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BOUNDARY-VALUE PROBLEMS FOR THE BIHARMONIC
EQUATION WITH A LINEAR PARAMETER

YAKOV YAKUBOV

Abstract. We consider two boundary-value problems for the equation

∆2u(x, y)− λ∆u(x, y) = f(x, y)

with a linear parameter on a domain consisting of an infinite strip. These prob-
lems are not elliptic boundary-value problems with a parameter and therefore

they are non-standard. We show that they are uniquely solvable in the corre-

sponding Sobolev spaces and prove that their generalized resolvent decreases
as 1/|λ| at infinity in L2(R× (0, 1)) and W 1

2 (R× (0, 1)).

1. Formulation of the problem

The main objective of this paper is to find estimates for the generalized resolvent
for the problem

L(λ,Dx, Dy)u := ∆2u(x, y)− λ∆u(x, y) = f(x, y), (x, y) ∈ Ω, (1.1)

u(x, 0) = u(x, 1) =
∂u(x, 0)
∂y

=
∂u(x, 1)
∂y

= 0, x ∈ R, (1.2)

where Dx = ∂
∂x , Dy = ∂

∂y , λ ∈ C and Ω := (−∞,∞)× [0, 1] ⊂ R2. Known results
on this subject treat elliptic boundary-value problems with a parameter, mostly in
bounded domains [1, 2, 4, 5, 8, 9]. Note that (1.1)–(1.2) is not an elliptic boundary-
value problem with a parameter [5, p. 98] (one should add a term such as λ2u(x, y)
to get ellipticity with a parameter). Moreover, Ω is an unbounded domain. This fact
makes the problem non-standard and known results for boundary-value problems
do not apply.

We denote by Fx→σ the one-dimensional Fourier transform with respect to x,
where σ is the dual variable. Applying the operator Fx→σ to problem (1.1)–(1.2)
we obtain a boundary value problem for an ordinary differential equation of the
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fourth order with 2 parameters

L(λ, iσ,Dy)û :=
[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
û(σ, y) = f̂(σ, y), y ∈ [0, 1],

(1.3)

û(σ, 0) = û(σ, 1) =
dû(σ, 0)
dy

=
dû(σ, 1)
dy

= 0, (1.4)

where λ ∈ C and σ ∈ R are parameters, û(σ, y) := (Fx→σu(x, y))(σ, y).
To solve our main question, we start from the solvability of problem (1.3)–(1.4)

and get estimates of its solution depending on the parameters λ and σ.

2. Isomorphism and coerciveness of the equation on the whole axis

Consider equation (1.3) on the whole axis, i.e.,

L(λ, iσ,Dy)u :=
[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
u(y) = f(y), y ∈ R. (2.1)

Theorem 2.1. For all complex numbers λ satisfying | arg λ| ≤ π − ε, where ε > 0
is arbitrary, and σ ∈ R, the operator L(λ, σ) : u → L(λ, σ)u := L(λ, iσ,Dy)u
from W 4

q (R) onto Lq(R), where q ∈ (1,∞), is an isomorphism and for these λ the
following estimates hold for solutions of (2.1)

‖u‖W 4
q (R) + σ2‖u‖W 2

q (R) + σ4‖u‖Lq(R) ≤ C(ε)‖f‖Lq(R), | arg λ| ≤ π − ε, σ ∈ R,
(2.2)

‖u‖W 2
q (R) + σ2‖u‖Lq(R) ≤

C(ε)
|λ|
‖f‖Lq(R), | arg λ| ≤ π − ε, σ ∈ R. (2.3)

Proof. The operator L(λ, σ) acts from W 4
q (R) into Lq(R) linearly and continuously.

Let us prove that if f ∈ Lq(R) then (2.1) has a solution u in W 4
q (R) and for this

solution estimates (2.2)-(2.3) hold. With the substitution

u′′(y)− σ2u(y) = v(y), y ∈ R, (2.4)

equation (2.1) is reduced to

v′′(y)− (σ2 + λ)v(y) = f(y), y ∈ R. (2.5)

By a theorem in [9, p. 109], equation (2.5), for | arg λ| ≤ π−ε, σ ∈ R, has a solution
v ∈W 2

q (R) and

‖v‖W 2
q (R) + |λ+ σ2|‖v‖Lq(R) ≤ C(ε)‖f‖Lq(R), | arg λ| ≤ π − ε, σ ∈ R. (2.6)

Apply now the same theorem [9, p. 109] to (2.4). Then for σ ∈ R, and for
v ∈W 2

q (R), (2.4) has a solution u ∈W 4
q (R) and

‖u‖W 4
q (R) + σ2‖u‖W 2

q (R) + σ4‖u‖Lq(R) ≤ C(‖v‖W 2
q (R) + σ2‖v‖Lq(R)), σ ∈ R,

(2.7)

