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LOCAL STABILITY OF SPIKE STEADY STATES IN A
SIMPLIFIED GIERER-MEINHARDT SYSTEM

GEORGI E. KARADZHOV, DAVID EDMUNDS, PIETER DE GROEN

Abstract. In this paper we study the stability of the single internal spike

solution of a simplified Gierer-Meinhardt’ system of equations in one space
dimension. The linearization around this spike consists of a selfadjoint dif-

ferential operator plus a non-local term, which is a non-selfadjoint compact

integral operator. We find the asymptotic behaviour of the small eigenvalues
and we prove stability of the steady state for the parameter (p, q, r, µ) in a

four-dimensional region (the same as for the shadow equation, [8]) and for any

finite D if ε is sufficiently small. Moreover, there exists an exponentially large
D(ε) such that the stability is still valid for D < D(ε). Thus we extend the

previous results known only for the case r = p + 1 or r = 2, 1 < p < 5.

1. Introduction

Based on pioneering ideas of Turing [15] about pattern formation by interaction
of diffusing chemical substances, Gierer & Meinhardt proposed and studied in [4]
the following system of reaction diffusion equations on a spatial domain Ω

Ut = ε2∆U − U + UpH−q x ∈ Ω, t > 0,

τHt = D∆H − µH + UrH−s x ∈ Ω, t > 0 ,
∂nU = 0 = ∂nH x ∈ ∂Ω, t ≥ 0,

(1.1)

where U and H represent activator and inhibitor concentrations, ε and D their
diffusivities, and where τ and µ are the reaction time rate and the decay rate of
the inhibitor; D is assumed to be positive and ε and τ small (positive). Ω is a
bounded domain; we shall restrict our analysis to one space dimension and choose
Ω := [−1, 1]. The exponents {p > 1 , q > 0 , r > 1} satisfy the inequality

γr :=
qr

p− 1
> 1 . (1.2)

Iron, Ward & Wei [17] analyze by formal asymptotic expansions the stability of
approximate N−spike solutions for the simplified system, namely, that obtained
by taking τ = 0. Rigorous results are obtained in [8] for the case of the so-called
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shadow equation

Ut = ε2Uxx − U + 2qUp
(∫ 1

−1

Urdx
)−q

, Ux(−1, t) = Ux(1, t),

derived from the system in the limit D →∞ and τ → 0.
In this paper we propose to study rigourously the simplified system when s = 0.

After rescaling U → ε−ν1U , H → ε−ν2H, ν1 := q
1−p+qr , ν2 := p−1

1−p+qr , we get the
system

Ut = ε2∆U − U + UpH−q x ∈ Ω, t > 0,

0 = D∆H − µH + ε−1Ur x ∈ Ω, t > 0
∂nU = 0 = ∂nH x ∈ ∂Ω, t ≥ 0

(1.3)

Our goal is a rigorous study of stability of the single internal spike solution via the
spectrum of the linearized operator. In [14] it is shown by the implicit function
theorem, that such a spike solution exists for

p > 1, r > 1, q > 0, qr 6= (p− 1)(s+ 1)
and D exponentially large w.r.t. ε > 0,

which is close to the shadow spike corresponding to D = ∞. A different approach,
based on geometric singular perturbation theory, is applied in [3] for the same
problem on the whole line. In [21] a rigorous treatment of the stability of multiple-
peaked spike solutions is given, based on the Liapunov-Schmidt reduction method.
See also [18], [19], where stability and Hopf bifurcation of the one-spike solution is
studied. In this paper we construct a single spike solution (on a bounded interval) by
fix-point iteration and we establish stability by a rigorous analysis of the spectrum
of the first variation around this spike.

In section 2 we construct a positive (stationary) solution with a single internal
spike for p > 1, r > 1, q > 0, qr 6= (p − 1)(s + 1) and for any fixed D, using
contraction around another shadow spike that exists for all D > 0. The existence
of such a solution is proved in [20] in a larger domain

√
D � ε. In section 3 we

study the spectrum of the differential operator Lε. The eigenvalues are estimated
using Rayleigh’s quotient. In section 4 we make a detailed study of the influence
of the nonlocal term on the eigenvalues as a function of the parameters p, q, r and
D using perturbational methods. We construct an asymptotic approximation of
the small eigenvalue λε of the perturbed non-selfadjoint operator and show that
Reλε > 0 for any finite D and for sufficiently small ε. We cover not only the usual
known cases r = p + 1, or r = 2, 1 < p < 5 (see [17]), but also r = (p + 3)/2, and
using perturbational techniques, some wide areas around all these cases (see details
in [8]). Moreover, we show that there is a critical value D(ε), which is exponentially
large w.r.t. ε ∈ (0, ε0), such that Reλε > 0 for D < D(ε) an may be negative above
D(ε), implying that stability may be lost for too large D. The same value for D(ε)
was obtained in [17] by formal asymptotic methods. Finally, we study in section 5
the stability of the spike solution along the lines of [8].
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2. A spike solution and linearization around it

2.1. Existence of a stationary one-spike solution and its asymptotics. Let
(S(x),H(X)) be a steady state of equations 1.3, i.e.

ε2S′′ − S + SpH−q = 0 , S′(±1) = 0 ,

H ′′ − δ2H + δ2µ−1ε−1Sr = 0 , H ′(±1) = 0 ,
(2.1)

where δ2 := µ/D. We shall prove the existence of such a spike solution for any
fixed δ > 0 and all ε, 0 < ε < ε0(δ) if p > 1, r > 1, q > 0, qr 6= p− 1. By definition,
the (single) spike solution (or spike) is such a steady state for which S(x) = O(1)
as ε→ 0 in a neighbourhood of the origin and S(x) is exponentially small outside.

Let h be the solution of the linear equation

h′′ − δ2h = −f, h′(±1) = 0 ,

then

h(x) =
∫ 1

−1

G̃δ(x, y)f(y)dy,

where Green’s function G̃δ is given by

G̃δ(x, y) =
1

δ sinh 2δ
cosh δ(1 + x) cosh δ(1− y) if x < y. (2.2)

This function is even: G̃δ(−x,−y) = G̃δ(x, y). We can solve the second equation
of the system (2.1) using Green’s function and eliminate H from the first equation
by

H(x) =
1
ε

∫ 1

−1

Gδ(x, y)Sr(y)dy,

where

Gδ :=
δ2G̃δ

µ
, gδ := Gδ(0, 0) =

δ cosh2 δ

µ sinh 2δ
=

1
2µ

+O(δ2).

Hence the spike solution S satisfies the equation

ε2S′′(x)− S(x) + Sp(x)
(1
ε

∫ 1

−1

Gδ(x, y)Sr(y)dy
)−q

= 0, S′(±1) = 0. (2.3)

It should be positive; however, it is more convenient first to construct a solution of
the equation

ε2S′′(x)− S(x) + |S(x)|p
(1
ε

∫ 1

−1

Gδ(x, y)|S(y)|rdy
)−q

= 0, S′(±1) = 0

and prove a posteriori that this solutionis positive and hence coincides with the
solution of (2.3). In order to find the limit as ε → 0 we use the stretched variable
ξ = x/ε. Setting ϕε,δ(ξ) := S(εξ) we find

ϕ′′ε,δ(ξ)− ϕε,δ(ξ) + |ϕε,δ(ξ)|p
(∫ 1/ε

−1/ε

Gδ(εξ, εη)|ϕε,δ(η)|rdη
)−q

= 0 ,

ϕ′ε,δ(±1/ε) = 0 .
(2.4)

Taking the (formal) limit ε→ 0 we get the equation

ϕ′′0,δ(ξ)− ϕ0,δ(ξ) + ϕp
0,δ(ξ)

(∫ ∞

−∞
gδϕ

r
0,δ(η)dη

)−q

= 0 , ϕ′0,δ(±∞) = 0 . (2.5)
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Thus

ϕ0,δ = wp

(∫ ∞

−∞
gδw

r
p(η)dη

)−αr

, αr =
q

1− p+ rq
,

where wp satisfies

w′′p − wp + wp
p = 0 , w′p((±∞) = 0 . (2.6)

