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STABILITY FOR A COUPLED SYSTEM OF WAVE EQUATIONS
OF KIRCHHOFF TYPE WITH NONLOCAL BOUNDARY

CONDITIONS

JORGE FERREIRA, DUCIVAL C. PEREIRA, & MAURO L. SANTOS

Abstract. We consider a coupled system of two nonlinear wave equations of

Kirchhoff type with nonlocal boundary condition and we study the asymptotic

behavior of the corresponding solutions. We prove that the energy decay at the
same rate of decay of the relaxation functions, that is, the energy decays expo-
nentially when the relaxation functions decay exponentially and polynomially

when the relaxation functions decay polynomially.

1. Introduction

The main purpose of this article is to study the existence of global solutions and
the asymptotic behavior of the energy related to a coupled system of two nonlinear
wave equations of Kirchhoff type with nonlocal boundary condition. Consider the
system of equations

utt −M(‖∇u‖2
2 + ‖∇v‖2

2)∆u−∆ut + f1(u) = 0 in Ω× (0,∞), (1.1)

vtt −M(‖∇u‖2
2 + ‖∇v‖2

2)∆v −∆vt + f2(v) = 0 in Ω× (0,∞), (1.2)

u = v = 0 on Γ0 × (0,∞), (1.3)

u+
∫ t

0

g1(t− s)((M(‖∇u(s)‖2
2 + ‖∇v(s)‖2

2)
∂u

∂ν
(s) +

∂ut

∂ν
(s))ds = 0

on Γ1 × (0,∞),
(1.4)

v +
∫ t

0

g2(t− s)((M(‖∇u(s)‖2
2 + ‖∇v(s)‖2

2)
∂v

∂ν
(s) +

∂vt

∂ν
(s))ds = 0

on Γ1 × (0,∞),
(1.5)

(u(0, x), v(0, x)) = (u0(x), v0(x)), (ut(0, x), vt(0, x)) = (u1(x), v1(x)) in Ω,
(1.6)

where Ω is a bounded domain of Rn, n ≥ 1, with smooth boundary Γ = Γ0 ∪ Γ1.
Here, Γ0 and Γ1 are closed, disjoint, Γ0 6= ∅ and ν is the unit normal vector
pointing towards the exterior of Ω. The equations (1.4)-(1.5) are nonlocal boundary
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conditions responsible for the memory effect. Concerning the history condition, we
must add the condition

u = v = 0 on Γ0×]−∞, 0].

We observe that, u and v represent transverse displacements. The relaxation func-
tions gi are positive and non decreasing; while the functions fi ∈ C1(R), i = 1, 2,
satisfy

fi(s)s ≥ 0 ∀s ∈ R
Additionally, we suppose that fi is superlinear, that is

fi(s)s ≥ (2 + δ)Fi(s), Fi(z) =
∫ z

0

fi(s)ds ∀s ∈ R, i = 1, 2,

for some δ > 0. Also the following growth conditions are satisifed:

|fi(x)− fi(y)| ≤ c(1 + |x|ρ−1 + |y|ρ−1)|x− y|, ∀x, y ∈ R, i = 1, 2,

for some c > 0 and ρ ≥ 1 such that (n−2)ρ ≤ n. We shall assume that the function
M ∈ C1([0,∞[) satisfies

M(λ) ≥ m0 > 0, M(λ)λ ≥ M̂(λ), ∀λ ≥ 0, (1.7)

where M̂(λ) =
∫ λ

0
M(s)ds. Also, we shall assume that there exists x0 ∈ Rn such

that

Γ0 = {x ∈ Γ : ν(x) · (x− x0) ≤ 0},
Γ1 = {x ∈ Γ : ν(x) · (x− x0) > 0}.

Let us denote by m(x) = x− x0. Note that by the compactness of Γ1, there exist
a small positive constant δ0 such that

0 < δ0 ≤ m(x) · ν(x), ∀x ∈ Γ1. (1.8)

The existence of global solutions and exponential decay to the problem (1.1), (1.3)
with ∂Ω = Γ0 and frictional dissipative damping has been investigated by many
authors (see, e.g. [1, 2, 3, 4, 8, 9, 10, 12] ). There exists a large body of literature
regarding viscoelastic problems with the memory term acting in the domain or in
the boundary. Among the numerous works in this direction, we can cite Rivera
[5] and M. L. Santos [15, 16]. Park & Bae [13] studied the existence and uniform
decay of strong solutions of the coupled wave equations (1.1)-(1.2) with nonlinear
boundary damping and memory source term and M(s) = 1 + s. In the present
paper, we obtained respectively besides the exponential decay and uniform rate of
polynomial decay. Moreover, the system (1.1)-(1.6) is more general than the system
considered in [13], because they only consider the case in that M(s) = 1 + s. As
we have said before we study the asymptotic behavior of the solutions of system
(1.1)-(1.6). We show that the energy of the coupled system (1.1)-(1.6) decays
uniformly in time with the same rate of decay of the relaxation functions. More
precisely, denoting by k1 and k2 the resolvent kernels of −g′1/g1(0) and −g′2/g2(0)
respectively, we show that the energy decays exponentially to zero provided k1

and k2 decays exponentially to zero. When the resolvent kernels k1 and k2 decays
polynomially, we show that energy also decays polynomially to zero. This means
that the memory effect produces strong dissipation capable of making a uniform
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rate of decay for the energy. The method used is based on the construction of a
suitable Lyapunov functional L satisfying

d

dt
L(t) ≤ −c1L(t) + c2e

−γt or
d

dt
L(t) ≤ −c1L(t)1+

1
α +

c2
(1 + t)α+1

for some positive constants c1, c2, γ and α. Note that, because of condition (1.3)
the solution of the system (1.1)-(1.6) must belong to the space

V := {v ∈ H1(Ω) : v = 0 on Γ0}.
The notation used in this paper is standard and can be found in Lion’s book [7].
In the sequel by c (sometime c1, c2, . . . ) we denote various positive constants inde-
pendent of t and on the initial data. The organization of this paper is as follows.
In section 2 we establish the existence and uniqueness of strong solutions for the
system (1.1)-(1.6). In section 3 we prove the uniform rate exponential decay. In
section 4 we prove the uniform rate of polynomial decay.

