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POSITIVE SOLUTIONS OF THREE-POINT BOUNDARY-VALUE
PROBLEMS FOR P-LAPLACIAN SINGULAR DIFFERENTIAL
EQUATIONS

GEORGE N. GALANIS, ALEX P. PALAMIDES

ABSTRACT. In this paper we prove the existence of positive solutions for the
three-point singular boundary-value problem

—[ep(u)) = q)f(t,u(t), 0<t<1
subject to

u(0) — g(u'(0)) =0, w(1) — Bu(n) =0
or to

u(0) — au(n) =0, u(l)+g(u'(1)) =0,
where ¢, is the p-Laplacian operator, 0 < 7 < 1; 0 < o, 3 < 1 are fixed
points and g is a monotone continuous function defined on the real line R
with g(0) = 0 and ug(u) > 0. Our approach is a combination of Nonlinear
Alternative of Leray-Schauder with the properties of the associated vector field
at the (u,u’) plane. More precisely, we show that the solutions of the above
boundary-value problem remains away from the origin for the case where the
nonlinearity is sublinear and so we avoid its singularity at u = 0.

1. INTRODUCTION

In this note we consider the nonlinear 3-point singular problem

—[bp(W)] = a®)f(tu(t)), 0<t<1 (1.1)
subject to

u(0) — g(u'(0)) =0, u(1) — Bu(n) =0 (1.2)
or to

u(0) — au(n) =0, wu(l)+gu'(1)) =0 (1.3)

where ¢,(s) = |s[P72s, (p > 1) is the well known p-Laplacian operator, 0 < n < 1;
0 < a,f < 1 are fixed points and g is a monotone continuous function defined on
the real line R with ¢g(0) = 0 and ug(u) > 0. The inhomogeneous term in is
allowed to be singular at u = 0 and ¢(¢) may be singular at ¢ = 0 or/and ¢t = 1 and
finally we suppose that ¢(0) > 0. Further assumptions concerning the nonlinearity
f(t,u) will be clarified later.
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Let B be the Banach space C0, 1] endowed with the norm ||z|| = max;¢[o,1) [2(t)].
A solution wu(t) of subject to or means that u(t) € C'0,1], is
positive on (0, 1), ¢,(u/(.)) € C(0,1)N L0, 1] and satisfies the differential equation
as well as the corresponding boundary conditions. It is well known that when p > 1,
¢p(s) is strictly increasing on R and so its inverse ¢, ! exists and further o V= ¢y,
where 1/p+1/¢ = 1.

In [6], Erbe and Wang by using Green’s functions and Krasnoselskii’s fixed point
theorem in cones proved existence of a positive solution of the boundary-value
problem studied the Sturm-Liouville boundary-value problem

a”(t) = —f(t,x(t)),
ax(0) — B32'(0) =0, ~z(1)+d62'(1) =0,

where «, 8,7,6 > 0 and p := 0y + oy + @d > 0, mainly under the assumptions:

t
fo:= lim max M =0,
e—0+0<t<1l T
foo := lim min f(t.2) =400

z—+o00<t<l T

i.e., f is supelinear at both ends points = 0 and « = co or under

t
fo:= lim min ft.2) = +00
z—040<t<1l 2
t
foo := lim max f(t,2) =0,

r—+000<t<l T

i.e., f is sublinear at both z = 0 and x = co.

The study of multi-point boundary-value problems was initiated by II’in and Moi-
seev in [IT) 12]. Many authors since then considered nonlinear 3-point boundary-
value problems (see e.g., [3[7, 8, 10} 13}, 18, 19, 21} 22] and the references therein). In
particular, Ma in [19] proved the existence of a positive solution to the three-point
nonlinear boundary-value problem

—d(t) = g f(ult), 0<t<1,
uw(0) =0, au(n) =u(l),
where 0 < a, 0 < < 1 and an < 1. The results of Ma were complemented in the
works of Webb [22], Kaufmann [I3], Kaufmann and Kosmatov [I4], and Kaufmann
and Raffoul [I5].
Among the studies on semipositone multi-point boundary-value problems, we

mention the papers by Cao and Ma [5] and Liu [I6]. Cao and Ma considered the
boundary-value problem

—u"(t) = Ag(t)a(t) f(u(t),'(t), 0<t<1,
u(0) =0, Z a;u(n;) = u(l).
i=1

They applied the Leray-Schauder fixed point theorem to obtain an interval of eigen-
values for which at least one positive solution exists. Liu applied a fixed point index
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method to obtain such an interval for
—u"(t) = Aq(t)a(t) f(u(t)), 0<t<1,
w'(0) =0, Puln)=u(l).
In the above papers there are no assumptions for singularity of the nonlilearity
f at the point w = 0. Zhang and Wang [24] and recently Liu [I7] obtained some
existence results for a singular nonlinear second order 3-point boundary-value prob-

lem, for the case when only singularity of ¢(¢) at ¢t =0 or ¢ = 1 is permitted. Also
recently, by using the method of fixed point index, Xu [23] studied the problem

_u”(t) = f(u(t))v 0<t<, U(O) =0, OZU(W) = u(l)v

where f(t,u) is allowed to have singularity at w = 0. Other applications of Kras-
nosel’skii’s fixed point theorem to semipositone problems can, for example, be found
in [I]. Further recently interesting results have been proved in [4], [9] or [I7].

