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THE HEAT EQUATION AND THE SHRINKING

MASAKI KAWAGISHI & TAKESI YAMANAKA

ABSTRACT. This article concerns the Cauchy problem for the partial differen-
tial equation

du(t, ) — adu(t, @) = f(t,z, Fu(u(t)t, ), gu(t, v(t)z)) .
Here t and z are real variables, p and q are positive integers greater than 1, and

the shrinking factors u(t), v(t) are positive-valued functions such that their
suprema are less than 1.

1. INTRODUCTION

The effect of shrinkings placed on the independent variables has been investigated
in [1, 2, 3, 4]. All of the results obtained so far can be said to be on the same line
as the Cauchy-Kovalevskaja theorem. This means that the results obtained are
independent of the type of differential equations, such as parabolic or hyperbolic.
Therefore, there are possibilities for obtaining some new results in the study of the
effect of the shrinking by taking into account the type of differential equation. The
present note is our first attempt to pursue such possibilities. To be a bit more
exact, we consider here the problem of introducing shrinking factors into the one
dimensional heat equation

ou(t, x) — adsu(t,x) = f(t,x). (1.1)

In this equation wu(t,z) is the unknown real-valued function with (t,x) € R?, 9;
denotes partial differentiation with respect to the ith variable, f(¢,z) is a given
function of (¢,z), and a a positive constant.

Next, we recall a well-known result about the solution of (1.1) satisfying the
initial condition

u(0,x) = p(x). (1.2)

When ¢(x) and f(t,z) are continuous and bounded, if f(¢, ) satisfies the Holder
condition with respect to z, then a solution to (1.1)-(1.2), (on the domain ¢ >

2000 Mathematics Subject Classification. 35K05, 35K55, 35R10, 49K25.

Key words and phrases. Partial differential equation, heat equation, shrinking, delay, Gevrey.
(©2003 Texas State University-San Marcos.

Submitted April 1, 2003. Published September 17, 2003.

1



2 MASAKI KAWAGISHI & TAKESI YAMANAKA EJDE-2003/97

0, —00 < z < 00) is given by the formula

u(t, x)

_ Jeta) =00 )
[ Gltyx — €)p(€)de + [y dr [ G(t — 7,2 — &) f(r,6)dE if t >0,

where )
G(t,z) = — e~/ (4at) (t>0, —co <z < 00)

2v/mat
which is called the heat kernel. It is also well-known that (¢, x) given by (1.3) is
the only solution of the Cauchy problem (1.1)-(1.2) among the functions bounded
with respect to x.
In particular, when the initial value is

u(0,2) = p(x) =0, (1.4)

the formula (1.3) becomes

u(t,x) = /0 dT/_OO Gt —T,2 = &) f(r,&)dE. (1.5)

Note that there is no loss of generality if we consider only the homogeneous problem
(p(z) = 0). In fact, for a non-zero initial condition (1.2), a homogeneous problem
is obtained by replacing the unknown function wu(t, z) by u(t, x) — p(x).

Now we can state clearly the purpose of the present paper. In this note, we
consider the differential equation

ou(t,z) — adsu(t,z) = f(t,z,05u(u(t)t, ), 0du(t, v(t)x)) (1.6)

instead of the simple heat equation (1.1). In (1.6) t and z are real variables. u is a
real-valued unknown function. We assume that the positive-valued function p and
v satisfy sup, p(t) < 1 and sup, v(t) < 1; u is called the time shrinking factor and
v is called the space shrinking factor. p and ¢ denote integers greater than 1. As
for the function f(¢,z,v,w) we assume, for the sake of our convenience, that it is
a continuous function of (¢, z,v,w) and is a Gevrey function of (x,v,w). For the
definition of a Gevrey function see §3.

