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ELLIPTIC PERTURBATIONS FOR HAMMERSTEIN EQUATIONS
WITH SINGULAR NONLINEAR TERM

GIUSEPPE MARIA COCLITE, MARIO MICHELE COCLITE

In memory of Professor Aldo Cossu

Abstract. We consider a singular elliptic perturbation of a Hammerstein in-
tegral equation with singular nonlinear term at the origin. The compactness

of the solutions to the perturbed problem and, hence, the existence of a posi-

tive solution for the integral equation are proved. Moreover, these results are
applied to nonlinear singular homogeneous Dirichlet problems.

1. Introduction

In this paper, using elliptic perturbations, we show the existence of a positive
solution to the Hammerstein equation

u(x) =
∫

Ω

K(x, y)g
(
y, u(y)

)
dy, x ∈ Ω, (1.1)

where Ω ⊂ RN , N ≥ 1, is a bounded open set with smooth boundary and g(y, s),
y ∈ Ω, s > 0, is a positive function that is bounded in a neighborhood of +∞ and
possibly nonsmooth as s→ 0+, in particular we do not exclude that

lim inf
s→0+

g(y, s) = 0; lim sup
s→0+

g(y, s) = +∞.

Moreover, we do not assume anything about the existence of super or sub solutions
to (1.1).

The literature on Hammerstein equations with integrand depending on the recip-
rocal of the solution is rather limited, nevertheless they arise, more or less directly,
in a variety of settings: semilinear boundary value problems with a nonlinear term
depending on the reciprocal of the solution, see [4, 5, 6, 10, 12, 14] and Theorem 2.4
in the following section; mathematical models of signal theory, see [18]; ecological
models, see [19, pg. 103-104]; Boussinesq’s equation in filtration theory, see [16].
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In literature some existence results for (1.1) are already present (see [3, 7, 8, 9,
17]. In [9, 17], the solutions are obtained via the perturbed problem

uε(x) =
∫

Ω

K(x, y)g
(
y, ε+ uε(y)

)
dy, uε ∈ L1(Ω). (1.2)

The argument of this paper consists in the approximation of (1.1) with the following
elliptic integro-differential problem

−εα∆uε(x) + uε(x) =
∫

Ω

K(x, y)g
(
y, ε+ uε(y)

)
dy x ∈ Ω,

uε(x) ≥ 0 x ∈ Ω,

uε(x) = 0 x ∈ ∂Ω,

(1.3)

where α > 0. The elliptic perturbations (1.3) are interesting from both the math-
ematical and the physical point of view. Indeed, the solutions to (1.3) belong to
W 2,q(Ω) ∩W 1,q

0 (Ω) on the other hand the ones of (1.2) are merely in L1(Ω). The
convergence of the solutions of the approximated problems (1.3) to one of the inte-
gral problem (1.1) makes easier the implementation of robust numerical schemes.
In the fluidodynamic interpretation of (1.1) in filtration theory (see [16]) the per-
turbation −εα∆uε represents a small viscosity. This approach to the existence of
solutions for (1.1) has been used extensively in the last years in various frameworks,
in particular it gives physically meaningful solutions to Conservation Laws (see e.g.
[2]).

Let us be more precise regarding our results. We prove that there exist an
infinitesimal sequence (εk)k∈N and a nontrivial solution u0 to (1.1) such that

lim
k

∫
Ω

η(x)
∣∣u0(x)− uεk

(x)
∣∣dx = 0,

where uεk
∈W 2,q(Ω)∩W 1,q

0 (Ω) solves (1.3) with εk instead of ε, η(x) is a positive
function depending on K(x, y) (see the assumption (K2) in the following section),
and the exponent q depends on the regularity of K(x, y) (see (K1). Moreover, we
prove that ∫

Ω

η(x)u0(x)dx < +∞

and we give an estimate on the first and second derivatives of the solutions to (1.3)
as ε→ 0.

Finally, we consider the particular case in which K(x, y) is the Green’s function
of −∆ on Ω. We prove an existence result for homogeneous semilinear Dirichlet
problems with integrand depending on the reciprocal of the solution, our result is
a bit more general than the ones present in the literature, see for example [4, 5, 6,
10, 12, 14].

The starting points of our analysis are the estimates for the solutions of singular
linear elliptic perturbations proved by the Huet [15] and Friedman [11].

The paper is organized as follows. Section 2 is dedicated to the assumptions and
results. In Section 3 we prove the existence principle for the integral equation (1.1).
In Section 4 we apply that result to semilinear homogeneous Dirichlet problem for
−∆ with singular nonlinear term in the origin. Finally, in the appendix some
convergence results are present.
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2. Assumptions and results

Let us list the notation used in this paper.

R+ := [0,+∞[; R∗+ :=]0,+∞[; N∗ := N \ {0}.

Let E ⊂ Rk, k ≥ 1, be a measurable set (we will consider only measurable sets). |E|
is the measure of E, χE is the characteristic map of E and | · |ρ,E , 1 ≤ ρ ≤ ∞, is the
Lρ(E) norm. Lρ

+(E) is the cone of all φ ∈ Lρ(E), φ ≥ 0 almost everywhere in E and
Lρ

+(θ, E), θ measurable, is the cone of all measurable φ, φ ≥ 0 almost everywhere in
E, such that θφ ∈ Lρ(E). W

1
ρ ,ρ(E) is the space of the maps φ ∈ Lρ(E) such that∫

E×E

|φ(x)− φ(y)|ρ

|x− y|k+1
dx dy < +∞.

Let u, v be two maps, u ≤ v is the set of all points x ∈ Ω such that u(x) ≤ v(x).
Analogously, we define u < v, u ≥ v, u > v.

We continue with the assumptions on the nonlinear term g(y, s) and the kernel
K(x, y). Let g : Ω×R∗+ → R be a positive Carathèodory function (namely g(·, s) is
measurable in Ω for each s > 0; g(y, ·) is continuous in R∗+ for almost every y ∈ Ω).

(G1) There exist φ0 ∈ Lr(Ω), 1 ≤ r ≤ +∞, and p > 0 such that

0 ≤ g∗(y, s) ≤ φ0(y)
sp

, y ∈ Ω, 0 < s ≤ 1,

where g∗(y, s) := sups≤t g(y, t) ∈ R, (y, s) ∈ Ω× R∗+.
(G2) There exist µ0 > 0 and Ω0 ⊂ Ω, |Ω0| > 0, such that

lim inf
s→0+

g(y, s)
s

≥ µ0,

uniformly with respect to y ∈ Ω0.
Let K(x, y), (x, y) ∈ Ω× Ω, be a nonnegative kernel and introduce the notation

K(φ) :=
∫

Ω

K(·, y)φ(y)dy.

(K1) K ∈W
1
q ,q(Ω× Ω) with 1 < q <∞ and q + r ≤ qr.

(K2) There exist two measurable positive maps a(·), η(·) such that

a(x)a(y) ≤ K(x, y);
∫

Ω

K(x, y)η(x)dx ≤ a(y);

η ∈ Lq′(Ω), q′ :=
q

q − 1
;

φ0

ap∗−1
∈ L1(Ω), p∗ := max{p, 1}.

(K3) For every n ∈ N∗, the operator K is compact from L1(Ωn) in itself, where

Ωn :=
{
x ∈ Ω :

1
n
≤ a(x)

}
, n ∈ N∗.

Observe that all the assumptions, except for (K1), are weaker than the ones in [9],
in particular on p we require only the positivity. In [9] it possible to find a long list
of kernels K satisfying (K2), (K3), and within those we have the Green’s function
−∆ with Dirichlet boundary conditions and the Green’s functions associated to
several one-dimensional boundary value problems.

Remark 2.1. Hypothesis (G1) implies g∗(·, s) ∈ Lr(Ω), s > 0. Hypotheses (K1),
(K2) imply a ∈ Lq(Ω).
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Remark 2.2. The condition a > 0 a.e. in Ω is equivalent to the fact that (Ωn)n∈N∗

covers Ω. Indeed, assuming by contradiction that |Ω \ (∪∞n=1Ωn)| > 0. Since a > 0
a.e. in Ω and (Ωn)n∈N∗ is increasing we have

0 <
∫

(Ω\(∪∞n=1Ωn))

a(x)dx = lim
n

∫
(Ω\Ωn)

a(x)dx ≤ lim
n

|Ω \ Ωn|
n

= 0,

that is absurd. The other implication is trivial. Finally, due to the continuity of
the Lebesgue measure we have also limn |Ω \ Ωn| = 0.

Regarding the constant α (see (1.3)) we consider only the case α = 10q(p + 1).
The main results of this paper are the following.