‖u‖W 2
q (R) + σ2‖u‖Lq(R) ≤ C‖v‖Lq(R), σ ∈ R. (2.8)
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Consequently, from (2.6) and (2.7) it follows that for | arg λ| ≤ π − ε and σ ∈ R,
(2.1) has a solution u ∈W 4

q (R) and

‖u‖W 4
q (R) + σ2‖u‖W 2

q (R) + σ4‖u‖Lq(R) ≤C(ε)(‖f‖Lq(R) +
σ2

|λ+ σ2|
‖f‖Lq(R))

≤C(ε)‖f‖Lq(R), | arg λ| ≤ π − ε, σ ∈ R,

i.e., estimate (2.2) has been proved. In the last inequality we have used that

|λ+ σ2| ≥ C(ε)(|λ|+ σ2), | arg λ| ≤ π − ε, σ ∈ R,

which can be easily checked. In what follows we will often use the fact.
On the other hand, from (2.6) and (2.8), it follows that

‖u‖W 2
q (R) + σ2‖u‖Lq(R) ≤

C(ε)
|λ+ σ2|

‖f‖Lq(R) ≤
C(ε)
|λ|
‖f‖Lq(R),

with | arg λ| ≤ π − ε and σ ∈ R; i.e., estimate (2.3) holds. �

3. Solvability of the boundary-value problem for the homogeneous

equation

Consider a boundary-value problem for the ordinary differential equation of the
fourth order on [0, 1]

L(λ, iσ,Dy)u :=
[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
u(y) = 0, y ∈ [0, 1], (3.1)

u(0) = f1, u(1) = f2,
du(0)
dy

= f3,
du(1)
dy

= f4, (3.2)

where λ ∈ C and σ ∈ R are parameters, fν are complex numbers. Here (1.3) is
homogeneous but the boundary conditions (1.4) are not.
Theorem 3.1. For each ε > 0 there exists M > 0 such that for all complex numbers
λ satisfying | arg λ| ≤ π−ε, |λ| ≥M and for all real numbers σ ∈ R, σ 6= 0 problem
(3.1)–(3.2) has a unique solution u(y) that belongs to C∞[0, 1] and for this solution
the following inequality holds for n = 0, 1, 2, . . .

‖u(n)‖Lq(0,1) (3.3)

≤ C(ε,K)



(|λ|
n−1

2 −
1
2q + |σ|n−1)(|f1|+ |f2|)

+(|λ|
n−1

2 −
1
2q + |σ|n−1

|λ|1/2 )(|f3|+ |f4|), 0 < |σ| ≤ K,

( (|λ|+σ2)
n+1

2 − 1
2q |σ|

|λ| + (|λ|+σ2)|σ|n−
1
q

|λ| )(|f1|+ |f2|)

+( (|λ|+σ2)
n+1

2 − 1
2q

|λ| + (|λ|+σ2)1/2|σ|n−
1
q

|λ| )(|f3|+ |f4|), |σ| > K.

Proof. Let us prove that for any complex numbers fν , ν = 1, . . . , 4, problem (3.1)–
(3.2) has a unique solution u(y) in C∞[0, 1] and let us estimate this solution.

A characteristic equation of (3.1) has the form

ω4 − (2σ2 + λ)ω2 + σ4 + λσ2 = 0 (3.4)

which has the following roots

ω1 = −|σ2 + λ| 12 ei
arg(σ2+λ)

2 , ω2 = −|σ|, ω3 = |σ2 + λ| 12 ei
arg(σ2+λ)

2 , ω4 = |σ|.



4 YAKOV YAKUBOV EJDE–2002/58

Then for | arg λ| ≤ π − ε, σ ∈ R, σ 6= 0, the general solution of (3.1) has the form

u(y) = C1eω1y + C2eω2y + C3eω3(y−1) + C4eω4(y−1). (3.5)

Substituting (3.5) into (3.2), we obtain a system for finding Ci, i = 1, . . . , 4,

C1 + C2 + C3e−ω3 + C4e−ω4 = f1,

C1eω1 + C2eω2 + C3 + C4 = f2,

C1ω1 + C2ω2 + C3ω3e−ω3 + C4ω4e−ω4 = f3,

C1ω1eω1 + C2ω2eω2 + C3ω3 + C4ω4 = f4.

(3.6)

Since for | arg λ| ≤ π − ε, σ ∈ R we have π
2 + ε

2 < argω1 <
3π
2 −

ε
2 and | argω3| <

π
2 −

ε
2 , then Reω1 < −δ(ε)(|λ| 12 + |σ|) and −Reω3 < −δ(ε)(|λ| 12 + |σ|), where

δ(ε) > 0. The determinant of system (3.6) is

D(λ, σ) =

∣∣∣∣∣∣∣∣
1 1 e−ω3 e−ω4

eω1 eω2 1 1
ω1 ω2 ω3e−ω3 ω4e−ω4

ω1eω1 ω2eω2 ω3 ω4

∣∣∣∣∣∣∣∣ .
Calculating this determinant and taking into account that ω3 = −ω1 and ω4 = −ω2,
we obtain

D(λ, σ) = ω2

[
(ω2

1+ω2
2)(1−e2ω1)

1− e2ω2

ω2
−2ω1(1+e2(ω1+ω2)+e2ω2+e2ω1−4eω1+ω2)

]
.

