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A nonexistence result for a system of quasilinear

degenerate elliptic inequalities in a half-space ∗

Mokthar Kirane & Eric Nabana

Abstract

We show that a system of quasilinear degenerate elliptic inequalities
does not have non-trivial solutions for a certain range of parameters in
the system. The proof relies on a suitable choice of the test function in
the weak formulation of the inequalities.

1 Introduction

For N ≥ 2, let Ω = R
N
+ = {(x′, xN ) : x′ ∈ RN−1, xN > 0} and ∂Ω its boundary.

On this domain, we consider the system

−|x|α∆u ≥ |v|p,
−|x|β∆v ≥ |u|q,

(1.1)

which can be viewed as the elliptic part of a system of wave equations where
the velocity in each equation vanishes near x = 0. This accounts for the effect
of a medium that is dense near x = 0.

Definition The couple (u, v) is called a solution of (1.1), if

u ∈ L1(∂Ω) ∩ Lqloc(Ω, |x|−β dx), v ∈ L1(∂Ω) ∩ Lploc(Ω, |x|−α dx),

∂u/∂ν, ∂v/∂ν ∈ L1
loc(∂Ω) .

and for every positive regular function ψ,

−
∫

Ω

u∆ψ −
∫
∂Ω

∂u

∂ν
ψ +

∫
∂Ω

∂ψ

∂ν
u ≥

∫
Ω

|v|p|x|−αψ,

−
∫

Ω

v∆ψ −
∫
∂Ω

∂v

∂ν
ψ +

∫
∂Ω

∂ψ

∂ν
v ≥

∫
Ω

|u|q|x|−βψ.

NOTATION. We let Lmloc(Ω, |x|−δ dx) be the set of all functions f : Ω→ R such
that for every compact set K ⊆ Ω,

∫
K
|f |m |x|−δ dx <∞.
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Before we present our results, let us dwell a moment on some previous in-
teresting articles.

In their celebrated article, Brézis and Cabré [1] considered the problem

−|x|2∆u ≥ u2, x ∈ D,
u = 0, on ∂D,

where D is a smooth bounded domain of RN containing 0. They proved that
it admits as a weak solution only the trivial solution. Moreover, they gave
nonexistence results of weak positive solutions for general equations of the form

−∆u = a(x)g(u) + b(x), x ∈ D,

under some assumptions on a(x) and b(x), with g a continuous function on R,
nondecreasing on R+, such that

∫∞
1

(1/g(s))ds <∞.
On the other hand, Esteban and Giacomoni in [3] studied the structure of

the set of solutions to the problem

−|x|2∆u = λu+ g(u), x ∈ B = {x ∈ RN : |x| < 1},
u ≥ 0 in B,

u = 0, on ∂B.

Concerning equations posed in a half-space, Chipot, Chleb́ık, Fila and Shafrir
[2] considered the problem

−∆u = aup, on Ω = R
N
+ ,

− ∂u

∂xN
= uq, on ∂Ω,

where a ≥ 0 and p, q > 1. They proved the existence of positive solutions, for

p ≥ N + 2
N − 2

and q ≥ N

N − 2
,

and obtained nonexistence results for a > 0 when one of the following require-
ments is satisfied:

(i) p ≤ N+2
N−2 and q ≤ N

N−2 with at least one strict inequality,

(ii) p < N
N−2 ,

(iii) q < N
N−1 .

Concerning our results, they can be summarized as follows: In section 2, we
show that (1.1) cannot admit nontrivial solutions (u, v) for some range of p and
q whenever ∫

{xN=0}
(u+ v) dx′ > 0 .

However in section 3, we treat the particular case of positive solutions to (1.1)
and obtain different results under conditions different from those of section 2.
This is due to the methods employed. Furthermore, in each section, nonexis-
tence results are extended to systems of m ≥ 2 inequalities.
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2 Nonexistence via Young’s inequality

Theorem 2.1 Assume p > 1, q > 1, α ≤ 2, β ≤ 2, and that

N ≤ min
(p+ 1− α

p− 1
,
q + 1− β
q − 1

)
.

