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A NECESSARY AND SUFFICIENT CONDITION FOR THE
EXISTENCE OF POSITIVE SOLUTIONS TO SINGULAR
BOUNDARY-VALUE PROBLEMS OF HIGHER ORDER

DIFFERENTIAL EQUATIONS

CHENGLONG ZHAO, YANYAN YUAN, YANSHENG LIU

ABSTRACT. By constructing some special cones and using fixed point theorem
of cone expansion and compression, this paper presents some necessary and
sufficient conditions for the existence of C4"~2 positive solutions to a class of
singular boundary-value problems. Some examples are presented to illustrate
our main results.

1. INTRODUCTION AND PRELIMINARY

Singular boundary-value problems (SBVP) for ordinary differential equations
arise in the field of gas dynamics, fluid mechanics, theory of boundary layer, and
so on. These problems are also an important branch in the field of differential
equations [II, 2, B} 4, (Bl [7, 8, [©O 10 [T, 2] 03] 014, 05, 06]. In recent years, the
positive solutions of singular boundary-value problems for higher order nonlinear
differential equations have been studied extensively; see for example [3, [7, [8, [, [11]
12, [13], 14, (15} [16).

For instance, in the superlinear case, Shi [9] obtained some necessary and suf-
ficient conditions for the existence of C?[0,1] or C30, 1] positive solutions of dif-
ferential equations under some conditions. In the sublinear case, Wei [12] gave a
necessary and sufficient condition for the existence of C? and C? positive solutions
by means of the method of lower and upper solutions with the maximum principle
for

@ () = f(t,z(t)), forall 0 <t <1,
z(0) = z(1) = 2" (0) = 2"(1) = 0.
In [16], Zhang discussed the boundary-value problem
U () = f(t,z(t)), forall0 <t <1,
2@(0) =2 (1) =0, k=0,1,2,...,2n —1,
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by using the method of lower and upper solutions, where f € C[(0,1) x (0, 4+0c0),
[0, +00)], f(t,z) # 0, and there exist constants X, i, N, M with —oo < A <0< p <
1, Q(IMT_;;\) < 1,0 < N <1< M such that for any 0 < ¢t < 1, x € (0,00), satisfying
f(t,z) < f(t,ex) < Af(t,z), 0<c<N, 12)
AMf(t,x) < ftex) < f(t,z), c= M. '

The main results of [I6] are the following two theorems.

Theorem 1.1. Under assumption (1.2)), (1.1) has a C*"=2 positive solution if and
only if

o</%u—ﬂﬂuay%»ﬁ<+m,
0

t—0+

lim t/t (1—=39)f(s,s(1—s))ds =0,

lim t/t (1—35)f(s,s(1—8))ds=0.

t—1—

Theorem 1.2. Under assumption (1.2)), (1.1)) has a C*"~1 positive solution if and
only if

0< /01 F&, (1 —t))dt < +o0.
Note that when n = 1, Theorems [I.1] and [1.2] are the results in [9]. Inspired by
above results, this paper investigates the boundary-value problem
™ (t) = ft,u(t), WD (), 0<t<l,
u(0) =u(1) =0,
Ri(u) =: au®®(0) — bu?*+1(0) = 0,
Ro(u) = cu® (1) + du®**V(1) =0, k=1,2,...,2n—1.

wherea >0,06>0,¢>0,d >0, A =ac+ad+bc >0, and f € C[(0,1) x (0, +00) x
(—00,0), [0, 4+00)] is quasi-homogeneous with respect to the last two variables, that
is, there are constants A, u, a, 8; Ny, M1, No, My with —co < A <0 < p < o0,
0<a<fB<l,u+B<1;0<N; <1< M;,0< Ny <1< M, such that for any
0<t<1,u>0,v <0 satisfying

A f(t,u,v) < f(t,eu,v) < f(t,u,v), 0<é<
A f(t,u,v) < f(t,eu,v) < e f(t,u,v), &> My;

B f(t,u,v) < f(t,u, @) <& f(tu,v), 0<é< Na,
Ef(t,u,v) < f(t,u,ev) <& f(t,u,v), > Mo,.

(1.3)

A typical function satisfying the above hipothesis is

Ftu,v) =Y pi(tu® (=)™,
=1
Wherepi(t) € C[(O71)aR+]7 A= aq S Q2 S S ap < 0< Qft1 S S Qp = MU,
0<B<lk=12....n—1,i=12,...,n.
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To the best of our knowledge, there is no paper that considers with general
boundary-value conditions. As a result, the goal of present paper discusses and
treats the extension of focal boundary- value problems to more general n-th order
boundary value problems and hence fill the gap in this area. The main features
here are as follows. Firstly, the nonlinear term f include u(4"~2). Secondly, the
boundary- value conditions are more extensive. Thirdly, the singularity of f on u
is arbitrary.

The main techniques used in this paper are some new constructed construct cones
and cone expansion and compression fixed point theorems. Comparing with previ-
ous literature to study the singular problems, neither the approximation method nor
upper-lower solution approach is applied. In this paper, we obtain some necessary
and sufficient conditions for the existence of C4"~2 positive solutions.