Let 0 < |σ| ≤ K. Because of lim
σ→0

1−e2ω2

ω2
= −2 6= 0, one can choose M such a big

that for all | arg λ| ≤ π − ε, |λ| ≥M the following true (ω2
1 = ω2

2 + λ = σ2 + λ)

|(ω2
1 + ω2

2)(1− e2ω1)
1− e2ω2

ω2
| ≥ C(K, ε)(|λ|+ σ2)

and

|2ω1(1 + e2(ω1+ω2) + e2ω2 + e2ω1 − 4eω1+ω2)| ≤ C(K, ε)
2

(|λ|+ σ2).

Then |D(λ, σ)| ≥ C(K,ε)
2 |σ|(|λ|+ σ2).

In the case of |σ| > K, we write the determinant as

D(λ, σ) =[ω2(1− eω1)− ω1(1− eω2)][ω2(1 + eω1)− ω1(1 + eω2)]

+ (ω2 − ω1)2e2(ω1+ω2) +R(λ, σ),

where |R(λ, σ)| ≤ C(|λ|1/2 + |σ|)/eC(ε)|σ|. Using that ω2
1 = ω2

2 + λ we have

D(λ, σ) =
−λ(1− eω2)2 + 2ω2

2eω2 − ω2
2e2ω2 − 2ω2

2eω1 + ω2
2e2ω1

ω2(1− eω1) + ω1(1− eω2)

× −λ(1 + eω2)2 − 2ω2
2eω2 − ω2

2e2ω2 + 2ω2
2eω1 + ω2

2e2ω1

ω2(1 + eω1) + ω1(1 + eω2)

+
λ2

(ω2 + ω1)2
e2(ω1+ω2) +R(λ, σ).

We have |ω2+ω1|2 = (Re(ω2+ω1))2+(Im(ω2+ω1))2 = (−|σ|+Reω1)2+(Imω1)2 =
σ2+|ω1|2−2|σ|Reω1 ≥ σ2+|λ+σ2| ≥ C(ε)(|λ|+σ2), because Reω1 < 0. Therefore,
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for all | arg λ| ≤ π − ε, |λ| ≥M and |σ| > K,

|D(λ, σ)| ≥ C(K)
|λ|2

|λ|+ σ2
− C(ε)

|λ|2

(|λ|+ σ2)eC(ε)(|λ|1/2+|σ|) − C
|λ|1/2 + |σ|

eC(ε)|σ|

≥ C(K)
2

|λ|2

|λ|+ σ2
.

Hence, for | arg λ| ≤ π − ε, |λ| ≥ M and σ ∈ R, σ 6= 0, system (3.6) has a unique
solution

C1 =

∣∣∣∣∣∣∣∣
f1 1 e−ω3 e−ω4

f2 eω2 1 1
f3 ω2 ω3e−ω3 ω4e−ω4

f4 ω2eω2 ω3 ω4

∣∣∣∣∣∣∣∣
D(λ, σ)

, C2 =

∣∣∣∣∣∣∣∣
1 f1 e−ω3 e−ω4

eω1 f2 1 1
ω1 f3 ω3e−ω3 ω4e−ω4

ω1eω1 f4 ω3 ω4

∣∣∣∣∣∣∣∣
D(λ, σ)

,

C3 =

∣∣∣∣∣∣∣∣
1 1 f1 e−ω4

eω1 eω2 f2 1
ω1 ω2 f3 ω4e−ω4

ω1eω1 ω2eω2 f4 ω4

∣∣∣∣∣∣∣∣
D(λ, σ)

, C4 =

∣∣∣∣∣∣∣∣
1 1 e−ω3 f1

eω1 eω2 1 f2

ω1 ω2 ω3e−ω3 f3

ω1eω1 ω2eω2 ω3 f4

∣∣∣∣∣∣∣∣
D(λ, σ)

,

where

|D(λ, σ)| ≥ C(ε,K)

{
|σ|(|λ|+ σ2), 0 < |σ| ≤ K,
|λ|2
|λ|+σ2 , |σ| > K.

Calculating these determinants one can obtain that

|C1,3| ≤ C(ε,K)


|λ|

(|λ|+σ2)
3
2

[|f1|+ |f2|+ (|f3|+ |f4|) |λ|+σ
2

|λ| ], 0 < |σ| ≤ K,
(|λ|+σ2)1/2

|λ| [(|f1|+ |f2|)|σ|+ |f3|+ |f4|], |σ| > K,

and

|C2,4| ≤ C(ε,K)


|λ|

|σ|(|λ|+σ2)
3
2

[(|f1|+ |f2|)(|λ|+ σ2)1/2 + |f3|+ |f4|], 0 < |σ| ≤ K,
(|λ|+σ2)1/2

|λ| [(|f1|+ |f2|)(|λ|+ σ2)1/2 + |f3|+ |f4|], |σ| > K,

or

|C1,3| ≤ C(ε,K)

