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Lp-Lq ESTIMATES FOR DAMPED WAVE EQUATIONS WITH
ODD INITIAL DATA

TAKASHI NARAZAKI

Dedicated to the memory of Professor Tsutomu Arai

Abstract. We study the Cauchy problem for the damped wave equation. In
a previous paper [16] the author has shown the Lp-Lq estimates between the

solutions of the damped wave equation and the solutions of the corresponding

heat equation. In this paper, we show new Lp-Lq estimates for the damped
wave equation with odd initial data.

1. Introduction

Consider the Cauchy problem for the damped wave equation

∂2
t u−∆u+ 2a∂tu = 0, (t, x) ∈ (0,∞)×Rn (1.1)

with initial data

u(0, x) = ϕ0(x), ∂tu(0, x) = ϕ1(x), x ∈ Rn, (1.2)

where a is a positive constant, ∂t = ∂/∂t, ∂j = ∂/∂xj for j = 1, 2, . . . , n and
∆ = ∂2

1 + · · · + ∂2
n is the Laplace operator in Rn. Here and after we denote

∂α
x = ∂α1

1 . . . ∂αn
n and |α| = α1 + · · ·+αn for a multi-index of non-negative integers

α = (α1, . . . , αn), and ∇h = (∂1h, . . . , ∂nh).
Several authors have indicated the diffusive structure of problem (1.1)–(1.2) as

t → ∞; see for example [1, 7, 10, 12, 16, 17]. Recently the author has shown the
Lp-Lq estimates of the difference between the solution of problem (1.1)–(1.2) and
the solution of the corresponding heat equation

2a∂tφ−∆φ = 0, (t, x) ∈ (0,∞)×Rn (1.3)

with initial data
φ(0, x) = ϕ0(x) + ϕ1(x)/2a, x ∈ Rn. (1.4)

We use the standard function spaces Lp = Lp(Rn), Lp = H0
p and Hs

p =
Hs

p(Rn) = (1−∆)−s/2Lp equipped with the norms

‖f‖Hs
p
≡ ‖f‖s,p ≡ ‖F−1((1 + |ξ|2)s/2f̂)||p,
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where ‖f‖p denotes the usual Lp-norm. F denotes the Fourier transformation:

(Ff)(ξ) ≡ f̂(ξ) ≡
( 1
2π

)n/2
∫

Rn

e−ix·ξf(x) dx,

F−1 denotes an inverse of F , and ∗ denotes the convolution with respect to x;

(f ∗ g)(x) =
∫

Rn

f(x− y)g(y) dy.

Let X1 ∩ · · · ∩ Xm be the normed space equipped with norm ‖ · ‖X1∩···∩Xm ≡
‖ ·‖X1 + · · ·+‖ · ‖Xm for normed spaces X1, . . . , Xm, and let [µ] denote the greatest
integer that does not exceed µ.

To illustrate the decay profiles of problem (1.1)–(1.2) we set ϕ0(x) = ϕ1(x) =
x1 . . . xd exp(−a|x|2/2), where d ∈ [0, n] is an integer. Let u and φ be the solutions
of problem (1.1)–(1.2) and problem (1.3)–(1.4), respectively. Since

φ(t, x) = (1 + 1/2a)(t+ 1)−n/2−dx1 . . . xd exp
(
− a|x|2

2(t+ 1)
)
,

it follows that

‖φ(t, ·)‖p = C(1 + t)−n/2(1−1/p)−d/2, 1 ≤ p ≤ ∞, t > 0.

Hence, Theorems 1.1–1.2 below show that

C̃1(1 + t)−n(1−1/p)−d/2 ≤ ‖u(t, ·)‖p ≤ C̃2(1 + t)−n/2(1−1/p)−d/2 (1.5)

for any p ∈ [1,∞] and sufficiently large t > 0, where C̃1 and C̃2 are positive
constants that depend only on n, d, p and a. When d = 0, (1.5) indicates that
the optimal decay rate of Lp norm of the solution to (1.1) is (1 + t)−n/2(1−1/p)

as t → ∞. When d ≥ 1, (1.5) also shows that the solution decays faster than
solutions with general initial data. This faster decay seems to be caused by the fact
(∂/∂ξ)αû(t, 0) = 0 for |α| < d. When the initial data are odd in the sense of (1.6)
below, the solution u of (1.1) satisfies (∂/∂ξ)αû(t, 0) = 0 for |α| < d. Hence, we
may expect a new Lp-Lq estimates of the solutions of problem (1.1)–(1.2), when
initial data are odd.

The aim in this paper is to show the new Lp-Lq estimates to the solutions of
problem (1.1)–(1.2), when the initial data (ϕ0, ϕ1) are odd in the sense of (1.6).
These new Lp-Lq estimates imply the new decay estimates to the solution of prob-
lem (1.1)–(1.2).

Let d ∈ [1, n] be an integer, and x ≡ (x′, x′′) ≡ (x1, . . . , xd, xd+1, . . . , xn). A
function f(x) defined on Rn is said to be odd with respect to x′ when it satisfies

f(x1, . . . ,−xj , . . . , xn) = −f(x1, . . . , xj , . . . , xn), (j = 1, . . . , d). (1.6)

Define the weight function P (·) by

P (x) = (1 + x2
1)

1/2 · · · · · (1 + x2
d)

1/2. (1.7)

Our first result is as follows.

Theorem 1.1 (Estimate of the low frequency part). Let 1 ≤ q ≤ p ≤ ∞, ε > 0,
and let b > 0 be constants. Let v be the solution of (1.1) with initial data

v(0, x) = v0(x), ∂tv(0, x) = v1(x), x ∈ Rn.

Let V be the solution of (1.3) with initial data

V (0, x) = v0(x) + v1(x)/2a, x ∈ Rn.
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Assume that the function vi is odd with respect to x′ and it satisfies

P (·)vi ∈ Lq, supp v̂i ⊂ {ξ; |ξ| ≤ b} (i = 0, 1).

Then, for any θ ∈ [0, 1], for a multi-index α = (α1, . . . , αn) and for a non-negative
integer k, the following estimates holds:

‖P (·)θ∂k
t ∂

α
x (v(t, ·)− V (t, ·))||p

≤ C(1 + t)−nδ(p,q)−|α|/2−k−(1−θ)d/2−1+ε(‖P (·)v0‖q + ‖P (·)v1‖q)

for some constant C = C(p, q, ε) > 0, where δ(p, q) = 1/2q − 1/2p. When 1 < q <
p <∞, p = ∞ and q = 1 or p = q = 2, we may take ε = 0 in the above estimates.

The decay property of the solution to (1.3) with odd initial data (Proposition
3.1 below, see also [13]) shows the following estimates.