Then, there exist no nontrivial solutions (u, v) of the problem (1.1) such that

(u+ v)|xN=0 ∈ L1(RN−1),
∫
{xN=0}

(u+ v) dx′ > 0. (2.1)

Remark 2.2 Observe that in the usual case where α = β = 0, we have nonex-
istence for N ≥ 2 and

1 < p ≤ min
(
q,
N + 1
N − 1

)
or 1 < q ≤ min

(
p,
N + 1
N − 1

)
.

Remark 2.3 For α = β and 1 < p = q, there is no solution if

p ≤ N + 1− α
N − 1

⇐⇒ N ≤ p+ 1− α
p− 1

.

Proof of Theorem 2.1 The proof is divided into two steps. First, we con-
struct a suitable test function and make some estimations. Then, we introduce
a re-scaling technique as in [4, 5].

The proof is by contradiction. For, suppose that problem (1.1) admits a
nontrivial solution (u, v) such that∫

{xN=0}
(u+ v) dx′ > 0.

Let ϕ be a positive test function in C2(Ω), ϕ decreasing, and ϕ(x) = ϕλ0 (|x|/R),
where (R > 0) and

ϕ0(ξ) =

{
1 if 0 ≤ ξ ≤ 1
0 if ξ ≥ 2.

The parameter λ will be specified later.
Let ψ(x) = xNϕ(x) ≥ 0. Then

∂ψ

∂xN
= ϕ(x) + xN

∂ϕ

∂xN
, ∇x′ψ = xN∇x′ϕ,

∆ψ =
∂2ψ

∂x2
N

+
N−1∑
i=1

∂2ψ

∂x2
i

= 2
∂ϕ

∂xN
+ xN

∂2ϕ

∂x2
N

+ xN

N−1∑
i=1

∂2ϕ

∂x2
i

.

Since
∫
{xN=0}(∂u/∂ν)ψ = 0 and ∂ψ/∂ν = −∂ψ/∂xN , from the above definition

we obtain
−
∫

Ω

∆ψu−
∫
{xN=0}

∂ψ

∂xN
u ≥

∫
Ω

|v|p |x|−αψ.
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Since ∂ψ/∂xN (x′, 0) = ϕ, we have∫
Ω

|v|p |x|−α ψ ≤ −
∫

Ω

∆ψ u−
∫
{xN=0}

ϕu.

Then it follows that∫
Ω

|v|p |x|−αψ +
∫
{xN=0}

ϕu ≤
∫

Ω

|∆ψ||u|. (2.2)

We have also ∫
Ω

|u|q |x|−βψ +
∫
{xN=0}

ϕv ≤
∫

Ω

|∆ψ||v|. (2.3)

Now, using (2.2), (2.3) and Young’s inequality, we obtain∫
Ω

|u|q|x|−βψ +
∫
{xN=0}

ϕv ≤ ε
∫

Ω

|v|p|x|−αψ + C(ε)
∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1),

with p+ p′ = pp′, and∫
Ω

|v|p|x|−αψ +
∫
{xN=0}

ϕu ≤ ε
∫

Ω

|u|q|x|−βψ + C(ε)
∫

Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1),

with q + q′ = qq′. Therefore,

(1− ε)
∫

Ω

|u|q|x|−βψ + (1− ε)
∫

Ω

|v|p|x|−αψ +
∫
{xN=0}

(u+ v)ϕ

≤ C(ε)
∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1) + C(ε)

∫
Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1).

Hence for 0 < ε < 1, there exists C > 0 such that∫
Ω

|u|q|x|−βψ +
∫

Ω

|v|p|x|−αψ +
∫
{xN=0}

(u+ v)ϕ

≤ C
(∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1) +

∫
Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1)

)
. (2.4)

At this stage, we introduce the scaled variables:

η = (η1, · · · , ηN ) = R−1x = (R−1x1, R
−1x2, · · · , R−1xN ).

We have

∆ψ = R−1
(

2
∂ϕλ0
∂ηN

+ ηN∆ϕλ0
)

=: R−1A(η).

It is clear that the support of ∂ϕλ0/∂ηN and the support of ∆ϕλ0 are subsets of
C := {η ∈ R : 1 ≤ |η| ≤ 2}.



