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BOUNDARY-VALUE PROBLEMS FOR THE BIHARMONIC
EQUATION WITH A LINEAR PARAMETER

YAKOV YAKUBOV

ABSTRACT. We consider two boundary-value problems for the equation
A2U($7 y) - )\AU(Z‘, y) = f(xvy)

with a linear parameter on a domain consisting of an infinite strip. These prob-
lems are not elliptic boundary-value problems with a parameter and therefore
they are non-standard. We show that they are uniquely solvable in the corre-
sponding Sobolev spaces and prove that their generalized resolvent decreases
as 1/|A| at infinity in La(R x (0,1)) and W3 (R x (0,1)).

1. FORMULATION OF THE PROBLEM

The main objective of this paper is to find estimates for the generalized resolvent
for the problem

L\, Dy, Dy)u = Au(z,y) — Nu(z,y) = f(z,y), (z,y) €Q, (1.1)

u(z,0) = u(z,1) = 3ugj 0) = auéxy, D) =0, zeR, (1.2)

where D, = 2, D, = 8%, A€ C and Q:= (—o00,0) x [0,1] C R2. Known results
on this subject treat elliptic boundary-value problems with a parameter, mostly in
bounded domains [1, 2, 4, 5, 8, 9]. Note that (1.1)—(1.2) is not an elliptic boundary-
value problem with a parameter [5, p. 98] (one should add a term such as A\u(z,y)
to get ellipticity with a parameter). Moreover, 2 is an unbounded domain. This fact
makes the problem non-standard and known results for boundary-value problems
do not apply.

We denote by F,_., the one-dimensional Fourier transform with respect to x,
where o is the dual variable. Applying the operator F,_,, to problem (1.1)—(1.2)
we obtain a boundary value problem for an ordinary differential equation of the
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fourth order with 2 parameters

. d* d? R N
L()\,iO’,Dy)’U, = [d_y4 - (202+)\)d—y2 +O'4+)\0'2:|’U/(0',y) = (Uay)7 ye [07 1]a
(1.3)
di(0,0)  di(o,1)

A(0,0) = o 1) = = 2 = = B =0, (1.4)

where A € C and o € R are parameters, u(o,y) := (Fyou(x,y))(o,y).
To solve our main question, we start from the solvability of problem (1.3)—(1.4)
and get estimates of its solution depending on the parameters A and o.

2. ISOMORPHISM AND COERCIVENESS OF THE EQUATION ON THE WHOLE AXIS

Consider equation (1.3) on the whole axis, i.e.,

d* d?

L(X,io, Dy)u := [d—y‘l — (20" + )\)d_yQ +ot+Ad?fuly) = f(y), yeR. (2.1)
Theorem 2.1. For all complex numbers X satisfying |arg\| < m — e, where € > 0
is arbitrary, and o € R, the operator L(\,0) : v — L(X,0)u = L(\,io, Dy)u
Jrom W}(R) onto Ly(R), where q € (1,00), is an isomorphism and for these X the
following estimates hold for solutions of (2.1)

lullwa@ + o lullwa@) + o lullr,@ < CENflL,@, lagh <m—e, oeR,
(2.2)
Cl(e
lullwae + o lull o, ey < |§|)||f||Lq<R), g <m—¢, o€R  (23)
Proof. The operator LL(, ) acts from W, (R) into Ly (R) linearly and continuously.
Let us prove that if f € Ly(R) then (2.1) has a solution u in W (R) and for this
solution estimates (2.2)-(2.3) hold. With the substitution

u"(y) — o’u(y) =v(y), yeER, (2.4)
equation (2.1) is reduced to
v"(y) = (0* + Av(y) = f(y), yeR. (2.5)

By a theorem in [9, p. 109], equation (2.5), for |arg A\| < m—e&, 0 € R, has a solution
v e W2(R) and

lollwz e + 1A+ a?[llvllz,@ < CENfL,@, largA/<m—e c€R. (26)

Apply now the same theorem [9, p. 109] to (2.4). Then for 0 € R, and for
v e WZ(R), (2.4) has a solution u € W (R) and

lullwam) + o lullwzm + o llulle,@ < Clllwzm +o?vlc,m), o€R,
(2.7)

||U||W3(R) +02Hu”Lq(R) <Clvllr,®), ceR (2.8)
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Consequently, from (2.6) and (2.7) it follows that for |argA\] < 7 — e and o € R,
(2.1) has a solution u € W (R) and