For all p > 1 this equation happens to have the closed form solution, cf. [8],

wp(ξ) :=
(

p+1
2

) 1
p−1

(
cosh(p−1

2 ξ)
)− 2

p−1 , (2.7)

which for large |ξ| has the asymptotic behaviour

wp(ξ) = α e−|ξ| (1 +O(e−(p−1)|ξ|)) , α := (2p+ 2)
1

p−1 . (2.8)

Now we want to solve the equation (2.4) for all δ > 0. To this end we introduce an
extra parameter ν ≤ ε in the non-linear part of (2.4) defining

Qν [ϕ](ξ) := |ϕ(ξ)|p
(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ(η)|rdη
)−q

(2.9)

and rewrite (2.4) in the form

ϕ′′(ξ)− ϕ(ξ) +Qε[ϕ] = 0, ϕ′(±1/ε) = 0. (2.10)

Setting the parameter ν to zero, we get a simplified equation, that we shall call
the corresponding shadow equation (and which differs from Takagi’s [14] by a mul-
tiplicative constant):

ϕ̃′′(ξ)− ϕ̃(ξ) +Q0[ϕ̃] = 0, ϕ̃′(±1/ε) = 0.

The solution is given by

ϕ̃ :=
( ∫ 1/ε

−1/ε

gδψ
r
ε(η)dη

)−αr

ψε, (2.11)

where
ψ′′ε − ψε + ψp

ε = 0, ψ′ε(±1/ε) = 0.

This equation has a unique solution with a single spike located in the interior of
the domain; its properties are well known [8] Section 2.1 and [14]. Thus we have
constructed a shadow spike solution for any fixed δ > 0, which coincides with the
shadow solution from [8], [14] if δ = 0.

The main idea is to find a solution of the problem (2.10) in a small neighbourhood
of our shadow spike solution ϕ̃. If ϕ = ϕ̃+ u we get an equation for u:

u′′ − u+ {Q0[ϕ̃+ u]−Q0[ϕ̃]}+ {Qε[ϕ̃+ u]−Q0[ϕ̃+ u]} = 0 ,

u′(±1/ε) = 0 .
(2.12)

Using the Taylor formula we can write

Q0[ϕ̃+ u]−Q0[ϕ̃] = Q′0[ϕ̃]u+ f(u) ,

f(u) :=
∫ 1

0

{∂σQ0[ϕ̃+ σu]− ∂σQ0[ϕ̃+ σu]σ=0}dσ,
(2.13)

and

gε(u) := Qε[ϕ̃+ u]−Q0[ϕ̃+ u] =
∫ ε

0

∂νQν [ϕ̃+ u]dν, (2.14)
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where Q′0[ϕ̃] is the (non-local) linear operator

Q′0[ϕ̃]u := pϕ̃p−1u
( ∫ 1/ε

−1/ε

gδϕ̃
r(η)dη

)−q

− rqϕ̃p
( ∫ 1/ε

−1/ε

gδϕ̃
r(η)dη

)−q−1
∫ 1/ε

−1/ε

gδϕ̃
r−1(η)u(η)dη.

The linear part of the operator in equation (2.12) is given by Ã,

Ãu := −u′′ + u−Q′0[ϕ̃]u

= −u′′ + u− pϕ̃p−1
(∫ 1/ε

−1/ε

gδϕ̃
r(η)dη

)−q

u

+ rqϕ̃p
(∫ 1/ε

−1/ε

gδϕ̃
r(η)dη

)−q−1
∫ 1/ε

−1/ε

gδϕ̃
r−1(η)u(η)dη,

or

Ãu = −u′′ + u− pψp−1u+
rqψp

ε 〈u, ψr−1
ε 〉

〈1, ψr
ε〉

. (2.15)

It is equal to the operator associated with the shadow equation as in [8, eqs. (1.3),
(2.1), (2.20), (2.21)]. In [8] it is shown that L̃u := −u′′ + u − pψp−1u restricted
to even functions is invertible in L2. Now we remark that Ã is also invertible if
qr 6= p−1. Indeed, it is sufficient to show that zero is not an eigenvalue of Ã.
Suppose, on the contrary, that Ãu = 0. Then, since L̃ψε = (1− p)ψp

ε , we see that
u = cψε and Ãψε = (1 − p + qr)ψp

ε 6= 0. Thus Ã−1, restricted to even functions,
is a bounded operator in L2, uniformly w.r.t. ε (cf. [8]). Here L2 is the space
of quadratically integrable functions on the interval (−1/ε, 1/ε). Let H2 be the
associated Sobolev space, equipped with the usual norm ‖u‖2 := ‖u′′‖+‖u‖. Since
‖u‖2 � ‖(A+ c)u‖ for some large constant c > 0, we conclude that Ã−1, restricted
to even functions, is a bounded operator from L2 to H2, uniformly w.r.t. ε. In this
way we reduce the problem (2.12) to the integral equation

u = Mu, where Mu := Ã−1[f(u) + gε(u)] , (2.16)

with f and g as defined in (2.13), (2.14).
We are going to apply the contraction method in the ball

Xε := {u ∈ H2(−1/ε, 1/ε) : u is even, , u′(±1/ε) = 0 ,

‖u‖ω := ‖u‖2 + max |u(ξ)|/ω(ξ) ≤ %} ,

where 0 < ε < ε0(δ) and where ω(ξ) is the weight function

ω(ξ) :=


e−(p−1)|ξ| if 1 < p < 2 ,
(1 + |ξ|)e−|ξ| if p = 2 ,
e−|ξ| if p > 2 .

(2.17)

Since by [8, eq. (2.11)],

|ψε(ξ)− wp(ξ)| ≤ c e−1/ε, |ξ| ≤ 1/ε, (2.18)

we can find a constant ξε = log(C/ε) (where C is a generic positive constant in the
sequel) so that ψε > εκ on [−ξε, ξε], where κ satisfies max(1/2, 1/r) < κ < 1. Then

ϕ̃(ξ) > C g−αr

δ εκ, if |ξ| ≤ ξε .
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Therefore, choosing
% := C g−αr

δ εκ, (2.19)

we get
ϕ̃+ σu > 0 on [−ξε, ξε] for any u ∈ Xε and 0 < σ < 1.

Hence

V :=
∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ̃(η) + σu(η)|rdη >

>

∫ ξε

−ξε

Gδ(νξ, νη)(ϕ̃(η) + σu(η))rdη −
∫
|ξ|>ξε

Gδ(νξ, νη)|ϕ̃(η) + σu(η)|rdη.

Since ϕ̃+ σu > Cg−αr

δ on [−1, 1], since

gδ

cosh2 δ
=

δ

µ sinh 2δ
≤ Gδ(x, y) ≤ 2gδ, if − 1 ≤ x, y ≤ 1 ,

and since ξε > 1 for ε < ε0(δ), we get

V > Cg1−rαr

δ [1− Cδε
κr−1] cosh−2 δ > Cg1−rαr

δ cosh−2 δ

if κr − 1 > 0 and if 0 < ε < ε0(δ). Therefore,

V > Cδ if 0 < ε < ε0(δ), (2.20)

uniformly w.r.t. ε, where the positive quantities Cδ and ε0(δ) are equivalent to 1
w.r.t. δ on any compact interval [0, δ0]. All other estimates below will be uniform
in the same sense. We shall first prove the estimates for u ∈ Xε,

‖f(u)‖ ≤ Cδ%
γ‖u‖22 (2.21)

and
‖gε(u)‖ ≤ Cδε, (2.22)

where here and below γ is a generic positive number that depends on p and r.
To prove (2.21) we use the definition of f(u) in (2.13) and write it as a sum of

five terms f(u) =
∑5

j=1 fj(u) , where

f1(u) := pu

∫ 1

0

〈|ϕ̃+ σu|r, gδ〉−q
[
|ϕ̃+ σu|p−1 sign(ϕ̃+ σu)− ϕ̃p−1

]
dσ ,

f2(u) := pϕ̃p−1u

∫ 1

0

[
〈|ϕ̃+ σu|r, gδ〉−q − 〈ϕ̃r, gδ〉−q

]
dσ ,

f3(u) :=− qr

∫ 1

0

〈|ϕ̃+ σu|r, gδ〉−q−1|ϕ̃+ σu|p

× 〈|ϕ̃+ σu|r−1 sign(ϕ̃+ σu)− ϕ̃r−1, gδu〉 dσ ,

f4(u) :=− qr

∫ 1

0

〈|ϕ̃+ σu|r, gδ〉−q−1[|ϕ̃+ σu|p − ϕ̃p]〈ϕ̃r−1, gδu〉 dσ ,

f5(u) :=− qr

∫ 1

0

[
〈|ϕ̃+ σu|r, gδ〉−q−1 − 〈ϕ̃r, gδ〉−q−1

]
〈ϕ̃r−1, gδu〉 ϕ̃p dσ .