We want to solve the Cauchy problem for the equation (1.6) with the homoge-
neous condition (1.4) only, for the same reason as in the case of the simple heat
equation (1.1). Since the unique bounded solution of the Cauchy problem (1.1)-
(1.4) is given by (1.5), it is necessary and sufficient for a bounded function u(t, x) to
be a solution of the Cauchy problem (1.6)-(1.4) that it satisfies the integral equation

u(t,z) = /0 dr /_Oé(t — 71,2 —8)f(7,8,05u(u(r)T, s), du(r,v(T)s))ds.  (1.7)

To solve this integral equation, however, we need some preparations to be made
in the following two sections. Our final result in this note will be stated and proved
in §4. It can be generalized without any essential change to the n-dimensional case.
But, for the sake of simplicity of the notation, we refrain from doing so in this note.

Finally in this introduction we make a brief mention on the case where the
differential equation (1.6) is linear. As will be seen in the theorem in §4, the
domain of ¢ of existence of the solution u(t,z) to the general non-linear Cauchy
problem (1.6)-(1.4) may be smaller than the domain of ¢ for definition of the function
ft,z,v,w). If f(t,z,v,w) is linear in v and w, however, it can be shown that the
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domain of existence of u(¢, x) coincides with the domain of definition of f(¢,z, v, w).
We omit the details.

2. THE PROPERTIES OF INTEGRALS WITH THE HEAT KERNEL

As a preparation for solving the integral equation (1.7) let us recall some funda-
mental properties of an integral

| ctt-ra -9t (2.1)
Proposition 2.1. Let M, T be positive constants. Let g(t,z) be a real valued con-
tinuous function for (t,x) € R? with 0 < t < T. Assume that the inequality
lg(t,z)| < M holds. Then

Mtﬂ@:{ﬁiG@—ﬁx—Qﬁﬂﬁﬁ ift>r,

g(7,x) ift=r1 (22)

is continuous for (t,7,x) € R3 with 0 < 7 < t < T and satisfies the inequality
lo(t, 7, 2)] < M.

When the function g(¢, z) in the integral (2.1) is m times differentiable in x, then
the function v(t, 7,z) is also m times differentiable in z. To be exact we have the
following proposition; however, we omit its proof.

Proposition 2.2. Let g(t,z) be a real-valued bounded continuous function for
(t,z) € R? with 0 < t < T. Assume that g(t,z) is m times differentiable in x
and the partial derivatives 05g(t,z) (1 < k < m) are bounded continuous functions
for (t,x) € R? with 0 < t < T. Then the function v(t,,z) defined by (2.2) is m
times differentiable in x and the partial derivatives O5v(t,7,z), 1 <k <m, are

ST Gt — 12— €)05g(r,€)de if t >,

O5g(t,x) ift=r. (2:3)

8§v(t, T,T) = {

3. GEVREY FUNCTIONS

As stated in §1, our purpose in the present note is to solve the Cauchy problem
(1.6)-(1.4). To be more exact, we assume that the function f(¢,z,v,w) in (1.6) is a
Gevrey function of (z,v,w) and seek a solution u(t, z) that is a Gevrey function of
x. In this section, we shall recall the definition of Gevrey function and state some
fundamental properties of Gevrey functions.

Gevrey functions of one variable. We denote by Z_ the set of all non-negative
integers. Let I be a real interval and A a constant greater than 1. Let A be a fix
constant greater than 1.

If for a C'*° function w : I — R there are positive constants C, M such that

w® ()] < CM* (k1)

holds for all z € I and all k € Z, then w is called a Gevrey function on I of order
A

It is easy to see that a C*° function w : I — R is a Gevrey function of order A
if and only if there are positive constants C’, L such that

lw® (z)] < 27°C LF(RDM1 4 k)2
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holds for all z € I and all k € Z,. So we write, according to Yamanaka [5],
Ta(k) =27°(K)*(1 + k)72
for k=0,1,2,... and define

[w® ()]
lw|p, = Sup{LkF)\(/ﬂ) cxel ke Z+}
for each C'* function w : I — R. We denote by v, (I) the family of all C*° functions
w : I — R such that |w|p < co.
Besides this family, we need another type of Gevrey family. For a C*° function
w: I — R, we write

Juol = sup [w(a)], ]l = max{2wl, 2L [u'| .} (3.1)
xzel

and define

Gr(I) ={we C*(,R) : |Jw||L < oo}
Between the two types of Gevrey families vy, (I) and G (I) there is the following
relation which proof can be found in [4, Proposition 2.1] and in [6, Lemma 5.2].

