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A NONLOCAL PROBLEM FOR FOURTH ORDER HYPERBOLIC
EQUATIONS WITH MULTIPLE CHARACTERISTICS

BIDZINA MIDODASHVILI

ABSTRACT. In this paper, we study fourth order differential equations with
multiple characteristics and dominated low terms. We prove the existence
and uniqueness of a Riemann function for this equation, and then provide an
integral representation of the general solution of the Goursat problem. We
also provide sufficient conditions for the solvability of a nonlocal problem.

1. INTRODUCTION

Partial differential equations of higher order with dominated low terms are en-
countered when studying mathematical models for certain natural and physical
processes. As an example of such type of equations, is the equation of moisture
transfer [2]

ow g, _Ow 0w

ot = 9: Lo " owar)
where w is the concentration of moisture per unit, D is the coeflicient of diffusivity,
and A > 0 is the varying coefficient of Hallaire. Under the proper schematization
of the process of absorbing the soil moisture by the roots of plants, the pressure
u(z,t) in the area of root absorption satisfies the equation of form [4]

(% + %)(uxt + Aug) = pug.
Obviously, the equation
v 0%u ou 0
o2 022 ox20t2
which describes the longitudinal waves in a thin elastic stem taking into account
the effects of transversal inertia, is of the same type [5].
In the present work, a class equations with fourth order partial derivatives and
dominated lower order terms is considered.
In the space R® of the independent variables z1, o and x5 let

II := {(’I‘l,ﬂfg,l'g) (S R3 ta <y < bl}, Hz :]al,bi[, Hij = Hl X Hj

fori,j = 1,2,3. For the class of functions ¢, continuous in IT with partial derivatives
th(p, Dgzgo, D’;3<p, 0<i<m,0<j<n,0<k<I, we use the symbol C*J*(II).
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Consider the Goursat problem
o4 o ititk
————u(z) + a Ik () —————u(x) = f(z), 1.1
57wy @) Z @) 5o oagaat ") = F@) (1.1)
U(ﬂh, 962,33g) = 4,012(%1,%2), U(ﬂfh l‘g,l“:s) = <,013($1,1‘3),
u(m?7x2,x3) = @23(»‘52@3), um1(x?7x27x3) = 8523(5527%3)7

where i = 0,1,2; j,k=0,1;i4+j +k # 4, 2,2° € II and the functions i satisfy
the following compatibility conditions

(1.2)

<P1(9E1) = @12(331,302) = <P13(931,$g)7 @2(962) = <P12(93?,$2) = 9023(962,$g),
p3(xs) = 9013(90(1),173) = 9023(5337903), ®o ‘= €0(1) = <P2(33g) = 903(1’g)-
Theorem 1.1. For any f € C(I), a®¥* € CHIF(I1) and @10 € C*'(Il12), @13 €

C?1(II13), @o3 € OV (Tla3), Paz € CH1(Tlag) satisfying the compatibility conditions
(1.3) the Goursat problem (1.1), (1.2) has one and only one solution u € C*H1(II).

Lemma 1.2. Let a(x) and b(x) be continuous functions. An arbitrary solution of
equation

(1.3)

y' +a(x)y +bx)y =0, xze€la,f] (1.4)
is monotonous if and only if b(xz) = 0 everywhere in [a, O].
Let
D :={z = (21,22,73) € R®: 0 < z; < 2V},
D, :=)0;2Y[; D;j := D; x Dj; i,j=1,2,3.
For equation (1.1) consider the boundary conditions
u(x1,x2,0) = @1a(z1,22), ul(x1,0,23) = 135(x1,T3),
w(0, 22, 3) = @o3(w2,23), u(af, w2, 23) = (w2, x3),
where the functions ;;, ¢ satisfy the compatibility conditions
©12(21,0) = p13(21,0),  ©12(0,22) = wa3(x2,0),
©13(0,23) = ¢23(0,23),  ¢12(0,0) = 913(0,0) = 23(0,0), (1.6)
¢12(0,22) = P(22,0),  ©13(0,23) = ¥(0, z3).

Theorem 1.3. Assume that f € C(D), a7k e CR(D), o190 € C?1(Dya), w13 €
C?1(D3), @a23,% € CHY(Dag). If there holds the condition

(a®tt — ekt (2) =0, €D (1.7)

Z1

then problem (1.1), (1.5), (1.6) is uniquely solvable in the class C*%(D).