Finally, Ma and Ge in [20], proved the existence of a positive solution of the 3-

point singular boundary-value problem — under the following assumptions:

(H1) ¢(t) € C(0,1) N L[0,1] with ¢(¢) > 0 and nondecreasing on (0, 1)

(H2) f € C([0,1] x (0, +5), (0, +50))

(H3) 0 < f(t,y) < f1(y) + f2(y) on [0, 1] x (0,400) with f; > 0 continuous non-
increasing on (0, +00) and fOL fi(u)du < +oo for any fixed L > 0; fo >0
and continuous on [0, +00)

(H4) For any K > 0 there exists ¥k (t) : (0,1) — (0,400) such that f(t,y) >
Wi (t ) t e (0, 1) for any y(t) € C[O 1] with 0 < y(t) <

(H5) fo fn (r)dr)ds > 0, f </5 f q(r 1/)(7“)d7“)ds > 0 and for any
k1 > 0 and kg >0, [ fi(k1s)q ds—l—f J1(k2(1 — 5))q(s)ds < 400 and
mainly

> 1,

'U\’-‘

>0 67 (I [Gale)) 5
where

= /OC ¢, ' (2)dz = p; 10% and Gy(c) = /Oc[fl(u) + fo(u)]du

It is not difficult to prove the next useful properties of I(c):
I Huww) < T Hu)[Hw) foru>0,0>0

fo vds + f ds)]

and whenever ¢ < 0, we have I(—c) = I(c¢). Indeed, since —¢ > 0,

I(—c) = O_C ¢, (2)dz = O_C ¢q(2)dz = /O_C 12|92 2dz = /O_Czq_ldz = (—qc)q

I(c) = /Oc|z|qzzdz - /Oc(z)qQ,zdz - /Oc(z)qld(z) - (_;)q'

In this work, mainly motivated by the above mentioned paper of Ma and Ge [20],
we combine the properties of the vector field at the face (u, u') plane and sublinearity
of f(t,u) at the origin u = 0 with the alternative continuation principle of Leray-
Shauder, proving the existence of a positive solution for the boundary-value problem
(T.1)-(T.3) and eliminating several of the assumptions (H1)-(H5).
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2. PRELIMINARIES

We now proceed with the auxiliaries. Consider the boundary-value problem

=[pp()] = q() f(t,u(t), 0<t<1, (2.1)
u(0) — g('(0)) =0, Bu(n) = u(1) (2.2)
and give two concept-assumptions as follows:
o flt,u)
foi= limy max == = 400 (23)
i.e., f is sublinear at the end point 0, and
-1
g () 1
1 = 0,=). 2.4
lim =——==u€[0,7) (2:4)

We further consider that :

(A1) ¢(t) € C(0,1) N L[0,1] with ¢(t) > 0 and nondecreasing on (0, 1)

( 2) f € C([0,1] x (0, +00), (0, +00))

A3) fo maxo<i<1 f (¢, u)du < +oo, for any fixed L > 0.

( 4) g € C(R,R), is a nondecreasing function with ug(u) > 0, u # 0.
Remar 2.1. Note that the differential equation (2.1]) defines a vector field whose
properties will be crucial for our study. More specifically, working at the (u,u’) face
semi-plane (u > 0), the sign condition on f (see assumption (A2)), immediately
gives (since ¢,(u’) > 0 for all u’ € R) that " < 0. Thus, any trajectory (u(t), u'(t)),
t > 0, emanating from the semi-line

E:={(u,v):u—g')=0, u>0}

“trends” in a natural way, (when u'(t) > 0) toward the positive u-semi-axis and
then (when v/(t) < 0) turns toward the negative u'-semi-axis. Finally, by setting a
certain growth rate on f (say sublinearity) we can control the vector field, so that
all trajectories with «(0) small enough satisfy the relation

u(1) = Bu(n) # 0.

So, all solutions of the given boundary-value problem cannot have their initial values
arbitrary small, avoiding in this way the singular point © = 0 of the nonlinearity.

Namely we have the next result.

Lemma 2.2. Let 0 < § < 1. Ifu € CI[0,1] is a solution of (2.1)-(2.2)), then
u = u(t) is concave. Furthermore for every solution with u(0) > 0, it follows that
(i) There exists a to € [0,1) such that u(to) = maxo<i<1 ||u(t)| = ||ull,
(i) u(t) >0, t€[0,1] and
(i) infyepy y u(t) > yulto) = Alull, where v = min{gy, 2451}

Proof. Let u(t) be a solution to (2.1)-(2.2)). Then, since [¢,(u')]’ = —q(t) f(t, u(t)) <
0, ¢p(u’) is non-increasing. Consequently u/(¢) is non-increasing which implies the
concavity of u(t).

(i) Since u(0) > 0, by the first condition in and the assumption (A4), we
get v/(0) > 0. If &/(¢) > 0, t € [0,1] then u(1) > u(n) > Bu(n), a contradiction.
Hence there exists ¢y > 0 such that u(tg) = maxo<i<1 ||u(t)|| = ||u].
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(ii) If n € (0,%9), then u(n) > u(0) > 0 and so u(1) = fu(n) > 0. If n € (to, 1),
then u(n) > u(1) and so

5
0 =u(l) = Bu(n) < u(l) - Fu(l)

and hence u(1) > 0. Finally, the concavity of u(t) yields u(t) > 0, t € [0,1].