{
1

|λ|1/2 [|f1|+ |f2|+ |f3|+ |f4|], 0 < |σ| ≤ K,
(|λ|+σ2)1/2

|λ| [(|f1|+ |f2|)|σ|+ |f3|+ |f4|], |σ| > K,

and

|C2,4| ≤ C(ε,K)

{
1
|σ| [|f1|+ |f2|+ 1

|λ|1/2 (|f3|+ |f4|)], 0 < |σ| ≤ K,
(|λ|+σ2)1/2

|λ| [(|f1|+ |f2|)(|λ|+ σ2)1/2 + |f3|+ |f4|], |σ| > K.
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From (3.5) for n = 0, 1, 2, . . . , we have

‖u(n)‖Lq(0,1)

≤|C1||ω1|n‖eω1·‖Lq(0,1) + |C2||ω2|n‖eω2·‖Lq(0,1)

+ |C3||ω3|n‖eω3(·−1)‖Lq(0,1) + |C4||ω4|n‖eω4(·−1)‖Lq(0,1)

≤C(ε)[(|C1|+ |C3|)(|λ|+ σ2)
n
2−

1
2q + (|C2|+ |C4|)|σ|n

(1− e−|σ|q

|σ|
)1/q]

≤C(ε,K)



(|λ|
n−1

2 −
1
2q + |σ|n−1)(|f1|+ |f2|)

+(|λ|
n−1

2 −
1
2q + |σ|n−1

|λ|1/2 )(|f3|+ |f4|), 0 < |σ| ≤ K,

( (|λ|+σ2)
n+1

2 − 1
2q |σ|

|λ| + (|λ|+σ2)|σ|n−
1
q

|λ| )(|f1|+ |f2|)

+( (|λ|+σ2)
n+1

2 − 1
2q

|λ| + (|λ|+σ2)1/2|σ|n−
1
q

|λ| )(|f3|+ |f4|), |σ| > K.

�
From (3.3), in particular, follows

‖u(·)‖Lq(0,1) ≤ C(ε,K)


1
|σ| (|f1|+ |f2|) + 1

|σ||λ|
1
2

(|f3|+ |f4|), 0 < |σ| ≤ K,
|λ|+σ2

|λ||σ|1/q (|f1|+ |f2|)

+ (|λ|+σ2)1/2

|λ||σ|1/q (|f3|+ |f4|), |σ| > K,

(3.7)
and

‖u′(·)‖Lq(0,1) ≤ C(ε,K)


|f1|+ |f2|+ 1

|λ|
1
2q

(|f3|+ |f4|), 0 < |σ| ≤ K,

(|λ|+σ2)|σ|1−
1
q

|λ| (|f1|+ |f2|)

+ (|λ|+σ2)
1− 1

2q

|λ| (|f3|+ |f4|), |σ| > K.

(3.8)

4. Isomorphism of the boundary value problem with a linear

parameter and estimates for its solution

Now we consider the main problem (1.1)–(1.2).

Theorem 4.1. For each ε > 0 there exists M > 0 such that for all complex
numbers λ satisfying | arg λ| ≤ π − ε, |λ| ≥ M , the operator L(λ) : u → L(λ)u :=
L(λ,Dx, Dy)u from W s+4

2 (R × (0, 1), u(x, 0) = u(x, 1) = u′y(x, 0) = u′y(x, 1)) onto
W s

2 (R × (0, 1)), where s ≥ 0, is an isomorphism and for these λ the following
estimates hold

‖u‖Wk
2 (R×(0,1)) ≤ C(ε)

1
|λ|
‖f‖Wk

2 (R×(0,1)), k = 0, 1,

where u(x, y) is a solution of (1.1)–(1.2).

Proof. Fix λ such that | arg λ| ≤ π − ε, |λ| ≥ M . In this case problem (1.1)–
(1.2) becomes an elliptic boundary value problem with constant coefficients (for the
definition see, e.g., [6]). Then, the required isomorphism follows from [6, Theorem
1.1, p.44]. Indeed, to check the condition there, one should prove that there is no
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eigenvalue µ on the imaginary axis of the spectral problem

u(4)(y) + (2µ2 − λ)u′′(y) + (µ4 − λµ2)u(y) = 0, y ∈ (0, 1),

u(0) = u(1) = u′(0) = u′(1) = 0.

Let us prove this by contradiction. If there is such µ then µ2 ≤ 0 and there is an

eigenfunction u, u 6≡ 0, i.e.,
1∫
0

|u(y)|2dy > 0. Moreover,
1∫
0

|u′(y)|2dy > 0, otherwise

u(y) would be constant and, taking into account u(0) = 0, u(y) ≡ 0.
Multiply the first equation of the above spectral problem by u(y) and integrate

by parts on (0, 1). Then, using boundary conditions, we get∫ 1

0

|u′′(y)|2dy + (λ− 2µ2)
∫ 1

0

|u′(y)|2dy + µ2(µ2 − λ)
∫ 1

0

|u(y)|2dy = 0,

i.e.,

1∫
0

|u′′(y)|2dy + (Reλ− 2µ2)

1∫
0

|u′(y)|2dy + µ2(µ2 − Reλ)

1∫
0

|u(y)|2dy = 0,

Imλ

1∫
0

|u′(y)|2dy − µ2 Imλ

1∫
0

|u(y)|2dy = 0.

