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DECAY AND SYMMETRY OF POSITIVE SOLUTIONS OF
ELLIPTIC SYSTEMS IN UNBOUNDED CYLINDERS

KUAN-JU CHEN

ABSTRACT. In this paper, we study the asymptotic behavior of positive solu-
tions and apply the “improved moving plane” method to prove the symmetry
of positive solutions of semilinear elliptic systems in unbounded cylinders.

1. INTRODUCTION

In studying differential equations it is often of interest to know if the solutions
have symmetry, or perhaps monotonicity, in some direction. Questions of this kind
have been investigated by Gidas-Ni-Nirenberg [0l [7] by Nirenberg [Il 2]. These
articles are basically working on semilinear elliptic equations with Dirichlet or Neu-
mann boundary values.

In our previous paper [3], we established the existence of positive solutions for a
class of semilinear elliptic systems on unbounded domains. In this paper, we study
the asymptotic behavior of positive solutions and symmetry of positive solutions of
the elliptic systems of the form

—Au+u=g(v), uw>0inA,
—Av+v=f(u), v>0inA,

u=0 v=0 ondA, (1.1)
lim u(x,t) =0, lim v(z,t) =0 uniformly in z € Q,
|t] — o0 [t]|— o0

where N = m +n > 2, n > 1, (z,t) is the generic point of RY with z € R™
and t € R?, Q C R™ is a smooth bounded C*! domain, and A = Q x R” is an
unbounded cylinder in RY. Our results form a further development of the work by
Figueiredo and Yang [5].

The method of “moving plane” was used in [5], as originally introduced by
Alexandroff (see Hopf [9, Chap. 7]), later used by Serrin [12], and extensively used
in recent times, after the work of [6] by Gidas-Ni-Nirenberg. Generally speaking, in
applying the “moving plane” device it is important to first obtain the asymptotic
behavior of solutions near co in order to get the device started near co. In this
paper, we apply the “improved moving plane” method given Li [I0] and by Li and
Ni [II], who make no assumption on the asymptotic behavior of positive solutions
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to prove that u(z,t), v(z,t) are radially symmetric in x and axially symmetric in
t. In section 2, we establish the asymptotic behavior of positive solutions of the
systems of semilinear elliptic equations (|1.1)).

2. ASYMPTOTIC BEHAVIOR

Let A1 be the first eigenvalue and ¢, the corresponding first positive eigenfunction
of the Dirichlet problem —A¢; = A\1¢1 in 2, ¢1 = 0 on 0€2.
The basic assumptions on the functions f and g are as follows:

(H1) f,g € CY(R,R), with f(t) = g(t) = 0 for t <0, f(t) > 0 and g(t) > 0 for

t>0.
(H2) f(t) =O(t?), g(t) = O(t?) as t — 0 for some 1 < p, ¢ < 2 (1 < p,q < o0
if N =2).

(H3) f'(t), ¢'(t) are nondecreasing for ¢ > 0.

Proposition 2.1. Assume that f, g satisfy (H1)-(H3). Let u(x,t), v(z,t) be C?
positive solutions of the elliptic systems 1) Then for each ¢ > 0, there exist

constants C, Cz > 0 such that for (x,t) € A,
Coo(w)e MM = 75 < ufe, ), v(a, 1) < Cogr(w)e VTN Mg =7 =,

Proof. We divide the proof into the following steps:
(1) We claim that for any 0 < § < 1+ Ay, there exists a > 0 such that

w(x,t) + vz, t) < argy (x)e VTN for (2,) € A.

