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EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS
FOR FIRST-ORDER NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH TWO DEVIATING ARGUMENTS

JINSONG XIAO, BINGWEN LIU

ABSTRACT. In this paper, we use the coincidence degree theory to establish
the existence and uniqueness of T-periodic solutions for the first-order neutral
functional differential equation, with two deviating arguments,

(z(t) + Bx(t = 0))' = g1(t, (t — 71(t))) + g2(t, x(t — 72(1))) + p(2).

1. INTRODUCTION

Consider the first-order neutral functional differential equation (NFDE), with
two deviating arguments,

(x(t) + Bx(t —9))' = gi(t, x(t — 71(t))) + g2(t, 2(t — 72(1))) + p(t), (1.1)
where 71, 72, p : R — R and ¢1,¢92 : R Xx R — R are continuous functions, B and
0 are constants, 71,7, and p are T-periodic, g1 and go are T-periodic in the first
argument, |B| # 1 and T > 0.

The above equation has been used for the study of distributed networks con-
taining lossless transmission lines [6l [7]. Hence, in recent years, the problem of
the existence of periodic solutions for has been extensively studied. For more
details, we refer the reader to [T}, 2, 4} [5, 6] [7, @, 12] and the references cited therein.
However, to the best of our knowledge, there exist no results for the existence and
uniqueness of periodic solutions of .

The main purpose of this paper is to establish sufficient conditions for the ex-
istence and uniqueness of T-periodic solutions of . The results of this paper
are new and they complement previously known results. An illustrative example is
given in Section 4.

For ease of exposition, throughout this paper we will adopt the following nota-
tion:

2l = ( / ' |x<t>|’“dt)”k, |2]oo = max |z()]-

t€[0,T]
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Let X = {z|x € CR,R),z(t +T) = z(t), for all t € R} be a Banach space with
the norm ||z||x = |2|eo. Define the two linear operators
A: X - X, (Az)(t) ==z(t) + Bx(t — 9);
L:D(L)c X — X, Lz=(Ax),
where D(L) = {z|z € X, 2’ € C(R,R)}.
We also define the nonlinear operator N : X — X by
N = gi(t,(t — 71(t))) + g2(t, x(t — 72(t))) + p(t).

By Hale’s terminology [4], a solution w(t) of is that v € C(R,R) such that
Au € CH(R,R) and is satisfied on R. In general, u ¢ C1(R,R). But from [9,
Lemma 1], in view of |B| # 1, it is easy to see that (Az)’ = Ax’. So a T-periodic
solution u(t) of must be such that v € C1(R,R). Meanwhile, according to [9}
Lemma 1], we can easily get that ker L =R, and ImL = {a € X : fOTx(s)ds =0}.
Therefore, the operator L is a Fredholm operator with index zero. Define the
continuous projectors P : X — ker L and Q : X — X/ImL by setting

(1.2)

Hence, In P = ker L and ker@Q = Im L. Set Lp = L|p()nkerp; then Lp has
continuous inverse L;l defined by

Lpty(t) = Ail(% /OT sy(s)ds + /Oty(s)ds). (1.3)

Therefore, it is easy to see from and (1.3) that N is L-compact on §, where
is an open bounded set in X.

2. PRELIMINARY RESULTS
In view of and (1)), the operator equation
Lz = ANz
is equivalent to the equation
'(t) + Ba'(t = 0) = Alg1 (t, 2(t — 71.(t))) + ga(t, 2(t — 72(1))) + p(t)],
where A € (0,1).
For convenience of use, we introduce the Continuation Theorem [2] as follows.

Lemma 2.1. Let X be a Banach space. Suppose that L : D(L) C X — X is a
Fredholm operator with index zero and N : Q — X is L-compact on Q, where  is
an open bounded subset of X. Moreover, assume that all the following conditions
are satisfied:

(1) Lz # ANz, for allx € 0QN D(L), A € (0,1);

(2) Nz & ImL, for all x € 0QNker L;

(3) For the Brower degree, deg{QN,Q Nker L,0} # 0.