Corollary 1.1. Under the assumptions of Theorem 1.1,

‖P (·)θ∂k
t ∂

α
x v(t, ·)‖p ≤ C(1 + t)−nδ(p,q)−|α|/2−k−(1−θ)d/2(‖P (·)v0‖q + ‖P (·)v1‖q).

Similar arguments to ones in [16] give the following estimates.

Theorem 1.2 (Estimate of high frequency part). Let 1 < q ≤ p <∞ and θ = 0, 1.
Assume that P (·)θwi ∈ Lq, supp ŵi ⊂ {ξ; |ξ| ≥ 2a} for i = 0, 1. Then the solution
w of (1.1) with initial data

w(0, x) = w0(x), ∂tw(0, x) = w1(x), x ∈ Rn

satisfies

‖P (·)θ(w(t, ·)− e−atF−1(M0(t, ·)ŵ0 +M1(t, ·)ŵ1))‖p

≤ C(p, q)e−at(1 + t)N (‖P (·)θw0‖q + ‖P (·)θw1‖q)

for some constant N = N(n) > 0 and C(p, q) > 0, where

M1(t, ξ) =
1√

|ξ|2 − a2

(
sin t|ξ|

∑
0≤k<(n−1)/4

(−1)k

(2k)!
t2kΘ(ξ)2k

− cos t|ξ|
∑

0≤k<(n−3)/4

(−1)k

(2k + 1)!
t2k+1Θ(ξ)2k+1

)
,

M0(t, ξ) = cos t|ξ|
∑

0≤k<(n+1)/4

(−1)k

(2k)!
t2kΘ(ξ)2k

+ sin t|ξ|
∑

0≤k<(n−1)/4

(−1)k

(2k + 1)!
t2k+1Θ(ξ)2k+1 + aM1(t, ξ),

and Θ(ξ) ≡ Θ(|ξ|) ≡ |ξ| −
√
|ξ|2 − a2.

Corollary 1.2. Let m = [n/2] and max(0, 1/2 − 1/2m) < 1/p < min(1, 1/2 +
1/2m). Under the assumptions in Theorem 1.2, the following estimate holds;

‖P (·)θw(t, ·)‖p ≤ Ce−at/2(‖P (·)θw0‖1,p + ‖P (·)θw1‖p).



4 T. NARAZAKI EJDE-2005/74

2. Preliminaries

In this section we state the preliminary results necessary for the proofs. Jµ(s)
is the Bessel function of order µ. We shall denote J̃µ(s) = Jµ(s)/sµ according to
Levandosky [9]. Here and after we denote g(s) = O(|s|σ) when |g(s)| ≤ C|s|σ for a
constant σ.

Lemma 2.1 ([9, 16]). Assume that µ is not a negative integer. Then it follows
that:

(1) sJ̃ ′µ(s) = J̃µ−1(s)− 2µJ̃µ(s).
(2) J̃ ′µ(s) = −sJ̃µ+1(s).
(3) J̃−1/2(s) =

√
π
2 cos s .

(4) If Reµ is fixed, then

|J̃µ(s)| ≤ Ceπ|Im µ|, (|s| ≤ 1),

Jµ(s) = Cs−1/2 cos(s− µ

2
π − π

4
) +O(e2π|Im µ||s|−3/2), (|s| ≥ 1).

(5) r2ρJ̃µ+1(rρ) = − ∂
∂ρ J̃µ(rρ) .

The following lemmas are well-known.

Lemma 2.2 ([18]). Assume that f̂ ∈ Lp (1 ≤ p ≤ 2) is a radial function. Then

f(x) = c

∫ ∞

0

g(ρ)ρn−1J̃n/2−1(|x|ρ) dρ, g(|ξ|) ≡ f̂(ξ).

Lemma 2.3 (Young). Let 1 ≤ q ≤ p ≤ ∞ satisfy 1 − 1/r = 1/q − 1/p, then the
following estimate holds for any f ∈ Lq and g ∈ Lr:

‖f ∗ g‖p ≤ C‖f‖q‖g‖r.

Lemma 2.4 (Hardy-Littlewood-Sobolev). Let 1 < q < p < ∞ satisfy 1 − 1/r =
1/q − 1/p. Assume that |g(x)| ≤ A|x|−n/r, where A is a constant. Then the
following estimate holds for any f ∈ Lp:

‖f ∗ g‖p ≤ C(p, q)A‖f‖q.

3. Proof of Theorem 1.1

Let V be the solution of the heat equation

2a∂tV (t, x)−∆V (t, x) = 0, t > 0, x ∈ Rn (3.1)

with initial data
V (0, x) = V0(x), x ∈ Rn. (3.2)

Assume that the function V0 is odd with respect to x′ and V0 ∈ Lq for some
1 ≤ q ≤ ∞. Then, V (t, ·) is also odd with respect to x′. Arguments similar to
those in [13] and [16] give the following result.

Proposition 3.1 (Meier [13]). Let 1 ≤ q ≤ p ≤ ∞, 0 ≤ θ1, . . . , θd ≤ 1 and b > 0
be constants. Assume that V0 is odd with respect to x′, P (·)V0 ∈ Lq and V̂0(ξ) = 0
for |ξ| ≥ b. Let V be the solution of the Cauchy problem (3.1)–(3.2). Then, for
t > 0, V (t, ·) is odd with respect to x′ and V̂ (t, ξ) = 0 for |ξ| ≥ b. Moreover, for any
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multi-index of non-negative integers α = (α1, . . . , αn) and for any integer k ≥ 0,
the following estimates hold;

‖(1 + x2
1)

θ1/2 . . . (1 + x2
d)

θd/2∂k
t ∂

α
xV (t, ·)||p

≤ C(1 + t)−nδ(p,q)−k−|α|/2−(1−θ1)/2−···−(1−θd)/2‖P (·)V0‖q,

where δ(p, q) = 1/2q − 1/2p.

Choose a function χ1 of class C∞ satisfying χ1(ρ) = 1 for ρ ≤ a/2 and χ1(ρ) = 0
for ρ ≥ 2a/3. Define the functions Θ1 and g by

Θ1(ρ) =
ρ4

2a(a+
√
a2 − ρ2)2

, (3.3)

g(t, ρ) = (exp(−tΘ1(ρ))− 1) exp
(
− tρ2

4a
)
. (3.4)

Here and after we denote χ1(ξ) = χ1(|ξ|) and g(t, ξ) = g(t, |ξ|). For the proof of
Theorem 1.1, we need the following lemmas. Let I be the set of all multi-indices
α = (α1, . . . , αn) satisfying αj = 0, 1 for j = 1, . . . , d and αj = 0 for j = d+1, . . . , n.

