Electronic Journal of Differential Equations, Vol. 2006(2006), No. 134, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

PERIODIC SOLUTIONS FOR SECOND-ORDER HAMILTONIAN
SYSTEMS WITH THE P-LAPLACIAN

YU TIAN, WEIGAO GE

ABSTRACT. In this paper, we investigate the periodic solutions of Hamilton-
ian system with the p-Laplacian. By using Mountain Pass Theorem the ex-
istence of at least one periodic solution is obtained, Furthermore, under suit-
able assumptions, we obtain the existence of infinitely many solutions via Z2-
symmetric version of the Mountain Pass Theorem.

1. INTRODUCTION

There has been published an extensive literature related to the existence of the
periodic solutions of second-order differential equations (systems) recently; see for
example the refeences in this article and the references cited therein. In [3| [4] the
authors considered the system

u(t) + VH(t,u(t)) =0 a.e. t€]0,T],
u(0) — uw(T) = u(0) —u(T) =0,

and obtained multiple solutions under the following assumption on the potential
H: There exist R > 0, 6 €]0,1/2[ such that

0< H(t,u) <OV, H(t,u)u (1.2)

for each t € [0,T], for each u € R* |u| > R. When H(t,u(t)) = b(t)V(u(t)),
b € C([0,T], R) and b changes its sign, there are many existence results of nontrivial
periodic solutions for problem (1.1]) (see [IL [5, @]). All of them assumed that

T
/ b(#)dt 0.
0
Ding [8] established the existence of periodic solutions for

T
/ b(t)dt = 0 (1.3)
0

under the so-called global Ambrosetti-Rabinowitz condition, that is, there exists
a constant 6 €]0, 1[ such that (L.2) holds for all ¢ € [0,7] and u € RV \ {0}. In

(1.1)
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the case of , Chen and Long [6] obtained the existence of one solution by the
Saddle Point Theorem. Very recently, Tang and Wu [I7] generalized the results
in [6] and got the following theorem with the aid of generalized Mountain Pass
Theorem.

Theorem 1.1. Suppose p > 2, b€ C([0,T], R) satisfying j;)T b(t)dt =0, b#£0 and
H:[0,T] xRN — R, H(t,x) is measurable in t for every x € RN and continuously
differentiable in x for a.e. t € [0,T], such that

(A1) fOT H(t,x)dt > 0 for all z € RN.
(A2) There exist g € L*(0,T), ap € (0,w?/2) and ro > 0 such that |VH(t,z)| <
g(t) for allz € RN and a.e. t € [0,T).
(A3) |H(t,z)| < aplz|? for all |x] < 1o and a.e. t € [0,T], where w = 27 /T.
Then the problem
i) +b(t)|u(t) | 2u(t) + VH(t,u(t)) =0 a.e. t€[0,T],
u(0) — u(T) = u(0) — w(T) = 0,

has at least one nonzero solution.

However, in [1-14, 16, 17], the highest order derivatives are linear. But so far,
few papers discuss periodic solutions for second order system with the p-Laplacian.
On the other hand, it is well known that the study of the existence for quasilinear
differential equations is very important. Motivated by the above works, we consider
the existence of solutions for the following second-order Hamiltonian system with
p-Laplacian:

d .
GEEO) + BOV () + VA @) =0, teloT)
u(0) — u(T) = u(0) — w(T) = 0,
where p > 1, ®,(u) := (Jus [P 2uq, ..., Jun|P"2un), u = (u1,...,un), p >p, T >0,

H:[0,T) xRN — R, H(t,z) is measurable in ¢ for every z € RY and continuously
differentiable in x for a.e. ¢t € [0,T], VH(t,z) = (0H/0z)(t, ).

bi(t)
b (t)

b € C([0,T),R), b; £0,i=1,2,...,N. For p =2, 4(®,(u(t))) = ii(t). To apply
critical point theory to , it is necessary to check that corresponding functional
verifies the Palais-Smale condition ((PS)-condition). Taking the quasi-linear into
consideration, uniformly convex of L? and related differential inequalities have to
be used (see section 2).