Then the equation Lx = Nx has at least one solution on QN D(L).
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By using a similar argument of the proof of [8, Lemma 2.5], from [3| Theorem
225], we can obtain the following Lemma.

Lemma 2.2. Let z(t) € XNCYR,R) . Suppose that there exists a constant D >0
such that

|z(70)| < D, 7 € [0,T].
Then T

fela < L o'}y + VTD. (2.1

Lemma 2.3 ([I0]). Let p € [0,T] be a constant, J € C(R,R) be periodic with
period T', and supyc(o 11 |0(t)] < p. Then for any h € CY(R,R) which is periodic
with period T, we have

T

/ |h(s) — h(s — 0(s))|?ds < 2u2/ |W'(s)|ds. (2.2)
0 0

For the next lemma we need the following conditions
(H) Fori=1,2, there exist a constants p; and an integers K; such that
pi = sup |ri(t) — K;T| <T.
t€[0,T)
(A0) One of the following conditions holds:
(1) (gi(t,u1) — gi(t,u2))(ug —ug) >0, fori=1,2,u; € R, for allt € R and
uy # ug;
(2) (gi(t,u1) — gi(t,u2))(ug —u2) <0, fori=1,2,u; €R, for allt € R and

Uy 7& Uz ;

(AQ’) One of the following conditions holds:
(1) there exists constants by and by such that bl(ﬂul—i—%)—l—bg(ﬂuz—i—%) <
1—1|B]|, and

|gl(t7u1) - gl(t;u2)| S b7,|u1 - u2|7 fOT’i = 172,ui S R;Vt € R,

(2) There exists constants by and by such that by (/21 + %) + bz(ﬂﬂg +
Ly <|B| -1, and

lgi(t,u1) — gi(t,u2)| < bilur —ua|, fori=1,2,u; € R,Vt € R.

Lemma 2.4. Under assumptions (A0) and (A0’), Equation (1.1) has at most one
T-periodic solution.

Proof. Suppose that z1(t) and z2(t) are two T-periodic solutions of (L.1). Then
(@1(t) + By (t = 9)) = g1(t, 21 (t = 71(t))) — g2(t, 21(t — 72(1))) = p(t)
and
(22(t) + Baa(t = 0))" = g1(t, 22(t = 71(1))) — ga(t, 22 (t — 72(1))) = p(t)-
This implies
[(21(£) = 22(t)) + B(a1(t = 0) — 2t — 6))]" = (g1.(t, 21 (t — 71(1)))

~ gt walt —ma(0)) — (ga(tsa(t — 7a(0))) — galtwa(t — ma(e)))) = 0. )
Set Z(t) = x1(t) — 2(t). Then, from (2.3), we obtain
Z() + BZ(t - ) — (g1 (tas(t — (1)) o

— g1t z2(t = 11(1)))) = (g2(t, 21 (t — 72(t))) — g2(t, 22(t — 72(2)))) = 0.
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Thus, integrating (2.4]) from 0 to 7', we have

T
/O [(g1(t, 21 (t = 71(t))) — g1(t, w2(t — 71(2))))
+ (g2(t, 21 (t — 72(t))) — g2(t, x2(t — 72(t))))]dt = 0.

Therefore, in view of integral mean value theorem, it follows that there exists a
constant y € [0, 7] such that

(g1(v,21(y = 71(7))) = 91(7, 22(y = 71(7))))
+ (9207, 1(y = 72(7))) — g2(v, 22 (v — 72(7)))) = 0.
From (AO0), implies
(x1(y =1 (7)) — 22y = (M) (@1 (v — 72(7)) — 22(7 — T2(7))) < 0.

Since Z(t) = x1(t) — x2(t) is a continuous function on R, it follows that there exists
a constant £ € R such that

(2.5)

Z(€) =0. (2.6)
Let £ = nT +7, where ¥ € [0,T] and n is an integer. Then, (2.6) implies that there
exists a constant ¥ € [0,T] such that
2(3) = 2(€) = 0. (2.7)
Then, from Lemma [2.2] using Schwarz inequality and the inequality

t T
[Z(t)| = |Z(7) —|—/ Z'(s)ds| < / |Z'(s)|ds, for all t € [0,T],

5 0
we obtain T
Z|oo SVT|Z'|2, and  |Z]s < =|Z')5. (2.8)
m

Now, we consider two cases.