Without loss of generality, we assume J < 1. Since limp_ o u(z,t) = 0 and
lim¢ oo v(2,t) = 0 uniformly in z € ©, we may choose Ry > 0 large enough
such that

fu(e.t) . glo.t)
(e d) =0 ot

Let (z5,2:) € OA, and B be a small ball in A such that (z,,2:) € 9B. Since
¢p1(x) > 0forz € Q, ¢1(22) =0, u(z,t) > 0, v(x,t) > 0 for (z,t) € B, u(zy, 2t) = 0,
and v(z,, z;) = 0, by the Hopf boundary point lemma (see Gilbarg and Trudinger
), %(zx) <0, %(zw,zt) < 0, and %(zw,zt) < 0, where v is the outward unit
normal vector at (z,,2;). Thus

<6, for (z,t) € A,|t| > Ry. (2.1)

lim u(z,t) + vz, t) _ %(Z’x, 2t) + %(zx, Zt)
(@,6)— (20 20) ¢1(x) %01 (2,)
where (x,t) € A and (z,t) — (s, 2;) normally. Note that (u(z,t)+v(z,t))é; () >
0 for (z,t) € A, thus
(u(z,t) +v(x, )¢y (x) >0 for (2,t) € A.
Since ¢ (z)e™VITM =l y(z, ¢), and v(z,t) are C1(A), if we set

ar= sup  {(u(z,t)+ o, 1)y (z)eV T ONY
(z,t)eA, [t|<Ro

>0,

then oy > 0 and
oy (z)e VMO > 0z t) + v(x, t), for (x,t) € A, |t| < Ry. (2.2)
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Let ®(z,t) = aiéy(z)e VT =0 for (2,t) € A. Then for (z,t) € A, |t| > Ry,
from (2.1)), we have

Ay — 1w — ) (1) — (B1 — 1 — v)(,1)
VI+ A —d(n—-1)

< —0P1 +6(u+v)
=—0(®1 —u—v).

Hence A(®; — u —v)(z,t) — (1 — 6)(®1 — u —v)(x,t) <0 for (x,t) € A, [t| > Ro.
Then by the strong maximum principle, we obtain

u(z,t) +v(z,t) < ®y(z,t), for (z,t) € A, |t| > Ro. (2.3)

Hence from (2.2) and ([2.3)), we get the claim.
(2) We claim that for any € > 0, there exists C. > 0 such that

u(z,t) +v(z,t) < Copy(x)e VITM ‘t||t|7n771+5, for(z,t) € A.

Without loss of generality, we assume that 0 < ¢ < "?’1 Now, given € > 0 and

fixed 6 > 0 as in part (1). By part (1), there exists ay > 0 such that
w(z,t) + vz, t) < ardy (x)e VTN for (z,t) € A,
From ,
Fu) + g(v) < Sy (x)e VTN for (x,t) €A, [t| > Ro.  (24)

Let me = %=1 — ¢ and

2
h(t) = —2e/1T+ Mt 7™ 4 mo(me —n 4 2)[t| ™2
We can choose R; > Ry such that for |¢| > Ry,
e VIFM IR (1) 4 Sa e VIFM I < 0, (2.5)
As in part (1), if we set

az= sup  {(ule,t) (e, 0))d; (@)eV e} 41,
(l‘,t)GK, ‘tlgRl

then ay > 1. Let ®o(2,t) = gy (x)e VITA I |¢|=m< for (z,t) € A, then
u(z,t) +v(z,t) < Po(z,t), for (z,t) € A, |t| < Ry. (2.6)
For (x,t) € A, |t| > Ry, from and , we have
A(DPy —u—v)(z,t) — (P2 — u — v)(x,t)
= h(t)[t]" o (x, 1) + g(v) + f(u)
< andr (@) VN R(E) + S0 gy () VIFM =01
< ¢y (x) (e VIFM (1) 4+ sy e VIFAMII) <

Then by the strong maximum principle,

u(z,t) +v(z,t) < Po(x,t), for (z,t) €A, |t| > Ry. (2.7
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Hence from (2.6) and (2.7]), and since w(z,t), v(x,t) are positive solutions, it is
straightforward that for any € > 0, there exists C. > 0 such that

u(x,t),v(z,t) < Cogy(x)e” ViFM |t||1§\_%1+‘37 for (z,t) € A.