2

C(a)||fHLq(R), |arg)\|§7r—5, o €R,

lullwa@) + o®llullwz@ + o*llullz, @ <CE)UflL,@ + 5

i.e., estimate (2.2) has been proved. In the last inequality we have used that
N+ a2 > Ce) (N +0%), |argh| <7 —¢, 0 €R,

which can be easily checked. In what follows we will often use the fact.
On the other hand, from (2.6) and (2.8), it follows that

C(e) L Gl

2

<

lullwz®) + o~ ([ullz,®) B 2|||fHL ®) < R Iz, ®)>

with |arg A\| <7 —¢ and o € R; i.e., estimate (2.3) holds. O

3. SOLVABILITY OF THE BOUNDARY-VALUE PROBLEM FOR THE HOMOGENEOUS
EQUATION

Consider a boundary-value problem for the ordinary differential equation of the
fourth order on [0, 1]

L(\,io, Dy)u := [% — (202 + )\)dd2 + o'+ Ac?fu(y) =0, ye[0,1], (3.1)
u(0) = f1, w(l) = fo, dz—;m = f3, dl;—(yl) = fa, (3.2)

where A € C and o € R are parameters, f, are complex numbers. Here (1.3) is
homogeneous but the boundary conditions (1.4) are not.

Theorem 3.1. For each e > 0 there exists M > 0 such that for all complex numbers
A satisfying |arg A| < w—e, || > M and for all real numbers o € R, o # 0 problem
(8.1)—(5.2) has a unique solution u(y) that belongs to C*°[0, 1] and for this solution
the following inequality holds for n =10,1,2,...

1™ 11, 0,1 (3.3)
n—1_ 1 _
(T3 4ol (] + | f2])
+H(AE 2q+‘(§‘luz><\f3|+|f4|>, 0< o <K,
n+tl 1
A|+o? T_2qa A+ 9
(el el ) () +1 1)

(M40*) "% | (Ato®)?lo"
+( B + I (1S3l + 1 fal), o] > K.
Proof. Let us prove that for any complex numbers f,, v = 1,...,4, problem (3.1)—-
(3.2) has a unique solution u(y) in C°°[0,1] and let us estimate this solution.

A characteristic equation of (3.1) has the form

< C(e,K)

wh = (207 + Nw? + ot +A0? =0 (3.4)
which has the following roots

.ar (o' +2) ar (fr +)
:—|0 +)\|2 PEEST . wy=—|o|, ws |0 —|—/\|’ P . wg=|o].
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Then for |arg\| < 7 — ¢, 0 € R, 0 # 0, the general solution of (3.1) has the form

u(y) = Cre'¥ + Cpe®?¥ + CsesW=1) 4 0 ewrv—1), (3.5)
Substituting (3.5) into (3.2), we obtain a system for finding C;, i =1,...,4,

C1+ Oy + Cse™ + Cye™™ = fi,
Cre*t + Cye"? + C3 + Cy = fo,
Ciwy + Cywy + Cywze™ ™ + Cywge™ ¥ = f3, (3:6)
Clwle“’l + CQWQew2 + Cg&)g + C4w4 = f4.

Since for |arg\| < 7 —¢, 0 € R we have 7 + 5 < argw; < 3 — £ and |argws| <
T — 5, then Rew; < —6()(IA]2 + |o]) and —Rews < —d(e)(|]A|2 + |o]), where
d(g) > 0. The determinant of system (3.6) is

1 1

e*(.dg efw4
et ev? 1 1
D(\ = .
(A,0) w1 wo wge”™W3 e w4
wie¥l  woev? w3 w4
Calculating this determinant and taking into account that w3 = —w; and wy = —ws,
we obtain
1 — e2w2
D\, 0) = wa | (W?Hw2)(1—eXt) ——— 2w (142 @1Fwa) L e2w2 4 o201 _gowitwz) |
w2

2w
Let 0 < |o| < K. Because of lirrb == o=
g —

s —2 # 0, one can choose M such a big
that for all |arg \| < 7 — ¢, |\| > M the following true (w?