2. THE RIEMANN FUNCTION AND THE SOLUTION OF (1.1)

Following the scheme in [1, 3], we define the Riemann function v(x;¢&), (z;€) €
IT x IT as a solution of the Goursat problem
o4 o §ititk
S —T AR _q)ititk 2
Ox10x9013 (=) sz:k( ) Ozt 0zl Ok
[Uﬂﬂlflxz - (a2,0,1v)rlr1 - (al’l’lv)mlﬂm + (a1,0,1v)z1

+(a""M )y, — a®OM0] (21, 22,83) =0, (21,22) € My

(@M (@)o(z)) =0,  (2.1)
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[%mm (@), — (@8 0) g e 4 (a2100),,
+(a0’1’1v)13 — ao’l’ov] (1,&9,23) =0, (w1,23) € Iy3;
[lexzzg - (az’l’ov)zm - (az’o’lv)wlwg + (GQ’O’Ov)wl] (&1,22,23) = 0, (x2,23) € Izs;
[’lezl — (abVo),, + aO’l’lv] (11,62,&3) =0, € y; (2.2)

(V2105 — (@01 0) 4, ] (61, 22,&3) =0, 5 € Iy;

(V2105 — (@>1%0) 4, ] (61, &2, 23) =0, 3 € 3;

U, (§) =1 (&1, 20, m3) =0, (w2,23) € las,
where i = 0,1,2; j,k = 0,1; i + j + k # 4. For simplicity, we have omitted the
second triplet of arguments of the Riemann function.

Remark 2.1. The boundary conditions (2.2) for the Riemann function can be
received from the certain consideration of the integral

/5'3 (vLu — uL*v)(y)dy (2.3)

0

Further, by integration of equation (2.1) twice on the variable y; and once on
the variables y, and y3 in corresponding segments of integration (y; € [&;;x;],i =
1,2,3), and taking into account the differential relations (2.2), we have the following
Volterra integral equation of the second kind, with respect to the first triplet of
arguments of the Riemann function v(x; &)

v(w) —/ [(al’l’l — (21 — y1)a0’1’1)v](y17$2,333)052/1

To z3
_/ (a** ) (21, yo, 23)dys — / (a*00) (21, 22, y3)dys
& &3

Xy i)
+/ / [(a™%" — (21 — y1)a” ")) (y1, y2, 23) dy1 dys
tcl 13 0 0,1
[ 1@ o ) 0)ol )i dae
1 3 i s 2,0,0
+/ / (a*""v)(x1, Y2, y3)dy2dys
2 3

Xy ¥ip) xrs3
_/ / / (a0 — (21 = y1)a® )] (y1, Yo, y3)dyrdyadys = x1 — &
1 2 3

The last equation unconditionally has an unique solution and therefore the existence
and uniqueness of the solution of the problem (2.1), (2.2) is proved.

Now, integration (2.3) and taking into account the differential relations (2.2),
for the regular solution of problem (1.1), (1.2), (1.3), we have

U(Il,CCg,l‘g) = [Uﬂh - aLle](l‘(l):Igazg;x)(PO

z1
+/ ([ve, — a" " 1olp) — a®Vlopr) (1, 23, 295 2)dys
xT

0
1

T2
b [ ey = a el + (@00, — O ulon) @y, a8 ) e
xr
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T3
b [ oy = a gl (@00, — at Oulga) . a8, s )

<P12 20,1 9912

UI == +a R R

/ / ! 0y16y2 3y1 ]

—v[al’l*l 52@12 —(a 92510 1 1,0,1)59012Jr 0,1, 159012
0y10y2 o 0y

R A %13 2.1,00%13
*/0 / (1, [0 202 4 2100813
z z9 Y10Yy3 Y1

1,1,1 62%013 —(a2’1’0— 1,1,0)5<P13_|_ 0113<P13

+a0 0’1@12] ) (yla Y2, I37 )dyldyQ

~v[a ddys e T ) Ay +a® 0013] ) (g1, 3, s ) dyr dys
S D%pas Dpa3 Opas
+/ / v 42109928 | 201 4 20,0
af Jag (e [53/233/3 Y2 ys #20]
0% a3 Opas Opasg
11,1 2,1,0 _ 1,10 2,01 _ 1,0,1 2,00 _ 1,0,0

—U[a m—(%l —a )8_y2_(a“ —a )a—yg—(%l —a """ )pa3

%P3 Opa3 8<;023

8y28y3 +a2’1’08—y2 201 +a200@23])(x17y27y37 )ddeyS

/ / / v(y; ) f(y)dyrdyzdys.  (2.4)