Proposition 3.1. If 0 < L < M, then yr(I) C Gp(I) C ym(I) and the inclusion
maps are linear and bounded.

The norm || - ||, has the following useful property which proof can be found in
[4, Proposition 2.2] and in [6, Theorem 5.4].

Proposition 3.2. Ifv and w are in G (I), then the product vw is again in G (I)
and the inequality |lvw|p < ||v|L]|w| L holds.

As for the result of differentiation of a function belonging to the family ~, (1)
there is the following fact which proof can be found in [4, Proposition 2.3].

Proposition 3.3. Let L be a positive constant, « be a constant greater than 1, and
q be a positive integer. Assume that w € v, (I). Then the qth derivative w@ of w
is in the family yor(I) and

AG (A

(a) < (a9 (22"

0 Dar, < (L) (125

For us the following modification of the above proposition is useful. Its proof

can be found in [4, Proposition 2.4].

Proposition 3.4. Let L and M be positive constants such that L < M. Assume
that w is in v1(I) and q is a positive integer. Then w'? is in yp(I) and

A Ag
@], < M(1+>\)q(7q> .
[w'ar < 1) vk
As for composition of two Gevrey type functions there is the following fact. For
its proof see [4, Proposition 2.5] and [5, Theorem 3.1].

Proposition 3.5. Let I, J be open intervals and L, M be positive constants. As-
sume that w : J — R is a C* function such that w' € v (J) and v : I — J is a
C*™ function such that v' € ypr(I). Assume further that the inequality

|v'|p < L7YM (3.2)
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holds. Then the derivative (w o v)" of the composite function wowv : I — R belongs
to the family vp (I) and

[(w ov)’|M < LilM‘w/‘L .

In terms of the norms || - ||z and || - |as the above proposition is modified as
follows. For its proof see [4, Proposition 2.6] and [6, Theorem 5.3].

Proposition 3.6. Let I, J be open intervals and L, M be positive constants. As-
sume that w : J — R s in the family Gr(J) and v : I — J is in the family
Gu (D). Assume further that the inequality (3.2) holds. Then the composite func-
tion wowv : I — R belongs to the family Gy (I) and

lwovl|a < wll.

Gevrey functions of several variables. For a function of m variables we denote
by 0; the partial differentiation with respect to the jth variable and write 0 =
(O1,...,0m). Further, if k = (ki,...,ky) is an element of Z7', then we write
ak — 8{‘71 e akm.
Let U be an open set of R™. If f : U — R is a C'*° function and there are
positive constants C, M such that the inequality
0" f(2)] < CMIM(KD?,
where |k| = k1 + -+ 4+ kn,, and k! = ky!- - - k!, holds everywhere in U for any m
dimensional index k = (k1 ..., k), then f is called a Gevrey function on U of order
A
A C® function f : U — R is a Gevrey function of order A, if and only if there
are positive constants C’, L such that the inequality
0" f ()| < C'LMTA(Jk])
holds everywhere in U for any m dimensional index k. For this reason we write

aup @)
e =500 LR (k)
for any C'*° function f: U — R and define
1(U) ={f € C*(UR) : |f|r < oo}
Further we write, like (3.1),

lwl = sup [w(z)|, [w]r = max{2°|w|,2° L7 max|dw|L}
zecU i

and define

Gr(U) ={w e C*(U,R) : ||w|r < oo}.
It is necessary for us to know what comes out when m Gevrey functions ¢;(z),
.+, gm(x) of one variable x are substituted for the last m variables y1, ...,y in a
Gevrey function f(z,y1,...,ym) of m + 1 variables z,y1,. .., Ym.