(3) For a given & > 0, let M = 271 + ¢ and

k(t) = 2e7/1+ M |t|7F + s (e —n + 2)[t 2

We can choose Rz > 0 such that k() > 0 for |t| > Rs. As in part (1), if we set

B = inf {u(z, )1 (w)ev T ey,
(z,t)EA, |t|<R2

then 8 > 0 and
By (x)eVITAIU =T < y(at),  for (x,t) € A, |t| < Ro. (2.8)
Let U(x,t) = By (x)e VIH I~ for (2,t) € A. Then for (z,t) € A, |t| > Ra,

we have

AT — ) (z,8) — (¥ —u)(z,t) = k() U(z, 1) + g(v) > 0.

Then by the strong maximum principle,

u(x,t) > W(x,t), for (x,t) € A, |t| > Rs. (2.9)
Hence from (2.8)) and (2.9)), for each & > 0, there exists C. > 0 such that

_n=1_

u(z,t) > Cogpy(x)e VITM =52 for (x,t) € A.

For the positive solution v(z,t) in the elliptic systems (1.1]), we can get the same
results as for u(z,t). O

3. SYMMETRY OF POSITIVE SOLUTIONS
Let
S={(x,t) e BN"YO;R) xRz = (x1,...,xy_1) € BY71(0; R),t € R},

where BN~1(0; R) is a ball with center at the origin and of radius R in RV ~!. Now
we consider the systems of semilinear elliptic equations

—Au+u=gw), u>0in$S,

—Av+v=f(u), v>0in§,

u=0, v=0 onJdS, (3.1)
| l‘im u(z,t) =0, | }im v(x,t) =0 uniformly in z € BN 7(0; R).
t|—oo t|—o0

The purpose of this section is to apply the “improved moving plane” method to
prove the symmetry of positive solutions of the elliptic systems (3.1]) which makes
no assumption on the asymptotic behavior of positive solution.

Theorem 3.1. Assume that f, g satisfy (H1)-(HS). Let u(z,t), v(z,t) be C?
positive solutions of the elliptic systems , Then u(x,t), v(z,t) are radially
symmetric in x and axially symmetric int; that is to say, u(x,t—o) = u(|z|, [t—0l),
v(z,t — o) =v(|z|, |t — o|) for some o.
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Part I. u(z,t), v(z,t) are radially symmetric in € BY~1(0; R).

Notation:

T\ = {(z,t) = (z1,%2,...,oN_1,t) €ES: 11 = A}

. E)\:{(Jf,t)GS:$1<)\}

For (z,t) = (131,:52, o xN_1,t) €8S, set (2, t) = (2A—x1, T2, ..., N_1,1);
that is to say, (2*,t) is the reflection of (z,t) with respect to T

Let A be the collection of all A € (—R,0) such that

u(w,t) < u(z,t), v(z,t) <v(*t) forall (z,t) € Ty,
Ug, (2,8) >0, vy (2,t) >0 on SNTh.

In the sequel, we take A < 0. On the set ¥y we define the functions
UMz, t) = u(z,t) —u(z*,t) and Vx,t) =v(z,t) —v(z,t).
Then
AU (@, 1) + UM, t) = g(o(x, 1)) — v, 1)),
AV, t) + VMa,t) = f(u(z,t) — flu(z,1)).
By the mean value theorem,
g(v(z, 1)) — g(v(@,1)) = ¢'(¥a(e, )V (2, 1),
Flule, ) = flula?, 1) = f'(pa(x, 1)Uz, 1),

(
where 1y (,t) is a real number between v(x,t) and v(z*,t), oa(z,t) is some value
between u(x t) and u(2?,t), respectively. Let us denote g "(Ya(z,t)) = cx(z,t) and

1@, 1) = da (o, ). So
— AUz, t) + UMz, t) = ex(z, )V Mz, )  in Ty,
—~AVMz,t) + Vx,t) = dy(x, ) U (z,t) in Ty.
To prove Part I, we need the following lemmas.
Lemma 3.2. For some 0 <46 < R, (—R,—R+6) C A.
Proof. Note that by (H2), lim;_+ ¢'(t) = 0 and lim;_,o+ f'(¢t) = 0. Take ¢y > 0
such that if 0 < ¢ < 2o, then ¢'(t) < 1 and f'(t) < 1. Since lim;—pu(z,t) =0
and lim |, g v(x,t) = 0 uniformly in ¢, we can choose 6, R > § > 0 such that if
R -6 < |z| < R, u(z,t) <ty and v(z,t) < tg uniformly in .

