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Periodic solutions of a piecewise linear beam
equation with damping and nonconstant load *

Yukun An

Abstract

Using the Lyapunov-Schmidt reduction method, the authors discuss
the existence and multiplicity of periodic solutions for a piecewise linear
beam equation with damping and nonconstant load when the nonlineari-
ties cross the eigenvalues. The result answers partially an open question
possed by Lazer and McKenna [12].

1 Introduction

Choi and Jung [4] considered the piecewise linear one-dimensional beam equa-
tion
- . T
Ut + Upzee +but —au™ = h(z,t), in (—5,5) x R,

(1.1)
u(ﬁ:g,t) = um(ﬁ:g,t) =0, teR

with u being m-periodic in ¢ and even in z and t. The authors assumed that
the upward and the downward restoring coefficients in the vibrating beam are
constant and different.

Let h = s1¢00 + S2¢01, Where ¢g9 = cosx and ¢g; = cosx cos2t are the
eigenfunctions of wy + Uggrr. In [4], by using of Lyapunov-Schmidt reduction
method, the authors transformed problem (1.1) into a 2-dimensional problem on
the subspace V = span{¢go, ¢o1 } and investigated the multiplicity of solutions
for (1.1) with the nonlinearity —(bu™ — au™) crossing finitely many eigenvalues.

When wss +g 00 18 replaced by ugy — 1y, in (1.1), the problem is the piecewise
linear wave equation, for which there is a large body of literature concerning
the existence and multiplicity of periodic solutions; see for example [5, 6, 14, 18]
and references therein. Problem (1.1) originates from a simple mathematical
model of the suspension bridge presented by Lazer and McKenna in [12]:

Uty + Ugzwe + Oug + kut = W(x) + eh(z,t), in (0,L) x R,
w(0,t) = w(L,t) = ugpe(0,1) = uge (L, 8) =0, tER,
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where u(z,t) denotes the displacement of the road bed in downward direction
at position x and t, W(x) is the weight per unit length at z, and eh(x,t) is
an external forcing term. The constant k represents the restoring force of the
cables, and 9§ is the viscous damping.

For (1.2), in an earlier paper, McKenna and Walter [16] investigated the
simplified situation

Utt + Uggar + kut =1+ Eh(xat)v in (_gv g) xR,
_ _ (1.3)
u(:|:§,t):um(:|:§,t):0, t e R,

where u is w-periodic in ¢ and even in « and ¢. Using degree theory, they proved
that (1.3) has at least two solutions when 3 < k < 15 and the one is sign-
changing. In [3], using degree theory and with critical point theory, Choi and
Jung gave the relationship between multiplicity of solutions of (1.3) and the
source term Si coSx + S cos 2t cos x. Some other relevant studies can be found
in [1, 2,4, 8,9, 10]. In all these papers § = 0; i.e., there is no damping present.
As remarked in [16], the methods used in all these papers do not seem to be
valid for the case § # 0. Meanwhile the later case is more interesting as studied
in [1, 2, 11, 17]. In [12], an open question was stated as Problem 6 which is
relevant to this case. The question is

Is there a non-degeneracy condition on h(x,t), which will ensure that
solutions of (1.3) persist if damping is present?

In this paper, we assume that there is a damping term; i.e., § # 0 and the
source term is

h(z,t) = acosx + (B cos 2t cosx + ~ysin 2t cos x.

As in [4], we study the equation

Ut + Uzgze + OUur + bu™ —au™ = acosxz + B cos 2t cos x + v sin 2t cos x,
. T
mn (—57 5) X R, (14)
u(ig,t) - um(ig,t) -0, teR,

where u is m-periodic in ¢ and even in x.

The main goal of this paper is to establish the relationship between the
constant a,b,d and the source term h, so that there exists a sign-changing
periodic solutions when h(x,t) is of single-sign. We also guarantee the existence
of multiple periodic solutions. The results extend the corresponding results in
[4] and [2] and answer partially the open problem mentioned above.