Theorem 2.3. If
µ0|a2|1,Ω0 > 1, (2.1)

then there exists a solution u0 ∈ L1
+(η,Ω) to (1.1) such that |ag(·, u0)|1,Ω > 0 and

|ag(·, u0)|1,Ωa(x) ≤ u0(x), x ∈ Ω a.e.

Moreover, there exists (εk)k∈N, εk → 0, such that

lim
k
|η(u0 − uεk

)|1,Ω = 0, uεk
→ u0 a.e. in Ω,

where uεk
∈ W 2,q(Ω) ∩W 1,q

0 (Ω) solves (1.3)εk
. Finally, there exist 0 < ε̄ ≤ 1

2 and
a constant c̄ > 0, independent on ε, such that

εα
N∑

i,j=1

|∂2
i,juε|q,Ω + ε

α
2

N∑
i=1

|∂iuε|q,Ω ≤ c̄εp+2, 0 < ε ≤ ε̄.

If K(x, y) is the Green’s function of −∆ on Ω, we get an existence result for the
Dirichlet problem

−∆u = g(x, u) in Ω;
u = 0 on ∂Ω.

Theorem 2.4. Let N ≥ 2. Assume that g(y, s) satisfies (G1), (G2) with

q <
N

N − 1
; q + r ≤ rq;

φ0

δp∗−1
∈ L1(Ω), p∗ = max{p, 1},

where δ(x) = dist(x, ∂Ω), x ∈ RN .
If

µ0|φ2
1|1,Ω0 > 1, (2.2)

where φ1 is a positive eigenfunction of the Dirichlet problem for −∆ in Ω such that

φ1(x)φ1(y) ≤ G(x, y),

then there exist u0 ∈W 2,r
loc (Ω) ∩ C(Ω̄) and c2 > 0 such that c2δ(x) ≤ u0(x) and

−∆u0(x) = g
(
x, u0(x)

)
x ∈ Ω,

u0(x) > 0 x ∈ Ω,

u0(x) = 0 x ∈ ∂Ω.

(2.3)
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Moreover, for every ε > 0 there exists uε ∈W 4,r(Ω), a solution of

εα∆2uε(x)−∆uε(x) = g
(
x, ε+ uε(x)

)
x ∈ Ω,

uε(x) > 0 x ∈ Ω,

∆uε(x) = uε(x) = 0 x ∈ ∂Ω,

(2.4)

and (εk)k∈N, εk → 0, such that uεk
→ u0 in W 2,r

loc (Ω) ∩ Lq(Ω).

In light of Lemma 4.1 below, G(x, y) satisfies (K1), (K2), (K3) with

q <
N

N − 1
; a(x) =

1
√
c1
δ(x); η(x) =

1
c1
√
c1
,

hence the integral equation associated with (2.3) satisfies the same hypotheses of
(1.1). Since δ is equivalent to each positive eigenfunction of the Dirichlet problem
for −∆ in Ω (see [4]), (2.2) coincides with (2.1) when K = G.

3. Proof of Theorem 2.3

In the following statements and proofs we write “cost” for positive constants
independent of ε.

The first step of our analysis consists in the existence of solutions for (1.3).
Thanks to (G1), (K1),

K(g∗(·, ε)) =
∫

Ω

K(·, y)g∗(y, ε)dy ∈ Lq(Ω), ε > 0;

therefore, K(g(·, ε+ u)) ∈ Lq(Ω), ε > 0, u ∈ Lq
+(Ω). Due to [13, Theorem 9.15],

for each ε > 0 and u ∈ Lq
+(Ω), there exists a unique Φε(u) ∈ W 2,q(Ω) ∩W 1,q

0 (Ω)
such that

−εα∆Φε(u) + Φε(u) = K(g(·, ε+ u)) in Ω,

Φε(u) ≥ 0 in Ω,

Φε(u) = 0 on ∂Ω.

Analogously, there exists a unique Uε ∈W 2,q(Ω) ∩W 1,q
0 (Ω) such that

−εα∆Uε + Uε = K(g∗(·, ε)) in Ω,
Uε ≥ 0 in Ω,
Uε = 0 on ∂Ω.

Since 0 < K(g(·, ε + u)) ≤ K(g∗(·, ε)), a.e. in Ω, the Maximum Principle states
that 0 ≤ Φε(u) ≤ Uε. Hence, we have that

Φε(L
q
+(Ω)) ⊂ Sε =

{
ω ∈W 2,q(Ω)

∣∣0 ≤ ω ≤ Uε

}
.

Moreover, we have the following result.

Lemma 3.1. Let ε > 0.
(i) Φε is continuous in the sense that for every (un)n∈N and ū in Lq

+(Ω),

un → ū inLq(Ω) ⇒ Φε(un) → Φε(ū) in W 2,q(Ω).

(ii) Φε(L
q
+(Ω)) is compact in Lq(Ω).
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Proof. (i) Let (un)n∈N and ū in Lq
+(Ω) be such that un → ū in Lq(Ω). By (G1),

0 ≤ g(·, ε+ un) ≤ g∗(·, ε) ∈ Lr(Ω) ⊂ Lq′(Ω), n ∈ N.

Due to the continuity of the Nemytskii operator u ∈ Lq(Ω) 7→ g(·, ε+u) ∈ Lq′(Ω) :

g(·, ε+ un) → g(·, ε+ ū) in Lq′(Ω).

Then
K(g(·, ε+ un)) → K(g(·, ε+ ū)) in Lq(Ω). (3.1)

Since Φε(un)− Φε(ū) ∈W 2,q(Ω) ∩W 1,q
0 (Ω) and

−εα∆
[
Φε(un)− Φε(ū)

]
+

[
Φε(un)− Φε(ū)

]
= K(g(·, ε+ un))−K(g(·, ε+ ū)),

employing [13, Lemma 9.17], there exists cε > 0 independent on un and ū, such
that

‖Φε(un)− Φε(ū)‖W 2,q(Ω) ≤ cε|K(g(·, ε+ un))−K(g(·, ε+ ū))|q,Ω.

Hence (i) follows from (3.1).
(ii) Let (un)n∈N, un ∈ Lq

+(Ω) be bounded. We prove that (Φε(un))n∈N has a
converging subsequence in Lq(Ω). Due to (G1) and ((K1), (K(g(·, ε + un)))n∈N is
bounded in Lq(Ω). Hence (Φε(un))n∈N is bounded in W 1,q

0 (Ω) (see [13, Lemma
9.17]). Using W 1,q

0 (Ω) ↪→ ↪→ Lq(Ω), (Φε(un))n∈N has a converging subsequence in
Lq(Ω). The lemma is proved. �

Corollary 3.2. For each ε > 0 there exists uε ∈ Sε ⊂ W 2,q(Ω), such that uε =
Φε(uε), namely

−εα∆uε + uε = K(g(·, ε+ uε)) in Ω,
uε ≥ 0 in Ω,
uε = 0 on ∂Ω.

The claim of the above corollary follows directly from the Schauder theorem.
The following two lemmas play a key role in our argument.

Lemma 3.3 ([15, Proposition 2.1]). Let 1 < ρ <∞ and λ1 be the first eigenvalue
of the Dirichlet problem for −∆ on Ω. For every 0 < ε < 1

λ1
and ω ∈ W 2,ρ(Ω) ∩

W 1,ρ
0 (Ω) we have that

εα‖ω‖W 2,ρ(Ω) + ε
α
2 ‖ω‖W 1,ρ(Ω) + |ω|ρ,Ω ≤ const | − εα∆ω + ω|ρ,Ω.

Moreover, if ωε ∈W 2,ρ(Ω) solves

−εα∆ωε + ωε = hε in Ω,
ωε = 0 on ∂Ω,

with hε ∈ Lρ(Ω) converging as ε→ 0 in Lρ(Ω), there results

lim
ε→0

|ωε − hε|ρ,Ω = 0; lim
ε→0

εα‖ωε‖W 2,ρ(Ω) = 0.

Lemma 3.4. For each ε > 0 there exists a unique Kε ∈W 2,q(Ω×Ω)∩W 1,q
0 (Ω×Ω)

such that

−ε6q(p+1)∆Kε +Kε = K in Ω× Ω,
Kε ≥ 0 in Ω× Ω,

rKε = 0 on ∂(Ω× Ω).



EJDE-2006/104 ELLIPTIC PERTURBATIONS FOR HAMMERSTEIN EQUATIONS 7

Moreover,
(i) ε6q(p+1)‖Kε‖W 2,q(Ω×Ω) + ε3q(p+1)‖Kε‖W 1,q(Ω×Ω) + |Kε|q,Ω×Ω

≤ const |K|q,Ω×Ω.
(ii) There exists ε0 > 0 such that |Kε −K|q,Ω×Ω

≤ const(ε6q(p+1))
1
3q ‖K‖

W
1
q

,q
(Ω×Ω)

, 0 < ε < ε0.