But from the second equation follows that Imλ = 0. Then Reλ ≥M > 0 and this
contradicts to the first equation.

Now prove estimates of the theorem. First, consider a solution of problem (1.3)–
(1.4). We find the solution of problem (1.3)–(1.4) in the form û = u1 + u2, where
u1 is a restriction on [0,1] of a solution ũ1 of the equation

[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
ũ1(σ, y) = f̃(σ, y), y ∈ R,

where f̃ ∈ Lq(R) is an extension of f̂ ∈ Lq(0, 1) such that the extension operator
f̂ → f̃ : Lq(0, 1) → Lq(R) is bounded [7, p.314]. Then for u1, from Theorem 2.1,
estimates (2.2)-(2.3) hold, i.e.,

‖u1(σ, ·)‖W 4
q (0,1) + σ2‖u1(σ, ·)‖W 2

q (0,1) + σ4‖u1(σ, ·)‖Lq(0,1) ≤ C(ε)‖f̂(σ, ·)‖Lq(0,1),

‖u1(σ, ·)‖W 2
q (0,1) + σ2‖u1(σ, ·)‖Lq(0,1) ≤

C(ε)
|λ|
‖f̂(σ, ·)‖Lq(0,1),

(4.1)
where | arg λ| ≤ π − ε, σ ∈ R. The second summand u2 in the form of û is, by
virtue of Theorem 3.1, a unique solution of the problem

[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
u2(σ, y) = 0, y ∈ [0, 1],

u2(σ, 0) = −u1(σ, 0), u2(σ, 1) = −u1(σ, 1),

du2(σ, 0)
dy

= −du1(σ, 0)
dy

,
du2(σ, 1)

dy
= −du1(σ, 1)

dy
,

(4.2)
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where | arg λ| ≤ π−ε, |λ| ≥M , and σ ∈ R, σ 6= 0. Then from (3.7) for the solution
u2 of problem (4.2) we have

‖u2(σ, ·)‖Lq(0,1) ≤ C(ε,K)



1
|σ| (|u1(σ, 0)|+ |u1(σ, 1)|)
+ 1
|σ||λ|1/2 (|u′1(σ, 0)|+ |u′1(σ, 1)|), 0 < |σ| ≤ K,
|λ|+σ2

|λ||σ|1/q (|u1(σ, 0)|+ |u1(σ, 1)|)

+ (|λ|+σ2)1/2

|λ||σ|1/q (|u′1(σ, 0)|+ |u′1(σ, 1)|), |σ| > K,

(4.3)
and from (3.8),

∥∥du2(σ, ·)
dy

∥∥
Lq(0,1)

≤ C(ε,K)



|u1(σ, 0)|+ |u1(σ, 1)|
+ 1

|λ|
1
2q

(|u′1(σ, 0)|+ |u′1(σ, 1)|), 0 < |σ| ≤ K,

(|λ|+σ2)|σ|1−
1
q

|λ| (|u1(σ, 0)|+ |u1(σ, 1)|)

+ (|λ|+σ2)
1− 1

2q

|λ| (|u′1(σ, 0)|+ |u′1(σ, 1)|), |σ| > K.

(4.4)
From [3, Ch.3, §10, Theorem 10.4] it follows that

‖u(j)‖C[0,1] ≤ C(h1−γ‖u(`)‖Lq(0,1) + h−γ‖u‖Lq(0,1)),

where j < `, 0 < h < h0, γ = (j + 1
q )/`. Choose j = 0, 1, ` = 2, h = µ−2, and

µ� 1. Then

|u(y)| ≤ C(µ−2+ 1
q ‖u′′‖Lq(0,1) + µ1/q‖u‖Lq(0,1)), y ∈ [0, 1],

|u′(y)| ≤ C(µ−1+ 1
q ‖u′′‖Lq(0,1) + µ1+ 1

q ‖u‖Lq(0,1)), y ∈ [0, 1].
(4.5)

From (4.3) and (4.5) we have for |σ| > K,

‖u2(σ, ·)‖Lq(0,1) ≤C(ε,K)
(|λ|+ σ2)1/2|σ|1−

1
q

|λ||σ|
[(|u1(σ, 0)|+ |u1(σ, 1)|)(|λ|+ σ2)1/2

+ |u′1(σ, 0)|+ |u′1(σ, 1)|]

≤C(ε,K)
|σ|1−

1
q

|λ|1/2
[(|u1(σ, 0)|+ |u1(σ, 1)|)|λ|1/2

+ (|u1(σ, 0)|+ |u1(σ, 1)|)|σ|+ |u′1(σ, 0)|+ |u′1(σ, 1)|]