Proposition 3.7. Let Jy,...,J,, and I be open intervals and L, M be positive
constants. Write U =1 x J; X -+ X Jp,. Let f be an element of the family Gr,(U)
and g; : I — J;, i=1,...,m, be in the family Gpr(I). Assume that

M > L(1 + max [g/). (3.3)

Put p(z) = f(z,91(x),...,gm(x)) for x € I. Then ¢ is in Gy(I) and |pl|lpm <
£l
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The proof of this proposition can be found in [4, Proposition 2.7] and [5, Lemma
8.1].

Partial Gevrey functions. It is necessary for us to consider functions of m + 1
variables which are in a Gevrey class with respect to the last m variables only. We
call them partial Gevrey functions. For a function f(¢,y1,...,ym) of m+1 variables
£ Y1y s Ym We write = (O2,...,0m+1). For a non-negative integer jy, we write
Z+(jo) ={j € Z+ : j < jo}. Let U be an open set of R™, I a real interval and
jo a non-negative integer. Then we denote by C'70:°°) (I, U) the set of all functions
f I xU — R such that the partial derivative 8{5’“]’ : I x U — R exists and
is continuous for each (j,k) € Zy(jo) x Z7. Further, if h(t) is a positive valued
function of t € I, we write

Gy (1,U)

={feClN[,U): ift €T and 0<j < jo, then 3] f(t,-,...,") € Guep)(U)}.

We shall need, however, the case where j, = 0 only. We simply write gh(l ,U)
instead of g,(bo)(f ,U). We shall need the following proposition.

Proposition 3.8. Let T be a positive constant and h(t) a positive valued function
of t €10,T). Let g be an element of Gy ([0,T),R) such that

lg(t, e <C,

where C' is a positive constant. Then a function ¢ (t,x) of (t,x) € [0,T) x R is
defined by

blt,x) = /0 dr [ T G- - O)g(r6) de, (3.4)

where G denotes the heat kernel. 1 belongs to the family _C'jh([O,T)JR) and satisfies
the inequality

19(t, ey < Ct (3.5)

Proof. Write A = {(t,7,xz) € R®: 0 < 7 <t < T} and define v(t, 7, z) for (t,7,7) €
A by (2.2). Since g is a bounded continuous function, we can use Proposition 2.1
and see that v(t, 7, z) is a continuous function for (t,7,x) € A and

o(t, 7 z)] < cen l9(r, &)l = lg(7, )| < 27°llg(7, )lln(ry < 27°C. (3.6)
S

Using the notation v(¢, 7, ), the definition (3.4) of (¢, z) is rewritten as

P(t,x) = /0 v(t, T, x)dr. (3.7)
By (3.6) and (3.7) we have
()] < 27°Ct. (3.8)

Further, since g(t,z) has bounded continuous partial derivatives 05g(t,z), k =
1,2,---, we can use Proposition 2.2 and see that v(t, 7, x) is infinitely differentiable
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in z and the partial derivatives d5v(t,7,z), k = 1,2,---, are given by (2.3). By
Proposition 2.1, 2.2 and (2.3) we see that

|95 0(t, 7, 2)| < sup [05g(, €)|
¢er

< |029(7, )|y ()TN (k — 1)

(3.9)
< 272|g(7, )l (r)"Talk = 1)
<273Ch(H) T\ (k —1).
By (3.9) and (3.7) we see that
05 (t,2)| < 273Ch(t)*"Tx(k — 1)t
for k=1,2,..., and that
020, )|ty < 27°Ch(t)t . (3.10)
By (3.8) and (3.10) we see that the inequality (3.5) holds. O

4. MAIN RESULT AND ITS PROOF

In this secion, as in §3, A denotes a fixed constant greater than 1. Using the
notation introduced in the preceding section, we can state our result on the Cauchy
problem (1.6)-(1.4). Tt is stated as the following theorem.