We say u € C*"72[0,1] N C**(0,1) is a C*"~2[0, 1] positive solution of if
u(t) satisfies and u(t) > 0 for t € (0,1).

Now we state the following lemma from the literature which will be used in
section 2.

Lemma 1.3 ([6]). Let K be a cone of real Banach space E, Q1, Qo be bounded
open sets of B, 0 € Q; C Qy. Suppose that A : KN (Qy\ Q1) — K is completely
continuous such that one of the following two conditions is satisfied:

(1) | Az|| < ||z|| for x € KNOQy; ||Ax| > ||z|| for x € K N OQs,
(ii) ||Az|| < ||z|| for x € KN OQs; ||Az|| > ||z|| for x € K NOQ;.

Then A has a fived point in K N (Q \ Q).
2. MAIN RESULTS

Theorem 2.1. Suppose (1.4) holds and b = d = 0. Then (1.3)) has a C*"20,1]
positive solution if and only if

1
0< / t(1 =) f(,t(1—1t),—1)dt < +oo; (2.1)
0
tli%lth/t (1—=29)f(s,8(1—=s),—1)ds = 0; (2.2)
tgrln_t/t (I1—-9)f(s,s(1—s),—1)ds =0. (2.3)

Theorem 2.2. Suppose (1.4) holds andb = 0,d > 0. Then (1.3) has a C*"~20,1]N
C4=1(0,1] positive solution if and only if

1
0< / tf(t,t(1 —t),—1)dt < +oo, (2.4)
0
1
t1i151+t/t f(s,8(1—=s),—1)ds = 0. (2.5)

Theorem 2.3. Suppose (1.4)) holds and b > 0,d = 0. Then (1.3)) has a C*"*~2[0,1]N
C*=10,1) positive solution if and only if

0< /1(1 COF(E (L 1), —1)dt < +oo, (2.6)
0

lim (1 — t)/o f(s,8(1—s),—1)ds = 0. (2.7

t—1—



4 C. L. ZHAO, Y. Y. YUAN, Y. S. LIU EJDE-2006/08

It is well known that

(2.8)

Glts) =5 (b+at)d+c(l—s), t<s,

1 {(b+as)[d+c(1 —1)], s<t
is the Green function of homogeneous boundary-value problem
—u"(t)=0 0<t<1,
au(0) — bu'(0) =0, (2.9)
cu(1) + du’(1) = 0.
It is easy to see that

[e(1 —8)(b+ as) + ads][c(1 — t)(b+ at) + adt]
A2 ’ (2.10)
G(t,s) < G(t,t), G(t,s) <G(s,s).

G(t,s) >

Since
(b+as)[d+c(1—t)]

W, T8 < t,
Gt,s) ) Hdi=2, s <t,7;
G(T,S) I?IZ‘:_, t,T<s;
Bt (<<
we know that
G(t,s) > e(t)G(T, s), (2.11)

where
e(t) = b+ at)[d+c(1—1)] .
(b+a)(c+d)
It follows from that some special Green function of different homogeneous
boundary-value problems corresponding to are

(2.12)

it s) = {:((11:3 :: (b=0, d=0) (2.13)
Gs(t, ) Cid {:[[ji;ll_z ’ z (b=0,d>0)  (2.14)
o A O TP

Let E = {u € C*™2[0,1] : u(0) = u(l) = 0}, and define the norm |ju|| =
max{||lulo, ||u||an—2}, for all u € E, where

Jullo = sup |ut)|, |lullsn—o= sup [u*""D ()], VueE.
0<t<1 0<t<1

Then (E, | - ||) is a Banach space. Define
P={u€E:Ri(u) = Ro(u) =0, u(t) >0, u""2(t) < e(t)ul"?(s) <0,

u(t) > —kt(1 — t)u*"2)(s), V¢, s € [0,1]}. .
(2.16)
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where e(t) is given by (2.12), Ri(u) and Ry (u) are defined by (L.3), and

k= <2ac + 5be 4 5ad)(15abed + 15b%cd + 15abd® + 10b%¢? + 5abc?

+5a%ed + % + 1Oa2d2)/(1800(a +b)(c+d)) (2.17)
<5ab02 + 10b%¢? 4 10abed + a?c? + 10a2d? + 5a2cd>2"—3 1
X .
30 Adn—4

It is easy to see that P is a cone of E. From

1 1
utt) = 1(t, 820-1)G (8201, S2n—2) . .. G52, 81) (—u*" "D (5
®) / / Gr(t: s2n-1)C( ). Glsz.sn)( (1))

X dSl ce dSQn_l

1 1
b n—o2)|d 1— 59,—
S/ Gl(t752n—1)d52n—1/ (b+ asgno)ld +c(l = 52 2)]d52n—2
0 0

A (2.18)
1
b+asy)|d+c(l—s
B
0
lQn—Q
= —5—t(1 = t)[ullan—2,
where
ac + 3ad + 3bc + 6bd
| = 2.19
e O (219)
for fixed u € P, we have
12n72
Et(1 — t)||ullan—2 < u(t) < t(1 — )|l an—2- (2.20)

Moreover, foru € Pt € Jo = [1,7],0 <7 <7y <1, weget 7(1—7) < t(1-t) < 1/4,
(t,s) € Jo x Jo. The inequality (2.20) together with (2.16]) yields

l2n72
kT(l - 'Y)||U||4n—2 < ||UH0 <

l[ull4n—2, (2.21)

where k and [ are defined by (2.17)) and (2.19)), respectively.

