such that
F(u) > 0if u # 0. By homogeneity, it is easy to see that

22:1 f]RN |Vu;€|2

S — inf
P e ([ P

Lemma 3.1 Let (u?) c Dy* (RN, R™) be a sequence such that:
i) u®) — u weakly in DV2(Q)
ii) |V(u§j) —ug)| — pg in M(R™) weak * fork=1,...,n.
i) F(u™ —u) — v in M(R™) weak*
w) u — u a.e. on RN

and define: p = Zzzl K
R—o0 i— 00

v>® = lim (limsup/ F(u(i))dx),
lz| =R

e = Rlim (limsup/ |Vu,(f)|2dx>
—e |z|>R

71— 00

Then:

2/2* 1
P < o lul (31)

P

1
v < 7 3.2
(™) =5, ’;Mk (3.2)
lim sup |Vu,(j)|% =|Vul3 + ||kl + p° fork=1,...,n (3.3)
Jim sup / Plu) = / Fu) + ]| + veo (3.4)
1—00 Q Q

Moreover, if u =0 and equality holds in (3.1), then u =0 or u is concentrated
at a single point.

Proof of Theorem 1.1 Part 1) Let (u(Y) c DV?(RY,R") be a minimizing
sequence for Sg, i.e.,

/RN Fa®) =1, 3 /RN V'] — Sk
k=1
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Using (3.1)-(3.3), we deduce, as in [12, Theorem 1.41], the existence of a se-
quence (y;,\;) € RY x R such that )\EN&)/ZU(AZ{U + y;) has a convergent sub-
sequence. In particular there exists a minimizer for Sg.

To prove the second part of Theorem 1, we shall use the following version of
the Mountain Pass Lemma [12].

Theorem 3.2 (Ambrosetti-Rabinowitz) Let X be a Hilbert space, ¢ be an
element of C*(X,R), e € X and r > 0 such that ||| > r, b = inf |, = ¢(u) >
©(0) > p(e). Then for each & > 0 there exists u € X such that ¢ — e < p(u) <
c+e and ||¢' (u)] < e where

= inf t
c ;grtrgl[gﬁ]w(v( )

with T = {y € C([0,1], X) : v(0) = 0,v(1) = e}.
Letting € = 1/k, we get a Palais-Smale sequence at level c; i.e., a sequence
(u®) c X such that
p(®) —c, W) -0

We shall apply this result to the functional

1 [ , 1 1 -
<P(U)Z§/Q;|VU¢ —2—*/QF(U)—§/QMZ_1GUUM

in the Sobolev space X = H}(Q,R™). As [|A]| < A\1(2), we may define on X the

norm
1/2

n n
Jull = / S [Vl - / S aiu
o Q

ij=1

which is equivalent to the usual norm. By standard arguments o € C1(X) and

(' (), h) :i/QVui.Vhi—Zj:/ﬂfi(u)hi—/n S ayhi,

i,j=1
It follows that the critical points of ¢ are weak solutions of the system.

To ensure that the value ¢ given by the mountain pass theorem is indeed a
critical value we need to prove the following lemma.

Lemma 3.3 Let F' be homogeneous of degree 2*. Then any (PS). sequence

. /2
with ¢ < ¢* = (% — QL) &~ has a convergent subsequence.

Proof Let (u®)) c H}(Q,R") be a (PS). sequence. First we show that it is

bounded. B
(@' (u®), u®)) = [lu®|2 — Z/ Fi(a®yu
i=179
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Since F' is homogeneous of degree 2*, we have that > | fi(u®)u; (k) — F(u®).
Then

1 1 1
I = o)+ 5 [ P@O) = o)+ 5 (2 = (), a)
Hence, for k > kg we have
1 1
(5= ) W@ < O+ eu®]

and we conclude that ||u(®)|| is bounded.

We may assume that u*) — u weakly in H}(Q)", u®) — v in L?(Q)", and
u®) — u ae..