Case (i). If (A0’)(1) holds, multiplying both sides of (2.4) by Z'(¢) and then
integrating them from 0 to 7', using (H), (2.2, (2.8) and Schwarz inequality, we
have

2
T
- / \Z/(t) 2
0
T T
- B / 2027t~ 8)dt + / (g1(t 20 (t —72(1))) — gt ot — 7 (8)))Z'(0)dt
0 0
+ / (ga(ts 21 (t — 72(0))) — ga(t, 22t — 72(0))) Z' (1)t
T
<IBZ B+ [ - ) - ol - n@)]1Z Ol
0

+b2/ lon(t — a(8)) — wa(t — 72(8))]| 2/ (1) dt
0
T T
< B\ Z' + by / \Z(t — 71()) — Z(0)]|1Z (0)]dt + by / Z(8))12 () dt

+b2/0 |Z(t—72(t))—Z(t)||Z’(t)\dt+b2/O |Z ()| Z(t)|dt
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T 1
< BI\Z' + b / 1Z(t - 71(8)) — Z()2dt)}|Z']2 + b1 Z]2) 2],
0
T 1
4 b / 1Z(t - 7a(t)) — Z()2dt)}|Z']s + ba) Z]a) 2]
0
T 1
— [B||Z'2 + b / 1Z(t — (na(t) — K T)) — Z()Pdt) | 2] + bu|Z]a| 2]
0
T 1
+ b / 1Z(t — (ra(t) — KoT)) — Z(0)Pdt) | 2] + ba| Z]o| 7'}
0
T T 2
< 1B+ b1 (VB + )+ ba(Vos + )12,
From (2.8) and (A0’)(1), the above inequalit implies

Z(t)y=Z'(t)=0, forallteR.

Hence, x1(t) = xz2(t), for all t € R. Therefore, (1.1) has at most one T-periodic
solution.

Case (ii). If (A0’)(2) holds, multiplying both sides of (2.4) by Z’(t — J) and then
integrating them from 0 to T, using (H), (2.2)), (2.8) and Schwarz inequality, we
have

|B||Z']3
T
:|/0 BIZ/(t — 5) ]
= | /T Z'(t)Z'(t — 6)dt
7
+/0 (g1t 21 (t = 71(t))) — g2(t, wa(t — 71()))) 2" (t — &)dt
T
+/0 (g2(t, 21 (t = 72(t))) — g2(t, w2t — (1)) 2" (t — 6)d]
T
< IZ’|§+b1/ |21(t = 71(t)) — @2t — 1 ()| Z'(t — 0)|dt
0
T
+b2/ 21 (t — (1)) — 22 (t — 72(1))||Z'(t — 8)|dt
0

<173 + by / Z(t = (8) — Z(B)|Z'(t — 6)[dt + by / Z()|Z'(t - 6)dt

T T

+b2/ |Z(t—7-2(t))—Z(t)||Z’(t—6)|dt+bg/ Z()|Z'(t — 8)|dt
0 0

<1z’ +l>1(/0 12(t = m1(8) = Z(O)]Pdt)?| 2|2 + b1| 22 22

T
+ bz(/ |Z(t — 72(t)) — Z(t)|2dt)? | Z' |2 + ba| Z 2| Z'|2
0

T
—|ZB [ 12 () - KaT) - Z0)Pd)HZ s + 0] Z1a| 2
0
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+ bz(/O |Z(t = (ra(t) = K2T)) = Z(1)*dt)2| 2|3 + bs| Z[] 2o

gu+wﬂ¢zu+73+bﬂ¢hz+ N2

Then using the methods similar to those used in Case (i), from the above inequality,
[2-8). and (A0’)(2), we can conclude that (L.I)) has at most one T-periodic solution.
The proof of Lemma is now complete. O

For the next lemma we use the following assumptions:
(A1) z(g1(t,z) + g2(t, ) + p(t)) > 0, for all t € R, |z| > d;
(A2) z(g1(t, ) + g2(t,x) +p(t)) <0, for all t € R, |z| > d.