Proof. Part (i) follows from the previous lemma, and (ii) follows from [11, Theorem
1.2]. �

For short, introduce the notation

gε := g(·, ε+ uε); ε̄ := min{ε0,
1
2
}.

For the rest of this article, we assume that 0 < ε ≤ ε̄. The second step of our
argument consists in the following estimates.

Lemma 3.5. The following results hold:
(a) |K(gε)|q,Ω ≤ const ε−p. (It suffices to assume K ∈ Lq(Ω× Ω).)
(b) |Kε(gε)|q,Ω ≤ const ε−p.
(c) ‖Kε(gε)‖W 1,q(Ω) ≤ const ε−p−3q(p+1).
(d) ‖Kε(gε)‖W 2,q(Ω) ≤ const ε−p−6q(p+1).
(e) |K(gε)−Kε(gε)|q,Ω ≤ const εp+2.
(f) |uε|q,Ω ≤ const ε−p.
(g) ‖uε‖W 1,q(Ω) ≤ const ε−p−5q(p+1).

Proof. We begin by proving

|K(gε)|q,Ω ≤ const ε−p|K|q,Ω×Ω, (3.2)

which implies (a). Since q + r ≤ qr is equivalent to q′ ≤ r, thanks to (G1),
φ0, g

∗(·, 1
2 ) ∈ Lq′(Ω). Define X = (uε ≤ 1

2 ),

|K(gε)|q,Ω

≤ |K(gεχX)|q,Ω + |K(gεχΩ\X)|q,Ω

≤
( ∫

Ω

( ∫
Ω

K(x, y)
φ0(y)

(ε+ uε(y))p
dy

)q
dx

) 1
q

+
( ∫

Ω

( ∫
Ω

K(x, y)g∗
(
y,

1
2
)
dy

)q
dx

) 1
q

≤ 1
εp

( ∫
Ω

( ∫
Ω

K(x, y)qdy
)
|φ0|qq′,Ωdx

) 1
q

+
( ∫

Ω

( ∫
Ω

K(x, y)qdy
)∣∣∣g∗(·, 1

2
)∣∣∣q

q′,Ω
dx

) 1
q

≤
( |φ0|q′,Ω

εp
+

∣∣∣g∗(·, 1
2
)
∣∣∣
q′,Ω

)
|K|q,Ω×Ω.

Hence (3.2) is proved. Analogously we can prove

|Kε(gε)|q,Ω ≤ const ε−p|Kε|q,Ω×Ω.

Then employing (3.4)(i), we get (b). Since

∂iKε(gε)(x) =
∫

Ω

∂xi
Kε(x, y)gε(y)dy; ∂2

i,jKε(gε)(x) =
∫

Ω

∂2
xi,xj

Kε(x, y)gε(y)dy,

arguing in the same way we have

|∂iKε(gε)|q,Ω ≤ const ε−p|∂xiKε|q,Ω×Ω;

|∂2
i,jKε(gε)|q,Ω ≤ const ε−p|∂2

xi,xj
Kε|q,Ω×Ω.
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Employing again (3.4)(ii) we get (c), (d).
Using the same argument of (3.2),

|K(gε)−Kε(gε)|q,Ω ≤ const ε−p|K −Kε|q,Ω×Ω,

by (3.4)(ii),
|K(gε)−Kε(gε)|q,Ω ≤ const εp+2‖K‖

W
1
q

,q
(Ω×Ω)

,

that is (e). Applying Lemma 3.3 to uε in light of (3.2)

ε5q(p+1)‖uε‖W 1,q(Ω) + |uε|q,Ω ≤ const |K(gε)|q,Ω ≤ const ε−p,

from which (f) and (g) follow. �

Lemma 3.6. The following estimate holds

εα
N∑

i,j=1

|∂2
i,juε|q,Ω + ε

α
2

N∑
i=1

|∂iuε|q,Ω + |uε −K(gε)|q,Ω ≤ c̄εp+2,

for some constant c̄ > 0 independent of ε.

Proof. We begin by proving that Kε(gε) ∈W 2,q(Ω) ∩W 1,q
0 (Ω). The fact Kε(gε) ∈

W 2,q(Ω) follows from (3.5)(d). Due to Lemma 3.4, Kε ∈W 1,q
0 (Ω×Ω). By definition

of W 1,q
0 (Ω× Ω) there exists (Φn)n,Φn ∈ C∞0 (Ω× Ω) such that

lim
n
‖Kε − Φn‖W 1,q(Ω×Ω) = 0. (3.3)

Denote
Φn(gε)(x) =

∫
Ω

Φn(x, y)gε(y)dy, x ∈ Ω.

Since ∂Ω × Ω ⊂ ∂(Ω × Ω) we have that Φn(gε) ∈ C∞0 (Ω). Using the Hölder
Inequality,

‖Kε(gε)− Φn(gε)‖W 1,q(Ω) =
N∑

i=1

|∂iKε(gε)− ∂iΦn(gε)|q,Ω + |Kε(gε)− Φn(gε)|q,Ω

≤
( N∑

i=1

|∂xiKε − ∂xiΦn|q,Ω + |Kε − Φn|q,Ω

)
|gε|q′,Ω

= ‖Kε − Φn‖W 1,q(Ω)|gε|q′,Ω .

Employing (3.3),
lim
n
‖Kε(gε)− Φn(gε)‖W 1,q(Ω) = 0,

then by definition, Kε(gε) ∈W 1,q
0 (Ω). We continue by observing that

−εα∆(uε −Kε(gε)) + (uε −Kε(gε)) = K(gε)−Kε(gε) + εα∆Kε(gε).

From Lemma 3.3,

εα‖uε −Kε(gε)‖W 2,q(Ω) + ε
α
2 ‖uε −Kε(gε)‖W 1,q(Ω) + |uε −Kε(gε)|q,Ω

≤ const |K(gε)−Kε(gε) + εα∆Kε(gε)|q,Ω;

hence

Lε := εα‖uε‖W 2,q(Ω) + ε
α
2 ‖uε‖W 1,q(Ω) + |uε −K(gε)|q,Ω

≤ const
(
|K(gε)−Kε(gε)|q,Ω + εα‖Kε(gε)‖W 2,q(Ω) + ε

α
2 ‖Kε(gε)‖W 1,q(Ω)

)
.
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Using Lemma 3.5,

Lε ≤ const
(
εp+2 + ε4q(p+1)−p + ε2q(p+1)−p

)
.

Since p + 2 < 2q(p + 1) − p < 4q(p + 1) − p, we have Lε ≤ const εp+2. This gives
the claim. �

Lemma 3.7. The sequence (agε)0<ε<ε̄ is equiabsolutely continuous, more precisely
for each E ⊂⊂ Ω,

|agε|1,E ≤ T (E), 0 < ε ≤ ε̄,

where

T (E) = A(E) + C(E) +
√
B(E) + C(E); A(E) =

∣∣∣ag∗(·, 1
2
)
∣∣∣
1,E

;

B(E) = c̄|φ0|q′,E ; C(E) =
∣∣∣ φ0

ap∗−1

∣∣∣ 1
p∗

1,E
.

Proof. Define X = E ∩ (uε ≤ 1
2 ). Multiplying (1.3) by gε and integrating on X :

−εα

∫
X

(∆uε)gεdx+
∫

X

uεgεdx =
∫

X

K(gε)gεdx. (3.4)

We continue by estimating separately the three terms. By (K1), q′ ≤ r, hence
φ0 ∈ Lq′(Ω) (see (G1)) so

−εα

∫
X

∆uεgεdx ≤ εα−p
N∑

i,j=1

∫
X

|∂2
i,juε|φ0dx ≤ εα−p

N∑
i,j=1

|∂2
i,juε|q,X · |φ0|q′,X .

Since ε ≤ 1
2 , from Lemma 3.6,

−εα

∫
X

∆uεgεdx ≤ c̄ε2|φ0|q′,E ≤ c̄

4
|φ0|q′,E ≤ B(E). (3.5)

We distinguish two cases. If p ≤ 1,∫
X

uεgεdx ≤
∫

X

u1−p
ε φ0dx ≤

1
21−p

|φ0|1,X ≤ |φ0|1,E .