2=wi+ =02+

1— 2wa
(@2 + W) (1 — ) ——| > C(K,e)(|]A| + 02)

w2
and

C(K
|2w1(1 +e2(w1+w2) +e2w2 +62w1 _ 4ew1+w2)| < (276)(|)\| _|_0_2).
Then |D(\, 0)| > CE=)|0|(|A] + 02).

In the case of |o| > K, we write the determinant as

D\, o) =[wa(l —e*') —wi (1 —e¥?)]fwa(l + ') — wq (1 4 e“?)]
+ (wy — wy)?e2@1te2) L R(A o),

where |R(\, o) < C(I\|Y2 + |o])/e€©)lel. Using that w? = w3 + A we have

DA o) A1 - ev2)?  2w3ew? — wie?w?

— 2wiewt + wie?1
wa(l —e¥1) +wq(l —ev2)

—A(1 +ev2)? — 20w2e? — wie2 4 2wiewt + wie?
X

wa(l 4+ e“1) +wq (1 + ev2)

)\2 w w
o aEe e+ R o).

We have |wa+w1|? = (Re(wa+w1))?+(Im(wa+w1))? = (—|o|+Rewr)? +(Imw)? =
0% +|wi|?=2|o| Rew; > o2+ | +02| > C(e)(J]A\|+0?), because Rew; < 0. Therefore,
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for all |arg\| <7 —¢, [\| > M and |o| > K,

A2 A A2 + o
> N i _
DOl 2 O R 53 ~ CO T ozec@mi i) CElo|
C(E) A
=2 N+

Hence, for |arg\| < 7 —¢, |\| > M and 0 € R, 0 # 0, system (3.6) has a unique
solution

f 1 e ws e w4 1 fi ews e w4
fy  ew2 1 1 I | 1
f3 wa wze”Ys  wyuewWs w1 f3 wze Y wyuewWs
Cr fa wae?  ws wy O = wiet  fy  ws wy
T D()\, 0) roET D\, 0) ’
1 1 fi e 1 1 ews  f)
ewl ev? fo 1 ewl ev? 1 fa
wy wy  fz wgeT*t w1 wy  wzeT¥d f3
O — wre¥t  woev2  fy wWa o wie¥l  woe®? w3 fa
3 D\, 0) ro D\, 0) ’
where

lo|(|A+ %), 0< o] <K,
|D(A,O’)| > C(€,K) { [\ K
W’ |O" > .

Calculating these determinants one can obtain that

ol < Cle. i) d Pt M H 12+ Ul + 7D ERE, 0 <ol < K,
1,3] = g, o

|
o2)1/2
RESIZ (A + fDlol + IS5l + ], o] > K,
and

s < e 1) | PP AT LDIA + 0202 £ s+ 1), 0 <ol < &
274 ~ 5, g (720;/2
PR (1o 4 ) (M + o)V 4 fal +1fall, o] > K,

or
Cral < Ole. K |,\\11/2‘Hf1|+|f2|+|f3\+|f4|], 0< o] <K,
Cral < Ce K) 4 (v -
S AL+ 1 f2Dlol + sl + 1 fall, o] > K,
and

wrllfil + 1ol + iz (Fs] + 1A, 0 <lof <K,

C <C(e, K 2\1/2
[C24l < Ce ){W[(f1|+|f2|)()\|+02)1/2+f3|+|f4|], o] > K.
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From (3.5) for n =0,1,2,..., we have

1™ 1, 0,1)
<[Crllwr["][e** (I, 0,1) + [Callwa|"[[€* || L, 0,1)
+ |Csljws|™[[e* D 1, 0,1) + [Cal lwal €4V, 0,19

o —elola ),
<CE(IC] + |G (N +02) 3~ + (Ca] + ‘04”""”(17) g

(Al (15 + 1)
HE 54 Bl + 1) 0< o < K.

nt1
A4o%) 2 2‘1 o A+o2)|o
((l |+ )P\I | \_|_ (M + ‘)} " NGAESIA)

(A2 "F "3 (Ao 2l0l" 0
+( By + ) fsl + 1 faD), o] > K.

