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POSITIVE SOLUTIONS AND NONLINEAR EIGENVALUE
PROBLEMS FOR RETARDED SECOND ORDER DIFFERENTIAL
EQUATIONS

G. L. KARAKOSTAS & P. CH. TSAMATOS

ABSTRACT. We investigate the eigenvalues of a nonlocal boundary value prob-
lem for a second order retarded differential equation. We provide information
on norm estimates, uniqueness, and continuity of solutions.

1. INTRODUCTION

We study the set of positive values A for which second order nonlinear differen-
tial equations with retarded arguments admit a positive, nondecreasing, concave
solution. Consider

k
(p®)a' (1) + A a; (1) fi((t), 2(h; (1)) =0, aa. te€[0,1] (1.1)

=0
with the initial condition
xz(0) =0 (1.2)

and the nonlocal boundary condition

r(1) = [ a'(s)dgts), (1.3)

where ¢ is a nondecreasing function and the integral is meant in the Riemann-
Stieljes sense. Boundary-value problems involving retarded and functional differ-
ential equations were recently studied by many authors using various methods. We
especially refer to [1, 2, 4, 5, 7, 12, 13] and to [6, 8, 10] which were the motivation
for this work. Our main results in this paper refer to the values of the positive
real parameter A for which the problem (1.1)-(1.3) has a solution. Note that the
problem of finding eigenvalues, for which a second or a higher order differential
equation with various boundary conditions has positive solutions, has been studied
by several authors in the last decade. See for example the papers [2, 3, 6, 7, 10]
and the references therein.
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Problem of this type are usually transformed into operator equations of the form
Az = \"ta, (1.4)

where A is an appropriate completely continuous operator. (Obviously the form
(1.4) justifies the term “eigenvalue problems” we use in the title of this article.)

Equation (1.4) is written as = T, where T := AA and in a great number of
works the following theorem is applied.

Theorem 1.1 (Krasnoselskii [11]). Let B be a Banach space and let K be a cone in
B. Assume that 1 and Q9 are open bounded subsets of B, with 0 € Q1 C Q1 C Qo,
and let

T:KN(Q2\ ) —K
be a completely continuous operator such that, either
ITull < |lull, weKnoQ and |Tul>|ul, weKnNaos,

or
ITu|l > lull, weKnNoQ and |Tull <|lul, ueKnNaoN,.

Then T has a fized point in KN (Qg \ Q).

In this paper we are interested in the existence of positive solutions and our
approach is based on Theorem 1.1.

Note that, as the literature shows, in almost all the cases where Theorem 1.1
applies, concavity is the most significant property of te solutions. Indeed, the idea is
to use concavity of the real valued functions z defined on the interval [0,1] =: I and
which constitute the elements of a cone K, the domain of the operator T'. Then two
elementary facts are the major steps in our proofs. The first fact read as follows:

Fact 1.2. Let x : I — R be a nonnegative, nondecreasing and concave function.
Then, for any T € [0,1] it holds
xz(t) > 7|zll, te]r1],

where ||z|| is the sup-norm of x.

Proof. From the concavity of z we have
zt) > x(r)=x((1—7)0+71) > (1 —7)x(0) + 7z(1) > 72(1) = 7||z||,

for all ¢t € [r,1]. O

The second fact is that the image Az of a point = of the cone K is a concave
function. And in case p(t) = 1,¢ € I this fact is obvious. (Indeed, one can show that
the second derivative is nonnegative.) In the general case an additional assumption
on p is needed. This step, which notice that, though it seems to be obvious, it
should be added to the proofs of the main theorems in [8, 9], lies on the following
elementary lemma:

Lemma 1.3. Let a,b two real valued functions defined on I. If the product ab is a
non-increasing function, then b is also non-increasing provided that, either

(i) a,b are nonnegative functions and a is nondecreasing, or
(ii) a is nonnegative and non-increasing and b is non-positive.
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Proof. For each t1,ty € I with t; < t5, it holds

a(ty)[b(t2) — b(t1)] = a(t1)b(t2) — a(t1)b(t1)
< a(ty)b(tz) — a(ta)b(ta) = [a(tr) — a(t2)]b(t2) < 0.
Thus, in any case, we have b(ts) < b(t1). O
From this lemma we get the following statement.

Fact 1.4. Ify: I — R is a differentiable function withy’ > 0 andp:I — R is a
positive and nondecreasing function such that (p(t)y'(t)) <0, for allt € I, then y
18 concave.