2. Notation and Main Results

In this section we shall study the existence and regularity of solutions for the
coupled system (1.1)-(1.6). First, we shall use equations (1.4)-(1.5) to estimate the
terms M(‖∇u(t)‖2

2 + ‖∇v(t)‖2
2)

∂u
∂ν + ∂ut

∂ν and M(‖∇u(t)‖2
2 + ‖∇v(t)‖2

2)
∂v
∂ν + ∂vt

∂ν .
Denoting by

(g ∗ ϕ)(t) =
∫ t

0

g(t− s)ϕ(s)ds,

the convolution product operator and differentiating the equations (1.4) and (1.5)
we arrive at the following Volterra equations:

M(‖∇u(t)‖2
2 + ‖∇v(t)‖2

2)
∂u

∂ν
+
∂ut

∂ν
+

1
g1(0)

g′1 ∗ (M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)

= − 1
g1(0)

ut,

M(‖∇u(t)‖2
2 + ‖∇v(t)‖2

2)
∂v

∂ν
+
∂vt

∂ν
+

1
g2(0)

g′2 ∗ (M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)

= − 1
g2(0)

vt.

Applying the Volterra’s inverse operator, we get

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
= − 1

g1(0)
{ut + k1 ∗ ut},

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
= − 1

g2(0)
{vt + k2 ∗ vt},

where the resolvent kernels satisfies

ki +
1

gi(0)
g′i ∗ ki = − 1

gi(0)
g′i for i = 1, 2.

Denoting τ1 = 1
g1(0)

and τ2 = 1
g2(0)

, we obtain

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
= −τ1{ut + k1(0)u− k1(t)u0 + k′1 ∗ u} (2.1)

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
= −τ2{vt + k2(0)v − k2(t)v0 + k′2 ∗ v}. (2.2)
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Reciprocally, taking initial data such that u0 = v0 = 0 on Γ1, the identities (2.1)-
(2.2) imply (1.4)-(1.5). Since we are interested in relaxation functions of exponential
or polynomial type and the identities (2.1)-(2.2) involve the resolvent kernels ki,
we want to know if ki has the same properties. The following Lemma answers this
question. Let h be a relaxation function and k its resolvent kernel, that is

k(t)− k ∗ h(t) = h(t). (2.3)

Lemma 2.1. If h is a positive continuous function, then k is also a positive con-
tinuous function. Moreover,

(1) If there exist positive constants c0 and γ with c0 < γ such that h(t) ≤
c0e

−γt, then, the function k satisfies

k(t) ≤ c0(γ − ε)
γ − ε− c0

e−εt,

for all 0 < ε < γ − c0.
(2) Given p > 1, let us denote by cp := supt∈R+

∫ t

0
(1+t)p(1+t−s)−p(1+s)−p ds.

If there exists a positive constant c0 with c0cp < 1 such that h(t) ≤ c0(1 +
t)−p, then, the function k satisfies

k(t) ≤ c0
1− c0cp

(1 + t)−p.

Proof. Note that k(0) = h(0) > 0. Now, we take t0 = inf{t ∈ R+ : k(t) = 0}, so
k(t) > 0 for all t ∈ [0, t0[. If t0 ∈ R+, from equation (2.3) we get that −k ∗ h(t0) =
h(t0) but this is contradictory. Therefore k(t) > 0 for all t ∈ R+

0 . Now, let us fix ε,
such that 0 < ε < γ − c0 and denote by

kε(t) := eεtk(t), hε(t) := eεth(t).

Multiplying equation (2.3) by eεt we get kε(t) = hε(t) + kε ∗ hε(t), hence

sup
s∈[0,t]

kε(s) ≤ sup
s∈[0,t]

hε(s)+
( ∫ ∞

0

c0e
(ε−γ)s ds

)
sup

s∈[0,t]

kε(s) ≤ c0+
c0

(γ − ε)
sup

s∈[0,t]

kε(s).

Therefore,

kε(t) ≤
c0(γ − ε)
γ − ε− c0

,

which implies our first assertion. To show the second part we use the notation

kp(t) := (1 + t)pk(t), hp(t) := (1 + t)ph(t).

Multiplying equation (2.3) by (1 + t)p we get

kp(t) = hp(t) +
∫ t

0

kp(t− s)(1 + t− s)−p(1 + t)ph(s) ds ,

hence

sup
s∈[0,t]

kp(s) ≤ sup
s∈[0,t]

hp(s) + c0cp sup
s∈[0,t]

kp(s) ≤ c0 + c0cp sup
s∈[0,t]

kp(s).

Therefore,

kp(t) ≤
c0

1− c0cp
,

which proves our second assertion. �
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Remark: The fact that the constant cp is finite can be found in [14, Lemma 7.4].
Due to this Lemma, in the remainder of this paper, we shall use (2.1)-(2.2)

instead of (1.4)-(1.5). Let us denote

(g�ϕ)(t) :=
∫ t

0

g(t− s)|ϕ(t)− ϕ(s)|2ds.

The following lemma states an important property of the convolution operator.

