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LIE-GROUP ANALYSIS OF RADIATIVE AND MAGNETIC
FIELD EFFECTS ON FREE CONVECTION AND MASS
TRANSFER FLOW PAST A SEMI-INFINITE VERTICAL FLAT
PLATE

FOUAD S. IBRAHIM, MOHAMMAD A. MANSOUR, MOHAMMAD A. A. HAMAD

ABSTRACT. In this paper, we discuss similarity reductions for problems of ra-
diative and magnetic field effects on free-convection and mass-transfer flow past
a semi-infinite vertical flat plate. Two cases are considered: Lie group anal-
ysis applied to uniform magnetic fields, and Scaling transformations applied
to non-uniform magnetic fields. In particular, we determine new similarity
reductions and find an analytical solution for the uniform magnetic field, by
using Lie group method. Numerical results are presented and discussed for
various values of the parameters governing the problem.

1. INTRODUCTION

The study of radiative and magnetic field effects have important applications in
physics and engineering. The classical method for finding similarity reduction of
PDEs is the Lie-group method of infinitesimal transformations [2, [3, 13}, 14} [15] [16]
241, 25, 29]. Lakshmanan and Velan [20] studied Lie similarity reductions of cer-
tain (2+1)-dimensional nonlinear evolution equations. Group analysis of the Von
Karman-Howarth equation was presented by Khabirov and Unal [I9]. Clarkson [5]
presented a new similarity reduction and Painleve analysis for the symmetric regu-
larized long wave and modified Benjamin-Bona-Mahoney equations. Yurusoy and
Pakdemirli [30] studied the group classification of the boundary layer equations
of a non-Newtonian fluid model, in which the shear stress is arbitrary function
of the velocity gradient. They used two different approaches for group classifica-
tion (i) the classical approach and (ii) equivalence transformations. Clarkson and
Kruskal [6] presented some new similarity reductions of the Boussinesq equation,
which arises in several physical applications including shallow water waves. A new
solution branch of similarity solutions were presented and discussed by Steinruck
[27]. Ibragimov [16] discussed the properties of a perturbed nonlinear wave equa-
tion by using a group of transformations and derived the principal Lie algebra and
its approximate equivalence transformation. The paper of Chupakhin [4] reviewed
the main statements of the theory of differential invariants of continuous groups.
Yurusoy [31] presented similarity solutions for the problem of the two-dimensional
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equations of motions for the slowly flowing second grade fluid with heat transfer.
Soh [26] classified similarity solutions of a boundary-value problem for a nonlinear
diffusion equation arising in the study of a charged power-law non-Newtonian fluid
through a time-dependent transverse magnetic field. Ibragimov and et al [17] found
for the equations the equivalence group generated by an infinitesimal Lie algebra
involving two arbitrary functions of the variable . In the paper of Gandarias et
al [I1], the complete Lie group classification of a non-linear wave equation was
obtained. Fakhar et al [10] employed Lie theory on the axisymmetric flow. Radia-
tive effects on magnetohydrodynamic natural convection flows saturated in porous
media were studied by Mansour and El-Shaer [2I]. Elbashbeshy and Dimian [9]
studied effect of radiation on the flow and heat transfer over a wedge with variable
viscosity. Abo-Eldahab and El Gendy [I] studied radiation effect on convective
heat transfer in an electrically conducting fluid at a stretching surface with vari-
able viscosity and uniform free stream. Radiation and mass transfer effects on flow
of an incompressible viscous fluid past a moving vertical cylinder were presented
by Ganesan and Loganathan [I2]. The unsteady flow past a moving plate in the
presence of free convection and radiation were studied by Mansour [22]. The effect
of suction/injection on the flow and heat transfer for a continuous moving plate
in a micropolar fluid in the presence of rendition was studied by El-Arabawy [g].
Ibrahim et ol [I8] studied radiative and thermal dispersion effects on non-Darcy
natural convection with lateral mass flux for a non-Newtonian fluid from a verti-
cal flat plate in a saturated porous medium. Dolapc and Pakdemirli [7] studied
approximate symmetries of creeping flow equations of a second grade fluid. The
purpose of this paper is to investigate the similarity reductions and to find similarity
representations of radiative and magnetic field effects on free convection and mass
transfer flow past a semi-infinite vertical flat plate, to study the effect of problem’s
parameters on the behavior of problem’s variables and to represent exact solutions
of the problem.