EJDE–2002/56 Mokthar Kirane & Eric Nabana 5

The relation (2.4) is then written∫
Ω

|u|q|x|−βψ +
∫

Ω

|v|p|x|−αψ +
∫
{xN=0}

(u+ v)ϕ

≤ C1R
N+p′(α−2)+(1−α) + C2R

N+q′(β−2)+(1−β).

where for λ� 1, ∫
C

|A(η)|p′ |η|α(p′−1)

|ηN |p′−1ϕ
λ(p′−1)
0 (η)

dη ≤ C1 <∞,∫
C

|A(η)|q′ |η|β(q′−1)

|ηN |q′−1ϕ
λ(q′−1)
0 (η)

dη ≤ C2 <∞.

Since condition (2.1) implies
∫
{xN=0}(u+ v)ϕ ≥ 0 for R large enough, it follows

that ∫
Ω

|u|q|x|−βψ +
∫

Ω

|v|p|x|−αψ +
∫
{xN=0}

(u+ v)ϕ ≤ C̃RN+γ1 , (2.5)

where γ1 = max
(

(α− 2)p′ + 1− α, (β − 2)q′ + 1− β
)

. It is easy to see that

N + γ1 ≤ 0 ⇐⇒ N ≤ min
(p+ 1− α

p− 1
,
q + 1− β
q − 1

)
.

For N + γ1 < 0, we let R→∞ in (2.5) to obtain∫
Ω

|u|q|x|−β +
∫

Ω

|v|p|x|−α = 0

which implies u = v = 0. This is a contradiction.
For N + γ1 = 0, we deduce from (2.5) that∫

Ω

|u|q|x|−βψ <∞,
∫

Ω

|v|p|x|−αψ <∞

since condition (2.1) implies
∫
{xN=0}(u+ v)ϕ ≥ 0 for large R. It follows that

lim
R→∞

∫
{R≤|x|≤2R}

|u|q|x|−βψ = lim
R→∞

∫
{R≤|x|≤2R}

|v|p|x|−αψ = 0.

Now, we use Hölder’s inequality in the right-hand side of (2.2) and (2.3) and a
scaling argument as in (2.5) to obtain∫

{xN=0}
vϕ+

∫
Ω

|v|p|x|−α ψ

≤
(∫

Ω

|u|q|x|−β ψ
)1/q(∫

Ω

|∆ψ|q
′
|x|β(q′−1)ψ1−q′

)1/q′

≤
(∫

supp ∆ψ

|u|q|x|−βψ
)1/q(

C2R
N+q′(β−2)+(1−β)

)1/q′

,

(2.6)



6 A nonexistence result EJDE–2002/56

and ∫
{xN=0}

uϕ+
∫

Ω

|u|q|x|−β ψ

≤
(∫

Ω

|v|p|x|−α ψ
)1/p(∫

Ω

|∆ψ|p
′
|x|α(p′−1)ψ1−p′

)1/p′

≤
(∫

supp ∆ψ

|v|p|x|−α ψ
)1/p(

C1R
N+p′(α−2)+(1−α)

)1/p′

.

(2.7)

Since suppψ ⊂ {R ≤ |x| ≤ 2R}, then for N + p′(α − 2) + (1 − α) = 0 or
N + q′(β − 2) + (1 − β) = 0, we let R → ∞ in (2.6) and (2.7) to obtain, as
before, ∫

Ω

|u|q|x|−β +
∫

Ω

|v|p|x|−α ≤ 0 =⇒ u = v = 0.

This completes the proof of Theorem 2.1. �
Without difficulties, we can extend the results to the system of m inequalities

−|x|αi∆ui ≥ |ui+1|pi , x ∈ Ω, 1 ≤ i ≤ m,
um+1 = u1.

(2.8)

Theorem 2.4 Let pi > 1. If pi and αi are such that

2 ≤ N ≤ min
1≤i≤m

(pi + 1− αi
pi − 1

)
,

then problem (2.8) does not admit nontrivial solutions (u1, u2, . . . , um) satisfying∑m
i=1 ui|xN=0 ∈ L1(RN−1),

∫
{xN=0}

∑m
i=1 ui dx

′ > 0.

3 Nonexistence of positive solution via Hölder’s
inequality

Theorem 3.1 Suppose p > 1 , q > 1, and α, β satisfy

1 < N ≤ max
(pq + 1− β + (2− α)q

pq − 1
,
pq + 1− α+ (2− β)p

pq − 1

)
.

Then system (1.1) does not admit nontrivial positive solutions.