(iii) The proof follows the concavity of the solution. Indeed, since u(1) = fu(n) <

u(n), let first consider the case typ < n < 1. Then,

min_ u(t) = u(1).
t€(n,1]
Furthermore, we have

un) ~u(l) _ Lt AN Sy
u(to) Siﬂ”ﬁ —“(”{l_ﬁ} ( )6(1—77)'
Consequently,

1—
min_u(t) > sl =m .
t€ln,1]
Let us now assume that n < to < 1. Since u(n) > u(1), we have again

min u(t) = u(1).
nin (t) = u(1)
(From the concavity of u, we know that

uln) _ ulto)
no ot
Combining the above and the boundary condition u(1) = Bu(n), we conclude that
u(n)  ulto)
2> B0 S ute) = ull,
> M0 > utto) = Jul
that is mingep, 1y u(t) > Bnllul.

3. EXISTENCE FOR THE FIRST BOUNDARY-VALUE PROBLEM
next result.

In this section we consider the boundary-value problem (2.1))-(2.2)) and prove the
Lemma 3.1. Suppose that conditions (2.3])-(2.4) hold. Then, there exists anng > 0
such that for any n < ng any solution of (2.1)) with u(0) = I, satisfies the inequality

0<u(t)<n<mny, te]l0,1].
Proof. By assumption (2.3)) it follows that for any K > 0 there exists 1y such that

(3.1)
i t K < 1p. 2
Orglglf(7u)> u, 0 <u<ng (3.2)
Let K > max{2u?, 2mi1:{i”1}}. We examine first the case p > 2. Taking into
account (2.4)), we may chose 7y small enough so that
—1(10 -1 -2
9 (%) lg—" ()]
m— <2p and (p—1)
2
(if lim,_o &

u

: <1, nelo
ming< i<t 400 n € (0,70]

= 0, then we may find p > 0 so that (3.3)) still holds true).

(3.3)
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Assume that the boundary-value problem (2.1))-(2.2)) has a solution u(t), t € [0,1]
with initial value u(0) arbitrary small. Then, we may assume that «(0) = n/2 for
some 7 € (0,70] with

ming<;<1 ¢(t) > 1.
(p—Dlg= ()P~

We demonstrate first that holds true. If not, by Lemma there exist
t* € (0,1] such that 7 < u(t) <7, 0 <t < t* and u(t*) = n. Then by it
follows that

[8p(u)]' = [ ()" = —q(£) F (¢, u(t) < —Kq(t)u(t) < —Kq(t)2

5)
ie.,
W () < ~Kq(®)
- 2 [¢},(u)]
L S
< RS G o2 10
7 ming<s<i q(t) 7
<-KZ sts <K
T 2(-Dg M@ 2
Consequently, by (3.3) and the Taylor formula, we get that for some ¢ € [0, t*],
* 77 * —1 77 (t*)z "
=u(t") < =+t — -_— t
n=u) < g (D + Bl
Ny ()2 n
< =+t = i
Sy Tty Q) -5k
t* 2
S B G
2 2 2 2

Considering now the map
p(t*) := Kt*2 — 4ut* + 2,

the above inequality yields ¢(t*) < 0. This is a contradiction, since the above choice
of K > 2u?, yields ¢(t) > 0 for all t € [0,1]. As a result, noticing Lemma we
obtain 0 < u(t) < g, t € [0,1].

If now p < 2, then since lim, .o g~ (u) = 0, we easily get u”(t) < 0. As a result,
2 <t*g~ (%) and thus t* > ﬁ > 1 (in view of (2.4)), a contradiction due to the
initial choice of t* € [0, 1]. O

Lemma 3.2. Suppose that conditions (2.3)-(2.4) hold. Then for any n € (0,10)
(no as above) there exists an ag = ap(n) > 0 such that for any (possible) solution

u=u(t) of (2.1)-(2.2), with u(0) = %, the following inequality holds:
u(t) > ap, te€][0,1].

Proof. By the concavity of u(t), it is obvious that

i t) = mi 0 1)}
min u(®) = winfu(0), u(1)
However, in view of Lemma mingep, 1 u(t) > yu(to) = v|ul| > yu(0) = v5 and
S0

u(t) > trer[lgfll]u(t) > gmin{l,fy} = ap(n).
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Proposition 3.3. Suppose that conditions (2.3))-(2.4) hold. Then, there exists an

ng > 0 such that any solution of (2.1)-(2.2) satisfies the inequality u(0) > ng and
so, by the previous Lemma,

of being a positive constant.

Proof. Supposing the opposite, we may find a solution u(t) of (2.1])-(2.2)), such that
u(0) = Z, n being the same as in (3.1)), i.e. 7 is arbitrarily small.

Then, noticing (3.2)), as above by Taylor formula we can find a ¢ € [0,1] such
that

_ 1
u(l) = Bu(n) < 5 +97"(F) + 5u(t) = Buln)
n —1,M 1
= =) — =Kuf(t
<Ta () - SKul)
K
<5 +97'(5) — 5 minfao, 3}
n -1,M Kn .
<1 Dy = = T hin{1
<5 +t97(3) — 5 gmin{l, 7} <0,
due to the choice K > Qmilrf{iﬂl}. This contradiction completes the proof. O

We give now an existence principle, which is crucial for the proof of our results.