<C(e, K)

Al
([l
From (3.3), in particular, follows
pr(Al+ 1fe) + — = (1l +1fal), 0 <ol < K,
2
lu)llz, 0.0 < Cle. K) § BETZ (AL +1£2])
+ UL (1 sl + 1) ol > K
o]174 3 41) g )
(3.7)
and
|fil + |2 (|f3|+|f4|) 0<lo] <K,
v (I, 01 < Cle, K) Mﬂfﬂ + [ f2]) (3.8)
+% [fal +1fa), o] > K.

4. ISOMORPHISM OF THE BOUNDARY VALUE PROBLEM WITH A LINEAR
PARAMETER AND ESTIMATES FOR ITS SOLUTION

Now we consider the main problem (1.1)—(1.2).

Theorem 4.1. For each € > 0 there exists M > 0 such that for all complex
numbers \ satisfying |arg \| < m —¢, |A| > M, the operator L(\) : u — L(A\)u =
L(\, Dy, Dy)u from Wit (R x (0,1), u(z,0) = u(z,1) = uy (z,0) = uy(v,1)) onto
W3 (R x (0,1)), where s > 0, is an isomorphism and for these X\ the following
estimates hold

1
lullws @x(0,1)) < C(5>W||f\\wg(n@x(0,1))a k=0,1,

where u(x,y) is a solution of (1.1)-(1.2).

Proof. Fix A such that |argA] < m — ¢, |A| > M. In this case problem (1.1)-
(1.2) becomes an elliptic boundary value problem with constant coefficients (for the
definition see, e.g., [6]). Then, the required isomorphism follows from [6, Theorem
1.1, p.44]. Indeed, to check the condition there, one should prove that there is no
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eigenvalue p on the imaginary axis of the spectral problem

ulY(y) + (26° = N (y) + (' = AP)uly) =0,y € (0,1),
uw(0) = u(1) =4/ (0) = /(1) = 0.

Let us prove this by contradiction. If there is such p then p? < 0 and there is an
1 1

eigenfunction u, u # 0, i.e., [|u(y)?dy > 0. Moreover, [ |u'(y)|*dy > 0, otherwise
0

0
u(y) would be constant and, taking into account u(0) = 0, u(y) = 0.

Multiply the first equation of the above spectral problem by u(y) and integrate
by parts on (0, 1). Then, using boundary conditions, we get

/0'“ v)| dy+<A—2u>/0 ()2 dy + 122 (s —A)/O fu(y)dy = 0,

ie.,
1 1 1

/ W (y)Pdy + (Re A — 21°) / W/ (y)[dy + p*(u® — Re A) / lu(y)*dy = 0,
0 0 0
1 1

T \ / ! (y) Py — i Tm A / fu(y)Pdy = 0.
0 0

But from the second equation follows that Im A = 0. Then Re A > M > 0 and this
contradicts to the first equation.

Now prove estimates of the theorem. First, consider a solution of problem (1.3)—
(1.4). We find the solution of problem (1.3)—(1.4) in the form % = uy + ug, where
uy is a restriction on [0,1] of a solution u; of the equation

d? _ :
(202 + /\)d—y2 +o' + Ao?ur(o,y) = flo,y), yER,
where f € L,(R) is an extension of fe L,(0,1) such that the extension operator
f— f:Ly0,1) — Ly(R) is bounded [7, p.314]. Then for u;, from Theorem 2.1,
estimates (2.2)-(2.3) hold, i.e.,

ui(o, Mwaco,1) + ?||us (o, Miwzo,1) + ot ||ur(o, Mg < CENFlo, )L, 01
C) 7
w1 (o, ')||W§(0,1) + 02||U1(U7 ')”Lq(O,l) < W”f(a, ')HLQ(O,1)>
(4.1)
where |argA| < m —¢, 0 € R. The second summand wus in the form of @ is, by
virtue of Theorem 3.1, a unique solution of the problem

d* a?
[d_y4_(202+)\)d—y2+04+>\02]UQ(0,y):0, ye [0,1],

uz(0,0) = —u1(0,0), wus(o,1) =—uy(o, 1), (4.2)
d’LLQ(U, 0) 7d’LL1(O'7 0) d’ILQ(U, 1) - 7du1(0, 1)