Also, for e(t),l, k corresponding to different settings of boundary-value problem

(1.3]), we have: (1) For b=d =0,

1 1

el(t) = t(]. —t)7 ll = 67 kl = W (222)
(2) For b=0,d > 0,
td+ c(1 —1t)] c+3d
1 It Sl 2 =
e2(t) c+d T 6(e+d)
9 2 2.2 1 10a2d2) s a2c + 10a2d2 2.7\ 2n—3

k2:(c—|—5d)(5a cd + a*c® + Oad)(ac + 10a*d” 4 5a cd) (2.23)

1800(c + d) 30

1
X
(ac + ad)*n—*
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(3) For b > 0,d = 0,

_(b+at)(1—-1) _a+3b
ea(t) = b+a ’ l3_6(a+b)’
9 10h2¢2 2, 2.2 2 L 10b2¢2 + q2¢2\ 2n—3
by = (2a + 5b)(10b%c* + 5abe +ac)(5abc + 10b%c +CLC) (2.24)
1800(a + b) 30
1

X (ac T byt
In the following, we give the proof of Theorems and
Proof of Theorem[2.]]. Sufficiency. In this theorem, the cone P is
={u€ E:Ri(u) = Ry(u) =0, u(t) >0, w2 () < e (HunH(s) <0,
u(t) > —kit(1 — t)u" = (s),vt,s € [0,1]}.

(2.25)
where el( ), k1 are given by 1-) Ri(u) = u®)(0), Ry(u) = u®M(1), k =
1,2,...,2n—1. By-and 22), we get

[ull = lullan—2, Vu € Pr. (2.26)
Furthermore, from (2.16)),(2.20) and (2.26)), we have
1 1
— (1 -1t <ult) < ——=t(1 —t
st = Ollul < ) < gt~ )l o
t(L =) ull < —ul*"2 (1) < Jful.
Define an operator A on P; \ {0} by
1
) :/ B (2, ) F (s, u(s), w2 (s))ds, ¥ ue P\ {0}, (2.28)
0

where
1 1
hl(t, S) = / .. / Gl (t, Sgnfl)Gl(Sanl), Sgn,Q) N Gl(Sl, S)d81 N dSanl;
0 0

and G1(t, s) is defined by . Clearly,
Gi(t,s) < Gi(s,s), Gi(t,s) < Gy(t,t), Gi(t,s)>t(1—1t)s(1—s),
for all ¢, s € [0,1]. Then
hi(t,s)

1 1 1
S / (]. — t)dSQn 1 / S99 — 1(1 — 82n,1)d82n,2 .. / 82(1 — 82)8(1 — s)d51
0

<t l—t)/ / Son— 1 32n_1)...82(1—32)8(1—8)d52n_1...d52
<t(l—1t)s(1—s)
<s(l—s), VYitsel01].
(2.29)
Now we claim that Aw is well defined on P, \{0}. First, for Yu € P;\{0}, we can see
that ||u|| # 0. At the same time, notice that G1(¢,s) < G1(s,s), V¢, s € [0,1]. This
together with (2.1 yields that fol G1(s1,8)f(s,u(s),u*=2)(s))ds is convergent.
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In fact, for V u € Py \ {0}, choose positive numbers ¢; < min{Ny, %}
and cg > max{Moa, %} By (1.4) and (2.27), we obtain

/ Gr(s1,9) f (5, u(s), un=2)(s))ds < / s(1 — 5) £ (s, uls), u4n=2)(s))ds
0 0

u(s) —u(4n=2) ()

_— d.
c18(1 —s) c2 s

</ (1 ) f(sien

! u(s —u4n=2) (g
< [ sa-sel (5)_yuesq (S yor (s, s(1 — 5), ~1)ds
0

c18(1—s) o
< 1 1 A—p lull s lull . v (2.30)
=/ s(1=s)et (5 ganz) CQ(C—Q) f(s,s(1—s),—1)ds
1 o g
S e S / s(1— 5)f (s, 5(1 — 5), ~1)ds
0
1
= 03||u||u+a/ s(1—s)f(s,s(1 —s),—1)ds < oo,
0
where
1
e = (g5gmmz)a e " (2.31)

2 x 6272

Also, by (2.29) and the process similar to the proof of (2.30)), for V v € P, \ {0},
there exist positive constants ¢; and co such that

1
Au(t) = /0 hy(t, s)f(s,u(s), u" =2 (s))ds
S/o s(1—s)f(s,u(s), u " (s))ds (2.32)

1
< 63||u|\“+0‘/ s(1—8)f(s,s(1—s),—1)ds < o0,
0

where c3 is the same as @ . This together with (2.1]) yields that A is well defined
on P; \ {0}. Obviously, if (2.1)-(2.3) hold, then (b = d = 0) has a positive
solution w if and only if A has a fixed point in P; \ {0}. So we need to prove only
that A has a fixed point in P; \ {0}.