Lemma 2.2. For g, ϕ ∈ C1([0,∞[: R) we have

(g ∗ ϕ)ϕt = −1
2
g(t)|ϕ(t)|2 +

1
2
g′�ϕ− 1

2
d

dt

[
g�ϕ− (

∫ t

0

g(s)ds)|ϕ|2
]
.

The proof of this lemma follows by differentiating the expression g�ϕ.
The first order energy of coupled system (1.1)-(1.6) is defined as

E(t) := E(t, u, v)

=
1
2

∫
Ω

|ut|2dx+
1
2

∫
Ω

|vt|2dx+
1
2
M̂(‖∇u‖2

2 + ‖∇v‖2
2) +

∫
Ω

F1(u)dx

+
∫

Ω

F2(v)dx+
τ1
2
k1(t)

∫
Γ1

|u|2dΓ1 −
τ1
2

∫
Γ1

k′1�udΓ1

+
τ2
2
k2(t)

∫
Γ1

|v|2dΓ1 −
τ2
2

∫
Γ1

k′2�vdΓ1.

The main goal of this work is given by the following Theorem.

Theorem 2.3. Let ki ∈ C2(R+) be such that ki,−k′i, k′′i ≥ 0 for i = 1, 2. If
(u0, v0) ∈ (H2(Ω) ∩ V )2 and (u1, v1) ∈ (H2(Ω) ∩ V )2 satisfy the compatibility
conditions

M(‖∇u0‖2
2 + ‖∇v0‖2

2)
∂u0

∂ν
+
∂u1

∂ν
+ τ1u1 = 0 onΓ1, (2.4)

M(‖∇u0‖2
2 + ‖∇v0‖2

2)
∂v0
∂ν

+
∂v1
∂ν

+ τ2v1 = 0 onΓ1. (2.5)

Then there exists only one solution (u, v) of the system (1.1)-(1.6) satisfying

u, v ∈ L∞(0, T : V ), ut, vt ∈ L∞(0, T : V ) ,

utt, vtt ∈ L∞(0, T : L2(Ω)), ∆u,∆v ∈ L∞(0, T : L2(Ω)) ,

∆ut,∆vt ∈ L2(0, T : L2(Ω)).

In addition, considering (1.8) and assuming that there exist positive constants b1,
b2 such that

ki(0) > 0, k′i(t) ≤ −b1ki(t), k′′i (t) ≥ −b2k′i(t), i = 1, 2, or (2.6)

ki(0) > 0, k′i(t) ≤ −b1k′i(t)
1+ 1

p , k′′i (t) ≥ b2[−k′i(t)]
1+ 1

p+1 , p > 1, i = 1, 2
(2.7)

then the energy E(t) associated to problem (1.1)-(1.6) decays, respectively, a the
following rate

E(t) ≤ α1e
−α2tE(0), (2.8)

E(t) ≤ c

(1 + t)p+1
E(0), (2.9)

where α1, α2 and c are positive constants.
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Proof of the existence of regular solutions. The main idea is to use the
Galerkin method. To do this let us take a basis {wj}j∈N to V which is orthonormal
in L2(Ω) and we represent by Vm the subspace of V generated by the first m vectors.
Standard results on ordinary differential equations guarantee that there exists only
one local solution

(um(t), vm(t)) :=
m∑

j=1

(gj,m(t), hj,m(t))wj ,

of the approximate systems∫
Ω

um
ttwdx+M(‖∇um(t)‖2

2 + ‖∇vm(t)‖2
2)

∫
Ω

∇um · ∇w dx

+
∫

Ω

∇um
t · ∇wdx+

∫
Ω

f1(um)w dx

= −τ1
∫

Γ1

{um
t + k1(0)um − k1(t)um(0) + k′1 ∗ um}wdΓ1

(2.10)

and ∫
Ω

vm
ttwdx+M(‖∇um(t)‖2

2 + ‖∇vm(t)‖2
2)

∫
Ω

∇vm · ∇w dx

+
∫

Ω

∇vm
t · ∇w dx+

∫
Ω

f2(vm)w dx

= −τ2
∫

Γ1

{vm
t + k2(0)vm − k2(t)vm(0) + k′2 ∗ vm}wdΓ1,

(2.11)

for all w ∈ Vm with the initial data

(um(0), vm(0)) = (u0, v0), (um
t (0), vm

t (0)) = (u1, v1).

The extension of these solutions to the whole interval [0, T ], 0 < T < ∞, is a
consequence of the first estimate below.
A priori estimate I. Replacing w by u′m(t) in (2.10) and v′m(t) in (2.11), respectively,
and then adding the results and using Lemma 2.2 we conclude that

d

dt
E(t, um, vm) ≤ cE(0, um, vm).

Integrating over [0, t] and taking into account the definition of the initial data of
(um, vm) we conclude that

E(t, um, vm) ≤ c, ∀t ∈ [0, T ], ∀m ∈ N. (2.12)

A priori estimate II. First, we estimate the initial data um
tt (0) and vm

tt (0) in the
L2-norm. Letting t→ 0+ in the equations (2.10)-(2.11), replacing w by u′′m(0) and
v′′m(0), respectively, and using the compatibility conditions (2.4)-(2.5) we get

‖um
tt (0)‖2

2

= M(‖∇u0‖2
2 + ‖∇v0‖2

2)
∫

Ω

∆u0u
m
tt (0)dx+

∫
Ω

∆u1u
m
tt (0)dx−

∫
Ω

f1(u0)um
tt (0)dx,

‖vm
tt (0)‖2

2

= M(‖∇u0‖2
2 + ‖∇v0‖2

2)
∫

Ω

∆v0vm
tt (0)dx+

∫
Ω

∆v1vm
tt (0)dx−

∫
Ω

f2(v0)vm
tt (0)dx.
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Since (u0, v0) ∈ [H2(Ω)]2, the growth hypothesis for the functions f1 and f2 together
with the Sobolev’s imbedding imply f1(u0), f2(v0) ∈ L2(Ω). Hence