Lemma 2.5. Assume (A0) and that there exists a positive constant d such that
one of the two conditions (A1) or (A2) holds. If x(t) is a T-periodic solution of

, then

|Z]oe < d 4+ VT|2'|5. (2.9)

Proof. Let z(t) be a T-periodic solution of (2. Then, integrating from 0 to T,
we have

T
/ [1(t, 2(t = 71())) + g2(t, 2(t — 72(t))) + p(t)]dt = 0.
0
This implies that there exists a constant ¢t; € R such that

gl(thl‘(tl — T1(1f1))) + 92(t1, Qi(t1 — Tg(tl))) +p(t1) =0. (210)

We show next the following Claim: If () is a T-periodic solution of , then there
exists a constant o € R such that

[a(t2)] < d. (2.11)
Assume, by way of contradiction, that (2.11)) does not hold. Then
|x(t)| > d, forallteR,

which, together with (A1), (A2) and (2.10)), implies that one of the following rela-
tions holds:

z(ty — 1 (t1)) > x(t; — 12(t1)) > d; (2.12)

x(ty — 1a(t1)) > x(ty — m1(t1)) > d; (2.13)

x(th —11(t)) < z(ty1 — m2(t1)) < —d; (2.14)

z(ty — m2(t)) < z(ty — m1(t1)) < —d. (2.15)

If holds, in view of (A0)(1), (A0)(2), (A1) and (A2), we shall consider four

cases as follows.

Case (i). If (A1) and (A0)(1) hold, according to (2.12)), we obtain
0 < g1t z(ty — m2(t1))) + g2(tr, 2(t1 — 72(t1))) + p(t1)
< gi(tr, a(ty — 11(t1))) + g2(tr, x(ts — 72(t1))) + p(ta),

which contradicts (2.10)). This contradiction implies that (2.11]) holds.
Case (ii). If (A1) and (A0)(2) hold, according to (2.12)), we obtain

0 < gi(t,z(t1 — 71(t1))) + go(tr, x(t1 — 71 (t1))) + p(t1)
< g1t z(t — 1(t1))) + g2(t1, z(t1 — m2(t1))) + p(t1),



EJDE-2006/117 EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS 7

which contradicts (2.10]). This contradiction implies that (2.11)) holds.
Case (iii). If (A2) and (A0)(1) hold, according to (2.12)), we obtain

qi(ty, z(tr — 11(t1))) + ga(tr, x(t1 — 72(t1))) + p(t1)
< g1t z(ts — (1)) + g2(t1, z(t1 — 1(t1))) + p(t1) <0,

which contradicts ([2.10). This contradiction implies that (2.11]) holds.
Case (iv). If (A2) and (A0)(2) hold, according to (2.12)), we obtain

g1(t1, x(ts — 71(t1))) + g2(t1, 2(t1 — m2(t1))) + p(t1)
< gi(t,z(t — 12(t1))) + g2(t1, z(ts — 72(1))) + p(t1) <0,

which contradicts (2.10)). This contradiction implies that holds.

If (2.13) (or (2.14)), or (2.15)) holds, using the methods similar to those used in
Case (i) - Case (iv), we can show that holds. This completes the proof of
the Claim.

Let to = mT + to, where to € [0,7] and m is an integer. Then, using Schwarz
inequality and the inequality

t T
lx(t)] = |z(to) +/ x'(s)ds| < d+/ |2’ (s)|ds, for all t € [0,T],
to 0
we obtain
|2]0o = max |z(t)] < d+ VT|2'].
t€(0,T]
This completes the proof. O

3. MAIN RESULTS

Theorem 3.1. Assume that (H), (A0), (A0’) and either (A1) or (A2). Then
has a unique T-periodic solution.