Using the Mountain Pass Theorem, the existence of at least one solution is
obtained. Furthermore, under the hypothesis of eveness of the functional, the exis-
tence of infinitely many solutions is obtained by using Z5 version of the Mountain
Pass Theorem.

The following lemmas are taken from [I6], and will be useful in the proofs of our
main results.

Lemma 1.2. Let E be a real Banach space with E =V & X, where V is finite
dimensional. Suppose I € C*(E, R) satisfies (PS), and
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(I1) There are constants p,« > 0 such that Ispp,nx > «, and
(I2) There is an e € 9By N X and R > p such that if Q = (BRNV) @& {re: 0 <
r < R}, then Ipg < 0.

Then I possesses a critical value ¢ > a which can be characterized as

= inf I(h
o= Ry )

where I' = {h € C(Q, E) : h =id on 0Q}, where id denotes the identity operator.

Lemma 1.3. Let E be an infinite dimensional real Banach space and let I €
CY(X,R) be even, satisfying the (PS) condition and I(0) = 0. If E =V & X,
where V' is finite dimensional, and I satisfies

(J1) there exist constants p, o > 0 such that I|pp,nx > o and
(J2) for each finite dimensional subspace Vi C E, the set {x € V1 : I(x) > 0} is
bounded.

Then I has an unbounded sequence of critical values.
2. PRELIMINARIES

In the proof of main results, we will need the following preliminary results. For
convenience, let

WP ([0,7)) = {u:[0,T] — R" : w is abs. cont., u(0) = w(T), u € LP(0, T;R")}

be a Sobolev space with the norm

[ullyrr = (/OT lu(t)|P + |u(t)|Pdt)1/P.

For any « € W;P([0,T]), define A : W,;?([0,T]) — R by

T N N
Alx) = / SO Pt =3 [l (2.1)
i=1 i=1

Let Aj(z) = |2, so A(z) = YN, Ai(z). Clearly, A is convex. Now we
claim that A is lower semi-continuous on W, ([0,T]). So A is weakly lower semi-
continuous on WP ([0,T]) (see [T4, Theorem 1.2]). In fact, we only need to show
Ay i€ {1,2,...,N} is weakly lower semi-continuous on W,*([0,T]). Let z, — z
in W,?([0,T]), from which it follows ||, — #||» — 0. By
lz+ylle <llzllze +llyllr Yo,y € L7([0,T]),
we have
Ai(zn) — Ai() = lEnill 7o = IEil7e < (lEni — ill e + 23]l 20)" = [12]|7, — 0

as n — 00, and

Ai(zn) — Ai(2) = [lZnll7, — 231170
Tpi + T Tpi — i P
(R P e 1)
Tni + T4 —Zni + I P
—\l—5—llr = [|[—F—llzr | — 0 asn — oo.
2 2
Therefore,

lim A;(z,) = Ai(z).

n—oo
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Lemma 2.1 ([7]). For the space LP(]0,T)]), the following inequalities between the
norms of two arbitrary elements x and y of the space are valid (here q is the con-

Jugate index, g = p/(p — 1))
T —|— Y
| 1%, + 11

(||$|| +lylLe) forp =2, (2.2)

J;—!-y

-1
| ”Lp e HLP < [§(le\|€p + 1yl forl<p<2. (2.3)

Pr0p051t10n 2.2 ([15]) Let A be defined as in (2.1). Suppose that (x,)nen is a
sequence in W%’p([O7T]) satisfying x,, — x and the following inequality

limsup(DA(xy,), zn, —x) < 0. (2.4)

n—oo

Then x, — x strongly in WP([0,T]).