Now we show that A: P;\ {0} — P; is completely continuous. Firstly, we show
that A(P; \ {0}) C P1. To see this, for all u € P; \ {0}, notice that

1
(Au)tn=2) () = — / G (t,7) £ (7, u(r), u®=2) (r))dr

< 11— /0 G (5, 7) f(r u(r), w2 (1)) dr
=t(1—t)(Au)*"=2(s) <0, VYt se0,1],
and
1 1
(AU)(t) = /0 N /(; Gl (t, SQn_l)Gl(SQn_l, Szn_z) e Gl(Sz, 81)
X (—(Au)(4”_2) (81>)d81d82 . dSanl



8 C. L. ZHAO, Y. Y. YUAN, Y. S. LIU EJDE-2006/08

> —t(1— t)/o . ./0 52, (1 —s0,1))%. .. 53(1 — s9)*

x 52(1 — 51)%(Au) 4" (8)dsy .. . dsgp_y

t(1—1)

= 3p2n-1

Then we have A(P; \ {0}) C P;.

Secondly, we show that A is bounded. In fact, let V' C P; \ {0} be a bounded
set. There exists a positive constant L satisfying ||u|| < L, for all u € V. Choose

¢1 < min{Ny, m} and ¢y > max{Mas, NLQ} By (2.1)), (2.30), and (2.31)), we

get

|(Au) 42 (1) = / Gi (1, 5) £ (5, u(s), u= (5))ds

(Au) =2 (s).

< /01 s(1— s)f(s,cl(wqﬁ%s(l —5), (I)CQW)ds
< et /1 s(1—5)f(s,s(1—3s),—1)ds
< 400, Vtoe [0,1], Yue P\ {0}.
Therefore, this together with implies
| Au|| < es Lo+ /O1 s(1— 8)f(s,5(1 — 5), —1)ds < +o0, (2.33)

where c3 is defined by . Namely, AV is uniformly bounded.

Thirdly, by and the Ascoli-Arzela theorem, we need to show only that AV
is equicontinuous on [0, 1]. Therefore, we need to prove only that (Au)*"=2)(t) — 0
ast — 07 and ¢ — 1~ uniformly with respect to u € V and AV are equicontinuous
on any closed subinterval of (0,1). In fact, notice that

— (Au)“"=2 (1)
1
= /0 G1(t,s)f(s,u(s),u" "2 (s))ds

:(1—t)/0 sf(s,u(s),u@"*ﬂ(s))ds+t/t (1= ) f(s, uls), u@=2(s))ds,

Then this together with and guarantees (Au)*"=2)(t) — 0, as t — 0
or t — 17, uniformly with respect to u € V.

Now, we are in position to show that for V a € (0, %), AV are equicontinuous on
[a,1—a]. For all t1, ts € [a,1 —a], t1 < o, for all u € V, by ([2.31)), we get

[(Au) "2 (1) — (Au)4" =2 (1))

_ ‘/1(751 —tg)sf(s,u(s),u(4"_2)(s))ds+/2(1—tg)sf(s,u(s),u(4"_2)(s))ds
0 tq
1

+ / (ty —t1)(1 — 8) f(s,u(s), u® =2 (s))ds

t2

i /t2 (L - 5)£(5,u(s), ™" (5)ds

t1
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1—(t2—t1)
< g LFT[(ty — tl)/ sf(s,s(1—s),—1)ds
0

1 2
+(t2—t1)/t (l—s)f(s,s(lfs),—l)dsnLQ/ s(1—8)f(s,s(1—s),—1)ds].

2—t1 t1

Also, as |t] — ta] — 0, (2.1))-(2.3)) imply

17(t27t1)
(ta — 1) / sf(s,5(1— ), ~1)ds — 0,
0

(tg—tl)/t (1—29)f(s,8(1—s),—-1)ds — 0,

2—11

/ ’ s(1=9)f(s,s(1 —s),—1)ds — 0.

ty

This guarantees |(Au) "2 (ty) — (Au) =2 (t1)] — 0(|t; — t2| — 0).

Similar to the above proof, we can get (Au)(t) — 0, ast — 0" or t — 1~
uniformly with respect to w € V and for all t1,t2 € [a,1 —al, t; < t2, for allu € V,
we have |[(Au)(t2) — (Au)(t1)] — O(|ty — t2] — 0). Therefore, AV is relatively
compact.

Finally, it remains to show A is continuous. Suppose u,,ug € P, and ||u, —ug| —
0 (n — o0). Then {uy} is a bounded set and

un —uollo — 0, |lun —uollan—2 — 0 (n — 00).