Denote the second factor in the integrand of f1 by

f0(u) := |ϕ̃+ σu|p−1 sign(ϕ̃+ σu)− ϕ̃p−1.
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For all ε > 0, 0 ≤ σ ≤ 1 and all functions u it satisfies

|f0(u)| ≤

{
2 min{ϕ̃p−2|u|, |u|p−1} if 1 < p ≤ 2
2p−1 max{ϕ̃p−2|u|, |u|p−1} if p > 2

(2.23)

This is a consequence of the following inequalities:
If a > 0 and 0 < b < 1 then

(1) 0 ≤ (a+ x)b − ab ≤ bxab−1 and 0 ≤ (a+ x)b − ab ≤ xb for all x ≥ 0
(2) 0 ≤ ab − (a− y)b ≤ yab−1 and 0 ≤ ab − (a− y)b ≤ yb for all 0 ≤ y ≤ a
(3) 0 ≤ ab + tb ≤ 2(a+ t)b and 0 ≤ ab + tb ≤ 2ab−1(a+ t) for all t ≥ 0.

Note that the inequalities (1) and (2) above are sharp.
If a > 0 and b > 1 then

(1) 0 ≤ (a+ x)b − ab ≤

{
2bxab−1 if 0 ≤ x ≤ a ,

2bxb if x ≥ a ,

(2) 0 ≤ ab − (a− y)b ≤ byab−1 if 0 ≤ y ≤ a
(3) 0 ≤ ab + tb ≤ (a+ t)b if t ≥ 0

Substituting y = −x and t = −a−x, b = p−1, a = ϕ̃ and x = σu this proves (2.23).
Restricting this inequality to functions u ∈ Xε, which are uniformly bounded by
%ω

(
with % < 1, cf. (2.19)

)
, we find the estimate

|f0(u)| ≤ C|u|σp , σp := min(1, p− 1), u ∈ Xε , (2.24)

for some C > 0 not depending on δ or ε, cf. (2.20). Essentially, the restriction
|u| ≤ %ω in this inequality is necessary only if p > 2.

Using (2.24), (2.19) and the definitions of fj(u) we find the following uniform
estimates if |u| ≤ %ω:

|f1(u)| ≤ C |u|1+σp ≤ Cδρ
1+σpω1+σp ≤ C ρ1+σp ω̃, (2.25)

where ω̃(ξ) := ω(ξ) if 1 < p < 2 and ω̃(ξ) := e−|ξ| if p ≥ 2 ,

|f2(u)| ≤ C φ̃p−1|u|ρ ≤ C ρ2ωφ̃p−1 ≤ C ρ2ω̃, (2.26)

|f3(u)| ≤ C (φ̃p + |u|p)ρ1+σr ≤ C ρ1+σrω(φ̃p + ωp) ≤ C ρ1+σr ω̃, (2.27)

|f4(u)| ≤ C ρ|u|(φ̃p−1 + |u|p−1) ≤ C ρ2ω(φ̃p−1 + ωp−1) ≤ C ρ2ω̃, (2.28)

|f5(u)| ≤ C ρ2φ̃p ≤ C ρ2ω̃, (2.29)

These estimates are uniform w.r.t. ξ ∈ [− 1
ε , 1

ε ], δ ∈ [0, δ0] and 0 < ε ≤ ε0(δ). This
proves (2.21) for u ∈ Xε.

To prove (2.22), we use the estimates

|∂xGδ| ≤ δ2µ−1 cosh 2δ, |∂yGδ| ≤ δ2µ−1 cosh 2δ, (2.30)

whence we get the uniform estimate

|gε(u)| ≤ Cε(1 + |ξ|)(ϕ̃p + |u|p)
(
1 +

∫ 1/ε

−1/ε

|η| |u|rdη
)

≤ Cε(1 + |ξ|)(ϕ̃p + ωp) ≤ C%1+γω̃.

(2.31)
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Thus (2.22) follows. The estimates (2.21), (2.22) imply the uniform estimate for
u ∈ Xε

‖Mu‖2 ≤ Cδ%
1+γ , 0 < ε < ε0(δ). (2.32)

Now we prove that for u ∈ Xε the following uniform (pointwise) estimate holds

|Mu| ≤ Cδ%
1+γω, 0 < ε < ε0(δ). (2.33)

To this end we write the equation (2.16) in the form

(−∂2 + 1)Mu = F (u), F (u) := pψp−1
ε Mu+Bε(Mu) + f(u) + gε(u). (2.34)

We claim that if u ∈ Xε then

|F (u)| ≤ Cδω̃%
1+γ . (2.35)

Indeed, by (2.32) we know that |Mu| ≤ Cδ%
1+γ , hence

ψp−1
ε |Mu| ≤ Cδ%

1+γe−(p−1)|ξ| ≤ Cδ%
1+γω̃.

From estimates (2.25)–(2.28), (2.29), (2.31) and |u| ≤ %ω we get

|Bε(Mu)| ≤ Cδ%
1+γϕ̃p ≤ Cδ%

1+γω̃.

Hence (2.35) follows. Further, from (2.34) we have that

Mu(ξ) = ε−1

∫ 1/ε

−1/ε

G̃1/ε(ε, ξ, εη)F (u)(η)dη.

Using the explicit formula (2.2) and the estimate (2.35) we can calculate the above
integral and derive (2.33). Finally, from (2.32) and (2.33) it follows that M maps
Xε into Xε uniformly for 0 < ε < ε0(δ).

To prove that M is a contraction we estimate the difference

f(u1)− f(u2) =
∫ 1

0

{Q′0[ϕ̃+ uσ]−Q′0[ϕ̃]} dσ(u1 − u2),

where uσ := u2 + σ(u1 − u2). As before we write this difference as a sum of five
terms, f(u1)− f(u2) =

∑5
j=1 gj(u1, u2),

g1(u1, u2) := p(u1−u2)
∫ 1

0

〈 |φ̃+uσ|r, gδ 〉−q
{
|φ̃+uσ|p−1sign(φ̃+uσ)− φ̃p−1

}
dσ,

g2(u1, u2) := pφ̃p−1(u1−u2)
∫ 1

0

[
〈 |φ̃+ uσ|r, gδ 〉−q − 〈 φ̃r, gδ 〉−q

]
dσ,

g3(u1, u2) := − qr

∫ 1

0

〈 |φ̃+ uσ|r, gδ 〉−q−1|φ̃+ uσ|p ×

〈 |φ̃+ uσ|r−1sign(φ̃+ uσ)− φ̃r−1, gδ(u1 − u2) 〉dσ,

g4(u1, u2) := − qr
∫ 1

0

〈 |φ̃+ σu|r, gδ 〉−q−1
[
|φ̃+ uσ|p − φ̃p

]
〈 φ̃r−1, gδ(u1 − u2) 〉dσ,

g5(u1, u2) := − qr
∫ 1

0

[
〈 |φ̃+uσ|r, gδ 〉−q−1−〈 φ̃r, gδ 〉−q−1

]
〈 φ̃r−1, gδ(u1−u2) 〉φ̃pdσ.