2 Preliminaries

Let N, Z and R be the set of positive integers, integers, and reals, respectively.

Let A = ZxN, Q= (-%,%) x (-=5,%), and L*(2) be the usual space of
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square integrable functions with usual inner product (-,-) and corresponding
norm || - ||. For the Sobolev space H'(f2), we denote the standard inner product
by (u,v)1 = (u,v) + (ug,vs) + (ut,v¢), and norm by ||lu|;.

It is known that the eigenvalue problem

Ut + Uggppr = AU, 1D (—g 5) x R,
u(j:g,t) - um(j:g,t) -0, teR,
m™ T

u(z,t) = u(—z,t) = u(z,t+ ), in (—57 5) x R
has infinitely many eigenvalues and corresponding eigenfunctions:

An = (2n — 1)* — 4m?,

Gmn = 2™ cos(2n — 1)z,
where (m,n) € A. Then we define the Hilbert space
H={uel*Q): u(ig,t) - um(j:g,t) =0, u(x,t) = u(—=,1)},

for which the set of functions {¢.,, : (m,n) € A} forms an orthogonal base.
For 0 # 0 and functions u(x,t) = >\ Umn®mn, we define the selfadjoint
linear operator

Au = Z((2n — D) = 4m®)tpn Ormn

A
on the domain

D(A) ={u€ H : u(x,t) Zumnqﬁmn and Z (2n—1)* —4m?)?|tumn|? < oo}

where %_,,n = Umn. We also define the closed linear operator
Asu = Au + duy

on the domain
D(As) = {u € H:u(z,t) Zumnqun

and Z 2n — 1)* — 4m?)? 4+ 4m?6%)|umn|* < oo}.

It is easy to check that set of eigenvalues for A and Ay are

o(A) = {Apn = (2n — 1)* —4m? : (m,n) € A},
o(As) = {Nn = (2n — 1)* —4m? + 2mdi : (m,n) € A}.

We consider the weak solutions of (1.4), which are u € D(As) satisfying

Asu+but —au” = h(z,1), (2.1)



4 Periodic solutions of a piecewise linear beam equation — EJDE-2002/81

where h(z,t) = acosz + B cos 2t cos x + 7 sin 2t cos x. Assuming that ¢ satisfies

V9 1482 < 17,
ap = min {17, /225 + 1662}, by = /9 + 442 (2.2)

For section 4 in this paper we assume that

we set

—1<a<by <b<ap. (2.3)
For Section 5, we assume that
—ag <a< -1, by<b<ag. (24)

To find solutions of (2.1), we first investigate the properties of operator As. We
have the following lemma.

Lemma 2.1 For all w € H, the operator A satisfies

A5 all < Jlull, 145 "ulls < 2ffull.

Proof. Note that

1
Ail = mn®Pmn
5 Y g @n =18 — dm2 1 2mpi " ?

for w ="3" ) Wmn@Pmn, u € H. For any (m,n) € A, we have
|(2n — 1)* — 4m? + 2mdi|* > 1,

then

1
~1 2 2 2 __ 2
1A ul? = j|(2n_1)4_4m2+2m&umn| <D lutgn | = [
A A

On the other hand,

(R gt b L C T
.

2
(@n = 17— dm2)2 + dmgz tmnl™

A
while
14 4m? + (2n —1)?
((2n — 1)* — 4m?)2 4 4m?242
1+4m? + (2n — 1)?
((2n —1)2+2m)%((2n — 1)2 — 2m)? 4 4m?2§2
1+ 4m? + (2n — 1)?
((2n —1)2 + 2|m|)? + 4m?2§2
(2n—1)2+2|m|)? +1
<2
- ((2n—1)2+2im|)2 —
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Therefore,
145 ullf <2 [tmnl® = 2]Jul®
A

which completes the proof. O
By Lemma 2.1, it follows that the operator Agl : H — H is compact since
the embedding H' < L? is compact. Let

¢1(x,t) = coswx,
¢a(x, t) = cos 2t cosz,

¢3(z,t) = sin 2t cos z.