Proof. From Lemma [2.4] together with (H), (A0) and (A0’), it i s easy to see that
has at most one T-periodic solution. Thus, to prove Theorem [3.1] it suffices
to show that has at least one T-periodic solution. To do this, we shall apply
Lemma Firstly, we will claim that the set of all possible T-periodic solutions
of is bounded.

Let x(t) be a T-periodic solution of equation (2). In view of (A0’)(1) and
(A0’)(2), we shall consider two cases as follows.
Case (i). If (A0’)(1) holds, multiplying both sides of by «’(t) and then inte-
grating them from 0 to T, from (2.1, (2.2), (2.11), (H), (A0’)(1) and the Schwarz
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inequality, we have

'3

T
JRCCRE
0

_ /OT Ba'(t — 6)2' (t)dt + )\/OTgl(tx(t () (e

T

+ /\/0 g2(t, z(t — m2(t))) ' (t)dt + )\/0 p(t)x’ (t)dt

< |Blla'[3 + Iplla’]2 + A/O (g1t x(t = (1)) — g1 (t, 2(t) + g1 (¢, (1))
T
= 91(t,0)2' (t)dt + A/O (g2(t, 2(t — 72(t))) — g2(t, (1)) + ga(t, x(t))
—gg(t,O))x'(t)dt—i-)\/ gl(t,O)x'(t)dt+>\/ g2(t,0)2' (t)dt
0 0
T
|Bll2"[3 + [plz]a’|2 + bl(/o [w(t = 71(t)) — &(t)*dt) 2|2’ |2 + bi|w]2|2 |5

T
ol [ lalt = (0) = 2(OPde)a'l2 + bafolafo’h
0
t,0 t,0))VT|2’
+ (e [91(1,0)] + max [ga(t,0)) VT
T
= 1Bl + [phle’la + b1 [ ot (ri(6) = KaT)) = a(t) )| + ol
0
T 1
+b2(/ |a(t = (ra2(t) = KoT)) = a(t)|*dt) 2’|z + bal]]a’ |2
0
t,0 t,0) VT |z’
+ (max g1(t,0)] + max |g2(t,0DVTIe’l:
T r P /
< 1BI+ by (V2 + )+ ba(V2uz + e/ + Iplele’]a

T
bid + bad t,0 t,0 T|z'|5.
+ (bid +bod + max 191(2, 0)] + max [ga(t, )IVT 2|2

(3.1)
Now, let
Do— pl2 + (b1d + bad + max,ec (.77 |91 (¢, 0)| + max,epo, 77 [92(t,0) )VT
1= T T
1= [B] = (b1(V2p1 + 1) +b2(V2u2 + 7))
In view of (2.9) and (3.1)), we obtain
2|y < Dy, |2|oo < d+VTD;. (3.2)

Case (ii). If (A0’)(2) holds, multiplying both sides of @ by z'(t — 0) and then
integrating them from 0 to T, from (2.1)), (2.2), (2.9), (2.11), (A0’)(2) and the
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inequality of Schwarz, we have
T
Blla' =1 [ B/ o)Fal
=|- /0 2/ (t—0)x'(t)dt + A/O g1(t,x(t — (1))’ (t — &)dt
T T
+ )\/0 g2(t, x(t — m2(t)))x' (t — d)dt + /\/0 p(t)x’ (t — 0)dt]
T
< |2'[3 + [plafa’|2 + IA/0 (g1t z(t — 71(t))) — g1(t, x(t)) + g1 (¢, 2(1))
T
—g1(t,0))a’(t — &)dt + A/O (g2(t,z(t — m2(t))) — galt, z(t)) + g2(t, x(t))
T T
— g2(t,0))’(t — &)dt + A/ g1(t,0)2' (t)dt + A/ g2(t,0)2’ (t — §)dt|
0 0
T
< |2'[3 + [plafa’]2 + bl(/o lw(t = 1(t)) — 2(t)2dt)? |2’ |2 + bi|z|2|]5