If p > 1,∫
X

uεgεdx =
∫

X

uεg
1/p
ε g

1
p′
ε dx ≤

∫
X

φ
1
p

0

a
1
p′

(agε)
1
p′ dx ≤

∣∣∣ φ0

ap−1

∣∣∣1/p

1,E
· |agε|

1
p′

1,X ,

where p′ = p
p−1 . Therefore,∫

X

uεgεdx ≤

{
C(E) if p ≤ 1,

C(E) · |agε|
1
p′

1,X if p > 1.
(3.6)

Finally, from (K2),∫
X

K(gε)gεdx ≥
∫

X×Ω

a(x)gε(x)a(y)gε(y)dx dy

≥ |agε|1,Ω · |agε|1,X

≥ |agε|1,E

(
|agε|1,E − |agε|1,E\X

)
≥ |agε|1,E

(
|agε|1,E −

∣∣ag∗(·, 1
2
)
∣∣
1,E

)
.

(3.7)
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Using (3.5), (3.6), (3.7) in (3.4), we obtain that p ≤ 1 implies

c̄|φ0|q′,E + |φ0|1,E + |agε|1,E

∣∣∣ag∗(·, 1
2
)
∣∣∣
1,E

≥ |agε|21,E

which in turn implies

|agε|1,E ≤ A(E) +
√
B(E) + C(E).

Also p > 1 implies

c̄|φ0|q′,E +
∣∣∣ φ0

ap−1

∣∣∣1/p

1,E
· |agε|

1
p′

1,E + |agε|1,E

∣∣∣ag∗(·, 1
2
)
∣∣∣
1,E

≥ |agε|21,E .

Denoting θ = |agε|1,E , the previous estimate becomes

θ2 ≤ A(E)θ + C(E)θ
1
p′ +B(E).

Then p > 1 and θ ≤ 1 imply

θ2 ≤ A(E)θ +B(E) + C(E) ⇒ θ ≤ A(E) +
√
B(E) + C(E).

Also p > 1 and θ > 1 imply

θ2 ≤ (A(E) + C(E))θ +B(E) ⇒ θ ≤ A(E) + C(E) +
√
B(E).

In conclusion, for every p, we have

θ ≤ A(E) + C(E) +
√
B(E) + C(E).

The proof is complete. �

In light of the estimates of the previous lemmas we are now able to prove that
the family (uε)0<ε≤ε̄ is compact and has a subsequence that converges to a positive
solution of (1.1).

Lemma 3.8. There exists (εk)k∈N, εk → 0, such that (K(gεk
χΩn))k∈N converges

in L1(Ωn), for each n ∈ N∗.

Proof. Due to the previous lemma, (gε)0<ε≤ε̄ is bounded in L1(Ω1), and by (K3)
there exists (ε1,k)k∈N, ε1,k → 0, such that (K(gε1,k

χΩ1))k∈N is converging in L1(Ω1).
Iterating this argument, for each n ∈ N there exist (εi,k)k∈N, 1 ≤ i ≤ n, tending
to 0 with (εj+1,k)k∈N subsequence of (εj,k)k∈N and (K(gεj,k

χΩi))k∈N converging in
L1(Ωj), 1 ≤ j ≤ n. Hence, by induction there exists (εi,k)k∈N playing the same
game. (εk,k)k∈N∗ is a subsequence of every (εi,k)k∈N, hence it fulfills the claim. �

Thanks to the previous lemma we can define

vn :=

{
limk K(gεk

χΩn
), in Ωn,

0, in Ω \ Ωn.

From Lemma 3.8, vn ∈ L1(Ω), and by construction (vn)n∈N∗ is increasing, so

u0 := lim
n
vn = sup

n
vn.

Lemma 3.9. u0 satisfies the following conditions:
(a) u0 ∈ L1

+(η,Ω) and |ηu0|1,Ω ≤ T (Ω).
(b) limn |η(u0 − vn)|1,Ω = 0.

(c) For all n ∈ N∗, limk

∣∣∣ η
1+η (u0 −K(gεk

))
∣∣∣
1,Ωn

= 0.
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(d) For all n ∈ N∗, limk

∣∣∣ η
1+η (u0 − uεk

)
∣∣∣
1,Ωn

= 0.

(e) Passing to a subsequence K(gεk
) → u0, uεk

→ u0, a.e. in Ω.

Proof. (a) By Lemma 3.7 and (K2),

T (Ω) ≥ |agεk
|1,Ω ≥

∫
Ωn

gεk
(y)dy

∫
Ω

K(x, y)η(x)dx ≥ |ηK(gεk
χΩn)|1,Ωn .

Sending n, k → +∞,

T (Ω) ≥ lim
n

lim
k
|ηK(gεk

χΩn)|1,Ωn = lim
n
|ηvn|1,Ωn = lim

n
|ηvn|1,Ω = |ηu0|1,Ω.

Part (b) is a direct consequence of the definition of u0, (a) and the Dominate
Convergence Theorem.
(c) Let m ≥ n > 0 be integer numbers. Observe that∣∣∣ η

1 + η
(u0 −K(gεk

))
∣∣∣
1,Ωn

≤ |η(u0 − vm)|1,Ωn
+ |vm −K(gεk

χΩm
)|1,Ωn

+ |ηK(gεk
χΩ\Ωm

)|1,Ω

and limk |vm −K(gεk
χΩm

)|1,Ωn
= 0. By (K2) and Lemma 3.7,

|ηK(gεk
χΩ\Ωm

)|1,Ω ≤ |agεk
|1,Ω\Ωm

≤ T (Ω \ Ωm).

Hence

lim sup
k

∣∣∣ η

1 + η
(u0 −K(gεk

))
∣∣∣
1,Ωn

≤ |η(u0 − vm)|1,Ωn
+ T (Ω \ Ωm).

Since |Ω \ Ωm| → 0, using the absolute continuity of the integrals in T (·) we have
that T (Ω \ Ωm) → 0. Hence (b) implies (c).
(d) Due to Lemma 3.6 and (K2),∣∣∣ η

1 + η
(u0 − uεk

)
∣∣∣
1,Ωn

≤
∣∣∣ η

1 + η
(u0 −K(gεk

))
∣∣∣
1,Ωn

+ |η(K(gεk
)− uεk

)|1,Ωn

≤
∣∣∣ η

1 + η
(u0 −K(gεk

))
∣∣∣
1,Ωn

+ |η|q′,Ω|K(gεk
)− uεk

|q,Ω

≤
∣∣∣ η

1 + η
(u0 −K(gεk

))
∣∣∣
1,Ωn

+ |η|
q′,Ω c̄εk

p+2,

using (c) we have (d).
Part e) is a consequence of (c), (d) and of the positivity of the map η a.e. in Ω;

see (K2). �

In the proof of Lemma 3.11 we will use the following convergence theorem that
will be proved in the appendix.

Lemma 3.10. Let fk ∈ L1(Ω), φk ∈ L∞(Ω), k ∈ N, and Ω ⊂ RN . If |Ω| < ∞,
(fk)k∈N is bounded in L1(Ω) and equiabsolutely continuous, (φk)k∈N is bounded in
L∞(Ω), and converging in measure to φ ∈ L∞(Ω), then

(i) limk |fkφk − fkφ|1,Ω = 0
(ii)

lim sup
k

|fkφk|1,Ω = lim sup
k

|fkφ|1,Ω; lim inf
k

|fkφk|1,Ω = lim inf
k

|fkφ|1,Ω.

Lemma 3.11. Let n ∈ N∗ and L > 0. Then

lim sup
k

|agεk
|1,Ωn∩(u0≤L) ≤ nL(1 + L); |ag(·, u0)|1,Ωn∩(u0≤L) ≤ nL(1 + L).
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Proof. Denote XL = (u0 ≤ L). Multiplying (1.3) with ε replaced by εk
, by gεk

1+uεk

and integrating on Ωn ∩XL:∫
(Ωn∩XL)×Ω

gεk
(x)

1 + uεk
(x)

K(x, y)gεk
(y)dx dy

=
∫

Ωn∩XL

gεk
uεk

1 + uεk

dx− εk
α

∫
Ωn∩XL

∆uεk

gεk

1 + uεk

dx.

(3.8)

Due to (K2),∫
(Ωn∩XL)×Ω

gεk
(x)

1 + uεk
(x)

K(x, y)gεk
(y)dx dy ≥

∣∣∣ agεk

1 + uεk

∣∣∣
1,Ωn∩XL

· |agεk
|1,Ω;

hence from (3.8),

lim sup
k

(∣∣∣ agεk

1 + uεk

∣∣∣
1,Ωn∩XL

· |agεk
|1,Ω

)
≤ lim sup

k

∫
Ωn∩XL

gεk
uεk

1 + uεk

dx+ lim sup
k

εk
α

∫
Ω

|∆uεk
| gεk

1 + uεk

dx.
(3.9)

Moreover, by Lemmas 3.7 and 3.10,

lim sup
k

(∣∣∣ agεk

1 + uεk

∣∣∣
1,Ωn∩XL

· |agεk
|1,Ω

)
≥ lim sup

k

∣∣∣ agεk

1 + uεk

∣∣∣2
1,Ωn∩XL

=
(

lim sup
k

∣∣∣ agεk

1 + uεk

∣∣∣
1,Ωn∩XL

)2

=
(

lim sup
k

∣∣∣ agεk

1 + u0

∣∣∣
1,Ωn∩XL

)2

≥ 1
(1 + L)2

(
lim sup

k
|agεk

|1,Ωn∩XL

)2
,

(3.10)

lim sup
k

∫
Ωn∩XL

gεk
uεk

1 + uεk

dx ≤ n lim sup
k

∫
Ωn∩XL

agεk
uεk

1 + uεk

dx

= n lim sup
k

∫
Ωn∩XL

agεk

u0

1 + u0
dx

≤ nL

1 + L
lim sup

k
|agεk

|1,Ωn∩XL
.