Using (2.24), (2.20) we find the following uniform (pointwise) estimates if both u1

and u2 are in Xε and satisfy |uj | ≤ %ω (pointwise):

|g1(u1, u2)| ≤ Cδ|u|σp |u1 − u2| ≤ Cδρ
σpωσp |u1 − u2| ≤ Cδρ

σp |u1 − u2| ω̃/ω , (2.36)
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|g2(u1, u2)| ≤ Cδφ̃
p−1(ρ+

∫ 1/ε

−1/ε

|u|rdξ)|u1 − u2|

≤ Cρ|u1 − u2|φ̃p−1 ≤ Cδρ|u1 − u2| ω̃/ω, (2.37)

|g3(u1, u2)| ≤ Cδ(φ̃p + |u|p)
∫ 1/ε

−1/ε

|u|σr |u1 − u2|dξ ≤

≤ Cδρ
σrω(φ̃p + ωp)‖u1 − u2‖ ≤ Cδρ

σr‖u1 − u2‖ ω̃, (2.38)

|g4(u1, u2)| ≤ Cδ|u|(φ̃p−1 + |u|p−1)|〈 φ̃r−1, u1 − u2 〉|

≤ Cδρω(φ̃p−1 + ωp−1)‖u1 − u2‖ ≤ Cδρ‖u1 − u2‖ ω̃, (2.39)

|g5(u1, u2)| ≤ Cδρφ̃
p|〈 φ̃r−1, u1 − u2 〉| ≤ Cδρ‖u1 − u2‖ ω̃. (2.40)

Hence if u ∈ Xε we find the uniform estimate

‖f(u1)− f(u2)‖ ≤ Cδ%‖u1 − u2‖, 0 < ε < ε0(δ). (2.41)

Further we have

gε(u1)− gε(u2) =
∫ ε

0

∫ 1

0

∂σ∂νQν [ϕ̃+ u2 + σ(u1 − u2)]dσdν ;

defining

Qν [ϕ] := |ϕ|pqν(ϕ) , qν(ϕ) :=
(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ(η)|rdη
)−q

,

we find

gε(u1)− gε(u2) = h1(u1, u2) + h2(u1, u2),

h1(u1, u2) = |ϕ̃+ u1|p
∫ ε

0

[∂νqν(ϕ̃+ u1)− ∂νqν(ϕ̃+ u2)]dν,

h2(u1, u2) = [|ϕ̃+ u1|p − |ϕ̃+ u2|p]
∫ ε

0

∂νqν(ϕ̃+ u2)dν.

We have

∂νqν(ϕ) = −q
(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ(η)|rdη
)−q−1

∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ(η)|rdη.

Hence,

∂νqν(ϕ̃+ u1)− ∂νqν(ϕ̃+ u2) = − q
(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ̃(η) + u1(η)|rdη
)−q−1

×
∫ 1/ε

−1/ε

∂νGδ(νξ, νη)
[
|ϕ̃(η) + u1(η)|r − |ϕ̃(η) + u2(η)|r

]
dη

− q

∫ 1/ε

−1/ε

∂νGδ(νξ, νη)|ϕ̃(η)+u2(η)|rdη
[(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ̃(η)+u1(η)|rdη
)−q−1

×
(∫ 1/ε

−1/ε

Gδ(νξ, νη)|ϕ̃(η)+u2(η)|rdη
)−q−1]
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If uj ∈ Xε then using (2.30), (2.24) we get

|∂νqν(ϕ̃+ u1)− ∂νqν(ϕ̃+ u2)| ≤

≤ Cδ

∫ 1/ε

−1/ε

(|ξ|+ |η|)|u1(η)− u2(η)
(
ϕ̃(η)r−1 + |u1(η)|r−1 + |u2(η)|r−1

)
dη

+ Cδ

∫ 1/ε

−1/ε

(|ξ|+ |η|)|u1(η)− u2(η)
(
ϕ̃(η)r + |u1(η)|r + |u2(η)|r

)
dη .

Hence

|h1(u1, u2)| ≤ Cδε|ϕ̃+ u1|p(1 + |ξ|)
∫ 1/ε

−1/ε

|u1(η)− u2(η)|(1 + |η|)

×
(
ϕ̃(η)r−1 + |u1(η)|r−1 + |u2(η)|r−1

)
dη

≤ Cδ%
1+γ(1 + |ξ|)(ϕ̃p + ωp)‖u1 − u2‖ ≤ Cδ%

γ‖u1 − u2‖ω̃ .
Analogously,

|h2(u1, u2)| ≤ Cδε|u1 − u2|(1 + |ξ|)
(
ϕ̃p−1 + |u1|p−1 + |u2|p−1

)
×

∫ 1/ε

−1/ε

(1 + |η|)(ϕ̃(η)r + |u2(η)|r)dη

≤ Cδ%
1+γ(1 + |ξ|)(ϕ̃p−1 + ωp−1)|u1 − u2| ≤ Cδ%

γ |u1 − u2|ω̃/ω .

Thus for uj ∈ Xε we have the uniform (pointwise) estimate

|gε(u1)− gε(u2)| ≤ Cδ%
γ‖u1 − u2‖ω̃+ ≤ Cδ%

γ |u1 − u2|ω̃/ω . (2.42)

In particular,

‖gε(u1)− gε(u2)‖ ≤ Cδ%
γ‖u1 − u2‖, if 0 < ε < ε0(δ). (2.43)

Hence (2.41) and (2.43) imply the uniform estimate

‖M(u1)−M(u2)‖2 ≤ Cδ%
γ‖u1 − u2‖, if 0 < ε < ε0(δ). (2.44)

Next we prove that for uj ∈ Xε the uniform (pointwise) estimate holds

|Mu1 −Mu2| ≤ Cδ%
γω‖u1 − u2‖ω, if 0 < ε < ε0(δ). (2.45)

To this end we use the equation (2.34) and write

(−∂2 + 1)(Mu1 −Mu2) = F (u1, u2),

where

F (u1, u2) := pψp−1
ε (M1−Mu2)+Bε(Mu1−Mu2)+f(u1)−f(u2)+gε(u1)−gε(u2).

We claim that
|F (u1, u2)| ≤ Cδ%

γω̃‖u1 − u2‖ω. (2.46)
Indeed, if |uj | ≤ %ω then

ψp−1
ε |Mu1 −Mu2| ≤ Cδ%

γ‖u1 − u2‖ω̃
and

|f(u1)− f(u2)| ≤
5∑

j=1

|gj(u1, u2)|,

|Bε(Mu1 −Mu2)| ≤ Cδ%
γ‖u1 − u2‖ϕ̃p ≤ Cδ%

γ‖u1 − u2‖ω̃.
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Thus estimate (2.46) follows from (2.36)–(2.39), (2.40), (2.42). Then using again
the formula

Mu1(ξ)−Mu2(ξ) = ε−1

∫ 1/ε

−1/ε

G̃1/ε(ε, ξ, εη)F (u1, u2)(η)dη

we get (2.45) Finally, from (2.44), (2.45) we find the uniform estimate for uj ∈ Xε:

‖Mu1 −Mu2‖ω ≤
1
2
‖u1 − u2‖ω, 0 < ε < ε0(δ).

Thus the problem (2.4) has unique solution inXε. Moreover, this solution is positive
because it also solves the integral equation

ϕ =
1
ε

∫ 1/ε

−1/ε

G̃1/ε(εξ, εη)Qε[ϕ]dη. (2.47)

Below we need the asymptotic behaviour of the spike solution at the boundary:

ϕ(1/ε) = 2α
(∫ ∞

−∞
gδw

r
p(η)dη

)−αr

e−1/ε(1 +O(εγ)), 0 < ε < ε0(δ). (2.48)

To prove this, we notice first that the shadow spike ϕ̃ has the same asymptotic
behaviour. This follows from (2.11), (2.18) and since (see [8])

ψε(1/ε) = 2αe−1/ε(1 +O(e−(p−1)/ε)), p > 1, α := (2p+ 2)
1

p−1 .