2. ANALYSIS

We consider the flow along the z-axis, which is taken along the vertical flat plate
in the upward direction, and the y-axis is taken normal to it as shown in Fig. 1.
The plane is maintained at a constant temperature T;, higher than the constant
temperature T, of the surrounding fluid and the concentration C,, bigger than the
constant concentration C,. The fluid properties are assumed to be constant. The
governing equations for the problem under consideration can be written as
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or | 0y

Ot ot 0%u o B2
Ul + U = Ve T — T (O = Cx) — —2u
gz T8 ZQE2+95( )+ 987 (C = Cx) ra

or _oT _ ko 0°T  « Og,

Yoz 705 pc, 0 o 07

a@+ﬁ%—D8270
0z oy oy’

=0,




EJDE-2005/39 RADIATIVE AND MAGNETIC FIELD EFFECTS 3

with the boundary conditions
12:0, EZO, T:Tw, C:Cun a‘sg:()?

=0, T=Twx, C=Csx, asj— oo (2.2)

where, @ and v are velocity components; & and y are space coordinates;T is the
temperature; v is the kinematic viscosity of the fluid; g is the acceleration due to
gravity; 0 is the coefficient of thermal expansion; §* is the coefficient of expansion
with concentration; o is the electric conductivity; By is the magnetic field strength
in y direction; p is the density of the fluid; ¢, is the specific heat of the fluid; «
is thermal diffusivity; k, is the thermal conductivity of fluid; D is the diffusion
coeflicient and ¢, is the local radiative heat flux. The radiative heat flux term is
simplified by using the Rosseland approximation (see Sparrow Cess [28]),

4o OT*
=— — 2.3
dr 3%+ 9y (2.3)
where, oy and k* are the Stefan-Boltzman constant and mean absorption coefficient

respectively.

We assume that the temperature differences within the flow are sufficiently small
such that 7% may be expressed as a linear function of temperature. This is accom-
plished by expanding 7% in a Taylor series about Ts and neglecting higher-order
terms, thus

T* = 4T3 T — 3T (2.4)
the following dimensionless parameters are defined:
T Yy _
x:Z7 y:Z, u = ulogy,
poloe o pop o1, g= C=Cx (2
v’ o o Cuw —Os’

now we will study two cases:

Case 1: Non-uniform magnetic field. In this case the magnetic field strength

1S

B
B, = ?" (2.6)

then, by using the non-dimensional variables (2.5)) and (2.3)), (2.4)), (2.6]), the system
(2.1) becomes
ou v
9Ty =
ou, ou_ou
ox oy Oy
00 00 1 %0
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where, M = UPVO is the magnetic parameter; G, = M is the mass

* 3
Grashof number; G, = W is the temperature Grashof number; P, =
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b s 400T3, . c s .
% is the Prandtl number; R = Sﬁk‘f is the radiation parameter and S, = % is

the Schmidt number. The boundary conditions (2.2]) become

u=0 v=0, =1 ¢=1 aty=0,

2.
u=0, =0, ¢=0, asy— oo. (2:8)

In this case, the similarity solutions are obtained using the scaling transformations.
The magnetic force in z-direction is F, = —UBSU . The system and conditions
are invariant under the scaling transformations. We scale all independent and
dependent variables as follows:

xt =X, ¢yt =A%y, u = A\,

v =A%, 0F =)\G0, oF = NG,
Substituting these variables in (2.7)), we obtain the invariance conditions:

Cp=c¢1, C3=—C, C4=—C, C3=—3C, C¢=—3C1.