Lemma 3.1. Let 1 ≤ q ≤ p ≤ ∞ and b > 0 be constants, and let χ11 be a function
of class C∞ satisfying χ11(ξ) = 0 for |ξ| ≥ b. Then, the estimates

‖P (·)F−1(χ11ĥ)‖p ≤ Cb sup
ξ

∑
|α|≤n+d+1

|∂α
ξ χ11(ξ)|‖P (·)h‖q

hold for any h satisfying P (·)h ∈ Lq.

Proof. Since P (x) ≤ C1

∑
α∈I |xα| ≤ C2P (x) and F(xαf)(ξ) = cα∂

α
ξ f̂(ξ), it follows

that

‖P (·)F−1(χ11ĥ)‖p ≤ C
∑
α∈I

‖xαF−1(χ11ĥ)‖p ≤ C
∑
α∈I

∑
β+γ=α

‖F−1(∂β
ξ χ11∂

γ
ξ ĥ)‖p.

(3.5)
Since (1 + |x|)−(n+1) ∈ L1 and suppχ11 ⊂ {ξ : |ξ| ≤ b}, it follows that

‖F−1(∂β
ξ χ11)‖L1∩L∞ ≤ C‖(1 + |x|)n+1F−1(∂β

ξ χ11)‖∞

≤ C
∑

|α|≤n+1

‖∂α
ξ ∂

β
ξ χ11‖L1

≤ C sup
ξ

∑
|α|≤n+1

∣∣∂α
ξ ∂

β
ξ χ11(ξ)

∣∣.
Hence, for any β satisfying |β| ≤ d,

‖F−1(∂β
ξ χ11)||L1∩L∞ ≤ C sup

ξ

∑
|α|≤n+d+1

|∂α
ξ χ11(ξ)|. (3.6)

Since

F−1(∂β
ξ χ11∂

γ
ξ ĥ) = cF−1(∂β

ξ χ11) ∗ F−1(∂γ
ξ ĥ),

‖F−1(∂γ
ξ ĥ)‖q ≤ C‖P (·)h‖q, γ ∈ I,

Lemma 2.3 and estimates (3.5)–(3.6) give the desired estimate. �
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Note that the function

I(t, x) = F−1(χ1g(t, ·))(x) = (
1
2π

)n/2

∫
Rn

eix·ξχ1(ξ)g(t, ξ) dξ

is a radial function and belongs to S(Rn) for any t ≥ 0.

Lemma 3.2. For any t > 0, the following two estimates hold

sup
x
|I(t, x)| ≤ C(1 + t)−n/2−1, (3.7)

sup
x
|(1 + |x|)n+1/2I(t, x)| ≤ C(1 + t)−3/4. (3.8)

Proof. We prove only the case where n = 1. For the proof when n ≥ 2, see [16,
Proposition 3.1]. Since

I(t, x) =

√
2
π

∫ ∞

0

χ1(ρ)g(t, ρ) cos ρ|x| dρ (3.9)

and

|g(t, ρ)| ≤ Ctρ4 exp
(
− tρ2

4a
)
, (0 ≤ ρ ≤ 2a/3),

easy calculations show that

|I(t, x)| ≤ C

∫ 2a/3

0

tρ4 exp
(
− tρ2

4a
)
dρ ≤ C(1 + t)−3/2.

Thus we have proved estimate (3.7). Since

cos ρ|x| = − 1
|x|2

(
∂

∂ρ
)2 cos ρ|x|,

Using integration by parts in (3.9),

|I(t, x)| ≤ C

x2

∫ ∞

0

∣∣( ∂
∂ρ

)2(χ1(ρ)g(t, ρ))
∣∣ dρ ≤ C

x2
(1 + t)−1/2, (3.10)

where we have used

|∂g
∂ρ

(t, ρ)|+ |∂
2g

∂ρ2
(t, ρ)| ≤ C exp

(
− tρ2

8a
)
, (0 ≤ ρ ≤ a).

Estimates (3.7) and (3.10) show that

|I(t, x)| ≤ C

1 + x2
(1 + t)−1/2.

Therefore,

|I(t, x)| ≤ C((1 + t)−3/2)1/4(
1

1 + x2
(1 + t)−1/2)3/4 ≤ C

(1 + |x|)3/2
(1 + t)−3/4.

Thus we have proved estimate (3.8). �

Lemma 3.3. Let 1 ≤ q ≤ p ≤ ∞, and let k be a non-negative integer. Then

‖∂k
t I(t, ·) ∗ f‖p ≤ C(1 + t)−nδ(p,q)−k−1+ε‖f‖q, t ≥ 0

for any ε > 0, where C = C(p, q, ε, k) > 0 and δ(p, q) = 1/2q − 1/2p. We may take
ε = 0 when 1 < q < p <∞, p = ∞ and q = 1 or p = q = 2.
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Proof. Consider the case where k = 0. Lemma 3.2 shows

‖I(t, ·) ∗ f‖∞ ≤ C(1 + t)−n/2−1‖f‖1. (3.11)

Since

|χ1(ξ)g(t, ξ)| ≤ C|χ1(ξ)||ξ|4t exp
(
− |ξ|2t

4a
)
≤ Cmin(

1
t
, t) ≤ C

1 + t
,

it follows that

‖I(t, ·) ∗ f‖2 ≤ C‖χ1g1(t, ·)f̂‖2 ≤ C(1 + t)−1‖f‖2. (3.12)

Set r ∈ [1,∞] by 1 − 1/r = 2δ(p, q), and set θ = 2n/((2n + 1)r) ∈ [0, 1), then
Lemma 3.2 shows

|I(t, x)| = |I(t, x)|θ|I(t, x)|1−θ ≤ C(1 + t)−nδ(p,q)−1|x|−n/r.

Hence Lemma 2.4 show

‖I(t, ·) ∗ f‖p ≤ C(1 + t)−nδ(p,q)−1‖f‖q, (1 < q < p <∞). (3.13)

Since Lemma 3.2 also shows |I(t, x)| ≤ C(1 + t)−1+ε(1 + |x|)−n−2ε for 0 < ε ≤ 1/4,
it follows that

‖I(t, ·)‖1 ≤ C(ε)(1 + t)−1+ε, (0 < ε ≤ 1/4).