Proof. We apply Lemma 1.3(i) with a = p, b = 3’ and conclude that 3’ is non-
increasing. This implies that y is concave. O

Apart of positivity and concavity properties of the solutions which are guaranteed
by applying Theorem 1.1 we know also monotonicity of them. Moreover we can
have some information on the estimates of their sup-norm. Finally, some Lipschitz
type conditions may provide uniqueness results as well as continuous dependence
of the solutions under the corresponding eigenvalues.

2. PRELIMINARIES AND THE ASSUMPTIONS

In the sequel we shall denote by R the real line and by I the interval [0, 1]. Then
C(I) will denote the space of all continuous functions x : I — R. This is a Banach
space when it is furnished with the usual supremum norm || - ||.

Consider equation (1.1) associated with the conditions (1.2 ), (1.3 ). By a so-
lution of the problem (1.1)-(1.3) we mean a function = € C(I), whose the first
derivative =’ is absolutely continuous on I and which satisfies equation (1.1) for
almost all ¢ € I, as well as conditions (1.2), (1.3).

The basic assumptions on the functions involved are the following:

(H1) The function p : I — (0,400) is continuous and nondecreasing.

(H2) The functions ¢; : I — R, j = 0,1,...,k are continuous and such that
qj(t)>0,tel, j=0,...,k, as well as go(1) > 0.

(H3) The function g: I — R is nondecreasing and such that

1
1 1
——dg(s) < —.
f 7 <55
(H4) The retardations h;j : I — I (j =0,...,k) satisfy
0<hj(t)<he(t)<t, tel, j=1,... .k

and moreover hg is a nondecreasing function not identically zero.

(H5) The functions f;: RxR — R, 0 =1,...,k are continuous and such that
fij(u,v) >0, when u > 0 and v > 0, for all j =0,1,..., k. Also, if for some
Jo € {1,2,...,k} there is a point t € I such that hj,(t) < ho(t), then we
assume that the function f;,(u,v) is nondecreasing with respect to v for all
u > 0.

The first step in our approach is to reformulate the problem (1.1)-(1.3) as an op-
erator equation of the form (1.4) for an appropriate operator A, which does not
depend on the parameter A. Note that our requirement is A > 0. To find such an
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operator A we integrate (1.1) from ¢ to 1 and get

/ - 1 / A !
' (t) = —=p(1)z' (1) + m/t z(s)ds, (2.1)

where
k
2(t) =Y a5 () fi((t), w(hy (1))
=0
Taking into account condition (1.3) we obtain
(1) = 136’3 s) = z’ 1L s 1L 1zr rdg(s
2 0) = [ adls) = p)a' 1) [ gty [ [y dgto)

from which it follows that
1

p(1) (1) = 7 / ]% / 2(r)drdg(s),

1 'l -1
1= (o= | Sde)
Then, from (2.1) and (1.2), we derive

x(t) = )\'y/ol Zﬁ /Sl z(r)dr dg(s) /Ot ]%ds + )\/Ot ]ﬁ /51 z(r)drds.

This fact shows that if x solves the boundary-value problem (1.1)-(1.3), then it
solves the operator equation AAx = x, where A is the operator defined by

where the constant v is

1 1 k
Ax(t) =P(t) / ]% / S 45 r) £ (), 2y (r))dr dg s)
S ]:O
(2.2)
k

t 1 1
4 / L / S 43 () 3 (), 2(hy (r)))dr ds.

p(s) Js =

Here we have set

b1
P(t).:/o }Ts)ds’ tel.

Lemma 2.1. A function x € C(I) is a solution of the boundary value problem
(1.1)-(1.8) if and only if x solves the operator equation (1.4), where A is defined
by (2.2). Also, any nonnegative solution of (1.4) is an increasing and concave
function.

Proof. The “only if” part was shown above. For the “if” part assume that x solves
(1.4). Then, for every t € I we have

x(t) = Mz(t) = My P(t) /01 1 /51 z(r)dr dg(s) + )\/ot ﬁ /51 z(r)dr ds.

p(s)
Therefore

’—Llilzrrs lerrs
¢ =055 |, 5 . s + g [ s,
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and

k
(P (1)) = =Az(t) = =AY q;(8) f((t), (h; (1))

Jj=0

Hence, if x = AAz, then x satisfies (1.1) and, moreover, since x(0) = AAz(0) = 0,
it follows that = satisfies (1.2). Also, for every ¢t € I we have

1 , B 1 1 1 1 1
/0 2 (1)dg(t) =2y / dalt)- / =5 / 2(r)dr dg(s)
1 1 1
+)\/0 I%/t z(r)dr dg(t)
1 1 1 1 1
:)\['y/o mdg(t)—!—l]/o ]Tt)/t z(r)dr dg(t)

