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EXISTENCE OF SOLUTIONS TO A SELF-REFERRED AND
HEREDITARY SYSTEM OF DIFFERENTIAL EQUATIONS

EDUARDO PASCALI

ABSTRACT. We establish the existence and uniqueness of a local solution for
the system of differential equations

%u(z,t) = u(v(/ot u(x,s)ds,t),t)
%U(x,t) = v(u(/o v(x,s)ds,t),t)

with given initial conditions u(z,0) = ug(z) and v(z,0) = vo(z).

1. INTRODUCTION

Equations representing self-reference phenomena have been written of the form
Au(z,t) = u(Bu(z,t),t), (1.1)

where A, B are functionals on a real function space. The existence and uniqueness
of solutions to this equation have been studied by several authors. The particular
case when the variable x does not appear explicitly was studied in [ 2 B]. More
general cases have been studien in [4] [5 [6]. In [4],

¢
Au(z,t) = %u(z,t) and Bu(z,t) :/ u(x, s)ds,
0

where B can be interpreted as a “memory” functional. In [6], we have considered

the equation
2 2

0 0
@u(x,t) = kw(wu(w,t) + kgu(x,t),t)

where k; are nonnegative real numbers, or bounded regular real functions. In this
paper we establish the existence and uniqueness of local solutions for the system of
functional differential equations
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2 E. PASCALI EJDE-2006/07
This system can be considered a model for the evolution of two reasonings, as
follows: If x is an event, ¢ is the time, and u(z,t), v(z,t) are two reasonings about

x at time ¢, then the term v(f(;5 u(x, s)ds, t) can be considered as a “criticism” of v
over all previous reasonings of u on z, up to time t.

2. THE MAIN RESULT

In this section we prove the following theorem.

Theorem 2.1. Let ug,vy : R — R be bounded and Lipschitz continuous. Then,
there exist Ty > 0 and two real bounded and Lipschitz continuous functions teg, Voo :
R x [0,Tp] — R such that

%um(z,t) = Uso (voo</0t Uoo (T, T)dT, t)vt)
%voo(x,t) = Vo (uoo(/ot Voo (X, T)dT, t),t)

Uoo(2,0) = ug(x), voo(x,0) = vo(x)
for all z € R and all t € [0, Tp]. Moreover the functions tuee, Voo are unique.
Proof. Let ug, vy be given, and let Ly, My > 0 be such that
Juo () — uo()] < Lolz — gl [vo(w) — vo(y)| < Mol — yl.

for all z,y € R. Define the sequences of functions (uy)n, (vn)n, for all z € R and
t > 0, as follows:

Notice that

lus (z,t) — uo(x)] < [Juolloct = A1 () (2.1)
[v1(2,t) — vo(z)| < [Jvollect = Ba(t),
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for all z € R, t > 0. Moreover, using (2.1)), (2.2) we have
|U2(.I‘, t) - Ul(x, t)|

<|[ i :ul(z,S)d&T)T)dT -/ Uo(vo(uofl’)T))dT‘

<|f u:w / @il(m,S)dsm)T)dT— / 'tuom( | sy mar]
+‘t /O uo(vr( /O ult(:z:,s)ds,Ti)dT /0 o (vo((@)7))dr|

g/o ||u0||007d7+/0 Lo’vl(/o iz, 8)ds, ) — vouo()7)|dr

< /Ot luol|coTdT + /Ot Ly Hvl(/(: uy (x, 8)ds, 7) — vo(/OT uq (z, s)ds)‘
+ ‘vo(/OT uy(x, s)ds) — vo(uo(x)T)HdT

< [ (Mobeer + Zo[loolloor + Mo [ s ar

= /Ot (Al(r) + Ly |:Bl(7') + My /OT Al(s)dstT

for all x € R, and all ¢ > 0. In a similar way we prove

loa (2, 8) — w1 (2, 1)] < /Ot (Bl(f) + Mol Ay (7) + Lo /O Bl(s)ds])dr

for all x € R, and all ¢ > 0. We have also
t
ua(e.0) — (w0 < Lole —yl + | LiMola — ylrdr
0
t
= (LO + / LgMonT) |z —y| = L1(t) |z — yl;
0
t
01,) = 01(9.0)] < Mole — g1+ [ LoMBla — ylrds
0

t
= (MO + / LoMgTdT) |z —y| = Mi(t)|x — gyl
0

It is easy to prove the inequality

1d

st )~ sty < [1a+ [ M3 [ EaGoyis e -

Set now
t 1 d T 2
Lo(t) = Lo + /0 Ml(T)ig( /0 Ll(s)ds> dr.

Moreover, we remark that

log (2, 8) — va(y, 1)] < [MO + /OtLl(T);jT(/OT Ml(s)ds)QdT} lz — g,
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and set

IM 2 t IM L 7 - 1“ d d7 .
vve defille fOI all n aIld t > O

Ausr®) = [ (Aa) + Eaca@VBar) + Maa(0) [ ()]}
Bais®) = [ (Bur) + Mo @A) + Lca(r) [
Lo (t LO+/ M 2dT/ Lon(s)ds)?dr:
M”“(t):MOJF/ 2dr/ Mn(s)ds)*

By induction, it is easily to prove that for all z € R, ¢ > 0

Bn(s)ds]>d7;

[un+1(2,t) — un(z, )] < Apga(t) (2.3)
[Unt1(2,t) — v (2, 1) < Bpya(t)
and, for all z,y € R, t > 0,
[Un+1(2,t) — Unt1(y, )| < Lny1(t)|z — | (2.5)
[vng1(2,t) — vpg1(y, 1) < My ()] -y

In a very simple way we can prove also that for allz € R, t > 0

[uns1 (@, 1)] < €' fluoll

(2.7
[on1(z, )] < €' [lvollo
Since
0 < Li(t) = Lo + MyL3t*/2
0 < M(t)

= My + LoMZt? /2,
we can choose Ty > 0 and h > 0 such that 2k < 1 and for all t € [0, Tp]

2‘"2
Li— <1
02— ’

5 t?
M2 <1
02

(MO+L0) 5 < My A Ly,

t2
0<L (MQ + Lo+ 1>t+ (MQ +L0)2§ < h.