We claim that if —R < A\ < —R + 6, then UMz,t) < 0 and V*(x,t) < 0
in . On the contrary, suppose there exists A such that —R < A < —R + 9§,
U*(x,t) > 0 for some (z,t) € Xy, or VX (z,t) > 0 for some (z,t) € Iy. Since
im0 UMx,t) = 0 and im0 VXz,t) = 0 uniformly in x € BN~1(0; R),
U*(x,t) achieves its maximum at (zg,t) € Xy and V*(x,t) achieves its maximum
at (z1,t1) € Xx. Then

VU o, t0) =0, {Ujj(xo,t0)} <0,
VVAa1,t1) =0, {Vyj(z1,t1)} <0,

Since AU(zo,tp) < 0 and AV (z1,t;) < 0, from the elliptic systems (3.2)) it
follows that

(3.2)

C)\(SL'o,to)V)‘(:Eo,to) > U)\(.%o,to) > 0,
d)(xl,tl)UA(l'l,tl) Z V)\(l'l,tl) > 0.
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From (H1)-(H3) it follows that cy(xo,t0) > 0 and dyx(x1,t1) > 0. Then we obtain
that V*(zo,t9) > 0 and U*(x1,t;) > 0. Moreover, if —R < A < —R + 4, since
VX xo,t0) > 0, UMw1,t1) > 0, then from (H3), cx(zo,t0) < 1, dx(w1,t1) < 1, and
get

VMo, t0) > ex(wo, to) V> (zo, to) > U0, to),

U)\(l'l,tl) > d)\(;vl,tl)U’\(xl,tl) > V)\(l'l,tl).
Since VA (x1,t1) > VA (o, to), from (3.3)) it follows that U (z1,t1) > U (x0,t0), we
come to a contradiction. So for —R < A < —R+ 6§, U*(x,t) < 0 and V*(z,t) <0
in ¥y. Applying the maximum principle and the Hopf boundary point lemma, for
—R <A< —R+6, we get UMNx,t) < 0in Xy, Up (z,t) > 0 for (z,t) € SNT),
VM, t) < 0in Ey, and V) (z,t) > 0 for (z,t) € SNTx. Hence uy, (z,t) > 0 and
Vg (2,8) > 0 for (x,t) € SNT\. Then (—R,—R+J) C A. O

(3.3)

Lemma 3.3. If (—R,\] C A, then there exists T > 0 such that [\, A+ 7) C A.

Proof. Suppose not. Then there exist a decreasing sequence A\, — A and a sequence
{(zro,tro)} of points in ¥y, such that UM (210, tro) = u(Tro, tro) — u(xﬁ’g,tko) > 0,
or a sequence {(zx1,tx1)} of points in Xy, such that VA (zg1,th1) = v(zg1, th1) —
v(mi’f,tkl) > 0. There exists a subsequence {(zyo,tr0)} such that zpg — Ty €
BN-1(0; R) or a subsequence {(zg1,tx1)} such that zx; — T € BN=1(0; R). There
may arise two possibilities: Cases 1 and 2 below.

Case 1. |tgo| — 0o. As shown in Lemma[3.2] we assume that

UM (zko, tro) = max UM (x,t),
(z,t)€XN,

VU (zxo,tro) = 0, {U* (o, tho)} < 0.

From lim, ;|- o0 u(xro,tko) = 0, as in Lemma we obtain a contradiction. The
same argument applies to Vs (zg1, tx1).

Case 2. tro — to. We have (z10,tr0) — (To,to) € Xx. Thus UNTo, 1) > 0. Clearly
(To,to) ¢ Ly since UMz, t) < 0 in Xy. If (To,to) € T, then u,, (To,tp) < 0, which
contradicts to A € A. Moreover, (Zg,t) ¢ S N X, since if (Zg, %) € S N Xy then
0 = u(Zo, o) > u(Zy,t0) > 0, a contraction. We conclude that Case 2 is impossible.