_ fol ﬁdg(t) ! 1 !
_A[ﬁ—fol ﬁdg(t) —0-1]/0 p(t)/t z(r)drdg(t)

1 1

Thus z satisfies (1.3). The additional properties, which the lemma claims that any
x > 0 with 2 = MAz has, are implied from the fact that 2’ > 0, (p(¢)2'(¢))’ < 0 and
Fact 1.4. We keep in mind that A > 0. O

By using the continuity of the functions f;, g; and p it is not hard to show that
A is a completely continuous operator.

Now consider the set
K:={zreC{):2(0)=0, x>0, 2’ >0 andx concave},
which, obviously, is a cone in C(I). We show that the operator AA maps the cone

K into itself. Indeed we have the following statement.

Lemma 2.2. Consider functions p,g, f;,q;,h;, (7 = 0,1,...,k), satisfying the
assumptions (H1)-(H5). Then

AM(K) C K.
Proof. Let z € K be fixed. Then we observe that Az(0) = 0, Az > 0 and (Az)" > 0.

Moreover, since, obviously, (p(t)(Ax)’(t))/ < 0 for all t € I, by Fact 1.4, we know
that the function y = AAx is concave and the proof is complete. O

3. EXISTENCE RESULTS

Let x be a function in the cone K. Then z is nondecreasing and nonnegative,
hence ||z|| = x(1). Also, from Lemma 2.1 we have AAz € K, thus ||Az| = Az(1).
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But then we have

1 1k
|Az]| = Ax(1) =yP(1) / ]% / S a5 (r) 5 (@ (r), w(hy (1)) dg )
5 =0
1 1 1 k
4 / — / ;qj<r>fj<x<r>,x(hm)))drds

1 1k
:/ L/ Zqj(T)fj(x(r),x(hj(r)))drdk(s),
s j=0

o p(s)

where k(s) := s+ ~vP(1)g(s), s € I. Applying Fubini’s Theorem we get

1 k
[ Az]| :/0 Zqj(S)fj(x(S%w(hj(S)))R(S)d& (3.1)

where
51
R(s ::/ —— dk(r).
1=y o )
Next, let 0 < K < S < M < +00 be fixed and define the functions
D (u,v) := sup{fo(u',v"): 0 < <wu, 0<v' <wv}, w,ve|0,K]
d(u,v) :=inf{fo(u,v) u<u <M, v<v <M}, wuvelS M.

It is clear that both the functions ® and ¢ are nondecreasing with respect to their
variables and they satisfy

fo(u,v) < ®(u,v), wu,ve|0,K] (3.2)
folu,v) > d(u,v), wu,v €[S, M].
Also we make the following assumption

(H6) The following quantities are finite numbers:

L;:= sup M, i=1,2,...k,

O<v<u<K fO(uv U)

Now we define the set
E(S,M):={nel:S<hy(nM},

which maybe empty. Also we define the following real numbers:

¢ :=sup {ho(n) /1 qo(s)R(s)ds : m € E(S, M)},

1 k
§:= / (QO + Zqu]‘(S))R(S)dS,
0 =
1
b(S’ M) o Z ues[g?M] ¢(u7 U’) ’

1 K
B(K) := gié(K,K)'
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Theorem 3.1. Assume thatp,g, fj,q;,h; (7 =0,...,k) are functions which satisfy
assumptions (H1)-(H6). Then for every A such that b(S,M) < XA < B(K), the
boundary value problem (1.1)-(1.3) admits at least one positive, nondecreasing and
concave solution x such that K < ||z|| < M.

Proof. We set T':= MAA. First we shall prove that
if z€eK and |z||=M, then |[Tz|> M. (3.4)
Indeed, assume on the contrary, that there is a x in K such that
|z|| =M and ||Tzx| <M (3.5)

and consider any n € E(S, M) fixed. Then nn > 0 and ho(n)M > S. Also for all
€ [n,1] we have ho(s) > ho(n) := 7. From the concavity and monotonicity of =
and Fact 1.2 we have

M = |jzl| = x(s) = 2(ho(s)) = Tlz[| = ho(n) M
Now taking into account (3.1) and (3.3) from (3.5) we get

M A / 00(5) folx(s), 2(ho(s))) R(s)ds
1
>\ / 40(3) fo((s), 2(ho(s))) R(s)ds

1
> A6 (ha(mM. ha(n)M) [ ao(s)R(s)ds.