‖um
tt (0)‖2 + ‖vm

tt (0)‖2 ≤ c1, ∀m ∈ N. (2.13)

Differentiating the equations (2.10)-(2.11) with respect to the time, replacing w by
u′′m(t) and v′′m(t), respectively, and summing the results we arrive at

1
2
d

dt

{∫
Ω

|um
tt |2dx+

∫
Ω

|vm
tt |2dx

}
+

∫
Ω

|∇um
tt |2dx+

∫
Ω

|∇vm
tt |2dx

= −M(‖∇um‖2
2 + ‖∇vm‖2

2)
{∫

Ω

∇um
t · ∇um

ttdx+
∫

Ω

∇vm
t · ∇vm

tt dx
}

+ 2M ′(‖∇um‖2
2 + ‖∇vm‖2

2)
{∫

Ω

∇um∇um
t dx+

∫
Ω

∇vm∇vm
t dx

}
×

{∫
Ω

∇um · ∇um
ttdx+

∫
Ω

∇vm · ∇vm
tt dx

}
−

∫
Ω

f ′1(u
m)um

t u
m
ttdx

−
∫

Ω

f ′2(v
m)vm

t v
m
tt dx− τ1

∫
Γ1

|um
tt |2dx− τ1

∫
Γ1

k1(0)um
t u

m
ttdΓ1

+ τ1k
′
1(t)

∫
Γ1

um(0)um
ttdΓ1 − τ1

∫
Γ1

(k′1 ∗ um)tu
m
ttdΓ1 − τ2

∫
Γ1

|vm
tt |2dx

− τ2

∫
Γ1

k2(0)vm
t v

m
tt dΓ1 + τ2k

′
2(t)

∫
Γ1

vm(0)vm
tt dΓ1 − τ2

∫
Γ1

(k′2 ∗ vm)tv
m
tt dΓ1.

Noting that

(k′1 ∗ um)t = k′1(t)u
m
0 +

∫ t

0

k′1(t− s)um(·, s)ds,

(k′2 ∗ vm)t = k′2(t)v
m
0 +

∫ t

0

k′2(t− s)vm(·, s)ds

and using Lemma 2.2, we obtain

1
2
d

dt

{∫
Ω

|um
tt |2dx+

∫
Ω

|vm
tt |2dx+ τ1k1(t)

∫
Γ1

|um
t |2dΓ1 − τ1

∫
Γ1

k′1�u
m
t dΓ1

− τ2k2(t)
∫

Γ1

|vm
t |2dΓ1 − τ2

∫
Γ1

k′2�v
m
t dΓ1

}
+

∫
Ω

|∇um
tt |2dx+

∫
Ω

|∇vm
tt |2dx

= −M(‖∇um‖2
2 + ‖∇vm‖2

2)
{∫

Ω

∇um
t · ∇um

ttdx+
∫

Ω

∇vm
t · ∇vm

tt dx

}
+ 2M ′(‖∇um‖2

2 + ‖∇vm‖2
2)

{∫
Ω

umum
t dx+

∫
Ω

vmvm
t dx

}
×

{∫
Ω

∇um · ∇um
ttdx+

∫
Ω

∇vm · ∇vm
tt dx

}
−

∫
Ω

f ′1(u
m)um

t u
m
ttdx

−
∫

Ω

f ′2(v
m)vm

t v
m
tt dx− τ1

∫
Γ1

|um
tt |2dx+ τ1k

′
1(t)

∫
Γ1

um(0)um
ttdΓ1

+
τ1
2
k′1(t)

∫
Γ1

|um
t |2dΓ1 −

τ1
2

∫
Γ1

k′′1�um
t dΓ1 − τ2

∫
Γ1

|vm
tt |2dx

+ τ1k
′
2(t)

∫
Γ1

vm(0)vm
tt dΓ1 +

τ1
2
k′2(t)

∫
Γ1

|um
t |2dΓ1 −

τ1
2

∫
Γ1

k′′1�um
t dΓ1.
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Let us take pn = 2n/(n − 2). From the growth condition of the functions fi and
from the Sobolev imbedding we have∫

Ω

f ′1(u
m)um

t u
m
ttdx

≤ c

∫
Ω

(1 + 2|um|ρ−1)|um
t ‖um

tt |dx

≤ c
[ ∫

Ω

(1 + 2|um|ρ−1)ndx
]1/n[ ∫

Ω

|um
t |pndx

]1/pn
[ ∫

Ω

|um
tt |2dx

]1/2

≤ c
[ ∫

Ω

(1 + |∇um|2)dx
](ρ−1)/2[ ∫

Ω

|∇um
t |2dx

]1/2[ ∫
Ω

|um
tt |2dx

]1/2

.

Taking into account the estimate (2.12) we conclude that∫
Ω

f ′1(u
m)um

t u
m
ttdx ≤ c

[ ∫
Ω

|∇um
t |2dx

]1/2[ ∫
Ω

|um
tt |2dx

]1/2

≤ c
{∫

Ω

|∇um
t |2dx+

∫
Ω

|um
tt |2dx

}
.