Therefore, Lemma 2.3 gives

‖I(t, ·) ∗ f‖p ≤ C(ε)(1 + t)−1+ε‖f‖p, (1 ≤ p ≤ ∞). (3.14)

Estimates (3.11)–(3.14) give the desired estimate when k = 0.
Now consider the case where k ≥ 1. Easy calculations show that

∂k
t Î(t, ξ) = |ξ|2k

(
Bk,1(ξ)Î(t, ξ) +Bk,2(ξ)|ξ|2χ1(ξ) exp

(
− |ξ|2t

4a
))
, (3.15)

where Bk,1, Bk,2 ∈ C∞ satisfying Bk,1(ξ) = Bk,2(ξ) = 0 when |ξ| ≥ 2a/3. Since
F−1Bk,i ∈ S(Rn) for i = 1, 2, the well-known estimate

‖F−1
(
|ξ|2k+2χ1 exp

(
− |ξ|2t

4a
)
f̂
)
‖p ≤ C(1 + t)−nδ(p,q)−k−1‖f‖q

hold for 1 ≤ q ≤ p ≤ ∞. Hence, the estimates when k = 0 and (3.15) give the
desired estimate in the case where k ≥ 1. �

From Proposition 3.1 and Lemma 3.3, we obtain the next lemma.

Lemma 3.4. Let 1 ≤ q ≤ p ≤ ∞, 0 ≤ θ ≤ 1 and ε > 0. Assume that f is odd with
respect to x′, P (·)f ∈ Lq and f̂(ξ) = 0 for |ξ| ≥ a/2. We set

ĥ(t, ξ) = exp
(
− |ξ|2t

4a
)
f̂(ξ), t ≥ 0.

Then, for any integer k ≥ 0 and a multi-index α, estimates

‖P (·)θ∂k
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖p ≤ C(1 + t)−nδ(p,q)−k−|α|/2−(1−θ)d/2−1+ε‖P (·)f‖q

hold, where C = C(p, q, ε, k, α) and δ(p, q) = 1/2q − 1/2p. In the above estimates
we may take ε = 0 when 1 < q < p <∞, p = ∞ and q = 1 or p = q = 2.
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Proof. Consider the case where θ = 0. Since

∂k
t ∂

α
x (I(t, x) ∗ h(t, x)) =

∑
k1+k2=k

c(k1, k2)∂k1
t I(t, x) ∗ ∂k2

t ∂α
xh(t, x),

Proposition 3.1 and Lemma 3.3 show that

‖∂k
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖p ≤ C

∑
k1+k2=k

(1 + t)−nδ(p,q)−k1−1+ε‖∂k2
t ∂α

xh(t, ·)‖q

≤ C(1 + t)−nδ(p,q)−k−|α|/2−d/2−1+ε‖P (·)f‖q.

(3.16)

Thus we have obtained the desired estimate when θ = 0.
Now we show the estimate of ‖P (·)I(t, ·) ∗ h(t, ·)‖p. Easy calculations show

χ1(ξ)∂
β
ξ (exp

(
− tΘ1)− 1

)
= ξβ

|β|∑
j=1

ctj |ξ|2σ(j,β)Ψj(|ξ|2) exp(−tΘ1), (3.17)

for β ∈ I with |β| ≥ 1, where σ(j, β) = max(2j − |β|, 0) and Ψj is a function of
class C∞ satisfying Ψj(|ξ|2) = 0 for |ξ|2 ≥ 2a/3 for j = 1, . . . , |β|,

∂γ
ξ exp

(
− t|ξ|2

4a
)

= ct|γ|ξγ exp
(
− t|ξ|2

4a
)
, (3.18)

for γ ∈ I, and

exp(−tΘ1) exp
(
− t|ξ|2

4a
)

= g(t, ξ) + exp
(
− t|ξ|2

4a
)
. (3.19)

Let α ∈ I be fixed. Since χ1(ξ) = 1 on supp ĥ(t, ·) for any t ≥ 0, (3.17)–(3.19)
imply

F(xαI(t, ·) ∗ h(t, ·))

=
∑

β+γ+µ=α

cβ,γ,µχ1(|ξ|)∂β
ξ (exp(−tΘ1)− 1)∂γ

ξ exp
(
− t|ξ|2

4a
)
∂µ

ξ ĥ(t, ξ)

=
∑

γ+µ=α

cγ,µξ
γt|γ|g(t, ξ)∂µ

ξ ĥ(t, ξ) +
∑

β+γ+µ=α,|β|≥1

|β|∑
j=1

cβ,γ,µ,jξ
β+γ

× |ξ|2σ(j,β)tj+|γ|
(
g(t, ξ) + exp

(
− t|ξ|2

4a
))
∂µ

ξ ĥ(t, ξ).

(3.20)

Hence, Proposition 3.1, Lemma 3.1–3.2 and (3.20) imply

‖xαI(t, ·) ∗ h(t, ·)‖p ≤ C
∑

β+γ+µ=α

(1 + t)|β|/2+|γ|/2−nδ(p,q)−1+ε‖xµh(t, ·)‖q

≤ C
∑

β+γ+µ=α

(1 + t)|β|/2+|γ|/2−nδ(p,q)−1+ε−(d−|µ|)/2‖P (·)f‖q

≤ C(1 + t)−nδ(p,q)−1+ε‖P (·)f‖q.

Therefore, we obtain the following estimate for 1 ≤ q ≤ p ≤ ∞:

‖P (·)I(t, ·) ∗ h(t, ·)‖p ≤ C(1 + t)−nδ(p,q)−1+ε‖P (·)f‖q. (3.21)
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Since

F
{
∂j

t ∂
α
x (I(t, ·) ∗ h(t, ·))

}
(ξ)

= {g1(t, ξ)m1(ξ) +m2(ξ)|ξ|2}|ξ|2jξα exp
(
− t|ξ|2

4a
)
ĥ(t, ξ)

for some functions m1 and m2 defined on Rn of class C∞ with compact support,
estimate (3.21) shows that

‖P (·)∂j
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖p ≤ C(1 + t)−nδ(p,q)−j−|α|/2−1+ε‖P (·)f‖q. (3.22)

Since

‖P (·)θ∂j
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖p

≤ ‖P (·)∂j
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖θ

p‖∂
j
t ∂

α
x (I(t, ·) ∗ h(t, ·))‖1−θ

p

for 0 ≤ θ ≤ 1, estimates (3.16) and (3.22) give the desired estimate. �

Proof of Theorem 1.1. The Fourier transformation of (1.1) yields

v̂(t, ξ) = e−at
(

cos t
√
|ξ|2 − a2v̂0(ξ) +

sin t
√
|ξ|2 − a2√

|ξ|2 − a2
(av̂0(ξ) + v̂1(ξ))

)
(3.23)

for t ≥ 0. Since

cos
√
z =

∞∑
k=0

(−z)k

(2k)!
,

sin
√
z√

z
=

∞∑
k=0

(−z)k

(2k + 1)!
, z ∈ C,

cos t
√
|ξ|2 − a2 and sin t

√
|ξ|2 − a2/

√
|ξ|2 − a2 are smooth functions of (t, ξ) in

R×Rn, and they satisfy

cos t
√
|ξ|2 − a2 =

∞∑
k=0

(−1)kt2k

(2k)!
(|ξ|2 − a2)k,

sin t
√
|ξ|2 − a2√

|ξ|2 − a2
=

∞∑
k=0

(−1)kt2k+1

(2k + 1)!
(|ξ|2 − a2)k.