Let M = sup{||lu,|l, n=0, 1, 2, ... }. Then we may still choose positive constants
¢1 < min{ Ny, ﬁ} and ¢y > max{ My, 1\%} Similar to the proof of (2.30]), we
get

F(t un(8), U2 () < esMPFf(t, 41— 1), —1), te(0,1), (2.34)
|(Auy) =2 () — (Aug) 4 =2) (1))

1 (2.35)
< /0 s(1 = 8)|f(s,un(s), ul" 2 (5)) = f(5,u0(s), uo™" ) (5))|ds,

and

|(Aun ) (t) — (Auo)(?)]
1
< [ s = s (5), 0l 2(5) = (s, ua(), o2 () .
0
The above inequality, (2.1]), (2.34), , the Lebesgue dominated convergence
theorem, and Ascoli-Arzela theorem guarantee that
|Au, — Augl] = 0 (n — o0),

that is, A is continuous. Summing up, A : P; \ 0 — P; is completely continuous.
For 0 <r <1< R,let

PLT:{uEPl : HUHST}, PLR:{’LLEPl Hu||§R}
Choose r such that

0 < r < min {(2—(2+(10n—5)u+4,8)35/

[

1

s(1—s)f(s,s(1—s), —1)ds)Tl+ﬂ>7

PN
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2 x 672Ny, Np }.
Then for u € 9P, we have

r T
1t <ult) < — 41— 1) < Nyt(1 —
st =1 Sult) < gt — 1) < Nat(1 - ),
3r 13
2 < )< WD < < i
1677“t(1 t) < —u (t) <r < Ny, Vt€[4a4]

By the properties of G1(t, s), (2.1]), and (1.4), we get

1
—(Au)4n=2(1) = / G (1, 5) (5, u(s), u®=2)(5))ds

0

%

i/j s(1—8)f(s, s(zf(j)s)s(l —s), (—1)(—u(4"72)(s)))ds

v

1 Zs —s ﬂ“—u(%_msﬁ s,8(1—s),—1)ds
1)) 0= e 501 = ). =1

411 / s(1 - S)(ﬁ)“(%)ﬁf(& s(1—s),—1)ds

v
I

= 212/314(2(1515))“@)68(1 —8)f(s,8(1 —s),~1)ds

3
= 2~ (2+(0n=5)u+4B) 36, u+f /4 s(1—38)f(s,s(1 —s),—1)ds
1
1

> 1 = ullan—z = lull, ¥uedP,.
This guarantees
[Aull > flull,  Yu € 0P, (2.36)
On the other hand, Choose R such that
R > max {30*" "My, My N3,

[(2 x 62"_2)_“N2a*ﬁ/0 s(1—s)f(s,s(1—s), —1)ds)]ﬁ }.

and let ¢ = %. Then for u € 0P r, we have

R R
T _H < < -
302n—1t(1 t) - U(t) —~ 9% 62n—2

—eu" (1) < cfull = cR = No.

Mit(1—t) < t(1—t),

Therefore,
~(Au) 43 (t) =

' u(s)
s(1—s)

J
‘/01
[ _uls) oyl
J

s(1—s), (—1)%(—@(4"*2)(5))(13

(1= 8) (g () (e ()" (s, (1~ ), —1)ds

1
R o — (07
s(1— s)(i2 Sy e °R f(s,s(1—s),—1)ds
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! R Noy 5
:/O (1= )5z () PR I (5,5(1 = 8), ~1)ds

= (2 x 62" 72)H NP RS /1 s(1—8)f(s,s(1—s),—1)ds
< R=luflan—2 = [lul, Vu €03P1,R7
This implies
| Au|| < [lul|, Yu€ IPyR. (2.37)
By the complete continuity of A, (2.36)), and (2.37), and Lemma we obtain

that A has a fixed point u,(t) in P g \ P1,. Consequently, (1.3) has a C4"=2[0,1]
positive solution . (t) in Py g \ Pi .

Necessity. Let u(t) be a C"=2)[0,1] positive solution of (T.3)). Tt follows from the
boundary value conditions that there exists to € (0,1) such that w1 (tg) = 0.
Obviously, by virtue of u(*™(¢) >0, t € (0,1), we get

unV() <0, te (0,t); umTV(E) >0, te (to,1).
Hence, u(*"~2)(t) <0, t € [0,1]. Similarly, when ¢ € [0, 1], by induction we know
w4 @) >0, WO <0, L, WP@E) >0, W) <o.
Therefore, there exists 0 < m; < 1 < mg such that for all ¢ € [0, 1]
mit(l —t) < u(t) < mat(l —1). (2.38)

Choose positive numbers ¢; < min{Ny, m} and ¢y > max{NLZ,MQHuH}. Then
we can get

t(1—1) 1 c
7clu(t) u(t), PN _u(4n272)(t)
t(]. —t) M l o C2 3 u u(4n,2)

Clu(t)) (02) (7—u(4n—2>(t)) ftu(t), (t)) (2.39)

1 1
< z = t,u(t), w2 (2))

Y2 B
= 1(Clml Co ( U(4n_2)(t)) f(
= ¢y ey tmy (=R () Pt u(t), oD (1)),

ftt(1—1t),—1) = f(t, e w2 (1))

< e}

By (2.39), and —u(*"~2)(t) being nondecreasing on (0, to), integrate the first equal-
ity of (1.3]) from ¢y to ¢ to obtain

im0 = [ s u(s) a4 s)ds, ¢ (0,10), (2.40)
t
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and

0</750 tf(t, t(l—1t),—1)dt = /to dt ’ f(s,s(1—s),—1)ds
<[Tal *“ﬁ<*;%ﬂﬂ””@»“ﬂamwa”WQMs