So
1

ho(n) M qo(s)R(s)ds. (3.6)

¢ (ho(n)M, ho(n)M)
This implies that

> Aho(n)

S~

u

sup > M, (3.7)

uw€[S,M] ¢(u u)

which contradicts to the fact that A > b(.S, M). Thus (3.4) holds.
Next we claim that

if zeK and Jz||=K, then |Tz| < K. (3.8)

Indeed if not, then assume that for some = € K with ||z|| = K we have |[Tz| > K.
The first one implies that 0 < z(s) < K, s € I and so, taking into account (3.1),
(3.2), assumptions (H5), (H6) and the fact that z is nondecreasing we get in any
case that

K < )\/ qu (h;(s)))R(s)ds
<A / qu a(ho(s))) R(s)ds (3.9)

= A/0 (a6 + > Lig;(5)) folx(s), 2(ho(s)) R(s)ds.
=1



8 G. L. KARAKOSTAS & P. CH. TSAMATOS EJDE-2002/59

Now, from (3.2) it follows that

1 k
K < \0(K, K) / (40(8) + 32 Lyay(5) ) Rs)ds = Xb(K, K. (3.10)
0 =
Hence it holds
K
BE,K) =

which contradicts to the fact that A < B(K) and our claim is proved.

Finally, we set Q; := {z € C(I) : ||z|]| < K} and Qy := {z € C(I) : ||z| < M}.
Note that K < M. Taking into account that T is a completely continuous operator
and Lemma 2.2, from Theorem 1.1 we conclude that there exists a solution z of
the boundary value problem (1.1) — (1.3) such that K < |jz|| < M. From (3.4) and
(3.8) we see that equalities ||z|| = K and ||z|| = M cannot hold. O

One of the main questions, on the existence problem solved above, is whether
we may enlarge the set of eigenvalues. Partial answers to this question are given in
the following theorems.

Theorem 3.2. Assume thatp, g, fj,q;,h;, (7 =0,...,k) satisfy assumptions (H1)-
(H6) and moreover that

fo(u,v) =0 and w>v>0 imply v=0.

Also let hg be a continuous function, with ho(1) > 0. If b(S,M) < A < B(K)),
then there is a positive, nondecreasing and concave solution x of the boundary value
problem (1.1)-(1.8) such that K < ||z|| < M.
Proof. As in Theorem 3.1 we have that € K and ||z|| = K imply ||Az| < K and
we will show that x € K and ||z|| = M imply ||Az| > M. To do this we proceed as
in Theorem 3.1 and obtain (3.6).

Now, if for some 7’ € I equality holds, we must have ho(n) > % and

/0 " 40()fo w(s), a(ho(s))) R(s)ds = 0

for all n € [, 1]. Since go(s) > 0 and go(1) > 0 it follows that for all s close to 1 it
holds

fo(z(s),2(ho(s))) = 0
and so, by our hypothesis we have x(ho(s)) = 0 for all s > 0 close to 1. This gives
ho(s) = 0, because of Fact 1.2, hence, by continuity, ho(1) = 0, a contradiction.
Therefore in (3.6) we have the strict inequality. Since both sides are continuous
functions of 7, it follows that (3.7) holds as a strict inequality, which contradicts to
b(S, M) < A. Now the result follows as in Theorem 3.1. O
Theorem 3.3. Assume that p,g, f;,q;,hj, (j =0,...,k) satisfy (H1)-(H6) and

moreover assume that there is an index j; € {1,...,k} such that meas{s € I :
gj, (s) # 0} > 0 and for all v € (0, K] and v € (0,u] it holds

fjl (u, U) < lefo(u,v). (3.11)

Ifb(S, M) < A < B(K), then there is a positive, nondecreasing and concave solution
x of the boundary-value problem (1.1)-(1.3) such that K < ||z| < M.
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Proof. As in Theorem 3.1 we can show that € K and ||z|| = M imply ||Az| > M.
It remains to show that if x € K and ||z|| = K, then ||Az|| < K. To do this we
obtain (3.10) and we will show that equality cannot hold. Indeed if it is so, then
taking into account (3.9) we conclude that for all j =1,...,k it holds

q;(s) 15 (2(s), x(h;(s))) = ¢; ()L fo(z(s), x(h;(s))),
where all these quantities are nonnegative. But for j = ji, (3.11) cannot be true,
thus in (3.10) we have the strict inequality, a contradiction. |