First we consider the case where b ≥ a/2 and supp v̂0∪supp v̂1 ⊂ {ξ; a/3 ≤ |ξ| ≤ b}.
Since

|∂α
ξ (|ξ|2 − a2)k| ≤ Cα

k!
(k − |α|)!

(1 + |ξ||α|)||ξ|2 − a2|k−|α|, |α| ≤ k,

it follows that∣∣∂α
ξ

( sin t
√
|ξ|2 − a2√

|ξ|2 − a2

)∣∣ + |∂α
ξ cos t

√
|ξ|2 − a2|

=
∣∣∣∂α

ξ

∞∑
k=0

(−1)k

(2k + 1)!
t2k+1(|ξ|2 − a2)k

∣∣∣ +
∣∣∣∂α

ξ

∞∑
k=0

(−1)k

(2k)!
t2k(|ξ|2 − a2)k

∣∣∣
≤ Cα(1 + t2|α|+1)(1 + |ξ|α) exp(t||ξ|2 − a2|1/2)

≤ Cα(1 + t2|α|+1) exp(at
√

15/4), a/4 ≤ |ξ| ≤ 5a/4, t ≥ 0.

(3.24)

From the estimates

|∂α
ξ

√
|ξ|2 − a2|+

∣∣∂α
ξ

( 1√
|ξ|2 − a2

)∣∣ ≤ Cα, |ξ| ≥ 5a/4, |α| ≥ 1,
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we obtain ∣∣∂α
ξ

( sin t
√
|ξ|2 − a2√

|ξ|2 − a2

)∣∣ + |∂α
ξ cos t

√
|ξ|2 − a2| ≤ Cα(1 + t|α|) (3.25)

for t ≥ 0 and |ξ| ≥ 5a/4.
Choose a smooth function χ12 satisfying χ12(ξ)v̂i(ξ) = v̂i(ξ) (i = 0, 1) and

suppχ12 ⊂ {ξ : a/4 < |ξ| < b+ 1}. (3.24)–(3.25) and Lemma 3.1 with

χ11(ξ) = χ12(ξ) cos t
√
|ξ|2 − a2, χ11(ξ) = χ12(ξ)

sin t
√
|ξ|2 − a2√

|ξ|2 − a2

give the following estimate∥∥P (·)∂β
xF−1χ12

(
cos t

√
|ξ|2 − a2v̂0 +

sin t
√
|ξ|2 − a2√

|ξ|2 − a2
(av̂0 + v̂1)

)
‖p

≤ Cβ(1 + t)2n+2d+3(‖P (·)v0‖q + ‖P (·)v1‖q)

(3.26)

for t ≥ 0 and β. Since v̂(t, ξ) = χ12v̂(t, ξ), (3.23) and (3.26) shows

‖P (·)∂β
xv(t, ·)‖p ≤ Cβe

−λt(‖P (·)v0‖q + ‖P (·)v1‖q), t ≥ 0 (3.27)

for 1 ≤ q ≤ p ≤ ∞, where λ ≡ (4−
√

15)a/5.
Set vk(t, x) = ∂k

t v(t, x) for k = 0, 1, 2, . . . . Then vk(t, x) satisfies

∂tvk(t, x) + 2avk(t, x) = ∆vk−1(t, x), vk(0, x) = ∂k
t v(0, x), t > 0, x ∈ Rn,

hence

vk(t, x) = e−2atvk(0, x) +
∫ t

0

e−2a(t−τ)∆vk−1(τ, x) dτ, t ≥ 0, x ∈ Rn (3.28)

for k = 1, 2, . . . . Moreover, it satisfies v̂k(0, ξ) = 0 for |ξ| ≥ b, and

‖P (·)∂β
xvk(0, ·)||q ≤ Ck,β

(
‖P (·)v0‖q + ‖P (·)v1‖q

)
1 ≤ q ≤ ∞, (3.29)

for k = 1, 2, . . . . Therefore, (3.27)– (3.29) show

‖P (·)∂k
t ∂

β
xv(t, ·)‖p ≤ Ck,βe

−λt
(
‖P (·)v0‖q + ‖P (·)v1‖q

)
, t ≥ 0 (3.30)

for 1 ≤ q ≤ p ≤ ∞, k = 0, 1, 2, . . . and β. Since v̂i(ξ) = χ12(ξ)v̂i(ξ) (i = 0, 1), the
solution formula

V̂ (t, ξ) = exp
(
− t|ξ|2

2a
)(
v̂0(ξ) +

1
2a
v̂1(ξ)

)
, t ≥ 0,

shows that V̂ (t, ξ) = χ12V̂ (t, ξ). Hence, the similar arguments to the above esti-
mates and Lemma 3.1 shows

‖P (·)∂k
t ∂

β
xV (t, ·)‖p ≤ Ck,βe

−λt(‖P (·)v0‖q + ‖P (·)v1‖q), t ≥ 0 (3.31)

for 1 ≤ q ≤ p ≤ ∞, k = 0, 1, 2, . . . and β. Since P (x) ≥ 1, (3.30)–(3.31) give the
desired result in Theorem 1.1, in the case where b ≥ a/2 and supp v̂0 ∪ supp v̂1 ⊂
{ξ : a/3 ≤ |ξ| ≤ b}.

Now we consider the case where supp v̂0 ∪ v̂1 ⊂ {ξ : |ξ| ≤ a/2}. The solution
formula (3.23) shows that

v̂(t, ξ) = V̂ (t, ξ) +
1
2
φ̂1(t, ξ) + φ̂2(t, ξ) + φ̂3(t, ξ), (3.32)



EJDE-2005/74 DAMPED WAVE EQUATIONS WITH ODD INITIAL DATA 11

where

φ̂1(t, ξ) = g(t, ξ)χ1(ξ) exp
(
− t|ξ|2

4a
)(
v̂0(ξ) +

av̂0(ξ) + v̂1(ξ)√
a2 − |ξ|2

)
,

φ̂2(t, ξ) = exp
(
− t|ξ|2

2a
) |ξ|2χ1(ξ)√

a2 − |ξ|2(a+
√
a2 − |ξ|2)

· av̂0(ξ) + v̂1(ξ)
2a

,

φ̂3(t, ξ) =
1
2

exp
(
− at− t

√
a2 − |ξ|2

)
χ1(ξ)

(
v̂0(ξ)−

av̂0(ξ) + v̂1(ξ)√
a2 − |ξ|2

)
.