(2.14)

Similarly we get∫
Ω

f ′2(v
m)vm

t v
m
tt dx ≤ c

{∫
Ω

|∇vm
t |2dx+

∫
Ω

|vm
tt |2dx

}
. (2.15)

Note that Young’s inequality, the first estimate and hypothesis on M give us

M(‖∇um‖2
2 + ‖∇vm‖2

2)
{∫

Ω

∇um
t · ∇um

ttdx+
∫

Ω

∇vm
t · ∇vm

tt dx
}

≤ c
{∫

Ω

(|∇um
t |2 + |∇vm

t |2)dx+
1
4

∫
Ω

|∇um
tt |2dx+

1
4

∫
Ω

|∇vm
tt |2dx

} (2.16)

and similarly

2M ′(‖∇um‖2
2 + ‖∇vm‖2

2)
{∫

Ω

umum
t dx+

∫
Ω

vmvm
t dx

}
×

{∫
Ω

∇um · ∇um
ttdx+

∫
Ω

∇vm · ∇vm
tt dx

}
≤ c

{∫
Ω

(|∇um
t |2 + |∇vm

t |2)dx+
1
4

∫
Ω

|∇um
tt |2dx+

1
4

∫
Ω

|∇vm
tt |2dx

}
.

(2.17)

Substitution of inequalities (2.14)-(2.17) into (2.14) yields

1
2
d

dt

{∫
Ω

|um
tt |2dx+

∫
Ω

|vm
tt |2dx+ τ1k1(t)

∫
Γ1

|um
t |2dΓ1 − τ1

∫
Γ1

k′1�u
m
t dΓ1

+ τ2k2(t)
∫

Γ1

|vm
t |2dΓ1 − τ2

∫
Γ1

k′2�v
m
t dΓ1

}
+

1
2

∫
Ω

|∇um
tt |2dx+

1
2

∫
Ω

|∇vm
tt |2dx

≤ τ1c

2

∫
Γ1

|u0|2dΓ1 +
τ2c

2

∫
Γ1

|v0|2dΓ1 + c

∫
Ω

(|∇um
t |2 + |∇vm

t |2)dx

+ c
{∫

Ω

|um
tt |2dx+

∫
Ω

|vm
tt |2dx

}
.
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Integrating with respect to time and applying Gronwall’s inequality we conclude
that for all m ∈ N and all t ∈ [0, T ],∫

Ω

|um
tt |2dx+

∫
Ω

|vm
tt |2dx+

∫ t

0

∫
Ω

|∇um
tt |2dx+

∫ t

0

∫
Ω

|∇vm
tt |2dx ≤ c . (2.18)

A priori estimate III. Replacing w by −∆um
t in (2.10) and by −∆vm

t in (2.11),
respectively, and then using the Green’s formula and adding the results yields

−
∫

Ω

um
tt ∆u

m
t dx−

∫
Ω

vm
tt ∆vm

t dx+M(‖∇um‖2
2 + ‖∇vm‖2

2){
∫

Ω

∆um∆um
t dx

+
∫

Ω

∆vm∆vm
t dx}+

∫
Ω

|∆um
t |2dx+

∫
Ω

|∆vm
t |2dx

=
∫

Ω

f1(um)∆um
t dx+

∫
Ω

f2(vm)∆vm
t dx.

Using similar arguments as in (2.18) we conclude that for all m ∈ N and all all
t ∈ [0, T ],

‖∆um‖2
2 +

∫ T

0

‖∆um
t (t)‖2

2dt+ ‖∆vm‖2
2 +

∫ T

0

‖∆vm
t (t)‖2

2dt ≤ c . (2.19)

Now, from estimates (2.12), (2.18) and (2.19) and of the Lions-Aubin’s compactness
Theorem we can pass to the limit in (2.10)-(2.11). The rest of the proof is a matter
of routine.

3. Uniform Rate of Exponential Decay

In this section we shall study the asymptotic behavior of the solutions of system
(1.1)-(1.6) when the resolvent kernels k1 and k2 satisfy (2.6). Our point of departure
will be to establish some inequalities for the strong solution of coupled system (1.1)-
(1.6).

Lemma 3.1. Any strong solution (u, v) of the system (1.1)-(1.6) satisfy
d

dt
E(t) ≤ −τ1

2

∫
Γ1

|ut|2dΓ1 +
τ1
2
k2
1(t)

∫
Γ1

|u0|2dΓ1 +
τ1
2
k′1(t)

∫
Γ1

|u|2dΓ1

− τ1
2

∫
Γ1

k′′1�udΓ1 −
τ2
2

∫
Γ1

|vt|2dΓ1 +
τ2
2
k2
2(t)

∫
Γ1

|v0|2dΓ1

+
τ2
2
k′2(t)

∫
Γ1

|v|2dΓ1 −
τ2
2

∫
Γ1

k′′2�vdΓ1 −
∫

Ω

{|∇ut|2 + |∇vt|2}dx.

Proof. Multiplying the equation (1.1) by ut and integrating by parts over Ω we get
1
2
d

dt

∫
Ω

|ut|2dx+
1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)
d

dt

∫
Ω

|∇u|2dx+
∫

Ω

F1(u)dx+
∫

Ω

|∇ut|2dx

=
∫

Γ1

{(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
}utdΓ1.

Similarly we have
1
2
d

dt

∫
Ω

|vt|2dx+
1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)
d

dt

∫
Ω

|∇v|2dx+
∫

Ω

F2(v)dx+
∫

Ω

|∇vt|2dx

=
∫

Γ1

{(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
}vtdΓ1.
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Summing the above identities, substituting the boundary terms by (2.1)-(2.2) and
using Lemma 2.1 our conclusion follows. �

Let us consider the binary operator

(k � ϕ)(t) :=
∫ t

0

k(t− s)(ϕ(t)− ϕ(s))ds.