Proof of Theorem 3.1 This proof is done by contradiction. Suppose that
(1.1) admits a nontrivial solution (u, v) such that u ≥ 0 and v ≥ 0.

Let ψ be the same test function as in the proof of Theorem 2.1. Then,
relations (2.2) and (2.3) become, respectively,∫

Ω

vp |x|−αψ ≤
∫

Ω

|∆ψ|u, (3.1)∫
Ω

uq |x|−βψ ≤
∫

Ω

|∆ψ| v. (3.2)
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Now, using Hölder’s inequality in the right-hand side of the above inequalities,
we have∫

Ω

uq |x|−βψ ≤
(∫

Ω

vp|x|−αψ
)1/p(∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1)

)1/p′

,∫
Ω

vp|x|−αψ ≤
(∫

Ω

uq|x|−βψ
)1/q(∫

Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1)

)1/q′

,

where p′ = p/(p− 1) and q′ = q/(q − 1). Therefore,

(∫
Ω

uq|x|−βψ
)1−1/pq

≤
(∫

Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1)

)1/pq′(∫
Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1)

)1/p′

,

and(∫
Ω

vp|x|−αψ
)1−1/pq

≤
(∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1)

)1/qp′(∫
Ω

|∆ψ|q
′
ψ1−q′ |x|α(q′−1)

)1/q′

.

Using the change of variable x = Rη and choosing λ as in the proof of Theorem
2.1, it follows that (∫

Ω

uq|x|−βψ
)1−1/pq

≤ C1R
λ1 , (3.3)

where
λ1 =

1
pq

{
N(pq − 1)− pq − 1 + β + (2− α)q

}
,

and (∫
Ω

vp|x|−αψ
)1−1/pq

≤ C2R
λ2 , (3.4)

where
λ2 =

1
pq

{
N(pq − 1)− pq − 1 + α+ (2− β)p

}
.

Note that

λ1 ≤ 0 ⇐⇒ N ≤ pq + 1− β + (2− α)q
pq − 1

,

and

λ2 ≤ 0 ⇐⇒ N ≤ pq + 1− α+ (2− β)p
pq − 1

.

For λ1 < 0 and λ2 < 0, letting R→∞ in (3.3) and (3.4), we deduce u = 0 and
v = 0, respectively. This is a contradiction.

For λ1 = 0 or λ2 = 0, we can use the same argument developed in the last
part of the proof of Theorem 2.1 and show that u = 0 or v = 0, when R→∞.
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Observe that, thanks to (3.1) and (3.2), when u = 0 then v = 0 and vice
versa. �

To obtain a generalization of Theorem 3.1 to the case of m inequalities, we
first analyze a system with three inequalities:

−|x|α∆u ≥ vp, x ∈ Ω,

−|x|β∆v ≥ wq, x ∈ Ω,
−|x|γ∆w ≥ ur, x ∈ Ω.

(3.5)

Definition The vector (u, v, w) is called a solution of (3.5), if

u ∈ L1
loc(∂Ω) ∩ Lrloc(Ω, |x|−γ dx),

v ∈ L1
loc(∂Ω) ∩ Lploc(Ω, |x|−α dx),

w ∈ L1
loc(∂Ω) ∩ Lqloc(Ω, |x|−β dx),

and for any positive regular function ψ we have

−
∫

Ω

u∆ψ −
∫
∂Ω

∂u

∂ν
ψ +

∫
∂Ω

∂ψ

∂ν
u ≥

∫
Ω

vp|x|−αψ,∫
Ω

v∆ψ −
∫
∂Ω

∂v

∂ν
ψ +

∫
∂Ω

∂ψ

∂ν
v ≥

∫
Ω

wq|x|−βψ,∫
Ω

v∆ψ −
∫
∂Ω

∂w

∂ν
ψ +

∫
∂Ω

∂ψ

∂ν
w ≥

∫
Ω

ur|x|−γψ.

Let ψ be defined as in the proof of Theorem 2.1. Then, using Hölder’s
inequality, we have∫

Ω

vp|x|−αψ ≤
(∫

Ω

ur|x|−γψ
)1/r(∫

Ω

|∆ψ|r
′
ψ1−r′ |x|γ(r′−1)

)1/r′

,∫
Ω

wq|x|−βψ ≤
(∫

Ω

vp|x|−αψ
)1/p(∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1)

)1/p′

∫
Ω

ur|x|−γψ ≤
(∫

Ω

wq|x|−βψ
)1/q(∫

Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1)

)1/q′

.