Hence it is sufficient to prove the estimate

|ϕ(1/ε)− ϕ̃(1/ε)| ≤ Cδε
γe−1/ε, 0 < ε < ε0(δ). (2.49)

We can estimate this difference using the integral equation (2.47), where Qν [ϕ] is
defined by (2.9). We have (using Taylor’s formula, (2.20), (2.30)),

Qν [ϕ](η) = Q0[ϕ](η) + (1 + |η|)ϕp(η)O(ν), |η‖ ≤ 1/ε, (2.50)

where

Q0[ϕ](η) = ϕp(η)
(∫ 1/ε

−1/ε

gδϕ
r(ξ)dξ

)−q

.

Using also the estimate |ϕ(ξ)− ϕ̃(ξ)| ≤ %ω(ξ), 0 < ε < ε0(δ), we find

Q0[ϕ](η) = Q0[ϕ̃](η) + |ϕp(η)− ϕ̃p(η)|O(1) + ϕp(η)% .

Hence

ϕ(ξ) = ϕ̃(ξ)+
1
ε

∫ 1/ε

−1/ε

G̃1/ε(εξ, εη)
[
|ϕp(η)−ϕ̃p(η)|O(1) + (1 + |η|)ϕp(η)O(%)

]
dη .

(2.51)
To estimate this integral, we need a better estimate of ϕ, namely

ϕ(ξ) = Oδ(e−|ξ|), |ξ| ≤ 1/ε, 0 < ε < ε0(δ). (2.52)

Indeed ϕ satisfies the equation

ϕ′′ = qϕ, q = 1− ϕp−1
(∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr(η)dη
)−q

.

Since ϕ ≤ ϕ̃+ %ω, it follows that

q(ξ) = 1−O(e−γ|ξ|),

hence applying the classical asymptotic theory we get (2.52).
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On the other hand, to estimate the difference ϕp − ϕ̃p, we use the estimates
|ϕ− ϕ̃| ≤ %ω and |ϕ|, |ϕ̃| ≤ Cδe

−|η|. Thus

|ϕp(η)− ϕ̃p(η)| ≤ Cδ|ϕ(η)− ϕ̃(η)|e−(p−1)η ≤ Cδ|ϕ(η)− ϕ̃(η)|be−(p−b)η

if 0 < b ≤ 1. We choose b as follows:

0 < b < p−1
2−p if 1 < p ≤ 3/2 and b = 1 if p > 3/2.

Then

|ϕp(η)− ϕ̃p(η)| ≤ Cδ%
bωbe−(p−b)η. (2.53)

Returning now to (2.51) we estimate the integral by (2.53):

1
ε

∫ 1/ε

−1/ε

G̃1/ε(1, εη)|ϕp(η)− ϕ̃p(η)|dη ≤

≤ Cδ%
b

sinh 2/ε

∫ 1/ε

−1/ε

cosh(1/ε+ η)e−|η|(p−b+b(p−1))dη ≤ Cδ%
be−1/ε

if 1 < p < 2. Analogous estimate is valid for p ≥ 2. Thus (2.51) becomes

ϕ(1/ε) = ϕ̃(1/ε) +O(%be−1/ε), 0 < ε < ε0(δ),

whence estimate (2.49) follows.

2.2. Linearization around the one-spike solution. In order to study stability
of the spike solution, we consider the first variation of the system (1.3) around this
solution. It is convenient to rewrite this system as one equation, solving first the
second equation

h(x, t) =
1
ε

∫ 1

−1

Gδ(x, y)ur(y, t)dy,

ut = ε2uxx − u+ g(u),

ux(±1, t) = 0, u(x, 0) = u0(x), u′0(±1) = 0 ,

(2.54)

where

g(u) = up
(1
ε

∫ 1

−1

Gδ(x, y)ur(y, t)dy
)−q

.

Let v be the variation around S; set u(x, t) = S(x, ε) + v(x, t), then v satisfies the
equations

vt = ε2vxx − v + g(S + v)− g(S),

vx(±1, t) = 0, v(x, 0) = v0(x) := u0(x)− S(x, ε),

or written in operator form

vt +Av = f [v] , v(x, 0) = v0(x) , (2.55)

where f is the quadratic term

f [v] :=
∫ 1

0

(1− σ) ∂2
σ g(S + σv) dσ (2.56)
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and ∂2
σ denotes the second derivative of σ 7→ g(S+σv) w.r.t. σ and where A = L+B

is the spatial linear operator,

Lv := −ε2v′′ + v − pvSp−1
(1
ε

∫ 1

−1

Gδ(x, y)Sr(y)dy
)−q

,

Bv = qr
(1
ε

∫ 1

−1

Gδ(x, y)Sr(y)dy
)−q−1(1

ε

∫ 1

−1

Gδ(x, y)Sr−1(y)v(y)dy
)
Sp

(2.57)

defined on the Sobolev space H2(−1, 1) with boundary conditions v′(±1) = 0.
For the study of the spectrum and the study of stability using this spectrum it

is convenient to stretch the spatial variable by x = ε ξ and to define the operator
Aε = Lε +Bε on the stretched interval [−1/ε, 1/ε], where (u̇ := du/dξ),

Lεu := −ü+ u− puϕp−1
ε

(∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q

,

D(Lε) := {u ∈ H2([−1/ε, 1/ε]) : u̇(±1/ε) = 0}
Here and later on we write for simplicity ϕε instead of ϕε,δ.

The non-local operator Bε is defined by

Bεv = qrϕp
ε

(∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1
∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr−1
ε (η)v(η)dη.

We can calculate the “limiting” operators

L0 u := −ü+ u− pwp−1
p u, B0u =

qr∫∞
−∞ wr

p(ξ)dξ
〈u,wr−1

p 〉wp
p.

Finally, we can evaluate the integral βm :=
∫∞
−∞ wm

p (ξ) dξ in terms of the Gamma
function,

βm = (
p+ 1

2
)

m
p−1 2

p− 1

√
πΓ( m

p−1 )

Γ( m
p−1 + 1

2 )
.

In section 3 we shall study the spectrum of Lε. In section 4 we study the way in
which the spectrum of Lε is shifted by adding Bε.

3. The spectrum of the differential operator

The eigenvalues of a selfadjoint differential operator L := −d2/dx2 +Q(x) with
domain D(L) of functions on a bounded or unbounded interval I ⊂ R satisfy the
minimax property, see [13, theorem XIII.1, p. 76]. If L has isolated eigenvalues
λ0 ≤ λ1 ≤ λ2 ≤ . . . , ordered in increasing sense and counted according their
multiplicity (and below the continuous spectrum if present), these satisfy

λk = inf
E⊂C, dim(E)≥k+1

max
u∈E, ‖u‖=1

〈Lu, u〉 , (3.1)

where 〈·, ·〉 denotes the inner product and where C is the domain of the operator.
The operator Lε of our study with “potential”

Q := 1− pϕp−1
ε

(∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q

is a selfadjoint differential operator bounded from below and it has a discrete spec-
trum consisting of eigenvalues of multiplicity one for each ε > 0 : λ0(ε) < λ1(ε) <
λ2(ε) < . . . with corresponding eigenfunctions ψ0(·, ε), ψ1(·, ε), ψ2(·, ε), . . . . Its
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spectrum converges for ε → 0 (and for all selfadjoint boundary conditions) to the
spectrum of L0, see e.g. [1, ch. 9]. We shall calculate the rate of convergence.

The “limiting” operator L0 (on the whole real axis) has the continuous spectrum
[1,∞) and may have discrete eigenvalues below this interval (see [9, p. 140]). Simple
calculations show:

ψo := w
p+1
2

p Lo ψo = − 1
4 (p− 1)(p+ 3)ψo , p > 1 ,

ψ1 := ẇp Lo ψ1 = 0 p > 1 ,

ψ2 := w
3−p
2

p − 1
2

p+3
p+1 w

p+1
2

p Lo ψ2 = 1
4 (p− 1)(5− p)ψ2 , 1 < p < 3 .