These relations lead to the following differential equations (characteristic equations)
for similarity:

dr dy du dv dO  do
r y —u —-v -3 =3¢
From these equalities, we find the similarity transformations

y Fi(n) Fy(n) 9 F3(n)

nN=—-, u= , U= ) = 3 d):
x X xr X

Substituting these values in (2.1)), we obtain

F) —nF| — F, =0,
F' — (Fy —nF\)F{ + F} + G.F3 + G.Fy — MF, =0,
1

5 (L+H4AR)FY — (F> = nF1) Fy + 3F Fy = 0, (2.9)
1
?Fi/_(FZ_nFl)Fi+3F1F4:O’

with boundary conditions

F1:O, FQZO, ngl, F4:1, at’l]:O

2.1
=0, F3=0, F;=0, asn—0 (2.10)

Integrating the first equation in (2.9), we obtain F5 = nFj. Then, system (2.9)
becomes

F' + F} 4+ G,F3+G.Fy — MF, =0,

1 1/

1 "
— 3F1Fy; =0
Sc 4+ 144 9

with boundary conditions ([2.10)).
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Case 2: Uniform magnetic field. In this case the magnetic field strength is
constant (By = By). Symmetry group and similarity solutions for the derived
fundamental equations are obtained by employing Lie Group analysis. Lie algebra
corresponding to the symmetries are constructed. After that, a special solution of
the exact solution is obtained for a special symmetry. Then becomes

@—F@_O
or oy
u%_H}% gz G0 —Gep+ Mu=0,
00 00 1 0%0 (2.12)
Yor Ty T Pr(1+4R)a2:0’
00,00 10

Yoz T8y T S 0y?

These reduced equations, in two independent variables, can be further analyzed
for its symmetry properties by looking at its own invariance property under the
classical Lie group analysis. We introduce the vector field

0 0 0
X 51('1: Y, u,v, 9 ¢) +€2(Z‘ Yy, u, v, 9 ¢) Ml(xvyauﬂjaev(é)%

(2.13)
0
+ P (x, y,u, 0,0 ¢)*+u (z,y,u,v,0 ¢) g TH Ha,y,u, 0,0, ¢)7)~
At this point, we assume that
Ay = uy + vy,
AQ = uuy1 + Vvug — U2 — GTQ - Gc¢+ MU,
1

Az = ub; + vy — F(l + 4R)922, (2'14)

1
Ay = upr + vy — §¢22~

To determine the infinitesimals &7, &, p!, u2, 13, u*, the second prolongation of the
operator ([2.13) is applied to (2.14]) and then substituted to the invariance criterion,
ie.,

X@(Aj)|a—0=0, j=1,2,34 (2.15)

where X2 stands for the second prolongation of the operator (2.13), which is
defined by:

0 0 0 0 0
@ x4, 9 an @ en (21 @1
+ o, + Dy + iy Bus + Hig Dty + Hag Dtinn

a2 2 e 0y e 0 e O
H1 8 Ho 81}2 M1y s K12 1o Ha2 s

13 0 13 9 23 0 23 0 2)3 0
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The recursion relation for the higher order infinitesimals are

2 2
P = D™ = > &+ Y Gix
=1 =1

where, (m = 1,2,3,4), (a = 1,2,11,12,22), and x!, x?, x3, x* stand for u, v, 0, ¢
respectively,

ax™ axm

X;ﬂ = ) lez = < ;
83%‘ ami

I =x, X2=Y,

2 0 n 0 n 0

D, Oz, X7 Y™ Xij gym oxT

i=1,2

D, = ij=1,2

Equations (2.15]) furnish a set of constraints in the form of linear partial differential
equations, which enable us to obtain the coefficients &1, &, u', p?, 3, p*. The
system of linear partial differential equations is