≤C(ε,K)[(|u1(σ, 0)|+ |u1(σ, 1)|)|σ|1−
1
q

+ (|u1(σ, 0)|+ |u1(σ, 1)|) |σ|
2

|λ|1/2
+ (|u′1(σ, 0)|+ |u′1(σ, 1)|) |σ|

1− 1
q

|λ|1/2
]

≤C(ε,K)[µ
−2+ 1

q

1 |σ|1−
1
q ‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1/q
1 |σ|

1− 1
q ‖u1(σ, ·)‖Lq(0,1) + µ

−2+ 1
q

2

|σ|2

|λ|1/2
‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1/q
2

|σ|2

|λ|1/2
‖u1(σ, ·)‖Lq(0,1) + µ

−1+ 1
q

3

|σ|1−
1
q

|λ|1/2
‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1+ 1

q

3

|σ|1−
1
q

|λ|1/2
‖u1(σ, ·)‖Lq(0,1)].
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Choose µ1 = |σ|1+q, µ2 = |λ|
q
2 , µ

1+ 1
q

3 = |λ|1/2|σ|1+ 1
q , where |σ| > K � 1 and

|λ| ≥M � 1. Then, by virtue of (4.1), we obtain

‖u2(σ, ·)‖Lq(0,1) ≤C(ε,K)[‖u′′1(σ, ·)‖Lq(0,1) + σ2‖u1(σ, ·)‖Lq(0,1)

+ |λ|−qσ2‖u′′1(σ, ·)‖Lq(0,1) + σ2‖u1(σ, ·)‖Lq(0,1)

+ |λ|−
q
q+1 ‖u′′1(σ, ·)‖Lq(0,1) + σ2‖u1(σ, ·)‖Lq(0,1)]

≤C(ε,K)
1
|λ|
‖f̂(σ, ·)‖Lq(0,1), |σ| > K.

(4.6)

On the other hand, for 0 < |σ| ≤ K, from (4.3) and (4.5) we have (|λ| ≥M)

‖u2(σ, ·)‖Lq(0,1) ≤C(ε,K)[
1
|σ|

(|u1(σ, 0)|+ |u1(σ, 1)|)

+
1

|σ||λ|1/2
(|u′1(σ, 0)|+ |u′1(σ, 1)|)]

≤C(ε,K)
1
|σ|

[µ
−2+ 1

q

1 ‖u′′1(σ, ·)‖Lq(0,1) + µ
1/q
1 ‖u1(σ, ·)‖Lq(0,1)

+ µ
−1+ 1

q

2 ‖u′′1(σ, ·)‖Lq(0,1) + µ
1+ 1

q

2 ‖u1(σ, ·)‖Lq(0,1)].

Choose µ1 = µ2 = R� 1. It implies, by virtue of (4.1), that

‖u2(σ, ·)‖Lq(0,1) ≤ C(ε,K)
1
|σ||λ|

‖f̂(σ, ·)‖Lq(0,1), 0 < |σ| ≤ K.

The last inequality with (4.6) taking into account gives us the following estimate
for a solution of (4.2) for σ ∈ R, σ 6= 0

‖u2(σ, ·)‖Lq(0,1) ≤ C(ε)
1
|λ|
(
‖f̂(σ, ·)‖Lq(0,1) +

1
|σ|
‖f̂(σ, ·)‖Lq(0,1)

)
. (4.7)

Then from (4.1) and (4.7) for a solution û(σ, y) = u1(σ, y) + u2(σ, y) of problem
(1.3)–(1.4) we have

‖û(σ, ·)‖Lq(0,1) ≤ C(ε)
1
|λ|
(
‖f̂(σ, ·)‖Lq(0,1) +

1
|σ|
‖f̂(σ, ·)‖Lq(0,1)

)
,

where σ ∈ R, σ 6= 0, | arg λ| ≤ π − ε, |λ| ≥ M . Multiplying the last inequality on
|σ| we obtain

‖û′x(σ, ·)‖Lq(0,1) ≤ C(ε)
1
|λ|

(‖f̂ ′x(σ, ·)‖Lq(0,1) + ‖f̂(σ, ·)‖Lq(0,1)), (4.8)

where σ ∈ R, σ 6= 0, | arg λ| ≤ π − ε, |λ| ≥M .
From (4.4) and (4.5) we have for 0 < |σ| ≤ K and |λ| ≥M∥∥du2(σ, ·)

dy

∥∥
Lq(0,1)

≤C(ε,K)[|u1(σ, 0)|+ |u1(σ, 1)|+ |u′1(σ, 0)|+ |u′1(σ, 1)|]

≤C(ε,K)[µ
−2+ 1

q

1 ‖u′′1(σ, ·)‖Lq(0,1) + µ
1/q
1 ‖u1(σ, ·)‖Lq(0,1)

+ µ
−1+ 1

q

2 ‖u′′1(σ, ·)‖Lq(0,1) + µ
1+ 1

q

2 ‖u1(σ, ·)‖Lq(0,1)].