Then applying the Hölder’s inequality for 0 ≤ µ ≤ 1 we have

|(k � ϕ)(t)|2 ≤
[ ∫ t

0

|k(s)|2(1−µ)ds
]
(|k|2µ�ϕ)(t). (3.1)

Let us introduce the functionals

N (t) :=
∫

Ω

(|ut|2 + |vt|2 + F1(u) + F2(v))dx+ M̂(‖∇u‖2
2 + ‖∇v‖2

2),

ψ(t) =
∫

Ω

{
m · ∇u+ (

n

2
− θ)u

}
utdx+

∫
Ω

{
m · ∇v +

(n
2
− θ)v

}
vtdx,

where θ is a small positive constant. The following Lemma plays an important role
for the construction of the Lyapunov functional.

Lemma 3.2. For any strong solution of the system (1.1)-(1.6) we get

d

dt
ψ(t) ≤ −θ

2
N (t) + c

∫
Γ1

(|ut|2 + |k1(t)u|2 + |k′1 � u|2 + |k1(t)u0|2)dΓ1

+ c

∫
Γ1

(|vt|2 + |k2(t)v|2 + |k′2 � v|2 + |k2(t)v0|2)dΓ1

+ cε

∫
Ω

(|∇ut|2 + |∇vt|2)dx,

for some positive constants c and ε.

Proof. From equation (1.1) we obtain

d

dt

∫
Ω

ut

{
m · ∇u+

(n
2
− θ

)
u
}
dx

=
∫

Ω

utm · ∇utdx+
(n
2
− θ

) ∫
Ω

|ut|2dx

+
∫

Ω

m · ∇u(M(‖∇u‖2
2 + ‖∇v‖2

2)∆u+ ∆ut − f1(u))dx

+ (
n

2
− θ)

∫
Ω

u(M(‖∇u‖2
2 + ‖∇v‖2

2)∆u+ ∆ut − f1(u))dx.
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Performing a integration by parts and using the Young’s inequality, we get

d

dt

∫
Ω

ut

{
m · ∇u+ big(

n

2
− θ

)
u
}
dx

≤ 1
2

∫
Γ1

m · ν|ut|2dΓ1 − θ

∫
Ω

|ut|2dx

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)
{
m · ∇u+ (

n

2
− θ)u

}
dΓ1

− (1− θ)M(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇u|2dx

+ εcM(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇u|2dx+ cε

∫
Ω

|∇ut|2dx

− (
n

2
− θ)

∫
Ω

f1(u)udx+ n

∫
Ω

F1(u)dx

− 1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν|∇u|2dΓ1,

where ε is a positive constant. Taking into account that fi is superlinear we conclude
that

d

dt

∫
Ω

ut

{
m · ∇u+

(n
2
− θ

)
u
}
dx

≤ 1
2

∫
Γ1

m · ν|ut|2dΓ1 − θ

∫
Ω

|ut|2dx

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)
{
m · ∇u+ (

n

2
− θ)u

}
dΓ1

− (1− θ)M(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇u|2dx

+ εcM(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇u|2dx+ cε

∫
Ω

|∇ut|2dx

− (
n

2
− θ)(2 + δ)

∫
Ω

F1(u)dx−
1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν|∇u|2dΓ1.

Similarly, using equation (1.2) instead of (1.1) we get

d

dt

∫
Ω

vt

{
m · ∇v +

(n
2
− θ

)
v
}
dx

≤ 1
2

∫
Γ1

m · ν|vt|2dΓ1 − θ

∫
Ω

|vt|2dx

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)
{
m · ∇v + (

n

2
− θ)v

}
dΓ1

− (1− θ)M(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇v|2dx

+ εcM(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

|∇v|2dx+ cε

∫
Ω

|∇vt|2dx

− (
n

2
− θ)(2 + δ)

∫
Ω

F2(v)dx−
1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν|∇v|2dΓ1.
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Summing these two last inequalities we arrive at

d

dt
ψ(t) ≤ 1

2

∫
Γ1

m · ν(|ut|2 + |vt|2)dΓ1 − θ

∫
Ω

(|ut|2 + |vt|2)dx

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)
{
m · ∇u+ (

n

2
− θ)u

}
dΓ1

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)
{
m · ∇v + (

n

2
− θ)v

}
dΓ1

− (1− θ)M(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

(|∇u|2 + |∇v|2)dx

+ εcM(‖∇u‖2
2 + ‖∇v‖2

2)
∫

Ω

(|∇u|2dx+ |∇v|2)dx

+ cε

∫
Ω

(|∇ut|2 + |∇vt|2)dx− (
n

2
− θ)(2 + δ)

∫
Ω

F1(u)dx

− (
n

2
− θ)(2 + δ)

∫
Ω

F2(v)dx−
1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν|∇u|2dΓ1

− 1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν|∇v|2dΓ1.

Using Poincaré’s inequality and taking θ and ε small enough we obtain

d

dt
ψ(t) ≤ −θN (t) + cε

∫
Ω

(|∇ut|2 + |∇vt|2)dx+
1
2

∫
Γ1

m · ν(|ut|2 + |vt|2)dΓ1

− 1
2
M(‖∇u‖2

2 + ‖∇v‖2
2)

∫
Γ1

m · ν(|∇u|2 + |∇v|2)dΓ1

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)
{
m · ∇u+ (

n

2
− θ)u

}
dΓ1

+
∫

Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)
{
m · ∇v + (

n

2
− θ)v

}
dΓ1.