Proof. Let x, — = in W;”([0,T]) and satisfy 2.4). So (z,) is bounded: ||x||W%,p <
M, clearly, A;(z,) is bounded. For a subsequence, A4;(x,) — ¢;. So A(x,) — ¢ =
ZZN:l ¢;. By weakly lower semi-continuous of A:

A(z) < liminf A(z,) = c.

n—oo
On the other hand, since A is convex and lower semi-continuous, its graphic lies
over the tangent hyper-plane at x,,,

A(z) > A(zy) + (DA(zn), 2 — zp).

From (2.4), we deduce that A(z) > ¢, then A(x) =
Also we have % — z, and again by weakly lower semi-continuous of A, A;,

¢ = A(z) < liminf A <“’2”””> . e = A(z,) < liminf A, <x+2”””> . (25)

n—00 n—oo
If we suppose that (z,) does not converge strongly to z, then there exist £ > 0 and
subsequence () that satisfy ||z, — .THW%,;D > e. Since (z,, ) converges uniformly
to z in C([0,T)), ||&nk — Z||z» > €. So there exists j € {1,2,...,N} and £ > 0,

Znk; — @5l > € From (2.2)),

1 1 —
limsupA(m) < limsup —A(x) + - A(znk) — A(m)
N
< c¢—limsu Znki 7P
— nk—>oop; H 2 ||L5”
< 1
Cc — 2*175 5
which contradicts . For 1 < p < 2, by (2.3) we have
+:c kj : 1. 1. a- — pg
timsup | 2 EE e < timsup [ 1% + 3 henesl2]T — 15T g,
ng— 0o N — 00
q—1 e?
S Cj — E
(2.6)
By (2.5) and (2.6)), we have
g1 s 1
— 4P <l ,

24 J — 7
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that is
ePq =4 a\p q
opq + C <2q +c: ) < o
a contraction. The proof is complete. (I

3. MAIN RESULTS

It is well known that wu is a T-periodic solution of system (|1.4)) if and only if u is
a critical point in W, ?([0,T]) of functional ¢, where

1
:5/ ZW% |Pdt——/ (8w (£)dt — /Htu Ndt (3.1
0

for u € W([0,T]). ¢ : Wp” — R is well defined and C*. Tts derivative is given
by

/ Z(b 5 (1)) s (1)t — A wi ()i (£)dt

0 =1 i=1 (32)

where (-,-) is the usual inner product of RY. It follows from Sobolev’s inequality
that

[ulloo < Cllully» (3.3)
for all u € WP ([0,T]), where |Ju]|oc = maxo<i<7 |u(t)].
Theorem 3.1. Suppose p > 2,b; € C([0,T],R) and fo tHydt =0, b; 20,1 =
1,2,...,N. fOT H(t,z)dt >0 for all x € RV, Assume that there exist

g.h e LN[0,T)), [hllpr < [pT% max{NE~1,117Y, de(0,p—1), 7>0

such that

[VH(t,2)| < g(t)||’ (3.4)
for all x € RN and a.e. t € [0,T], and

|H (t,2)| < h(t)]|” (3.5)
for |z| <r and a.e. t € [0,T]. Then system has at least one nonzero solution.

Proof. The proof is divided into three steps.
Step 1. We claim that the functional ¢ satisfies the Palais-Smale condition, that
is, (u,) has a convergent subsequence whenever it satisfies ¢’(u,) — 0 as n — oo
and {¢(uy)} is bounded.

First we prove that (u,) is a bounded sequence in W, ([0,T]). Suppose that
(up,) is unbounded. Passing to a subsequence, we may assume if necessary, that
||un||W;,p — 00 as n — 00. Set v, = “un’l‘lﬁ Then (v,) is bounded so that it

has a subsequence, say (v,), which weakly converges to vg. By [I4, Proposition
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1.2], ( n) converges to v uniformly on [0,7]. Hence one has v, — Ty, where
v =

+ fo s)ds. Tt follows from and . ) that
/ H(t, un())dt — / (VH(t, un (£)), wn (£)) dt