<c)\ o ﬂ amlu/ ( (4n 2) ﬁdt/ f s, u )u(4n 2)( ))d (2'41)
0
to  _,,(4n— 1)
_ A—p Ba_—p u () dt
S A (—uln=2)(1))?
=l my (L= B)TH (T (1)) < oo
Similar to (2.40)) and , we can also prove that
t
u(4”_1)(t) = f(s,u(s),u(4”_2)(s))ds, t € (to, 1), (2.42)
t
1 1 t
0 </ (T—=2t)f(t,t(1 ft),—l)dt:/ dt/ f(s,s(1—s),—1)ds
to to to (2.43)

<o Wu—ﬂr%—““”<»“6<w

Consequently, mequahtles and - 2.43)) yield (2.1] . For t € (0,t0), by (2.39 -,
and integrating (|2 7 we have

to tD

t fs,s(1 =), —1)ds</0 d¢ A f(s,s(1—s),—1)ds

/ dg/o - 5 o 1,#(7u(4n72)((S))fﬁf(s’u(s)7u(4nf2)(5))d$

=G m (1= B) 7 (—u D (1)),
Noticing u(*"~2)(0) = 0 and letting t — 0% in (2.44]), we obtain

to

tE%lth t f(s,s(1—s),—1)ds = 0.

This implies (2.2)). For ¢ € (g, 1), noticing (2.39) and integrating (2.42)), we get
¢

(1=¢t) [ f(s,s(1—=s),—1)ds

to

1 3
g/ d§/ f(s,8(1—s),—1)ds (2.45)
/ d§/ A—p /3 o= (—u(4"_2)(s))_5f(s,u(s),u(4n_2)(5))d3

= e m (1 - B) (—u D )

By u*"=2)(1) = 0, and letting t — 1~ in (2.45), we have
t
lim (1—¢t) [ f(s,s(1—s),—1)ds =0.

t—1— to

(2.44)

This yields (2.3)). Summing up, the necessity follows. O
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Proof of Theorem[2.3 Sufficiency. In this theorem, the cone P is
={u € E: Ri(u) = Ro(u) = 0, u(t) >0, u™ 2 (t) < ex(t)u’%(s) <0,
u(t) > —kat(1 — t)un=2(s),Vt, s € [0, 1]},
where es(t), ko are given by (2:24), and Rqi(u) = u®)(0), Ra(u) = cu®)(1) +
du®*+(1), k=1,2,...,2n — 1. By (2.16), (2-20), 2-21)), and (2.23)), we have

full = lullan—2, Vu € P (2.46)
l2n72
Fat(1 = O)lull < u(t) < Zo—t(1 = t)lfull,  ea(®)ull < —u"72 () < ull. (2.47)

where I, is given by (2.24). Clearly, for ¢ € [1, 3], we have

4d + ¢
t) > ————.
)26t

Suppose ([2.4) and (2.5) hold. Then (1.3 has a C*"=2[0,1] N C*"~1(0, 1] positive
solution w if and only if u is a positive solution of the following integral equation

(2.48)

u(t) = (Au)(t) = /0 ho(t,s)f(s,u(s),u™ 2 (s))ds, Yue Py\ {0},  (2.49)
where
hg(t78) = /0 A Gl(t7Sanl)G2(82n71,82n72)...GQ(Sl,S)dSl...dSanl;

and G1(t,s) and Gs(t,s) are given by (2.13) and (2.14)), respectively. For rall
u € Py \ {0}, it follows from (2.11)), (2.14)), and (2.24]) that

(Au)=2 (¢ / Golt, 1) f (7, u(r), w4 (1)) dr

< Hralodl / Gals, ) f(r,u(r), w42 (7)) dr
= ex()(Au)4" =2 (5) <0, Vi, sel0,1].
Obviously, this together with implies
(Au)(t)

= /0 . /0 Gl (t, Sgnfl)Gg(Sanl, Sgnfg) e G2(827 81)(—(Au)(4n_2)(81))

X d81d82 ce d82n71

1
> / t(1 —t)s2n—1(1 — s2p—1)dS2n—1
0

y /1 [ac(1 — san—1)san—1 + adsan1][ac(l = s3n—2)sm—2 + adsan 2] |
CLQ(C + d)2 2n—2
/1 ac(l — s3)s3 + adss|[ac(l — s2)s2 + adssa) ds
0 a?(c+ d)? 2

(Au) 42 (s1)ds,

Y ac(1 — s9)s9 + adss][ac(1 — s1)s1 + ads ]
. /0 a?(c+d)?
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> 4(1—1) 2ac + Sad <a202 + 10a%d? + 5agcd)2n_3 (5a%cd + a?c? + 10a%d?)
- 60 30 30a(c + d)

o 1

(ac + ad)in=1

= —kot(1 — t)(Au) =2 (5).
Thus, A(P2 \ {0}) - P2.

Similar to the proof of Theorem we can show that A: P\ {0} — Py is
completely continuous. For 0 < r <1 < R, let

Py, ={ueP:|ul<r}, Por={ueP:|ul <R},

On the one hand, choose

(c+4d)?) , (c+4d) 4 [F e
256(c + d)2 2(16(c+d)) /}1 sf(s,s(1—s),—1)ds|T=¢ 6)712717_27]\72}.