(3.2)
Now, we analyze some boundary term of the above inequality. Applying Young
and Poincaré’s inequalities we have, for ε1 > 0

∫
Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)
{
m · ∇u+ (

n

2
− θ)u

}
dΓ1

≤ ε1

∫
Γ1

{
|m · ∇u|2 +

(n
2
− θ

)2|u|2
}
dΓ1

+ cε1

∫
Γ1

|(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)|2dΓ1

≤ ε1c
{∫

Γ1

m · ν|∇u|2dΓ1 +N (t)
}

+ cε1

∫
Γ1

|(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
)|2dΓ1.
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Similarly, we obtain∫
Γ1

(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)
{
m · ∇v + (

n

2
− θ)v

}
dΓ1

≤ ε1

∫
Γ1

{
|m · ∇v|2 +

(n
2
− θ

)2|v|2
}
dΓ1

+ cε1

∫
Γ1

|(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)|2dΓ1

≤ ε1c
{∫

Γ1

m · ν|∇v|2dΓ1 +N (t)
}

+ cε1

∫
Γ1

|(M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
)|2dΓ1.

Substituting the two inequalities above into (3.2), choosing ε1 small snough and
taking into account that the boundary conditions (2.1)-(2.2) can be written as

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂u

∂ν
+
∂ut

∂ν
) = −τ1{ut + k1(t)u− k′1 � u− k1(t)u0},

M(‖∇u‖2
2 + ‖∇v‖2

2)
∂v

∂ν
+
∂vt

∂ν
) = −τ2{vt + k2(t)v − k′2 � v − k2(t)v0},

our conclusion follows. �

To show that the energy decay exponentially we need of the following Lemma
whose proof can be found in [16].

Lemma 3.3. Let f be a real positive function of class C1. If there exists positive
constants γ0, γ1 and c0 such that

f ′(t) ≤ −γ0f(t) + c0e
−γ1t,

then there exist positive constants γ and c such that f(t) ≤ (f(0) + c)e−γt.

Next, we shall show inequality (2.8). We shall prove this result for strong
solutions, that is, for solutions with initial data (u0, v0) ∈

(
H2(Ω) ∩ V

)2 and
(u1, v1) ∈

(
H2(Ω) ∩ V

)2 satisfying the compatibility conditions (2.4)- (2.5). Our
conclusion follow by standard density arguments. Using hypothesis (2.6) in Lemma
3.1 we get

d

dt
E(t) ≤ −τ1

2

∫
Γ1

(
|ut|2 − b2k

′
1�u+ b1k1(t)|u|2 − |k1(t)u0|2

)
dΓ

− τ2
2

∫
Γ1

(
|vt|2 − b2k

′
2�v + b1k2(t)|v|2 − |k2(t)v0|2

)
dΓ

−
∫

Ω

(|∇ut|2 + |∇vt|2)dx.
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On the other hand applying inequality (3.1) with µ = 1/2 in Lemma 3.2 we obtain

d

dt
ψ(t) ≤ −θ

2
N (t) + C

∫
Γ1

(
|ut|2 + k1(t)|u|2 − k′1�u+ |k1(t)u0|2

)
dΓ

+ C

∫
Γ1

(
|vt|2 + k2(t)|v|2 − k′2�v + |k2(t)v0|2

)
dΓ

+ cε

∫
Ω

(|∇ut|2 + |∇vt|2)dx.

Let us introduce the Lyapunov functional

L(t) := NE(t) + ψ(t), (3.3)

with N > 0. Taking N large, the previous inequalities imply that
d

dt
L(t) ≤ −θ

2
E(t) + 2NR2(t)E(0),

where R(t) = k1(t)+ k2(t). Moreover, using Young’s inequality and taking N large
we find that

N

2
E(t) ≤ L(t) ≤ 2NE(t). (3.4)

From this inequality we conclude that
d

dt
L(t) ≤ −θ

2
L(t) + 2NR2(t)E(0),

from where follows, in view of Lemma 3.3 and of the exponential decay of k1, k2,
that

L(t) ≤ {L(0) + c}e−γ1t,

for some positive constants c, γ. From the inequality (3.4) our conclusion follows.

4. Uniform Rate of Polynomial Decay

Our attention will be focused on the uniform rate of decay when the resolvent
kernels k1 and k2 satisfy (2.7). First of all we will prove the following three lemmas
that will be used in the sequel.

Lemma 4.1. Let (u, v) be a solution of system (1.1)-(1.6) and let us denote by
(φ1, φ2) = (u, v). Then, for p > 1, 0 < r < 1 and t ≥ 0, we have( ∫

Γ1

|k′i|�φidΓ1

) 1+(1−r)(p+1)
(1−r)(p+1)

≤ 2
( ∫ t

0

|k′i(s)|rds‖φi‖2
L∞(0,t;L2(Γ1))

) 1
(1−r)(p+1)

∫
Γ1

|k′i|
1+ 1

p+1 �φidΓ1

while for r = 0 we get( ∫
Γ1

|k′i|�φidΓ1

) p+2
p+1

≤ 2
( ∫ t

0

‖φi(s, .)‖2
L2(Γ1)

ds+ t‖φi(s, .)‖2
L2(Γ1)

)p+1
∫

Γ1

|k′i|
1+ 1

p+1 �φidΓ1,

for i = 1, 2.

For the proof of this lemma see e. g. [15].
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Lemma 4.2. Let f ≥ 0 be a differentiable function satisfying

f ′(t) ≤ − c1

f(0)
1
α

f(t)1+
1
α +

c2
(1 + t)β

f(0) for t ≥ 0,

for some positive constants c1, c2, α and β such that β ≥ α+ 1. Then there exists
a constant c > 0 such that

f(t) ≤ c

(1 + t)α
f(0) for t ≥ 0.