It follows that v̂i(ξ) = χ1(ξ)v̂i(ξ) for i = 0, 1, the function ξ 7→ χ1(ξ)/
√
a2 − |ξ|2 is

a radial function that belongs to S(Rn), and the function vi (i = 0, 1) is odd with
respect to x′. Hence the function

F−1
(
v̂0 +

av̂0 + v̂1√
a2 − |ξ|2

)
= v0 + cF−1

( χ1(ξ)√
a2 − |ξ|2

)
∗ (av0 + v1)

is also odd with respect to x′, and moreover, Lemma 2.3 shows

‖P (·)F−1(v̂0 +
av̂0 + v̂1√
a2 − |ξ|2

)‖q ≤ C(‖P (·)v0‖q + ‖P (·)v1‖q) (3.33)

for t ≥ 0. Set

ĥ(t, ξ) = exp
(
− t|ξ|2

4a
)(
v̂0(ξ) +

av̂0(ξ) + v̂1(ξ)√
a2 − |ξ|2

)
, t ≥ 0.

Since φ1(t, ·) = cI(t, ·) ∗ h(t, ·), Lemma 3.4 and estimate (3.33) show that

‖P (·)θ∂k
t ∂

α
xφ1(t, ·)‖p

≤ C(1 + t)−nδ(p,q)−k−|α|/2−(1−θ)d/2−1+ε(‖P (·)v0‖q + ‖P (·)v1‖q)
(3.34)

for t ≥ 0, 1 ≤ q ≤ p ≤ ∞ and θ = 0, 1. Proposition 3.1 and Lemma 3.1 show

‖P (·)θ∂k
t ∂

α
xφ2(t, ·)‖p + ‖P (·)θ∂k

t ∂
α
xφ3(t, ·)‖p

≤ C(1 + t)−nδ(p,q)−k−|α|/2−(1−θ)d/2−1+ε(‖P (·)v0‖q + ‖P (·)v1‖q)
(3.35)

for t ≥ 0, 1 ≤ q ≤ p ≤ ∞ and θ = 0, 1. Hence, (3.32) and estimates (3.34)–(3.35)
give the desired estimate. �

4. Proof of Theorem 1.2

Let N be a positive integer. Then the function

hN (y) = eiy −
N∑

k=0

(iy)k

k!
(4.1)

satisfies |∂k
yhN (y)| ≤ C|y|N−k, for k ∈ [0, N ]. Let χ2 be a radial function of class

C∞ that satisfies χ2(ξ) = 0 for |ξ| ≤ 3a/2, and χ2(ξ) = 1 for |ξ| ≥ 2a. Here and
after we denote χ2(ρ) = χ2(ρω) for ρ ≥ 0 and ω ∈ Rn, |ω| = 1.

Define the function

IIN (t, x) = F−1(χ2(·)hN (tΘ(·))eit|ξ|)(x) .

Then Lemma 2.2 shows that

IIN (t, x) = c

∫ ∞

0

χ2(ρ)hN (tΘ(ρ))ρn−1J̃−1+n/2(ρ|x|) dρ. (4.2)
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Lemma 4.1 (cf. in [16, Lemma 4.1]). Let N ≥ n+ 1 and m = [n/2], then

(1) ‖IIN (t, ·)‖∞ ≤ C|t|N ,
(2) ‖IIN (t, ·)‖1 ≤ C(|t|N + |t|N+m+2).

Proof. (1) Since |hN (tΘ(ρ))| ≤ C|t|NΘ(ρ)N ≤ C|t|N/ρN , for ρ ≥ 3a/2, Lemma 2.1
(4) and (4.2) show the desired estimate

|IIN (t, x)| ≤ C

∫ ∞

3a/2

|t|N

ρN−n+1
dρ ≤ C|t|N .

(2) Since

|( d
dy

)khN (y)| ≤ C|y|N−k, |( d
dρ

)kΘ(ρ)| ≤ Cρ−k−1

for ρ ≥ 3a/2 and 0 ≤ k ≤ N , easy calculations show

|( ∂
∂ρ

)khN (tΘ(ρ))| ≤ C|t|Nρ−k−N , (0 ≤ k ≤ N, ρ ≥ 3a/2). (4.3)

The differential operator X defined by

Xv(t, ρ) =
∂

∂ρ
(
1
ρ
v(t, ρ))

satisfies

Xk(v(t, ρ)ρl) =
k∑

j=0

cjkl∂
j
ρv(t, ρ)ρ

l−2k+j . (4.4)

Then (4.3)–(4.4) read

(
∂

∂ρ
)l(ρiXk(χ2(ρ)hN (tΘ(ρ))eitρρn−1))

∣∣∣∞
0

= 0 (4.5)

for i = 0, 1, 0 ≤ k ≤ m and 0 ≤ l ≤ 2. Hence, Lemma 2.1 (5), (4.2), (4.5) and
integration by parts give

IIN (t, x) =
c

|x|2

∫ ∞

0

χ2(ρ)hN (tΘ(ρ))eitρρn−1 1
ρ
(
∂

∂ρ
)J̃n/2−2(ρ|x|) dρ

=
c

|x|2

∫ ∞

0

X(χ2(ρ)hN (tΘ(ρ))eitρρn−1)J̃n/2−2(ρ|x|) dρ,

when (n/2−2) is not a negative integer. Repeating the above integration by parts,
we obtain

IIN (t, x) =
c

|x|2µ

∫ ∞

0

Xµ(χ2(ρ)hN (tΘ(ρ))eitρρn−1)J̃n/2−1−µ(ρ|x|) dρ, (4.6)

where µ = [(n− 1)/2]. In the case where n = 2m, equation (4.6) reads

IIN (t, x) =
c

|x|n−2

∫ ∞

0

Xm−1(χ2(ρ)hN (tΘ(ρ))eitρρn−1)J0(ρ|x|) dρ. (4.7)

Lemma 2.1 (1) shows that

J0(ρ|x|) = 2J̃1(ρ|x|) + ρ(
∂

∂ρ
)J̃1(ρ|x|),
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hence (4.5), (4.7) and integration by parts give

|IIN (t, x)|

≤ c

|x|n−2

1∑
k=0

∣∣∣ ∫ ∞

0

ρk(
∂

∂ρ
)kXm−1(χ2(ρ)hN (tΘ(ρ))eitρρn−1)J̃1(ρ|x|) dρ

∣∣∣. (4.8)

Since Lemma 2.1 (4) shows

|J̃1(ρ|x|)− cρ−3/2|x|−3/2 cos(ρ|x| − 3π
4

)| ≤ Cρ−5/2|x|−5/2,

estimate (4.8) and integration by parts show

|IIN (t, x)|

≤ C

|x|n+1/2

2∑
k=0

∫ ∞

0

ρk−5/2
∣∣( ∂
∂ρ

)kXm−1(χ2(ρ)hN (tΘ(ρ))eitρρn−1)
∣∣ dρ, (4.9)

where we have used

cos(ρ|x| − 3π
4

) =
1
|x|

∂

∂ρ
sin(ρ|x| − 3π

4
).