(3.2)

Since ψ0, ψ1 and ψ2 have zero, one and two zeros respectively, and since the
zeros of the eigenfunctions of second order ordinary differential operators interlace,
λ0 := − 1

4 (p− 1)(p+ 3), λ1 := 0 and (if p < 3) λ2 := 1
4 (p− 1)(5− p) are the three

smallest eigenvalues of L0. In order to show that L0 does not have a second isolated
eigenvalue for p > 3, we substitute ψ(ξ) = ϑ(p−1

2 ξ) in the eigenvalue equation
L0ψ = λψ using the explicit form of wp from (2.7). This yields the equation

Mpϑ := −ϑ̈− 2p(p+ 1)(p− 1)−2 cosh−2(η)ϑ = ( 2
p−1 )2 (λ− 1)ϑ = µϑ .

Since the “potential” in Mp is an increasing function of p, its eigenvalues are in-
creasing functions of p by the minimax theorem (3.1). Since λ2 → 1 if p→ 3 from
below, the second eigenvalue of Mp tends to zero for p↗ 3 and gets absorbed into
the continuous spectrum if p ≥ 3. So L0 has only two eigenvalues below 1 if p ≥ 3.

In order to compute the rate of convergence of the smallest eigenvalues λ0(ε)
and λ1(ε) (and λ2(ε) if p < 3) of Lε, we can use the technique of [6] and [7].
We compute (formally) approximate eigenfunctions and project them onto the true
eigenfunctions; the residuals yields estimates for the eigenvalues.

Let L̃ε, B̃ε be the corresponding operators resulting in linearization around the
shadow spike solution ϕ̃ε. (We use the notation ϕ̃ε for ϕ̃.) More precisely (see
(2.15)) we have,

L̃ε u := −ü+ u− p ϕ̃p−1
ε

( ∫ 1/ε

−1/ε

Gδ(0, 0)ϕ̃r
ε(η)dη

)−q

u = −ü+ u− ψp−1
ε u,

B̃εv := qrϕ̃p
ε

( ∫ 1/ε

−1/ε

Gδ(0, 0)ϕ̃r
ε(η)dη

)−q−1( ∫ 1/ε

−1/ε

Gδ(0, 0)ϕ̃r−1
ε (η)v(η)dη

)
= qrψp

ε

〈u, ψr−1
ε 〉

〈ψr
ε , 1〉

.

Thus the operator Ãε = L̃ε + B̃ε does not depend on δ and coincides with the
shadow operator from [8]. Since

Lε = L̃ε +O
(
|ϕp−1

ε − ϕ̃p−1
ε |+

[
ε(1 + |ξ|) + |〈ϕr

ε − ϕ̃r
ε, gδ〉|

]
ϕ̃p−1

ε

)
it follows the uniform estimate

‖Lε − L̃ε‖ = O(εγ) , 0 < ε < ε0(δ). (3.3)

Here and later on the positive quantity O(1) depends on δ and is equivalent to 1
on any compact interval [0, δ0]. All estimates will be uniform in the same sense.
Analogously,

‖Bε − B̃ε‖ = O(εγ) , 0 < ε < ε0(δ). (3.4)
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In particular, using the asymptotic behaviour of the eigenvalues of L̃ε [8], we find

λ0(ε) = λ0 +O(εγ) , λ2(ε) = µ0 +O(εγ) ,

where µ0 := λ2 if p < 3 and µ0 := 1 if p ≥ 3.
To find the asymptotic behaviour of the small eigenvalue λ1(ε) we shall use ϕ̇ε

as an approximate eigenfunction. Differentiating (2.4), we get

Lεϕ̇ε = −qεϕp
ε

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1
∫ 1/ε

−1/ε

∂xGδ(εξ, εη)ϕr
ε(η)dη.

We evaluate this expression as follows. We have

∂xGδ(εξ, εη) = ±δ2/2µ+ δ2ε(|ξ|+ |η|)O(1), ξ 6= η,

where “+” corresponds to the region ξ < η and ”–” corresponds to ξ > η;( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1

=
( ∫ 1/ε

−1/ε

gδϕ
r
ε(η)dη

)−q−1

+O(δ2ε(1+|ξ|)) . (3.5)

Therefore,

Lεϕ̇ε = −q ε δ
2ϕp

ε

2µ

( ∫ 1/ε

ξ

ϕr
ε(η)dη −

∫ ξ

−1/ε

ϕr
ε(η)dη

)
+O(δ2ε2(1 + |ξ|)ϕp

ε) .

In particular,

〈Lεϕ̇ε, ϕ̇ε〉 = − q ε δ2

2µ (p+ 1)

∫ 1/ε

−1/ε

ϕp+r+1
ε (η) dη

( ∫ 1/ε

−1/ε

gδϕ
r
ε(η)dη

)−q−1

+O(δ2ε2).

The asymptotic expansion of λ1(ε) will be calculated using the same technique as in
[6] and [7]. We compute an approximate eigenfunction w, ‖w‖ = 1 of the operator
Lε and we show that

〈Lεw,w〉 = νε(1 +O(R̃ε)) and ‖Lεw‖2 = O(R̃εRε) , (3.6)

where Rε = o(1) and R̃ε = o(1) for ε→ 0.
The generalized Fourier expansion of w in the true eigenfunctions {ψk : k =

0, 1, . . . } of Lε is

w =
∞∑

k=0

ckψk with
∞∑

k=0

|ck|2 = ‖w‖2 = 1 .

Since all eigenvalues of Lε except λ1(ε) are uniformly bounded away from λ1(0) = 0
by a distance d > 0, we find from (3.6)

1− |c1|2 =
∞∑

k=0 , k 6=1

|ck|2 ≤ d−2
∞∑

k=0 , k 6=1

λ2
k |ck|2 ≤ d−2 ‖Lεw‖2 = O(R̃εRε) ,

implying that |c1|2 = 1 + O(R̃εRε). The estimate for the inner product in (3.6)
now implies that

〈Lεw,w〉 − νε = |c1|2λ1(ε)− νε +
∞∑

k=0, k 6=1

λk|ck|2 = O
(
R̃ε(νε +Rε)

)
and hence that

λ1(ε) = νε +O
(
R̃ε(νε +Rε)

)
.

Let ψ1(·, ε) be the true eigenfunction of Lε corresponding to λ1(ε). We look for an
approximate eigenfunction of the form ψ1(·, ε) ≈ ϕ̇ε+ boundary layer corrections.
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Within the interval [−1/ε, 1/ε] the tails of ϕ̇ε are exponentially small by (2.48) and
(2.4),

ϕ̇ε(
±1
ε

) = 0 and ϕ̈ε(±
1
ε
) = ae−1/ε(1 +O(εγ)), 0 < ε < ε0(δ), γ > 0, (3.7)

where a := 2α(
∫∞
−∞ gδw

r
p(η)dη)

−αr . .

We construct boundary layer terms at both endpoints by standard matched
asymptotic expansions. Suitable boundary layer corrections at the right and left
endpoints are

h(ξ) := − ϕ̈ε( 1
ε )%(εξ) exp

(
ξ − 1

ε
)
)
,

k(ξ) := ϕ̈ε(− 1
ε ) %(−εξ) exp

(
− ξ − 1

ε
)
)
,

ψ̃1 := ϕ̇ε + h+ k

(3.8)

where % is a monotonic C∞ cut-off function satisfying %(x) = 1 if x ≥ 3/4 and
%(x) = 0 if x ≤ 1/2. From the definition it is clear that ψ̃1 satisfies the boundary
conditions at ξ = ±1/ε and

Lεh = − pϕp−1
ε h

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q

+ ϕ̈ε( 1
ε )

(
ε2%′′ + 2ε%′

)
exp(ξ − 1

ε ) .

For p > 1 we have

‖Lεψ̃1‖2 = δ4ε2 +O(e−(2+γ)/ε) , 0 < ε < ε0(δ). (3.9)

Further,

〈Lεψ̃1, ψ̃1〉 = 〈Lεϕ̇ε, ϕ̇ε〉 − 〈Lε(h+ k), h+ k〉 − [(ḣ+ k̇)ψ̃1]
1/ε
−1/ε.