< “/o (/0 (VH(t, stn (1)), un(t ))ds) dt+u/ Ht,0)dt
+ / T\VH(t,un(t))Hun(t)\dt (3.6)
0
< g0 ()t + / " Ht 0t + / " olun()"

T
< 6+1 0+1
(G2 + Dol ity e [ (e 00

Then by (1), B-2), (3), we have
T N
—1) / > i (1) [Pt
0 =1

T T
= pp(tn) — (& (un), ) + / JH (1, )t / (VH (1, 1), )t

T
W
< apln) = (9 ) + (g + Dlalls ity e [ At 0)
which implies [|0i]lzr — 0asn — o0, i =1,2,...,N. So ¥, — 0 in W;*([0,T]) as

n — 00, thus v, — Ty as n — oo, where v = v—0. Hence vy = Tp and [[vg][10 =1

On the other hand, from (3.2),

‘/T(B(t)q’u(vn(t)Lv(t))dt‘

_‘ / (6)|oms(0)] *%M(t)vi(t)dt‘

1—
SHunHW%%IW'( n) 0)| 4 llunlly

vm( )Uz (t)dt

+ llunllyy,

Wlp

T
/O(VH(t,un(t)),v(t))dt‘

< gt 1 Cam) 10+ llan 12 Zvall il ze
+09|Iunll1 L gl 212 e

as n — 00, which implies that

‘/0 (B(t)®y(vo (1), v(t))dt| = 0
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for all v € W,P([0,T]). By the arbitrariness of v, one has
B(t)®u(vo(t)) =0

for a.e. ¢t € [0,T]. Because vg = Ty # 0, we have b;(¢t) = 0 for a.e. ¢ € [0,T]. Tt
follows from the continuity of b; that b; = 0 for ¢ € [0,T], which contradicts the
condition b; # 0. Hence (u,) is a bounded sequence.

From the reflexivity of W%’p ([0,T7), we extract a weakly convergent subsequence,
that for simplicity, we call (u,),u, — u. Following we Will show that (u,) con-

verges strongly to u. To this end, we note that A(u) =3 .., fo |@; (t)[Pdt. From
Proposition it is enough to prove

T
lim sup/ (DA(uy), un — u)dt = lim sup/ Z D, (Ui (t)) (s () — 0, (t))dt < 0.
0

n—0o0 n—oo

From ({3.2)), it follows
/ Zcp i (1)) (i (£) — 5 (£) )t
0

= (4 [ 3B OB ) i1~ w0

T
+/ (VH(t,un (1)), un(t) — u(t))dt.
0
Now since the Sobolev embedding W, ([0, T]) — C/([0,T7]) is compact, we get (for a
subsequence) that u,, — u uniformly in C([0,77]). Since ¢'(u,) — 0 by assumption,

and u, — u is bounded in W;P([0,T]), we deduce that (¢’ (uy,),u, — u) — 0.
Moreover,

T N
/0 Z bi (1) P (ni (1)) (uns(t) — ug(t))dt
i=1

<T max bi(t)q)u(HuniHOO)Huni — Uil — 0

and

T
< /O 9O un |’ (un — w)dt < ||gllr [[un | % lwn — ulloc — 0.
So limsup,,_, . fOT vazl D, (U ) (s — 0;)dt = 0 and from Proposition Up — U
strongly in WP ([0, T7]).
Step 2. Let Wp? = RN @ WP, where
T
WP (10, T)) = {u € WA ((0,T)) : /0 w(t)dt = 0},

We claim there exist p > 0,a > 0 such that p(u) > a for all u € S = {u €
—
W0, 7)) : o = o
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By (3.5), for u € /W%’p([O, T]), we have
T T N
p/2
|t < [z = e (3 )
i=1
p/2
< nlo [ ( / (0t |

=t (3.7)

b T ?
< ||| max{NE~1 1}2 (/0 m(t)|dt)

i=1

N
P 2 y
< TH| g max{N 511} Y [l 12,
i=1

From (3.5) and (3.7) it follows that

1
:7/ Z|uz |pdt77/ ()| ui (8)]dt — /Htu ))dt
p

> (3~ T max(vE 1}) >~ il

i=1

i

for all u € W/}’p([o, T]). Since u > p, we can choose p > 0 small enough such that
p(u) > a>0.