Then 0 < Ly (t), M1(t) < My + Lo = Ky for all ¢ € [0, Tp].
From the previous definitions we deduce

1 d /[T 2 412

0 < La(t) < Lo + M1 )5 ( Ll(s)ds) dr < Lo+ K,
t 2

OSMg(t) §M0+/ Ll( 2d / M1 dS) dT<M()+K0
0 T
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Then we have
0< LQ(t), MQ(t) <Ky Vte [O,To],
and hence, by induction,

0< Lo(t), My(t) < Mo+ Lo=Ky Vte(0,Tp. (2.9)

From the definitions of A,, e B,,, we deduce

T

t
0 < Ania(t) < / (4n(7) + KoBa(r) + K3 / An(s)ds ) dr;
0 0
t T
0 < Bpii(t) < / (An(T) + KoA, (1) + K¢ Bn(s)ds) dr.
0 0
For the continuity of A4,, and B,, in [0,7Tp], we deduce:
t2
0< Apir(t) < 1 Anllo (£ + K35 ) + Kotl| Ballook
t2
0 < Bura(t) < [ Balloo (¢ + K35 ) + Kotl Aul .
Now, for all ¢ € [0, Tp],

0< An+1(t)§ Bn+1(t) < h(HAnHoo + HBnHOO)

Hence, taking the supremum over ¢t and adding the inequalities, we deduce that the
series

> U Anlloo + | Balloo)

is convergent; then the same holds for both the series Y || A, |loo and 3 || Bnllco-

We remember that L (R x [0,Tp];R) is a complete metric space with respect
to lagrangian metric; then from the inequalities , , applying the Banach-
Caccioppoli theorem, we have that (u,), and (v,), are Cauchy sequences. Hence
there exist two real functions u* and v*, defined in R x [0, Ty] such that: (uy), is
uniformly convergent to «* and (v, ), is uniformly convergent to v* in R x [0, Tp];
moreover, from , and , u* and v* are Lipschitz continuous in all the
variables.

We remark that, for alln € N, z € R, t € [0, Tp):

t

un<vn(/0 un(x,T)dT,t>,t) —u” (v*(/o u*(m,7)d7,t>,t)’

< un — v o + Kollvn — v* o + th”“ﬂ — U oo-

Then u* and v* verify that for all © € R and ¢ € [0, Tp]:
t T
u*(x,t) = uo(x) —|—/ u* (U*(/ u*(z, s)ds,T),T)dT,
0 0
t T
v*(x,t) = vo(x) + / v* (u*(/ v*(x, s)ds,T),T)dT,
0 0
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respectively. Let us now prove the uniqueness. Let (u.,vs) be another pair of
solutions and remark that:

u* (U*(/OT u*(m,s)dsm),r) — Uy (U*(/OT u*<x’5)d8’7)’7)‘

v*(/OT u*(z,8)ds, 7) — v*(/OT u*(x,s)ds,T)‘
u* (v*(/OT (2, s)ds,T),T) — Uy (v*(/OT ux(x, 8)ds, 7), T)‘
< Ko (K()’ /O w*(z, 5)ds — /O we(z, 5)ds

v*(/ u*(xz,s)ds, ) — v*(/ u*(x,s)ds,T))‘ + |lu* — vl oo
0 0
< (14 Kgt)|[u — taloe + Kollv* — va|oo-

< K

+

_|_

Therefore,
o t?
(2, 7) = us(2, 7)| < (E+ Ko 5 )l[u” = tsloo + Kot[|[v" = vuloo.
In a similar way we can prove the estimates:
* t2 * *
(2, 7) = (@, 7] < (¢ + KG)u" — weloo + Kot 0" = v,
o 17
[0%(2,7) = vulz, )| < (t+ Ko )07 = vulloo + Kotllu” — oo
Then

t2
[ (2, 7) = wa(, )| < (¢ + K7 + Kot) max(|[u” — weloc; [[07 = valoc),

and

2
[0 (2, 7) = va(@, )| < (¢ + KG5 + Kot) max(|[v” = valloo; [[u” = walloc).

From (t + Kg% + Kot) < h < 1, we have
max([[u” =t [loo; |07 = valloo) < hmax([Ju” — w[oo; [|v* = valloo)-

Then the uniqueness follows and the proof is complete. O

3. SOME OPEN PROBLEMS

The previous results and the proposed type of systems can be investigated and
generalized in many different directions. In what follows, we give some of the
problems whose investigation seems to be interesting.

(A) The first problem is to investigate the existence of global solutions, also for
Lipschitzian and bounded initial data.

(B) Tt could be more difficult to establish existence and uniqueness for data
ug, vo bounded and uniformly continuous (or simply continuous). Moreover,
when the global existence is guaranteed, an interesting problem can be to
give particular condition on data wug,vg such that there exists T* > 0 for
which u(x,t) = v(x,t) for all z € R and ¢t > T*.
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