Theorem 4.1. Let L, R and Ty be positive constants. In the differential equation
(1.6) suppose that u(t) and v(t) are positive valued continuous functions for t €
[0,T). Assume that

sup max{pu(t),v(t)} < 1.
0<t<To

p and q denote positive integers greater than 1. Put M = max{1,2L}, s = (2\p)~*
and h(t) = M(1+1t%) fort > 0. Write

U = {(z,v,w) € R* : max{|v|, |w|} < R}.
Assume that the function f in (1.6) as well as its partial derivatives 9sf and Oy f
belong to the family G, ([0,Tb),U) and that

Cf = sup max{”f(tv Ty ')”L, ||83f(t, Y9y ')”Lv ||a4f(t7 ERE] )HL} < oo.
0<t<Ty
Then there exists a positive number T < Ty such that the initial-value problem
(1.6)-(1.4) has a unique solution u € G ([0, T*),R) () C1)([0,T*),R) such that
e, Yoy < Cpt, 0 <t < T (4.1

Proof. As in §1 it is sufficient for our purpose of solving the Cauchy problem (1.6)-
(1.4) to solve the integral equation (1.7). To this end, for any given T > 0, we
write

~ v t, .
HT) = o Gu(0.7).B) : sup 1200 oy
0<t<T t
which is a Banach space with the norm
v(t, -
Ny(ry[v] = sup M, v e H(T).
0<t<T

Further, for an arbitrary K > 0, we set
f(T, K) = {’U c H(T) : NH(T) [’U] < K},
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which is a closed convex subset of the Banach space H(T).
We now want to show that there is a T < Tj such that, if v € F(T,Cy), then
the integral

w(t, z) = / dr / TG — e — O (16 ()T ), Bbo(r v(1E)E (4.2)

is well-defined for all (¢,z) € [0,T) x R and the function w : [0,7) x R — R defined
by (4.2) is again in F(T,Cy).

In order for the integral on the right-hand side of (4.2) to be well-defined it is
necessary that the values OYv(u(7)7,€) and ddv(r, v(7)€) can be substituted for y
and z in f(7,€,y,2), respectively. It is enough for this that the inequality

max{|95v(u(T)7, &), |05v(T, v(T)€)|} < R (4.3)
holds. Now suppose that v is in F(T,Cy). Then we have
|020(t, )iy < 27 h(B)][o(t, )lne < 27°h(#)Cpt, 0<t<T. (4.4)
Therefore, for (¢,2) € [0,T) x R,
05w (u(t)t, @) = 05~ (Da0) (u(t)t, x))|
< (020 ()t M nguieye) - R8P~ - Talp — 1)
< 2721 Bau(p(t)t, )lncucye) - H(u()t)? - Talp — 1)
< 27Ny [V] ()t - A(u(t)t) - Ta(p — 1)

<273C) - ()t - h(u(t)t)? - Ta(p — 1)
< 273G T - W(T)? - Ta(p - 1)

(4.5)

and

|03 (t, v(t)x)| < sup [0Fv(t,&)| = sup |9~ (Dav)(t, 6]
£eR £eR

< |020(t, ) ney - R -Talg — 1)
<273Cy -t h(t)? - Ta(q - 1)
<273C - T-W(T)?-Tx(g—1).
Therefore, if T' < Ty satisfies the inequality
273C - T - max {h(T)Tx(p — 1), W(T)Tr(q— D} < R (4.6)

and v is in F(T,Cy), then the inequality (4.3) holds for (¢,z) € [0,T) x R and
the expression f(t,x, 05v(u(t)t, x), 03v(t, v(t)x)) makes sense. For this reason we
define

Ty =max{T : T < Tp and (4.6) holds}.
Now suppose 0 < T' < T; and take an element v of F(T,Cy). Then we can put
o(t,x) = f(t,z,050(u(t)t, ), O3u(t, v(t))). (4.7)

Let us seck a condition under which this function ¢ enters the family Gy, ([0, T), R).
For this purpose set m = supg<;7, max{u(t),v(t)}. Then, since v is in F(T,Cy),
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we have (4.4) and, in virtue of Proposition 3.4,
8 o (), age