The same argument applies to V% (21, tx1)- O

Proof of Part I. Let u = sup{\ € (=R,0) : (—R,\) C A}. Then p ¢ A. If not,
by Lemma we would have [u, 4+ 7) C A, which contradicts to the definition
of p. We claim that 4 = 0. Suppose not, u € (—R,0). By continuity we have
u(z,t) < u(z,t) and v(z,t) < v(z#,t) for all (z,t) € ¥, then by the maximum
principle we have u(z,t) = u(z*,t) and v(z,t) = v(a*,t) for all (z,t) € 3,,, which
is impossible. Thus p = 0. By reversing the x; axis, we conclude that u(x,t)
and v(z,t) are symmetric with respect to the hyperplane Tp, u., (z,t) < 0 and
Vg, (2,8) < 0 for 3 > 0. Since the x; direction can be chosen arbitrarily, we
conclude that u(x,t) and v(z,t) are radially symmetric in # € BY~1(0; R). O

Part II. u(z,t), v(z,t) are axially symmetric with respect to some hyperplane
t=o.
Notation:

o Sp={(z,t)€S:2€ BN"Y0;R),t = 0}

e Iy={(z,t)€S:2e€ BN"Y0;R), t <0}
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e For any (z,t) € S, set (v,t%) = (2,20 — t) that is to say, (x,t%) is the
reflection of (z,t) with respect to Sp
e Let O be the collection of all § € R such that

u(z,t) < u(z,t®), wv(z,t) <wv(z,t’) forall (z,t) € Dy,
ug(x,t) >0, wvi(z,t) >0 on SNSy.

On Ty, we define the functions
M (z,t) = u(z,t) —u(z,t’) and N(z,t) = v(x,t) —v(z, ).
Then
—AM(z,t) + M°(z,t) = g(v(z,1)) — g(v(z,1")),
—~AN?(z,t) + N%(z,t) = flu(z,t) — f(u(z,t?)).
By the mean value theorem,

g(v(@, 1)) = g(v(, ")) = g'(€o(, 1)) N (z, 1),
Fluz,t)) = fu(z, %) = f'(Go(w, ) M (2,1),

where &y(z,t) is a real number between v(x,t) and v(z,t%), (p(x,t) is some value
between u(z,t) and u(x,t%), respectively. Let us denote ¢'(¢y(z,t)) = eg(z,t) and

f'(Co(z,t) = folz,t). So
—AM®(z,t) + M®(z,t) = eg(x,t)N°(x,t) in Ty,

~ANY(z,t) + N%(x,t) = folx,t)M?(x,t) in Ty. (34

To prove Part II, we need the following lemmas.

Lemma 3.4. There exists 0y > 0, such that either (—oo,—0] C © or u(z,t) =
u(z,t7%) and v(x,t) = v(x,t=%) in T_,,.

Proof. Note that by (H2), lim;_,o+ ¢'(t) = 0 and lim;_,o+ f'(t) = 0. Take t; > 0
such that if 0 < ¢ < g, then ¢'(t) < 1 and f'(t) < 1. Since limp|_,o u(x,t) = 0 and
limy¢ o0 v(,t) = 0 uniformly in 2 € BN=1(0; R), we can choose 6y > 0 such that
if t < —fp, u(x,t) < to and v(z,t) < to uniformly in z € BY~1(0; R).

We claim that if # < —f, then M?(x,t) <0 and N%(z,t) <0 in Ty.

On the contrary, suppose that there exists § such that § < —6y, M?(z,t) > 0 for
some (x,t) € Ty, or N%(z,t) > 0 for some (z,t) € T'g. Since lim;_,_o M?(2,t) =0
and lim;_,_ N%(x,t) = 0 uniformly in + € BN~1(0; R), M?(x,t) achieves its
maximum at (xa,t3) € Ty and NY(x,t) achieves its maximum at (x3,t3) € T.
Then

VM®(zg,t2) =0, {M];(z2,t2)} <0,
VNa(l'g,tg) = 0, {NZ(LU37t3)} S 0.