Lemma 3.4. (Nonlinear Alternative of Leray-Shauder Type) [2] Let V be a Banach
space and C C V a convex set. Assume that U is a relative open subset of C with
ug € U and T : U — C a completely continuous (continuous and compact) map.
Then either

(1) T has a fized point, or

(1) there exists w € QU and A € (0,1) with w = AT (u) + (1 — A) ug.

Theorem 3.5. Assume (A1)-(A4) hold and

cP

U p 1 ' 1/p ! 1/p P
L T T T / oo+ [Ca@pra]’. (3

Then the 3-point boundary-value problem (2.1)-(2.2) has at least a positive solution.

Proof. In order to show that (2.1)-(2.2)) has a solution, we consider the boundary-

value problem
—[ep ()] = q()F(t,ut), 0<t<1, (3.5)
u(0) = g(u'(0)) =0, u(1) = Bu(n) =0, '

where
fltu),  u>af
fltap), u<ag

F(t,u(t)) = {

and «f is given in Proposition Then clearly F € C([0,1] x [0,400), [0, +00)).
Consider further the family of problems
—[pp(u)] = q)AF(t,u(t)), 0<t<1, 0<A<1

w(0) — g(u'(0)) = 0, (1) — Bu(y) = 0. (3.6)
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If u = u(t), t € [0,1] is a solution of (3.6), then again by Proposition[3.3] u(t) > af,
€ [0,1]. We are going to prove the existence of another constant A§ > of such
that u(0) < A§. Indeed, setting (u(0),w (0)) = (ug,uq) € E and since

W (1) = b (1) A/ (5))ds],
(—w+/¢ (6p(14)) — Aq@ﬂ,(MM%

the initial values must be chosen so that

Q(ug) = u(1) — Bu(n)

g(up) / by [p(ug) /\/ (s))ds]dt (3.7)
w)+ [ oy onlus) - /(WN%»MM=O

By Proposition and its proof, there is an 1 > 0 such that Q(g~'(%)) < 0, and
moreover by the definition of @,

Q{e," (/\/O q(s)F(s,u(s))ds)} > 0.

Hence uy, is upper bounded and similarly uy = g(up), i.e. (ug,up) € Eog C E, Ey
being a compact subset of R2.

We consider now the Banach space B = C0, 1] and for any = € B, let u = u(t)
be a solution of the boundary-value problem

—lpp(u)) = q@)F(t,z(t), 0<t<1,

u(0) = g(u'(0)) =0, u(l) = Bu(n) =0
By the monotonicity of functions g and @ for each solution u(t) of this boundary-
value problem, its initial value (ug, u() is uniquely determined and furthermore the
map

T — ¢p[g_l(u0)]
is continuous (see [20]).
Consider now the operator

Thx(t) —u0+/¢p qbp L(ug) —/\/ (r))drlds, = € B,

where g is the unique constant corresponding to function x(¢) and satisfying .
It is easily verified that u(t) is a solution to if and only if u is a fixed point of
T, in C[0, 1].

(I) We shall prove that T'= T} : B — B is completely continuous. By continuity
of the map = — ¢,[g7" (up)] it is not difficult to be proved that T is continuous. So
we must only prove that T is compact i.e. it maps every bounded subset of B into
a relatively compact set. Consider the closed ball ¥ = {x € B : ||z|| < R}. Since
of < u(0) < Ag,

I(Tz)(B)]| < A5 + ¢, [6p(97 (A7) + _max F(Sﬂf)/o q(s)ds]

z€X,5€[0,1]
< Aj+ 6, (M)
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and
1(Tz) ()| = ¢, ' [¢p(g™ " (A7) +/0 q(s)F (s, x(s))ds] < ¢, (M),

Hence the Arzela-Ascoli Theorem guarantees the compactness of T.
(IT) We will show that there exists a M > 0 such that ||u| < M for any solution

of (3.6). We set

c

G(e) = ; olgf?l f(t,u)ds
Noting (3.4), we may indeed find a M > 0 such that
M
1 > 1.

(U5 sup <oz £t u)du) " (52007 |25 Jy Ta(] 7t + [ Ta(0)] /vt

Also by Proposition any solution of the boundary-value problem (3.6|) is convex
and there exists a point o € (0,1) such that

u'(t) >0, t €10,t), u'(to) =0 and u'(t) <0, t € (to, 1].
Working in the interval [tg,t] C [to, 1], we have
0< —(p(u)) = Ag()F(t,u) < g(t) max f(t,w).

0<t<1
Multiplying by —u' > 0, we get
(6p(w)) ¢, (dp(u)) < q(t) max f(t,u), t€ [to,1]

0<t<1

and then integrating on [tg, t], we obtain

60 (' (1)) u(to)
[ s wonwa<an [ mo s
0

u(t) 0<t<1

u(to)
< () / o (6 w)du = g(OG(ulto)),

hence
I(=p(u' (1)) = I(dp(u' (1)) < a(t)G(ulto))
and so
0 < —u/(t) < ¢, I a®)I (G u(to)))}, € [to,t]. (3.8)
If n € (to,1], an integration over [, 1] yields

1
u(n) —u(l) < (b;l{f’l[(G(U(to)))]}/ ¢y I ((a(0)}-

If n € (0,%0], we integrate over [tg, 1] to obtain

1
ulto) —u(1) < ¢, {171 (G(u(to)))} t ¢y I (a(t)))dt

< 65 1IN (Glulty)))} / o T g(t)))t.