Let V3 be the three-dimensional subspace of H spanned by ¢1, ¢2, ¢3, W3 be
the orthogonal complement of V3 in H. Let P3 be the orthogonal projection
H onto V3. Then every element v € H is expressed by u = v + w, where
v = Psu, w= (I — Ps)u. Hence, equation (2.1) is equivalent to the system

Asw+ (I — P3)(b(v +w)T —a(v+w)") =0, (2.5)
Asv+ P3(b(v +w)tT —a(v+w)7) = apy + Bpa + vého. (2.6)

Using the Lyapunov-Schmidt reduction method and the contraction mapping
principle, we can easily obtain the following lemma.

Lemma 2.2 . Suppose that condition (2.3) or (2.4) hold, then, for fizedv € V3,
equation (2.5) has a unique solution w = 0(v). Furthermore, 0(v) is Lipschitz
continuous (with respect to the L?-norm) in terms of v.

By this lemma, the study of existence of solutions for equation (2.1) is re-
duced to that of equation (2.6). Namely, we need to study only the problem

Asv+ P3(b(v +0(v))T —a(v +0(v))”) = ag1 + Boa + yo2. (2.7)

on the three dimensional subspace V3 spanned by {1, ¢2, p3}.
Now, define the mapping ® : V3 — V3 by

D) = Agv + Pa(b(o + 0(0))* — alv+ 0(v))"),
and the mapping F : R® — R3 by
F(s1,52,83) = (t1,t2,13)
where v = 5101 + sad2 + s3¢3, and P(v) = t1¢1 + tagpa + t3¢3. By Lemma 2.2,

we know that ® and F are continuous on V3 and R3, respectively. On the other
hand, we have the following Lemma.

Lemma 2.3 ®(cv) = c¢®(v) for ¢ > 0.
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Proof. Let ¢ > 0. If v satisfies
AsO(v) + (I — P3)k(v+ 9(11))+ =0,

then
As(ch(v)) + (I — Ps)k(cv+ ch(v))T =0,

and hence, 0(cv) = cf(v). Therefore, we have
®(cv) = As(cv) + Psk(cv+6(cv))™
= As(cv) + Psk(cv + cf(v)) T
= c®P(v).

Lemma 2.3 implies that ® or F' maps a ray to a ray and a cone with vertex 0
onto a cone with vertex 0. Set

Cy = {5 = (s1,82,83) € R3: s > O,s% +s§ < s%},
Cy = {S = (s1,82,53) €R¥: 5, < 0,53 + 53 <57},
Cs = R3\(C, UCy).
and
Dy = {v=s1¢1 + s202 + 533 : S = (51, 52,53) € C1},
Dy ={v =s1¢1 + s2¢2 + 533 : S = (s1, 52, 83) € Ca},
Ds = V5\(D1 U Dy).
Lemma 2.4 If v = s1¢1 + Sa¢2 + s3¢3, then
1. v>0if only if v € Dy,
2. v<0ifonly if ve Ds.
The proof of this lemma is simple and we omit it.

Lemma 2.5 Suppose that v and 0(v) satisfy (2.5) and (2.7). If v is a sign-
changing solution of (2.7), then u = v + 0(v) is a sign-changing solution of

(2.1).

Proof. If u is a single-sign solution, then u* = w or u™ = 0. By (2.5) and
Lemma 2.2, we know 6(v) = 0, and hence v = u is a single-sign solution, which
is a contradiction. g

3 Uniqueness of the solution

In this section, we consider the general equation
Asu+but —au” = h, (3.1)

where h(z,t) € H. By the contraction mapping principle, we obtain the follow-
ing uniqueness result for (3.1).
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Theorem 3.1 If the constant § # 0 and the constants a,b satisfy
—1<a,b<3+6, (3.2)
then equation (3.1) has a unique solution.