dy dy dy dy
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where |arg \| < 7m—¢, |A| > M, and 0 € R, ¢ # 0. Then from (3.7) for the solution

ug of problem (4.2) we have
1w (o, 0)] + Jua (o, 1)])
0<|o| <K,

+ \U\\i|1/2 (|uf (0, 0)] + |uy (o, 1)]),

luz(o, )L, 0,1) < Cle, K) 2
B (ua (0, 0)] + un (o, 1))
o] > K,

Al+o2)1/2
+WT)/CI(I%(U, 0)| + |u4 (o, 1)),
(4.3)

and from (3.8),
lu1 (o, 0)] + [us (o, 1)]
0<lo] <K,

+— (i (0, 0)] + [ui (o, 1)),

duz(Ua')H
[pattass <C(e,K) 2y g
dy  La(0.0) IAEZ L (Juy (0, 0)] + [ua (o, 1))
2y1- 5
F QBT (41 (0,0)| + iy (0, D)), o] > K.
(4.4)

From [3, Ch.3, §10, Theorem 10.4] it follows that
[uD|cpo.1) < CA w100 + 2 Nl Ly 0.1)),

where j < £, 0 < h < hg, v = (j—&—%)/f. Choose j = 0,1, £ =2, h = p~2, and

p > 1. Then

_ 1
u(y)l < O™ allu" |z, 0,0) + £l 0,0), v €10,1],
(4.5)

W/ ()] < O™ Fa W\l Ly00) + 1 F 7 ullL,00) v € [0,1].
From (4.3) and (4.5) we have for |o| > K,
A+ 02)12 o] "3
UNH0) T (0, 0)] + (o, DN + 02)2

||u2(0, ')HLQ(O,l) SC(EvK) |/\HU|
+ [ui (o, 0)] + |uj (o, 1)]]
'
SC(&‘,K) |)\|1/2
+ (lua(o, 0)[ + |u1 (o, 1)]
<C(e, K)[(Ju1(o,0)| + [ur (o, 1)])|o]

2
g /
+ (lur (o, 0)] + |u1(0,1))|)\|1|/2 + ([ui (0, 0)] + [y (o, 1)) N1/

[(Jur (0. 0)] + s (o, DA
)|U| + |U,1(U, O)‘ + |u’1(07 1)”

1—1
a

o] %

]

—241
<C(e, K)[py o]

1 1 -
4y o5 (0, ) 2y 01y + H2

1—1
@ ||uf (o, ')HLq(O,l)

244 |of?
el GBI

1—1
—14+1 o a
ol o

1a lof?
@ o+

o
+/L2 ‘)\|1/2

1+1 |a|173
o e e o)
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Choose uy = |o|'9, uy = |N?2, l+ |)\|1/2|a|1+%7 where |o| > K > 1 and

|A| > M > 1. Then, by virtue of (4 1) we obtain
[ua (o, ), 0,1) <Cle, K)[luf (0, )z, 0.1) + ot (o, )| £y 0,1
+ A% (0, Mz, 0,1) + 02 llua (o)l 1, 0,1
+ Nt 0, ) 0, + 02w (0 Mng0m]) 4O

1~
SC(EaK)W”f(Uv')”Lq(O,l)a lo| > K.

On the other hand, for 0 < |o| < K, from (4.3) and (4.5) we have (|[A| > M)
l[uz(o, )L, 0,1) <C(e, K)[—|(|U1(0,0)|+|u1(071)\)
1 I /
+ W(hﬁ(av 0)[ + [u} (o, 1)])]
1 —24 1
<C(e, K)l 12 a0 g0 + 13 s (@) 01
“l+g 1+g
iy (0, ) g0y + Hs s (0, )z o).
Choose 111 = pe = R > 1. Tt implies, by virtue of (4.1), that

luz(o )L, = Cle, K)o IIAIW Mg, 0<|of < K.