Since (u®) is bounded in L?"(Q), f(u®) is bounded in L2N/(N+2)(Q). So
we may assume that f(u®)) — f(u) weakly in L2N/(N+2)_ Tt follows that u is a
critical point of ¢, i.e. u is a weak solution of the system. We deduce that

/ _ 2 & . —
(' (u),u) = [lul /Q;—l fitw)u
Moreover,

U2 u2
ot =10 [ r = 12E /Zfz u= (5 — )l >0

Writing v*) = u — u(®), by Lemma 2.1 we have

[ Pa®) = [ P+ [ Pe®) o)
and then

1 1 1
p(u®) = Sl = o = oo [ P = o [ PO®) o)
2 2 Q 2 Q

As v*) — 0 weakly,
™1 = Jlu = o™ = [|ul® + [o™]* + o(1)

and then we obtain

1 1 1 1

gl + 510 =5 [ Py =5 [ Po®) = (35)
On the other hand we also know that (¢/(u®)), 4*)) — 0 and

@
(@ (@®), u®)y =[[u® |2 - / 3 fi(u®)yu® = Ju®)2 - 2*/ Plu®)
Qi Q
P + 0@ -2 [ Fu) -2 [ Fo®) +0(1) 0
Q Q
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o~ 2 [ Pe®) =2 [ P -l -
Q Q

We may therefore assume that [o®)[|2 — b, 2% [ F(v®)) — b. From (3.5), we
deduce that

Hence,

0+ (G-

(g

We claim that b = 0. Indeed, since u*) — 0 in L?(Q,R"), it follows that
S fg |V (v®));|> = b. On the other hand,

i/ﬂ|V(v(k))i|2 ZSF(/QF(U(’“)))Q/?

and, letting k — oo, b > Spb?/?". Tt follows that b =0 or b > Sp
case,

and since p(u) > 0,

N/2 In this last

a contradiction. Hence, b = 0 and v*) — 0 strongly.

Proof of Theorem 1.1 part 2) In the same way of [12, Theorem 1.45], it
suffices to apply the Mountain Pass Theorem with a value ¢ < ¢*. We shall find
the maximum of the function h : [0,1] — R given by

t2 ,
i) = ott0) = (5 10l - 5 [ F) = af - e
Q
Since 2* — 2 = N 5, we obtain the critical point
A \(N-2)/4
to = (==
0= (50)
with 4
NJ2 2
= ——1)B
) = (5e) V(5 ~1)B > 0

Then, it is easy to conclude that ¢ < c¢*.
Now we consider the special case

= |ul, = <Z|ul ) /e and Fy( (Z|Uz )

for proving Corollary 1.2.

“/a

Lemma 3.4 Sp(2) =S for ¢ > 2 where S is the best constant for the Sobolev
inequality with n = 1.
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Proof Suppose first that ¢ > 2*, then we have the estimate

n */qr2/2" n 12/2" n
[ Oy <[ [ e T = [ [
<[§(S*/ﬁml%>2*/ﬂz/z* <§;S_1/9Vui|2

It follows that Sp > S. For 2 < ¢ < 2* we use Minkowski inequality:

LR T {1}

i=1 i=1
[(é/ﬂ ui|2*)q/2*}2/f1
n N 2/2" n .

2) S;S 1/Q|Vui|2

> ([
i=1 /9
The inequality Sp < S is verified easily taking functions of the form u =
(ul, 0, ,0)

IN

2*}2/2*

AN

Proof of Corollary 1.2 First we note that by the 2*-homogeneity of F', Sp
does not depend on . Taking u(z) = U(x)e;, where

V(Y — 2))N -2

U(z) = 1+ ‘x|2)(N—2)/2

is the function that attains Sobolev’s best constant in one dimension [12, The-
orem 1.42], it follows that Sp is achieved when Q = RY (where N > 4). By
translation invariance of the problem, Sp is also achieved with u.(x) = U (z)-e;,
for

Us(z) = e@N2y (2 /e)

We shall see that Sp 4 < Sp. Indeed, we may assume that 0 € 2 and choose
i such that a; > 0. Then, if we define u(z) = v.(z)e;, with v.(z) = Y(z)U.(z),
and v a smooth function with compact support in 2 such that ¢» = 1 in B(0, p),
we obtain as in [12, Lemma 1.46):

fQ Z?:l |Vui|2 - fQ (Au, u) _ fQ |Vu6|2 — Q4 fQ ug

(fﬂ F(U)>2/p (fﬂ \ue\p)

for € small enough.