Choose µ1 = µ2 = R� 1. Then (4.1) implies∥∥du2(σ, ·)
dy

∥∥
Lq(0,1)

≤ C(ε,K)
1
|λ|
‖f̂(σ, ·)‖Lq(0,1), 0 < |σ| ≤ K. (4.9)
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On the other hand, from (4.4) and (4.5), we have for |σ| > K

∥∥du2(σ, ·)
dy

∥∥
Lq(0,1)

≤C(ε,K)[|σ|1−
1
q (|u1(σ, 0)|+ |u1(σ, 1)|)

+
|σ|3−

1
q

|λ|
(|u1(σ, 0)|+ |u1(σ, 1)|) + |λ|−

1
2q (|u′1(σ, 0)|+ |u′1(σ, 1)|)

+
|σ|2−

1
q

|λ|
(|u′1(σ, 0)|+ |u′1(σ, 1)|)]

≤C(ε,K)[µ
−2+ 1

q

1 |σ|1−
1
q ‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1/q
1 |σ|

1− 1
q ‖u1(σ, ·)‖Lq(0,1) + µ

−2+ 1
q

2

|σ|3−
1
q

|λ|
‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1/q
2

|σ|3−
1
q

|λ|
‖u1(σ, ·)‖Lq(0,1) + µ

−1+ 1
q

3 ‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1+ 1

q

3 ‖u1(σ, ·)‖Lq(0,1) + µ
−1+ 1

q

4

|σ|2−
1
q

|λ|
‖u′′1(σ, ·)‖Lq(0,1)

+ µ
1+ 1

q

4

|σ|2−
1
q

|λ|
‖u1(σ, ·)‖Lq(0,1)].

Choose µ1 = µ2 = |σ|1+q, µ3 = R � 1, µ4 = |σ|
2q+1
q+1 , where |σ| > K � 1. Then,

by (4.1),

∥∥du2(σ, ·)
dy

∥∥
Lq(0,1)

≤C(ε,K)[‖u′′1(σ, ·)‖Lq(0,1) + σ2‖u1(σ, ·)‖Lq(0,1)

+
1
|λ|
‖u′′1(σ, ·)‖Lq(0,1) +

1
|λ|
σ4‖u1(σ, ·)‖Lq(0,1)

+ ‖u′′1(σ, ·)‖Lq(0,1) + ‖u1(σ, ·)‖Lq(0,1) +
|σ|
|λ|
‖u′′1(σ, ·)‖Lq(0,1)

+
1
|λ|
σ4‖u1(σ, ·)‖Lq(0,1)]

≤C(ε,K)
1
|λ|
‖f̂(σ, ·)‖Lq(0,1), |σ| > K.

(4.10)
Therefore, for a solution û(σ, y) = u1(σ, y) + u2(σ, y) of problem (1.3)–(1.4) from
(4.1), (4.9), (4.10), and û′y(σ, y) = û′y(σ, y) we have

‖û′y(σ, ·)‖Lq(0,1) = ‖û′y(σ, ·)‖Lq(0,1) ≤ C(ε)
1
|λ|
‖f̂(σ, ·)‖Lq(0,1), (4.11)

where σ ∈ R, σ 6= 0, | arg λ| ≤ π − ε, |λ| ≥M .
Consider now a solution u(x, y) of the main problem (1.1)–(1.2). Since u(x, 0) =

u(x, 1) = 0, for all x ∈ R,

‖u‖Lq(R×(0,1)) ≤ C‖u′y‖Lq(R×(0,1)),

‖u‖W 1
q (R×(0,1)) ≤ C(‖u′y‖Lq(R×(0,1)) + ‖u′x‖Lq(R×(0,1))).

(4.12)
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Finally, taking q = 2, from (4.8), (4.11), (4.12) and the Parseval equality, for a
solution u(x, y) of problem (1.1)–(1.2) we have

‖u‖L2(R×(0,1)) ≤ C‖u′y‖L2(R×(0,1)) = C‖û′y‖L2(R×(0,1)) ≤ C(ε)
1
|λ|
‖f‖L2(R×(0,1)),

and

‖u‖W 1
2 (R×(0,1)) ≤ C(‖û′y‖L2(R×(0,1)) + ‖û′x‖L2(R×(0,1)))

≤ C(ε)
1
|λ|

(‖f ′x‖L2(R×(0,1)) + ‖f‖L2(R×(0,1)))

≤ C(ε)
1
|λ|
‖f‖W 1

2 (R×(0,1)),

where | arg λ| ≤ π − ε, |λ| ≥M . �

5. A boundary value problem for the biharmonic equation with the

second order derivative in boundary conditions

Consider now the following problem in the strip Ω := (−∞,∞)× [0, 1] ⊂ R2,

L(λ,Dx, Dy)u := ∆2u(x, y)− λ∆u(x, y) = f(x, y), (x, y) ∈ Ω, (5.1)

L1u := u(x, 0) = 0, L2u := u(x, 1) = 0

L3u :=
∂2u(x, 0)
∂y2

= 0, L4u :=
∂2u(x, 1)
∂y2

= 0, x ∈ R.
(5.2)