This proves the Theorem (1.1). O

Let v(z;€), (z;€) € II x II be the Riemann function for equation (1.1), and
let 29 € II be an arbitrary point. Assuming that u is the regular solution of
equation (1.1) in IT which satisfies homogenous boundary conditions u(z9, 2, x3) =
u(zy, 29, 23) = u(z1, 79, 23) = Uy, (29, 79, 23) = 0, then, as it is easy to see, from
formula (2.4) it follows next representation

U(SCl,l‘g,.Z‘g / / / ylay27y37 )f(y1’y27y3)dy1dy2dy3v S H

for an arbitrary continuous function f.
Using the last representation and arbitrariness of the choices of point 2° and
function f, from equation (1.1) one can get following relations:

[0515162 + &270711}&161 + a]l,l,l,uglf2 + CLLO’lU{l 4 aO,l,lU52 + aO,O,lv](J;;gl’gQ’ms) — O,
[0516153 + (L2’170'U,5151 + a1,171,v5153 + 041’1’0’1}51 + al:)71,1,u53 + CI,O’LOU](SIJ;fl,xQ,fg) _ 0’
[Ve 626, + a* 1 vg e, + a? Mg gy + a0 0vg (2321, 62, 65) = 0,

[Vere, + al’l’lvg1 + a0z €1, 10, 23) = 0,

[ve e, + a* % g, (w521, €2, 23) = 0, [og, g + a®Hvg, ] (521, 20, €3) = 0,
ve, (v52) = 1, v(w;21,8&2,&3) = 0.

These relations are dual to relations (1.2) in the certain sense (the left sides of (1.1)
and (2.1), considered as differential operators, are conjugated) , so, the definition of
the Riemann function as the solution of the Goursat problem (2.1),(2.2) is logically
correct.
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3. PROOF OF THE LEMMA 1.2 AND THE THEOREM 1.3

The if - part is obvious, therefore only the only if - part has to be proved. Let
us assume the contrary: there exists xg € [a, (] satisfying b(zg) # 0 whereas an
arbitrary solution of

y' +alx)y +b(x)y=0, x¢€la,p] (3.1)

is monotonous. Certainly, because of continuity of b(x) there exists the segment
[a1, B1] such that it contains the point z¢ and b(xz) # 0, = € [a1,[1]. Proceeding
from the well-known fact that any solution of class C?[ay,31] can be uniquely
prolonged till the solution of (3.1) of class C?[a, 3] on whole [a, 3] we shall not
restrict the generality of reasoning if assume that b(z) # 0, z € [a, 3].

Let y(x) = c1y1(z) + coy2(x) be an arbitrary solution of equation (3.1) and
y'(z) = c1y) (z) + coyh () be a constant-signed function where y1 () and yo(z) form
a fundamental system of solutions of (3.1).

Consider the sets K; := {x € [a, 8] : y; = 0}, i = 1,2. Obviously, the sets K3
and K, are closed. Let us see that there hold the following properties

A. Klﬁng(Z), B. KlUKQZ[Oé,ﬁ].

The property A is obvious since assuming the opposite implies the existence of
a point xzg € [a, (] such that yj(xg) = yh(xo) = 0 and therefore for Wronsky’s
determinant we have (Wly1,yz2])(zo) = 0 which contradicts to the fundamentality
of system 4,(z), 42().

Now suppose that the property B is not true. This implies the existence of a point
xo € [a, O] such that y](zo) # 0 and y5(xg) # 0. Without restriction of a reasoning
generality we assume that yj(xzo) = y5(xo) since in opposite case instead the pair
y1(z), y2(z) one may consider the pair g%gfggyl (z), y2(z). It is easy to note that
yi (x0) # y4 (xg) because in other case from (3.1) we would have y; (zo) = y2(x0),
and according to yj(xo) = y4(xp) and uniqueness of Cauchy’s problem solution
we would get y1(x) = y2(z), « € [, ] contradicting to the condition of linear
independence of functions y;(z), y2(x). Therefore yf (xo) # v5(xo) and as it is
easy to verify for ¢; = 1 and ¢ = —1 the condition of sign-constancy of the
function y'(z) = c1y;(x) + coyh(x) is violated in a neighborhood of the point .
This proves the property B.

Now, considering the segment [a, 5] as a topological space with the relative
topology induced from R, which is obviously connected, we have from the properties
A and B that one of the sets Ki, Ky is empty, whereas another coincides with
[a, 8], say K1 = [a, 8]. This means that y;(z) =0, x € [a, §], whence from (3.1)
b(x)yi(x) =0, = € [a, B]. According to our assumption b(x) # 0 and therefore
yi(x) = 0, = € [a, ). The last contradicts to the linear independence of the
functions y1(z), y2(x) and so the lemma is proven.