Put

I1 =
(∫

Ω

|∆ψ|r
′
ψ1−r′ |x|γ(r′−1)

)1/r′

, I2 =
(∫

Ω

|∆ψ|p
′
ψ1−p′ |x|α(p′−1)

)1/p′

I3 =
(∫

Ω

|∆ψ|q
′
ψ1−q′ |x|β(q′−1)

)1/q′

.

Then, we have(∫
Ω

vp|x|−αψ
)(pqr−1)/p

≤ Iqr1 I2 I
q
3 ,

(∫
Ω

wq|x|−βψ
)(pqr−1)/q

≤ Ir1 I
pr
2 I3,(∫

Ω

ur|x|−γψ
)(pqr−1)/q

≤ I1 Ip2 I
pq
3 .
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The same change of variables used in the proof of Theorem 2.1 gives

I1 = Rλ1

(∫
C

|A(η)|r′ |η|γ(r′−1)

|ηN |r′−1ϕ
λ(r′−1)
0 (η)

dη

)1/r′

where λ1 = (N + 1− γ)/r′ + γ − 2. For a suitable choice of λ, we have∫
C

|A(η)|r′ |η|γ(r′−1)

|ηN |r′−1ϕ
λ(r′−1)
0 (η)

dη <∞.

Therefore, there exists a constant C1 > 0 such that

I1 ≤ C1R
λ1 .

Analogously we have

I2 ≤ C2R
λ2 , with λ2 =

N + 1− α
p′

+ α− 2,

I3 ≤ C3R
λ3 , with λ3 =

N + 1− β
r′

+ β − 2.

It follows that(∫
Ω

vp|x|−αψ
)(pqr−1)/p

≤ C̃1R
λ1qr+λ2+λ3q =: C̃1R

σ1 ,(∫
Ω

wq|x|−βψ
)(pqr−1)/q

≤ C̃2R
λ1r+λ2pr+λ3 =: C̃2R

σ2 ,(∫
Ω

ur|x|−γψ
)(pqr−1)/q

≤ C̃3R
λ1+λ2p+λ3pq =: C̃3R

σ3 .

Note that

σ1 ≤ 0 ⇐⇒ N ≤ pqr + (2− γ)pq + (2− β)p+ 1− α
pqr − 1

= 1 +X1,

σ2 ≤ 0 ⇐⇒ N ≤ pqr + (2− α)qr + (2− γ)q + 1− β
pqr − 1

= 1 +X2,

σ3 ≤ 0 ⇐⇒ N ≤ pqr + (2− β)pr + (2− α)r + 1− γ
pqr − 1

= 1 +X3,

where

X1 =
(2− γ)pq + (2− β)p+ (2− α)

pqr − 1
,

X2 =
(2− α)qr + (2− γ)q + (2− β)

pqr − 1
,

X3 =
(2− β)pr + (2− α)r + (2− γ)

pqr − 1
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are solutions of the linear system 1 −p 0
0 1 −q
−r 0 1

X1

X2

X3

 =

α− 2
β − 2
γ − 2

 . (3.6)

We have the following nonexistence result.

Theorem 3.2 Let (X1, X2, X3)T be the solution of (3.6). Then, if N ≤ X1 +1,
or N ≤ X2 + 1, or N ≤ X3 + 1, system (3.5) cannot admit nontrivial weak
solutions (u, v, w) such that u ≥ 0, v ≥ 0 and w ≥ 0.

Now, we are able to announce the nonexistence result of positive solutions
for the system (2.8).

Theorem 3.3 Suppose pi > 1 for 1 ≤ i ≤ m. Let (X1, X2, . . . , Xm)T be the
solution of the linear system

1 −p1 0 0 0
0 1 −p2 0 0
... 0

. . . . . . 0
0 0 0 1 −pm−1

−pm 0 0 0 1




X1

X2

...
Xm−1

Xm

 =


α1 − 2
α2 − 2

...
αm−1 − 2
αm − 2

 .

Then, if N ≤ 1 + max(X1, X2, ..., Xm), system (2.8) cannot admit a nontrivial
positive solution.

References
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