For the proof of this lemma see e. g. [16].
Next we show inequality (2.9). We shall prove this result for strong solutions,

that is, for solutions with initial data (u0, v0) ∈
(
H2(Ω) ∩ V

)2 and (u1, v1) ∈(
H2(Ω) ∩ V

)2 satisfying the compatibility conditions (2.4)- (2.5). Our conclusion
will follow by standard density arguments. We use some estimates of the previous
section which are independent of the behavior of the resolvent kernels k1, k2. Using
hypothesis (2.7) in Lemma 3.1 yields

d

dt
E(t) ≤ −τ1

2

∫
Γ1

(
|ut|2 + b2[−k′1]

1+ 1
p+1 �u+ b1k

1+ 1
p

1 (t)|u|2 − |k1(t)u0|2
)
dΓ1

− τ1
2

∫
Γ1

(
|vt|2 + b2[−k′2]

1+ 1
p+1 �v + b1k

1+ 1
p

2 (t)|v|2 − |k2(t)v0|2
)
dΓ1.

Applying inequality (3.1) with µ = p+2
2(p+1) and using hypothesis (2.7) we obtain the

estimates

|k′1 � u|2 ≤ c[−k′1]
1+ 1

p+1 �u, |k′2 � v|2 ≤ c[−k′2]
1+ 1

p+1 �v.

The above inequalities in Lemma 3.2 yields
d

dt
ψ(t) ≤ −θ

2
N (t) + c

∫
Γ1

(
|ut|2 + k

1+ 1
p

1 (t)|u|2 + [−k′1]
1+ 1

p+1 �u+ |k1(t)u0|2
)
dΓ1

+ c

∫
Γ1

(
|vt|2 + k

1+ 1
p

2 (t)|v|2 + [−k′2]
1+ 1

p+1 �v + |k2(t)v0|2
)
dΓ1.

In this conditions, taking N large the Lyapunov functional defined in (3.3) satisfies
d

dt
L(t) ≤ −θ

2
N (t) + 2NR2(t)E(0)

− Nc2
2

{∫
Γ1

[−k′1]
1+ 1

p+1 �udΓ1 +
∫

Γ1

[−k′2]
1+ 1

p+1 �vdΓ1

}
.

Let us fix 0 < r < 1 such that 1
p+1 < r < p

p+1 . From (2.7) we have that∫ ∞

0

|k′i|r ≤ c

∫ ∞

0

1
(1 + t)r(p+1)

<∞ for i = 1, 2.

Using this estimate in Lemma 4.1 we get∫
Γ1

[−k′1]
1+ 1

p+1 �udΓ1 ≥ cE(0)−
1

(1−r)(p+1)

( ∫
Γ1

[−k′1]�udΓ1

)1+ 1
(1−r)(p+1)

, (4.1)∫
Γ1

[−k′2]
1+ 1

p+1 �v dΓ1 ≥ cE(0)−
1

(1−r)(p+1)

( ∫
Γ1

[−k′2]�vdΓ1

)1+ 1
(1−r)(p+1)

. (4.2)

On the other hand, from the Trace theorem we have

E(t)1+
1

(1−r)(p+1) ≤ cE(0)
1

(1−r)(p+1)N (t). (4.3)
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Substitution of (4.1)-(4.3) into (4.1) we obtain
d

dt
L(t) ≤ −cE(0)−

1
(1−r)(p+1)E(t)1+

1
(1−r)(p+1) + 2NR2(t)E(0)

− cE(0)−
1

(1−r)(p+1)

{(∫
Γ1

[−k′1]�udΓ1

)1+ 1
(1−r)(p+1)

+
( ∫

Γ1

[−k′2]�vdΓ1

)1+ 1
(1−r)(p+1)

}
.

Taking into account the inequality (3.4) we conclude that
d

dt
L(t) ≤ − c

L(0)
1

(1−r)(p+1)
L(t)1+

1
(1−r)(p+1) + 2NR2(t)E(0),

for some c > 0, from where follows, applying Lemma 4.2, that

L(t) ≤ c

(1 + t)(1−r)(p+1)
L(0).

Since (1− r)(p+ 1) > 1 we get, for t ≥ 0, the following bounds

t‖u‖2
L2(Γ1)

+ t‖v‖2
L2(Γ1)

≤ tL(t) <∞,∫ t

0

(
‖u‖2

L2(Γ1)
+ ‖v‖2

L2(Γ1)

)
ds ≤ c

∫ t

0

L(t) ds <∞.

Using the above estimates in Lemma 4.1 with r = 0 we get∫
Γ1

[−k′1]
1+ 1

p+1 �udΓ1 ≥
c

E(0)
1

p+1

( ∫
Γ1

[−k′1]�udΓ
)1+ 1

p+1
,∫

Γ1

[−k′2]
1+ 1

p+1 �vdΓ1 ≥
c

E(0)
1

p+1

( ∫
Γ1

[−k′2]�vdΓ
)1+ 1

p+1
.

Using these inequalities instead of (4.1)-(4.2) and reasoning in the same way as
above we conclude that

d

dt
L(t) ≤ − c

L(0)
1

p+1
L(t)1+

1
p+1 + 2NR2(t)E(0).

Applying Lemma 4.2 again, we obtain

L(t) ≤ c

(1 + t)p+1
L(0).

Finally, from (3.4) we conclude

E(t) ≤ c

(1 + t)p+1
E(0),

which completes the present proof.

Remark. We would like to mention that for 3 or more variables:u,v,..., the same
procedure can be used to obtain similar conclusions.
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Departamento de Matemática-DMA, Universidade Estadual de Maringá-UEM
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E-mail address: jferreira@bs2.com.br

Ducival C. Pereira
Instituto de Estudos Superiores da Amazônia (IESAM), Av. Gov. José Malcher 1148,
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