M§1)1 iy (1)2 —0,

(M +uy)pt + ugp® — Grpp® — Gopr + up{D + opPt — 52 =0,
Orpt’ + Oaps” + upf + opy ) — ; (1+4R)u3” =0, (210)
orut + dop® + upi + ops - S —ul =0,
where
)
0
A = Gy~ g 4,
e g’;? +0, %’“‘; 6 g&l 6, gij)
s = g’;z +92%’5 - (alg—i +9Q§Z)
51)4 g% +¢185:: - (¢1§i ¢2§7521)7
(e gi + ¢265§ - (¢1§7§12 ¢2%) :
u%)l = Bgi)l + ug a%é;)l + u2y 8;51%11)1 + u22(‘3g;212)1 — (umg—f; + uQQ%) )
psy’ = (’)gi)d + 62 a,ua%;) + 61 8g;11)3 + 9228g(212)3 — (021 gﬁl + 922%) ;
M§22)4 = 8({;524 + ¢ 8%%;)4 + ¢a1 85211)4 + ¢a2 855;)4 - (¢2127§12 + ¢22§7§Z)
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Substituting the above expressions in , we obtain
& =201z + Coy + Cau+ Cyv + hi(0,9),
& = Csx + Cey + Crv + ha(u, 0, ¢),
pt = Cru+ Cyv + Cs,
p? = Csu + Cyv + Cho,
p? = C10 + ha(z,y,u,v, @),
pt = C16 + ha(z,y,u,v,9).

3. SIMILARITY GENERATORS AND GROUP-INVARIANT SOLUTION

We will consider the following special case: Let & = & (z), & = &(y), pt =
pt(u), 2 = p?(v), p® = () and p* = p*(¢), then we obtain
G =211+ Ay, &S =Asy+ Ay, pl=Au+As,
PP =Agv+Ar, pP=A10+As, pt=A¢+ A

where A1, As,...,Ag are constants. Then for this special case we can find the
infinitesimal generators X, X, ..., Xg as follows:
0 0 0 0] 0 0
X) =2x— — + 0= L Xo = = Xa=—y—
L=y g T T s X2 Ty TG, 5)
0 0] 0 0 0 9] ’
Xog=—, Xs=—, Xg=v—, Xo=—, Xg=—, Xg=—.
4 y’ 5= a0 6= Vg, = 5y 8= 5g° 9 9%

Commutator relations between these generators have been calculated according to
the formula

[Xi, X;] = Xa(X;) — X;(X0)

and the results of such calculations are shown in Table 1.

TABLE 1. Commutator Table

X1 | X2 [ X3 Xa | X5 | Xe| X7 | Xs | Xo
X:| 0 |—2X,] 0] 0 |-Xs] 0] 0 |—-Xs|—Xo
X5 | 2X2| 0 0 0 0 |0 o 0 0
X;| 0 0 0 |-X.] 0 |0 0O 0 0
X,| 0 0 |[X.] O 0 |0 O 0 0
X5 | X5 | 0 0] o 0 |0 o 0 0
Xg| 0 0 0] o 0 | 0 |-Xs] 0 0
X7| 0 0 0] o 0 | X-| O 0 0
Xs | Xs | 0 0 0 0 |0 O 0 0
Xo | Xo | 0 0 0 0 |0 o 0 0

From Table 1, it can be seen that the commutator relations of the operator (X4
with X3), (X5, Xg, Xo with X;) and (X7 with Xg) result again in itself. Therefore,
it is the ideal of the equivalence algebra L. The commutator relations between X5
with X involves only X5. Therefore, it is the sub algebra of L.
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The one-parameter local groups G;, (i = 1,2,,...,9) associated with the gener-
ators are obtained as follows:
G1: (z,y,,u,v,0,0) — (e*x,y, eu,v, %0, e ¢),
Gs: (v,y,,u,0,0,0) — (x +e&,y,u,v,0, ),
Gs: (x,y,,u,v,0,0) — (x,ey,u,v,0,9),
Gy (z,y,,u,v,0,0) — (x,y +&,u,v,0,0),
Gs: (z,y,,u,v,0,0) — (x,y,u+¢€,v,0,0),
Gs : (z,9y,,u,v,0,0) — (x,y,u,ev,0,0),
Gr: (z,y,,u,v,0,0) — (x,y,u,v +¢,6,0),
Gs: (z,y,,u,v,0,0) — (x,y,u,v,0 + &, 9),
Gy : (z,y,,u,v,0,0) — (x,y,u,v,0,0 + ¢€).