Since AM?(z4,t2) < 0 and ANY(z3,t3) < 0, from elliptic systems (3.4) it follows
that

e@(IQ,tQ)NO(xQ,tQ) Z MG(Z'Q,tQ) > 0,
f9($37t3)M6(fE3,t3) 2 N0(£E37t3) > 0.
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From (H1)-(H3) it follows that ep(z2,t2) > 0 and fp(xs,t3) > 0. Then we obtain
that N%(z,t2) > 0 and M?(x3,t3) > 0. Moreover, if § < —0j, since N9 (zy,t5) > 0,
MO (x3,t3) > 0, then from (H3), eg(w2,t2) < 1, fo(xs,t3) < 1, and get

NQ(ZQ,tQ) > eg(xg,tQ)Ne(iL’Q,tQ) > MG(CEQ,tQ),

3.5
MO (x3,t3) > fo(ws,ts)M®(w3,t5) > N°(x3,13). (35

Since N%(z3,t3) > N%(x2,ts), from it follows that MY (z3,t3) > MY (x2,t2).
We come to a contradiction. So for § < —fy, M%(x,t) < 0 and NY(z,t) < 0 in
I'y. As a consequence of the maximum principle and the Hopf boundary point
lemma, either M=% (z,¢) =0, N=%(2,¢) = 01in T _p, or for < —0y, M?(x,t) <0
in Ty, M{(z,t) > 0 for (z,t) € SN Sy, N(z,t) < 0 in Ty, and Nf(z,t) > 0
for (z,t) € SN Sy. Hence either (—oo,—60] C O or u(x,t) = u(z,t=%) and
v(z,t) = v(x,t7%) in T _g,. O

Lemma 3.5. If (—o0,0] C O, then there exists € > 0 such that [0,0 +¢) C ©.

Proof. Suppose not. Then there exist a decreasing sequence 6 — 6 and a sequence
{(zg2,tr2)} of points in T'y, such that MO (zpo,tre) = u(wro, tre) — u(Tre, tzg) > 0,
or a sequence {(zy3,x3)} of points in T'y, such that N (zp3,tr3) = v(wr3,tr3) —
U(a:kg,tz’g) > 0. There exists a subsequence {(xg2,tr2)} such that zx2 — Tz €
BN-1(0; R) or a subsequence {(zs3, tx3)} such that x5 — T3 € BN~=1(0; R). There
may arise two possibilities: Cases 1 and 2 below.

Case 1. tgg — —00. As shown in Lemma we assume

Mek(xkg,tkg): max Mg"(ac,t)7
(w,t)€lg,, (36)

VMO (242, tre) =0, {Mgk (Zk2, tr2)} < 0.

From limy,, oo w(Z2,tk2) = 0, as in Lemma we obtain a contradiction. The
same argument applies to N (z.3, t13).

Case 2. tpo — 1?2. We have (xkg,tkg) — (izﬂ?g) S Fg Thus Me(if27£2) > 0.
Clearly (Z2,t2) ¢ T since M%(x,t) < 0 in Ty. If (Zo,%2) € Sp, then uy (T2, 2)

0, which contradicts § € ©. Moreover, (Z2,f2) ¢ S N Ty. Note that MY (x,t)
satisfies the elliptic systems , and by the Hopf boundary point lemma, we
obtain %Me(i'gﬂ?g) < 0. On the other hand, taking the limit in , we obtain
VM9 (%,,t3) = 0, a contradiction. We conclude that Case 2 is impossible. The
same argument applies to N7 (213, tr3). O

Proof of Part II. Let 0 = sup{f € R : (—00,0) C ©}. Then o ¢ ©. If not, by
Lemma we would have [0, 0 + €) C ©, which contradicts to the definition of o.
By continuity we have u(z,t) < u(z,t?) and v(z,t) < v(x,t?) for all (z,t) € Ty,
then by the maximum principle we have u(x,t) = u(z,t%) and v(z,t) = v(z, t7) for
all (x,t) € I',. This proves u(x,t) and v(z,t) are symmetric with respect to the
hyperplane ¢t = o for all (z,t) € S. O
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