Then clearly it follows that

1
u(n) —u(l) < ulto) —u(l) < ¢,§1{171(G(U(to)))}/ ¢y 1T (a(t))]dt.
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Moreover, since u(1) = Bu(n), we get
1

uu>‘3¢1u’<<<mmyé¢;w*mumm
and so a new integration from o to 1 of (3.8) yields
ulto) = u(l) + 65 {I (Glu(ts)) y/¢ (1))t
< (1) + 65 {17 (Glultn)) }/‘¢ (1))t
< o I Gl 1i5/'¢ wmﬁ+Aﬂgwr%ﬂmwﬂ
< 6, I (Glult 5/¢ atoJar+ [ o5 i ato)lan
=¢;{rwa<<wnxp_1% L_ﬁ/'ﬁ ar+ [ o 0]

Consequently

u(to)
_ I 1

op I (G ulto))}E1)7 [125 [, a7 (Dt + [ g7 (t)dt]
which by the assumption (3.4]) implies that u(tp) < M. Finally in view of Lemma
B4 we may set

C:={ueB=C[0,1]:||u| <M} and U :={u € C: ||ul]| < M}.

Then, the second part of the nonlinear Alternative of Leray-Shauder Type is ruled
out and so we conclude that there exists a fixed point of the operator

Tx(t) = Tiz(t) = up + /Ot d>;1 {%[gfl(uo)] — /OS q(r)F(r,x(r))dr] ds.

This of course yields a solution u = u(t) of (3.5) and noting Proposition [3.3|and the
definition of the modification F, u(t) is actually a solution of our original boundary-

value problem (2.1))-(2.2)). O

4. EXISTENCE FOR THE SECOND BOUNDARY-VALUE PROBLEM

In the following we will study the boundary-value problem (|1.1)-(1.3). For this
purpose, we give the next result concerning the boundary-value problem
—[op (W' ()] = als)f(s,9(5)), 0<t<1, (4.1)
y(0) = g(y'(0)) =0, y(1)—ay(l—n)=0. (4.2)
Theorem 4.1. Assume that (A1), (A8) and (A4) hold. Instead of (A2) we assume
(A2%) f € C([0,1] x (=00,0), (=00,0)).
Also assume that
(=o)? P 1 /1 1/ /1_77 1 P
su > )Pt + t)Vrdt| . (4.3
P T i 2lis | la(o) [l @)

Then, the 3-point boundary-value problem (4.1))-(4.2) has at least one negative so-
lution.

<1
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To prove the above Theorem, we give some lemmas symmetrical to the previous
case, with similar proofs which are partly omitted.

Note that the differential equation defines also a vector field. So if we focus
on the (y,y’) face semi-plane (y < 0), then by (4.3), we see that y” > 0. Thus, any
trajectory (y(t),y'(t)), t > 0, emanating from the semi-line

E*={(y,y):y—gy)=0, y<0}

“trends” in a natural way, (when y'(f) < 0) toward the negative y-semi-axis and
then (when /() > 0) trends toward the positive y/-semi-axis. As a result, we may
control the vector field, so that y(1) + ay(n) = 0.

Lemma 4.2. Let 0 < a < 1. Ify € C[0,1] is a solution of the boundary-value
problem (4.1)-(4.2), then y is convex. Furthermore for every solution with y(0) < 0,
it follows that

() y(t) <0, t€ [0,1]

(ii) There exists a to € [0,1) such that

sup y(t) < oy(to) = —dyll,

ten,1]
where § = min{a(1 — 1), 1a£y1 ln)n)}
(ili) There exists a to € [0,1) such that y(to) = — maxo<e<1y(t) = —|yll

Proof. Let y(t) be a solution of (4.1)-(£.2). Then since,
[6p(W))" = —a(®)f (£, y(t)) = 0,

[¢p(y)] is nondecreasing and so is y'(t), a fact that implies the convexity of y(t).
(i) Since y(0) < 0, by the first condition in we get y'(0) < 0. If ¢/(¢) <0,
€ [0,1], then y(1) < y(n) < ay(n), a contradiction. Hence, there exists a top > 0
such that y(to) = ming<;<1 y(t) = —||y||-
(ii) If 1 — n € (0,¢g), then y(1 —n) < y(0) < 0 and so y(1) = ay(l —n) < 0. If
1—mn € (to,1) then y(1 —n) < y(1) and so
0=y(1) —ay(l —n) >y(1) - ay(1).

Hence, y(1) < 0. Finally, the convexity of y(¢) yields y(t) <0, ¢t € [0, 1].
(iii) The proof follows by the convexity of the solution and since it is analogous

to the given one at Lemma [2.2] we omit it. O
Lemma 4.3. Suppose that conditions ) and (2.4) hold. Then there exists an
1o < 0 such that for any n € (no,0), any solutwn of 4.1)) with y(0) = n/2, satisfies

the inequality
no <n<yt) <0, telo,1]
Furthermore, there e:rists an ao = ag(n) < 0 such that any (possible) solution
y=1y(t) of . with y(0) = 3, satisfies the inequality
y(t) <ao(n), tel01]. (4.4)

Proof. By the sublinearity of the function f(¢,y) at the point y = 0, for every

K > max{2u?, 2milrff{%”‘1}} there exists an 7y < 0 such that

Jnax fty) < Ky, no<y<O0. (4.5)
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Consider a solution y = y(t) of with y(0) = Z, where n € (10,0) is chosen
small enough so that
mil’logtgl q(t)
(p—D)np—2
We shall prove first that n < y(t) <0, ¢t € [0,1]. If not, by Lemma[{.2] there exists
a t* € (0,1] such that n < y(t) < %, 0 < ¢ < t* and y(t*) = n. Then, by
follows that

[0p(y)]" = [0, )y" = —aq(t) f(t,y) > —Kq(t)y(t) > —Kq(t)

> 1.