Hence, estimate (4.4), (4.9) and (4.3) show

|IIN (t, x)| ≤ C

|x|n+1/2
|t|N (1 + |t|m+2). (4.10)

Since
‖IIN (t, ·)‖1 =

∫
|x|≤1

|IIN (t, x)| dx+
∫
|x|≥1

|IIN (t, x)| dx,

estimate (4.10) and Lemma 4.1 (1) give the desired estimate in Lemma 4.1 (2) when
n = 2m.

Now let us consider the case where n = 2m+ 1. Since Lemma 2.1 (3) shows

J̃−1/2(ρ|x|) =
√
π

2
cos ρ|x| = −

√
π

2
1
|x|2

(
∂

∂ρ
)2 cos ρ|x|,

(4.4)–(4.6) and integration by parts give

|IIN (t, x)| = c

|x|n+1

∣∣ ∫ ∞

0

Xm−1(χ2(ρ)hN (tΘ(ρ))eitρρn−1)(
∂

∂ρ
)2 cos ρ|x| dρ

∣∣
=

c

|x|n+1

∫ ∞

0

∣∣( ∂
∂ρ

)2Xm(χ2(ρ)hN (tΘ(ρ))eitρρn−1) cos ρ|x|
∣∣ dρ

≤ C

|x|n+1
|t|N (1 + |t|m+2).

(4.11)
Estimates (4.11) and Lemma 4.1 (1) give the desired estimate when n = 2m+1. �

Corollary 4.1. Let 1 ≤ q ≤ p ≤ ∞. Under the assumptions in Lemma 4.1, the
following estimates hold;

‖IIN (t, ·) ∗ g‖p ≤ C|t|N (1 + |t|m+2)‖g‖q, g ∈ Lq.

Proof. Set r ∈ [0,∞] by 1− 1/r = 1/q − 1/p. Lemma 4.1 shows

‖IIN (t, ·)‖r ≤ ‖IIN (t, ·)‖1/r
1 ‖IIN (t, ·)‖1−1/r

∞ ≤ C|t|N (1 + |t|m+2),

hence Lemma 2.3 gives the desired estimate. �
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Note that Corollary 4.1 shows the following estimates:

Lemma 4.2. Let N ≥ n + d + 1, 1 < q ≤ p < ∞ and m = [n/2]. Assume that
f ∈ Lq and supp f̂ ⊂ {ξ; |ξ| ≥ 2a}, then

‖P (·)F−1(χ2hN (tΘ)f̂)||p ≤ C|t|N (1 + |t|m+d+2)‖P (·)f ||q.

Proof. Let α ∈ I be fixed. Since χ2(ξ) = 1 on supp f̂ ,

‖xαF−1
(
χ2hN (tΘ)eit|ξ|f̂

)
‖p = c‖F−1

(
χ2∂

α
ξ

(
hN (tΘ)eit|ξ|f̂

))
‖p

≤ C
∑

β+γ+µ=α

‖F−1
(
χ2∂

β
ξ hN (tΘ)χ2∂

γ
ξ e

it|ξ|∂µ
ξ f̂

)
‖p.

(4.12)

Easy calculations show

χ2(ξ)∂
β
ξ hN (tΘ(ξ)) =

∑
0≤k≤|β|

ctkHβ,k,1(ξ)hN−k(tΘ(ξ)) (4.13)

when |β| ≥ 1, and

χ2(ξ)∂
γ
ξ e

it|ξ| =
∑

0≤k≤|γ|

ctkHγ,k,2(ξ)eit|ξ| (4.14)

when |γ| ≥ 1, where

Hβ,k,1(ξ) = χ2(ξ)
∑

eβ1+···+β̃k=β,|eβ1|≥1,...,|eβk|≥1

c∂
eβ1
ξ Θ(ξ) . . . ∂

eβk

ξ Θ(ξ),

and
Hγ,k,2(ξ) = χ2(ξ)

∑
eγ1+···+eγk=γ,|eγ1|≥1,...,|eγk|≥1

c∂eγ1
ξ |ξ| . . . ∂eγk

ξ |ξ|.

Since Hβ,k,1,Hγ,k,2 ∈ C∞(Rn) satisfying

|∂ν
ξHβ,k,1(ξ)|+ |∂ν

ξHγ,k,2(ξ)| ≤ Cν,β,γ,k

for any k, β, γ ∈ I with |β| ≥ 1 and |γ| ≥ 1 and any multi-index ν, Hörmander’s
multiplier theorem(see [2] for example) shows that

‖F−1(Hβ,k,1ĝ)‖p + ‖F−1(Hγ,k,2ĝ)‖p ≤ Cβ,γ,p,k‖g‖p (4.15)

for 1 < p <∞ and k ≥ 0 when β, γ ∈ I satisfy |β| ≥ 1 and |γ| ≥ 1.
Since N − k ≥ n+1 when 0 ≤ k ≤ d, (4.12)–(4.15) and Corollary 4.1 show that

‖xαF−1(χ2hN (tΘ)eit|ξ|f̂)‖p ≤ C
∑

0≤k+l≤d,µ∈I

|t|k+l‖F−1(χ2hN−k(tΘ)eit|ξ|∂µ
ξ f̂)‖p

≤ C
∑

k+l≤d,µ∈I

|t|k+l‖IIN−k(t, ·) ∗ (xµf)‖p

≤ C
d∑

l=0

|t|N+l(1 + |t|m+2)
∑
µ∈I

‖xµf‖q

≤ C|t|N (1 + |t|m+d+2)‖P (·)f‖q

for 1 < q ≤ p <∞. Since

‖P (·)ψ‖p ≤ C
∑
α∈I

‖xαψ‖p,

estimate (4.16) gives the desired estimate. �
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For t ∈ R and a constant k, define the operator Tk(t) by

Tk(t)h = F−1
(
χ2|ξ|−keit|ξ|ĥ

)
. (4.16)

Set m = [n/2] and [2/q − 1]+ = max(2/q − 1, 0).