4. UNIQUENESS AND CONTINUOUS DEPENDENCE RESULTS

Here we give results on the uniqueness and the continuous dependence of the
solutions on the eigenvalues. For this we make the following condition.
(H7) For every j = 0,...,k there exist real nonnegative constants p;,o; such
that
|£i(u,v) = f5 (', 0")] < pjlu—v| + ojfu’ =o'
for all u,v,u’,v" € [0, +00).
Theorem 4.1. Assume that p,g, f;,q;, ki, pj, 05, (7 =0,...,k) satisfy (H1)-(H7)

and
k

1
¢:= B(K) Z(pj + O'j)/o g;(s)R(s)ds < 1. (4.1)
§=0

Then for every A € (b(S, M), B(K)) there exists exactly one positive (nondecreasing
and concave) solution xzy of the boundary value problem (1.1) — (1.3). Also the
function A\ — x is uniformly continuous.
Proof. It is clear that conditions (H7) and (4.1) imply that the operator T'= AA is
a contraction. Hence, by the Contraction Principle, for every A\ € (b(S, M), B(K))
the solution x), say, obtained by Theorem 3.1 is unique.

Now, consider the solutions xy,,Zx,, where A1, A2 € (b(S, M), B(K)). Then, for
any t € I we have

23, (1) — 22, (B)] < [A1 = Agl[Azy, (8)| + B(K)[Azy, (t)] — Azy, (1)]
A1 — Ao

< Wﬂ%\ln +cllza, — 2.
Therefore,
1
— < X = A
||x)\1 .7/')\2” — b(S,M)(]. _ C)l 1 2|
which completes our proof. ([l

5. SOME APPLICATIONS
(a) Consider the equation
x”(t)—l-/\[x”(t)x”(h(t))—|—9|sin[x(t)x(h(t))]’x“_l(t)x”_l(h(t))} =0, tel, (5.1)

associated with the conditions (1.2) and (1.3). The function h is any retardation,
0 > 0 and pu,v > 0 with g+ v > 1. Also consider the constants £ and ¢ as in
Theorem 3.1. Here we have

folu,v) = ¢(u,v) = ®(u,v) = utv”,

w,v) = |sin(uv)|u* VL,
1 )
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Take any constants €,© such that 0 < e < ©¢ < +o0o and consider constants
K, S(> 0) so that

K=t < (067 < ()~ < sl
Fix any M > S. Then observe that L1 = 1, as well as

1 u 1 1 11
b(S,M)=~ sup —— = sup == <e€
( ) CuE[S,M] (I)(UJJ/) ¢ welS, M] uttr—1 ¢ Sutr—1
and
B o L1 o
(K) = EW > 0.

Since €, © are arbitrary, we have the following statement.

Corollary 5.1. Assume that g,h : I — R are nondecreasing functions (with h not
identically zero) and such that g(1) — g(0) < 1 and 0 < h(t) < t, t € I. Then
for every A > 0 the boundary value problem (5.1),(1.2),(1.3) admits at least one
positive, nondecreasing and concave solution x such that K < ||z| < M.

(b)  Consider the retarded differential equation
() + Az™ () 4+ pz"TH(t2)]) =0, te(0,1], (5.2)
with initial condition (1.2), i.e. (0) = 0 and the boundary condition

2'(1) = éx(1) (5.3)
where m,n, A, p, d are real positive numbers with § < 1. To apply Theorem 3.1 we
write this problem in the form (1.1)-(1.3) by setting

p(t) =1, QO(t) =1, g(t) = 5t7 hO(t) = t2a tel,

and

fo(u,v) := d(u,v) = &(u,v) = ™ + po" 1 fi(u,v):=0, (j=1,...,k).
Then we obtain

1 t
=i md RO =

Choose S := 1, M := 2 and observe that E(S, M) = (27/2,1]. Thus, we have
1
_ 2 2y . ~1/2 _
= —n°(1 - : 2 1] =
¢ sup{2(1 n?(1-n%): ne (2 V3 1]} S8
1 o U1 K 1
20-0)" ety dlwu)  14p GKK)  Kmil4 pKnit

tel.

&=

Therefore, Theorem 3.2 applies and the following result follows.

Corollary 5.2. Assume that m,n,\, p,0 are real positive numbers with 6 < 1.
Then for any K > 0, with

1
K™ 4 pK™ Tt < Z(1 +p)

and any \ such that

8(1— 4) 2(1 - 4)
<A< 7Y
I+p — Km+l 4 pKntl
the boundary value problem (5.2), (1.2), (5.3) admits at least one solution x which
is a positive, nondecreasing and concave function such that K < |jz| < 2.
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