Applying the Fourier transform operator Fx→σ to (5.1)–(5.2), we obtain a boundary-
value problem for an ordinary differential equation of the fourth order with 2 pa-
rameters

L(λ, iσ,Dy)û :=
[ d4

dy4
− (2σ2 + λ)

d2

dy2
+ σ4 + λσ2

]
û(σ, y) = f̂(σ, y), y ∈ [0, 1],

(5.3)

û(σ, 0) = û(σ, 1) =
d2û(σ, 0)
dy2

=
d2û(σ, 1)
dy2

= 0, (5.4)

where λ ∈ C and σ ∈ R are parameters, û(σ, y) := (Fx→σu(x, y))(σ, y).
These two problems, (5.1)–(5.2) and (5.3)–(5.4), are much more easier to handle

than (1.1)–(1.2) and (1.3)–(1.4), respectively. Moreover, we can get here a more
complete result.

Theorem 5.1. For each ε > 0 there exists M > 0 such that for all complex
numbers λ satisfying | arg λ| ≤ π − ε, |λ| ≥ M , the operator L(λ) : u → L(λ)u :=
L(λ,Dx, Dy)u from W 4

2 (R× (0, 1), Lνu = 0, ν = 1, . . . , 4) onto L2(R× (0, 1)) is an
isomorphism and for these λ the following estimates hold

‖u‖W 4
2 (R×(0,1)) ≤ C(ε)‖f‖L2(R×(0,1)), (5.5)

and

‖u‖W 2
2 (R×(0,1)) ≤ C(ε)

1
|λ|
‖f‖L2(R×(0,1)), (5.6)

for a solution u(x, y) of problem (5.1)–(5.2).
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Proof. The required isomorphism follows from [6, Theorem 1.1, p.44] (the proof is
done as in the proof of Theorem 4.1). To get estimates (5.5) and (5.6), first consider
a solution û(σ, y) of problem (5.3)–(5.4). Substituting v(σ, y) := d2û(σ,y)

dy2 −σ2û(σ, y),
one can consider, instead of (5.3)–(5.4), the two problems

d2û(σ, y)
dy2

− σ2û(σ, y) = v(σ, y), y ∈ [0, 1],

û(σ, 0) = û(σ, 1) = 0,
(5.7)

and
d2v(σ, y)
dy2

− (σ2 + λ)v(σ, y) = f̂(σ, y), y ∈ [0, 1],

v(σ, 0) = v(σ, 1) = 0.
(5.8)

From a theorem in [9, p. 110] for problem (5.7) for each fixed σ, such that |σ| > K
an isomorphism from W 4

q (0, 1) onto W 2
q (0, 1) follows and for a solution û(σ, y) of

problem (5.7) the following estimate holds

4∑
k=0

|σ|4−k‖û(σ, ·)‖Wk
q (0,1) ≤ C(‖v(σ, ·)‖W 2

q (0,1) + |σ|2‖v(σ, ·)‖Lq(0,1)), |σ| > K.

(5.9)
For |σ| ≤ K one can easily obtain that for a solution of (5.7),

‖û(σ, ·)‖W 4
q (0,1) ≤ C‖v(σ, ·)‖W 2

q (0,1), |σ| ≤ K. (5.10)

From the same theorem [9, p. 110] for problem (5.8) for each fixed σ ∈ R an iso-
morphism from W 2

q (0, 1) onto Lq(0, 1) follows and for a solution v(σ, y) of problem
(5.8) the following estimate holds

‖v(σ, ·)‖W 2
q (0,1) + |λ+ σ2|‖v(σ, ·)‖Lq(0,1) ≤ C(ε)‖f̂(σ, ·)‖Lq(0,1), (5.11)

where | arg λ| ≤ π − ε, |λ| ≥M . We have |λ+ σ2| ≥ C(ε)(|λ|+ σ2) (see section 2).
Then, from (5.9), (5.10), and (5.11) for problem (5.3)–(5.4) an isomorphism from
W 4
q ((0, 1), Lν û = 0, ν = 1, . . . , 4) onto Lq(0, 1) follows for | arg λ| ≤ π − ε, |λ| ≥M

for each fixed σ ∈ R. Moreover, for a solution û(σ, y) of problem (5.3)–(5.4) the
following estimate holds

4∑
k=0

|σ|4−k‖û(σ, ·)‖Wk
q (0,1) ≤ C(ε)‖f̂(σ, ·)‖Lq(0,1), (5.12)

where σ ∈ R, | arg λ| ≤ π − ε, |λ| ≥ M . Taking now q = 2 and using the Parseval
equality to (5.12) we obtain for a solution u(x, y) of problem (5.1)–(5.2) estimate
(5.5). From (5.5) and equation (5.1) follows

|λ|‖∆u‖L2(R×(0,1)) ≤ C(ε)‖f‖L2(R×(0,1)). (5.13)

On the other hand, from [6, Theorem 1.1, p.44] it follows that

‖u‖W 2
2 (R×(0,1)) ≤ C‖∆u‖L2(R×(0,1)). (5.14)

From (5.13) and (5.14) we obtain estimate (5.6). �
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