(3.11)

Finally, since εk ≤ ε̄ ≤ 1
2 , we get

εk
α

∫
Ω

|∆uεk
| gεk

1 + uεk

dx ≤ εk
α
( ∫

(εk+uεk
≤1)

+
∫

(εk+uεk
>1)

)
|∆uεk

|gεk
dx

≤ εk
α−p

∫
Ω

|∆uεk
|φ0dx+ εk

α

∫
Ω

|∆uεk
|g∗(·, 1)dx

≤ εk
α−p

N∑
i,j=1

∫
Ω

|∂2
i,juεk

|(φ0 + g∗(·, 1))dx

≤ εk
α−p

N∑
i,j=1

|∂2
i,juεk

|q,Ω · |φ0 + g∗(·, 1)|q′,Ω,
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so due to Lemma 3.6

lim
k
εk

α

∫
Ω

|∆uεk
| gεk

1 + uεk

dx = 0. (3.12)

Using (3.10), (3.11), (3.12) in (3.9)
1

(1 + L)2
(
lim sup

k
|agεk

|1,Ωn∩XL

)2 ≤ nL

1 + L
lim sup

k
|agεk

|1,Ωn∩XL
,

that is the first estimate of the claim. The second one follows from the first one,
(3.9)and the Fatou’s Lemma. �

Proof of Theorem 2.3. Fix n, l ∈ N∗, and introduced the notation Yl = (u0 ≤ 1
l ).

From (K2),∣∣∣ η

1 + η
(K(gεk

χΩn\Yl
)− vn)

∣∣∣
1,Ωn

=
∣∣∣ η

1 + η
(K(gεk

χΩn
)−K(gεk

χΩn∩Yl
)− vn)

∣∣∣
1,Ωn

≤ |K(gεk
χΩn

)− vn|1,Ωn
+ |ηK(gεk

χΩn∩Yl
)|1,Ωn

≤ |K(gεk
χΩn

)− vn|1,Ωn
+ |agεk

|1,Ωn∩Yl
.

Due to the definition of vn and Lemma 3.11, sending k → +∞, we obtain

lim sup
k

∣∣∣ η

1 + η
(K(gεk

χΩn\Yl
)− vn)

∣∣∣
1,Ωn

≤ n

l
(1 +

1
l
) ≤ 2n

l
.

Using Fatou’s Lemma and (3.9),∣∣∣ η

1 + η
(K(g(·, u0)χΩn\Yl

)− vn)
∣∣∣
1,Ωn

≤ 2n
l
.

Passing to the limit as l→ +∞,

vn(x) = lim
l

∫
Ωn\Yl

K(x, y)g(y, u0(y))dy =
∫

Ωn∩(0<u0)

K(x, y)g(y, u0(y))dy,

x ∈ Ωn. Then sending n→ +∞,

u0(x) =
∫

(0<u0)

K(x, y)g(y, u0(y))dy, x ∈ Ω. (3.13)

We claim that |(0 < u0)| = |Ω|, namely |ag(·, u0)|1,Ω > 0. Assume, by contradic-
tion, that N = (u0 = 0) has positive measure. We have that

0 =
∫

Ω\N
K(x, y)g(y, u0(y))dy, x ∈ N ,

and using (K2)

0 =
∫

Ω\N
a(y)g(y, u0(y))dy.

Since a(y) > 0 a.e. in Ω, we have that g(y, u0(y)) = 0 in Ω \ N . From (3.13)
|N | = |Ω|.

Due to (3.9) we know uεk
→ 0 a.e. in Ω and in particular in Ω0. By fixed

0 < σ < µ0, in light of (G3) there exists s0 > 0 such that

y ∈ Ω0, 0 < s < s0 ⇒ g(y, s) > (µ0 − σ)s.

For the reason that |Ω0| <∞, there exists Ωσ ⊂ Ω0 such that |Ωσ| < σ and uεk
→ 0

uniformly in Ω0 \ Ωσ (Egorov-Severini Theorem). Then

k > k0, y ∈ Ω0 \ Ωσ ⇒ gεk
(y) > (µ0 − σ)(εk + uεk

(y)),
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for some k0 ∈ N. Multiplying (1.3) with ε replaced by εk
, by aλ(x) := a(x)

1+λa(x) and
integrating on Ω0 \ Ωσ

−εk
α

∫
Ω0\Ωσ

aλ∆uεk
dx+

∫
Ω0\Ωσ

aλuεk
dx =

∫
Ω

gεk
(y)dy

∫
Ω0\Ωσ

K(x, y)aλ(x)dx.

(3.14)
Since aλ ∈ L∞(Ω), Lemma 3.6 implies

−εk
α

∫
Ω0\Ωσ

aλ∆uεk
dx ≤ εk

α
N∑

i,j=1

|∂2
i,juεk

|q,Ω0\Ωσ
|aλ|q′,Ω0\Ωσ

≤ c̄εk
p+2|aλ|q′,Ω0\Ωσ

=
c̄εk

p+1|aλ|q′,Ω0\Ωσ

|aλ|1,Ω0\Ωσ

∫
Ω0\Ωσ

aλεkdx

≤ c̄|aλ|q′,Ω
|aλ|1,Ω0\Ωσ

εk
p+1

∫
Ω0\Ωσ

aλ(εk + uεk
)dx.

(3.15)

Using now (K2) and (3), for every k > k0, we have that∫
Ω

gεk
(y)dy

∫
Ω0\Ωσ

K(x, y)aλ(x)dx ≥ (µ0−σ)
∫

Ω0\Ωσ

aλ(εk +uεk
)dx

∫
Ω0\Ωσ

aaλdx.

(3.16)
Substituting (3.15), (3.16) in (3.14),

c̄|aλ|q′,Ω
|aλ|1,Ω\Ωσ

εk
p+1

∫
Ω0\Ωσ

aλ(εk + uεk
)dx+

∫
Ω0\Ωσ

aλ(εk + uεk
)dx

≥ (µ0 − σ)|aaλ|1,Ω0\Ωσ

∫
Ω0\Ωσ

aλ(εk + uεk
)dx,

that gives
c̄|aλ|q′,Ω
|aλ|1,Ω\Ωσ

εk
p+1 + 1 ≥ (µ0 − σ)|aaλ|1,Ω0\Ωσ

.

Sending first k → +∞, then σ → 0 and finally λ→ 0, we get

1 ≥ µ0|a2|1,Ω0 .

That contradicts (2.1), hence u0 > 0 a.e. in Ω.
We continue by proving that uεk

→ u0 in L1
+(η,Ω). Reminding that u0, uεk

are
solutions of (1.1) and (1.3) we get

Ik := |η(u0 − uεk
)|1,Ω

≤ |η(K(g(·, u0))−K(gεk
))|1,Ω + εk

α|η∆uεk
|1,Ω

≤ |a(g(·, u0)− gεk
)|1,Ω + εk

α|η|q′,Ω
N∑

i,j=1

|∂2
i,juεk

|q,Ω.

In light of Lemma 3.6,

Ik ≤ |a(g(·, u0)− gεk
)|1,Ω + c̄|η|

q′,Ωεk
p+2.

Due to the positivity of u0, gεk
→ g(·, u0) a.e. in Ω; hence the equiabsolute conti-

nuity of the integrals in agεk
(see Lemma 3.7) and Vitali’s Theorem say

|a(g(·, u0)− gεk
)|1,Ω → 0. (3.17)
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Therefore, Ik → 0, so the claim is proved.
We conclude by proving that |ag(·, u0)|1,Ωa(x) ≤ u0(x), x ∈ Ω a.e. Due to (K2),

−εk
α∆uεk

(x) + uεk
(x)

= K(gεk
)(x)

≥ a(x)|agεk
|1,Ω

≥ a(x)
(
|ag(·, u0)|1,Ω − |a

(
gεk

− g(·, u0)
)
|1,Ω

)
.