Lemma 4.3 ([16, Proposition 4.4]). Let k be an integer, k ≥ (n + 1)/2. For
1 < q ≤ p <∞ and t 6= 0, the operator Tk(t) is bounded from Lq to Lp. Moreover,
the following estimates hold:

‖Tk(t)h‖p ≤ C(1 + |t|)m‖h‖q

when k ≥ n+ 1, and

‖Tk(t)h‖p ≤ C(1 + |t|)m|t|[2/q−1]+(k−n)‖h‖q

when (n+ 1)/2 ≤ k ≤ n.

Lemma 4.3 and arguments similar to those in the proof of Lemma 4.2 give the
following result.

Corollary 4.2. Let k be an integer, k ≥ (n+ 1)/2. For 1 < q ≤ p <∞, t 6= 0, the
following estimates hold:

‖P (·)Tk(t)h‖p ≤ C(1 + |t|)m+d‖P (·)h‖q

when k ≥ n+ 1, and

‖P (·)Tk(t)h‖p ≤ C(1 + |t|)m+d|t|[2/q−1]+(k−n)‖h‖q

when (n+ 1)/2 ≤ k ≤ n.

Proof of Theorem 1.2. When k is a non-negative integer, Hörmander’s multiplier
theorem [2] shows that the function ξ 7→ χ2(ξ)Θk|ξ|k is a Fourier multiplier on Lp

for 1 < p <∞. Hence

‖P (·)F−1(χ2Θk|ξ|kĥ)‖p ≤ C‖P (·)h‖p, (1 < p <∞). (4.17)

Since χ2 = 1 on supp ŵ1 ∪ ŵ2, Corollary 4.2 and estimate (4.17) give the following
estimates for j = 0, 1 and 1 < q ≤ p <∞,

‖P (·)F−1(χ2t
kΘkeit|ξ|ŵj)‖p = |t|k‖P (·)F−1(χ2Θk|ξ|kχ2|ξ|−keit|ξ|ŵj)‖p

≤ C|t|k‖P (·)Tk(t)wj‖p

≤ C(1 + |t|)k(1 + |t|)m+d‖P (·)wj‖q

≤ C(1 + |t|)n+m+2d+1‖P (·)wj‖q

(4.18)

for any t and any integer k in [n+ 1, n+ d+ 1],

‖P (·)F−1(χ2t
kΘkeit|ξ|ŵj)‖p ≤ C|t|k‖P (·)Tk(t)wj‖p

≤ C|t|k|t|[2/q−1]+(k−n)(1 + |t|)m+d‖P (·)wj‖q

≤ C(1 + |t|)n+m+2d+1‖P (·)wj‖q.

(4.19)

for any t 6= 0 and any integer k in [(n+ 1)/2, n+ d+ 1]. Since

eitΘ = hn+d+1(tΘ) +
n+d+1∑

k=0

(itΘ)k

k!
,
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Lemma 4.2 with N = n+ d+ 1 and estimates (4.18)–(4.19) show

‖P (·)F−1
{(
eitΘ −

∑
0≤k<(n+1)/2

(itΘ)k/k!
)
eit|ξ|ŵj

}
‖p

≤ C(1 + |t|)n+m+2d+3‖P (·)wj‖q

(4.20)

for any t, where j = 0, 1 and 1 < q ≤ p < ∞. Since cos ρ = (eiρ + e−iρ)/2 and
sin ρ = (eiρ − e−iρ)/2i, estimate (4.20) gives the following estimates:

‖P (·)F−1
{(

cos tΘ−
∑

0≤2k<(n+1)/2

(−1)k(tΘ)2k/(2k)!
)
Y (t, ·)ŵj

}
‖p

≤ C(1 + |t|)n+m+2d+3‖P (·)wj‖q,

(4.21)

and

‖P (·)F−1
{(

sin tΘ−
∑

0≤2k+1<(n+1)/2

(−1)k(tΘ)2k+1/(2k + 1)!
)
Y (t, ·)ŵj

}
‖p

≤ C(1 + |t|)n+m+2d+3‖P (·)wj‖q,

(4.22)
where j = 0, 1, Y (t, ξ) = cos t|ξ| or Y (t, ξ) = sin t|ξ|. Since

ŵ(t, ξ) = e−at
(
cos t(|ξ| −Θ)ŵ0 +

sin t(|ξ| −Θ)√
|ξ|2 − a2

(aŵ0 + ŵ1)
)
,

estimates (4.21)–(4.22) give the desired estimate in Theorem 1.2. �

Proof of Corollary 1.2. Let Tk(t) be the operator defined in Lemma 4.3. w(t, ·) ≡
Tm(t)f satisfies the Cauchy problem to the wave equation

∂2
tw −∆w = 0, w(0, ·) = F−1(χ2|ξ|−mf̂), ∂tw(0, ·) = iF−1(χ2|ξ|−m+1f̂)

for t > 0, x ∈ Rn. Hence, the solution formula for the Cauchy problem to the wave
equation

∂2
tW −∆W = 0

shows that Tm(t) is a bounded operator on Lp for any 1 < p <∞, and it satisfies

‖Tm(t)f‖p ≤ Cp(1 + |t|)m‖f‖p . (4.23)

For any t, the operator T0(t) is bounded on L2, and satisfies

‖T0(t)f‖2 ≤ C‖f‖2 . (4.24)

Hence, the Stein interpolation theorem between estimates (4.23)–(4.23) shows that

‖T1(t)f‖p ≤ Cp(1 + |t|)m‖f‖p (4.25)
holds for max(0, 1/2− 1/2m) < 1/p < min(1, 1/2 + 1/2m). For any p ∈ (1,∞) and
α, the functions

|ξ|∂α
ξ (χ2(ξ)Θ), |ξ|∂α

ξ

( χ2(ξ)√
|ξ|2 − a2

)
are Fourier-multipliers on Lp (see [2]). Therefore estimate (4.25) and similar calcu-
lations to ones in the proof of Lemma 4.2 show that

‖P (·)F−1
(
eit|ξ|Θk |ξ|√

|ξ|2 − a2
f̂(ξ)

)
‖p ≤ C(1 + |t|)m+d‖P (·)f‖p (4.26)
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and
‖P (·)F−1

(
eit|ξ|Θl|ξ|f̂(ξ)

)
‖p ≤ C(1 + |t|)m+d‖P (·)f‖p (4.27)

for any p satisfying max(0, 1/2 − 1/2m) < 1/p < min(1, 1/2 + 1/2m), and for
positive integers k ≥ 0, l ≥ 1 , provided that supp f̂ ⊂ {ξ : |ξ| ≥ 2a}. Estimate
(4.26)–(4.27) and Theorem 1.2 give the desired estimate. �
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