)

N3

i.e.

g1t
= K2y o2 10
- fKQ maxo<¢<i q(t)
=709 Ms
where, noticing the monotonicity of ¢/,(s) = (p—1)(—s)?"> > 0, s < 0 and of ¢/(¢),
0<t <1,

n
> —K—
> K5 >0,

¢p(97 m/2]), ifp>2
$plg~t ), ifpe(1,2) p>0

Consequently, by (3.3) and Taylor’s formula we conclude that for some ¢ € [0, t*],

oy = ey ()2
n—y(t)—2+t9 (2)+ 5 y'(t)
* =100 _(t*)Q Q
+t*g (2) 5 K2

n_ ()2

2 5 K3

Ms = max{gi);(y/) = {

> Ui

Considering now the map
(t*) = Kt*2 + 4ut* + 2,

the above inequality yields ¢(t*) < 0, given that n < 0. This is a contradiction,
since the above choice of K > 212, yields ¢(t) > 0 for all t € [0,1]. Consequently,
noticing Lemma we obtain n < y(t) < 0, t € [0, 1].

We proceed now with the proof of inequality . By the convexity of y(t), it
is obvious that

tgl[gﬁ]y(t) = max{y(0), y(1)}.

However, in view of the same Lemma [1.2]

T
sup y(t) < dy(to) = —dlly|| < 6y(0) = 57
t€(n,1]

and so

y(t) < sup y(t) < = min{1,d} := ap(n) < 0.

n
tem,] 2
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Proposition 4.4. Suppose that conditions (2.3) and (2.4) hold. Then there exists
an ng < 0 such that any solution of ({.1)-(4.2) satisfies the inequality y(0) < ng
and furthermore,

y(t) < ao(ng) == ag, ¢ €[0,1],

of being a negative constant.

Proof. Supposing the opposite, we may find a solution y(¢) of the boundary-value

problem (4.1))-(4.2), such that y(0) = Z, with n € (19,0), 1o being the same as in
the previous Lemma. Then, noticing (4.5), we may find a ¢ € [0, 1] such that

n 1
y(1) —ay(l—m) = 2 +97' () + 59"(t) —ay(L —n)
n -1, 1
- —-)— -Ky(t
> T g7 (D) - Ky
. K .
>3 +97'(5) — 5 min{ao(n), 7}
n —1,M Kn
> - =) - == 1,6} >0,
> 14 (D) - 5 Fmin{1,6) >
due to the choice K > 2m11:{%" Tr and since y(1—n) < 0. This contradiction completes
the proof. 0O

Proof of Theorem. To show that (4.1)-(4.2) has a solution, we consider the

problem
—[op(y)) = qt)F(t,y(t)), 0<t<1, (46)
y(0) — g(¥'(0)) =0, y(1) —ay(l—mn) =0, '

where
f(ty), ify <ag
F(y(n) = 100k =
f(t7f(t,060)), 1fy>040.
Then, clearly F' € C([0, 1] x (—0o0, 0], (—00,0)). Consider now the family of problems

—[ep(W)]" = aWAF(ty(t), 0<t<1,0<A<L

y(0) — g(y'(0)) =0, y(l) —ay(l—n)=0.
Let y = y(t), t € [0, 1], be a solution of ( . By Proposition there is a (fixed)
af < 0 such that y(t) < of, t € [0, 1]. We are going to prove the existence of

another constant A§ < af such that y(0) > Ag. This is the case since, setting
(¥(0),4'(0)) = (o, yy) € E* we obtain

)= 07 [0a06) = [ ats) s, ()08]

(4.7)

" " (4.8)
v =+ [ 05 [o,005) = A [ a()F (. y(s)as] e

The initial values must be chosen so that
1 t
QW) = 9(1) — w1 =) = 9w+ [ 0, [0005) =X [ als)F(s,y(s))ds]
0 0
t

~alatuty+ [0 s A [ a0 piopasar] o
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By Proposition and its proof, there exists an n € (1, 0) such that Q* (g~ (%)) >
0 and moreover by the definition of @* and the fact that g(y;) <0,

Q*{(Z);l ()\ /Ot q(s)F(s, y(s))ds)} <0

Hence y;, is lower bounded and similar yo = ¢(y(), i-e. (yo,y,) € Ef with Ef a
compact subset of R2. Furthermore, by the monotonicity of the functions g and Q*,
for each solution y(t) of the boundary-value problem , its initial value (yo, y3)
is uniquely determined and continuous.

Consider now the operator

Thy(t) = yo + /0 tcb [aﬁp (%0)] — A / )dr]ds

where g is the unique constant corresponding to the function y(t) satisfying .
It is easily verified that y(t) is a solution of if and only if y is a fixed point of
Ty in C[0,1].