Since uεk
→ u0 a.e. in Ω in light of Lemma 3.6 that must be εk

α∆uεk
→ 0 in

Lq(Ω), and passing to a subsequence εk
α∆uεk

→ 0 a.e. in Ω. Hence the claim
follows from (3.17).

The last part of the statement was proved in Lemma 3.6. �

4. Proof of Theorem 2.4

Let us list some of the properties of the Green’s function G(x, y) of the Dirichlet
problem for −∆ in Ω.

Lemma 4.1 ([3, Lemma 3.1]). There exists a constant c1 > 0 such that

(i) δ(x)δ(y)
c1

≤ G(x, y);
∫
Ω
G(x, y)dx ≤ c1δ(y).

(ii) ( ∫
Ω

G(x, y)σdy
) 1

σ ≤ c1

∫
Ω

G(x, y)dy, 1 ≤ σ <
N

N − 1
.

(iii) |∇xG(x, y)| ≤ c1
|x−y|N−1 , x 6= y.

Lemma 4.2. Let ψ ∈ Lr(Ω), 1 < r <∞. The maps

G(ψ)(x) :=
∫

Ω

G(x, y)ψ(y)dy; G̃(ψ)(x) :=
∫

Ω

∇xG(x, y)ψ(y)dy, x ∈ Ω

satisfy the following conditions:

(i) G(ψ) ∈W 2,r(Ω); G̃(ψ) ∈W 1,r(Ω); ∇G(ψ) = G̃(ψ).
(ii) −∆G(ψ) = ψ in Ω; G(ψ) = 0 on ∂Ω.

In particular, if r > N , then G(ψ) ∈W 2,r(Ω) ⊂ C1(Ω̄).

We will use a simplified version of the following Agmon’s interior regularity
result.

Lemma 4.3 ([1, Theorem 7.1]). Let u ∈ Lα
loc(Ω), 1 < α, be such that ∆u ∈ Lβ

loc(Ω),
1 < β, where ∆u is defined by∫

Ω

∆u · φdx =
∫

Ω

u ·∆φdx, ∀φ ∈ C∞0 (Ω).

Then u ∈W 2,β
loc (Ω) and for every Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω there exists c > 0 such that

‖u‖W 2,β(Ω′) ≤ c
(
|∆u|β,Ω′′ + |u|β,Ω′′

)
.

First of all we prove that the solutions of (1.3) are also solutions of (2.4).

Lemma 4.4. For each ε > 0, the solutions to (1.3) in W 2,q(Ω) belong to W 4,r(Ω)
and solves (2.4).
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Proof. Let uε ∈ W 2,q(Ω) be solution to (1.3) with G(x, y) instead of K(x, y) (see
Corollary 3.2). Since gε ∈ Lr(Ω) (see (G1) and Remark 2.1), due to Lemma 4.2,
we have that G(gε) ∈W 2,r(Ω), hence uε ∈W 2,r(Ω). From (1.3)

∆uε = ε−α(uε −G(gε)) ∈W 2,r(Ω); ∆uε = 0 on ∂Ω.

The lemma is established. �

Due to Theorem 2.3 there exist u0 ∈ L1
+(Ω) and (εk)k∈N, 0 < εk < ε̄ ≤ 1

2 ,
tending to 0, such that

u0(x) =
∫

Ω

G(x, y)g
(
y, u0(y)

)
dy, x ∈ Ω,

lim
k
|u0 − uεk

|1,Ω = 0; uεk
→ u0 q.o in Ω; uεk

∈W 2,q(Ω) ∩W 1,q
0 (Ω),

(4.1)

and

−εk
α∆uεk

(x) + uεk
(x) =

∫
Ω

G(x, y)g
(
y, εk + uεk

(y)
)
dy, x ∈ Ω.

Lemma 4.5. There exist k0 ∈ N and c2 > 0 such that

k0 < k ⇒ c2δ(x) ≤ uεk
(x); c2δ(x) ≤ u0(x).

Proof. The second estimate comes from Theorem 2.3. We have to prove the first
estimate. From (4.1),

G(gεk
)(x) ≥ δ(x)

c1
|δgεk

|1,Ω, x ∈ Ω̄, k ∈ N.

Since

lim inf
k

|δgεk
|1,Ω ≥ | lim inf

k
δgεk

|1,Ω = |δg(·, u0)|1,Ω > 0,

there exists k0 ∈ N such that

k > k0 ⇒ |δgεk
|1,Ω >

1
2
|δg(·, u0)|1,Ω ⇒ G(gεk

)(x) ≥ δ(x)
2c1

|δg(·, u0)|1,Ω.

Let φ1 be a positive eigenfunction and λ1 be the first eigenvalue of the Dirichlet
problem for −∆ in Ω. Since φ1 and δ are equivalent in the sense that

0 < inf
x∈Ω

δ(x)
φ1(x)

< sup
x∈Ω

δ(x)
φ1(x)

<∞,

there exists an eigenfunction φ1 relatively to λ1 such that

k > k0 ⇒ G(gεk
)(x) ≥ (λ1 + 1)φ1(x) > (εk

αλ1 + 1)φ1(x) = −εk
α∆φ1(x) + φ1(x).

From (1.3) with ε replaced by εk,

k > k0 ⇒ −εk
α∆uεk

+ uεk
≥ −εk

α∆φ1 + φ1.

Due to the Maximum Principle uεk
≥ φ1, k > k0. Finally, since φ1 and δ are

equivalent we get the first estimate of the claim. �

Lemma 4.6. u0 ∈W 2,r
loc (Ω) ∩ Lq(Ω) and −∆u0(x) = g(x, u0(x)).
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Proof. Introduce the notation vεk
:= −∆uεk

. From Lemma 4.4,

−εk
α∆vεk

+ vεk
= gεk

in Ω,
vεk

= 0 on ∂Ω.
(4.2)

Hence for a fixed φ ∈ C2
0 (Ω),

−εk
α∆(φvεk

) + (φvεk
) = fεk

, (4.3)

where
fεk

:= φgεk
− εk

α(2∇φ∇vεk
+ vεk

∆φ).
From Lemma 4.5 and (G1), gεk

∈ Lr(Ω), g(·, u0) ∈ Lr
loc(Ω). We claim that

lim
k
|fεk

− φg(·, u0)|r,Ω = 0. (4.4)

Observe that

|fεk
− φg(·, u0)|r,Ω ≤ |φ(gεk

− g(·, u0))|r,Ω + εk
α|2∇φ∇vεk

+ vεk
∆φ|r,Ω

≤ |φ(gεk
− g(·, u0))|r,Ω + const εk

α‖vεk
‖W 1,r(Ω).

Applying Lemma 3.3 to (4.2),

|fεk
− φg(·, u0)|r,Ω

≤ |φ(gεk
− g(·, u0))|r,Ω + const εk

α
2 |gεk

|r,Ω

≤ |φ(gεk
− g(·, u0))|r,Ω + const εk

α
2

(( ∫
εk+uεk

≤1

+
∫

εk+uεk
≥1

)
gr

εk
dx

) 1
r

≤ |φ(gεk
− g(·, u0))|r,Ω + const

(
εk

r( α
2−p)

∫
Ω

φr
0dx+ εk

rα
2

∫
Ω

(g∗(x, 1))rdx
) 1

r

.

Recalling that α
2 − p = 5q(p+ 1)− p > 0 we have

lim sup
k

|fεk
− φg(·, u0)|r,Ω ≤ lim sup

k
|φ(gεk

− g(·, u0))|r,Ω. (4.5)

Since uεk
→ u0 a.e. in Ω implies gεk

→ g(·, u0) a.e. in Ω and dist(suppφ, ∂Ω) > 0,
from Lemma 4.5, (4.1) and the Dominate Convergence Theorem,

lim
k
|φ(gεk

− g(·, u0))|r,Ω = 0.

Hence (4.4) follows from (4.5). Applying Lemma 3.3 to (4.3), by (4.4),

∀φ ∈ C2
0 (Ω) : lim

k
|φ(vεk

− g(·, u0))|r,Ω = 0. (4.6)

Observing that (4.1), (4.6) give∫
Ω

φ(x)g(x, u0)dx = lim
k

∫
Ω

φvεk
dx

= lim
k

∫
Ω

φ(−∆uεk
)dx

= lim
k

∫
Ω

(−∆φ)uεk
dx

=
∫

Ω

(−∆φ)u0dx;

therefore,
−∆u0 = g(·, u0) in Ω in the sense of distributions. (4.7)
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We claim that
u0 ∈ Lq(Ω). (4.8)

Observe that

u0(x) =
∫

Ω

G(x, y)g(y, u0(y))dy

=
∫

Ω

G(x, y)

δ(y)
1
q′
g(y, u0(y))

1
q (δ(y)g(y, u0(y)))

1
q′ dy

≤
( ∫

Ω

G(x, y)q

δ(y)q−1
g(y, u0(y))dy

) 1
q |δg(·, u0)|

1
q′

1,Ω.