The proof of this theorem is standard and we omit it here.

Remark. Condition (3.2) should be replaced by —1 < k < 3 when 6 — 0
and @ = 0,b = k. The condition —1 < k& < 3 was used in [16] to ensure the
uniqueness of solution to (1.3) when ¢ = 0.

4 The nonlinearity crosses one eigenvalue

In this section, we consider equation (2.1) under condition (2.3). From the
discussions in section 2, to consider equation (2.1) we need firstly to investigate
the image of the cones C7, (s and C3 under F and the image of the cones D1, Do
and D3 under ®. Set

(b—3)% +46% ,

O, = {(t1,ta,1 R3:4y>0,82+82< >~ " ¢
1 {( 1,02, 3) € 120,85 +13 < (b—|—1)2 1}’

f —3)% +44?

[yt ts) ERP ity <0 82412 < (023 F407
62 {( 1,02, 3) S 1 —07 2+ 3 = (a_|_1)2 1}’

03 = R3\ (0, UBOy).
and

O ={v=t1¢1 +tao + t3¢p3 : (t1,t2,t3) € O1},
Qo = {v =t1¢1 +taga +tsgs : (t1,t2,t3) € Oz},
Q3 = Vg\(Ql U Qo).

Suppose that a, b, § satisfy (2.3) and
1
b > 1+§52 > a, (4.1)

then we have

(b—3)2 + 462 (a —3)? + 447
N Y KA St
G b md T

Denote
Ci=C1\01, C5=0:\Cs,
Dy = Di\Qi, Ds=Q\Ds.

By Lemma 2.4, we have that v > 0 for all v € D; and v changes sign for every
v € Ds.
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Lemma 4.1
F(Cy) =61, F(Cy) =0, C4CB3CF(Cs),
(I)(Dl) = Ql? (I)(DQ) = QQ, D4 C Qd C (I)(Dg)

Proof. Suppose (s1,s2,s3) € C1, then v = $1¢1 + s2¢2 + s3ps € Di. By
Lemmas 2.2 and 2.4, we know v > 0 and 6(v) = 0. At the same time, we obtain

Asv+ Psk(v+0(v)T = As(si¢1+ sago + s3¢3) + k(s191 + s2¢2 + s3¢3)
b+1 0 0 51
= (¢1,02,03) 0 b—-3 26 s | :
0 26 b-3) \ss

therefore, for all (s1, s2,s3) € C1,

b+1 0 0 s1
F(817827S3): 0 b—3 26 S9
0 —26 b—3 S3

Assuming that (s1, s2, s3) € Co, in the same way, we obtain

Asv + ng(’l) + 9(1}))+ = A5(81¢1 + Soo + 53¢3)
a+1 0 0 s1
= (¢1a¢27¢3) 0 a—3 20 So
0 —20 a—3 S3

Therefore, for all (s1, $2,3) € C1,

a+1 0 0 S1
F(sy1,89,83) = 0 a—3 20 S
0 -2 a-—3 S3

It follows that F(Cy) = ©1, F(C3) = O3 and ®(D1) = 1, D(D3) = Qs .
Moreover, By Lemma 2.3 and the continuity of F', we have

O3 C F(Og), Q3 C @(Dg,)

The proof of this Lemma is complete. O

Now, combining Lemmas 2.2, 2.4, 2.5, and 4.1, we obtain the following result.

Theorem 4.2 Let h(z,t) = acosx+ (3 cos2t cosx +ysin 2t cosx. Suppose that
0,a,b satisfy 6 > 0, (2.3) and (4.1), then equation (2.1), and hence problem
(1.4) has a solution satisfying:

1. If >0 and
b—3)? + 462
2 2<( 2
B°+~° < EE o,

then h > 0 and the corresponding solution is positive.