4. REDUCTIONS TO ORDINARY DIFFERENTIAL EQUATIONS AND SOLUTIONS
Now we look for the similarity solutions with respect to the generator

0 0
XT+X4:5;+5; (4.1)

The group representing translation symmetry for this generator is
G:(.ﬁ,y,,u,’l},e,(ﬁ)ﬁ($+€,y+€,u,v,9,¢), (4'2)

where ¢ is the infinitesimal Lie group parameter. The similarity transformations of
this group are

n=z-y, u=F(n), v=rnm), 0=F@), ¢=rFimn). (4.3)

Substituting these expression in (2.12]), we obtain a system of non-linear ordinary
differential equations:

F| — F) =0,
F/ +(Fy, — F\)F| + G, F3+ G.Fy — MF, =0,
1
?(1 + 4R)Fé/ + (Fy — F1)Fé =0,
T
1
3 )+ (Fy — Fl)in =0.

Integration of this system, we obtain the special solutions of the equations (2.12))
as follows:

u = Bre” S 4 Bye S5 4 Bre” M 4 Epemh2n 4 By,

v=u— Bs,
0= Bs — %e*km’ (4.4)
k1
0= BG — &e_kzn
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where, By, Bo, ..., B; are constants of integrations, and
a1PT
ki = ks = a1S.
1 1+4R’ 2 a10¢,
B4G, B M
Sp=—"T, Sy=—"— 83 = B3G, + BsM,
kq ko
64 64
Ey :7(SG_SIO_M251)7 E‘2:7(57—511—]\4252>7
518 518
64
B3 = —(Ss + So + S15 — S12 — S13 — S1a — M>Ss).

Sig

1 / 1 /
S4:§(a1+ CL%*4M, 85275(7(114* CL%*4M,

SG = Cl1k‘2MSl 10g(€), S7 = alk;lMS2 log(e),

Here,

S3S S35,
Sg= 27T 8o =220 519 = k2M S [log(e)]?,
SQ Sl
811 = K MSyllog(e)]®,  Siz = a3kikaSaflog(e)]?.
S5911 53510
Sia = Sia =
13 SQ ) 14 Sl ’
koS
Si5 = a1k1k2S3 [log(e)}?’, S16 = 21451157

Sir = kik3Ss[log(e)]*
Si9 = [Sa — k1
So0 = [Sa — ko

,  S1g = —645455519520,
log(e)]][—S5 + k1[log(e)]],
log(e)]][—S5 + ka[log(e)]].

5. DiscussioN

The system of equations with the boundary conditions are solved
numerically by the Runge-Kutta method with Shooting Techniques. Results are
obtained for various values of the parameters governing the problem. Figures 2-6
display the results for velocity, temperature and concentration profiles for different
values of the parameters associated with the governing problem. We observe that
the velocity increases as M and G, increase as shown in Figs. 2(a) and 4(a). In
Fig. 6(a), we note that at R = 0 the velocity curve is higher than the other velocity
curves, and at R # 0 the velocity increases as R increases. It is noticed that the
velocity profiles not change as the Prandtl number P, changes (see Fig. 3(a)). Fig.
5(a) shows that the velocity profiles slowly decrease as G, increases until maximum
velocity then increase far away the plate. Figures 2(b), 3(b), 4(b), 5(b) and 6(b)
show the temperature profiles, there is no change in the temperature with different
values of G, in fig. 5(b), but in fig. 6(b) for R # 0 the temperature increases
as R decreases. Figures 2(c), 3(c), 4(c), 5(c) and 6(c) display the results of the
concentration profiles, we observe that in Fig. 2(c) the concentration increases as
M increases but in Fig. 6(c) it increases as R decreases.

Also, in this work we have presented similarity reductions, which are Lie point
transformation, since the infinitesimals &, &, ut, u2, 13, p* depend only on the
independent variables z,y and the dependent variables u,v,6, ¢, but not on the
derivatives of the dependent variables (if the transformations also depend on the
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derivative of the dependent variables, then the associated symmetries are known as
Lie-Backlund symmetries).
Explicit solutions of the boundary layer equations (2.12)) are presented in (4.4)).