Hence

|u0|qq,Ω ≤ |δg(·, u0)|q−1
1,Ω

∫
Ω

dx

∫
Ω

G(x, y)q

δ(y)q−1
g(y, u0(y))dy

= |δg(·, u0)|q−1
1,Ω

∫
Ω

δ(y)g(y, u0(y))
δq(y)

dy

∫
Ω

G(x, y)qdx.

From (4.1)(i) and (4.1)(ii),

|u0|qq,Ω ≤ |δg(·, u0)|q−1
1,Ω c

2q
1

∫
Ω

δ(y)g(y, u0(y))
δq(y)

δq(y)dy = c2q
1 |δg(·, u0)|q1,Ω.

In light of Theorem 2.3, g(·, u0) ∈ L1
+(δ,Ω), hence (4.8) is true. We need to prove

that
u0 ∈W 2,r

loc (Ω).

Since (4.7) holds in the sense of distributions we have simply to apply Lemma 4.3
with α = q and β = r. The lemma is proved. �

Lemma 4.7. u0 ∈ C(Ω̄) and u0(x) = 0, x ∈ ∂Ω.

Proof. Since q < N
N−1 and q + r ≤ qr give r > N , due to Lemmas 4.5 and 4.6,

0 ≤ c2δ ≤ u0 ∈ C(Ω). Therefore, we have only to prove that

lim
x→x0

u0(x) = 0, x0 ∈ ∂Ω. (4.9)

Define θ1 : R+ → R by

θ1(t) =

{
([p] + 2)([p] + 1)t[p] if 0 ≤ t ≤ 3,
0 if t > 3,

where [p] is the integer part of p, and θ2 ∈ C∞(R+) such that

0 ≤ θ2 ≤ 1, 0 ≤ t ≤ 1 ⇒ θ2(t) = 1, t ≥ 2 ⇒ θ2(t) = 0.

Denoting

θ(t) :=
∫ t

0

dt1

∫ t1

0

θ1(τ)θ2(τ)dτ, t ∈ R+,

observe that

θ ≥ 0; θ(t) = t[p]+2, 0 ≤ t ≤ 1;

θ′(t) =
∫ t

0

θ1(τ)θ2(τ)dτ ≤ θ′(2); θ′′ = θ1θ2 ≥ 0; θ ∈ C∞(R+).
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Since θ′′ ≥ 0, −∆(θ(uεk
)) ≤ θ′(uεk

)(−∆uεk
). As in the Proof of Lemma 4.6,

denoting −∆uεk
= vεk

, from (2.4) with εk instead of ε, we get

−∆uεk
= gεk

− εk
α∆2uεk

= gεk
+ εk

α∆vεk
.

Therefore,
−∆(θ(uεk

)) ≤ θ′(uεk
)(gεk

+ εk
α∆vεk

). (4.10)
Since r > N , uεk

∈W 4,r(Ω) ⊂ C3(Ω̄) and uεk
= 0 on ∂Ω, from the properties of θ

we deduce that θ(uεk
) ∈ W 4,r(Ω) and θ(uεk

) = 0 on ∂Ω. Thanks to the positivity
of the Green’s function from (4.10), we get

θ(uεk
) ≤ G(θ′(uεk

)gεk
) + εk

αG(θ′(uεk
)∆vεk

). (4.11)

Integrating by parts

G(θ′(uεk
)∆vεk

)(x) = −
∫

Ω

∇yG(x, y)θ′(uεk
(y))∇vεk

(y)dy

−
∫

Ω

G(x, y)∇(θ′(uεk
(y)))∇vεk

(y)dy,

so

Ik := εk
α|G(θ′(uεk

)∆vεk
)|1,Ω

≤
∫

Ω×Ω

|∇yG(x, y)|θ′(uεk
(y))|∇vεk

(y)|dx dy

+
∫

Ω×Ω

G(x, y)|∇(θ′(uεk
(y)))| · |∇vεk

(y)|dx dy.

Since

sup
y∈Ω

( ∫
Ω

|∇yG(x, y)|dx+
∫

Ω

G(x, y)dx
)
<∞,

the boundedness of θ′ and θ′′ implies

Ik ≤ const εk
α

∫
Ω

(1+|∇uεk
|)|∇vεk

|dy ≤ const εk
α(|∇vεk

|1,Ω+|∇uεk
|q,Ω|∇vεk

|q′,Ω).

Since q′ ≤ r,

Ik ≤ const εk
α(1 +

N∑
i=1

|∂iuεk
|q,Ω)‖vεk

‖W 1,r(Ω),

applying Theorem 2.3 and Lemma 3.3 to (2.4) with εk instead of ε,

Ik ≤ const(εk
α
2 + εk

p+2)|gεk
|r,Ω ≤ const(εk

α
2 + εk

p+2)
( |φ0|r,Ω

εk
p

+ |g∗(·, 1)|r,Ω

)
.

Hence
lim

k
Ik = 0. (4.12)

Observe that (θ′(uεk
)gεk

)k∈N is bounded in Lr(Ω). Indeed from (G1) and the
properties of θ′,

|θ′(uεk
)gεk

|r,Ω ≤ |θ′(uεk
)gεk

χ(εk+uεk
≤1)|r,Ω + |θ′(uεk

)gεk
χ(εk+uεk

≥1)|r,Ω

≤
∣∣∣ ([p] + 2)u[p]+1

εk φ0χ(εk+uεk
≤1)

(εk + uεk
)p

∣∣∣
r,Ω

+ |θ′(2)g∗(·, 1)|r,Ω

≤ const(|φ0|r,Ω + |g∗(·, 1)|r,Ω).



20 G. M. COCLITE, M. M. COCLITE EJDE-2006/104

Fatou’s Lemma and Vitali’s Theorem give

θ′(u0)g(·, u0) ∈ Lr(Ω); lim
k
G(θ′(uεk

)gεk
) = G(θ′(u0)g(·, u0)). (4.13)

Hence, from (4.11) and (4.12) we get

0 ≤ θ(u0) ≤ G(θ′(u0)g(·, u0)).

Since r > N , by (4.13) G(θ′(u0)g(·, u0)) ∈ C1(Ω̄) and G(θ′(u0)g(·, u0)) = 0 on ∂Ω,
it follows that

lim
x→x0

θ(u0(x)) = 0, x0 ∈ ∂Ω.

Then the monotonicity of θ implies (4.9). �

Proof of Theorem 2.4. In light of previous lemmas we have to prove that uεk
→ u0

in W 2,r
loc (Ω) ∩ Lq(Ω). We begin by proving

uεk
→ u0 in Lq(Ω). (4.14)

Observing that

−εk
α∆uεk

+ (uεk
− u0) = G(gεk

− g(·, u0)),

and using the same argument of the proof of (4.8), from Lemma 3.6,

|uεk
−u0|q,Ω ≤ |G(gεk

−g(·, u0))|q,Ω+εk
α|∆uεk

|q,Ω ≤ c21|δ(gεk
−g(·, u0))|1,Ω+c̄εk

p+2.

Since the integrals that define δgεk
are equiabsolutely continuous (see Lemma 3.7)

and gεk
→ g(·, u0) a.e. in Ω, Vitali’s Theorem gives (4.14).

We continue by proving that

uεk
→ u0 in W 2,r

loc (Ω). (4.15)

Let Ω′,Ω′′ be two open subsets of Ω such that Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω. Denoting vεk
=

−∆uεk
from (2.3), (2.4), we get

−∆(uεk
− u0) = gεk

− g(·, u0) + εk
α∆vεk

. (4.16)

Introducing the notation

Jk(Ω∗) = |gεk
− g(·, u0)|r,Ω∗ + εk

α|∆vεk
|r,Ω∗ ; δk = uεk

− u0; Ω∗ ⊂⊂ Ω,

applying Lemma 4.3 with α = β = q,

‖uεk
− u0‖W 2,q(Ω′) ≤ const

(
|gεk

− g(·, u0)|q,Ω′′ + εk
α|∆vεk

|q,Ω′′ + |uεk
− u0|q,Ω′′

)
≤ const(Jk(Ω′′) + |δk|q,Ω).

(4.17)
If N = 2 we have N

2 = 1 < q, hence W 2,q
loc (Ω) ↪→ C(Ω). Therefore, (4.17) gives

|δk|∞,Ω′ ≤ const(Jk(Ω′′) + |δk|q,Ω). (4.18)

If N ≥ 3 there results q < N
N−1 ≤

N
2 . Let l ∈ N∗ be such that

l ≤ N

2q
< l + 1.