EJDE-2002/81 Yukun An 9

2. Ifa>0 and
b—3)% +44?
: (b—i-) 1)? o’ < B+ <,

then h > 0 but the corresponding solution changes sign.

3. If a <0 and
(a —3)% + 462 o2
(a+1)? ’

then h changes sign but the corresponding solution is negative.

of < B 497 <

4. If a < 0 and B% + 2 < o?, then h < 0 and the corresponding solution is
negative.

5. FElsewhere, the function h changes sign and the corresponding solution
changes sign.

Remark. By Theorem 4.2, if a =0, b=k — 3, and § — 0, then for almost
every h > 0, problem (1.4) has sign-changing periodic solution. If the damping
§ is large enough such that §2 > 2k — 2 and condition (2.3) is satisfied, then

when
(k — 3)% + 462

—
(k+1)2 ’

the corresponding solution is positive though h changes sign.
This result answers partially the problem mentioned in section 1.

o? <447 <

5 The nonlinearity crosses two eigenvalues

In this section, we consider equation (2.1) under condition (2.4). In addition,
we suppose

1
b>1+ 552. (5.1)

As in section 4, we first investigate the image of the cones C, Cy and C3 under
F' and the image of the cones Dy, D and D3 under ®. Set

(b — 3)% + 442

= {(t1, 1o, R3:4 >0+ < 12
0, {(1, 2 3)6 1—0’2+3— (b—|—1)2 1}’
—3)% +45°
Oc = [(trto ts) CR®: 4, > 042 4 42 < (28 +40%,
6 = {(t1,ta,t3) € 120t +t3 s (a+1)2 i

O7 = 66\0;.
and

M ={v="t1¢1 +tago + 1303 : (t1,t2,3) € O1},
O = {v =t1¢1 + tapa + t3¢p3 : (t1,t2,t3) € Og},
Q7 = 06\ 1.
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Lemma 5.1 For every v = s1¢1 + So¢s + S3p3 € V3, there exists a constant
d > 0 such that (®(v), 1) > d|s2 + s3].

Proof. Note that
but —au” +u=(b+1u" - (a+1Du” >min{b+1,—(a+ 1)} u| = clu]
and
612 Ssloa+ 6l

Let v = s1¢1 + s2¢2 + s3¢3. Then we have

(®(v), 1) =(As(s191 + s202 + 53¢3) + Ps(b(v + 0(v))" — a(v+0(v))7), ¢1)
=(¢1,v 4+ 0(v) +b(v +0(v))" —a(v+0(v))7)
>(¢1,clv+0(v)])

:C/ P1]s161 + S22 + s3p3 + O(v)|dtdx
Q

Z% /Q |p2 + @3l|s1¢1 + s2d2 + s3h3 + O(v)|dtdz

>—c1 | + |
S S3|-
\/— 2 3

Taking d = ¢1/ \/5, the conclusion follows. O
Note that Lemma 5.1 implies t; > 0 for every v = s1¢1 + Sa¢2 + S3¢3 € V3
and ®(v) = t1¢1 + tada + t303.

Lemma 5.2

F(Cl) = @17 F(CQ) - @67 @7 C F(Cg),
®(Dy) =1, ®(D2) =06, Q7 CO(D;3).

The proof of this lemma follows by similar calculations as in Lemma 4.1 with
a < —1. Now we can obtain the main result in this section.

Theorem 5.3 Let h(z,t) = acosx+ [ cos 2t cosx +sin 2t cosx. Suppose that
0,a,b satisfy § >0, (2.4) and (5.1), then we have:

1. If h € Q, (2.1) has a positive solution, and a negative solution.

2. If h belongs to interior of Q7, (2.1) has a negative solution and at least
one sign-changing solution.

3. If h € 90Q¢, (2.1) has a negative solution.
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