2
For u € 9P, ,, combining (2.47)) and (2.48]), then we have

(Au)=2)(s),

r < min{]

2n—2
kort(1 —t) < u(t) < 2 5 "H1 — 1) < Not(1 — 1),
c+4d 13
o < < _q4n=2) 4 r< -2
16(C+d)r_ez(t)r_ () <r <Ny, Vie[r, 7]

In addition, by . - (1.4), and the properties of Ga(t, s), we get

—(Au)n=2) (¢ / Gao(t,s) f(s,u(s),u™ =2 (s))ds

[e(1 — s)s 4 ds][c(1 — t)t + di] u(s) o
Z/i (c+d)? f(’s(l—s)s(l ), (=1)
x (—u*"2)(s)))ds
> 2506+C4f)d))2 /Z s 1 =3 Y (—u =D ()P f (s, s(1 — ), —1)ds
C-l- 4d)2) C—|— 4d)
= 256(c + d)? / Y d)) sf(s,5(1 —s),—1)ds

(c+4d)?) ., (c+4d) 5 uup [7
= 256(c+ d)2 (16(c+d))ﬁr +BA sf(s.s(1— ), —1)ds

>r= Hu||4n72 = ||U||, Yue 8P2,T.
Therefore, by (2.46)), and the above inequality, we have
[Aull = flull,  Vu € 0P, (2.50)

?T‘

On the other hand, choose

2n—2
R > max {[( l 5 =N ’8/ sf(s,s(l—5),—l)ds)]l—oiw)],MzNz,%}.
0 2

and Let ¢ = %. Then for u € 0P g, we obtain

Rl2n—2

Mit(1 —t) < kot(1 —t)R < uft) < 22 t(1—1),
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w2 () < ¢|ju| = ¢R = No.

Consequently,
(Au (4n— 2) 1G2 (s),u(4"72)(s))ds
0
1sd—|—cl—s)] . u(s) (1 — 8) (— l—cu(4"_2)s 5
g/o = o, sy, (1) (3))d
1
< [ s G a6 o1 - 9. -1

_/1 s(#)” - 5R°‘f(s,s(1—s),—1)ds
0

l2n72 1
= (%)“N;iﬁR’”ﬂ/ sf(s,s(1—s),—1)ds
0
SR =|ulan—2 = |lull, VueIP,g,
which implies
[Aul| < |lul|, V u€ P r. (2.51)
By the complete continuity of A, , and (2.51), we know that A has a fixed
point u(t) in Py g\ P2 . Consequently, (1.3)) has a C4"~2[0, 1]nC*"~1(0, 1] positive
solution u.(t) in Py g \ Pa,.

Necessity. Let u(t) be a C*"~2[0,1] N C*"~1(0,1] N C*"(0,1) positive solution of
(1.3). Then we get

un=2) / Ga(t, ) f(s,u(s),u "2 (s))ds < 0,
wdn=1 1 c w42 (1) >
(1) = - Sulr2(1) 2 0

Clearly, it follows from boundary-value conditions that there exists ¢y € (0, 1] such
that u4"=1(to) = 0.
The following argument is broken into two cases: tyg < 1 and tg = 1.
Case (1): Suppose that to < 1. Then u**~1D(1) > 0. Since u*™(t) > 0,t € (0,1),
we find
() <0, te(0,t); unTV(t) >0, te (ty, 1),

and hence u*"=2)(t) < 0, t € [0,1]. By the same way, we know u”(t) < 0 for
t € [0,1]. Therefore, this implies (2.38)-(2.41)), (2.44), (2.45)), and

1
/ f(t,t(l—t),—l)dtg/ ey my (=R () 7P f (s u(t), D (1) dt
< ST M~ (1) Pt (1) < o

Clearly, it follows from the above inequality and (2.41]) that (2.4]) holds. Moreover,

by virtue of (2.44)), (2.5)) is satisfied.

Case (2). If to = 1. Then u("=1(1) = 0,u*"=?) (1) < 0, and (2.3§)- (2.40) hold.
Also, by (2.39), we have

0</0 tf(t,t(l—t),—l)dt:/o dt/t f(s,8(1—s),—1)ds
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/ dt/ A 5 (a2 ()P f (s, uls), w4 (s))ds.
Notice that —u(*"~2)(s) is nondecreasing in s on (0,1). Then we have
0< /01 LE(E (1 — 1), —1)dt
<My / w42 (1) 7P (=D (1)) dt
e ?SW
Namely, holds. By , and integrating , we obtain
t/l f(s,8(1—s),—1)ds
t

</Otd§/1f(s,s(1—8),—1)d8

< o0, t€(0,1).