Denoting

qi =
Nq

N − 2iq
, i ∈ N, 2iq < N,

we have

qi+1 =
Nqi

N − 2qi
, 2(i+ 1)q < N ; q < qi < · · · < ql−1 ≤

N

2
.
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Since W 2,q
loc (Ω) ↪→ Lq1

loc(Ω), by (4.17),

|δk|q1,Ω′ ≤ const(Jk(Ω′′) + |δk|q,Ω).

Applying Lemma 4.3 to (4.16) with α = q and β = q1,

‖δk‖W 2,q1 (Ω′) ≤ const(Jk(Ω′′) + |δk|q,Ω).

Iterating this argument we get

‖δk‖W 2,ql−1 (Ω′) ≤ const(Jk(Ω′′) + |δk|q,Ω). (4.19)

If l = N
2q we have ql−1 = N

2 , hence W 2,ql−1
loc (Ω) ↪→ Lσ

loc(Ω), 1 ≤ σ <∞. From (4.19),

|δk|σ,Ω′ ≤ const(Jk(Ω′′) + |δk|q,Ω). (4.20)

In the case l < N
2q < l+1, we have ql−1 <

N
2 < ql. Therefore, W 2,ql−1

loc (Ω) ↪→ Lql

loc(Ω)
and W 2,ql

loc (Ω) ↪→ C(Ω). From (4.19),

|δk|ql,Ω′ ≤ const(Jk(Ω′′) + |δk|q,Ω).

Hence if r ≤ ql,
|δk|r,Ω′ ≤ const(Jk(Ω′′) + |δk|q,Ω) (4.21)

and if r > ql,
‖δk‖W 2,ql (Ω′) ≤ const(Jk(Ω′′) + |δk|q,Ω),

which gives (4.18). In conclusion both (4.18) and (4.20) imply (4.21). Applying
Lemma 4.3 to (4.16) with α = q and β = r,

‖δk‖W 2,r(Ω′) ≤ const(Jk(Ω′′) + |δk|q,Ω). (4.22)

Since gεk
→ g(·, u0) a.e. in Ω, from Lemma 4.5 and (G1),

lim
k
|gεk

− g(·, u0)|r,Ω′′ = 0.

Thanks to (4.4), applying Lemma 3.3 to (4.3) for each φ ∈ C∞0 (RN ), with φ(x) = 1
for x ∈ Ω′′, we have

lim
k
εk

α|∆uεk
|r,Ω′′ ≤ lim

k
εk

α|∆(φuεk
)|r,Ω = 0.

Hence limk Jk(Ω′′) = 0. Finally, in light of (4.14), (4.15) follows from (4.22). �

5. Appendix

In this appendix for the sake of completeness, we prove the following result from
which Lemma 3.10 follows.

Lemma 5.1. Let fk ∈ Lp(Ω), φk ∈ Lq(Ω), k ∈ N, 1 ≤ p < ∞, 1 < q ≤ ∞,
and |Ω| < ∞. If (fk)k∈N is bounded in Lp(Ω), (φk)k∈N is bounded in Lq(Ω), is
converging in measure to φ ∈ Lq(Ω) and

q′ < p; q′ =
q

q − 1
, (5.1)

or
q′ = p and (|fk|p)k∈Nis equiabsolutely continuous , (5.2)

then (3.10)(i) and (3.10)(ii) hold.
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Proof. Since φk → φ in measure, by fixing σ > 0, it follows that

lim
k
|Ωσ,k| = 0 (5.3)

and
|fk(φk − φ)|1,Ω = |fk(φk − φ)|1,Ωσ,k

+ |fk(φk − φ)|1,Ω\Ωσ,k
, (5.4)

where Ωσ,k :=
{
x ∈ Ω : |φk(x) − φ(x)| > σ

}
. We begin by considering the case

in which (5.1) holds. Since 1 < p < ∞, q′ < ∞, and (fk)k, (φk)k are bounded in
Lp(Ω), Lq(Ω), respectively, using (5.1) and the Hölder Inequality

|fk(φk − φ)|1,Ωσ,k
≤ |φk − φ|q,Ω|fk|q′,Ωσ,k

= |φk − φ|q,Ω

( ∫
Ωσ,k

|fk|q
′
dx

) 1
q′

≤ |φk − φ|q,Ω|Ωσ,k|
1
q′−

1
p |fk|p,Ω

≤ |Ωσ,k|
1
q′−

1
p sup

k

(
|φk − φ|q,Ω|fk|p,Ω

)
.

Hence, due to (5.3), there exists k0 ∈ N such that

k ≥ k0 ⇒ |fk(φk − φ)|1,Ωσ,k
≤ σ. (5.5)

Using again the boundedness of (fk) in Lp(Ω), the definition of Ωσ,k and the Hölder
Inequality,

|fk(φk − φ)|1,Ω\Ωσ,k
≤ σ|fk|1,Ω ≤ σ|Ω|

p−1
p sup

k
|fk|p,Ω. (5.6)

Therefore, (5.4), (5.5), (5.6) imply

k ≥ k0 ⇒ |fk(φk − φ)|1,Ω ≤ σ
(
1 + |Ω|

p−1
p sup

k
|fk|p,Ω

)
,

from which (3.10)(i) and (3.10)(ii) follow. When (5.2) holds, observe that

|fk(φk − φ)|1,Ω =
( ∫

Ωσ,k

+
∫

Ω\Ωσ,k

)
|fk(φk − φ)|dx

≤ sup
k
|φk − φ|q,Ω

( ∫
Ωσ,k

|fk|pdx
)1/p

+ σ sup
k
|fk|1,Ω.

Thanks to the equiabsolute continuity of (|fk|p)k there exists δ > 0 such that

|E| < δ ⇒
∫

E

|fk|pdx < σp, k ∈ N.

Moreover, due to (5.3), there is k0 ∈ N such that |Ωσ,k| < δ, k > k0. Therefore,

k0 < k ⇒
( ∫

Ωσ,k

|fk|pdx
)1/p

< σ,

and then

k0 < k ⇒ |fk(φk − φ)|1,Ω ≤ σ
(
sup

k
|φk − φ|q,Ω + sup

k
|fk|1,Ω

)
,

that give (3.10)(i) and (3.10)(ii). �



EJDE-2006/104 ELLIPTIC PERTURBATIONS FOR HAMMERSTEIN EQUATIONS 23

References

[1] S. Agmon; The Lp approach to the Dirichlet problem. I. Regularity theorems. Ann. Scuola
Norm. Sup. Pisa (3) 13 (1959), 405–448.

[2] S. Bianchini, A. Bressan; Vanishing viscosity solutions of nonlinear hyperbolic systems. Ann.

of Math. 161 (2005), 223-342.
[3] G. M. Coclite, M. M. Coclite; Positive Solutions for an Integro - Differential Equation with

Singular Nonlinear Term. Differential Integral Equations 18 (2005) 9, 1055-1080.

[4] M. M. Coclite; On a Singular Nonlinear Dirichlet Problem - II. Boll. Un. Mat. Ital. 5-B(7)
(1991), 955-975.

[5] M. M. Coclite; On a Singular Nonlinear Dirichlet Problem - III. Nonlinear Anal. 21 (1993),
547-564.

[6] M. M. Coclite; On a Singular Nonlinear Dirichlet Problem - IV. Nonlinear Anal. 23 (1994),

925-936.
[7] M. M. Coclite; Summable Positive Solutions of a Hammerstein Integral Equation with Sin-

gular Nonlinear Term. Atti Sem. Mat. Fis. Univ. Modena XLVI (1998) suppl., 625-639.

[8] M. M. Coclite; Positive Solutions of a Hammerstein Integral Equation with Singular Non-
linear Term. Topol. Methods Nonlinear Anal. 15 (2000) 2, 235-250.

[9] M. M. Coclite; Positive Solutions of a Hammerstein Integral Equation with Singular Non-

linear Term - II. J. Integral Equations and Appl. 16 (2004) 3, 241-272.
[10] M. G. Crandall, P. H. Rabinowitz, L. Tartar; On a Singular Nonlinear Dirichlet Problem.

Comm. Partial Differential Equations 2 (1977) 2, 193-222.

[11] A. Friedman; Singular Perturbations for Partial Differential Equations. Arch. Rational Mech.
Anal. 29 (1968), 289-303.

[12] W. Fulks, J. S. Maybee; A Singular Non-linear Equation. Osaka Math. J. 12 (1960), 1-19.

[13] D. Gilbarg, N. S. Trudinger; Elliptic Partial Differential Equations of Second Order. Springer-
Verlag, Berlin Heidelberg New York, 1998.

[14] S. Gomes; On a Singular Nonlinear Elliptic Problem. SIAM J. Math. Anal. 17 (1986), 1359-
1369.
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