We can calculate the last two terms, hence

〈Lεψ̃1, ψ̃1〉 = 〈Lεϕ̇ε, ϕ̇ε〉 − 2[ϕ̈ε(1/ε)]2 + e−(2+γ)/εO(1). (3.10)

On the other hand,

‖ϕ̇ε‖2 =
( ∫ ∞

−∞
gδw

r
p(η)dη

)−2αr
∫ ∞

−∞
(ẇp)2dη (1 + εγ O(1)).

Therefore, the above estimates show that

λ1(ε) = −a(δ)ε− a1e
−2/ε + (δ2ε1+γ + e−(2+γ)/ε)O(1), 0 < ε < ε0(δ), (3.11)

where a(δ) > 0, a(δ) = δ2O(1) and

a1 = 8α2
( ∫ ∞

−∞
(ẇp)2dη

)−1

. (3.12)

In particular, for any fixed δ > 0 we have the asymptotic

λ1(ε) = −a(δ)ε+ ε1+γ O(1), 0 < ε < ε0(δ).

Thus the small eigenvalue λ1(ε) of the differential operator Lε is always negative.
In contrast, in the next section we shall prove that the small eigenvalue λε of the
perturbed operator Aε is positive for any fixed δ > 0 if 0 < ε < ε0(δ). If we allow
dependence of δ on ε, then λε is positive for all δ > δ(ε), where δ(ε) is exponentially
small w.r.t. ε ∈ (0, ε0). To prove these facts, we need two type of estimates: for
any fixed δ > 0 or for all small δ.
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4. Perturbation of the spectrum by the non-local term

In this section we consider how the nonlocal operator Bε perturbs the eigenvalues
of Lε. Since ‖Bε‖ = O(1) it follows that the spectrum of Aε lies in a strip around
the real axis. Hence this is an operator with compact resolvent and according to
Kato, p. 237 [10], its spectrum consists of eigenvalues with finite multiplicity.

Our goal is to find conditions on the parameters p, q, r so that the spectrum of
Aε lies in the right half-plane. We shall prove that this is true under the same
conditions on the parameters p, q, r as in the shadow case, cf. [8].

4.1. Perturbation of the small eigenvalue by the non-local term. In this
subsection we consider how the non-local operator Bε perturbs the small eigenvalue
λ1(ε) of Lε. Both the operators Lε and Bε are invariant under the change of sign
ξ 7→ −ξ and hence leave the subspaces of even and odd functions invariant. Hence
in this subsection we can consider the operator Aε = Lε + Bε on the subspace of
odd functions only. Then Aε is a small perturbation of the selfadjoint operator Lε.
Indeed, since

Bε = B0ε + δ2ε(1 + |ξ|)ϕp
εO(1),

where

B0εv = q r ϕp
ε

( ∫ 1/ε

−1/ε

gδϕ
r
ε(η)dη

)−q−1
∫ 1/ε

−1/ε

gδϕ
r−1
ε (η)v(η)dη ,

and B0ε = 0 on odd functions, it follows

‖Bε‖ = δ2εO(1), 0 < ε < ε0(δ).

Hence by Kato [10, p. 364] the spectrum of Aε (on odd functions) consists of one
simple small eigenvalue λε (see (3.11)),

λε = (δ2ε+ e−2/ε)O(1), (4.1)

and eigenvalues close to the real axis and in the half plane Reλ > 1/2.
Thus the problem is reduced to determine the sign of Reλε. To this end we shall

find its asymptotic behaviour. This will be done in two steps. In the first step we
use the a priori estimate (4.1) and derive a better estimate for λε (see (4.8) below).
To this end we use the same technique as for the selfadjoint operator Lε, exploiting
the fact that the non-selfadjoint operator Aε is a sufficiently small perturbation of
Lε.

Let
Aεψε = λεψε, ‖ψε‖ = 1

(the eigenfunction being odd one). As an approximate eigenfunction we use the
same function ψ̃ as before: ψ̃ = ϕ̇ε + h+ k. Note that this is also an odd function.
Let

ψ̃ = cψε + dg, ‖g‖ = 1, with g orthogonal to ψε.

Then
‖Lεψ̃‖2 = |c|2‖Lεψε‖2 + |d|2‖Lεg‖2 (4.2)

and Lεψε = λεψε + δ2εO(1), hence

‖Lεψε‖ = (δ2ε+ e−2/ε)O(1).

On the other hand we already know that (see (3.9)),

‖Lεψ̃‖ = (δ2ε+ e−(1+γ)/ε)O(1), p > 1. (4.3)
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Now we need the uniform estimate ‖Lεg‖ ≥ C. Suppose on the contrary that
‖Lεg‖ = o(1) as ε → 0. Let Lεω1 = λ1ω1, ‖ω1‖ = 1. If g = c1ω1 + d1h1,
|c1|2 + |d1|2 = 1 is the orthogonal decomposition, we find that g = ω1 + o(1). On
the other hand, if ψε = c2ω1+d2h2, |c2|2+|d2|2 = 1 is the orthogonal decomposition
of ψε, then since ‖Lεψε‖ = O(λ1) we find that ψε = ω1 + O(λ1). Then 〈g, ψε〉 =
1 + o(1), what contradicts orthogonality of g and ψε. Hence

|d| = (δ2ε+ e−(1+γ)/ε)O(1). (4.4)

Further,
〈Aεψ̃, ψ̃〉 = |c|2λε + dc̄〈Aεg, ψε〉+ |d|2〈Aεg, g〉.

Since
〈Aεg, ψε〉 = 〈Lεg, ψε〉+ δ2εO(1)

it follows
〈Aεg, ψε〉 = (δ2ε+ e−2/ε)O(1).

On the other hand, (4.2), (4.3) imply

|d|‖Aεg‖ = (δ2ε+ e−(1+γ)/ε)O(1).

Therefore,
〈Aεψ̃, ψ̃〉 = λε‖ψ̃‖2 + (δ4ε2 + e−(2+γ)/ε)O(1).

To evaluate the quadratic form we write

〈Aεψ̃, ψ̃〉 = 〈Aεϕ̇ε, ϕ̇ε〉 − [(ḣ+ k̇)ψ̃]1/ε
−1/ε − 〈Lε(h+ k), h+ k〉+ 〈Bεϕ̇ε, h+ k〉.

Since
〈Bεϕ̇ε, h+ k〉 = δ2e−2/εO(1), p > 1,

we get from above estimates

λε =
〈Aεϕ̇ε, ϕ̇ε〉
‖ϕ̇ε‖2

− 2[ϕ̈ε(1/ε)]2

‖ϕ̇ε‖2
+ (δ4ε2 + e−(2+γ)/ε + δ2e−2/ε)O(1), (4.5)

where 0 < ε < ε0(δ), p > 1, and it remains to evaluate 〈Aεϕ̇ε, ϕ̇ε〉. We have

Lεϕ̇ε = − q ε ϕp
ε

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1
∫ 1/ε

−1/ε

∂xGδ(εξ, εη)ϕr
ε(η)dη

and

Bεϕ̇ε = q ϕp
ε

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1
∫ 1/ε

−1/ε

Gδ(εξ, εη)dϕr
ε(η).

Since∫ 1/ε

−1/ε

Gδ(εξ, εη)dϕr
ε(η) =

=
[
Gδ(εξ, 1)−Gδ(εξ,−1)

]
ϕr

ε(1/ε)− ε

∫ 1/ε

−1/ε

∂yGδ(εξ, εη)ϕr
ε(η)dη,

∂yGδ(εξ, εη) + ∂xGδ(εξ, εη) = δcδ sinh δε(ξ + η) , where cδ :=
δ

µ sinh 2δ
Gδ(εξ, 1)−Gδ(εξ,−1) = δ2O(1)
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we find

Aεϕ̇ε = − qδcδεϕ
p
ε

∫ 1/ε

−1/ε

sinh δε(ξ + η)ϕr
ε(η)dη

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1

+O
(
δ2ϕr

ε(1/ε)ϕ
p
ε

( ∫ 1/ε

−1/ε

Gδ(εξ, εη)ϕr
ε(η)dη

)−q−1)
.