The last inequality with (4.6) taking into account gives us the following estimate
for a solution of (4.2) for 0 € R, 0 # 0

Jeae o) < O (1@ 0 + 1 IFeon). @)

Then from (4.1) and (4.7) for a solution u(c,y) = wui(o,y) + uz(o,y) of problem
(1.3)—(1.4) we have

~ 1  ~
HU(Ja ')||Lq(o,1) > ( )|)\| (||f( )||Lq(0,1) + m”f(g,')HLq(og)),

where 0 € R, 0 £ 0, |arg \| < 7 — ¢, |A\| > M. Multiplying the last inequality on
|o| we obtain

(@0 < OO, 00 + 1FE o) @8

where 0 €R, 0 #0, |arg\| <7 —¢, |\ > M.
From (4.4) and (4.5) we have for 0 < |o| < K and |A\| > M
dUQ(

1= 1, oy <O K s (0,0)] + s (0 L) + iy (0, 0] + i (1)

=245 1/q
<C(e, K)[uy " llui (o)L, 0.0) + 11" [lui(o, )l Ly 0.1)

—141 1+ 1
g il )p,00) + H2 “lui(o )z, o)
Choose p11 = pig = R > 1. Then (4.1) implies

dus(o,-)

H dy HLq(O,l) < C(e, K)

|/\|Hf( )HLQ(O,l)y 0< |O’| < K. (49)
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On the other hand, from (4.4) and (4.5), we have for |o| > K

dus (o, -1
H_%?lhmm<C@KmﬂlMMWNNHWWJW
0_3—% _ 1 7
+|&|ﬂm@ﬂN+UNmUD+MI“ﬂ%@ﬁ)+WKQUD
277

o] / ‘
+ B (|1 (o, 0)| + [uy (o, 1)])]

—241 1
<C(e, K)lpy "lol' " ]luf (o, )|z, 0,0)

2+1 |0|
ol (o ey i "l Mo
1/qlol? —141
+ MTQ—MJ,M%@M+% wﬂmw%@n
141 —1+1 |o]?”
T N PR B H(,N%@n

410
T o )

Choose p11 = pg = |o|*T9, p3 = R> 1, puy = \a|%, where |o| > K > 1. Then,
by (4.1),

du2(0? )
HTyHLq(O,l) <C(e, K)[llw} (0, )£, 0,1) + o*[lur (o, ) £, 0,0)

1 1
|A\”“ 100 )zg 0.0 + Wff“l\m(aw)lqu(o,n

o
+ ui (o) Iz, 0,1) + lua (o, )z, 0,1) + |Mllu 1(7,) |40,

+ WU4\\U1(07 e, o,0)]

<C(e, )|/\|||f( g0, ol > K.

(4.10)
Therefore, for a solution u(o,y) = wui(o,y) + uz(o,y) of problem (1.3)—(1.4) from

(4.1), (4.9), (4.10), and @(a, y) = uy(0,y) we have

1, (0, Mz, 00,0) = 1ty (0, )£, 0,1) < Cle )|>\| 17(0, )| yc0,1); (4.11)

where 0 € R, 0 £ 0, |argA\| <7 —¢, |A| > M.
Consider now a solution u(z,y) of the main problem (1.1)—(1.2). Since u(z,0) =
u(z,1) =0, for all z € R,

ull L, ®x(0,1)) < CllugllL, ®x(0,1)), (412)
l[ullw:®x(0,1)) < ClluyllL,@x(0,1)) + 1451l L,@x(0,1)))-
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Finally, taking ¢ = 2, from (4.8), (4.11), (4.12) and the Parseval equality, for a
solution u(z,y) of problem (1.1)—(1.2) we have

ull £y mx (0,1)) < CllU, | za@x(0.1)) = Cle | a®x(0.1)) < C(€)|*i‘\\f||L2(Rx(o,1)),
and
lullwz @x0.1y) < CUE N La@x 0,1y + 1l Lagx 0,1)))
< CEOR (1 a0y + Iflexcony)
< C(E)ﬁ|\f||wg}(n@x(o,1)),
where |arg \| <7 —¢, |A| > M. O

5. A BOUNDARY VALUE PROBLEM FOR THE BIHARMONIC EQUATION WITH THE
SECOND ORDER DERIVATIVE IN BOUNDARY CONDITIONS

Consider now the following problem in the strip Q := (—o00, ) x [0,1] C R?,

L(\, Dy, Dy)u == A*u(z,y) — Mu(z,y) = f(z,y), (2,y) €Q, (5.1)
Liu:=u(z,0) =0, Lou:=u(z,1)=0
_ 0?u(x,0) _ 9%u(x, 1) (5.2)

5‘y2 = 07 L4U = TyZ = 0, z € R.