: h““*”p(m>Aplazv<u<t>ta Vniato

< it WM AP( e )”’2*3h<u<t>t>||v<u<t>t,~>||h<u<tm

(1-
(4.8)
<
< (e 1_m5 )2ty
h(T)*Ap Ap -3 Y
< ps
_(M(lfms)) h()Crst
- hT)*Ap \
< 973C, . 1/2 .
270 (M(1_ms)) T h(t)
Therefore, if T satisfies the inequality
_ h(T)?\p \>r 1 1
o3¢, . (PE)AP N ¥op 2 L 4.
Cs (M(l—ms)> =L M (4.9)
then
1 1 h(t)

102(950) (1(8)t, ) gy = 105 o(u(®)t, ) |ngey < (f - M)h(t) < -1 (410)

Next we have to estimate the Gevrey norm of the function z — d3v(t, v(t)x). For
this purpose define ¥ (¢, z) = 3v(t, v(t)x). Then we have

o5 (t,x) = v T  u(t, v(t)e), k=0,1,2,..,

and

_ )| 0T (e v(t)a)|
|@w@fmm)f2f‘ajﬁf@§“*?f h(t)FT (k)

V(t)kJrl

|5q+k+1 (t, §)| g+1 (4.11)
=t Sup =v(t)|03 " v(t,- v
< m\3§+ ot a')‘h(t)/m-
On the other hand, by Proposition 3.3,
Aq Aq
0500ty < (0 /m)? (1020 10208, M
Aq Ag
< (h(0)m)? (7 0r) 2 R ett lage
3 VA 1 (4.12)
< 9 —q . +q
<273m (1ogm—1) Cy - h(t)' ot
_ _ Ag  \ M
<93 q q )
<273Cm (logm*l) h(T)*Th(t)

From (4.11) and (4.12) we obtain the inequality

Aq
logm—

A
0205(t, )y < 27 Cpm! =1 ( ) "WTYTR(Y), 0<t<T.  (4.13)

1
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By (4.13) that, if T satisfies the condition

_ _ g Aq 1 1
3 1—q 9T < — .
2-3Cm (1ogm—1) MI)T < - =, (4.14)
then
11 h(t)
023 (¢, ) |ney < (Z - M)h(t) < 7 1. (4.15)

Since (4.9) implies (4.10) and (4.14) implies (4.15), we know that, if T' € (0,T}]
satisfies both (4.9) and (4.14), then

max{|02(95v) (1(t)t, ) |n(t)s 029 (t, ) n(ey b < @ -

and
L(1 + max{|0>(050) (1(t)t, ) (e, 1020 (t, ) ey }) < A(E).-

This inequality is of the same type as (3.3) in Proposition 3.7. Therefore, by
Proposition 3.7, if T € (0,T}] satisfies the inequalities (4.9) and (4.14), then the
function ¢ defined by (4.7) belongs to the family Gy ([0,T),R) and satisfies the
inequality

e M < 1FE- )L < Cr (4.16)
For this reason we define

Ty = max{T € (0,71] : (4.9) and (4.14) holds}.

We now know that, if 0 < T' < T and v € F(T,Cy), then the function R 3 = —
@(t,z) is in Gp4)(R). Further we see that the function ¢ is in C0>)([0,T),R),
since f is in C(%°°)([0,Ty),U) and v is in C(©>°)([0,T),R). It follows that ¢ is in
Gr([0,T),R). Since ¢ is in G, ([0,T),R) and satisfies the inequality (4.16), we can
now use Proposition 3.8 and see that the function w defined by (4.2) belongs to
Gr([0,7),R) and satisfies the inequality
lw(t,)l|lne < Crt

for 0 < ¢t < T. This means that w is in F(T, Cf). For T with 0 < T < T we denote
by ®7 the mapping which maps each v € F(T,Cy) to w € F(T,Cy) given by (4.2).