<S8

Proof of Theorem 1.3: Necessary conditions for the existence of non-
negative solutions We recall the following theorem in [8].
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Lemma 3.5 (Perron-Frobenius Theorem) Let A > 0 be irreducible. Then
A has a positive simple eigenvalue pimax such that |p| < pmax for any p eigen-
value of A. Furthermore, there exists an eigenvector of pimax With positive coor-
dinates.

Now we are able to prove Theorem 1.3.
Suppose that the system has a nonnegative nontrivial solution. If e; is the
first eigenfunction of —A in H{(Q), then e; € C*®(Q) and e;(z) > 0Vz € Q.

Then .
)\1/ U;e1 = —Auje; = / fi(u)el + Zaij/ ujel
Q ) Q = )
If z; = [, user, then
Az > Az,

and the inequality between the i-th components is strict if u; # 0 for some 1.
Since z > 0, and z; > 0 for some ¢, we obtain

M|z > (Az, 2).
Since A is symmetric and positive definite,
)\I‘Z|2 > Mmian‘Q and )\1 > Mmin-

This proves the first claim of the theorem.
For A > 0 and irreducible, let v be the eigenvector of A! corresponding to
fmax, then from the Perron-Frobenius Theorem [8], v; > 0 for any 7 and

M (z,0) > (Az,0) = (2, A) = fimax (2, V)

and since (z,v) > 0, it follows that Ay > pmax and the second claim is proved.
Finally when A > 0 is symmetric, we have pmax = ||A]|], and the proof is
complete. O

Proof of Theorem 1.4 The proof of Theorem 1.4 consists of the next lemma
and the next corollary.

Lemma 3.6 Suppose that u € C?(2,R") is a classical solution of the gradient
elliptic system

—Au; = gi(u)  inQ
u=0on 00

where g; = g—g, G € CYR"), G(0) =0 and Q C RY is a bounded open set with
smooth boundary. Then for a fized y,

];/mvuu (ili—y)~n(a:)dS:2N/QG(u)dx—(N—Q)I;/ng(u)ukdx
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Proof Multiply the k-th equation by (z —y) - Vuy = Zi\;l(aj — Y )% and
integrate by parts, then we have

/Z yzagk()

au 0?%u
2, K OCup 2
/|Vuk| / E 833] iz /89|Vuk\ (x —y) - n(x)dS

i,7=1

Hence,
N 1
/Z g = (1= 5) [[1VuP -5 [ [Vule - ) nas
3 27 Ja 2 Joq
Adding this identities for k =1,2,...n
N
8uk
/Q;( —Yi Zaxlgk
1n
=(1—-— /Vu 2 / Vul?(x —y) - n(z)dS
( 2);Q| q 2;m| *(@ —y) -n(a)

By the chain rule we have

/Qi(xiy 8uk /Z 8%)

=—N [ Gu)+ G(u)(xi = yi) - ni(x)dS .
Q = Jen

Since G(u) = 0 on 0f2,

N & , 1 )
N [ew=0- % [ Wul =53 [ Fulle - s
Finally
/Q|Vuk|2=/ﬂgk(u)uk

Z/ Vg2 — y —QN/G —2)2‘;/99,@@)%

and

With the following corollary, we complete the proof of Theorem 1.4.
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Corollary 3.7 Assume that F € C*(R™) is homogeneous of degree p = 2* =
2N/(N —2), with F(0) = 0. Further, assume that A is symmetric and negative
definite, and that Q) is star shaped. Then the system

k
—Au; = fr(u) + Zajkuj in )
j=1

u=0 on o

with fr, = ngz admits only the trivial solution.

Proof Let G(u) = F(u)+ 5(Au,u). Since F is homogeneous of degree p,

(SIS

Z fr(w)up = pF(u)
k=1

and

Y N
I;/mwkl (fc—y)-n(x):[2N—p(N—2)]/QF(u)+2;/Q<Au7u>

Since p = 2N/(N —2),
;/@Qwukm—y)-nm =2;/Q<Au,u>

Now, because A is negative definite, (Au,u) < M|u|? where M < 0 and then

N n
Yz —y) n(x ul?
;/@va (@) <>s2M;/Q| |

Since 2 is star shaped, (z —y) - n(z) > 0 on 09, and we conclude that u = 0.
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