T
+b2(/ |2t — Ta(t)) — 2(t)2dt) % [2']2 + blz|a|z|
0
£,0 t, 0Tz’
+ (max |91(t,0)] + max |gs VT2 |

T T
< [14bi(vV2u + ;) + bo (V212 + ;)Hx/@ + |pl2|a’]2

bid + bad t,0 t,0 T|z'|5.
+ (b1d +bod + max 191(2,0)] + max [ga(t, )IVT 2|2

(3.3)
Now, let
— |pl2 + (b1d + bad + maxyepo 1 |91 (£, 0)| + maxiepo 7y g2(t, 0) )T
D, = T T .
|B] =1 — (b1 (vV2p1 + L) + b2(vV2p2 + T))
In view of (2.9 and (3.3)), we obtain
|2'|2 < D, |2]oe < d+VTDy. (3.4)

Ife e ={reckerLNX : Nz € ImL}, then there exists a constant M; such
that

z(t) =M, and /OT[Ql(t7M1) + g2(t, M) + p(t)]dt = 0. (3.5)
Thus,
|x(t)| = |M1| < d, for all z(t) € Q. (3.6)
Let M = (Dy + D1)VT +d + 1. Set
N ={z|lz € X,|r|e < M}.

It is easy to see from and ([1.3]) that N is L-compact on Q. We have from (3.5)),
(3:6) and the fact M > max{D;v/T + d, D1V/T + d,d} that the conditions (1) and
(2) in Lemma hold.
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Furthermore, define the continuous functions
1 (T
Hy(z,p)=(1-petu 5 / [91(t, ) + g2(t, ) + p(t)]dt; p € [01],
0

1 T
Moo === wa - [ () +-a(t.a) + oot € 1)

If (A1) holds, then
xHy(x,p) #0 for allr € 0Q Nker L.

Hence, using the homotopy invariance theorem, we have

1 (T
deg{QN,QNker L,0} = deg{T / lg1(t, z) + go(t, z) + p(t)]dt, Q Nker L, 0}
0
= deg{x,QNker L,0} # 0.
If (A2) holds, then xHs(z, p) # 0 for all z € 9QNker L. Hence, using the homotopy

invariance theorem, we obtain

1 T
deg{QN,QNkerL,0} = deg{? / [91(t,2) + g2(t, ) + p(t)]dt, 2 Nker L,0}
0
= deg{—x,QNker L,0} # 0.
In view of all the discussions above and Lemma Theorem is proved. O

4. CONCLUDING REMARKS

Example 4.1. The first-order neutral functional differential

1 ’ 3 \/i .2 1 \/5 2 cost
(x(t) + 83(:(1? 0)) = 836(1? o1 Sin t)+ 32[1 x(t o1 O t)] +e (4.1)
has a unique 27-periodic solution.

From ([4.1)), we have B = §, gi(z) = —2x, ga(z) = 55[1 — 2] and p(t) = e==".
Then, p1 = supepo,n) |g sin?t| = g < 2T, po = SuPsepo, 7y \gcos2 t = g < 2m,
b = %, by = 3—12 It is straight forward to check that all the conditions needed in
Theorem are satisfied. Therefore, has a unique 27-periodic solution.
Remark 4.2. Equation is a very simple version of first order NFDE. Since
B £ 0, all the results in the references and their references can not be applicable to
to obtain the existence and uniqueness of 27-periodic solutions. This implies
that the results of this paper are essentially new.

Remark 4.3. By using the methods similarly to those used for (1.1f), we can deal
with the NFDE with multiple deviating arguments, for example

(alt) + Ba(t = 5)) = 3" gult.(t = 7(t)) + p(t), (42

where 7;(i = 1,2,...,n), p: R - Rand ¢;(i = 1,2,...,n) : RxR — R are
continuous functions, 7;(i = 1,2,...,n) and p are T-periodic, ¢;,i = 1,2,...,n, are
T-periodic in the first argument, and 7" > 0. One may also establish the results
similarly to those in Theorem under some minor additional assumptions on
gi(t,x)(i=1,2,...,n).
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