We need next to estimate the difference ®7(v1) — ®7(vg), where v; and vy are

arbitrary two elements of F(T,Cy). For this purpose let us first estimate the
difference

5(’[}1,’(}0)(7-) 5)
= f(T7 67 agvl (M(T)T7 é-)ﬂ 33“1 (T7 I/(T)f)) - f(T7 57 agvo (,LL(T)T, 5)7 85’00(7—7 V(T)g))
(4.17)
In order to do so it is convenient to write
vo(t, x) = vy (t, ) + (1 — O)vg(t, x) (4.18)
for 0 <0 < 1. Since v and v; are in the convex set F(T,Cy), so is vg. Note that
(i) The values 0; f(t,x, O5ve(u(t)t, x), Oguvg(t, v(t)x)), i = 3,4, are well-defined
for (t,z) € [0,T) xR
(ii) The functions 9;f(t, x, Ove(u(t)t, x), Oduvg(t, v(t)x)), i = 3,4, of (¢,x), be-
long to the family G, ([0,7),R)
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(iii) The inequalities
Haif(ta * 8500(M(t)t> ')7 agv@(tv V(t)'))Hh(t) < Haif(t7 KR )HL < Of? (4'19)
hold for ¢ = 3, 4.

These facts are proved by almost the same reasoning as in the proof of similar facts
about the function ¢(t,z) = f(t,x, 05v(u(t)t,x), d3v(t,v(t)x)). In virtue of the
facts (i), (ii) and (iii) above we can change the expression (4.17) of 0(y, (7, §) as
follows.

6(1)1 ,00) (Tv 6)

1
:/0 O f (7, &, 0309 (u(7)7, €), O30 (7, v(7)€)) (B3 v1 ((7) 7, §) — Dgvo((7)T, €)) b

+ /0 84f<77 f, 851)9 (/"(T)Tv f)? agv@ (T7 V(T)g))(agvl (T’ V(T)f) - ag'UO(Ta V(T)f))d@

By (4.19) and Proposition 3.2, 0(,, .,) satisfies the inequality

s Ve < [ 100707, 50nla)7, ) Bt 7 Dl
x |05 v1 ((7)T, ) = O5vo (1(7)7, )|l n(r)d0
+ [ 104 (7, (), ), B ()
X 001 (r, (7)) — 0o (7, (7)) )6
< {108 (u(r)7. ) = Beo(u(r)7 e
+ 1001 (r, (7)) = Do (7)) ) }-

So we need now to estimate the Gevrey norms of the two differences

vy (p(r)1,+) — v (u(r)7,) and vy (r,v(1):) — OFve(T, v(7)"). (4.21)

(4.20)

As for the first of these we can perform, almost in the same way as in (4.8), the
following estimation.

105 o1 (u(7)T, ) = 05 wo (u(T)7 ) ey

< (322 )" s ()7 = o )7
< (5722 )9 h(u(r)r) Ny fon — ] -
S( h((l)_;\:s))Ap h(u(r)7) - Nygery[or — o] - 717°
<2737 ) ") - Mol = v
and
2hr) 020801 = o)) () My < (R ) T2 N fon = vl

(4.22)
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Further, as in (4.5), we see that
2°105 (v1 — vo) (u(7), )|
=2° Sup |05~ (D2 (v1 = v0)) (ul(7)T, €))|

< 210 (v1 = v0) (1(T)T, ) n(u(r)m R (p(T)T)P " Ta(p = 1)
< 22h(p(r)T)PPalp — 1) - [(v1 = v0) ((T) 7, M auryr)
< 22h(T)PTA(p — 1) - Nogery [v1 — vo] - (7)™
< 2°W(T)PTA(p — 1)T - Nyy(qy[v1 — vo).
By (4.22) and (4.23) we see that the inequality
105 (v1 — vo) ((T)7, MIn(r) < E(T)Nygry[o1 — vo]
holds, where

E(T) = max { (Mh((lT)_zf))ApTl/Z 2 1(T)PT'\(p — 1)T}.

To estimate the second difference in (4.21), we define

o(1,8) = v (7, v(7)§) — O3vo (T, V(T)E).