Step 3. By fo i(t)dt = 0, there exist t;1,%2 € [0,7] such that b;(t) > 0 for ¢ €
[ti1,ti2]. Choose e; € W%’p([O, T) such that e;(t) = 0 for all ¢ € [0, ¢;1]U[ts2, T, e; #
0 and [ b;(t)es(t)dt = 0,i =1,2,...,N. Now e = (e1,ea,...,ex) € WP ([0, T)).
Since RY is definite dimensional, we will show that there exists R > p > 0 such
that

vlag <0, Q={re:re [O,R]}@(BRHRN).

To this end, we denote
1 (T
— [ S lwrd. e / () us(t) dt,
pJo =

= —/0 H(t,u)dt

Then ¢ = @1 + @2 + 3. By o € RV, fo i dtf()andfo i(t)e;(t)dt = 0 we
have

tio tio
/ bs(t) (s 2 + [res|2)dt :/ bi(t)|os + res|2dt
ti1 ti1

< (/tt bi(t)]o; + rei|“dt)2/# ( /tt bi(t)dt) o

11 i1
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Then one has

wa(o +re)

N tio N tio
= —Z/ bi(t)|ai+rei(t)|“dt+2/ bi(t)|o;|"dt
i ti1 i=1 Y ti1

[/t bi (1) (|| +r2|ei(t)|2)dt}lt/2(/ti2 bi(t)dt)%

1 til ti1

tio
|Ui|“ / bs(t)dt

ti1

.MZ

?

+

2 e B/2
(/ bi( dt) |al|2+r/ bi (1) ]es(t |dt(/ bi( dt) }

ti1

Mz M=

i=1
N

+ |orz|“/ b;(t)dt
i=1 ti1

(3.9)
for o € RN, e € WP, Because fOT H(t,u)dt > 0 for all u € R, we have

3(o +re) / H(t,o + re(t))dt
3.10
g—min / H(t,q)dt:qeRN} ( )
0

<0.

Therefore, by (3.9) and (3.10), there exist 0 < L, m;, N < oo such that

¢(o +re)
=pi(oc+re) + p2(0 +re) + 3(0 + re)

i2

< %Z/ s (t |pdt+Z|ol|“/ by (t)dt
—Z K/t )2/#|ai|2+7“2 /t bi(t)|ei(t)2dt(/ti2 b,»(t)dt)rz%rﬂ

i1 ti1 ti1
N N )2
= LrP + Zmi|ai|“ - Z [mf/”|ai|2 + 7’2N}
i=1 i=1
(3.11)
for all ¢ € RN, r > 0, which implies that there exists R; > p large enough such
that

p(c+re) <0 for||o|]|=R,r€[0,R],R > R;. (3.12)
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On the other hand, for o € RY,r = R, by (3.9),

N tio tiz tiz 2-p
,Z [ (/ bi(t)dt)Q/M|ai|2+R2/ bi(t)|ei(t)|2dt</ bit)dt) " ]”/2

; ti1 ti1 ti1

iz

+Z|az|u/ bs(t)dt

RHZ/b\el\dt /bdtz.

" : (3.13)
Then by and ,

o(o + Re)

<fz / (o) — R“Z( [ i(t>|ei(t>|2dt)“/2 ([ wioar)

which 1mphes that there exists Ry > R; such that

oo+ Re)<0 forallo € RN, R> Ry. (3.14)
Therefore, (3.12)) and (3.14) give that ¢|sg < 0. Hence Theorem is proved by
Lemma [T.21 (Il

Remark 3.2. It is clear that our theorem generalizes the results in [1-14, 16, 17]
since p > 2. Even for p = 2, Theorem generalizes Theorem since VH (t,x)
has more freedom in (3.4) than in (A2). There are functions satisfying Theorem

and not satisfying the corresponding results in [T}, Bl [6] [8 @ 17]. For example,
let

2mt
bi(t) :sin%, i=1,2...,N,
H(t,u) = {4T2 (sin 27t) (2|u\% +sin(|ul — 1) + %) ol > 1,
7= (sin Z) Jul?, lu] < 1.