(i) We consider the Banach space B = C]0, 1] and we may easily, as above, prove
that T :=1T, : B— B is completely continuous.

(ii) We will show that there exists a M > 0 such that |ly|| < M for any solution

of - We set
0
— 1 < .
/c Orgntlgl flt,y)ds >0, ¢<0
Noting (4.3), we may find a M > 0 such that
-M
-
(f M m1n0<t<1 f(t y)dy) [1 [ fl 77 1/pdt + f n ]1/pdt]
Also by the previous, any Solutlon of . 4.7)) being convex, satisfies
y(t) < ao(ng) :=ag <0, te[0,1],
and further there is a tg € (0,1) such that
y/(t) < 07 te [O7t0)7 y/(to) =0 and y/(t) > Oa te (t07 1]

< -1

Working in the interval [to,t] C [to, 1], we have

~(6y)) = MW F () > a(t) min F(t.).

Multiplying by —y’ < 0, integrating on [to, t], and given that ¢(t) is non-increasing,
we obtain
y(t)

Sy’ ()]
/0 ¢, (2)dz < —Q(t)/ min F(t,y)dy

<t<
(t)Ot 1

0
—q(t) / e )Orgggl F(t,y)dy

= —q(t)G(y(to)) <0

Hence,

and so
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If 1 —n € (to, 1], an integration over [1 — 7, 1] yields
1

y(1) —y(1 —n) < ¢, TG (y(t)))] ép 1T (a(t))]dt.

1-n
If 1 — n € (0,¢0], we integrate over [tg, 1] to obtain
1

y(1) = y(to) < & T (Gy(to))] | ¢ ' [T (a(t))]dt

to
1

<oy T GW))] | &p T (a(t))]dt.

1-n
Since y(tg) < y(1 —n), it follows that

y(1) —y(1 =) <y(1) —y(to) < ¢, [T (Gly(tn)))] ¢y I (q(t))dt.

1-n
Moreover, since y(1) = ay(l —n), we get
1
« —1ry— —1ry—
—— 0, TN (Gy(to)] [ ¢y [T (a(t))]dt,
a—1 1-n
and so a new integration from ¢g to 1 of (4.9) yields

y(to)

y(1) >

Consequently, (recall that y(t9) < 0)

y(to)
1 1 i T - 1
[Gly(to)]? GE) 7 (125 i, la@]7 (t)dt + [~ "[a(®)]¥ (t)dt]
which in turn, by the assumption (4.3) and the choice of M, implies y(tg) > —M.

Hence we obtain ||y|| < M.
Finally, in view of Lemma we may set

C:={yeB=C[0,1]: ||y <M} and U:={yeC:|y||<M}.

> -1,

Then, the second part of the nonlinear Alternative of Leray-Shauder Type is ruled
out and so we conclude that there exists a fixed point of the operator

Ty(t) = Tiy(t) = yo + /Ot ¢, [¢>p[g—1(y0)] - /O q(r)F(r, y(r))dr} ds.
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This of course yields a solution y = y(t) of the boundary-value problem (4.6) and
noting Proposition and the definition of the modification F,y(t) is actually a

solution of our boundary-value problem (4.1})-(4.2). O
Consider now the boundary-value problem

=[bp(W ()] = q"(s)f"(s,u (5)), O<t<L, (4.10)

uw(0) — au(n) =0, u(l)—g(u'(1)) =0. (4.11)

Theorem 4.5. Under the assumptions of Theorem|[3.5, the boundary-value problem

(4.10)—(4.11) has at least one positive solution.

Proof. We make the transformation u(s) = —y(1 — s), s € (0,1), where y = y(¢)
is a solution of the boundary-value problem (4.1)-(4.2)) (it exists by Theorem .
Then, clearly

u'(s)=y(L—s), p(u'(s)) =dp(y'(1—35))
and
—(pp('(5)))" = =(dp(y' (L = 5))) = q(1 = s)f(1 = 5,y(1 = 5))
=q(1 =) f(1 = s,—u(s)) := —q"(s)f" (s, u(s)),
where f*(s,u(s)) := f(1—s,—u(s)) and ¢*(s) := q(1—3s), s € (0,1). Consequently,
the function u = u(t) is a solution of the boundary-value problem
[¢p (' (1)) = =" () f* (£, u(t), 0<t<1.
Moreover, since y = y(t) satisfies the boundary conditions (4.2)), we obtain
u(l) +g(u'(1)) =0, u(0) - au(n) =0,
that is the function u(s) = —y(1 — s), s € (0,1), is actually the required solution

of (-2, 0

5. AN EXAMPLE

Consider the boundary-value problem

’:—L[u_%—i—sinQu_%], 0<t<l,
(1= L1 (5.1)
u(0) = [ (0)]'/%, (1) = 2¥(3);

where ¢,(s) = |s|P~%s, p=3 and a > 0 is a constant.