Now, let us prove Theorem (1.3). Consider unknown function 7(z2, z3) assuming
that 7(x2,23) = ug, (0,22,23). Then, according to (2.4) the regular solution of
equation (1.1) with boundary conditions

u(z1,22,0) = p12(21,22), u(x1,0,23) = p13(21, 23),
u(0, 22, 73) = pa3(T2,23), Uz, (0,22, 73) = T(72,23),

and the compatibility conditions

e12(21,0) = p13(21,0) = @1(x1), ©12(0,22) = 23(2,0) = Y2(x2),
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©13(0,73) = 23(0,23) = w3(73), ¥1(0) = ¥2(0) = ¢3(0) = o,

are given by formula
u(@y, v2,23) = [vz, — a"110](0,0,0;2)p9

x1
+/0 (g, — ")) — a®topr)(y1, 0,05 2)dy
z2
+ / (02 — a1 ol + [(@®010), — " V)ipa) (0, ya, 05 2)dys
0
z3
+/0 (02 — a1l + [(@00),, — a00]05)(0, 0, ya: )dys

A 824,012 2,0,1 D12
+/ / (v, [3y18y2 T By ]

ol o1z (a0~ 101)5@12 0119912 12

+a"% 015]) (y1, Y2, 0; 2)dy1 dyo

6y16y2 1 6y1 6y2
A [—82”“’ a0 2]
'Oy 0y3 o
D*o13 13 110913
*”[al’l’lmf( ay—a" 0= o i +a%"013] ) (y1, 0, ys; 2)dy1 dys
/m/ 329023 ta 21,0092 + 20135023+a2,0,0<p23]
8y26y3 ) 0ys
0% o3 Opas Opas
o1l L (210 _ gl 1,0y 9%28 001 _ 1,01 2,00 _ 1,0,0
v 0y20y3 (az, ) 0y (az) ) s 0y3 -z @ )ens

021 21067- 2018 200
* Tary s ta +a” 0,y2,y3; x)dy2d
y20y3 o dys 71)(0,y2,y3; ¥)dy2dys
/ / / y7 dyldygdy3
0

Now, putting z; = 27 in the last expression and taking into account that
u(2Y, 29, 73) = 1 (z2,73) We come after some transformations to the Volterra inte-
gral equation with regard to the function 7(xq, x3):

x3
U(07$2,$3;9€?7$2,$3)T($27933)+/ 01(0, x2, y3; 27, ¥2, 23)7(T2, y3)dys
0

xro xr3
+/ / 02(0, yo, y3; 23, T2, ¥3)7(y2, Y3)dy2dys = x(z2,73), (3.2)
o Jo

where 61, 65 and x are known functions. As it is well-known the last equation is
solvable if

0 0 0
v(0, 22, x3; 27,22, 23) #0, 0<xp <zy, 0 <235 <uaj.

Further, according to the fourth condition of (2.2) for the Riemann function we
have

[1}1111 - (a17171v)$1 + a0717lv]($1,$2,$3;l‘?,.ﬁz,xg) = Oa

0 0 0
0<z; <2y, 0< 25 <7y, 0< w3 < 3.
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Consider the last expression as an ordinary differential equation with respect to x1,
for fixed x5 and z3, and rewrite it as

Uzlzl(x17x2ax3§x?7x27x3) - al’l’l(fEl,9627583)%1(361,%275103;90(1)75627553)
+ [a®V Y (21, 20, 23) — a}c’ll’l(xl,xg, x3)|v(zy, 2o, 35 2%, 20, 23) = 0. (3.3)

Now, if we assume (1.7) holds, then the solution of (3.3) is monotonous. Taking
into account that due to the last differential relations of (2.2)

0 . ..0 _ 0 . .0 _
U(.’El,l‘27$ﬁ'3,l’17$2,$3) - 07 U$1($1a$27x3,x17x27$3) =1

we have

v(0, 29, 2352, 29, 23) #0, 0< 29 <29, 0< 23 < 2.
Further, assuming (1.7) holds, (3.2) is uniquely solvable with regard to the function
T(x2, x3). Replacing the last condition of (1.5) by us, (0, 22, x3) = 7(x2, x3) we come
to the problem (1.1), (1.2), (1.3) which solution will satisfy conditions (1.5). This
proves the Theorem (1.3).
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