A straight forward computation shows that H(t,u) satisfies our Theorem and
neither satisfies assumptions in Theorem nor (1.2]), hence H(t,u) does not

satisfy the corresponding results in [3, 4]. Moreover, F(t,x) = B(t)| |“ + H(t,u)

does not satisfy the conditions of the results in [T} B, @] because that fo t)dt = 0;
VF(t,z) — 0 as |x| — oo, it does not satisfy [0].

Remark 3.3. For 1 < p < 2, inequalities (3.11)) and (3.13) do not hold.

Theorem 3.4. Suppose that p > 1, H : [0,T] x RN — R is even with respect to
the second argument and H(t,0) = 0. Suppose b; € C(0,T; R") and there exist
g,h € L([0,T)), with
IAllze < PT% max{NE1, 17 de(0,p—1), r>0

such that (3.4) (3.5) hold. Then system (1.4) has infinitely many solutions.

Proof. Since H is even in the second argument, the functional ¢ is even and satisfy-
ing ¢(0) = 0. By Step 1 in the proof of Theorem [3.1] ¢ satisfies (PS) condition. Let
WP = RN @ WP, From Step 2 in the proof of Theorem there exist o, p > 0
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such that p(u) > aif ||u|| = p, u € /W/%’p([O,T]). Now we will verify condition (J2)
in Lemma

o(u)

/Zm |pddt77/ () |ui(t |”dtf Htu ))dt

/ Z|uz |pdt—f/ ()| (t )|”dt—/OT(/OI(VH(t,su)7u)ds)dt
< %/0 Zluz |”dt——/ ()it )|“dt+/0T g(te)':f'iﬂdt.

(3.15)
From ({3.3)), we have
a =3
hullt < (3 il
i=1
N 041
2
< CO (Y il ) (3.16)

i=1

N
< O max{NT 113 [fug O

lep'
i=1 T

For any finite dimensional subspace Vi € W?([0,T1), the norm |- ||W%,p and ||| pe-
So there exists ¢ > 0 such that

1

T 1
||u||W%p < E(/ |u(t)\”dt) " forue V. (3.17)
0
Moreover by Holder inequality, there exists a positive constant ¢ such that

ull oss < Elullfh, (3.18)
T

holds. Thus (3.16) (3.17) and (3.18)) give that there exist 0 < T'; < o0, i = 1,2,3
such that

N N N
0
u) <Ty Yy luill 1.0 — T2 > luill 1.0 + s >, IIuiHV;“%l,,,,
1=1 1=1 1=1

which implies that {x € X7 : ¢(z) > 0} is bounded. Then Lemma can be
applied to the functional . The proof is completed. O

Remark 3.5. It is clear that our theorem generalizes the results in [1-14, 16, 17]
since p > 1. Even for p = 2, the conditions of Theorem are different from the
conditions in [T} [3, 4] since in [1] there exist 3 > 2, > 0 such that H(u) > alu|® for
allu € RY and in [3} 4] there exists > 2 such that holds for t € [0, T, |z| > R.
There are functions satisfying Theorembut not satisfying [I, [3] 4]. For example,
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bi(t)=ti=1,2...,N, p=S3,

t 1,1 . 3

sz | ~|uld +sin(|u| — 1 —l—f), u| > 1,
) f53t<4| Esin(ul - 1) +2). ol

T3 s lu| < 1.

Then F(t,u) = @Md + H(t,u) satisfies Theorem but does not satisfies the
conditions in [T [3] [4].
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