(4.23)

(4.24)

(4.25)

In almost the same way as in (4.11) and (4.12) the norm |92¢(7, -)|p(r) is estimated

as follows.
1020(7, N niry = v(T)|05 (01 = v0) (7, ) () )

< m|0§ " (v1 — vo) (7, ) |n(ry/m

< m(h(r)/m)?( A 1))\q\32(v1 —v0)(7, ) |n(r)

logm—
< m(h(r)/m)? (—2L Y M9-3h(2) (01 — v0)(r, ) lace
Aq

logm
A
logm—l) TR(T) Ny [1 = vo] - 7
Aq

logm~—1

< 2_3m1_q(

< 2_3m1_q(

))\qh(T)th(T)NH(T) [Ul - Uo]~

Further, as (4.23), we have
lo (7, )l < sup |95 (01 — vo) (7, )|

<2 (v1 = v0) (7, ) n(ryh(T)? ' Talg — 1)
< 27°K(T)*Ta(g — Dl (v1 = v0) (7, ) [[nn)
< 27%R(T)*Tx(q — )Ny [v1 — vo] - 7
<27°h(T)"Tx(q -

From (4.26) and (4.27) we obtain

0% (01 = 00)(r, (7)) ey = (Ve
max{2lo(r, ), 2°h() 0o (7, oy}
F(T)Ny(ry[v1 — vol,

)TNy 1y [v1 — vol-

(4.26)

(4.27)

(4.28)
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where
Aq
logm—1

F(T) = max {231“A(q —1),m'~9( )*q}h(T)q - T. (4.29)

Looking at (4.25) and (4.29), it is clear that there is a T' > 0 such that T' < T, and
E(T)+ F(T) < (2C¢)~'. So we can define

T* =max{T : T < T, and E(T)+ F(T) < (2Cf)~*}. (4.30)
By (4.24), (4.28) and (4.30), if v9 and v; are in F(T*,Cy), then the inequality
1

1105 (v1—=20) ((T)T, )l n(r) + 1105 (V1 =v0) (T, (7)) |0 (r) < T@NH(T*)[UFUO] (4.31)
holds for 0 < 7 < T*. By (4.20) and (4.31) we obtain
1
1001 00) (T Mln(r) < §NH(T*)[”1 — o). (4.32)

Now, our aim is to estimate the difference @1« (v1)— Pr«(vg). Using the notation
O(v1,00) this difference is expressed as

t o}
Br-(02)(t,2) ~ Br-(un)t,2) = [ dr [ Glt =7 = O (m O (133)
0 —o00
By (4.33), (4.32) and Proposition 3.8, we know that

1
NH(T*)[(I)T* (1}1) - CI)T* (’Uo)] § §NH(T*)[U1 — ?)0}.

This implies that the mapping ®p- from the closed subset F (7, C't) of the Banach
space H(T™) into itself is a contraction. Therefore, there is one and only one element
v of F(T*,CY) such that

v = P (v).

This element v € F(T*, CY) is a solution of the integral equation (1.7) and, accord-
ingly, a solution of the Cauchy problem (1.6)-(1.4).

Since v is in F(T*, Cy), it belongs to the family G, ([0, T*),R) and satisfies the
inequality (4.1). Further, since v is a solution of the differential equation (1.6), it
satisfies the equality

ow(t,z) = adiv(t, ) + f(t,z,05v(u(t)t,z), 0dv(t, v(t)z)). (4.34)

From this equality we see that d;v(t, ) is infinitely differentiable in z, because so is
the right-hand side of (4.34). This completes the proof of the fact that the Cauchy
problem (1.6)-(1.4) has a solution u € Gy, ([0, %), R)NC1>) ([0, T*),R) such that
the inequality (4.1) holds.

The fact that the Cauchy problem has only one such solution is easily confirmed.
In fact assume that v € Gj,([0, 7%), R)NC1) ([0, T*), R) is a solution of the Cauchy
problem (1.6)-(1.4) and the inequality (4.1) holds. Then v is in the set F(T™*,CYy)
and satisfies the integral equation (1.7). This means that v is the unique fixed point
of the contraction ®7« : F(T*,Cy) — F(T*,Cy). O
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