Comparing to Theorem we have chosen g(v) = v'/3, ¢(t) = a/\/(1 —1),
B =1/2and n = 1/3. Tt is trivial to verify that assumptions (A1)-(A4) hold true
for the system . Furthermore, since

C3 3

c
>
Jo w2 +sin® w14 T c42y/c

and

3 1 Lo a3 13 g/ 18
[ / - dt—i—/ ——_dt| = —a'/?,
3—1L1-1/2 Jy 5 (VI—0)/3 o (W1I-1t)1/3 5
it follows that (3.4]) is fulfilled for every a > 0. Hence the boundary-value problem
(5.1) admits a positive solution.
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Remar 5.1. The results in [20] can not be applied to (5.1)), since the assumption
(H5) is not satisfied. Indeed,

(1
2]
(3]

[10]

(11]

(12]
(13]

[14]
(15]

[16]
(17)
(18]
(19]
20]
21]

[22]

23]

1 1 2a
/n J1(ka(1 — 5))q(s)ds = /1/3 k1/2(1 B 3)1/2(1 - 5)1/2 = oo

REFERENCES

R. P. Agarwal, S. R. Grace and D. O’Regan; Semipositone higher-order differential equations,
Appl. Math. Lett. 17 (2004), 201-207.

R. P. Agarwal, D. O’Regan and P.J.Y. Wong, Positive solutions of the Differential, Difference
and Integral Equations, Kluwer, Dordrecht, 1999.

D. Anderson; Solutions to second-order three-point problems on time scales, J. Difference
Equ. Appl. 8 (2002), 673-688.

Z. Bai, Z. Gu and W. Ge; Multiple positive solutions for some p-Laplacian boundary value
problems, J. Math. Anal. Appl. 300 (2004) 477-490

D. Cao and R. Ma; Positive solutions to a second order multi-point boundary-value problem,
Electron. J. of Differential Equations 2000 (2000), No. 65, 1-8.

L. Erbe and H. Wang; On the existence of positive solutions of ordinary differential equations,
Proc. Amer. Math. Soc. 120 (1994), 743-748.

W. Feng; Solutions and positive solutions for some three-point boundary-value problems, in
Proc. of the 4th International Conference on Dynamical Systems and Differential Equations,
263-272.

W. Feng and J. R. L. Webb; Solvability of a m-point boundary-value problem with nonlinear
growth, J. Math. Anal. Appl. 212 (1997), 467-480.

X. He and W. Ge; Twin positive solutions for the one-dimensionalp-Laplacian boundary
value problems, Nonlinear Analysis 56 (2004) 975 — 984.

M. Garsia-Huidobro and R. Mandsevich; A three-point boundary-value problem containing
the operator —(¢(u’))’, in Proc. of the 4th International Conference on Dynamical Systems
and Differential Equations, 313-319.

V. A. II'in and E. I. Moiseev; Nonlocal boundary-value problem of the first kind for a Sturm-
Liouville operator in its differential and finite difference aspects, J. Differential Equations,
23(7) (1987), 803-810.

V. A. I'in and E. I. Moiseev, Nonlocal boundary-value problem of the first kind for a Sturm-
Liouville operator, J. Differential Equations 23(8) (1987), 979-987.

E. R. Kaufmann; Positive solutions of a three-point boundary value on a time scale, Electron.
J. of Differential Equations, 2003 (2003), No. 82, 1-11.

E. R. Kaufmann and N. Kosmatov; A singular three-point boundary-value problem, preprint.
E. R. Kaufmann and Y. N. Raffoul; Eigenvalue problems for a three-point boundary-value
problem on a time scale, Electron. J. Qual. Theory Differ. Equ. 2004 (2004), No.15, 1 - 10.
B. Liu; Nontrivial solutions of second-order three-point boundary-value problems, preprint.
B. Liu; Positive Solutions of Three-Point Boundary- Value Problem for the One Dimensional
p-Laplacian with Infinitely many Singularities, Applied. Mathematics Letters 17 (2004), 655-
661

R. Ma; Existence theorems for a second order three-point boundary-value problem, J. Math.
Anal. Appl. 211 (1997), 545-555.

R. Ma; Positive solutions of a nonlinear three-point boundary-value problem, Electron. J. of
Differential Equations 1999 (1999), No. 34, 1-8.

D. Ma and W. Ge; Positive Solutions of Three-Point Boundary-Value Problem for the One
Dimensional p-Laplacian with Singularities (Preprint)

J. R. L. Webb; Positive solutions of some three point boundary-value problems via fized point
index theory, Nonlinear Anal. 47(2001), 4319-4332.

J. R. L. Webb; Remarks on positive solutions of some three point boundary-value problems, in
Proc. of the 4th International Conference on Dynamical Systems and Differential Equations,
905-915.

X. Xu; Multiplicity results for positive solutions of some three-point boundary-value problems,
J. Math. Anal. Appl. 291 (2004), 673-689.



18 G. N. GALANIS, A. P. PALAMIDES EJDE-2005/106

[24] Z. Ziang and J. Wang; The upper and lower solution method for a class of singular nonlinear
second order three-point boundary-value problems, J. Comput. Appl. Math 147 (2002), 41-52.

GEORGE N. GALANIS
NAVAL ACADEMY OF GREECE, PIRAEUS, 185 39, GREECE
E-mail address: ggalanis@math.uoa.gr

ALEX P. PALAMIDES
DEPARTMENT OF COMMUNICATION SCIENCES, UNIVERSITY OF PELOPONNESE, 22100 TRIPOLIS,
GREECE

E-mail address: palamid@uop.gr



	1. Introduction
	2. Preliminaries
	3. Existence for the first boundary-value problem
	4. Existence for the second boundary-value problem
	5. An example
	References