Acknowledgement. The authors are grateful to the EJDE editor, for his encour-
agement during the review of the original manuscript.
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FI1GURES

Figure 1 shows the coordinate system and the flow model.
Figures 2a-2c show the effect of the magnetic parameter M on: (a) Fy, (b) F3 and
(¢)Fy, with P, = 0.733, G, = 0.1, G = 0.1, S, = 0.1 and R = 0.
Figures 3a-3c show the effect of Prandtl number P, on: (a) Fy, (b) F3 and (¢) Fy,
with M =1, G, = 0.01, G, = 0.01, S, = 1 and R = 1.
Figures 4a-4c show the effect of Grashof number G, on: (a) Fy, (b) F5 and (c) Fy,
with M =1, P, = .733, G. = 0.01, Se = 1 and R = 1.
Figures 5a-5¢ show the effect of mass Grashof number G. on: ((a) Fy, (b) F3 and
(¢) Fy, with M =1,G, = 0.01, P, = 0.733,S. = 1 and R = 1.
Figures 6a-6¢ show the effect of Radiation parameter R on: (a) Fy, (b) F3 and (c)
Fy, with M =0.1,G, =0.1, G, = 0.1, S, = 0.1 and P, = 0.733.

MATHEMATICS DEPARTMENT, ASSIUT UNIVERSITY, ASSIUT 71516, EGYPT
E-mail address, F. S. Ibrahim: fibrahim@aun.edu.eg

E-mail address, M. A. Mansour: m_mansour1965@yahoo.com

E-mail address, M. A. A. Hamad: m_hamad®@aun.edu.eg



12 F. S. IBRAHIM, M. A. MANSOUR, M. A. A. HAMAD

EJDE-2005/39

g
T,#0
TW Cw;tO
X U
Cyw * u
y

_TT \4
i1

Figl.: Coordinate system and flow model

(Figure 2a)

F3

2 n 3 4
(Figure 2b)



EJDE-2005/39

F4

F3

F1

RADIATIVE AND MAGNETIC FIELD EFFECTS

0.0 T T T T T T T T
0 1 2 n 3 4
(Figure 2c)
2.0
Pr=0.7
- - -Pr=2
------ Pr=10
1.5 4
1.0
0.5+
0.0 T T T T
0 1 2 n 3 4 5
(Figure 3a)

T T T T
0 1 2 n 3 4 5

(Figure 3b)

13



F. S. IBRAHIM, M. A. MANSOUR, M. A. A. HAMAD EJDE-2005/39

F4

F1

F3

0.8

0.6

0.4

0.2 H

0.0

-0.2

0.4 -

-0.6

0.8 . T
0 1

(Figure 3c)

3.5

3.0 4

2.5

2.0

Gr=1.5
Gr=1
Gr=0.1

Gr=0

(Figur 4a)

0.0

-0.5

-1.0 4

15

-2.0

0 1
(Figure 4b)



EJDE-2005/39 RADIATIVE AND MAGNETIC FIELD EFFECTS

0.6

0.4

F4

0.2 H

0.0

-0.2
-0.4

-0.6 1 N

0.8 . : . : . : . : .
0 1 2 g 3 4 5

(Figur 4c)

20

F1

0.5

0.0 T T T T
0 1 2 n 3 4 5

(Figure 5a)

0.0

-0.5

F3

-1.0 4

15

-2.0

0 1
(Figure 5b)



16

F. S. IBRAHIM, M. A. MANSOUR, M. A. A. HAMAD

F4

F1

F3

0.8
0.6
0.4
0.2

0.0

Gc=0, 0.1, 0.5

0.2
0.4 4
0.6

-0.8

0 1
(Figure 5c)

0.8

0.6

0.4

0.2

0.0

R=0

R=10

0.8
0.6
0.4

0.2

R=10, 5, 1.5

0.0

-0.2 -

0.4 4

-0.6

-0.8

=0

1.0 .

0 1
(Figure 6b)

EJDE-2005/39



EJDE-2005/39

F4

RADIATIVE AND MAGNETIC FIELD EFFECTS

0.8

0.6

0.4

0.2

0.0 . : . : . : . Y

0 1
(Figure 6¢c)

17



	1. Introduction
	2. Analysis
	Case 1: Non-uniform magnetic field
	Case 2: Uniform magnetic field

	3. Similarity generators and group-invariant solution
	4. Reductions to ordinary differential equations and solutions
	5. Discussion
	Acknowledgement

	References
	Figures