We simplify this expression as follows. Since

sinh δε(ξ + η) = δε(ξ + η) +O(δ3ε3(|ξ|3 + |η|3)),
it follows∫ 1/ε

−1/ε

sinh δε(ξ + η)ϕr
ε(η)dη = δεξ

∫ 1/ε

−1/ε

ϕr
ε(η)dη +O(δ3ε3(1 + |ξ|3)).

Using also (3.5) we get

〈Aεϕ̇ε, ϕ̇ε〉 =

= −qδ2ε2cδ
∫ 1/ε

−1/ε

ϕr
ε(η)dη

∫ 1/ε

−1/ε

ξϕp
ε(η)dϕε

(∫ 1/ε

−1/ε

gδϕ
r
ε(η)dη

)−q−1

+O(δ2ε3)

=
q

p+ 1
δ2ε2cδ

∫ 1/ε

−1/ε

ϕr
ε(η)dη

∫ 1/ε

−1/ε

ϕp+1
ε (η)dη

(∫ 1/ε

−1/ε

gδϕ
r
ε(η)dη

)−q−1

+O(δ2ε3).

In this expression we can replace as before ϕε by ϕ̃ε and then by wp. As a result
we get

〈Aεϕ̇ε, ϕ̇ε〉
‖ϕ̇ε‖2

=
q δ2ε2

∫∞
−∞ wp+1

p (η)dη

(p+ 1) cosh2 δ
∫∞
−∞(ẇp)2dη

+O(δ2ε5/2). (4.6)

Finally, (4.5), (4.6) and (3.7) give

q δ2ε2
∫∞
−∞ wp+1

p (η)dη

(p+ 1) cosh2 δ
∫∞
−∞(ẇp)2dη

− 8α2e−2/ε∫∞
−∞(ẇp)2dη

+ (δ2ε5/2 + δ4ε2 +O(e−(2+γ)/ε)) (4.7)

if 0 < ε < ε0(δ). In particular,

λε = O(δ2ε2 + e−2/ε) , 0 < ε < ε0(δ). (4.8)

To find the asymptotic behaviour of λε, we notice that using (4.8) we can improve
the bound for d (cf. (4.4)):

|d| = O(δ2ε2 + e−(1+γ)/ε) . (4.9)

Indeed, since Aεψ̃ = cλεψε + dAεg and Aεg = Lεg + δ2εO(1), hence ‖Aεg‖ ≥
C > 0, it follows |d| = (‖Aεψ̃‖ + δ2ε2 + e−2/ε). Using ‖Aεϕ̇ε‖ = δ2ε2O(1) and
‖Aεh‖ = e−(1+γ)/εO(1) we get (4.9).

Now, having the better estimate (4.9) we can repeat the above arguments and
show that instead of (4.7) we have for 0 < ε < ε0(δ) :

λε =
qδ2ε2

∫∞
−∞ wp+1

p (η)dη

(p+ 1) cosh2 δ
∫∞
−∞(ẇp)2dη

− 8α2e−2/ε∫∞
−∞(ẇp)2dη

+(δ2ε5/2+e−(2+γ)/ε)O(1) . (4.10)

In particular, for any fixed δ > 0 we have the asymptotic

λε =
qδ2ε2

∫∞
−∞ wp+1

p (η)dη

(p+ 1) cosh2 δ
∫∞
−∞(ẇp)2dη

+ ε5/2O(1), 0 < ε < ε0(δ).
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If δ is not fixed and we allow δ → 0 as ε → 0, then Reλε changes sign around the
point δ(ε) given as a solution to the equation

q

p+ 1
µ

8α2
ε2δ2e2/ε

∫ ∞

−∞
wp+1

p (η)dη = 1.

Note that the same expression is obtained in [17] using formal asymptotic methods.

4.2. Perturbation of the non-small eigenvalues and uniform estimates of
the resolvent. According to (3.3), (3.4) and Kato [10, p. 364], the eigenvalues of
Aε lie in a O(εγ) neighbourhood of the eigenvalues of the shadow operator Ãε.
Hence, under the same conditions on the parameters p, q, r as in [8], the spectrum
of Aε lies in the right-half plane for all 0 < ε < ε(D). In particular, there exists an
angle χD ∈ (0, π/2), such that the resolvent set of Aε contains the sector

Λ := {λ ∈ C : χD ≤ | arg(λ− µε)| ≤ π},

where µε = 1
2 Reλε. Moreover, in this sector the resolvent satisfies for some con-

stant Mε,D, for all 0 < ε < ε(D), the estimate

‖(Aε − λ)−1‖ ≤ Mε,D

|λ− µε|
for all λ ∈ Λ. (4.11)

To prove this estimate, we use the formula

(Aε − λ)−1 = (1 + (Lε − λ)−1Bε)−1(Lε − λ)−1,

‖(Lε − λ)−1‖ ≤ 1/dist(λ, σ(Lε)).

Since

‖(Lε − λ)−1‖ ≤ C

|λ|
, ‖(Lε − λ)−1Bε‖ ≤

1
2
,

uniformly for all |λ| > ND, λ ∈ Λ, 0 < ε < ε(D) for some ND large enough, it
follows

‖(Aε − λ)−1‖ ≤ C

|λ− µε|
,

uniformly for all |λ| > ND, λ ∈ Λ, and 0 < ε < ε(D). If |λ| ≤ ND, λ ∈ Λ, then

‖(Ãε − λ)−1‖ ≤ Cε,D.

5. Contraction around the steady state S(x, ε)

In this section we study stability of the spike solution S of (1.3) as given in (2.3).
We assume that the parameters (p, q, r, µ, ε) are such that all eigenvalues of Aε are
located in the right half plane.

Besides the standard L2-norm for functions on the interval [−1, 1] denoted by
‖·‖ , we use in this section the “energy norm” ‖·‖1, which is associated naturally to a
problem with a small parameter like (2.54) and is defined by: ‖u‖21 := ‖u‖2+‖ε u′‖2.

For fixed positive a large enough and uniformly for all ε ∈ (0, ε0] this norm
satisfies the equivalences

〈(A+ a)u, u〉1/2 � ‖u‖1.

We study perturbations around the steady state spike solution S, using the con-
traction method as in [8] The perturbation satisfies equation (2.55), which reads:

vt +Av = f [v] , v(x, 0) = v0(x),
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where the quadratic term f is given by (2.56) and the (linear) operator A is de-
fined by (2.57). Obviously, this operator A has the same spectral properties as its
(stretched) cousin Aε has in sections 3 and 4. Hence, under the positivity condition,
stated above, A is a sectorial operator, see [9], it satisfies the estimate (4.11).

Associated to A is the semigroup

e−At :=
1

2πi

∫
Γ

(A− λ)−1e−λtdλ , t > 0 ,

where Γ is a suitable contour in the resolvent set Λ. As in [8] we prove the following
statement.

Lemma 5.1. For all t > 0, all ε ∈ (0, ε(D)] and for some constant Cε,D, not
depending on t, this semigroup satisfies:

‖e−At‖ ≤ Cε,De
−µεt , (5.1)

‖e−At‖1 ≤ Cε,De
−µεt

{
‖u‖1 ,
(1 + t−1/2)‖u‖

(5.2)

Hence we can apply the contraction method as in [9], [8], and prove the local
stability of the single internal spike solution S(x, ε) in the Sobolev norm ‖ · ‖1.

Theorem 5.2 (Local stability of the single internal spike for 0 < ε < ε(D)). There
exist positive constants C(D), Cε(D) and ε(D), depending also on p, q, r and µ,
and small %ε(D) such that the solution (U,H) of the system (1.3) exists for all
times t > 0 and satisfies

‖U(·, t)− S‖1 ≤ %e−µεt,

‖H(·, t)−H‖1 ≤ C(D)%ε−1e−µεt,

for all ε and % satisfying

0 < ε < ε(D), 0 < % < %ε(D),

for all initial conditions U0 ∈ H1(−1, 1) in the vicinity of S, that satisfy the com-
patibility conditions U ′

0(−1) = U ′
0(1) = 0 and satisfy the bound

‖U0 − S‖1 ≤ Cε(D)%.
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