Applying the Fourier transform operator F,_,, to (5.1)—(5.2), we obtain a boundary-
value problem for an ordinary differential equation of the fourth order with 2 pa-
rameters

L3u

. N d* d? R N
L(\,io,Dy)u := [d7y4 —(20% + )\)diyz +o* + )\O’Z]U(O', y) = f(o,y), ye][0,1],
(5.3)
275 27 1
(0,0) = (0, 1) = LU0 _ dTule ) _ (5.4)

dy? dy?

where A € C and o € R are parameters, u(o,y) := (Fy_ou(x,y))(o,y).

These two problems, (5.1)—(5.2) and (5.3)—(5.4), are much more easier to handle
than (1.1)—(1.2) and (1.3)—(1.4), respectively. Moreover, we can get here a more
complete result.

Theorem 5.1. For each € > 0 there exists M > 0 such that for all complex
numbers X satisfying |arg\| < m —e, |A| > M, the operator L(X) : u — L(M)u :=
L(X\, Dy, Dy)u from Wi (R x (0,1), Lyu =0, =1,...,4) onto La(R x (0,1)) is an
isomorphism and for these \ the following estimates hold

lullwa e o,1)) < CENFllL.@x(0,1)): (5.5)
and
1
lullwz@xo,1)) < C<E>W||fHL2(R><(O,1))7 (5.6)

for a solution u(xz,y) of problem (5.1)-(5.2).
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Proof. The required isomorphism follows from [6, Theorem 1.1, p.44] (the proof is
done as in the proof of Theorem 4.1). To get estimates (5.5) and (5 6), first consider

a solution (o, y) of problem (5.3)—(5.4). Substituting v(o,y) := % —o%u(o,y),
one can consider, instead of (5.3)-(5.4), the two problems

d*u(o,y) -

TyQ -0 U(J7 y) = U(U7 y)7 yE [07 1]7 (57)

u(0,0) =u(o,1) =0,
and
?v(oy) 7
A A = 0,1
1) — (0 Vel = Flow). v e 0.1 -

v(0,0) = v(o,1) = 0.

From a theorem in [9, p. 110] for problem (5.7) for each fixed o, such that |o| > K
an isomorphism from W;(0,1) onto W2(0,1) follows and for a solution @(c,y) of
problem (5.7) the following estimate holds

zlel4 Hato, Miwr o, < Cllvie, llwzo) + lo oo ) z,00), ol > K.

(5.9)
For |o| < K one can easily obtain that for a solution of (5.7),

li(o, Mlws o) < Cllve, Mwao,ns lo] < K. (5.10)

From the same theorem [9, p. 110] for problem (5.8) for each fixed o € R an iso-
morphism from W7 (0,1) onto Lg(0,1) follows and for a solution v(o, ) of problem
(5.8) the following estimate holds

[v(os )lwz,1) + 1A+ a*l|lv(e, ), 0.1) < CENFlo )L, 0.1) (5.11)

where |arg \| < 7 — ¢, |\| > M. We have |\ + 02| > C(¢)(|A\| + 02) (see section 2).
Then, from (5.9), (5.10), and (5.11) for problem (5.3)—(5.4) an isomorphism from
W2((0,1), L, i =0,v =1,...,4) onto Ly(0,1) follows for [arg \| <7 —¢, [A| > M
for each fixed o € R. Moreover, for a solution #(o,y) of problem (5.3)—(5.4) the
following estimate holds

4

Y lol e, lwao.n < CENF@,)L,01), (5.12)

k=0

where o € R, |arg\| < 7 — ¢, |A\| > M. Taking now ¢ = 2 and using the Parseval
equality to (5.12) we obtain for a solution u(x,y) of problem (5.1)—(5.2) estimate
(5.5). From (5.5) and equation (5.1) follows

(Al Aull Lo @x0,1)) < CENSIlLo@x(0,1))- (5.13)

On the other hand, from [6, Theorem 1.1, p.44] it follows that
lullwz@x(0,1)) < CllAU|L,®x(0,1))- (5.14)
From (5.13) and (5.14) we obtain estimate (5.6). O
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