(2.52)
< ci7“c§ “my / df/ u4n=2) (s))~ Bf(s,u(s),u("‘"_?)(s))ds
(4n— 2) -3
A— o  — ( ))
< v
Noting u(4"=2)(0) = 0, # < 1, and letting t — 0% in (2.52), we have
1
tE%lth/t f(s,8(1—=s),—1)ds = 0.
This implies ([2.5)). O

Proof of Theorem[2.3. Sufficiency. In this theorem, the cone P is
Py ={u€ E:Ri(u) = Ry(u) =0, u(t) >0, w2 (1) < ez(t)utin =D (s) <0,
u(t) > —kst(1 — t)ul"=(s),vt,s € 0, 1]},

where 63() are given by (2.24), Ri(u) = au(%)( ) — buF1(0), Ry(u) =
u) (1), k = ,2n — 1. According to and (2:24), we show
lull = ||u||4n727 V u € P,

lQn—Q
kat(1 = )] < u(t) < 2

t(1 = Ollull, es(®)llull < —ut**2)(t) < Jlull,

where 3 is defined by (2.24

(2.24).
Assume (2.6) and (2.7)) hold. Then (1.3 has a C*"~2[0,1] N C**~1[0,1) positive

solution w if and only if u is a positive solution of the following integral equation

u(t) /hg,ts (5,u(s), u™ D ())ds, ¥ ue P\ {0},

where
h3 (ta S)

1
:/ / G1(t, san—1)G3(s2n—1, S2n—2) - . . G3(52, 51)G3(51, 8)ds1 . . . dsap_1;
0 0
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and G1(t,s), Gs(t, s) are defined by (2.13)) and (2.15]), respectively. The rest of the
proof is very similar to Theorem and Theorem So it is omitted.
Necessity. Let u(t) be a C4"=2[0,1] N C*"~1[0,1) N C**(0, 1) positive solution of
(1.3). Then we claim that there is a constant to € [0,1) satisfying

U(4n71)(t0) =0, u(4n71)(0) _ _%u(4n72) (0) <0.

Similar to the proof of necessity of Theorem the argument can be broken into

two cases: tg < 0 and ty = 0.
Case (1): Assume t5 < 0. Then u4"~1(0) < 0. This implies ([2-38)-(2-39), ([2-42),

E). E1). and

to

Fltt(1 =), —1)dt < ¢} e m* (—u*"=2(0)) " (—u*"D(0)) < .

0
Therefore, the above inequality and (2.43) guarantee (2.6]). Also, by (2.45), we can
deduce (2.7)).

Case (2). If tp = 0, then u"=1(0) = 0, "= (0) < 0, and (2.38)-(2:39), [@2:42)
hold. Notice that —u(4"~2)(s) is decreasing in s on (0,1). Similar to the case (2) of

Theorem by (2.39), we have
1 1 t
0</ (l—t)f(t,t(l—t),—l)dt:/ dt/ F(s,5(1 — 5),—1)ds
0 0 0

—udn=2)(0))1-8
c/\”ﬁaml_“( Y (0)) < o0, t€(0,1).
1-p

Namely, (2.6 holds. By (2.42), integrating (2.39), we get

(1—t)/0 F(s,5(1— s), —1)ds

< /tldf/gf(s,s(l —8),—1)ds

<

(2.53)
< c)‘ K ’8 “my / df/ u4n=2) (5)) 7P f(s,u(s), (4"_2)(3))613
< ci‘*ﬂc’g O‘m;l‘( U(4Z _2)/3) )=
By u(*"=2)(1) = 0, and letting ¢ — 1~ in (2.53), we obtain
Tim (1 1) /Ot F(s,5(1— 8), —1)ds = 0.
This implies . (]

3. EXAMPLES
Example 3.1. Consider with (b=d =0) and
F(tu,0) = pr()u™ (—0)/® + pa(t)ut/*(—0)?,
where p; € C[(0,1), RT] (i = 1,2).
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It is easy to see, by Theorem that (1.3) with (b = d = 0) has a C4"~2
positive solution if and only if

0< /1[p1(t)(t(1 — 1)) 4 po(t) (t(1 — 1))%/%]dt < +o0,
0

1
tli%lth/ [p1(s)s™29(1 — 5)~ 19 —|—p2(s)s%(l —5)%/%)ds =0,
- t

1

lim t/ [p1(s)s™29(1 —5)~19 +p2(5)5%(1 —5)%/5)ds = 0.

t—1— t

Example 3.2. Consider (1.3)) with (b =0,d > 0) and

F(t,u,v) = qu(t)u™3(—0)F + go(t)ut (—v)Ts,

where ¢; € C[(0,1), RT](i = 1,2).
Obviously, by Theorem , one can see that (1.3)) with (b = 0,d > 0) has a
C*=2[0,1] N C*"~1(0, 1] positive solution if and only if

1
0< / [ ()T (1 =)™ 4 go(0)t17 (1 — )Y/ 17)dt < +00.
0

lim t/t g1 (5)(s(1 = )" + ga(s)(s(1 — 8))/17)ds = 0.

t—0+
Example 3.3. Consider (L.3)) with (b > 0,d = 0) and
Flt,u,0) = ma(E)u™ % (—v) 3 + ma(H)ud (—0) 7,

where m; € C[(0,1), R"](i = 1,2).
Clearly, according to Theorem (1.3) with (b > 0,d = 0) has a C**=2[0,1] N
C*=110,1) positive solution if and only if

1
0< / [my ()72 (1 — )2 + mo(t)tsr (1 — )51 ]dt < +o0,
0

Jim (1—t)/0 ma (s)(s(1 — )% + ma(s)(s(1 — 8))]ds = 0.

t—1—
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